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Abstract Quasimodes are long-living quantum states that are localized along
classical orbits. They can be considered as resonances, whose wave functions
display semi-classical features. In some integrable systems, they have been con-
structed mainly by the coherent state method, and their connection with the classical
motion has been extensively studied, in particular as a tool to perform the semi-
classical limit of a quantum system. In this work, we present a method to construct
quasimodes in integrable systems. Although the method is based on elementary
procedures, it is quite general. It is shown that the requirement of a long lifetime
and strong localization implies that the quasimode must be localized around a closed
classical orbit. At a fixed degree of localization, the lifetime of the quasimode can
be made arbitrarily longer with respect to the classical period in the asymptotic limit
of large quantum numbers. It turns out that the coherent state method is a particular
case of this general scheme.

1 Introduction

The semi-classical limit has been one of the basic issues that attracted continuous
interest since the foundation of quantum mechanics. The eigenvalues of integrable
systems can be obtained from the Bohr—Sommerfeld semi-classical quantization
method, which is valid in the large quantum number limit, i.e. large actions with
respect to the Planck constant 4. More difficult is to obtain the semi-classical limit
of the corresponding wave functions. It is usually assumed that the wave functions
of the eigenstates cover uniformly the whole available phase space, which is the
Liouville torus determined by the values of the quantum numbers. As such, they
have no resemblance with any classical behaviour of the system. This is of course
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due to the fact that the eigenstates are stationary states which cannot be connected
with any classical trajectory, which requires both localization and time dependence.
The alternative method for a semi-classical description is through the introduction
of wave packets, following the celebrated theorem by Ehrenfest. In the case of
a particle motion, the time-dependent localized wave packet follows the classical
trajectories. Its size actually spreads with time, but for macroscopic objects, the
spreading time becomes asymptotically so large that the particle behaves in a
completely classical fashion. For a particle moving in a potential, the theorem can
be applied as a valid method for performing the semi-classical limit if the typical
distance over which the potential is changing turns out to be much larger than the
wavelengths that characterize the wave packet, that is, as it is well known, in the
short wavelength limit.

For non-completely macroscopic objects, this means that the wave packet cannot
move inside a container with sharp boundaries, noticeably a billiard; otherwise,
the wave packet would spread rapidly as it hits one of the boundaries. However,
it has been found that also in this typical case, localization can occur because of the
presence of caustics [1], and if there is an exact degeneracy among different sites
of the billiard, an exact eigenstate can be obtained by a linear combination of the
wave functions localized in each site. These wave functions are generically indicated
as “quasimodes”. They exist also in a generic system. They have a counterpart in
classical sound phenomena, like the whispering modes in an auditorium. However,
the term quasimode has been used to indicate generically to states that are “close”
to stationary mode, i.e. to eigenstates of the system [2, 12, 20, 22, 26]. We will
indicate by quasimodes a more specific class of states. For a generic system, we will
consider as quasimodes states that have the wave function sharply localized around
a classical periodic orbit and have a long lifetime, in some sense to be specified later.
Many authors have proposed different methods to construct quasimodes, either on
the basis of particular eigenstate superposition suggested by Ehrenfest theorem [21]
or on geometrical optics methods [5, 18]. In the latter work, it has been shown that
in a billiard of generic shape, two types of quasimodes can be indeed present, the
“whispering gallery” and “bouncing ball” modes.

Several authors [11, 25] have developed general methods to construct long-
living quasimodes that asymptotically for # — 0 “are close” to eigenstates, in
a mathematically well-defined sense. All these methods build up the quasimode
around a stable periodic orbit, corresponding to an elliptical fixed point. For a
Riemann manifold [11], the quasimode is localized around a stable geodesic. The
general case for a smooth dynamics has been treated in [25]. An extensive analysis
of the mathematical basis of quasimodes can be found in [3].

It has to be stressed that quasimodes have not to be confused with the phe-
nomenon of scars in chaotic systems [15]. In this case, one refers to an exact
eigenstate whose wave function shows some enhancement around an unstable
classical periodic orbit. This phenomenon is especially present in billiards. It has
been studied extensively in the literature [6, 1517, 23, 27, 28]. Partial explanations
of scars have been presented by many authors. In [7], an approach based on
the Gutzwiller trace formula [14] for chaotic systems has been used, where the
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density of states is determined, in the semi-classical limit, solely by the classical
(unstable) periodic orbits. If around a classical periodic orbit one takes also the
contribution from closed non-periodic orbits, the average wave function can display
some enhancement in the vicinity of the periodic orbit.

