Chapter 2
Generic Linear Recurrence Sequences

Let A be a commutative ring with unit and M any A-module. An M-valued linear
recurrence sequence (LRS) generalizes the sequence of powers of the roots of a
given monic polynomial with A-coefficients. A generic LRS is a linear recurrence
sequence with indeterminate coefficients. A main character of this chapter, as of
the entire book, is the ring B, := Zey, ..., e,], thought of as a free polynomial
algebra generated by the coefficients of a generic LRS of order r> 1. The name
of the indeterminates, (ey,...,e,), is reminiscent of the elementary symmetric
polynomials in r variables. The ring B, will later be bestowed the more ambitious
task of approximating the bosonic Fock representation of the oscillator Heisenberg
algebra.

The present chapter is organized as follows. Section 2.1 is just an opening, to fix
notation and to agree to identify M-valued sequences with M-valued formal power
series. Section 2.2 gives a closer look at the ring B,: the notion of partition and Schur
polynomials are introduced in 2.2.2 to describe in details its weight graduation,
defined by assigning degree i to each indeterminate e;.

Section 2.4 focuses on the universal formula expressing the solution to the
Cauchy problem for linear ODEs with constant coefficients and analytic forcing
term. The expression is attained by means of a distinguished sequence (u;);ez of
universal B,-valued generic LRSs. They will then go on to play an important role
throughout the text. What ties generic LRSs to generic linear ordinary differential
equations (ODEs) is the notion of formal Laplace' transform, introduced in a purely
algebraic manner in Section 2.5, following [42]. Here, the Cauchy problem for linear
ODE:s is discussed, and an example to illustrate the method is fully worked out.
Section 2.6 is about generalized Wronskians as in [50]. The terminology perhaps is

! Pierre-Simon, marquis de Laplace, Beaumont-en-Auge, Normandy, 1749—Paris, 1897. Mathe-
matician and astronomer, he wrote the celebrated celestial mechanics. Asked by Napoleon why
there was no mention to God in his treatise, as was customary at the time, he answered: je n’avais
pas besoin de cette hypothese-la: I didn’t need that hypothesis.
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not standard, but the same notion has been used by several authors in a variety of
different contexts, e.g. [144], and is related with the higher Wronskians introduced
and used by A. Iarrobino [67, 68] with diverse motivations.

This chapter is elementary in nature. It may be seen as a review of the basic
background regarding linear ODEs with constant coefficients. The exposition
is however carried out in the perspective of revisiting generalized Wronskians,
Schubert calculus for Grassmannians and the boson—fermion correspondence within
a unified framework.

2.1 Sequences in Modules over Algebras

2.1.1. Let A be a commutative ring with unit and M be an A-module. For any
nonempty subset $ of the integers, we denote by M® the collection of maps
m : 8§ — M, ie. the A-module of M-valued sequences defined over 8. The
image of s € 8 is denoted by m,. We shall be interested in the cases § = N and
§ = Z.1If § = N, elements of M" will be represented by the array of their images
(mg, my, ...). Alternatively, let # be any indeterminate over A and call

M[[] := {ijﬂ' |mj e M} .1)

J=0

the A-module of formal power series with coefficients in M. Because of the natural
identification of M[[f]] with MY, we shall also speak of M-valued formal power
series. If M = A, then A[[f]] is an A-algebra with respect to the usual product

k
Za,‘ti . Za,tf = Z ( a,-ak_i) Ik, a; € A. 2.2)
0

i>0 =0 k>0

An obvious generalization of (2.2) endows M|[[¢]] with a structure of A[[¢]]-module:

k
Za,»ti . ijtl = Z ( a,-mk_,-) lk, (Cl,', mj) €EAXM.
0

i>0 j=0 k>0

2.1.2. If X is another indeterminate over A and p € A[X] has degree r, we write

p(X) = (X —er(PX" 4 -+ (=) e (p).
This means that we denote by (—1)e;(p) the coefficient of X"/, 0 < i < r. The
polynomial p is monic if ey(p) = 1.

Examples 2.1.3. i) If p := X* — 3X% + v2X — 3 € Z[V2][X], then eo(P) = 1,
el(P) = O’ 62(P) = _3’ 63(P) = _\/5 and 64(P) = —3’
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ii) If P € A[X] splits as product of r distinct linear factors:
pX) = X—x1)--- (X —x),

then ey (p), e2(p), . . ., e,(P) are precisely the elementary symmetric polynomi-
als in the roots xi, ..., x, of p. In this way we follow the convention of [109]
for denoting symmetric functions.

Definition 2.1.4. A sequence m := (mg,my,...) € MY is called a linear
recurrence sequence (LRS) of order r if there exists a monic p € A[X] of degree
r such that

Myyj— e (P)mytj—1 + -+ (=1) e.(p)m; = 0, Vj=0. (2.3)

The polynomial p is the characteristic polynomial of the LRS.

Expression (2.3) is also called a linear difference equation. All LRSs associated
with one polynomial form a submodule of MY whose elements solve a homoge-
neous linear difference equation.

Examples 2.1.5. i) Leta € Abearootof p := X>—e;(p)X +e»(p) € A[X]. Then
(1,a, 02,03, ...) is a LRS of degree 2 having p as characteristic polynomial;
ii) Let M be a square n X n matrix with entries in some commutative associative
Z-algebra. By abuse of notation denote by (—1)e;(M) the coefficient of X"~/
in the polynomial

pvi(X) = det(X - Lyxn — M). (2.4)

where 1,x, denotes the diagonal identity matrix. The Cayley—Hamilton theorem
(Corollary 4.2.15 to Theorem 4.2.12) says that py¢(M) = 0, namely, M is a
root of (2.4). Hence (1,x,, M, M?2,...) is a LRS of order n, with p»(X) as
characteristic polynomial, where 1,x, is the square identity matrix;

iii) Let M = A = Z and p(X) = X?> — X — 1. The unique LRS (fo, {1, . ..) having
characteristic polynomial p and initial conditions fo = f; = 1 is the Fibonacci
sequence (1,1,2,3,5,8,...). The equality

1
2=

n>0

explains that the nth coefficient of the formal Taylor expansion of the right-hand
side is precisely §,.
2.1.6. Let
M((t) := M[", ] = { S ‘ m; € M.ic N}

jz—i
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be the A-module of M-valued formal Laurent series, i.e. elements of M((r)) with
only finitely many non-zero negative powers of . A quick check shows that
the kernel of the A-epimorphism M((t)) +— M][f]] mapping ij_[ mi? to its
‘holomorphic’ part Zizo m;# is the submodule r~'M[t™1]. Let

Q)

be the induced isomorphism. For all j > 0, define

Dm(r) = Jy (mT@ + f'M[f']) , (2.6)

or more explicitly

D Zm,‘l‘i = Zm,‘_ﬁli. 2.7)

i>0 i=0

Clearly D/ € Endy (M[[f]]) is the composite of D := D' with itself j times. We set
D° = 1y, the identity endomorphism of M. Via the identification M([f]] = MY, the
endomorphism DV is nothing but the shift operator m; Mitj.

