Chapter 2
Dynamic String-Averaging Methods
in Hilbert Spaces

In this chapter we study the convergence of dynamic string-averaging methods
for solving common fixed point problems in a Hilbert space. Our main goal is to
obtain an approximate solution of the problem in the presence of computational
errors. We show that our dynamic string-averaging algorithm generates a good
approximate solution, if the sequence of computational errors is bounded from
above by a constant. Moreover, for a known computational error, we find out what
an approximate solution can be obtained and how many iterates one needs for this.

2.1 Preliminaries and the Main Result

Let (X, (-, -)) be a Hilbert space with an inner product (-, -) which induces a complete
norm || - ||.
For each x € X and each nonempty set E C X put

d(x,E) = inf{|x —y| : y € E}.
For every point x € X and every positive number r > 0 set

Bx,r)={yeX: |x—y| =r}

Suppose that m is a natural number, ¢ € (0,1), P; : X — X,i = 1,...,m, for
every integer i € {1,...,m},
Fix(P)):={z€eX: Pi(z) =z} £ 0 (2.1

and that the inequality

lz=xI* = llz = Pix) | + ¢llx — Pi(x)||? 22)
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holds for every integeri € {1, ..., m}, every pointx € X and every point z € Fix(P;).
Set
F = NL, Fix(P)). (2.3)
For every positive number € and every integer i € {1, ..., m} set
F.(P)={xeX: |x—P:®| <€}, 2.4)
Fe(P;)) = Fo(P;)) + B(0,¢), 2.5)
Fe = NLFe(Py) (2.6)
and
Fe =N Fo(P) 2.7)

A point belonging to the set F is a solution of our common fixed point problem
while a point which belongs to the set F. isits €-approximate solution.

We apply a dynamic string-averaging method with variable strings and weights in
order to obtain a good approximative solution of the common fixed point problem.

Next we describe the dynamic string-averaging method with variable strings and
weights.

By an index vector, we mean a vector t = (f,...,1,) such that ; € {1,...,m}
foralli=1,...,p.
For an index vector t = (1, ...,1,) set
p(t) =gq. Pl =P, - Py. (2.8)

It is not difficult to see that for each index vector ¢

P[f](x) = xforallx € F, (2.9)
IP[A1(x) = PIAW = llx = Pl < llx = vll (2.10)

for every point x € F and every pointy € X.
Denote by M the collection of all pairs (§2, w), where £2 is a finite set of index
vectors and

w: 2 — (0, 00) satisfies Zw(t) =1. (2.11)
1eQ

Let (£2,w) € M. Define

Pg,(x) = Y w(tP[](x), x € X. (2.12)

te2
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It is easy to see that

Po . (x) =xforall x € F, 2.13)
[1P2w®) = PauwMI = llx = PouwOIl < [lx—yl (2.14)

for every point x € F and every point y € X.

The dynamic string-averaging method with variable strings and variable weights
can now be described by the following algorithm.

Initialization: select an arbitrary point xo € X.

Iterative step: given a current iteration vector x; pick a pair

(%41, Wig1) €M

and calculate the next iteration vector x4 by

X1 = Py ().
Fix a number
Ae(0,m™Y] (2.15)
and an integer
q = m. (2.16)
Denote by M the set of all (£2, w) € M such that

p(t) < q forallt e £2, 2.17)
w(t) > Aforallt € £2. (2.18)

Fix a natural number N.
In the studies of the common fixed point problem the goal is to find a point x € F.
In order to meet this goal we apply an algorithm generated by

{(Qia Wi)}ioil C M*

such that for each natural number j,

j+N—1
{1,...,m} C UZ»:]- (U,ggi{ll,...,l‘p(,)}).

This algorithm generates, for any starting point xo € X, a sequence {x;jp=, C X,
where

X1 = P g (0.
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According to the results known in the literature, this sequence should converge
to an element of F'. In this chapter, we study the behavior of the sequences generated
by {(£2;, w;)}2, taking into account computational errors which always present in
practice. These computational errors are bounded from above by a small constant
depending only on our computer system which is denoted by §. This computational
error § presents in all calculations which we do using our computer system. For
example, if x € X and i € {1, ..., m} and we need to calculate P;(x), then using our
computer system we obtain a point y € X satisfying

ly —Pix)[| <8.

