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Abstract A 1D continuum endowed with internal structure, previously introduced
by the authors in order to describe some nonlinear behaviours of Carbon Nano Tubes
(CNTs), is extended and generalised by giving a procedure for constructing the con-
stitutive functions. Starting from the reference configuration of a Carbon Nano Sheet
(CNS), a Representative Elementary Volume (REV) is chosen. The deformation mea-
sures of the REV are identified with the change of the length of the Carbon-Carbon
(C-C) bonds and the angle variation between each pair of adjacent bonds. The strain
energy density of the REV is given as a standard function of the microscopic strain
measures. A relationship between the micro and the continuum strain measures is
then put down, this leading to an expression of the strain energy density of the REV
in terms of the latter strains. Making the derivative of this energy with respect to
its argument the constitutive functions for the 1D continuum are obtained. The geo-
metric and mechanical properties of a graphene nano sheet are used to construct its
equivalent continuum and some numerical comparisons are discussed. Although the
procedure is set up for a CNS, its extension to Carbon Nano Tubes (CNTs) involves
only simple geometric computations.

Keywords Nonlinear elasticity · Bifurcation analysis · Generalized continua ·
Carbon nano sheets

1 Introduction

CNTs have been given a large attention due to the fact that they show very peculiar
mechanical properties (Shima and Sato 2013). In addition, as they can undergo very
large deformations without losing the elastic behaviour, nonlinear models must be
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constructed in order to have a fair description of a number of very relevant phenom-
ena. Even though the molecular dynamic approach has been and is still largely used
as a simulation tool, it has been recognized as cumbersome in many circumstances.
For this reason, the attention of many researchers has been focused on the continuum
modelling making recourse to both 3D and shell theories.

Following this line the authors (Aminpour et al. 2014; Aminpour and Rizzi 2015),
in accordance with the approach in Antman (2005) and Podio-Guidugli (1982),
proposed to use a 1D continuum endowed with a suitable microstructure for the
modelling of the mechanical behaviour of CNTs. With respect to a Cosserat beam
(Pietraszkiewicz et al. 2007; Bîrsan et al. 2012; Altenbach et al. 2012), that model
has one more scalar field which is introduced with the aim of accounting for the de-
formation of the cross-sections in their own plane. It has been shown that by adopting
very simple constitutive relationships—that were polynomial functions up to grade
two in the components of the deformation measures—the model is able to capture
the relevant phenomena of necking and kinking that appear when a CNT is loaded
by two axial forces or two bending moments, at its ends (see Shima and Sato 2013).

The aim of this work is to extend the theory in Aminpour et al. (2014); Aminpour
and Rizzi (2015) by proposing a procedure that leads to identify the constitutive
relationships of an equivalent 1D continuum, starting from the analysis of the mi-
croscopic behaviour of a carbon nanomaterial (see e.g. dell’Isola et al. 2012). In
view of the results obtained previously, these relationships are given an approximate
polynomial expansion of grade two. The analysis is performed for a CNS and, even
though it is not presented here, its generalization to CNTs is only matter of simple
geometry.

Given a reference configuration of the sheet, a REV including two atoms con-
nected with five C-C bonds connecting themselves and their first neighbours, is
considered. By assuming a generic displacement of the six atoms, the change of the
lengths of the C-C bonds, together with the angle variation between the adjacent
bonds, are assumed as deformation measures of the microscopic model. The strain
energy density of the REV is then given in terms of those deformation measures. By
assuming a suitable map between the kinematic of the microscopic model and that
of the 1D model, the deformation measures of the former are given as functions of
the deformation measures of the latter. This allows to write the strain energy den-
sity of the REV as a function of the deformation measures of the 1D model. This
energy is then assumed as the strain energy density of the 1D continuum equivalent
to the CNS. Successively, this energy is given a power expansion with respect to
the deformation measures, up to the third order. The derivative of the strain energy
density with respect to its arguments gives the constitutive relationships of the 1D
stress measures.

