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Abstract In this contribution, we consider the problem of data flow control for a
single virtual connection in communication networks. The connection is described by
the maximum link capacity, the non-negligible propagation delay and an unknown,
time-varyingdata loss rate.Wepropose adiscrete-time slidingmode controller,which
generates non-negative and upper bounded transmission rates. In addition, it ensures
that the queue length in the bottleneck link buffer is always limited. Moreover, with a
sufficiently large memory buffer in the bottleneck node, it guarantees full utilization
of the available bandwidth. The controller uses a dead-beat sliding hyperplane in
order to ensure fast response to unknown changes of the link capacity and to an
unpredictable data loss rate. However, if the straightforward dead-beat paradigm
was used, unacceptably large transmission rates would be generated. Therefore, we
use the reaching law approach in this chapter to decrease excessive magnitudes of
the control signal at the start of the control process.

1 Introduction

In connection-oriented communication networks, data units are almost never sent
directly from their source to their destination. Instead, theymust pass through a series
of intermediate nodes. When one of those nodes cannot pass on all of the received
data, due to the limited bandwidth of its outgoing link, a part of the incoming data
is stored in the memory buffer of this node, awaiting for later transmission. Such an
event is called a congestion. In order to minimize queueing delays and to maximize
throughput, congestion controllers must be applied [4–6, 15, 17, 19, 24, 26]. The
difficulty in the design of congestion control algorithms is caused by rapid changes of
the available bandwidth, unpredictable packet losses, and long propagation delays.
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When the congestion of a specific link is observed, an information must be sent to
all sources that are transmitting data using this link. However, the delivery of this
information is not instantaneous, but occurs after the feedback propagation delays.
Then data sources adjust their transmission rates in order to reduce the congestion.
The adjusted rates begin to affect the congested link after the propagation delay of
the sent data. Thus, in modern communication networks that are characterized by
time delays and large bandwidth the need for efficient data flow control algorithms
cannot be neglected.

Sliding mode control is a widely recognized methodology [8, 10, 25, 27, 29],
suitable for a large group of nonlinear, time-varying and uncertain systems. The
main advantages of sliding mode control are its high computational performance
and robustness [9]. This technique was first designed for continuous-time systems.
However, as an overwhelming majority of control algorithms are nowadays imple-
mented in digital hardware, discrete-time sliding mode control [1–3, 7, 11, 14, 18,
20, 23, 28, 31] is an interesting and up-to-date research field. The main concept
of sliding mode control is to force the representative point (state) of the system
from its initial position towards the sliding hyperplane. The period when the state
approaches the hyperplane is called the reaching phase. The controller should then
enforce a sliding mode, during which the representative point moves on (“slides”
along) the hyperplane or in its vicinity.

The first step in designing a sliding mode control is selecting the parameters of
the hyperplane so as to obtain the desired performance of the closed-loop system.
This can be done in various ways such as dead-beat design, quadratic optimization
or the pole placement method. Then, a controller that guarantees the convergence
to the hyperplane and the stability of the sliding mode is designed. There are two
approaches to solving this problem. The first one begins with proposing a control
law, and then proving, that the properties mentioned above are guaranteed when it
is applied. However, in this contribution we will use the other approach, which is
based on the reaching law. Using this approach, one first defines the desired evolu-
tion of the sliding variable. Then, the sliding mode control that enforces this evo-
lution is derived. This methodology was presented for continuous-time systems in
[12], and then extended to discrete-time systems in [13]. The approach presented
in [13] has then become quite popular among sliding mode control researchers
[14, 16, 21, 22, 30].

In this work, we design a discrete-time reaching law-based sliding mode conges-
tion controller for connection-oriented networks. During the design process, we take
into account not only unpredictable bandwidth changes and inevitable propagation
delays, but also time-varying transmission losses.

