Chapter 2
Detection and Isolation of Actuator Faults

This chapter presents an SMO-based actuator FDI approach for uncertain Lipschitz
nonlinear systems. It is assumed in this chapter that only actuator faults occur in the
system.

2.1 Introduction

The research on FDI has received considerable attention during the past two decades
due to increasing demand for safety and reliability of an automatic control system.
Fruitful results can be found in [1-6] and the references therein.

Due to the robustness to uncertainties such as system deviation, disturbances,
and unknown nonlinearities, sliding-mode control (SMC) has been recognized as a
promising robust control approach to confront uncertain systems. Since early work
of applying SMOs for FDI in [7], the SMOs-based FDI methods have been developed
extensively [8—13]. However, almost all these approaches mainly focus on relatively
large-sized faults. The research on the detection and isolation of incipient faults
has been less studied and still remains a challenge to model-based FDI techniques,
because they are almost unnoticeable during their initial stage and their effects to
residuals are most likely to be concealed by system uncertainties. Moreover, the
robustness of the SMO to uncertainties makes it also robust to these type of faults.

Inspired by the work presented in [14], we develop a novel method to detect
and isolate incipient actuator faults for uncertain Lipschitz nonlinear systems. The
proposed method essentially transforms the original system into two subsystems
(subsystem-1 and 2), where subsystem-1 includes the effects of system uncertainties
and actuator faults while subsystem-2 only has actuator faults. For the purpose of
fault detection, we design an SMO for subsystem-1 and a traditional Luenberger
observer for subsystem-2. Taking the output estimation error of subsystem-2 as the
residual and comparing it with a predefined threshold, the occurrence of an actuator
fault can then be detected if the residual goes over the threshold.

© Springer International Publishing Switzerland 2016 11
J. Zhang et al., Robust Observer-Based Fault Diagnosis for Nonlinear

Systems Using MATLAB®, Advances in Industrial Control,

DOI 10.1007/978-3-319-32324-4_2



12 2 Detection and Isolation of Actuator Faults

After a fault is detected, the next step is to determine the location of the fault,
which is the purpose of FI. In principle, the use of one single observer may permit
the isolation of faults if their effect has independent projections onto the residual
space. However, if the system has significant nonlinearities, it is difficult to assure
this independence. Therefore, a bank of observers are needed to isolate faults if they
occur on different actuators at the same time. There are two schemes for FI. The
first one is called dedicated observer scheme [15]. In this scheme, N observers are
designed to generate N residuals and the ith residual is expected to be only sensitive
to the ith fault, but is insensitive to others. The other scheme is called generalized
observer scheme [16], where N observers are also designed to produce N residuals.
However, the difference is that the ith residual is sensitive to all possible faults except
the ith one. In this chapter, the actuator FI is carried out using the modified dedicated
observer scheme to subsystem-2. Multiple SMOs, one for each possible actuator
fault, are used to generate the estimated output vector. The estimated output vector
is then compared with the actual output vector in order to determine which actuator
is affected by the fault.

The remaining sections of this chapter are organized as follows: Sect. 2.2 briefly
describes the mathematical preliminaries required for designing observers.
Section2.3 designs observers for FD and derives the sufficient condition for the
stability of the proposed observers based on Lyapunov approach. The actuator FI
scheme is presented in Sect.2.4. Simulation results are shown in Sect. 2.5 with con-
clusions in Sect. 2.6.

2.2 Problem Formulation

Consider a nonlinear system described by
[)'c(t) =Ax(t) + f(x,t) + Bu(t) + D f,(t) + EAY (1), @.1)
y(@) = Cx(0), '

where x € Z",u € Z",and y € Z* denote respectively the vector of state variables,
inputs and outputs. f, € %" is the vector of unknown actuator faults. Ay € %"
models the lumped uncertainties and disturbances experienced by the system and
f (x, 1) represents the known nonlinear continuous term. A € Z"*", B € Z"™, C €
A" D e ™", and E € #™" are known constant matrices with C and E both
being of full rank. Note that a nonlinear system of the form x(r) = £2(x, u, t) can be
expressed as x(t) = Ax(¢) + f(x, t) if £2(x, u, t) is continuously differentiable with
respect to x.

Remark 2.1 Tt is assumed in the book that the fault distribution matrix D is known.
This is not a restrictive assumption since much work has been done on estimating
the fault distribution matrix when it is not fully known. Some examples can be seen
in [17, 18]. In this chapter, we assume that the actuator faults could occur in each
input channel, and therefore we have D = B and f, € #"™.
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Before starting the main results of this chapter, we make the following assumptions
on System (2.1).
Assumption 2.1 rank(CE) = rank(E).

Assumption 2.2 For every complex number s with nonnegative real part

sl —AE

rank |: c 0

:| = n+ rank(E). 2.2)

Assumption 2.3 The nonlinear continuous term f (x, ) is assumed to be known and
Lipschitz about the state x uniformly, i.e.,

IfG )= fGOI < Zyllx — %I, Vx,X e 2" (2.3)

where .Z is the known Lipschitz constant.