As a numerical example, the analysis of the mechanical behaviour of a graphene
sheet studied in Pei et al. (2010) is performed by means of the geometric model
introduced here for two cases of atoms arrangements, namely the so called armchair
and zigzag. A trivial nonlinear equilibrium solution is found and the Young’s modu-
lus tangent in the origin determined for both the atoms arrangement. The results are
found to be in agreement with the values reported in the literature (Xiao et al. 2005;
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Lee et al. 2008; WenXing et al. 2004). In addition, a bifurcation analysis has been
performed and the bifurcation point on the trivial equilibrium paths for both the arm-
chair and zigzag cases, determined. It is shown that the branched solutions describe a
necking phenomenon. Finally we want to stress that only interactions between each
atom and its first neighbours have been considered and that to account also for long
range interactions would lead to a strain energy density for the equivalent continuum
containing gradients of the deformation measures (Alibert et al. 2003).

2 One-Dimensional Beam Model

A beam is thought as a one dimensional continuous body, whose kinematics is de-
scribed through the placement of the points of a line that we call the beam axis, and
the placement of a couple of orthogonal vectors attached to each point of it. They
are allowed to change their length in order to describe the cross section deformation.
We will consider here a reference configuration ϕ0 in which the axis is straight and
the sections are orthogonal to it. The axis is described by the function

qqq(s) s ∈ [0, 1], (1)

where s is its arc length parameter. The unit vector field tangent to the axis of the
beam is

qqq ′(s), (2)

where the prime denotes differentiation with respect to s. Let ϕt be the configuration
assumed by the beam during a motion at time t . Such a configuration is described by

• the function ppp(s, t), providing the present position of qqq(s);
• a proper orthogonal tensor field RRR(s, t), providing the rotation of the cross-sections

when passing from ϕ0 to ϕt ;
• a scalar field δ(s, t), providing a coarse description of the cross-sections deforma-

tion superimposed to the rotation RRR(s, t).

The tangent vector to the axis of the beam in the present configuration is given by

ppp′(s, t), (3)

and the velocity fields are

www = ṗpp, WWW = ṘRRRRRT, ω = δ̇, (4)

where WWW is a skew tensor and the dot denotes differentiation with respect to t . A
change of placement is rigid when

RRR′ = 0, ppp′ = RRRqqq ′, δ = 0, (5)
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so that in a rigid motion
ṗpp′ = ṘRRqqq ′, δ̇ = 0, ∀t (6)

2.1 Strain Measures

Deformation is defined as the difference between the given transplacement and a
rigid one. A suitable choice of strain measures with respect to ϕ0 is

eee = RRRT ppp′ − qqq ′, EEE = RRRTRRR′, δ, δ′, (7)

where EEE is a skew tensor.
We limit ourselves to the case of a beam whose motion can be described in a 2D

subspace of a 3D Euclidean space. Given a fixed orthonormal basis

DDD1, DDD2, DDD3 = DDD1 × DDD2

we assume that qqq ′(s) = DDD1 so that

eee = εDDD1 + γ DDD2, EEE = κDDD2 ∧ DDD1, (8)

where ε is the axial strain and γ is the shearing strain, κ denotes the bending curvature.
It is useful to write the strain measures in terms of the displacement field uuu defined

as

uuu = ppp − qqq = uDDD1 + vDDD2 (9)

Thus, in view of the definitions (8), (9), the components of the deformation measures
(7), read

ε = (1 + u′) cos ϑ + v′ sin ϑ − 1,

γ = v′ cos ϑ − (1 + u′) sin ϑ,

κ = ϑ ′,
δ, δ′,

(10)

where ϑ is the angle of rotation about DDD3.

2.2 Balance

The interaction of the beam with the surrounding environment is defined as a linear
functional of the velocities (6) and of their first-order derivatives with respect to s,
and the external power can be expressed as
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Pe =
l∫

0

(bbb · www + BBB · WWW + βδ̇ )ds + [
ttt · www + TTT · WWW + Ωδ̇

]l

0 (11)

bbb, BBB, β and ttt,TTT ,Ω being bulk and contact actions, respectively.
The power expended by the contact actions is a linear functional of the velocity

fields and of their first derivatives with respect to X1, that is

Pi =
l∫

0

(ccc0 · www + CCC0 · WWW + Δδ̇ + ccc1 · www′ + CCC1 · WWW ′ + ϑδ̇′)ds (12)

Following Germain (1973a, b); di Carlo (1996), we require that Pi = 0 for any rigid
motion, that is true if and only if