The remainder of this work is organized as follows. In Sect. 2we present themodel
of the virtual circuit. Then, we design the reaching law-based sliding mode control in
Sect. 3. In Sect. 4 we demonstrate and prove analytically the important properties of
the presented controller. Section5 contains the results of computer simulations, that
verify the performance of the controller. Finally, Sect. 6 comprises the conclusions
of this work.
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2 Network Model

Let us analyze a virtual circuit of a connection-oriented network. The circuit consists
of a data source, some intermediate nodes and a destination. Figure1 depicts the
scheme of the model. There is a single bottleneck in the considered network, and
a congestion controller is placed at the bottleneck node. This controller generates
a signal (denoted by u), that determines the transmission rate of the source. This
signal arrives at the source after the backward delay TB, and upon receiving it, the
source transmits the specified amount of data. The data are passed from node to node,
until, after the forward delay TF they reach the bottleneck node. Inevitably, during
transmission, some data packets are lost, and so only αu data arrive at the congested
node, where

0 < αmin ≤ α ≤ αmax ≤ 1. (1)

The round trip time (RTT), which is the delay between generating the control signal
and the requested data arrival at the bottleneck node, can be expressed as the sum of
the backward and forward propagation delays

RTT = TB + TF. (2)

We denote the discretization period by T , the bottleneck queue length at time kT
by y(kT ), and its demand value by yd. There are no data in the buffer before the
start of the control process, i.e. y(kT < 0) = 0. Furthermore, it is assumed that the
round trip time is a multiple of the discretization period, i.e. RT T = mT , where
m is a positive integer. Since the first data will arrive at the queue after RT T , then
y(kT ≤ RT T ) = 0.

The available bandwidth of the bottleneck link is modelled as an a priori unknown
non-negative function of time d(kT ). Only the maximum value of this function
denoted by dmax is known in advance. As sometimes the amount of data stored in
the bottleneck node can be insufficient to fully utilize the bandwidth, an additional
function h(kT ) representing the amount of data actually leaving the buffer at time
kT is introduced. Therefore,

Fig. 1 Network model
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0 ≤ h(kT ) ≤ d(kT ) ≤ dmax (3)

for any k ≥ 0.
We can represent the queue length as the difference between incoming and out-

going amounts of data, i.e.

y(kT ) = α

k−1∑

j=0

u( jT − RT T ) −
k−1∑

j=0

h( jT ) = α

k−m−1∑

j=0

u( jT ) −
k−1∑

j=0

h( jT ). (4)

The system can also be expressed using the standard state-space notation

x[(k + 1)T ] = Ax(kT ) + δAx(kT ) + bu(kT ) + oh(kT )

y(kT ) = rT x(kT ), (5)

where x(kT ) = [x1(kT ) x2(kT ) . . . xn(kT )]T is the state vector, y(kT ) = x1(kT )

represents the queue length, and the remaining state variables are the delayed values
of the control signal, i.e.

xi (kT ) = u[(k − n + i − 1)T ] (6)

for i = 2, . . . , n, where n = m + 1. In (5)A is a n × n state matrix and δA is a n × n
model uncertainty matrix

A =

⎡

⎢⎢⎢⎢⎢⎣

1 αmax 0 0
0 0 1 · · · 0

...
. . .

...

0 0 0 · · · 1
0 0 0 0

⎤

⎥⎥⎥⎥⎥⎦
, δA =

⎡

⎢⎢⎢⎢⎢⎣

0 δα 0 0
0 0 0 · · · 0

...
. . .

...

0 0 0 · · · 0
0 0 0 0

⎤

⎥⎥⎥⎥⎥⎦
, (7)

where δα ∈ [αmin − αmax, 0], and b, o, and r are the following n × 1 vectors

b =

⎡

⎢⎢⎢⎢⎢⎣

0
0
...

0
1

⎤

⎥⎥⎥⎥⎥⎦
, o =

⎡

⎢⎢⎢⎢⎢⎣

−1
0
...

0
0

⎤

⎥⎥⎥⎥⎥⎦
, r =

⎡

⎢⎢⎢⎢⎢⎣

1
0
...

0
0

⎤

⎥⎥⎥⎥⎥⎦
. (8)

The desired state of the system is denoted by xd = [yd 0 · · · 0]T , where yd =
const. The model may represent a single virtual circuit in Asynchronous Transfer
Mode (ATM) or MultiProtocol Label Switching networks.
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3 Non-Switching Reaching Law-Based SM Controller

We now derive a non-switching reaching law-based sliding mode controller, and
apply it to the system described in the previous section. We start by choosing the
sliding variable as

s(kT ) = cT e(kT ), (9)

where

e(kT ) = xd − x(kT ) (10)

is the closed-loop control error. With this choice of the switching variable s the
equation s(kT ) = 0 determines the sliding hyperplane. The vector c is chosen so
that cTb �= 0 and the closed-loop system exhibits the desired performance.We select
the vector c so that the closed-loop system exhibits dead-beat dynamics to obtain
finite-time error convergence to zero.We begin by calculating the value of the sliding
variable in the next time instant. As we are interested in the poles of the closed-loop
system, we omit the disturbance and the modelling uncertainty terms. Using Eqs. (5)
and (9) we arrive at

s[(k + 1)T ] = cT [xd − Ax(kT ) − bu(kT )] . (11)