Assumption 2.4 The actuator fault vector f, and uncertainty vector Ay satisfies
the following constraint:

I fall < pa and [[AY ]| < &, (2.4)

where p, and & are two known positive constants.

Lemma 2.1 Under Assumption 2.1, there exist state and output transformations

Z=Tx=|:Zli|,w=Sy=|:W'} 2.5)
2
such that in the new coordinate, the system matrices become,

mr=hi) meln) (5] se=[Te] eo

where T € """, Se€ BP*P, 21 € X", 2 € X", wi €X', woe #°~", Al €
%rxr, A2 c %rx(n—r)’ A3 c %(n—r)xr, A4 c %(u—r)x(n—r)’ B1 c %rxm’ E1 c %rxr,
Ci e R™, Cy € BP0 and Dy € ZP~1*4. E| and C, are invertible.

Partition T and S as,
| T | S
T_|:T2:|, s_[sz] @7

where Ty € B™", T, € B"*" 81 € B7P, and S, € BP~*P. After introducing
the state and output transformations (2.5), System (2.1) is expressed as,
=TAT 24+ Tf(T'2,t) + TBu+ f,) + TEAW

2.8)
y=CI 'z (
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Using the relations in (2.6), System (2.8) is converted into two subsystems as

H=Am+An+ AT '2,0) + B (u+ f) + E1 Ay 2.9)
wy = Cizy '
=Aszi + A+ (T2, 0) + By (u+ f)

(2.10)
wo = Cazz,

where fi(T 'z,t) = Ti f(T" 'z, 1) and (T 'z,8) = To f (T "'z, 1).
Lemma 2.2 The pair (A4, Cy) is detectable if and only if Assumption 2.2 holds.
Proof See [19, 20]. U

It follows from Lemma?2.2 that there exists a matrix L € 2" "*®=") such that
A4 — LCy is stable, and thus for any O, > 0, the Lyapunov equation,

(Ay — LCy)" Py + P2(As — LCy) = —Q, (2.11)

has a unique solution P, > 0 [21].

Remark 2.2 Tt is seen from Lemma?2.1 that the satisfaction of Assumption?2.1
ensures the existence of coordinate transformations T and S, such that in the new
coordinate, the subsystem-1, formulated in (2.9), is prone to both actuator faults and
system uncertainties, while the subsystem-2, formulated in (2.10), is only prone to
actuator faults but free from system uncertainties. It follows from Assumption2.2
that the pair (A4, Cy) is detectable, which provides the necessary condition for the
existence of an observer for system (2.10). Assumption2.3 states that the nonlin-
ear systems considered is Lipschitz. Many practical systems satisfy the Lipschtiz
condition, at least locally. For example, trigonometric nonlinearities occurring in
robotic applications and the nonlinearities which are square or cubic in nature, can
be assumed to be Lipschitz.

2.3 Actuator FD Scheme

FD is the first step of fault diagnosis to determine whether a fault has occurred or
not. The decision on the occurrence of a fault can be made if a significant residual
change is observed. If we design SMOs directly for the original system, the effect
of actuator faults, especially the ones with small magnitudes, on state estimation
errors could be attenuated or even eliminated by the variable structure term [14]. The
detection of faults therefore becomes difficult. Observing subsystem-2 in (2.10), one
can find out that the state z, is neither subject to system uncertainties nor faults before
the occurrence of any actuator fault. If we can design an observer for this particular
subsystem and take the output estimation error w, — W, (W is the estimation of wy)
as the residual, then the problem caused by designing conventional SMOs for the
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original system can be solved. This intuition inspires the proposed FD scheme in this
section.
For Subsystem (2.9), we construct the following SMO:

G = Az Ml AT 0 + Bk (A = ADCT n =)+ v

wy = Ciz1, ’
where A} € %" is a stable matrix which needs to be determined and Z is defined
as z 1= col(Cy w1, 22). It is worth noting that Z does not represent the state estimate
vector col(Z1, Z2). The discontinuous output error injection term vy, that is used to
eliminate the effects of uncertainties, is defined by

Pi(Cy ' wi—21) e ~—1 2
v = Mip@mmr TG W= #0 (2.13)
otherwise,
where k; = ||E|||€ + n;. The parameter 1, is a positive scalar which is to be deter-

mined for System (2.15) to be driven to the predefined sliding surface (2.32).
Py € Z™" > 0 is the Lyapunov matrix of Aj. It is worth noting that state z; can
be obtained by the measured output y as 7; = Cflwl = CflSly.

For Subsystem (2.10), a Luenberger observer with the following form is designed:

5 = Aud + AsCT w4+ H(T7'2,1) + Bou + L(wy — )

N N 2.14
wy = Cy422, (2.14)

where L € Z"~"*P=1) is the gain of a traditional Luenberger observer.