Pi =
l∫

0

(ccc1 · www′ − (ppp′ ∧ ccc1) · WWW + CCC1 · WWW ′ + Δδ̇ + ϑδ̇′)ds (13)

Besides, by requiring that
Pe = Pi ∀t (14)

the expressions (11), (13) and (14) give ccc1 = ttt,CCC1 = TTT and ϑ = Ω and

ttt ′ + bbb = 000,

TTT ′ + ppp′ ∧ ttt + BBB = 000, (15)

Ω ′ − Δ + β = 0

Equation (15) can be conveniently rewritten in the form

sss ′ + EEEsss + aaa = 0,

SSS′ + EEESSS − SSSEEE + (qqq ′ + eee) ∧ sss + AAA = 000, (16)

Ω ′ − Δ + β = 0,

where sss = RRRTttt, SSS = RRRTTTT RRR,aaa = RRRTbbb, AAA = RRRTBBBRRR, whose components in the fixed
basis are

sss = N DDD1 + QDDD2,

SSS = MDDD2 ∧ DDD1,

aaa = a1DDD1 + a2DDD2,

AAA = ADDD2 ∧ DDD1

(17)
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Fig. 1 Axial end
displacement s

u(1)

D3l=1

D2

D1

2.3 Beam Subjected to an Axial End Displacement

In the following we will consider the case of the strut shown in Fig. 1 and look for
solutions in which ϑ ≡ v ≡ 0 so that expressions (10) reduce to

ε = u′,
δ, δ′ (18)

In addition, we will assume that the continuum is hyperelastic and its strain energy
density written as

π(ε, δ, δ′), (19)

which means that the only stress measures different from zero will be

N (ε, δ, δ′) = ∂π

∂ε
, Δ(ε, δ, δ′) = ∂π

∂δ
, Ω(ε, δ, δ′) = ∂π

∂δ′ , (20)

while Q ≡ M ≡ 0 and the definitions (17) if the body actions vanish, becomes

N ′ = 0,

Ω ′ − Δ = 0
(21)

By assuming the boundary conditions

Ω(0) = Ω(1) = 0,

u(0) = 0, u(1) = assigned
(22)

the Eqs. (18), (20), (21) and (22) constitute a nonlinear boundary value problem
(see Aminpour et al. 2014; Aminpour and Rizzi 2015; Antman 2005) that will be
discussed in the following.

3 Graphene

Graphite is a layered 3D material which is made up of a successive series of par-
allel two-dimensional sheets, called graphene sheets. A graphene sheet is a single
layer of graphite which has only one atom in the thickness. Each graphene sheet is
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composed of a regular hexagonal network of strongly bonded carbon atoms. Within
each graphene sheet the distance between two adjacent carbon atoms is (Saito et al.
1998)

ac−c = 0.142 × 10−9 m = 1.42 Å, (23)

while its thickness is assumed to be

t = 3.4 Å (24)

A two-dimensional graphene sheet can be described as a lattice of regular
hexagons, whose vertices show the position of the atoms and the edges describe
the bonds (see Fig. 2). In the same figure, the parallelogram drawn in shadow is the
unit cell (or REV) of the sheet and the vectors aaa1 and aaa2 are the basis vectors of
the unit cell. The whole lattice can be generated by translations of the unit cell by
the vectors

CCCh = naaa1 + maaa2, (25)

where n, m are integers. The vector CCCh is called the chiral vector of the sheet.
Two atoms whose positions (say BBB1 and BBB2) can be expressed by means of a chiral

vector—which means that there are two integers n, m such that

BBB2 − BBB1 = CCCh

are called equivalent. It is clear that the two atoms in the unit cell are not equivalent
as

Fig. 2 Graphene sheet and
its unit cell (or REV)

a1

Armchair

Zigzag

B1

B2

e2

a2

e1

A B
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BBB − AAA = aaa1 + aaa2

3
(26)

In view of the following applications, it is useful to introduce an orthonormal
basis (eee1,eee2) whose two vectors are directed along the so called armchair and zigzag
directions, respectively (see Fig. 2). Through the new basis, the basis vectors of the
cell can be written as

aaa1 = a

(√
3

2
eee1 + 1

2
eee2

)
,

aaa2 = a

(√
3

2
eee1 − 1

2
eee2

)
,

(27)

which give
aaa1 · aaa1 = aaa2 · aaa2 = a2,

aaa1 · aaa2 = a2/2,
(28)

where a is the lattice constant which is related to the carbon-carbon bond length ac−c

by the relationship
a = √

3ac−c = 0.246 × 10−9 m (29)