However, it is possible to relate quasimodes and scars. A method [23, 27] that has
been developed to show this link is based on the so-called Gaussian beams, where
a Gaussian wave packet is launched along an unstable periodic orbit. The short-
time dynamics of the wave packet provides the correct superposition of eigenstates,
belonging to a band in the smoothed spectrum, that gives a wave function localized
along the unstable periodic orbit. In this way, one gets a short-living quasimode.
At the same time, the substantial overlap of the eigenstates, involved in the
superposition, with the quasimode gives an explanation of the presence of scars.
These results establish a link between quasimode and scars in chaotic systems. Since
the periodic orbit is unstable, the quasimode so constructed has a short lifetime,
determined at least by the Lyapunov exponents of the orbit. It seems clear that a
long-living quasimode, sharply localized around an unstable classical orbit, with a
lifetime arbitrarily larger than the classical period, cannot exist, even in the semi-
classical limit. In particular, this method can have a limited application to billiards,
since, as it is well known, a wave packet that hits a sharp edge spreads out rapidly.
However, in [27], it was shown that following the evolution of the wave packet, one
can obtain a wave function close to an eigenstate that in some cases displays scarred
structure.

In integrable systems, the situation is substantially different. Periodic orbits can
be grouped in families that can be obtained by a smooth variation of an orbital
parameter. As an example, in the circular billiard, one can smoothly vary the
orientation of the orbit. Furthermore, each periodic orbit corresponds to a parabolic
fixed point in the Poincaré map, since neighbouring trajectories diverge linearly with
time. The systems have symmetries that the eigenfunctions must respect. On the
contrary, a given generic periodic orbit can have only discrete symmetries, different
from the ones of the system, and therefore, a quasimode, localized around a periodic
orbit, cannot approach any eigenstate, even asymptotically for # — 0, while this is
possible in the case of an isolated stable periodic orbit (in a generic system, chaotic
or not). Of course a suitable linear combination of such quasimodes can approach
asymptotically an eigenstate, but this cannot be considered a semi-classical object.
This does not prevent the quasimode to have a long lifetime, possibly arbitrarily
larger than the classical period. At the same time, localization around the orbit can
be in principle achieved by a proper superposition of almost degenerate eigenstates,
like in the case of isolated unstable orbits in a chaotic system. To which extent
localization and long lifetime can be reached in integrable systems is the subject of
the present paper.

For rectangular billiards, a method to construct quasimodes was developed in
[9], based on the introduction of coherent states, in analogy with the case of the
harmonic oscillator.

In this paper, we present a general procedure to build quasimodes in integrable
systems that, although based on elementary methods, allows for a systematic study
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of their properties. In particular, we will construct quasimodes that, in the proper
asymptotic limit, are localized with arbitrary precision around a periodic orbit and
at the same time have a lifetime that can be made arbitrarily larger than the period
of the orbit. In this way, the quasimodes can be considered as resonances within
the point spectrum of the system, as we are going to consider systems completely
confined in a restricted region like billiards. Notice however that they are particular
resonances, since the wave function is localized around a periodic orbit and they do
not respect in general the symmetries of the system and of the eigenfunctions. In
any case, because of their properties, they are surely semi-classical objects.

The quasimodes could be the basis for a different way of performing the semi-
classical limit, but a systematic study of this possibility has not been fully developed.

Finally, one has to mention that there are exceptional cases where quasimodes are
also eigenstates because of the asymptotically large and exact degeneracy present
in the spectrum, like for the harmonic oscillator. This feature is clearly connected
with the well-known fact that a wave packet does not spread indefinitely, but on
the contrary, its size oscillates indefinitely while following the classical trajectory
(a closed orbit) [24].

In Sect. 2, we present the method in its general form for two-dimensional systems
and for integrable systems, either billiards or Hamiltonian ones. In Sect.3, we
present results for the quasimodes in billiards of different shapes, and we discuss
their lifetimes. The connection with coherent states is also discussed. In Sect. 4, we
consider Hamiltonian systems. Besides the special case of the harmonic oscillators,
we analyse a generic two-dimensional system, and we discuss the quasimodes
associated with trajectories that close after several revolutions. Section 5 is devoted
to the conclusions and prospects.

2 The General Method

We describe the proposed method by recalling for completeness some elementary
results for classical integrable systems. The treatment will be restricted, as in the
rest of the paper, to two degrees of freedom. The extension to higher dimension
looks possible but not obvious. In the semi-classical limit, we quantize the two-
dimensional integrable system by the Bohr—Sommerfeld scheme, where each action
integral along a topological distinct path in the invariant torus is imposed to be an
integer multiple of the Planck constant /. Therefore, in two-dimensional integrable
systems, the energy levels E(n, [) are a function of two integers (quantum numbers)
n,l. We are looking for linear combinations of almost degenerate levels that are
localized as much as possible. Starting from a particular pair of quantum numbers
ng, lp and the corresponding energy Ey = E(no, ly), we look for the set of quantum
numbers that in linear approximation correspond to levels degenerate with Ej.
Formally,
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n = ng + én
I =1+ 68l (1)
SE = %én + %51 = 0