If the state estimation errors are defined as e; = z; — Z; and e, = 7z — 2», then
the state estimation error dynamics, before the occurrence of actuator faults, can be
obtained as

e =27 —4%

=A1z1 +Arzo + fi(T7'2, 1) + Biu+ E{ Ay

—A1Z1 — Aok — fi(T 72, 1) — Biu — (A] — ADC (wi — ) — 1y

=Ale; +Arer + [A(T7'2,0) — AI(TT'2. D] + E\ Ay — v

= Aje| +Aye, + Afi + E\AY — vy (2.15)
br=iH—1%

= A3zt +Asza + H(T7'2, 1) — Aty — AsCT'wy — H(T7'2,0) — Liws — )

=A-LCyer+ [ (T 'z, 0) = H(T7'2,1)]

= (A —LCye; + Afy, (2.16)

where Af, = fi(T 'z,t) — (T2, 1) and Afy = fo(T 'z, 1) — fo(T7'2,1).
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We now present Theorem 2.1 which establishes the sufficient condition for the
stability of the above error dynamics (2.15) and (2.16).

Theorem 2.1 Given System (2.1) with Assumptions 2.1-2.4. When the system is free
of actuator faults, the error dynamics (2.15) and (2.16) are asymptotically stable, if
there exist matrices A} < 0, L, P| = PIT > 0and P, = P2T > 0, and positive scalars
oy and oo such that

I+ +ppP PA
A:=|: Lt P 142 }<o 2.17)

ATPi I+ PPy +al,,

where T1; = A‘;Tpl + P1A‘i, I, = (A4 — LC4)TP2 4+ Py(Ay — LCy) and a = oy
LT+ 22T .

Proof Assume Vi(e;) = el Pie; and Va(e2) = el Prey, and consider V = V) + V;
as the Lyapunov candidate.
The time derivative of V; along the trajectory of system (2.15) can be shown to be

Vl = elTPlél + élTPlel

el Pi(Aje) +Aser + Afy + E1 Ay — vy)

+E A + 3T + Aff + AYTE] —v])Prey

= el (AT P 4 P1A%)e; 4 2el PiAses + 2eT PLE Ay + 2T PLAf) — 2T Py,

Consider the term 2¢{ Py Af; and apply the inequality 2X"Y < - X"X + oYY,
which holds true for any scalar «; > 0 [22]. Taking X = PlTe] and Y = Af}, we can
obtain

1
2eTP Afy < a—e{PIP{el + a1 Af Afy. (2.18)
1

Note that Z := [(C;'w1)7, (22)"1”. Then, before the occurrence of actuator faults
we have,

. 0
Z_Z_[ez] (2.19)
Therefore |77 'z — T7'2|| = |T"'e,| and

IAfIl < LT el

_ (2.20)
1AL < LI T el

where Zfl = ||T1||$f and jfz = ||T2||$f.
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Then we have
Vi < el (A)TP) + PiA)e; + 2¢] PiAse;, + a—llelTPlPlTel +aAff Afi
+2eI' P\E Ay — 26T Py,
< el (ASTP) + P1AS)e) + 2eTP Ase, + aile{PIP{el +ar LT P leal?
+2e" P \E Ay — 2T Py (.21)
From the definition of v; in (2.13), it can be shown that

Pie killPrey ||
1 fr—
|Pierll I1Pyer |l

el Pivy = kiel P = ki1l|P1e1].

Now
2e{ P\E\AY < 2| E\[[[| AV |lIPrer || < 20E[§]IPre . (2.22)
Since k; = |E1||€ + 711, then

2e{ PIE\AY = 2ki[[Prer]| < 21EilIEIP1er]l — 2(IE1IE + m)IIPren]

A

= —2n||Pre1]l. (2.23)
Therefore (2.21) can further be simplified as
. 1
Vi = efTler +2e[PiAses + —el PiPrer + e ZE T P leall” = 2m [ Pres |

1

1
<el (nl + a—PlPl) e1 +2e PiAse; + a1 L7 1T P leall”. (2.24)
1

Similarly, the time derivative of V> = e} Pe, along the trajectory of System (2.15)
can be computed as

: Tp - .T
Vy = €2P2€2 + €2P2€2

= &5 [P (As — LCy) + (A = LCy)' P2 e +2e3 P2 Af>

IA

1
e (172 + a—Pzpz) o2+ I P [leal”. (2.25)
2
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Combining (2.24) and (2.25) yields
V = V1 + Vz

1 1
el (171 + a—PlPl) er + el (172 +—PPr+ aln_,) er + 2el P1Ase;
1 2

T
[el } A [61 } (2.26)
€ €2
If there exist matrices A} <0, L, Py = P] > 0 and P, = PzT > 0, and positive
scalars oy and «; such that Inequality (2.17) is satisfied, then V < 0 for any e # 0,

IA

where e = |:Z] j| . This implies that the error dynamics (2.15) and (2.16) are asymp-
2

totically stable.
This completes the proof. (]

Remark 2.3 Using the Schur complement result, the Inequality (2.17) can be trans-
formed into the following LMI feasibility problem: there exist matrices X, Y, P; > 0,
P, > 0 and positive scalars «;, oy such that

X+xT P PiA, 0
Py —oyl 0 0
AP, 0 ATPy4PyAs—CTYT —¥Cytal P, | =0  @2D
0 0 P, —anl

where X = P1Aj and ¥ = P,L.