4 Energy

The total potential energy of the nanostructure may be given by the sum of energies
due to the interatomic interactions (Rappe et al. 1992)

U = Ur + Uθ + Uτ + Uω + UvdW + Ues, (30)

where Ur is the bond stretching energy, Uθ is the bond angle bending energy, Uτ is
the bond torsion (or dihedral angle variation) energy, Uω is the bond inversion (or
out of plane angle variation) energy, UvdW is van der Waals interaction energy, and
Ues is the electrostatic interaction energy.

Following Leamy (2007) for the terms Ur + Uθ in Eq. (30) we will assume the
Modified Morse interatomic potential, that is

Ur = De

{(
1 − e−βe(r−r0)

)2 − 1
}

,

Uθ = 1

2
kθ (θ − θ0)

2
{
1 + ksextic(θ − θ0)

4
}
,

(31)

in which De, βe, kθ , ksextic are constitutive constants, r is the length of a bond and θ

is the angle between two adjacent bonds in the present configuration, while r0 and
θ0 are the corresponding values in the reference configuration. The terms Uτ , Uω,
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UvdW and Ues, on the contrary, will be neglected according to Xiao et al. (2005). This
means that the expression (30) reduces to

U = Ur + Uθ (32)

5 Atomic Model

Figure 3 shows the reference configuration of the unit cells directed along the arm-
chair and zigzag directions, respectively. The REV has been enlarged in order to
consider the first neighbours of the two atoms in it. Let us assume that the sheet
is stretched in the direction of the y axis in each one of the cases in Fig. 3 that are
referred to as armchair and zigzag, respectively.

The displacement of an atom which occupies the reference position E , is described
by the vector (see Fig. 4)

ddd E = vEeee1 + uEeee2 (33)

The reference configuration of the enlarged REV is obtained by specifying the co-
ordinates of each one of the six points in which are located the atoms. By assuming
a local Cartesian coordinate system with origin at the middle point of the segment
AB and basis (eee1,eee2), the coordinates of a point E , will be denoted E ≡ (xE , yE ).

The reference configuration of the REV can also be completely specified when
we fix the position of an atom and give the five bond lengths and the six angles
between adjacent bonds. Note that the six angles are not independent because the
sum of the three angles formed by the bonds that meet at the positions A and B, must
be 2 π . In the deformed configuration the new position occupied by the atom that in
the reference configuration was in E , will be denoted by e ≡ (xe, ye), where

A B

P

Q

R

S

A

B

P Q

R S

h

l/2

h

l/2

x

y

e

e

2

1
x

y

e

e

2

1

l

l

(a) (b)

Fig. 3 The armchair (a) and zigzag (b) REVs



24 H. Aminpour and N. Rizzi

Fig. 4 Reference and
present configuration of two
adjacent bonds E

e

F

f

G

g

lef

lEF

nef

nfg

dE

efg

EFG

xe = xE + vE ,

ye = yE + uE
(34)

In this way, the new length of a bond, say E F , results to be

�e f = | f − e| =
√

(x f − xe)2 + (y f − ye)2

=
√

[(xF − xE ) + (vF − vE )]2 + [(yF − yE ) + (uF − uE )]2, (35)

while the angle between two adjacent bonds, say e f and f g is obtained from the
relationship (see Fig. 4)

cos ϑe f g = nnnef · nnn f g, (36)

where

nnnef = e − f

�e f
,

nnn f g = g − f

� f g

(37)

are the unit vectors along the bonds e f , and f g in the present configuration, respec-
tively.

In view of the Eqs. (35)–(37), we define as deformation measures, the bonds’
stretching and the angles’ variation

ΔrE F = �e f − �E F ,

ΔϑE FG = ϑe f g − ϑE FG (38)
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Now, if we put

ΔvE F = vF − vE ,

ΔuE F = uF − uE (39)

we can write

�e f =
√

[(xF − xE ) + ΔvE F ]2 + [(yF − yE ) + ΔuE F ]2,

cos ϑe f g = 1

�e f � f g
[(xF − xE + ΔvE F )(xG − xF + ΔvG F )

+ (yF − yE + ΔuE F )(yG − yF + ΔuG F )] (40)

and expressions (38) can be rewritten in terms of the components of the relative
displacements.