We find that the control signal that satisfies s[(k + 1)T ] = 0 is given by

u(kT ) = (
cTb

)−1
cT [xd − Ax(kT )] . (12)

Let us point out, that control signal (12) is calculated only to find the form of vector c
that ensures dead-beat dynamics in sliding mode. This signal is not used in the final
reaching law-based sliding mode controller. By substituting the control signal (12)
into (5) we obtain the closed-loop system matrix as

Ac = [
In − b(cTb)−1cT

]
A. (13)

The matrix Ac has the following characteristic polynomial

det (zIn − Ac) = zn + cn−1 − cn
cn

zn−1 + · · · + c2 − c3
cn

z2 + αmaxc1 − c2
cn

z. (14)

A discrete-time system is asymptotically stable if and only if all of its eigenvalues are
located inside the unit circle. Moreover, to obtain dead-beat performance all of the
eigenvalues must be located in the origin of the z-plane. Therefore, the characteristic
polynomial must have the following form
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det (zIn − Ac) = kzn, (15)

where k is an arbitrary constant. We find that (14) simplifies to (15) when the fol-
lowing vector c is chosen

c =
[

1

αmax
1 1 · · · 1

]T

. (16)

The aim of the controller is to decrease the absolute value of the switching variable
until it reaches a band around s(kT ) = 0, which is further called the quasi-sliding
band. After entering this band, the switching variable should never leave it again.
Contrary to some previous works [13], in the chosen definition of the quasi-sliding
mode, crossing the hyperplane is allowed but not necessary. As it will be demon-
strated later, this modification allows us to eliminate the undesirable phenomenon of
chattering.

After determining the appropriate sliding hyperplane coefficientswe nowconsider
the following reaching law, which describes the desired evolution of the sliding
variable

s[(k + 1)T ] = {1 − q[s(kT )]}s(kT ) − F̃(kT ) − S̃(kT ) + F1, (17)

where

S̃(kT ) = cT δAx(kT ) = δαx2(kT )

αmax
(18)

is the impact of the model uncertainty (the unknown and time-varying transmission
losses). Function

F̃(kT ) = cT oh(kT ) = −h(kT )

αmax
(19)

represents the influence of the disturbance (in our case the outgoing flow of data) on
the sliding variable. The term

F1 = − dmax

2αmax
(20)

is employed to compensate for the mean value of F̃(kT ). The term
S1 = SU+SL

2 (where SU and SL are the upper and lower bounds of S̃(kT )), used
in some earlier works [13] to compensate for the mean value of the model uncer-
tainty, could lead to generating negative control signals. As in the considered system
this is not feasible, we discard this term. The variable convergence rate q[s(kT )] is
given by

q[s(kT )] = s0
s0 + |s(kT )| , (21)
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where

s0 >
dmax(2αmax − αmin)

2αmaxαmin
(22)

is a design parameter, that must satisfy the above inequality in order to ensure the
convergence to the vicinity of the sliding hyperplane. This is another modification of
the reaching law developed by Gao et al. [13] as in their work the parameter q was
constant. As we can observe from (21), the parameter q[s(kT )] decreases with the
increase of |s(kT )|. Therefore, the value of the control signal needed to ensure the
desired sliding variable evolution (17) will not change so dramatically for different
absolute values of the sliding variable. This allows us to find a better compromise
between acceptable control signal values when |s(kT )| is large and fast convergence
in the vicinity of the sliding hyperplane.

We now calculate the control signal that makes the sliding variable actually evolve
according to (17). We will start by using (5) to rewrite (9) as

s[(k + 1)T ] = cT xd − cT [Ax(kT ) + δAx(kT ) + bu(kT ) + oh(kT )] . (23)

By comparing the right-hand sides of (17) and (23) we obtain

u(kT ) = (cTb)−1

{
q[s(kT )]s(kT ) + dmax

2αmax
− cT (A − In)x(kT )

}
. (24)

We notice, that by choosing c according to (16), we have obtained

cT (A − In) = [0 . . . 0]. (25)

Using (8), (16), (21) and (25) we can rewrite (24) as

u(kT ) = s0s(kT )

s0 + |s(kT )| + dmax

2αmax
. (26)

In this way, we have completed the design of the reaching law-based sliding mode
congestion controller. It will be shown in the next section that control strategy (26)
as opposed to (12) ensures upper bounded transmission data rates, which is a highly
desirable property in the application considered in this chapter.