Lemma 2.3 Let ag and cg be positive constants such that || e+ LD < cpe™!, If
ap > oLy |l T~||, then before the occurrence of actuator faults, the state estimation
error e (t) is bounded by

lea ()| < & = collea(0) [Je LT I=anr (2.28)

Proof From (2.16), the solution of e, (¢) can be obtained as

t
ex(t) = W0y (0) + / WD (T2, 1) — H(T7'2, 1)) dr.

0
(2.29)
Applying the triangle inequality to (2.29), gives
12
lea )l < coe™ ™ ex(O)|| + oLy, 1T / e @D ey(r)lldT.  (2.30)
0
where the positive constants ay and cy are chosen such that ||e“ 2 || < ¢pe%!,

Note that ag and ¢y can always be found, since A4 — LCy4 is Hurwitz [23]. Applying
Gronwall-Bellman inequality [23] to (2.30) yields
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lea (D) < collea(0)[|e @ Zr T I=ar, (2.31)

This completes the proof. (]

Theorem 2.1 implies that the error dynamics (2.15) and (2.16) are asymptotically
stable. Now, we are in the position to investigate the reachability of a sliding surface
in the estimation error space. For the error dynamics (2.15) and (2.16), define the
sliding-mode surface as

& ={(er, e2)ler = 0} (2.32)

The following theorem shows that with the proper choice of k(.) in (2.13), the
error system can be driven to the sliding surface (2.32) and a sliding motion can be
maintained on it thereafter.

Theorem 2.2 Given System (2.1) with Assumptions2.1-2.4 and the proposed
observers (2.12)—(2.14). Then, the error dynamics (2.15) can be driven to the sliding
surface given by (2.32) in finite time if the LMI formulated in (2.27) is solvable and
the gain ny from (2.13) is chosen to satisfy

m = (1Al + Z1T71) & + m2, (2.33)

where 1, is a positive scalar.

Proof Consider a Lyapunov candidate function V| = elTPlel. Then its time deriva-

tive is given as
Vl = elT(A“;Tpl + P]A“;)el + 26{P1A2€2 + 2€{P1E1A1ﬂ + 26‘{P1Af1 — 2€1TP1U1 .
(2.34)

It is obvious that the term A7 Py 4 P;A$ < 0, since A3 is a stable matrix. From
Assumption 2.4 and the definition of vy, it follows that

Vi < 2lPieillllAzllllea]l + 21 Prer I EIE + 20Prei | L5 1T lleall — 2ki[IPres]
<2|PieilllAzllllexll + 211 Prer [IEIE + 21 Prer | L5 I~ el

= 2[[Pred||CIIELIE + m1)
<2|Pieill [(IA2ll + L IT~ Dlleall = m] - (2.35)

It follows from Lemma2.3 that ||e;|| < ¢. Thus, if (2.33) is satisfied, we have

Vi < —2mllPier]l < =20/ Amin(P1)y/ V1. (2.36)

This shows that the reachability condition [24] is satisfied and a sliding motion is
achieved and maintained after some finite time #; > 0.
This completes the proof. g



20 2 Detection and Isolation of Actuator Faults

Let the actuator fault occurs at time instant ;. Then the error dynamics (2.15)
and (2.16) become

e =Aler +Aver + (AT '2.0) — ATT'2,0) + E\AY + Bifa — v (2.37)
& = Ay —LCyer + (fo(T7 'z, 1) — fo(T7'2, 1)) + Bx fa. (2.38)

Observing (2.38), one can find out that e; is only affected by actuator faults f,, but
not subject to system uncertainties Ay as well as the error injection term v;. From
(2.31), it can be seen that the bound of the norm of e, (#) depends on the bound of the
unknown initial condition e, (0). Since [|e,(0)]|| is multiplied by 07" I=a) jtg
effect will decrease exponentially and e, will approach to zero if there is no actuator
fault. Otherwise it will deviate from zero. Therefore | e,»|| = ||Caez || provides a good
choice, as the residual, to detect the occurrence of actuator faults. The actuator FD
scheme can be devised as follows:

Actuator FD scheme: Actuator faults can be detected if the residual |e,, || exceeds
a predefined threshold ¢. Otherwise the system is healthy within the considered
time. The detection time t4(tq > ty) is defined as the first time instant such that
llew, || is observed greater than ¢.

Remark 2.4 1t follows from Lemma?2.3 that e, will approach to zero when System
(2.1) is healthy. This implies that a small threshold ¢ can be selected. The value of
¢ does not significantly affect the performance of the proposed FD scheme.