6 1D Continuum Equivalent to the Atomic Model

The kinematic of the REV described in Sect. 5 and that of the continuum described
in Sect. 2, are related by postulating the following relationships

uE = yEε(s),

vE = [δ(s) + yEδ′(s)]xE , (41)

where E stands for the position of a generic atom in the reference configuration of
the REV and the abscissa of the 1D continuum has been chosen to coincide with the
y axis on the REV, that is s = y.

Using the relationships (41), the components of the relative displacements of two
atoms which form a C-C bond and in the reference configuration are in the positions
E, F , will be

ΔuE F = (yF − yE ) ε,

ΔvE F = (xF − xE )δ + (xF yF − xE yE )δ′ (42)

Now, in view of the relationships (42), (40) and (38), the energy (31) is given in
terms of the deformation measures of the continuum model

UE F (ε, δ, δ′) = De

{(
1 − e−βe(�e f −�E F )

)2 − 1
}

,

UE FG(ε, δ, δ′) = 1

2
kϑ

(
ϑe f g − ϑE FG

)2 {
1 + ksextic( ϑe f g − ϑE FG)4

} (43)
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Summing up the contribution of all the bonds of the enlarged REV, one obtains

π̂(ε, δ, δ′) = UAB + 1

2
UB P + 1

2
UB Q + 1

2
UAR + 1

2
UAS

+ UR AB + UAB P + US AB + UAB Q + UP B Q + UR AS

(44)

By giving a power expansion up to the third order of π̂(ε, δ, δ′) with respect to its
arguments, we denote by π̆(ε, δ, δ′) the approximation obtained.

If we denote by V the volume of the REV, the strain energy density of the 1D
continuum equivalent to the nanomaterial is assumed to be

π(ε, δ, δ′) = 1

V
π̆(ε, δ, δ′) (45)

Making the derivatives of the strain energy density with respect to the components
of the deformation measures, one obtains the components of the stress measures.

They result to have the following expressions for both the armchair and zigzag
cases

N = 1

V

(
Aδ + 1

2
Bδ2 + 1

2
Cδ′2 + Fε + Eεδ + 1

2
Gε2

)
,

Δ = 1

V

(
Pδ + 1

2
Rδ2 + 1

2
Sδ′2 + Aε + Bεδ + 1

2
Eε2

)
,

Ω = 1

V
(Hδ′ + Sδδ′ + Cεδ′)

(46)

The explicit expressions for the constitutive coefficients have been evaluated for
the following four cases using the MATHEMATICA software (Wolfram 2015)

• case a1 armchair REV considering the sole stretching energy;
• case a2 armchair REV considering stretching and angle variation energy;
• case b1 zigzag REV considering the sole stretching energy;
• case b2 zigzag REV considering stretching and angle variation energy.

As the resulting expressions are very cumbersome, in the following we give only the
constitutive functions for the case a1, that are

N = ∂π

∂ε
= 1

V

[
2

h4β2
e Deε

�2
+ 1

2
h2β2

e Deδ

+
(

3

4

h4β2
e De

�2
− 3

h6β3
e De

�3

)
ε2

+
(

−1

8
h2β2

e De + 1

4

h4β2
e De

�2
− 3

16
h2β3

e De�

)
δ2 (47)

+
(

1

8
h2β2

e De − h4β2
e De

�2
− 3

2

h4β3
e De

�

)
εδ
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+
(

−1

2
h2β2

e De + h4β2
e De

�2
− 3

4
h2β3

e De�

)
δ′2

]
,

Δ = ∂π

∂δ
= 1

V

[
1

2
h2β2

e Deε

+
(

1

8
β2

e De�
2 + 1

4
β2

e De�
2 + h2β2

e De

)
δ

+
(

1

16
h2β2

e De − 1

2

h4β2
e De

�2
− 3

4

h4β3
e De

�

)
ε2

+
(

3

16
h2β2

e De − 3

64
β3

e De�
3 − 3

2
β3

e De�
3

)
δ2

−
(

1

4
h2β2

e De�
4 + 1

2

h4β2
e De

�2
− 3

8
h2β3

e De�

)
εδ

+
(

3

4
h2β2

e De − 3

16
β3

e De�
3

)
δ′2

]
,

(48)

Ω = ∂π

∂δ′ = 1

V

[
1

2
β2

e Deδ
′ +

(
3

2
h2β2

e De − 3

8
β3

e De�
3

)
δδ′

−
(

h2β2
e De + 2

h4β2
e De

�2
− 3

2
h2β3

e De�

)
εδ′

]
,

(49)

where h and � are shown in Fig. 3.