Example 2.1.7. The unique solution to the equation Da(t) = a(r) with initial
condition ay is
ao

a() = 1, =ap(l +t+1+-).

In other words is related to D as exp(aot) is related to the formal derivative 9,.

See Section 2.5.

2.2 Generic Polynomials, Partitions and Schur Determinants

2.2.1. Generic polynomials formalize the idea of polynomials with indeterminate
coefficients. There is just one monic generic polynomial in each given degree. For
each positive integer r, let (ey,...,e,) denote a finite sequence of indeterminates
over Z, and let B, be the polynomial ring in ey, . . ., e, with integral coefficients

B, :=Zley,...,el.
Henceforth we shall denote by p,(X) the generic monic polynomial of degree r:

pX) =X —e X+ (=1)e,. (2.8)
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It specializes to any other monic polynomial of the same degree
PX) =X —ei (X ok (=De(p). elp) €4,

with coefficients in a B,-algebra A, via the unique ring homomorphism e; — ¢;(p).

Partitions 2.2.2. Regard the ring B, as a graded Z-algebra by declaring i to be the
degree of the indeterminate e;. For w > 0, let (B,),, be the submodule of elements
of degree w. For example, (B,); = Zei, (B,;), = Ze% @ Ze, and (B,); = Ze? @
Zeye, @ Zes. In general, to describe monomials of degree w of B,, it is useful to
use partitions of length w. A partition is a monotone non-increasing sequence of
non-negative integers

A.: 11212220,

such that all the parts A; are zero but finitely many ([33, 109]).

Denote by P the set of all partitions. If A := (A1, A,,...) € P, its length (L) :=
f#{i|A; # O} is the number of its non-zero parts, and its weight is |A| = ), A;.
If £(A) = r, we simply write A = (Aq,...,A,), omitting the infinite sequence of
the zero parts. The null partition, (0) := (0,0,0,...), having only null parts, will
be simply denoted by 0. The set of partitions of length k& < r is denoted by P,: if
A € P, has length strictly less than r, we may, if convenient, add a string of r — k
zeros to it.

Each A € P is a partition of the integer w := |A|. The Young diagram of A :=
(A1, ..., A;) € Pis an array Y(A) of left-justified rows of boxes such that the jth
row has A; boxes, for 1 < j < r. The conjugate of a partition A is the partition A
whose Young diagram is obtained from Y(A) by exchanging columns with rows:
the jth column of Y(A4') has as many boxes as the jth row of Y(4). For example, the
conjugate to (3,2,2,1) is (4, 3, 1), as shown in Figure 2.1.

Fig. 2.1 The Young diagram |
of the partition (3,2, 2, 1) and
its conjugate (4,3, 1)

2.2.3. A partition A € P can be also expressed as A := (1122 ...71") to mean
that it has j; parts equal to j, 1 < j < n, so that it has length i; + --- + i, and
weight i; + 2i; + --- + ni,. For example, the partition A = (3,2,2,1) can be
equivalently written as (1'223'). Analogously, u := (2*324!) denotes the partition
that in standard notation is (4, 3, 3,2, 2,2, 2).

2.2.4. For all integers n > r, we denote by P, , the set of partitions whose Young
diagram is contained in an r X (n — r) rectangle, i.e. in the diagram of the partition
(n—r,....n—r). Weset P, o := P, (Fig.2.2).
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Fig. 2.2 The non-null partitions of P, 4

2.2.5. If a := (a;)iez is a bilateral sequence taking values in an arbitrary
commutative associative algebra A and A € P,,

Ay (a) = det(ap+i—)1<ij<r €A

is the Schur determinant associated with the given sequence and partition. In
practical terms, one allocates a,,,...,a,, along the principal diagonal from top-
down. Then above each a,,, in the same column, the index decreases by one unit for
each row; below a,,, in the same column, the index increases by one unit per row.
For instance,

a ap a.
Apiny(a) = |az a1 ag
ay dr a

2.2.6. As anticipated, partitions provide a useful combinatorial description of the
grading of B,. In fact

(Br)w = @ Z- e,}:/a

AEDP, |A|=w
where A denotes the partition conjugate to A and et = e’;‘ «...-e once A is
written in the form (17127 ...). Then
B, = (DB (2.9)
weN

defines what we shall refer to as the weight graduation of B,.

Example 2.2.7. Let r > 3. Then &L = 6?63, 222 = e%, B2 = eiees,

/ ’/
LD = e3 and e® = e?.

2.2.8. Besides the monic generic polynomial p,(X), it will be also convenient to use
E.(t) :=1—eit+---+ (=1)et € B,[1]. (2.10)
Considering the rings B,((t)) = B,[t"',{]] and B,((X)) = B,[X"'.X]] of formal

Laurent series in t and X, respectively, the relationship between E, () and p,(X) is
the obvious one:

Ef“)z‘r’“f(%) and p,(X)=err(§).
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Let H(1) := Y,z hat" € B,[[t™", 1] be given by

1 n
H,(1) := o 1+ ;(1 —E ()" (2.11)

Because of the definition #; = 0if j < 0, hyp = 1, while for every i > 0, the term
h; is an explicit polynomial in ey, ..., e,, which is homogeneous of degree i with
respect to the grading (2.9) of B,. For example,

h = ey, hy 26%—82, hs 26?—281624—63.