Since n and [ are integers, in order to fulfil the condition §E = O, it is necessary
that the variations §n and §/ be in a constant fractional ratio
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where p and ¢ are two integers that are prime with each other. The partial derivatives
of the energy are the frequencies of the classical motion along each degree of
freedom
oE oE
wy, = — 5 w = —
on T

It follows that the classical orbit associated with (ng,ly) closes after N = pg
periods of the faster degrees of freedom. Notice however that the trajectory is
closed only to order 1/n, since the frequencies around the tori are discrete upon
quantization. This shows the well-known result that sets of quasidegenerate levels,
otherwise called “shells” [8], are associated with closed classical orbits. Notice that
the condition (2) is also a constraint on the reference quantum numbers (ng, ).
Because the semi-classical limit corresponds to asymptotically large quantum
numbers, this condition can be fulfilled to any degree of precision.

An estimate of the level of degeneracy can be obtained by calculating the second
derivative of the energy along the direction defined by Eq. (2). Here we are of course
treating the quantum numbers as continuous variables, which is justified in the semi-
classical limit. Along this direction, one can take, e.g. the quantum number 7 as a
linear function of the other quantum number /. As a consequence, also the energy
is a function only of the quantum number /. Let us assume for simplicity that the
energy appears explicitly only in the action integral J corresponding to the quantum
number n, that is, the corresponding Bohr—Sommerfeld quantization (A = 1)

3)

J(E.I) = 27n “)

is the equation that determines the semi-classical energy for a given pair (n,[)
of quantum numbers (assuming for simplicity no exact quantal degeneracy). This
will be the case in all explicit models considered in the rest of the paper. The
more general case can be treated along the same lines. In Eq. (4), both E and n
are considered functions of /. Taking the first derivative of Eq. (4), one gets

W (WNAE W o -
a ~\eE)a T u T T,
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which fixes the condition on the quantum numbers (ng, ly). At the reference point
(ng, lp), the derivative of the energy is zero by construction. Taking into account this
fact, the second derivation at (ng, ly) of the equation reads

=0 6)

d’] (0] dE N 927
dP 0E) dP ~ dP

where we have used the vanishing of the second derivative of n with respect to / due
to linear dependence of n on [, according to Eq. (2). From this, one gets at (g, ly)

d’E 02J oJ
=~ e’ @

The spread AE in energy within a range of values Al of the quantum number !/
around the reference value /) can be estimated up to second order as

1 d’E
AE = '__

AP 8
2 dp ®

It follows that a linear combination of eigenstates within this range will correspond
to a state with a lifetime 7 of order 1/AE, (A = 1). Notice that the energy derivative
of J is associated with the characteristic time 7 of the corresponding closed classical
orbit, in particular to its period, and therefore,

02J
oo ()

Within the same range A/, one can construct a linear combination of eigenstates
¥, to obtain a wave function W localized in coordinate space. To some extent,
the type of linear combination is arbitrary. The standard choice is a Gaussian
superposition

W(r) = > exp[—(I—10)*/ AP]y(r) (10)
1

where the summation is only over [ because it is performed along the direction
defined by Eq. (2) (i.e. n is a function of /) and r is the two-dimensional position
vector (coordinate space). The localization will be in the coordinate (cyclic) variable
¢, canonical conjugated to . The localization A¢ will be then of the order of 1/Al.
The main goal is now to see to what extent this localization put constraints to the
lifetime 7 of this state. It turns out that the second derivative of J with respect to [ is
asymptotically of the order of 1/1, and therefore,

~ 1/(Al)? (11

N
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which means that, at a fixed localization A¢, the ratio between the lifetime and the
classical orbital period is asymptotically arbitrarily large. This result is valid for all
the particular systems we are going to consider. The extension of these properties to
a general system looks likely but not obvious.

It remains to demonstrate that the localization is around a definite classical orbit.
This can be shown by introducing the standard semi-classical expression for the
wave functions

Wi(r) ~ exp(iSi(r)) exp(ilg) 12)

where S;(r) is the reduced action, i.e. the wave function is the exponential of the
total action. Expanding the action around / = [y and taking the stationary phase
approximation of the superposition in / of Eq. (10) gives (apart from an irrelevant
phase)

U(r) ~ exp (_|¢ ;E;(Zr”z) (13)
where
o (dsin)
w0 =~ (%57) (14

and ¢ = ¢s(r) is indeed the equation of the trajectory. It has to be noticed that the
superposition (10) is invariant under a shift of ¢ by a multiple of the quantity §¢

_271
q

8¢ 5)

because the summation over / is performed with a step g. This implies that the
quasimode has a discrete symmetry of A¢ . This means also that there are actually
multiple points of stationary phase, regularly spaced in ¢ by 8¢. The approximate
expression of Eq. (13) must be then summed up over these g stationary points, which
gives the discrete symmetry. All that will be more clear in the explicit applications
of the method, where the meaning of this shift §¢) will be more evident.