4 Properties of the System

In this section we demonstrate that the application of the proposed controller guar-
antees several important properties of the considered system.
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Theorem 1 The sliding variable satisfies

s(kT ) ≥ − dmaxs0
2αmaxs0 − dmax

(27)

for all k ≥ 0.

Proof The sliding variable in the initial time instant is equal to yd/αmax, and thus
satisfies (27). Therefore, in order to prove the theorem, it is sufficient to demonstrate
that if (27) holds for every k ≤ l, then it also holds for k = l + 1.

We observe from (26) that the control signal value always increases with the
increase of s(kT ). Therefore, substituting the right-hand side of (27) into (26), we
observe, that u(kT ) ≥ 0 for all k ≤ l. This in turn implies that S̃(kT ) ≤ 0 for all
k ≤ l. Moreover, we observe from (19) that F̃(kT ) ≤ 0 for all k ≥ 0.

Substituting the right-hand side of (27) and the worst-case scenario values
F̃(kT ) = 0, S̃(kT ) = 0 into (17), we notice that indeed if (27) holds for all k ≤ l
then it must also hold for k = l + 1. Using this observation and the principle of
mathematical induction we conclude, that (27) will hold for all k ≥ 0.

Since (27) holds for all k ≥ 0 then, following the reasoning from Theorem1, the
control signal is always non-negative. In the next theorem we show that this control
signal is also upper bounded by an a priori known value. As the amount of data sent
by the source during a single discretization period is limited by the capacity of the
outgoing link (and obviously cannot be negative) both of these properties are crucial
for applying the flow controller in a real network.

Theorem 2 The control signal satisfies the inequality

u(kT ) ≤ yds0
s0αmax + yd

+ dmax

2αmax
(28)

for any k ≥ 0.

Proof The outgoing amount of data h(kT ) is defined in such a way that x1(kT ) ≥ 0
for any k ≥ 0. Furthermore, since the control signal is always non-negative, then
we notice from (6) that xi (kT ) ≥ 0 for i = 2, . . . , n and all k ≥ 0. Using these
observations together with (9) and (16), we see that the sliding variable cannot exceed
its initial value, i.e.

s(kT ) ≤ yd
αmax

(29)

for all k ≥ 0. As already stated the control signal always increases with the increase
of s(kT ). Therefore, by substituting the right-hand side of inequality (29) into (26)
we obtain the greatest possible value of u(kT ) and find that (28) indeed holds.
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Theorem 3 Once the inequality

s(kT ) ≤
s0

[
(αmax − αmin)

(
yds0

s0αmax+yd
+ dmax

2αmax

)
+ dmax

2

]

αmaxs0 −
[
(αmax − αmin)

(
yds0

s0αmax+yd
+ dmax

2αmax

)
+ dmax

2

] (30)

is satisfied, it remains true for the remainder of the control process.

Proof As x2(kT ) is a delayed value of the control signal, using (28) with (18) we
get

S̃(kT ) ≥ αmin − αmax

αmax

(
yds0

s0αmax + yd
+ dmax

2αmax

)
(31)

for all k ≥ 0. Furthermore, we notice from (19) that

F̃(kT ) ≥ − dmax

αmax
(32)

also for all k ≥ 0.
Substituting these lower bounds of S̃(kT ) and F̃(kT ) and the right-hand side of

inequality (30) into (26), we conclude that indeed once (30) holds, it will remain true
for the remainder of the control process.

Remark 1 Taking into account the results of Theorems1 and 3, we observe that the
sliding variable will converge to the quasi-sliding mode band defined by

−dmaxs0
2αmaxs0 − dmax

≤ s(kT )

≤
s0

[
(αmax − αmin)

(
yds0

s0αmax+yd
+ dmax

2αmax

)
+ dmax

2

]

αmaxs0 −
[
(αmax − αmin)

(
yds0

s0αmax+yd
+ dmax

2αmax

)
+ dmax

2

] , (33)

and after entering it, it will never leave it again.