2.4 Actuator FI Scheme

After detecting the occurrence of actuator faults, the next objective is to determine
their locations, if the system suffers from multiple faults simultaneously. Denote
faas f,= [falT, fuﬂ, ooy fTIT U If we can decide whether or not fi =0, i=
1,2, ..., m,then the actuator fault isolation can be achieved according to the known
fault distribution matrix B. In order to do this, we adopt the modified dedicated
observer scheme. More specifically, for each possible fai #0,i=1,2,...,m,we
design two SMOs (one is designed for subsystem-1 and the other is designed for
subsystem-2) and a total number of 2m SMOs are designed. The observer that is
designed for f! is required to satisfy the following constraint: the obtained residual
is only sensitive to f/, but is insensitive to all other faults.

For the ith actuator fault fa" ,i=1,2,..., m, we design the following SMO for
Subsystem (2.9):

Bo= A+ AE + AT D+ B+ (A — ADCT (W) — W) + 0]
W= (2,
(2.39)
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where 7' and W' denote respectively the estimated state and output obtained by this
isolation estimator. 7' is defined as 2’ := col(C; 'wy, 2}). The output error injection
term v is defined as

1Py (CT ' wi=ZDI

—1 2i :
. E1[lE + 1Bi]lpa + n) e =20 O lwy — 2 #£0
ﬁ—[‘n IE + 1B1llpa + m) P =2 (2.40)

otherwise,

where Py € ™" is a symmetric positive definite matrix which is to be determined
and 7 is a positive scalar defined by (2.33).

For Subsystem (2.10), an SMO is designed instead of a normal Luenberger
observer that has been used in Sect.2.3 for FD. The proposed SMO has the fol-
lowing form:

2 = AaBh + AW+ H(T'2, 1) + Bou + L(w)y — W) + By, 2.41)
i = G, '
where L is the observer gain to be determinec_l. Partition B, into B, = [B2, ..., BY].
Then B, represents the ith column of B, and B denotes the rest of the columns. The
output error injection term vj is defined by

Fi(wh—ith)

; [(pa+"3)m ifwy —w; #0 (2.42)

vy =
0 otherwise,

where 73 is a positive scalar and F € Z2"*®~" is a matrix to be determined. F’
represents the ith row of F and F' consists of all other rows.

If the state estimation errors obtained from the SMOs, which are designed for the
fl, are defined as ¢} = zi — z! and e, = z) — 2}, then the error dynamics after the
occurrence of actuator faults can be obtained as

& =A%l +Aveh + [ (T2 0) — A(TTE, 0]+ Bifu + E1AY — i (2.43)
& = (Ay — LCy)es + [ (T2, 0) — fo(T7'Z, 0] + Bo fi — Biv}

= Ay — LCYes + [ (T2, 1) — LT, 0]+ Bofi + By (f' — vh),
(2.44)

where f,' represents the vector of actuator faults excluding 1.
The sufficient conditions for the stability of the above error dynamics are presented
in the following result:

Theorem 2.3 Given System (2.1) with Assumptions2.1-2.4. If there exist matrices
Al <0, L P = PIT >0, P, = P2T > 0, and F, and positive scalars oy and ay such
that
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BiP, = FC, (2.45)
I + O%P1P1 P1A;
. 1 <0 (2.46)
A5 Py I, + OI_ZPQPQ +al,_,

where Ty = A} Py + P\A}, IT) = (Ay — LC4)" Py + Py(As — LCy) and a = a,
f}l I7-1)% + otz.,?;2 IT~"\|?, then the state estimation error e5 will exponentially
tend to zero if fai = 0; otherwise eé satisfies (A4 — LC4)e§ + [fz(T_lz, H— f
(T2, 0] + By fi + By (fa —vh) if f1 #0.
Proof Assume Vi = ¢! Pief and Vi = e} Pyeb. Consider Vi = Vi + V} as the Lya-
punov candidate.

The time derivative of V| along the trajectory of System (2.43) can be shown to be

i iT i iT i 1 iT i - i
Vi<eél e+ 2¢ P1A262+a—e1 PPl + o ZF T Plleh)>. (2.47)
1

If fI = 0, the error dynamics of €} of (2.44) can be rewritten as
& = (Ag — LC)éy + [ (T2, 1) — HT'E 0]+ By(f —vh).  (2.48)
Then, it follows from (2.45) and (2.48) that the derivative of Vé can be obtained as
Vi= e Mes +26 P2 T2 0) = T2, 0] + 264" PaBS(f = vb)
< &b Moeh +26)" P2 (T2 0) = T2 0| + 20 F el LT = pa = 13)

i T i 1 ;7 i _ ;
<é nze’2+a—2e’2 PyPyeh + o 27 T P11, (2.49)

Combining (2.47) and (2.49) yields
Vi Vi1V

_[e ’ 171+D%P1P1 P1A; e (2.50)
T lé ATPi I+ PPy +al,, || € :

If there exist solutions such that Inequality (2.46) is satisfied, then V? < 0, which
implies that e’ will tend to zero exponentially when f: = 0, even after the occurrence

of actuator faults f‘{ #0, je{l,2,...,m}\{i}. On the other hand, if f‘f # 0, the

term B, £/ in (2.44) can not be attenuated by B} (f, — vi), because B, is of full
column rank. Therefore, we can conclude that lim e # 0if f! # 0.
—00

This completes the proof. O



2.4 Actuator FI Scheme 23

Remark 2.5 1Tt is noted that the condition proposed in Theorem 2.3 includes a linear
matrix equality (2.45), which is difficult to solve directly by MATLAB toolbox.
This equality together with the Lyapunov equation (2.11) is a passivity condition
for system ((A4 — LCy4), B,, Cy) [21]. The sufficient and necessary condition for the
existence of F satisfying (2.45) is rank(C4B,) = rank(B;). Here, we employ the
algorithm introduced in [25] to determine the value of F.