The superposition of Eq. (10) can be performed also numerically, as we will do in
the specific examples where the eigenfunctions are analytically known. Since in this
case no approximation is used for calculating the quasimode wave function (10), the
symmetry discussed above is automatically included. It has to be stressed that in this
case there is some freedom in the choice of the eigenfunctions W,;, since they can
be normalized but they can still be multiplied by a phase which eventually can be
dependent on the quantum numbers (7, /). This can modify the superposition (10),
since the phases will result in a different interference pattern. This is a quantum
feature that cannot be eliminated even in the semi-classical limit. The choice of
the phases can modify the region where the quasimode is localized. To get the
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proper choice, one can look at the approximate expression (12) and check if in the
asymptotic limit this expression is indeed recovered. As a particular case, we can
associate to each wave function a phase factor exp(ilgpy). According to Eq. (13), this
would just simply shift the variable ¢ by a fixed amount ¢y. Since ¢y is arbitrary,
one can see that one can associate to each classical orbit a family of orbits with
similar characteristics but with a different geometry.

3 Quasimodes in Integrable Billiards

The billiards are the simplest systems where quasimodes can be constructed.
At classical level, they cannot be described easily by means of a Hamiltonian,
because of the discontinuity of the trajectory velocity at the point of bounce on
the billiard boundary. However, between two bounces, the motion is free, and one
can describe the trajectory as piecewise continuous. Moreover, one can still consider
the Liouville—Arnold tori in phase space.

3.1 The Rectangular Billiard

Despite billiards not being Hamiltonian systems, they can be treated within the
general method we have introduced. Let us start with the simplest billiard, the square
billiard (SB). This case has been extensively studied in [9]. It has also been shown
[10] that the quasimodes present wave functions characterized by a vortex structure.
In that work, the quasimodes were constructed by coherent states, defined as in the
case of the harmonic oscillator. We will treat briefly this case, following the scheme
of Sect. 2, and show that one can construct quasimodes more generally, being the
coherent states a particular class of them.
For the square billiard, the constants of motion are the (quasi)momenta k* and &k”
along the two side directions, and quantization gives
K = n

n

=S

(16)

Y = mZ
K, = m

=9

where R is the side length of the square and n, m two integers, positive or negative.
The motion is free, and therefore, the energy levels E(n, m) are readily obtained

E(n,m) = n* + m? 17

where for simplicity we put 7/R = 1. The condition (2) of stationary energy
around the point (ng, mg) in this case is
dn my p

— =__=_£ 18
dm noy q (18)
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Eq. (18) gives in a straightforward way the conditions on both the reference quantum
numbers (ng, my) and the direction (§n, §m) along which the quantum numbers must
move. The eigenfunctions are just the products of standing waves along x and y,
which are sine (cosine) functions for even (odd) quantum numbers (taking the origin
at the centre of the square). The two quantum numbers n and m are equivalent, and
the superposition of Eq. (10) can be done in anyone of the two. For illustration, let us
take my = ng and a step of one unit for both quantum numbers in the superposition
of Eq. (10). One can write

W(xy) = Y exp(i(mo + Dy + lgo)yil(no — D)x] (19)
!

where for even values of ny — [, the eigenfunction ; is a sine function, while for
odd ones, it is a cosine function. The additional phase ¢, has a given value. Here,
the summation on [ is extended in an interval between [ = —Ngand [ = N,
being Ny large enough but much smaller than ny and my. Notice that we took a
superposition with a constant factor rather than the Gaussian form of Eq. (10). The
summation can be calculated exactly, since it involves geometrical series. The result
is the superposition of four terms of the type

Sta(xy) = sin[(No + D(y & x £ ¢o)] /sin(y £ x £ ¢o) (20)

where the choices of the signs are independent of each other. The wave function
is therefore concentrated along the four straight lines y &= x &+ ¢9 = 0. For the
choice ¢y = /2, the numerical calculation gives the result depicted in Fig. 1. This
has been obtained for (ng, my) = (400,400) and Ny = 10. The wave function
is clearly concentrated along a classical trajectory. Notice that the considered
superposition with a constant weight produces oscillations outside the region of
maximum contribution, as it can be seen from Eq. (20). A similar procedure can be
obtained with a Gaussian weight, as in Eq. (10). The approximate result is expected
to be the superposition of the same four branches, but with smoother profiles. The
numerical evaluation produces a plot practically indistinguishable from the one
depicted in Fig. 1. This indicates that the type of weight for the superposition is
not crucial, provided of course that the width of the superposition is similar. Other
choices of ¢ correspond to different classical trajectories. At classical level, this
phase can be interpreted as fixing the time laps of the motions along the x and y
directions. For ¢y = /3, the result is reported in Fig. 2.

As ¢y is varied, a family of classical trajectories is generated.