Buffer overflows occur when the incoming data and the current amount of stored
data exceed the buffer capacity of the congested node. As this event leads to data
losses and causes the need for retransmission, it is highly undesirable in communi-
cation networks. In the next theorem we determine the size, which the queue length
at the bottleneck node will never exceed. If the buffer capacity is equal to or greater
than this value, then there is no risk of buffer overflows.

Theorem 4 The queue length never exceeds the following value

y(kT ) ≤ yd + dmaxs0
2s0 − dmax/αmax

. (34)
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Proof Using (9) we can rewrite (27) as

y(kT ) ≤ yd + dmaxs0
2s0 − dmax/αmax

− αmax

n∑

i=2

xi (kT ). (35)

All of the state variables, except for the first one are the delayed values of the
control signal. As already demonstrated, the control signal is always non-negative,
therefore (35) implies (34).

In order for the flow control algorithm to be efficient, it should result in the greatest
throughput that is possible in the network. In Theorem5, we calculate the smallest
value of the demand queue length that guarantees, that the queue length remains
always strictly positive, after the first data reach it. This property corresponds to
100% utilization of the available bandwidth.

Theorem 5 If the demand queue length satisfies

yd >
αmaxs0dmax(2αmax − αmin)

2αmaxαmins0 − dmax(2αmax − αmin)
+ αmaxdmax(n − 1)

αmin
, (36)

then the queue length will be strictly positive for any k ≥ n.

Proof To keep the notation clear, we introduce

θ = 2αmax − αmin

2αmaxαmin
. (37)

In the proof we will consider two possible ranges of the sliding variable separately

Case 1 If

s[(k − n + 1)T ] >
s0dmaxθ

s0 − dmaxθ
, (38)

then the queue length for any k ≥ n − 1 can be calculated, using (4) as

y[(k + 1)T ] = y(kT ) + αu[(k − n + 1)T ] − h(kT )

≥ y(kT ) + αmin

[
s0s[(k − n + 1)T ]

s0 + |s[(k − n + 1)T ]| + dmax

2αmax

]
− dmax. (39)

The expression in square brackets in (39) always increases with the increase of
s[(k − n + 1)T ]. Therefore, substituting (38) we get

y[(k + 1)T ] > (s0 − dmaxθ)
dmaxθ

s0 − dmaxθ
+ dmax

2αmax

+ y(kT ) − dmax = y(kT ) + dmax − dmax ≥ 0. (40)
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Case 2 On the other hand, if

s[(k − n + 1)T ] ≤ s0dmaxθ

s0 − dmaxθ
, (41)

then the queue length for k ≥ n − 1 can be expressed as

y[(k + 1)T ] = y[(k − n + 1)T ] + α

n∑

i=2

xi [(k − n + 1)T ] −
k∑

i=k−n

h(iT )

≥ y[(k − n + 1)T ] + αmin

n∑

i=2

xi [(k − n + 1)T ] − (n − 1)dmax.

(42)

Furthermore, we obtain from (9) and (16) that

s(kT ) = yd
αmax

− y(kT )

αmax
−

n∑

i=2

xi (kT ). (43)

Multiplying both sides of (43) by αmin and rearranging the terms one obtains

αminy(kT )

αmax
+ αmin

n∑

i=2

xi (kT ) = αminyd
αmax

− αmins(kT ). (44)

As αmin/αmax ≤ 1, and the queue length cannot be negative, we can observe, that

y(kT ) + αmin

n∑

i=2

xi (kT ) ≥ αminyd
αmax

− αmins(kT ). (45)

Substituting (45) and (41) into (42), we get

y[(k + 1)T ] ≥ αminyd
αmax

− αmin
s0dmaxθ

s0 − dmaxθ
. (46)

We find, that if (36) holds, then the right-hand side of the above inequality is always
strictly positive. This conclusion, together with the result of Case 1 finalizes the
proof.

5 Simulation Results

To verify the properties of the proposed control strategy, computer simulations were
performed. The round trip time RT T =12ms and the discretization period T = 1ms.
Therefore,m = 12 and n = 13. The packet loss ratio is bounded by αmin = 0.82 and
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αmax = 0.96, and the actual transient of the loss ratio is depicted in Fig. 2. The
parameter dmax = 40 kb and the available bandwidth chosen for the simulation is
shown in Fig. 3. Both of the unpredictable functions exhibit rapid changes between
small and large values which correspond to the most difficult conditions that could
arise in the system. Note that we have taken into account both of the worst-case
scenario combinations, namely
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• d(kT ) is close to its maximum value, while α is close to minimum between 0.05
and 0.15 s

• d(kT ) is close to its minimum value, while α is close to maximum between 0.15
and 0.2 s.