Equation (2.45) can be rewritten as
Trace [(By P> — FCy)" (BjP, — FCy)] = 0.
Introduce the matrix inequality:
(BIP, — FC)"(BYP, — FCy) < ¥?1,,, (2.51)

where y is a positive scalar.
Using the Schur complement result, (2.51) is equivalent to the following LMI:
~Vler  (BYPy— FC)T
|:B2TP2 ~FC, vl <0 (2.52)

Therefore, the solvability of (2.45) can be converted into finding the minimum of
y satisfying the above inequality. Subsequently, the design of the proposed SMOs
is now converted into a problem of finding a global solution of the following mini-
mization problem:

Minimize y subject to P; > 0, P, > 0, (2.27) and (2.52)

Theorem 2.3 presents the sufficient conditions for the stochastic stability of the
dynamics (2.43) and (2.44) when Lf = 0 and also forms the intuitive principle of the
FI scheme as follows: the decision on which actuator is faulty is equivalent to the
problem of determining which f! is not equal to zero. After the system is detected
to be faulty at some time instant #;, a bank of 2m SMOs are designed according
to all possible faulty models. More specifically, for each f;, i=1,2,...,m, two
observers given by (2.39) and (2.41) are designed to estimate states and outputs. It
can be seen from the proof of Theorem 2.3 that the output error injection term vé can
attenuate the effect of fé, je{l,2,...,mh\{i} to the residual, but can not eliminate
the effect of f!. Therefore, if f = 0, the state estimation error ¢} obtained by the
observers which are designated for f! will converge to zero. Otherwise €, will go
beyond a predefined threshold for some finite time #; > 1, if f # 0. Based on this
analysis, we can choose ||eiv2 I = ||C4e§|| as the residual and compare it with the
corresponding threshold ¢;, then the location of actuator faults can be concluded.
The selection of the isolation threshold ¢; is similar to the selection of the detection
threshold ¢. Since the residual ||e€v2 || obtained from the observer which is designed
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Fig. 2.1 An example of actuator FI using a bank of SMOs

to isolate f;, is close to zero if f[f = 0, a small value of ¢; can be chosen. The FI
scheme can be summarized as follows:

Actuator FI scheme: Multiple actuator faults can be isolated by comparing the
residual ||e£v2 I, (i =1,2,...,m) with a predefined threshold ¢;. It can be con-
cluded that f! # 0 if ||eiv2 || goes over the threshold for some finite time t; > t;.
Otherwise f, = 0if |le,, || is always below the threshold g; during the time stud-
ied. Considering the structure of B, the decision on which actuator is faulty can

then be made.

To further illustrate this scheme, we consider an example of a system with two
actuator faults. As shown in Fig.2.1, f! and f2 can be isolated at time ¢, and t3
respectively.

2.5 Simulation Results

In this section, the effectiveness of the proposed schemes in detecting and isolating
actuator faults has been demonstrated by an example of a modified seventh-order
aircraft model used in [26], in which the states are defined as
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X1 = ¢ — bank angle(rad)

X, = r — yaw rate(rad/s)

x3 = p — roll rate(rad/s)

x4 = & — sideslip angle(rad)

X5 = x7 — washout filter state

X¢ = 8, — rudder de flection(rad)

x7 = 8, — aileon de flection(rad)
The inputs are

u; = 8, — rudder command (rad)

Uy = 8y4e — aileon command (rad)
and outputs are

yi = rq — roll acceleration(rad/s)
Y2 = pa — yaw acceleration(rad /s)
y3 = ¢ — bank angle(rad)

y4 = x7 — washout filter state

The system is in the form of (2.1) with

0 0 1 0 0 0 0 -~ _
0 —0.154-0.04 154 0 —0.744 —0.032 8 8
0 0249 —1 -52 0 0337 -112 00
A=|0038-099%6 0 -2.117 0 0.02 0 ,B=|00
0 05 0 0 -4 0 0 200 8
0 0 0 0 0 —20.000 0 0 25
0 0 0 0 0 0 —25 | - -
70 —0.154 —0.04 1.54 0 —0.744 —0.032
0 0249 —1 —520 0337 —1.12
=11 o 0 00 0 0
0 0 0 01 0 0

E=[1100100]", f(x,1) = [sinx; sinx; 00sinx3 00]", Ay = 2sinr.