Other trajectories with a different topology are generated by different steps in the
summation for the quantum numbers n an m. For §n/dm = 1/2 and ¢y = 7/2
and ¢9 = m/3, the result is reported in Fig. 3 and in Fig. 4, respectively.

The connection of the present method with the one in [9], based on the coherent
states, can be obtained by considering the asymptotic form of the combinatorial
factors that are used in the superposition. In fact, one has
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Fig. 1 Quasimode in the SB (400, 400)
square billiard corresponding F
to the quantum numbers

(ng, my) = (400, 400) and
p = q = 1. The phase is

¢o = m [see Eq. (19)]

Fig. 2 The same as in Fig. 1,
but for ¢pg = n/4

N
~ exp[—(K — Ko)*/Ko) (21
K

where we expanded the Stirling formula for the factorials around the value Ky =
N /2, where the combinatorial factor has its maximum. One can see that the coherent
state representation corresponds to a Gaussian superposition with a particular choice
for the width of the Gaussian.

Finally, for the energy spread of Eq. (8) and lifetime t of Eq. (9), one gets

AE = 1/ny % = mJE ~ ny 22)
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Fig. 3 Quasimode SB (400, 800)
corresponding to p = 1 and e
g = 2 with the values of
(ng, mp) reported in the title.
The phase ¢y = 7. See the
text for details

Fig. 4 The same as in Fig. 3,
but with ¢y = /2

which asymptotically for large quantum numbers have the anticipated trend. In
the particular cases considered above, one has t/T ~ 4. With the same degree
of localization, one can get an increasing value of 7/T as the quantum numbers
increase.

3.2 The Circular Billiard

The next example we are considering is the circular billiard (SB), that was partially
analysed in [4]. Here, we report a more extensive analysis, a set of results that
illustrate the general method and a study of the localization around a classical
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trajectory. The semi-classical Bohr—Sommerfeld quantization of the circular billiard
leads to a formula of the type of Eq. (4), which explicitly reads [18] (A = 2M = 1,
being M the mass of the particle)

1
V kR — 2 — 1By = (n + 5) T+ % (23)

where in this case [ is the angular momentum, 7 is the quantum number associated
with the radial motion, R is the radius of the billiard and k,; is the momentum,
which is then an implicit function of / and n, i.e. it is the eigenvalue. This formula
can be obtained by the usual action integral along a closed path on the Liouville
torus. Notice that this action integral is actually twice the LHS expression. The
additional term 1/2 at the RHS is introduced as a minimal quantum correction,
and the additional term /4 is needed because of the presence of reflections at a
sharp boundary. These are standard corrections, but in any case, they can be safely
neglected since we are working in the large quantum number limit. In this case, the
motion is free, and the corresponding energy is just the kinetic energy

Ey =k (24)
In Eq. (23), the angle B is related to the momentum by
cos(Bo) = I/kuR (25)

and therefore, B is also an implicit function of the quantum numbers n, [. At the
classical level, the angle 28, can be interpreted as the angle spanned by the vector
r that fixes the position of the particle, between two bouncing on the billiard wall.
If this angle is a rational fraction of 27, i.e. 28y = 22, then the particle orbit
will close after pg hits on the wall (here we assume that p and ¢ have no common
factor). If instead it is an irrational fraction of 2, the orbit will never close, and in
the long time limit, the position of the hits will fill uniformly the circular boundary.
The general Eq. (2) in this case reads

Bo i b dn p
xR 51 . (26)

and the corresponding classical orbit around which the quasimode is localized
is indeed a closed orbit which closes after ¢ bounces. The localization can be
constructed according to the general prescription of Eq.(10). The action integral
S;(r) in this case can be calculated analytically. After some manipulations, it reads

[rar\JE — r%
VPR =12 —1B(r) + C

Si(r)

27)
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where C is a constant and
[
cos(B(r) = o (28)
r

Taking the lower limit of the integral as ry = [/kR and the upper limit r = R,
one gets the LHS of Eq. (23). In fact, this expression, multiplied by 2, is just the
action integral over a closed loop along the proper Liouville torus. Following the
general procedure, one can consider the superposition of Eq. (10), and one gets for
the quasimode wave function (13) in the semi-classical limit

19 - ﬂ(r)]z)

¥R (29)

W(r,¢) ~ exp (
where (7, ¢) are the cylindrical coordinates and A¢p = 1/A,, being A, the spread
in [ values considered along the direction specified by Eq. (26). The wave function
is therefore concentrated along the curve ¢ = f(r), which is the straight line
between two successive bounces. As discussed in Sect. 2, this expression should
be summed up over the series of shifted phases, resulting in the total wave function
of the quasimode W¥,,,

q
Wi (r,9) = Y W(r.¢ +jA) (30)

J=1

where in this case the discrete symmetry is indeed a rotational symmetry in ordinary
space. After g bounces, the trajectory closes, while p has the meaning of “winding
number”, i.e. the number of times the trajectory performs a complete rotation around
the centre of the billiard before closing.