7 Beam with End Displacement: Trivial Solution

Let us consider now the case of a beam described in Sect. 2.3 and let u� = u(�) be the
axial displacement assigned to the end section. The boundary value problem (18),
(21), (22), (46), admits the following trivial solution

Ωo ≡ 0, Δo ≡ 0, δ′
o ≡ 0, ε′

o ≡ 0,

εo = u�/� = u� (as � = 1),

δo = δ(u�),

No = N (ε(u�), δ(u�))

(50)

By using the chain rule it can be seen that

dNo

du�

= dNo

dεo
= (

∂ N

∂ε
)o + (

∂ N

∂δ
)o(

∂δ

∂ε
)o,

dΔo

du�

= dΔo

dεo
= (

∂Δ

∂ε
)o + (

∂Δ

∂δ
)o(

∂δ

∂ε
)o, (51)

where ( )o means that the expression is evaluated along the solution (50).
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As on the trivial path,

Δo = 0 ⇒ dΔo

dεo
= 0 (52)

Equation (51)2 gives

(
∂δ

∂ε
)o = −

(
∂Δ

∂ε
)o

(
∂Δ

∂δ
)o

(53)

and by substituting (53) in the equation (51)1 one obtains

dNo

dεo
=

(
∂ N

∂ε
)o(

∂Δ

∂δ
)o − (

∂ N

∂δ
)o(

∂Δ

∂ε
)o

(
∂Δ

∂δ
)o

(54)

8 Perturbation Method

We are interested in looking for another solution branching off from the given
(fundamental) one. Besides, we assume that the branching solution can be expressed
in terms of a suitable parameter η, in the form

Ξ b(s, η) = Ξo(s, p(η)) + Ξ(s, η) (55)

where Ξ stands for a generic field and p is the parameter chosen to describe the
trivial solution that, in general, is different from η.

We admit that the functions can be represented by the following power expansions
near the bifurcation point that corresponds to η = 0

Ξ b(s, η) = Ξc(s) + Ξ b
1 (s) η + 1

2
Ξ b

2 (s) η2 + o(η2),

Ξo(s, η) = Ξc(s) + Ξo1(s) η + 1

2
Ξo2(s) η2 + o(η2),

(56)

p(η) = pc + p1 η + 1

2
p2 η2 + o(η2), (57)

in which the subscript c denotes the value of a function at the bifurcation point
(η = 0) while the other subscripts denote differentiation with respect to η evaluated
at η = 0, as well.



On the Modelling of Carbon Nano Tubes as Generalized Continua 29

Using the expansion (56) for both Ξ b(s, η), and Ξo(s, p(η)), Eq. (55) gives

Ξ(s, η) = Ξ1(s) η + 1

2
Ξ2(s) η2 + o(η2) (58)

The aim of the analysis is to obtain the coefficients of the series expansion in terms of
η, of the sliding variables ε, δ, N ,Δ,Ω and of the parameter p, up to a given order.
To do that we use a perturbation technique so that, making use of the expansions
(56) and (58), the nonlinear BVP stated in Sect. 2.2 is transformed in a sequence of
linear BVPs, one for each power of η.