If k is a natural number, y; € X,i = 1,...,k, a; > 0,i = 1,...,k satisfying
Zf;l a; = 1 and if need to calculate ZLl @;y;, then by using our computer system
we obtain a point y € X satisfying

k
lly — Z%Yi” <é.
i=1

Surely, in this situation one cannot expect that the sequence of iterates generated by
our algorithm converges to the set F. Our goal is to understand what approximate
solutions of the common fixed point problem can be obtained.

We prove the following result (Theorem 2.1), which shows that in the presence
of computational errors bounded from above by a constant §, an €;-approximate
solution can be obtained after (no — 1)/ iterations of the algorithm, where €; and n
are constants depending on ¢ (see (2.23) and (2.24)).

In order to state Theorem 2.1 we need the following definitions.

Letd > 0,x € Xandlets = (11,...,1#,) be an index vector. Define

Ao(x,1,8) = {(y,A) € X xR' : there is a sequence {y,-}f.’g) C X such that
yo=xandforalli =1,...,p(1),
lyi = Pp -0l <6,
Y= Yp)>
A =max{|y; -yl s i=1,....p(N}} (2.19)
Let§ > 0, x € X and let (£2, w) € M. Define
Ax, (82,w),8) = {(y,A) € X xR : there exist
(v, Ay) € Ap(x, t,8), t € §2 such that

ly =D w@yll < 8. & =max{}, : te 2}}. (2.20)
e

Denote by Card(A) the cardinality of a set A. Suppose that the sum over empty
set is zero.
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Theorem 2.1. Let M > 0 satisfy

B(0O,M)NF # 0, (2.21)
8 > 0 satisfy
§ < (gN)™!, (2.22)
a natural number ng satisfy
no > 14+4M*87 (G + 1)7'M + 47 (4N) ! (2.23)
and let
€1 = 2@+ (N +2)(64A7'8(q + 1)(2M + 4)4N)"/2. (2.24)

Assume that
{2 w12, C M
satisfies for each natural number j
Hoeeomy U Ui, ), (2.25)
Xo € B(0,M) and {x;}2, C X, {Ai}2, C [0,00) (2.26)
satisfy for each natural number i,
(xi, Ai) € Alxi1, ($2;, wy), §). (2.27)
Then there exists an integer q € [0, ng — 1] such that
lx] <3M+1,i=0,....gN, (2.28)
Ai < (64A7'8(g + 1)(2M + 4)4Ne1)1/2, (2.29)

i=gN+1,....(g+ N.

Moreover, if an integer q € [0,ng — 1] satisfies (2.29), then for each i = gN, ...,
(g+ N,

X; € F€1
and

;i — x| < (@ + DN(64AT8(q + 1)(2M + 4)4Ne)1/? (2.30)

foreachi,je{gN,...,(qg+ 1)N}.
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Theorem 2.1 is proved in Sect. 2.2. It provides the estimations for the constants
€; and ny, which follow from (2.23) and (2.24). Note that ¢; = ¢;8'/? and ny =
[c287"] + 1, where ¢ and c; are positive constants depending on M and || denotes
the integer part of u.

Let 6 > O satisfy (2.22) and a natural number ny satisfy (2.23). Assume that we
apply an algorithm associated with

{(82;, w2, C M

which satisfies (2.25) for each natural number j, under the presence of computational
errors bounded from above by a constant § and that our goal is to find an €;-
approximate solution with €; defined by (2.24). Theorem 2.1 also answers an
important question: how we can find an iteration number k for which x; is an ;-
approximate solution of the common fixed point problem. By Theorem 2.1 we need
just to find the smallest integer g € [0, ..., no — 1] satisfying (2.29).

Note that Theorem 2.1 is a generalization of the main result of [98] obtained for
the convex feasibility problem.

2.2 Proof of Theorem 2.1

By (2.21) there exists a point
z€ BO,LM)NF. (2.31)
Fix a positive number
€0 = (64A7'8( + 1)(2M + 4)aNc)!/2. (2.32)
Assume that a nonnegative integer s satisfies for each integer k € [0, s],
max{A;: i=kN +1,...,(k+ )N} > «. (2.33)
By (2.26) and (2.31),
[lxo — 2|l < 2M. (2.34)
Assume that an integer k € [0, s] satisfies
Xy —zll < 2M. (2.35)

We prove the following auxiliary result.