Let us point out that irrespective of the chosen control algorithm, the upper bound
of the transmission rate of the data source must satisfy

umax ≥ dmax

αmin
(47)

in order to fully utilize the available bandwidth of the bottleneck node. This can be
observed as follows: imagine a situation, in which the available bandwidth is equal
to dmax, and the transmission loss parameter to αmin. Generating a constant control
signal, that would be smaller then the right-hand side of (47) would result in less
data arriving at the buffer, then leaving it in every discretization period. In this way,
the buffer would become empty after some time, and the available bandwidth would
not be fully utilized.

The choice of controller parameters yd and s0 will now be considered. The gener-
ated control signal will never exceed the right-hand side of inequality (28). As this
signal is upper bounded by umax we obtain the following condition on the controller
parameters

yds0
s0αmax + yd

≤ umax − dmax

2αmax
. (48)

The expression s0αmax + yd is always positive, therefore it follows from (48) that

yd

(
s0 − umax + dmax

2αmax

)
≤

(
umax − dmax

2αmax

)
s0αmax. (49)

Depending on the choice of s0, the term s0 − umax + dmax
2αmax

can be positive, negative
or equal to zero. We will now analyze these three cases separately.

Case 1 If

s0 > umax + dmax

2αmax
, (50)

then it follows from (49) that parameter yd must satisfy

yd ≤
(
umax − dmax

2αmax

)
s0αmax

s0 − umax + dmax
2αmax

(51)

so that the control signal will never exceed umax.
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Case 2 If

s0 < umax + dmax

2αmax
, (52)

then parameter yd must satisfy

yd ≥
(
umax − dmax

2αmax

)
s0αmax

s0 − umax + dmax
2αmax

(53)

so that the maximum value of the control signal will not exceed umax. It is easy to
observe using (47) and (52), that the right-hand side of inequality (53) is strictly
negative. Therefore, any positive value of the demand queue length yd satisfies this
inequality.

Case 3 We now consider

s0 = umax + dmax

2αmax
. (54)

Using (47) we notice that the right-hand side of (49) is strictly positive. Therefore,
for s0 given by (54) any value of yd ensures that the control signal will not exceed
umax.

To sumup the three cases: for all s0 ≤ umax + dmax
2αmax

any positive value of yd ensures

that the control signal will not exceed umax. On the other hand, if s0 > umax + dmax
2αmax

,
then the demand queue length yd must be selected according to (51).

It is assumed that the source can send a maximum of 54kb of data in a single
discretization period. Moreover, inequality (36) must be satisfied to achieve full
bandwidth utilization. The choice of parameters s0 and yd is depicted in Figs. 4 and
5. The dashed black line in Fig. 4 corresponds to s0 = umax + dmax

2αmax
. In both figures

the solid black line reflects the smallest yd that satisfies condition (36), while the
dotted black line represents the greatest value of yd that for a given s0 ensures, that
the control signal will not exceed umax = 54kb. Therefore, to achieve maximum
throughput and at the same time not exceed the data source capabilities, one should
select a combination of parameters that is below the dotted black line and above the
solid black one. The set of admissible parameter combinations is marked in grey. The
last question is which particular point from this set should be chosen. It is clear from
inequality (34) that the maximum bottleneck buffer queue length decreases with the
increase of s0 and decrease of yd. Therefore, to reduce memory requirements, one
should select the combination of parameters that is close to the intersection of the
solid and dotted lines. Motivated by this reasoning, we have selected s0 = 34.72 kb
and yd = 710 kb.