9 Beam with End Displacement: Bifurcation Analysis

The first order (linear) counterpart of the nonlinear BVP results to be

ε1 = u′
1, (59)

N ′
1 = 0,

Ω ′
1 − Δ1 = 0, (60)

N1 = Aδ1 + Bδcδ1 + Fε1 + Eδcε1 + Eεcδ1 + Gεcε1,

Δ1 = Pδ1 + Rδcδ1 + Aε1 + Bδcε1 + Bεcδ1 + Eεcε1, (61)

Ω1 = Hδ′
1 + Sδcδ

′
1 + Cεcδ

′
1,

Ω1(0) = Ω1(1) = 0,

u1(0) = u1(1) = 0 (62)

Now by substituting (62) into Eq. (60) one obtains

Aδ′
1 + Bδcδ

′
1 + Fε′

1 + Eδcε
′
1 + Eεcδ

′
1 + Gεcε

′
1 = 0,

Hδ′′
1 + Sδcδ

′′
1 + Cεcδ

′′
1 − (Pδ1 + Rδcδ1 + Aε1 + Bδcε1 + Bεcδ1 + Eεcε1) = 0

(63)
Equation (63)1, then gives

ε′
1 = − A + Bδc + Eεc

F + Eδc + Gεc
δ′

1 (64)

and, by taking the first derivative of Eq. (63)2 with respect to s, making use of
Eqs. (62)3 and (64), one obtains

Ω ′′
1 + q(u�)Ω1 = 0, (65)
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where

q(u�) = − (F + Eδc + Gεc)(P + Rδc + Bεc) − (A + Bδc + Eεc)
2

(H + Sδc + Cεc)(F + Eδc + Gεc)
, (66)

which results to be

q(u�) = −
(
∂ N

∂ε
)o(

∂Δ

∂δ
)o − (

∂ N

∂δ
)o(

∂Δ

∂ε
)o

(
∂ N

∂ε
)o(

∂Ω

∂δ′ )o

(67)

Note that Eq. (65) is the one reported by Antman (2005). It admits a non trivial
solution for any positive integer n such that

−
(
∂ N

∂ε
)o(

∂Δ

∂δ
)o − (

∂ N

∂δ
)o(

∂Δ

∂ε
)o

(
∂ N

∂ε
)o(

∂Ω

∂δ′ )o

= n2π2 (68)

Equation (68) determines the values u�c corresponding to the bifurcation points. The
eigenmode associated to the first eigenvalue, is

Ω1 = C1 sin πs (69)

Then we can integrate the expressions (62)3 to obtain

δ1 = −C1

π

cos πs

H + Sδc + Cεc
+ C2 (70)

In addition, from Eq. (60)2

Δ1 = Ω ′
1 = C1π cos πs (71)

and, from the expression (62)2

ε1 = C1π cos πs

A + Bδc + Eεc
+ P + Rδc + Bεc

A + Bδc + Eεc

(
C1 cos πs

π(H + Sδc + Cεc)
− C2

)
(72)

and Eq. (59) gives then the displacement in the form

u1 = C1 sin πs

A + Bδc + Eεc
+ P + Rδc + Bεc

A + Bδc + Eεc

(
C1 sin πs

π2(H + Sδc + Cεc)
− C2s

)
+ C3

(73)
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Finally, the boundary condition (62)3 gives

C3 = 0 (74)

and, the boundary condition (62)4 gives C2. The constant C1 is the amplitude of the
eigenmode and can be assigned a value by choosing a normalization condition.

10 Beam with End Displacement: Numerical Results

We consider the REV in Fig. 3a and assume that the atoms, in the reference config-
uration, have the following coordinates

xA = −�/2 yA = 0 xB = �/2 yB = 0

xR = −� yR = h xP = � yP = h

xS = −� yS = −h xQ = � yQ = −h

(75)

Similarly, the coordinates of the atoms in the REV in Fig. 3b are

xA = 0 yA = −�/2 xB = 0 yB = �/2

xR = −h yR = −� xP = −h yP = �

xS = h yS = −� xQ = h yQ = �

(76)

Following Belytschko et al. (2002) the geometric and constitutive constants in the
energy expressions (43) are given the following values

� = 0.142 nm h = 0.123 nm θ0 = 2.094 rad

De = 0.603105 nN×nm kθ = 0.9 nN×nm × rad−2

βe = 26.25 nm−1 ksextic = 0.754 rad−4

(77)
From the coordinates (76) its is evident that the REV has width w = 3� and height

2h. Denoting by t its thickness, the volume appearing in (49) is V = 3�ht and, for
t = 0.34 nm, V = 0.0178 nm3. Using the preceding data the numerical values for
the constitutive coefficients in (62) have been evaluated for the four cases considered
and are given in Table 1. In addition, the normal force as a function of u� in the trivial
solution has been determined and is plotted in Fig. 5 only for the cases a2 and b2.