Lemma 2.2. Assume that an integer

iel0,N—1] (2.36)
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satisfies
”ka+[ —z|| =2M + (g + 1).
Then
ey irr —2ll = 8@+ 1) + 1554 —zll
and

I 4ie1 — 2l < s — 21> + 8@ + D (4M + 3).

If Miitiv1 > €o, then

2 2 —1 4 2=
IXqier — 2l° — w4 — 2l < =327 Agge.

Proof. In view of (2.37),

(ka+i+1’ Akﬂ/+i+1) € A(xki/+i’ (‘QkN+i+17 WkN+i+1)v 8).

By (2.20) and (2.41) there exists vectors

O 1) € Ao(yiy4451,8), T € 2454441

such that

[ 4i1 — Z Wi 4it1 Oyl <8,
1€ 4i41

AkN-{-H—] = maX{Ol, L te QkN-I—H—l}'

It follows from (2.19) and (2.42) that for each index vector t = (¢, .

$2,5.+i41 there exists a finite sequence {y,@ }fg) C X such that
o _ o _
Yo = XaN+is Ypay = Yo

||y;r) — P,_,.(yj(,ﬂl)H < ¢ for each integerj = 1, ..., p(?),

a = max{[y\", =y i=0,....p@) -1}

Let

t= (1 ) € iitit

be an index vector and let

jefl,....p(n.

19

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

. l‘p(t)) €

(2.45)
(2.46)

(2.47)

(2.48)
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By (2.2), (2.3), and (2.31),
Iz = Py G2 DIP + 2P, 01 ) =y 17 < llz = > 112 (2.49)
It follows from (2.1), (2.3), (2.31), (2.46), and (2.48) that
lz= 12 = llz = Py + P2 =3 I
< llz =Py 02D I + 1P, 652 = 112
+2[z = PGP, ) = )l
< llz= Py DIP + 82 + 28]z — P, ()
< llz =P, G2 DIP + 8 + 28]z — ¥, |- (2.50)
By (2.49) and (2.50),
lz =12 < llz =y 112 = 1P, 0 ) — 2, 11%e
+82 4+ 28]z — '\, . @2.51)
In view of (2.51),
lz =371 < 2=y 21l + 6. (2.52)
Thus we have shown that the following property holds:
(P1) for each index vector t = (,...,%)) € $2454;11 and each integer j €
{1,...,p(t)} relations (2.51) and (2.52) hold.

By property (P1), (2.17), (2.45), and (2.52), for each index vector t € £2;5.,,;.,
and each integerj € {1,...,p(0)},

lz =yl < llz =yl + 8 = llz = xzpill + 8
<z _ka+i|| + 4. (2.53)

It follows from (2.37) and (2.53) that for every index vector ¢ € £2;5,,,, and every
integerj € {1,...,p(0)},

lz =y < 2M + (1 + §)i6 + 63 < 2M + 8(G(i + 1) +i). (2.54)

By (2.22), (2.36), (2.37), (2.45), and (2.54) the following property holds:
(P2) for every index vector t € §2,5,,,, and every j € {0,1,...,p(1)},

lz— "Il < 2M + 26N < 2M + 1. (2.55)
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In view of (2.45) and (2.53) for every index vector t € §2;54 ;11

Iz =yell = llz = ¥ | < Iz = el + 83 (2.56)

By (2.11), (2.43), and (2.56),

%441 — 2l = Iy — Z Wi i1 (Dl
€25 441
+Il Z Wi tit1 Oy — 2|
1€ N 4it1

<8+ D Warin Ol — 2l <8+ gy — 2l + 87,
€254 i1

Xirivr — 2l <8(g+ 1) + Iz — 2l

and (2.38) is true.
It follows from (2.22), (2.36), (2.37), and (2.38) that

oier — 27 < Mg — 2l + 8%@ + 1D + 286G + Dz — 2|
< i — 2> +82@+ D* + 28 + DM + 1)
< xeyes — 2l> + 87 + D(AM + 3).