Notice that the spatial width can be estimated as As &~ RA¢ =~ R/A,. Here, we
have implicitly assumed that the superposition is centred around ¢ = 0. Shifting ¢
by a certain angle ¢ would rotate the wave function by ¢.

The energy spread AE can be calculated according to Eq. (8). One finds for AE
and the corresponding lifetime 7 of the quasimode

AE (A Y . T Aszl 1)
E  \kyoR ’ T \R)"

One can see that the lifetime is asymptotically large in the semi-classical limit with
respect to the period of the corresponding classical orbit at a fixed value of the spatial
width.

Also in this system, the eigenfunctions are analytically known, and the eigen-
value equation (23) can be also obtained by considering their asymptotic expression
for large quantum numbers. The eigenfunctions are given by the cylindrical Bessel
function J;

W = exp(ilg)Ji(knr) (32)
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Fig. 5 Quasimode in the CB3 (1000, 218)
circular billiard
corresponding to p = 1 and
g = 3 and the central values
(lp, no) reported in the title

The exact eigenvalues are given by the zeros of the Bessel function at the boundary
Ji(kyR) = 0 (33)

If one uses the asymptotic expression [13] for the Bessel function, one recovers the
Bohr—Sommerfeld quantization of Eq.(23). The superposition of Eq.(10) can be
done numerically with the exact eigenfunctions and eigenvalues, while of course
the constraint on (ng, ly) implicitly implied by Eq. (2) can be only approximately
satisfied, in principle with arbitrary precision in the large quantum number limit.

Let us consider some applications. If we take p = 1 and ¢ = 3, we get the
trajectory of triangular shape depicted in Fig. 5 for a specific case. A preliminary
study of this case was already considered in [4]. In general, for p = 1 one gets, as
it can be easily checked, the trajectory along a polygon of ¢ sides, as in the case
of Fig. 6, corresponding to ¢ = 7. For large g, these quasimodes merge into the
“whispering modes”, studied in [5] for a generic billiard. For p > 1, a trajectory
of “star” shape is generated. For (p,q) = (2,7) and (p,q) = (3,7), one gets the
trajectories of Fig.7 and of Fig. 8, respectively. For sake of illustration, we report
in Table 1 the values of the quantum numbers used in the superposition and the
corresponding energies in the case of Fig. 7.

For the star cases, it seems that a large concentration of the wave function is
along a polygon on the points of the self-intersections of the classical trajectories.
However, this is an artefact of the plotting system. In fact, close to the centre, the
Bessel functions display an extremely oscillating behaviour that any plotting system
is not able to follow, but instead it samples randomly the sharp and very high peaks
of the wave function. This feature is not connected with the self-intersections that
occur in the wave function, as it can be checked by looking at the square billiard,
analysed in the previous subsection, where self-intersections occur but they do not
display any similar behaviour. However, the interference that must occur between
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Fig. 6 Quasimode in the CB7 (1500, 16)
circular billiard
corresponding to p = 1 and
g = 7, with the central values
(lo, no) reported in the title.
The quasimode is localized
around the classical trajectory
that is the polygon of seven
sites inscribed in the circle.
See the text

Fig. 7 Quasimode in the
circular billiard
corresponding to p = 2 and
g = 7 and the central values
(ly, no) reported in the title.
The quasimode is localized
around the classical trajectory
of “star” shape, in which the
particle bounces seven times
and performs two turns
around the centre before
closing

the two branches of the wave function that intersect seems to emphasize this effect.
To illustrate the oscillations, we report in Fig.9 the plot of the Bessel function
corresponding to [ = 1000 and n = 69. One can see the suppression of the
wave function below the centrifugal barrier and the corresponding sharp rise at the
barrier. In any case, it is important to realize that these wild oscillations will persist
even in the extreme semi-classical limit (i.e. very large quantum numbers) and they
are quantum phenomena that cannot be eliminated. This touches the well-known
problem of the de-coherence that should occur in the classical limit, as suggested by
several authors [29].
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Fig. 8 Quasimode in the
circular billiard
corresponding to p = 3 and
g = 7 and the central values
(lo, no) reported in the title.
The quasimode is localized
around the classical trajectory
of “star” shape, in which the
particle bounces seven times
and performs three turns
around the centre before
closing

Table 1 Quantum numbers
used for the quasimode of
Fig. 7 and the corresponding
energy (last column)

CBJ[3,7] (1000,

M. Baldo and F. Raciti

966)

E(n,l)

797.5520632

75

798.3765400

73

799.1238211

71

799.7920827

69

800.3793629

67

800.8835484

65

801.3023598

63

801.6333358

61

801.8738136

59

802.0209079

57

802.0714854

55

802.0221372

53

801.8691447

51

801.6084410

49

801.2355660

47

800.7456120

45

800.1331610

43

799.3922075

41

798.5160678

39

797.4972677

570

37

796.3274064

In bold face are indicated
the central quantum num-
bers (ly, ny) of the superpo-
sition (see text)
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Fig. 9 Plot of the cylindrical