Table 1 Constitutive coefficients

A B C E F P G R S H

case a1 6.28 −15.99 −0.96 −60.58 18.86 18.85 −144.1 −188.54 −0.06 0.12

case a2 4.26 −17 −0.94 −55.52 20.88 20.87 −153.2 −191.58 −0.17 0.16

case b1 6.04 −32.65 −0.65 −0.81 19.41 17.16 −181.92 −111.92 −2.25 0.34

case b2 4.88 −29.71 −0.59 −1.7 20.69 18.42 −183.74 −116.28 −2.34 0.37
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Fig. 5 Trivial path
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Table 2 Values of the
apparent Young’s modulus

Young’s modulus (TPa)

case a1, case b1 0.94

case a2, case b2 1.12

Finally the values of the apparent Young’s modulus—which is defined as the
slope at the origin of the trivial path—that is

E =
(

∂ No

∂ε

)
ε=0

,

have been calculated. The values obtained for all the four cases are reported in Table 2.
In Table 3 the results obtained by some other authors are reported for the sake of
comparison. It can be seen that they are very close to those given in Table 2.

The bifurcation points along the trivial path can be obtained from Eq. (68) and the
smaller values for u� are obtained by putting n = 1. In Fig. 6 the curve q(u�) − π2

for the case a2, is plotted. Bifurcation occurs when the curve crosses the u� axis, that
is when u� = 0.136. Now, as the maximum value of the normal force is reached for
u� = 0.133 (see Fig. 5) the bifurcation occurs just a little bit after the limit point.

Table 3 Comparison of Young’s modulus

Reference Modeling method Young’s modulus (TPa)

Lee et al. (2008) Experimental 1 ± 0.1

van Lier et al. (2000) Density functional theory 1.11

WenXing et al. (2004) Molecular dynamic 1.02

Xiao et al. (2005) Nano scale- Continuum 1.13

Wu et al. (2006) Nano scale- Continuum 1.06
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We want to stress that the asymptotes in Fig. 6 correspond to the values of u� at
which

(
∂ N

∂ε
)o

and (
∂Ω

∂δ′

)
o

do vanish, respectively. This means that the constitutive functions obtained for the
equivalent beam are not strongly elliptic and this is due, in turn, to the fact that the
Modified Morse potential is not convex. In Fig. 7 the curve q(u�) − π2 for the case
b2, is plotted. In this case bifurcation occurs when u� = 0.106.
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Fig. 7 Zigzag arrangement: bifurcation plot
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The maximum value of the normal force, instead, is reached for u� = 0.101 (see
Fig. 5) so that, as before, bifurcation occurs after the limit point. In this case only
one asymptote is present. It is located at the value of u� at which

(
∂ N

∂ε
)o = 0

We want to stress that, looking at the values of the end displacement reported before,
one can conclude that in both examined cases the bifurcation point practically coin-
cides with the limit point of the curve N (u�). Looking at the shape of the component
δ1 of the buckling mode, given by the expressions (74), it is clear that such a solution
describes a necking phenomenon.

11 Conclusions

A procedure that leads to the identification of constitutive functions for a hyperelastic
1D continuum endowed with a suitable internal structure able to describe the me-
chanics behaviour of carbon nano structures, has been introduced. A graphene sheet
with armchair and zigzag structures have been considered and a representative ele-
mentary volume identified. An equilibrium configuration is assumed as a reference
configuration for the REV. When the atoms are displaced in a generic configuration,
the variation of the energy of the REV is evaluated by using the Modified Morse
interatomic potential. A displacement field of the 1D model is put in relation with
displacement of the atoms in the REV. By using this map, the energy variation of the
REV is written on terms of the deformation measures of the 1D model. This expres-
sion, divided by the volume of the REV is assumed as the strain energy density of the
continuum. The stress measures and their constitutive functions are then obtained by
differentiating the strain energy density with respect to the 1D deformation measures.
As an example, the Young’s modulus of a carbon nano sheet has been evaluated and
compared with the values reported it the literature. The two cases of a sheet stretched
in the armchair or zigzag direction, respectively, have been studied and a bifurcation
which describes a necking phenomenon, detected.
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