Thus (2.39) is true.
Assume that

Aiiaiv1 > €o- (2.57)
In view of (2.44) there exists an index vector
S =(S1,.. s Sp(s) € 471iv1 (2.58)
such that
o = Mgyrir1 > €o- (2.59)
By (2.47), (2.58), and (2.59), there exists an integer
Joed{l,....,p(s)} (2.60)
such that

Y =y = > e, 2.61)
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By properties (P1), (P2), (2.36), (2.37), and (2.51) applied with r = s, j = jo we
have

(s) (s -
12 < llz =y 1% = 1Py, 081 ) — oL |12

+68% +28(2M + 1)

lz =y

<=y 1P = 1Py, G2 ) — YL 128 + 25(2M +2). (2.62)
In view of (2.46) and (2.61),

1Pg, ) =y = [y =y = Iy = Py, G2 > €0 — 8. (2.63)
By (2.62) and (2.63),
e =312 < llz =y, 17 — &(eo — 8)* + 25(2M + 2). (2.64)

In view of property (P2), applied with ¢ = s for all integers j € {0, 1,...,p(s)} we
have

lz =yl < 2M + 1. (2.65)

It follows from property (P1), (2.52) with + = s and (2.65) that for all integers
je{l,...,p(s)} we have

lz =317 <z =y 12 + 8% + 28]z =y, |
< llz =y 17 + 282M + 2). (2.66)

By (2.17), (2.45), (2.60), (2.64), and (2.66),
lz— ka+i||2 —llz— ys"z

p(s)

= e =y 17 = llz =y 1]

i=1
> ¢(eg — 8)* — 26(2M + 2) — 28(2M + 2)g
> c(eg — 8)> —282M +2)(g + 1). (2.67)

By properties (P1), (P2), and (2.52), for every index vector t € §2,5,,;,, and every
integer j € {1,...,p(¢)} we have

Iz =312 <z =y 12 + 82 + 28]z — '\, |
<z =y 1> +26(2M + 2,

lz =32 12 = llz = ¥ > —25(2M +2). (2.68)
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In view of (2.17), (2.45), and (2.68), for every index vector t € £2,5. 41,

||Z - xkﬁ+i”2 - ||Z - )’t||2

p(t)
= > Mllz =y 17 = llz = 717 = —2g8(2M + 2). (2.69)
i=1

i—

Since the function u — ||u — z||?, u € X is convex it follows from (2.11) and (2.58)
that

| Z Wi +ir1 Oy — 2|

1€ 441

2
< D Wi Oy =zl

1€ R 4it1

2 2 2
= le—xglP+ D Wi Ol — 2I? = llz = xeggl]
1€ 7 i1

2
I

2 2
< Mz =% ill™ + wWigpips Oy = 207 = llz = xeg4l17]

+ Y Wit Ol = 2l =z =Xyl 2 7€ i \ (s} (2.70)

It follows from (2.11), (2.18), (2.32), (2.67), (2.69), and (2.70) that

I Y Wi Oy — 2l

’EQkN+i+1
< Wi i1 ()[—(€0 — 8)°C + 28(2M + 2)(g + 1)]
+2g82M + 2) + ||z — X111
< llz = xgill* +2q82M + 2)
Wi ri41 ()47 €68 = 28(2M +2)(q + )]
< llz = xggaill® + 28G(2M +2) — A4 edc — 28(M + 2)(g + 1)). (2.71)

In view of (2.32) and (2.71) we have

Y Wi Oy — 2l = g — 212
1€k 7 4i41

<28(2M +2)g — 87 ' Aeic < —167" A€le. (2.72)

In view of (2.11), (2.43), and (2.72),
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||ka+i+l - Z”2

2
= [I¥eiit1 — Z Wingi1 Dy + Z Wiw+i+1(Dye — 2|

1€ +it1 €N +it1

2 2

< lgrisi = D0 W OP 1 Y0 Wi Oy =2l
€27 i1 1€y 441

+2/X i1 — Z Wiiit1 (Ol Z Wi i1 Oy =2
€25 441 €2 441

<& —167'¢Ae + Ixgy — 2l

+281 ) Wigsi Oy 2l
1€ N 4i41

<8 1671 A¢€q + llxgy; — 2l

+28 max{|ly; —zll : 1 € 245441} (2.73)

In view of (2.32), (2.45), (2.73), and property (P2) we have

||xk1'v+t+1 - Z||2 - ”kaJri - Z||2
<8 —16""Aedc +252M + 1)
< —16A€jc +28(2M +2) < 327" A€fe.