In general, for n > 0, h, can be computed recursively using the equation
H,()E,(f) = 1, equivalent to (2.11). Indeed

E (1)) hyt" =1 (2.12)

n>0

which holds if and only if Ay = 1 and the coefficient of ¢, in the left-hand side
of (2.12), vanishes for all n > 1, i.e. if and only if

hy—ethp—1 + -+ (_l)nenho =0, (2.13)

with the usual convention that ¢, = 0 if n > r. The Schur polynomial A, (H,)
(cf. 2.2.5) associated with the sequence H, := (h;)jez of the coefficients of H,(f)
and to the partition A € P, is an element of (B,),|. For example, for the partition
A = (2,2,1) of the integer 5,

hy hy O
Aean(Hy) = |hs hy 1| = hih; — hihy — hohy + hihy € (B,)s.
hy hs hy

Using (2.13) one can easily check (see, e.g. [109]) that
e =Auy(H,) and  h, = Aan(E,) 1= det(ej—i+1)o<ij<n-

where we recall from Section 2.2.6 that (1/) is the partition with j parts equal to 1.

Remark 2.2.9. For the coefficients of the formal power series uy = H,(t), the more
careful notation £, , should be preferred, in place of just A,, to keep track of their
dependence on r. To make the notation less heavy, we decided however to drop the
subscript r, hoping for the context being sufficient to avoid confusions.
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2.2.10. The sequence H, := (h;);ez of coefficients of the formal power series H,(f)
may be alternatively defined as

> LI (2.14)
X X))
More explicitly
Xr+n—l
h, = Resy ——,
p(X)

where Resy denotes the residue of a Laurent series in the indeterminate X, which by
definition is the coefficient of X~!. See also [96, 97] and Section 5.8.

Note that the ring B, can be thought of as a quotient of a polynomial ring
with infinitely many indeterminates, by considering the unique Z-module homo-
morphism

w: Z[X1,X3,...] — By,

mapping X; — h;. This map is clearly a ring epimorphism, because each element of

B, is a polynomial in ey, . .., e, and each e; is a weighted homogeneous polynomial
of degree i in hy, . .., h;. The quotient
71X\, X, ...
Zlhi, by, .. ] = X ] B,
ker(7)
will be denoted by Z[H,].

2.3 Generic Linear Recurrence Sequences

The Fundamental Sequence 2.3.1. A special role in the theory is played by the
fundamental sequence (u;);ez of B,[[f]], which will return in Chapter 7, defined for
i>0by

wi:=D'(H.(t)) and  u_;:=H.(1), (2.15)

or more explicitly

w=0+>"ht" and  u=hi+ Y et (2.16)

n>0 n>1
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Equations 2.16 show that the terms of the sequence (u;) are linearly independent
over the integers, because the powers ("), and the coefficients (%,),>0 are. Notice,
in particular, that uy = H,.(¢) and that

D'uj = uiyj, V(i,j) e Nx Z (2.17)

by the very definition of the endomorphism D of A[[f]] (cf. (2.6) for M = A).
The same remark as in 2.2.9 applies to the sequence (u;);ez defined in (2.15),
which in turn would deserve to be denoted (u, ;)

2.3.2. Letnow M be a module over a B,-algebra A, fixed once and for all, and define
linear maps U; : M[[f]] — M via

> um@) = E@m@).  (m() € M[[1])). (2.18)

i=0
Comparing the coefficients of # on both sides of (2.18), we obtain for all i > 0
Um() = mi + Y _(~1Yemiy, (2.19)
j=1
with the convention that m; = 0if j < 0. So, for example,
Up(m(1)) = moy, Ui(m(r)) = my — eymy,

Uy(m(t)) =my — eymy + eamy, Uz(m(t)) =m3 — eymy + exmy — e3my.

Proposition 2.3.3. Each m(7) € M([f]] admits the unique expansion

m() = Y Um()u;. (2.20)
Jj=0
In particular, if M = A,
Uj(l/t_,‘) = Sji. (2.21)

Proof. Rewrite equality (2.18) by inverting E,(¢) in B,[[{]]:

= Y Um@)#H (1) = ) (m(0)u-;.

J
mio) = 3 m) s
g =0 j=0

=0
In particular ¥ = E.(NH, ()¢ = E.(u—j = Y ;5 Ui(u_)r' if M = A and (2.21)
follows. O

If M := A[X], consider the formal power series

1
1 —Xt

=) X" e AX][[A]]. (2.22)
n>0
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Proposition 2.3.4. Forj > 0,
1 i i—1 r —r
U (1) =n®0 =X —aX ™ 4ok ()X

with the agreement that X' = 0if i < 0.

Proof. Since

1 j E” - i nn
>y (1 —Xt) /= 1_(?g = (1 + 2(—1)%) > oxme
=

=0 n>0

=Y (W —eX T 4 (1) e, X
Jj=0
the claim follows. O

Definition 2.3.5. The sequence (mg,my,...) € M" is a generic LRS of order r if
Uyy(m(?) = myqj — ermyqjy + -+ (1) e,m; = 0

forallj > 0.

The r-tuple (mgy, my, ..., m,—_1) is said to be the initial data of the generic LRS.
The characteristic polynomial of the generic LRS is clearly p,(X), the generic
polynomial of degree r. Adopting the language of M-valued formal power series,
we can say that m(t) = ijo m;¢ is a generic LRS if and only if U,4;(m(z)) = 0
forallj > 0.

Proposition 2.3.6. A formal power series m(¢f) € M([f]] is a generic LRS of order
r if and only if p,(D)m() = 0, where p,(D) denotes the endomorphism of M[[7]]
obtained by evaluating p,(X) at D.

Proof. Note that

pDM(t) = (D" —er D' 4+ (=1)e,) Y mt

j=0
= Z (mr-',-j —eMyyj1 + -+ (_l)rermj) P = ZU,_,_j(m(t))tj.
j=0 Jj=0
Therefore p,(D)m(r) = 0 if and only if U,4;(m(r)) = 0 for all j > 0. O

2.3.7. Let K, be the B,-submodule ker p,(D) of B,[[f]]:
K, :={u € B/[[f] | p(D)u = 0} (2.23)

and define in addition K, (A) := K, ®7 A and K,(M) := K,(A) @4 M.
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Proposition 2.3.8. Each m(t) € K, (M) can be uniquely written as

m(t) = upgUp(m(?)) + u—; Uy (m(t)) + -+ - + u—p41U_p41 (m(2)). (2.24)
Proof. If m(t) € K.(M), then U,1;(m(¢)) = 0 for all j > 0, and then (2.24) follows
from (2.20). O
Corollary 2.3.9. The r-tuple (ug, u—y, ..., u_,+1) is an A-basis of K, (A).