Bessel function 0.06 7

corresponding to the quantum

numbers

(lo, mo) = (1000, 69). Notice 0.04 7

the classically forbidden
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In all these examples, the lifetime t of the quasimodes is in the range
/T =10-15. It has to be noticed that the wave function is concentrated along a
classical orbit only if the condition of quasidegeneracy of Eq. (1) is satisfied. In fact,
localization can be easily obtained by a suitable superposition of eigenfunctions, but
if that condition is not satisfied, the localization is not along a classical trajectory,
even if the wave function has the same symmetry. An example is shown in Fig. 10,
where the superposition is not taken along the direction fixed by Eq. (1), even if the
considered eigenfunctions are chosen to be approximately degenerate, but not with
the same degree of accuracy, and the steps are taken as for Fig. 7. In other words,
the reference values ny and /) of the quantum numbers do not satisfy the condition
implicit in Eq. (2). One can see that the localization is along some “curved star”,
which is not of course a classical trajectory, but with the symmetry fixed by the
values of p and q.

4 Hamiltonian Systems

We now consider two-dimensional systems described by an integrable smooth
Hamiltonian. We will concentrate on the motion of a particle in a central potential.
In this case, the natural choices of the quantum numbers are the angular momentum
and the one associated with the radial motion. In general, the classical trajectories
are not closed for a generic potential. For particular values of the constant of motion,
the trajectory can close after a certain number of turns around the centre of the
potential. According to the general scheme, quasimodes are associated with such
trajectories, on which they are concentrated. A special case is represented by the
circular orbits, which needs a separate treatments since the radial quantum number
vanishes. There are few central potentials that admit an exact quantum solution. The
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Fig. 10 Wave function 500, 300)
localized around a
non-classical path, which is
not a quasimode. See the text
for explanations

harmonic oscillator and the Kepler motion are the most known. However, these are
very particular cases, since the trajectories are all closed and the spectrum displays
very large exact degeneracy. We will consider briefly these cases that have been
already considered in the literature in connection with quasimodes. We will then
treat in an approximate way the general case and show the resemblance with the
circular billiard.

4.1 The Harmonic Oscillator

It is well known that for the harmonic oscillator, the hypotheses of the Ehrenfest
theorem are verified, i.e. a wave packet that moves inside the potential has its
centre of mass moving indefinitely along a classical (closed) trajectory and its width
does not spread but only oscillates with the frequency of the harmonic oscillator.
In [10, 24], quasimodes were constructed using the coherent state representation,
and it has been shown they concentrate indeed along a classical trajectory and
furthermore the quasimode wave function has the largest strength in the positions
where the classical motion is slower, e.g. at the point of maximum radial position
(“periastron”), and actually, it is proportional to this time. As already noticed for the
square billiard, the coherent state method is a particular case of the general method
we have described. As we will show in the next subsection, in this case, the energy
width of Eq. (8) vanishes, which is in line with the large degree of degeneracy in
the spectrum. This shows the connection between the time-dependent treatment of
Ehrenfest and the quasimodes.

We only illustrate in Fig. 11 a quasimode constructed with a uniform superposi-
tion of eigenfunctions, with a specific width, belonging to a given degenerate shell.
The result is in line with [24].
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Fig. 11 Quasimode for the OSC (200, 50)
harmonic oscillator for the ‘ e
central values (ly, ng)
reported in the title. The
superposition is performed
with exactly degenerate
eigenfunctions, and therefore,
it is actually an eigenstate of
the harmonic oscillator

A similar treatment could be followed for the Kepler motion, for which no simple
coherent states exist. It can be suggestive to guess a connection between quasimodes
and the Rydberg states [19] in hydrogen-like atoms. The study of this case is left to
future work.

4.2 The General Potential Case

Let us consider the bound motion in a generic central potential V(r). For simplicity,
we will assume that the potential is monotonically increasing with r. The action
integral J, for the radial motion can be written as

J(E ) =2 / " dr\/2m(E — V(r)) — 2/r? (34)

m

where r,, and r), are the smaller and the larger radial coordinates where the square
root vanishes. They correspond to the turning points of the trajectory. The derivative
of J, turns out to be the angle A8 spanned by the radial vector as the particle moves
from r,, to ry; and back

(35)

™
Af = —EJ,(E, D = 2/ d—; :
ol m T2 2m(E — V(r)) — B/r?
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Fig. 12 Schematic 1

representation of a generic 3 % pot.
central potential (pot) with a | ¢ C. pot. -w--sees
possible centrifugal potential ¢
(c.pot) and their sum (tot.pot). r
The thick horizontal line
indicates a possible value of
the total energy

radial distance

For a generic potential, this angle depends both on the energy E and the angular
momentum /. According to Egs. (2) and (5), this angle must be a rational fraction
of 7, which is the condition on (ng, ly) and implies that the corresponding classical
trajectory is closed. For the harmonic oscillator and the Kepler motion, this angle is
however exactly , independent of E and /. As a consequence, all the trajectories are
closed (they close after two radial oscillations), and the second derivative of Eq. (7),
which determines the energy spread, vanishes, as it was anticipated in the previous
subsection.