This completes the proof of Lemma 2.2. O
It follows from (2.35), Lemma 2.2 applied by induction and (2.22) that for all
integersi =0,...,N — 1,
441 — 2l = gy — 2l + 8(g + 1),
[isips — 2l S2M +8(@+ DG+ 1) <2M + 8@+ DN <2M + 1,  (2.74)
[ — 2l <2M +1,i=0,...,N. (2.75)

By (2.32), (2.33), (2.35), (2.74), and Lemma 2.2 we have

2 2
||x(k+1)N —zlI” = [y — =
N—1

2 2
= Z[||xk1§/+i+1 —zlI” = x4 — 2lI°]
i=0

< —327'Aelc + N8(g + 1)(4M + 3) < —647" Aede.

Thus we have shown that the following property holds:
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(P3) if an integer k € [0, 5] satisfies ||x.z — z|| < 2M, then
lx;—zl| <2M + 1, j=kN, ..., (k+ DN,
1% s v — z2lI? = Iy — zll* < =647 Aege. (2.76)
In view of (2.34) and property (P3) we have
lxj—z| <2M +1, j=0,...,(s+ )N .77

and (2.76) is true for every integer k = 0, ..., s.
By (2.34) and (2.76),

647'CAe5 (s + 1) = D Ml — 2l = gy — 2]
k=0

2 2 2 2
= [lxo = 2lI” = Ixgenm = 2ll” =< llxo — 2|7 < 4M7,

s+ 1 <256M*A~ ey,

Thus we have shown that the following property holds:
(P4) If an integer s > 0 and for every integer k € [0, s] relation (2.33) holds, then

s < 256M* A7 ey %! — 1,
Iy —zl <2M +1, j=0.....(s + DN,
Iy —zll <2M, k=0,...,s+ 1.

By property (P4), (2.23), and (2.32), there exists an integer ¢ € [0, ng — 1] such that
for every integer k satisfying 0 < k < ¢,

max{d;: i=kN+1,...,(k+ )N} > €,
max{d;: i=gN+1,...,(g+ DN} < &.

In view of (2.31), (2.34), property (P4), and the choice of g we have

x5 — 2l < 2M,
lxj—zl <2M +1,j=0,...,4N,
Il <3M + 1, j=0,....gN.

Assume that an integer g € [0, ny — 1] satisfies

Ai<e€y, i=gN+1,....,(g+ N. (2.78)
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Let
je{gN,....(g+ DN —1}. (2.79)
It follows from (2.27) and (2.79),
(51, Aj+1) € A(x), (82j41, Wjt1), 6). (2.80)

By (2.20), (2.78), and (2.80), there exist vectors

9D a?) € A(xj.1.8). 1€ 241 (2.81)
such that
e — > w0yl <6, (2.82)
1€02)41
max{ozt(j) D HE Q11) < €. (2.83)

It follows from (2.19), (2.81), and (2.83) that for every index vector ¢t =
(f1, ..., Iy)) € £2j41 there exists a finite sequence {y?"’) }‘fg) C X such that

v = x. (2.84)
for every integeri = 1,...,p(?),
I = P,OED < 6, (2.85)
W=y, (2.86)
co = o = max{|y{"” =y : i=1.....p)}. (2.87)

By (2.17), (2.84), (2.86), and (2.87), for every index vector ¢ € ;1 and every
integeri = 1,...,p(¢) we have

I = | < ieo < €07 (2.88)
I =yl < €od. (2.89)

In view of (2.85) and (2.88) for every index vector t = (1,...,%)) € £2j41 and
every integeri = 1,...,p(¢),

I — P, ")l
<l =y + Iy = P, o) < e0g + 6. (2.90)

1



2.2 Proof of Theorem 2.1 27
It follows from (2.11), (2.82), and (2.89) that

b =3l < = Y w0y
€241

DT w oy —x]

1€Qj 41

<85+ > w0y —xll <8+ ez
1€8254

Combined with (2.32) this implies that
[xj4+1 — x5l < €0(g + 1). (2.91)

By (2.32), (2.84), (2.88), and (2.90), for every index vector t = (1, ..., ) € §2j+1
and every integer i = 1, ..., p(r) we have