Proof. Each a(f) € K,(A) can be uniquely written as Z;;é U;(a(?))u—; by virtue of
Proposition 2.3.8. In addition U,y;(u—;) = §;,4;is Ointherange 0 <i < r—1,i.e.
u_; € Kr(A) O

Remark 2.3.10. What about u; if the index j does not satisfy —r + 1 < j < 07 First
of all, if j > 0, then u; € K,.(A) for any B,-algebras A. In fact

pr(D)uj = pr(D)Dj"‘O = Dipr(D)MO =0,

where in the first equality, we used (2.17). In particular

u; = Uo(uj)uo + U1 (uj)u—y + - + Uy () tt—y 41, (2.25)
where
Ui()) = hiyj — ethigjr + -+ (=1 ei_ihy. (2.26)
Ifj<—r+1,thenj = —r —ifor some i > 0 and
pr(D)u_,_j = 1. (2.27)
In fact

1
p(D)u—, = p, (;) 1"uy = E.(\up = E,()H, (1) = 1,
and consequently

pr(D)u—r—;i = pr(D)tiu—r = tipr(D)u—r =1,

which proves (2.27).
Remark 2.3.11. Observe that m(z) is a generic LRS if and only if (cf. 2.1.6)

Iu (p, (%) mT(t) + t_lM[t_l]) =0

in M((z)). In this case
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m(t) = Up(m(2))uo + Uy (m(r))tug + -+ - + U, (m(0)) e ug

= Uom())D " u_rq1 + U1 (m(1))D 2u_py + -+ + Uy (1) t—yy 1,

and U;j(m(?)) = Res, (pj (%) mT(t)) , O<j<r—1.

The situation is analogous to that of M-valued formal distributions in the module
M w* ] = Ml 2w W]

that belong to the kernel of the multiplication by a power of z — w. In fact, if
m(z, w) € M[[z*!, wE!]], then the equality(z — w)'m(z, w) = 0 holds if and only if

m(z, w) = W8z —w) + VW) 8z—w) +--- + "D W)a 8z —w),
where §(z —w) = Y ., 27"~ 'w" is the formal Dirac §-function,

1 ¥8(z—w)
=G

ag)S(z —w): oo

and
¥ (w) = Res,(z — wym(z, w)

See [73, p. 17] or [74, Theorem 1.6].

2.4 Cauchy Problems for Linear Recurrence Sequences

Definition 2.4.1. Two M-valued formal power series m(¢) and m(¢) share the same
initial conditions modulo (1"), if m(¢) — m(¢) € M[[{]].

The requirement is equivalent to m; = m; for 0 <i < r — 1. An easy induction
argument shows that m(f) and m(z) have the same initial conditions modulo (") if
and only if U;(m(¢)) = U;(m(r)) for0 <i <r—1.

Lemma 2.4.2. If m(t) € K,(M) and U;(m(¢)) = 0 for 0 < i < r — 1, then
m(zr) = 0.

Proof. Just note that by hypothesis, all coefficients of expansion (2.20) of m(r)
vanish. O
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If f := (fo.f1,...) is another sequence of indeterminates over A, set A[f] :=
Alfo.fi,...], M[f] := M ®, A[f], and consider f(r) = )., f;#. Extend p,(D) to an
endomorphism of M[f][[f]] in the obvious way.

Proposition 2.4.3 (Cauchy theorem for a generic LRS). Let m(r) € M[[t]] €
MIf][[f]]. Then

m() = V(0o + -+ + Umpt (O)tt—r1 + Y (2.28)

J=0

is the unique element of p,(D)~' (£(¢)) sharing with m(t) the same initial conditions
modulo (t").

Proof. Apply p,(D) to both sides of (2.28), exploiting its ‘M-linearity’:

r—1
p(D)m(t) =Y " U@)p,D)uy + Y _fip,D)ur.

J=0 J=0
The equality p,(D)u—; = 0 for 0 < j < r — 1 together with (2.27) implies
p,(D)m(t) = ijo fit' as required. It is clear that (2.28) shares the same initial
condition as m(¢). If m’(¢) were another element of p,(D)~!(f()) with the same
initial conditions as m(z), one would obtain m(r) — m/(z) € K, (M), with the same
initial conditions as the null series 0 € M[[f]]. Hence m(r) = m/’(¢) because of
Lemma 2.4.2. O

Proposition 2.4.3, saying that the map p,(D) : M([[t]] — M][[z]] is surjective,
together with the definition of K,(M), implies:

Corollary 2.4.4. The following Cauchy sequence

0 —> K, (M) — M[[] =25 m[g] — 0 (2.29)

is exact.

Universality 2.4.5. Formula (2.28) is universal in the following sense. Let A be any
Z-algebra, M any A-module and P € A[X] any monic polynomial of degree r. Given
m(?) and g(1) 1= ) >0 gj?¥ two M-valued formal power series, the unique element

of P(D)~'(g(¢)) sharing the same initial conditions as m(z) is
r—1
2 UM + Y gy,
j=0 j=0

where A is regarded as a B,[f]-module under the unique Z-algebra homomorphism
defined by e; — ¢;(P) and fj — g;.
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2.5 Formal Laplace Transform and Linear ODEs

Definition 2.5.1. Let M be a module over a Z-algebra A. We call formal Laplace
transform the A-linear map £ : M[[t]] — M[[t]] given by

LO mity =) jimt. (2.30)

=0 =0

It is easy to verify that £ is invertible if and only if A contains the rational
numbers. In this case

) v
=1 A = L
L E mit | = E m]j! .
Jj=0 Jj=0

Define the endomorphism 9, : M[[f]] — M([[t]] as

| D mit | = G+ Dmyi?.