In Fig. 12 is reported a schematic representation of the three terms appearing
in the square root, the energy E, the potential V(r) and the centrifugal potential
2/r*. Under our assumptions, the effective potential U(r), the sum of V(r) and
the centrifugal potential, has a single minimum at a given radial distance ry,
and the energy must be larger than U(ry).

As shown in the appendix, after some manipulations of the integral, one finally
gets

A0 = G(E,z) ; 2 = 1/N2mE (36)

where G is a smooth function, i.e. its derivatives with respect to the arguments are
bounded. This term is identically = for the harmonic oscillator. The derivative of
G with respect to [ at a fixed energy E is therefore of the order at most of 1/vE,
which in the semi-classical limit becomes vanishing small. Furthermore, if the ratio
1/ ~/2mE tends to a finite value, the derivative is equally of the order 1//. The result
is valid for a generic potential, provided some reasonable conditions on the potential
are fulfilled (see appendix). This finding is in line with the general statement about
the lifetime of the quasimode with respect of the classical period, according to
Eq. (9).

The motion in the potential can become close to the motion in a circular billiard if
the potential resembles a container with a steep boundary. For the billiard, the ratio
[/~/2mE is bound by the radius R of the billiard. The limiting values R and zero
correspond to the condition on the angle 28, to approach asymptotically a value
equal to zero (circular orbit) or to 7 (radial oscillation passing through the centre).
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5 Conclusion

We have presented a general method to construct semi-classical quasimodes in
integrable two-dimensional systems. These quantum states are localized around a
given classical closed orbit, and at the same time, their lifetime t can be made
asymptotically large with respect to the classical period T of the orbit. At a fixed
value of the localization width around the classical closed orbit, the ratio 7/T
diverges for asymptotically large quantum numbers. This means that the system
is considered first in the asymptotically large time limit, and then eventually in the
limit usually indicated as the 2 — 0 limit. As it is well known, the two limits cannot
be inverted in general, and therefore, the quasimodes have to be constructed with a
definite procedure.

The method is general, and it can be applied both to billiards and to the
Hamiltonian system. It includes as a particular case the one based on the generalized
coherent states. Several examples have been illustrated for billiards, and, besides
the harmonic oscillator, the treatment of a generic Hamiltonian system has been
discussed. The construction of quasimodes suggests a method to perform the semi-
classical limit in integrable systems, which however keeps some quantum features
since these states are uniformly distributed along a classical periodic orbit. They
can be considered as particular resonance states within the spectrum of the system.
Their connection with the Ehrenfest semi-classical limit, based on (time-dependent)
localized wave packets, has still to be clarified.

Appendix

In this appendix, we evaluate for a generic potential the dependence of the angle
A@ in Eq. (36) on the angular momentum [ at a fixed energy E. In the expression of
Eq. (35), it is convenient to introduce the new variable y> = 1?/2mEr?. In the new
variable, one gets

AO =2 [ yM dy 37)
v V1= D? + V()/E]
where
l
= [ — 38
r=r() T (38)

The limits of integration y,, and y,, are the values at which the square root vanishes.
Under the assumption of a monotonically increasing potential at increasing r, there
are only two values, corresponding to the extremes of the radial oscillations

1
V000 + 00 =1 (39)
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where y, is either y,, or y,,. If the potential is smooth and the radial motion has a non-
zero amplitude (i.e. the trajectory is not exactly circular), y, is a smooth function of /,
which actually appears only in the combination //+/2mE. However, the integrand is
singular at the integration limits, although the integral is of course converging. This
does not allow to do any derivative with respect to / inside the integral to calculate
the derivative of Af. We have then to analyse the contribution to the integral from
an interval close to the limits of integration. If the trajectory is not circular, at y,,,
the function R(y) inside the square root vanishes linearly, and the integrand can be
written as

1
\/1 — R(y) B \/R,(yM)(yM - y)

+ SO») (40)

where R’ is the derivative of R and the remainder S(y) is a regular smooth function.
The contribution to the integral from an interval y, < y < y,,, with y, some value
close to y,,, can then be written as

D S+ / M dys(y) @1
b VRO JR/@M o

Explicitly, the derivative R’ is

1 [ l
R/ — 42
Ou) = <«/_yM) V2mEy? * (2

where V'(x) = dV/dx. The same procedure can be followed for the lower limit y, .
At fixed E, the integral is therefore a smooth function of [/+/2mE.
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