The results of the simulation are shown in Figs. 6, 7 and 8. Figure6 shows the
control signal. As predicted byTheorems1 and 2, it never exceeds 54kb and is always
non-negative. Furthermore, when comparing Figs. 3 and 6 we observe, that although
the control signal tracks the value of the available bandwidth, the rapid changes have
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Fig. 4 The admissible set of parameter combinations for the first simulation scenario
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Fig. 5 The enlarged neighbourhood of the selected parameter values

been smoothed out, which is advantageous for the general transmission efficiency
in the network. The bottleneck queue length is shown in Fig. 7. It never exceeds the
value of 760kb predicted by Theorem4 and as shown in Theorem5, after the first data
reach it, it never drops to zero. Therefore, the risk of buffer overflow is eliminated
and full utilization of the available bandwidth is guaranteed. Figure8 depicts the
evolution of the sliding variable. As predicted by Theorem1 it is always greater
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Fig. 6 Control signal
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Fig. 7 Bottleneck node queue length

than −52.08kb, and as demonstrated in Theorem3 once it drops below 370kb it
never exceeds this value again.

In the second simulation scenario the available memory capacity at the bottleneck
node is insufficient to enable full bandwidth utilization. The buffer capacity is ymax =
620kb. Therefore, in order to prevent buffer overflows, we have to select such values
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Fig. 8 Sliding variable evolution

of yd and s0 that the right-hand side of inequality (34) does not exceed ymax. This
corresponds to satisfying the following condition

yd ≤ ymax − dmaxs0
2s0 − dmax

/
αmax

(55)

The choice of parameters for this simulation scenario is presented in Fig. 9. As
in the previous case, the dotted black line represents the greatest value of yd that
prevents from exceeding the admissible control signal range, and the solid black line
corresponds to the smallest values of yd that satisfy condition (36). Moreover, the
dashed black line corresponds to points in which the right-hand side of (55) is equal
to the left-hand side of this inequality. Therefore, one should select parameter values
that are below this line to eliminate the risk of buffer overflows. As we can observe
from Fig. 9 it is impossible to select a combination of parameters which satisfies all
the three requirements at the same time, namely there are no points that are at the
same time below both the dotted black line and the dashed black line and above
the solid black line. Therefore, in order to prevent buffer overflows, we select the
intersection of the dashed line with the dotted black line. In this way we fully utilize
the available control signal range without exceeding it. The risk of buffer overflows
is also eliminated. However, as this intersection point lies below the solid black line,
we do not obtain full utilization of the available bandwidth. This will be apparent in
the simulation results.

The results of simulations are shown in Figs. 10, 11, 12 and 13. Figure10 depicts
the control signal,which again is always non-negative and never exceeds the available
value of 54kb.When compared to the previous scenario, we observe, that the changes
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Fig. 9 The choice of parameters for the reduced bottleneck node memory capacity
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Fig. 10 Control signal for the reduced bottleneck node memory capacity

of the control signal are slightly more rapid. This is due to the fact, that the smaller
availablememory capacity can be used to smooth the changes in bandwidth to a lesser
extent. The bottleneck node queue length is shown in Fig. 11. It never exceeds the
value of 620kb predicted by Theorem4, but in contrast to the previous case, because
of the insufficient memory capacity, at some times the queue is empty. When this
occurs, the available bandwidth is not fully utilized, and we depict the unused part
of the bandwidth in Fig. 12. The unused bandwidth at the start of the control process
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Fig. 11 Bottleneck node queue length for the reduced bottleneck node memory capacity

0 0.05 0.1 0.15 0.2 0.25
0

5

10

15

20

25

30

35

40

Time in s.

d(
kT

) 
−

 h
(k

T
) 

in
 k

b.

Fig. 12 Unused bandwidth for the reduced bottleneck node memory capacity

occurs before the first data arrive at the bottleneck node, and therefore cannot be
eliminated by any control strategy. As we can notice from Fig. 12 the bandwidth
after the first round trip time passes is still utilized fairly well, despite the limited
buffer size. Figure13 shows the evolution of the sliding variable. Again, as predicted
in Sect. 4, it never drops below −51.14kb and once it gets smaller than 328kb it
never exceeds this value again.
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Fig. 13 Sliding variable evolution for the reduced bottleneck node memory capacity

6 Conclusions

In this chapterwehavepresented a robust slidingmode control strategy for congestion
control of a single virtual circuit in connection-oriented communication networks.
We have applied the reaching law methodology and the dead-beat control technique
in designing the control law. The presented controller enforces a chattering free quasi-
sliding mode. Furthermore, it eliminates the risk of data losses, and can ensure full
utilization of the bottleneck link bandwidth, in spite of rapid, unpredictable changes
of the transmission loss rate and the available bandwidth. In our future work we will
extend the presented approach to the case of multisource data transmission networks
with varying time delays.
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