Jj=0 Jj=0

Proposition 2.5.2. The following diagram commutes

£
M[[1]] —— M[[1]]

a,i L i

M[[A]] —— M[[1]]

In particular, £ maps ker p,(9;) to K.(M).
Proof. Just a matter of routine calculation,
LE), ijlj = Z(] + 1)!mj+1tj =D Zj!Mj[j = DL Zm]t/
Jj=0 Jj=0 j=0 =0

An easy induction shows that, £ o 3' = D' o £ and so £ maps ker p,(9;) to K, (M).
O

If £ is invertible, then 9, = £7!DL, and, by induction, 3} = L7'DIL,
which implies that ker p,(d;) is isomorphic to K,(M). In other words, to determine
ker p,(9,), it suffices to determine K,(M). From now on we assume M = A. Then 0,
is a derivation of A[[f]], i.e.

d:(a(nb(1)) = d.a(r) - b(r) + a(?) - 3;b(1)

a well-known property left as an exercise.
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Lemma 2.5.3. If L is invertible, any f(z) € A[[f]] admits an expansion of the type

f(r) = Y TLED)LT" (). (2.31)

J=0

Proof. Since L(f(1)) = ijo U;(L(£(#))u—;, taking the inverse transform of both

sides and using A-linearity of £ give formula (2.31). O
2.5.4. Given f(r) € A[[f]], the preimage p,(d,)~' (£(¢)) is, by definition, the set of the
solutions to the generic linear ordinary differential equation (ODE)

YO ey D g (=1 e,y = (1), (2.32)

where y := diy. Proposition 2.4.3 has the following important consequence.

Corollary 2.5.5. The unique element of p,(3;)"'(f(r)) sharing the same initial
conditions of a given ¢ € A[[t]] modulo (¢") is

r—1
=D UL@NET ) + Y UL e (2.33)
i=0 Jz0

Proof. Just apply p,(9;) = £~ 'p,(D)L to both sides of (2.33):

r—1

pr(@)y = L7'p (D)L (Z Ui(ﬁ(w))z“(u_i)) (2.34)
i=0

+ L7 DS | D LT ) |- (2.35)
=0

Using the A-linearity of £ and the fact that p,(D)u—; = 0 for 0 <i < r— 1, the first
summand of (2.35) vanishes, and the second one is

L7 D) | Y My | = L7 DA | = £71LE@) = £(2).
Jj=0 Jj=0

The uniqueness is obvious. O

Example 2.5.6. 1t is worth to discuss a couple of examples. Suppose one wants to
solve the linear ODE

V' +wly =1 (2.36)
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Write n + 2 in the form 4p + g where p € N and ¢ € {0, 1,2, 3}, so that (2.36)
reads

Y+ wly =" (dp g = 2).
Solving (2.36) then amounts to solving
(D* + 0P)L() = (4p + g — 2t
There is a unique morphism B, — Q sending ¢; — 0 and ¢; +— w?. Take ¢ =

ao + ait € Q[f] and look for the unique solution such thaty —¢ = 0 mod (£?).
Then

_ — — § : i
MO—Hz(l)—m— 1+ : (_1)10) sl
=1
and
1 o )
o=ty = — ot + ) (~1Y oV A
U_y u » ot+ Y (Yo

=1
The solution to the given Cauchy problem is then
L(y) = aoup + aru—y + (4p + g —2)u_sgp—

Now

= 1y, = (o) u

wrta

320~ (g = Dla— o + 3-a(q ~2)(g Yo
w

1 1 P
+ E‘I(q - 1(g—2)wt - Eq(q —1D(g-3)— Z(—l)aw2a+qt2a+q,
a=0

a formula that the reader can check as exercise. Since
-1 —1 L.
L7 (up) = cos (wt) and L7 (u—1) = —sin (wt)
w
one finally obtains

Yy = ap cos wt + N Sinwr +U@p+qg-— 2)!L_'(u_4p_q),
1)
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where

L7 mgp—g) = L7117 ug) = L7 (wn) " up)

wirta

o <(2q—1>(q—1>(q—3>cow+wsmw
= oita 3 3

u st 2 2ata 1 1
= D) s o Ga(a = Dig = 2)0t = 24l = Dig - 3))

a=0

If, for instance, we put p = 1 and ¢ = 3,

a, . ! w3r  wr
y=apcoswt + —smwt+ — (vt — —— + —— — sinwt
o) ’ 3! 5!
‘ ap 5! inof + 5! . w3 n w*r
= ap cos w — — — |sinwt+ —{t———+ — ).
o o b 3! 5!
is the general solution to
y// + wzy — IS

2.6 Generalized Wronskians

2.6.1. Recall that if M, N are A-modules, a multilinear map ¢ : M" — N is said

to be alternating if ¢(my,...,m,) = 0 whenever m; = m; forsome 1 < i < j <
r. Let Cy,...,C, be r columns of A", in such a way that (Cy,...,C,) is an rxr
square matrix. As in the undergraduate courses, by the determinant of (Cy, ..., C,),

we understand the unique multilinear alternating form taking the value 1 on the
canonical basis of A”.

Denote by
u, = (M()v U—1,..., u—r-l—l)
the canonical basis of the A-module ker(p,(D)-) C A[[t]].

Definition 2.6.2. Given an ordered r-tuple &F := (fi, />, ..., f,) of arbitrary polyno-
mials in A[X], the F-Wronskian of u, is the determinant:

Dy fr(Dyu—y ... fr(D)u—rt1

r—1(D)ug fr—1(D)u—y ... fr—1(D)u—r41

Wy (u,) 1= € A[[7]]

fiDuy  filDu—y ... fi(D)u—r4i
where f;(D)u_; means applying the operator f;(D) to u_;.
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Remark 2.6.3. The Wronskian is A-multilinear and alternating in fi, ..., f,. Since
p(D)u—; = 0 for —r + 1 <i < 0, we have that if f; = g; mod p,(X), then
Wz (u,) = Wg(u,),

where we set § = (g1,....8) (€A[X]").
2.6.4. For A € P,, define

X* = (Xh XA XTI e AX)
and X := X© where (0) denotes the null partition (0, 0, ..., 0). Then

up, U142, -+ U—ptl4a,
. Ul p,—y Ux—y oo U—p 242,
—14+A,_: r r T
Wy (u,) = det(D"™" =ty ) <y = ) . . .
Ur—14+2y Ur—242p - -+ Uy

As in 2.2.10, the residue Resy(g) of a Laurent series g = Y., g:X' (n € Z)
is the coefficient g_; of X~'. To ease notation, in this section we shall omit the
subscript X to indicate the residue.

The following definition is due to Laksov and Thorup [96, 97]:

Definition 2.6.5. The residue of an ordered r-tuple

gii=2g,-ij, 0<i<r-—1.