Notice that in [26], the original model is linear and there is no system uncertainty.
In our simulation, the terms associated with the nonlinearity and system uncertainty
are added to show the effectiveness of the proposed actuator FDI method for uncertain
Lipschitz nonlinear systems.
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The actuator fault f, = col(f,, fs,) is applied to the system and defined as

P . 1<15s
@ = 10.05exp(0.017) , > 155
s o . 1<20s
“ 7 10.07exp(0.03t) , > 20s

The nonsingular transformation matrices 7" and S are selected as

[ 0.8440 0.1560 0.0405 —1.5598 0  0.7535 0.0324 ]
—1.0000 1.0000 0 0 0 0 0
0 0 1.0000 0 0 0 0
T = 0 0 0 1.0000 O 0 0
—1.0000 0 0 0 1.0000 0 0
0 0 0 0 0 1.0000 0
0 0 0 0 0 0 1.0000 |
1.0000 0 —0.8333 0
5 —1.4359 1.0000 —0.4701 0
| 10128 0 01560 0
| 1.0128 0 —0.8440 1.0000
The system matrices under the new coordinate become
[ 1.4794 | 1.3088 0.7373 5.6393 0 —16.3183 —0.9083 ]
—0.1540[—0.1300 —1.0338 1.2998 0 —0.6280 —0.0270
0.2490 | 0.2102 —1.0101 —4.8116 0 0.1494 —1.1281
TAT™! = | —0.9574|—0.8466 0.0388 —3.6104 0 0.7414  0.0310
—3.5000| 1.0460 —0.8583 —5.4593 —4.0000 2.6372  0.1134
0 | o 0 0 0  —20.0000 0
.0 | o0 0 0 0 0 —25.0000 |
™ —0.9873] 0.0000 —0.0000 0.0000 0  —0.0001 —0.0000
. 0.0000 | 0.4701 —0.9426 —7.4112 0  1.4053 —1.0741
ST =1 0.0000 |—0.1560 —0.0405 1.5598 0  —0.7535 —0.0324
L 0.0000 |—0.1560 —0.0405 1.5598 1.0000 —0.7535 —0.0324
15.0700 0.8100 7 1
0 0 0
0 0 0
TB = 0 0 TE=10
0 0 0
20.0000 0 0
0 25.0000 | 0
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Imposing the stability constraint to the transformed system and formulating the
problem in an LMI framework gives the values of the parameters of the proposed
observers.

The simulation results are obtained by running successively the files
chapter2_lmi.m, chapter2.mdl, and chapter2_plot.m. The solutions of various
LMIs are obtained by running the M-file chapter2_lmi.m which are given below.

File Chapter2_lmi.m
clear all
clec

o

% Oringinal system matrices

A=[0 0 1 0 0 0 0
0 -0.154 -0.04 1.54 0 -0.744 -0.032
0 0.249 =1 =5,2 0 0.337 =1.12
0.0386 -0.996 0 -2.117 O 0.02 0
0 0.5 0 0 -4 0 0
0 0 0 0 0 =200 0
0 0 0 0 0 0 -25];
B=[0 0 0 0 0 20 0;0 0 0 0 0 0 25]";
C=[0 -0.1540 -0.04 1.54 0 -0.7440 -0.0320
0 0.249 -1 -5.2000 0 0.3370 -1.1200
1 0 0 0 O 0 0
0 0 0 0 1 0 0],
E=[1 10010 0]";

% Dimensions of system matrices

n=size 1);
2);
7 1)
2);

’

(A
m=size (B,
p=size (C

(E,

r=size

% Transformation matrices T and S
T =[0.8440 0.1560 0.0405 -1.5598 0 0.7535 0.0324
-1 1 0 0 0 0 0
0
0
=1

o O O o O
o O O o =
o O O+ O
o O — O O
= O O O O

0
0
0
1
0
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S =[ 1.0000 0 -0.8333 0

-1.4359 1 -0.4701 0

1.0128 0 0.1560 0
1.0128 0 -0.8440 11 g

o

% Transformed system matrices (2.6)
A=T*A*inv (T) ;

B=T*B;

E=Tx*E;

C=S*Cxinv (T) ;

Al=A(l:r,1:xr);
A2=A(l:r,r+l:n);
A3=A(r+l:n,1:r);

A4=A(r+l:n,r+1l:n);

B1=B(l:r,:);
B2=B(r+l:n, :);

El=E(l:r,:);

Cl=C(l:r,1:r);
C4=C(r+l:p,r+l:n);

1f1=1; $ Lipschitz constant for the nonlinear term f1.

o

Note that after the transformation the nonlinear
term £f2=0, therefore 1f2=0 and alphal2=0

oo

o

% Define unknown variables
Pl=sdpvar(r,r);

P2=sdpvar (n-r,n-r);
X=sdpvar (r,r);