J=ni
of Laurent series with B,-coefficients is
Res(go. &1, -, 8—1) i=

Res(g0) ~ Res(g1) ... Res(g—1)
Res(Xgyp) Res(Xg;) ... Res(Xg,—)

(2.37)

Res( -’_lgo) Res( .’_lgl) Res(X’;lg,_l)
Clearly Res(go, g1, - - - » &—1) is B,-multilinear and alternating:
Res(gs(0)- &s(1)s - - - » 8s(r—1)) = sgn(s)Res(go, g1, -, &r—1)s
where s € S, (the permutations on r elements) and sgn(s) denotes its parity £1. If

at least one of the g; is a polynomial, the jth row of the determinant (2.37) vanishes,
which causes

Res(go. g1, - -, &—1) = 0.
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Lemma 2.6.6. Let f(X) = aoX* + a\ X' + --- + ay, be a polynomial of degree
< A with coefficients in a B,-algebra A. Then, forall 1 <i <,

XX\ 2
Res (S7) = Lo aherois =

Proof. Equality (2.14) gives

Xi—H-)L—j Xi_IX)L_j
hirii—j = Res (W) = Res (W)

Since taking the residue is A-linear, we eventually get formula (2.38). O

Theorem 2.6.7 (Cf. [98, Theorem 2.7(2)] and [49, p. 286]). Let F :=
(f1,....fr) € A[X]". Then

i) WX(ur) 5& 0;
ii) Ws(u,) = Res (p,f(lX) ey pr]zX)) Wx (u,); (2.39)
111) WX}" (ur) = Al (Hr) Wx (ur)' (24’0)

In particular, if the specialization morphism B, — A is injective, the generalized
Wronskians {Wxax (u,) | A € P,} are linearly independent over the integers.

Proof. Given a formal power series, a € A[[f]], denote by a(0) := a mod () its
constant term. Notice that if a,b € A[[t]], then (a - b)(0) = a(0) - b(0), i.e. the
‘evaluation at t = 0’ is a ring homomorphism A[[t]] — A. Thus (i) follows from the
fact that

Up U—] ... U—p up(0) u—1(0) ... u—41(0)
Uy Uy ... U—pyo u1(0)  uo(0) ... u—42(0)
Wx@)©@ = . .. . |O=) " : ) : -
Upi Up—) ... U ur—1(0) u,—2(0) ... up(0)
1 0 ...0
hy 1 ...0
= . . . = 1’
he—y ... 1

which proves that Wx (u,) is a unit in A[[f]] and hence invertible.
(i) Fori=1,...,n, write

fiX) = qi(X)p,(X) + pi(X),
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with deg(p;) < r. According to Remark 2.6.3, we have Ws(u,) = W, . ,)(u,)

and
fl fr _ P1 Pr
Res (pr(X) v pr(X)) = Res (pr(X) v pr(X)) '

We may consequently assume that deg(f;) < rfori = 1,...,r. Since
We(u,) and Res ( h e, Jr ) ,
pr(X) p(X)
are both linear in (f1, . ..,f,), we may assume that f;(X) = X" with 0 < m; < r for
i = 1,...,r. However both sides of (2.39) are alternating in fi, ..., f;, SO we may
assume that 0 < m, < - <myp <m; <r.Hencem; =r—ifori=1,...,r.In

this case the theorem follows from

Res(L1 ! )—1
X))

(iii) To prove formula (2.40), it suffices to recall that

X/\ri’r*i
Res = h)k,-—i—l—l'
( pr(X) )

We have

hay o g

X/\H-r—l X/\,
R ey = A\(H,) = : - : , 2.41
(M) = =] 24D

ha—rt1 ... hy,

and then (2.40) follows from item (ii) above. Since the Schur polynomials A, (H,)
are well known to form a Z-basis of B, (e.g. [109, Section 1.3]), as we shall also
see in Chapter 5, it follows that the generalized Wronskians {Wxa (u,) | A € P,} are
linearly independent over the integers as well, by item (i) and (2.40). O

2.6.8. A quick check shows that DWx(u,) = Wxa (u,). Equation (2.40) reads in
this case as

Wx(l)(ur) = hIWX(ur) = eIWX(ur)v (2.42)

Formula (2.42) is the purely algebraic version of the celebrated theorem by Abel and
Liouville ([6, p. 195]), stating that the derivative of the Wronskian of a fundamental
system of solutions to a linear ODE is proportional to the Wronskian itself (see
also [39]). It implies that if the Wronskian does not vanish at a point, it vanishes
nowhere. Formula 2.42 is our prototype of the boson—fermion correspondence, in
the sense of Chapter 7.
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2.6.9. If A contains the rationals, the formal Laplace transform £ yields the
isomorphism £~ : A[[f]] — A[[f]] described in Proposition 2.5.2. Then, given
F:=(f1,....f;) € A[X]" and

L_l(ur) = (L_] (MO)v SRR L_l(ur—l))

one can define W5(L~!(u,)), as in 2.6.2, just replacing D by 9, and u; by v; :=
L~ (u;). Notice that

dv; = L7 0 L3, 0 L7 wy) = L7H(Du) = L7 (wi1) = vigr.

In particular v, := (vg, v—1, ..., V—,41) is a basis of the solutions to the linear ODE
p,(9,)y = 0, and formula (2.39) can be rewritten in the form

fl fr
P00 R

W?(Vr) = W?(L_l(ur)) = Res ( ) WX(Vr)»

i.e. the ‘ratio’

W?(vr)
Wx (Vr)

is the same one would get from formula (2.40). Notice that

Vo V- =+ Vept1 Vo V-1 = Ut
V1 Vo *** V—pij2 a[vo atv—l s 8tv_r+1
WX(Vr) = . oo . =
ar—l 8r—1 8r_1
Up—1 Up—2 === Vo t Vo 0y V—p 0 VU—pti

is the usual Wronskian we learn from the undergraduate calculus.

2.6.10. In particular (2.42) can be phrased, in the hypothesis of Section 2.6.9 by
saying that the derivative of the Wronskian is proportional to the Wronskian itself,
a fact which is equivalent to the fact that the determinant of the exponential of a
square matrix is the exponential of its trace. Cf. Exercise 4.5.3.

Generalized Wronskians are related with derivatives of Wronskians. Let us write
W), := Wxa for short, so that, e.g.

aIVVO(Vr) = W(l) (Vr)- (2.43)

In general, the jth derivative of a Wronskian is a linear combination of generalized
Wronskians:

AWo(v)) = > gaWa(v). (2.44)

[Al=j
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This is a consequence of (2.43) and an easy induction based on the following Pieri
rule for generalized Wronskians:

Wi (v,) = Z Way+1,.a@) +4—1,...a()+1,) (Vr), (2.45)
a

where the summation is taken over all the sequences a : {0,1,...,r—1} — {0,1}
such that Z;;(l) a(j) = 1 but cancelling all the terms for which a + A is not a
partition.