Y=sdpvar (n-r,p-r) ;
F=sdpvar (m,p-r) ;
alphal=sdpvar(1l,1);

gamma=sdpvar (1,1);

a=alphalx1fl°2* (norm(inv (T))) "2; % The positive scalar in (2.17)

oo

ILMI (2.27)
Note that since 1f2=0, the last column and last row of (2.27)

are no longer present. Therefore (2.27) becomes a 3-by-3 matrix

ES

oo
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% instead of 4-by-4.
M1=[X+X’ Pl P1=xA2
Pl -alphal zeros(r,n-r)
A2’ xP1l zeros (n-r,r) A4’ xP2+P2xA4-C4’xY’'-YxC4+taxeye(n-r)];

% LMI (2.52)
M2= [-gammaxeye (n-r) (B2’ *P2-F%C4)’
B2’ «P2-FxC4 —-gammaxeye (m) ];

% minimize gamma subject to P1>0, P2>0,
% alphal>0, (2.27) and (2.52)
const = [M1<0,M2<0,P1>0,P2>0,alphal>0];

solvesdp (const, gamma) ;

Pl=double (P1)
P2=double (P2)
F=double (F)
X=double (X) ;
Y=double (Y) ;

Als=inv (P1) *xX

L=inv (P2) Y
alphal=double (alphal)
gamma=double (gamma)

Parameters are obtained as

Py =0.0048, A} = —25.8618, a; = 0.0021, y =2.0190 x 10"
™ 0.3072 0.0109 —0.0689 —0.2578 0.0144 0.0058 7
0.0109 0.2432 0.0527 0.0969 0.0506 0.0342
—0.0689 0.0527 0.4599 0.1648 —0.0253 0.0254
—0.2578 0.0969 0.1648 0.4662 —0.0008 0.0002
0.0144 0.0506 —0.0253 —0.0008 0.1079 0.0545
L 0.0058 0.0342 0.0254 0.0002 0.0545 0.0372 |

[ 2.3497 6.3662  1.6347 7
—3.1985 —13.8943 —1.7068
—3.8256 —11.5108 —1.5464
3.6515 10.8768 —1.9943
58.2398 282.3094 —3.8605
L —57.1666 —394.4680 8.0411 |

[ —0.8797 —4.4882 —0.0156
| —0.7677 —3.2451 0.0039

™
(=)
I
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It is worth noting that the parameters obtained from LMI may differ from that
shown here. This is expected because these are obtained by solving LMIs which does
not give unique solutions. Note that although these parameters are computed for fault
isolation, they can also be applied for fault detectors (2.12) and (2.14). The above
obtained parameters are used to simulate the system described in Simulink model
chapter2.mdl and the figures are plotted by running the file chapter2_plot.m. In
the simulation, we have selected the initial state as x(0) = [0, 0, 0, 0, 0, 0, 0] and
x(0) =[-0.1,0,0.2, —0.1, —0.1, —0.1, —0.1]7. In the Simulink model, a parame-
ter ““6” has been added to the denominator of (2.40) and (2.42) to reduce the chattering
effect. We have selected 6 = 0.01 in the simulation.

The detectability of the proposed scheme is shown in Fig.2.2. It shows that the
proposed method could successfully detect the occurrence of a fault at around ¢ =
10.05 s (the fault occurs at 10s) with the corresponding threshold being chosen as
0.05.

After the detection of faults, the next stage is to determine which actuator, amongst
the various actuators, is faulty. This is carried out using two isolation observers.
Results of the simulation are shown in Figs.2.3 and 2.4. The residual generated by
the first isolation observer, which is designed for fa1 , is compared with the threshold
that is set to 0.02 in Fig.2.3. From the figure it is observed that the residual exceeds
the threshold at about 10.1s, which implies that fa1 can be found to be nonzero
at approximately 10.1s. Figure 2.4 shows the simulation result when the isolation
observer designed for £ is used. It is seen from the figure that the residual obtained
by the this observer exceeds the threshold (0.06) at approximately 20.1s, which
denotes that f? can be found to be nonzero at about 20.1s.
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Fig. 2.2 Detection of the occurrence of actuator faults
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2.6 Conclusions

In this chapter, we propose a new scheme to robustly detect and isolate incipient
actuator faults for uncertain Lipschitz nonlinear systems. The proposed FDI scheme
essentially transforms the original system into two subsystems where subsystem-1
includes both actuator faults and system uncertainties while subsystem-2 has actu-
ator faults but without uncertainties. Actuator faults can be detected by applying a
Luenberger observer for subsystem-2, and isolated using a bank of SMOs for both
subsystems based on the modified dedicated observer scheme. The most distinct fea-
ture of the proposed FDI scheme is that, by imposing a coordinate transformation to
the original system, the effects of system uncertainties to the residual of subsystem-
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2 are completely decoupled, which makes the scheme sensitive to incipient faults
while still robust to modelling uncertainty. Thus, early detection can be achieved and
a false alarm caused by modeling uncertainties can be totally avoided. The sufficient
conditions of stability of the proposed observers have been studied and represented
in the form of LMI. Its effectiveness has been demonstrated considering the example
of a modified aircraft model.
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