Recall now from [33] that each box of a Young diagram Y(A) of a partition A
determines a hook, consisting of that box and of all the boxes in its row to the right
of the box and its column below the box. The hook length of the box is the number
of boxes in its hook. So, for instance, filling the Young diagram of the partition
(3,2,1,1) with the hook length of each box gives the following Young tableau
(Fig.2.3):

Fig. 2.3 The hook length
filling of (4,3,1,1)

301

7

6|21

I
1

Then an amazing fact occurs, observed by 1. Scherbak:
Theorem 2.6.11. (see [49, 50]). The coefficient g, in (2.44) can be computed via
the hook length formula:
Al J!
81 = A] = ; (2.46)
ki-oki kyeeok

where k; is the hook length of each box of the Young diagram of the partition A.

A consequence of 2.6.11 is the following remarkable fact, already observed
in [38]:
Corollary 2.6.12. The coefficient g,—y- multiplying W, (v,) in the expansion of
a,’(”") Wo(v,) is precisely the Pliicker degree (see Section 5.3) of the Grassmannian
G, ., parametrizing r-dimensional linear subspaces of C", i.e.
o 1n2beerter(n—r)!
8d—nrtt = n—nd—r+1)!---d”

Example 2.6.13. Let v, = (vg, v1). Then
0} Wo(v2) = 07 0 9:Wo(v2) = 0] W1y (V2) = 8 (W) (V2) + Wity (V2))
= 0;2Wa.1(v2) + W3)(v2))
= 2Wa2)(v2) +2W3.1)(v2) + Wiy (v2)
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and the coefficient 2 multiplying W, 5)(v,) is the Pliicker degree of the Grass-
mannian G{(P?) := G,4(C) in its Pliicker embedding, i.e. the number of lines
of }P’?c meeting four others in general position. All the other coefficients have
enumerative interpretation in either the classical or the quantum cohomology of
the Grassmannian (see, e.g. [38]).

2.7 Notes and References

e The Fibonacci? sequence 1,1,2,3,5,8,..., whose nth term (n > 3) is the sum
of the preceding two, was born to model the growth of a colony of breeding
rabbits and is perhaps the most popular example of LRS. For instance, the
Italian artist Mario Merz® realized many neon-light installations of the Fibonacci
sequence, one of which, Il volo dei numeri*, was draped on the spire of the
Mole Antonelliana, the symbol of the city of Torino, which nowadays hosts the
National Cinema Museum® . The Fibonacci numbers obey to the same recursive
law enjoyed by the powers (1, a, a2, ...) of one of the two roots (1 & +/5)/2 of
the polynomial X> — X — 1. The equality a> = 1(1 + a) proves the link with
the famous golden ratio, which the ancient Greek architects used to design the
planimetry of their temples (Fig. 2.4).

e There is an enormous deal of literature concerning LRSs, for example, [57, 92,
113, 115, 147, 153, 154] just to cite a few. Their applications are countless,
starting from algebra and algebraic geometry (see [115]) to industrial mathe-
matics. General excellent expository references are [2, 17, 69], while [113] and
[153, 154] describe applications to other sciences.

* Linear ODEs with constant coefficients and analytic source term are entirely
governed by the algebra of LRSs: see [49, 50], but also [42] where a generalized
formal Laplace transform is associated with any sequence of invertible elements
in a ring. For more applications look at the paper [151]. The inverse of the
formal Laplace transform of the formal series u_,4+; in Corollary 2.3.9 is
precisely the impulse response solution of the generic linear ODE of order r.
See Camporesi [13] for a truly enlightening exposition on that.

Fig. 2.4 A golden rectangle
witha = 1 + & 1

1+a

2Leonardo Pisano, known as Fibonacci (Pisa, 1170-1240), wrote the famous Liber Abaci in 1202
where the name ‘zero’ comes from ‘Zephyrus’, a wind blowing from the West.

3Mario Merz (Milano, 1925-2003) was a painter and sculptor who used poor materials for his
creations (http://fondazionemerz.org/en/mario-merz/).

4The flight of numbers
Shttp://www.museocinema.it/
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* The notions of generic LRS and generic linear ODE were studied in [49] with
the purpose to prove a Giambelli (or Jacobi—Trudi) formula for generalized
Wronskians, associated with a fundamental system of linear ODEs. That formula
generalizes the well-known result whereby the derivative of a Wronskian is
proportional to the Wronskian itself; see also [39]. The construction of the
universal basis of solutions to the Cauchy problem [49] essentially amounts to the
explicit construction of the D-module associated with a generic linear differential
operator of order r (see, e.g. [16, Chapter 6] and [65, Example 1.2.4]). This is
completely transparent in the algebraic presentation of [42].

* To deal with LRSs, we used the language of formal power series. As we wanted
to keep that to a minimum, we did not mention the beautiful calculus of formal
distributions as presented in [73, Chapter 2] and [30, 103]. Formal calculus is
essential to develop the theory of vertex algebras in a purely algebraic way. One
of its most powerful tools, called ‘operator product expansion’, allows to expand
formal Laurent series in two (or more) variables as linear combinations of formal
Dirac deltas and their derivatives.

* The fact that generalized Wronskians (see the survey [50]) are parametrized by
partitions is a consequence of Schubert calculus, not conversely. This is a good
point to recall that the generating function of p,(w) (the number of partitions of
length at most 7 of the integer w) is given by

1
7Y . —
gp ®q [[i=,(1—4")

a formula essentially due to Euler [78, p. 15]. In turn, this equals the g-rank of B,:

1
rank B, := rank(B,),.q" = p,(W)g" = = —.
! WXZ(:) ; Hi=1 (1—-4")

For instance, rank(Bs); = ps(3) = 3 and rank(Bs)s = ps5(8) = 18.
Standard references for the combinatorial, representation theoretical and algebro-
geometrical aspects of partitions are [33, 109].

2.8 Exercises

2.8.1. Show that a sequence (ay, a;, . . .) of complex numbers is a LRS if and only
if its associated formal power series ijo a;7 is the formal Taylor expansion of a
rational function, i.e. the ratio of two polynomials f, g € C|[z].

2.8.2. Let A be a Q-algebra, D : A[[f]] — A[[f]] asin (2.7) and 9, := LoD o L1,
Prove that 0, satisfies the Leibniz rule:

d:(a()b(r)) = d.a(r) - b(r) +a() - 9;b(7)

although D does not.
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2.8.3. Let A be a ring with unit and A[[f]] the algebra of formal power series in the
formal variable 7. Prove that a(r) = )", ;' is invertible if and only if ao is. If in
addition A is commutative, then

1 . S
— =ay (—1)'ay'a(r)'.
a(t) 0 LZZO 0
2.84. LetA :=7Z[t] ;== Z[t,...,t] and define
L—ei®z+ -+ (1), (0 == [ [(1 —1:2).
i=1

The coefficient e;(t) of 7 is called ith elementary symmetric polynomial of degree i
in the indeterminates f1, ..., t,. Let h;(t) denote the sum of all monomials of degree
jint:= (t,...,t). Show that

. 1
)DL . S
[T (1 —12)

Jj=0

The term h;(t) is called the complete symmetric polynomial of degree j.

2.8.5. Write x := (x1,x2), and let Hy(x) be the sequence (h(x), h(x),...) of
complete symmetric polynomials in (xy, x;). Consider the generalized Wronskian
associated with f := (exp(x7), exp(xzt)):

M exp(ir) 02 exp(xaf)
W () =
gIth exp(xi?) gith exp(x?)

i) Show that W, 1,)(£) 1= A, 1) (H2(X)) (x1 —x2) exp((x1 + x2)1). In particular
Woo() = (@1 — x)exp((xi — x2)t). Thus Jacobi-Trudy formula for
generalized Wronskians holds:

Wirian) (B) = A,y (H2) W0 (F).

ii) Show that a,W((),()) ) = el(x)W(()’o) ).
iii) Compute 9} W )(f) as a Z-linear combinations of generalized Wronskians.
What is the coefficient of W, 2)(f)?

2.8.6. Prove the Pieri rule (2.45) for generalized Wronskians (hint: write the
generalized Wronskian determinant W) (v,) in the form

AN L A N A
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where 8;‘””" v, represents the ith row of the Wronskian. Taking the derivative of

W, (v,) then amounts to apply Leibniz rule of d, with respect to the rows).
2.8.7. Show thatif 1 <r < 2,then Ap ) 1y(H,) = 0.
2.8.8. Let

explt) = Y 11 € Q]

n>0

It solves the linear ODE y — 3y + 2y = 0, where y denotes the derivative with
respect to the indeterminate. Find the expression of exp(¢) as a linear combination
of L7 (ug) and £~"(u_,), where £ denotes the formal Laplace transform as in 2.5.

2.8.9. Find the set of solutions of j — 3y + 2y = > and y— 3y + 2y = exp(t). Notice
that exp(#) solves the associated homogeneous equation, and so we are in the case
of resonance.

2.8.10. Consider the linear equation of order two 9%y — (x1 + x2) 9y +x1x2-y =0,
with coefficients in B, := Q[x1,x;]. Then exp(#,z), exp(t2z) € By[[z]] are Z-
linearly independent, but they do not form a basis over the integers. Find the
expression of exp(x;f) as linear combination of a basis of solutions over B;. Show
that (exp(x;7), exp(x»#)) form a basis of solutions in the localized ring By [[z]]xj—x,)-

2.8.11. Generalize Exercise 2.8.10. Let ¢;(x) := ¢;(xy,...,x,) be the elementary
symmetric polynomials in (xi,...,x,) of degree i. Then exp(x;t), 1 < i < r, are
linearly independent solutions of the linear ODE:

a;y — e (Xr)ag_ly + -+ (—1)"e,(x,)y =0

but they are not a basis over Q[xy, ..., x,]. Show they are a basis up to inverting the
Vandermonde determinant:

Vixi,...,x,) = 1_[ (i — x7)

I<i<j<r
2.8.12. Consider the homogeneous linear equation with B, ®7z Q-coefficients:

y—ey+ey=0. (2.47)

Bs[X]

(X2 —e X+ 62)
X? — ;X + e, has a root in B[£]. Show that exp(£ - £) is a solution of (2.47), and
express it as a B[£]-linear combination of u and u_;. Deduce the Euler formulas

exp(£+~/—1fr) = cos t = v/ —1sin ¢

Let By[§] := , where & := X+ (X?—e;X+e,). Then the polynomial
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2.8.13. Check that
M= (a b) € Qla, b, ¢, A
cd
is a root of the polynomial T2 — (a + d)T + ad — bc = 0 and, using this fact, that
M"Ltn
exp(Mr) = Z 0

n>0

is a solution of y—(a+d)y+ (ad—bc) = 0. Deduce an expression for the exponential
of M -t by writing it as a linear combination of vy := £~ (up) and vy := £ (u_y),
with matrix coefficients.

2.8.14. Let p,(9;) := 37 — €19/"" + -+ + (=1)"e, be the generic linear ODO of
order r, so that

{1 € B[] | pr(3)y1 = 0} (2.48)

is a generic linear ODE of order r. For all 2 < i < r, define y; := 9d;y;—.

i) Show that (2.48) is equivalent to a system of linear ODE of the first order:

N V1
0| : | =Cler,....e)-
Yr Vr
where Cey,...,e,) € B,”" is said to be companion matrix.
ii) Determine the expression of the companion matrix C(ey, ..., e,).

iii) For all n > 0, determine explicit expression for C(e;, €;)" and C(ey, €2, €3)".

(Companion matrices are very important. They are associated with cyclic endomor-
phisms of a vector space and cyclic vectors of an endomorphism generate invariant
subspaces also known as Krylov subspaces. See Tomei [143, Section 2.2].)

2.8.15. Write H,(z) = ano h,7" = exp (inzi), and compute £, as an explicit
i>1

polynomial of (x1,x,,...) for the first few values of n. Express x,1| as a B,-linear

combination of (xq,...,x,).

2.8.16. Let M be a module over a Z-algebra A. Prove that the formal Laplace
transform defined in 2.5 is invertible if and only if A contains the rational numbers.

2.8.17. Recall the usual definition of Laplace transform of an analytic function f:

L(f)(s) = /0 (e,

with suitable restrictions on the domain of s depending on the choice of the function.
How is L related to the formal Laplace transform defined in Section 2.5?
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