Iy =PI = I3 —xill+ x5 —P, 0D | < 2603+8 < €0(23+1).  (2.92)

i—1

In view of (2.84), (2.88), and (2.92), for every index vector t = (1, ..., ) € §2j+1
and every integer i = 1,...,p(1),

%j € Feyoz+1)(Py)-
Therefore
% € N oz (Py) 1= (f1,. . 1) € 2541} (2.93)

It is clear that (2.91) and (2.93) are true for all integers j = gNn, ... (g + N — 1.
In view of (2.91), for every pair of integers ji, j» € {gN, ..., (g + )N},

x5, — x|l < €0(g + DN. (2.94)

Lets € {1,...,m}. By (2.25), there exist an integer j € {gN, ..., (¢+ 1)N — 1} and
an index vector t = (f,...,tyy) € £2j41 such that

NS {tl, ey l‘p(,)}.
Together with (2.93) this implies that
X € Feyz41)(Py). (2.95)

It follows from (2.94) and (2.95) that for every integer i € {gN, ..., (g + 1)N} we
have

xi € Foaan@+a) (Ps)-
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Since the inclusion above holds for every integer s € {1,...,m} we conclude that
foreachi € {gN,...,(q+ 1)N},

Xi € Fogrywer = Fe-

This completes the proof of Theorem 2.1. O

2.3 Asymptotic Behavior of Inexact Iterates

We use all the notation, definitions, and assumptions introduced in Sect.2.1. It is
not difficult to see that the following result holds.

Proposition 2.3. Assume that for every i € {1,...,m},
Pi(X) = Fix(P;).
Then for everyi € {1,...,m} and every € > 0,
F.(P;) C Fix(P;) + B(0,¢),
Fe(P)) C Fae(P),
F C Fa.

Remark 2.4. 1If P;(X) = Fix(P;) for every i € {l,...,m}, then in view of
Proposition 2.3, we can ea§ily obtain a version of Theorem 2.1, where in its
conclusion the relation x; € F, is replaced by the inclusion x; € Fy,.

Proposition 2.5. Assume that for every i € {1,...,m}, every x € X and every
yeX,

[Pi(x) = i)l < llx = yll. (2.96)
Then for everyi € {1,...,m} and every € > 0,
Fe(P) C Fa(Py),

I‘:e C Fse.

Proof. Leti € {l,...,m}, e > 0andx € F.(P;). Then there exists
y € Fe(P)) (2.97)
such that

ly —x[l <e. (2.98)
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By (2.96)~(2.98),

x = Pi)|| < lx =yl + lly = Pi)|| + [1Pi(y) — Pix0) ||
<e+e+|y—x|| <3¢

and x € F3¢(P;). Proposition 2.5 is proved. O

Remark 2.6. 1f (2.96) holds for all x,y € X and all i € {1,...,m}, then we can
easily obtain a version of Theorem 2.1, where in its conclusion the relation x; € Fg,
is replaced by the inclusion x; € Fi,.

For each z € R set
|z] = max{i: iisaninteger and i < z}.
For each M, § > 0 set

€8, M) = "2(G + 1)(N + 2)(64A7'8(q + 1)(2M + 4)4N)'/?, (2.99)
n(d,M) = |2 +4M*57 G+ 1)'eM + 47 @N) ). (2.100)

Theorem 2.7. Suppose that € € (0,1), M > 0,
F: C B(O,M) and F # 9. (2.101)
Let M > M and § > 0 satisfy
§ < (2gN)"" and (8, M) < é. (2.102)
Assume that
{(Q2i,w)}2) C M.

satisfies for each natural number j

i+N—1
{L...omy U Ueadnn. ...t}

Xo € B(0, M) and {x;}2, C X, {Ai}2, C [0,00)
satisfy for each natural number i,
(xi, Ai) € Alxi1, ($2i, wy), §).
Then

x|l < 3M + 1 for all integers i > 0
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and there exists a strictly increasing sequence of integers {q,,};io such that

0<gqo=n@M -1,
1 < gpt+1—qp < n(8, M) for all integers p > 0

and that for each integer p > 0 and each i = q,,N, (g + DN,
X; € F~'5(5,M).

We can prove Theorem 2.7 applying by induction Theorem 2.1 and using (2.101)
and (2.102).

Remark 2.8. Note that the set F is bounded if there exists an integerj € {1, ..., m}
such that the set F;(X) is bounded.

Assume that Cy,...,C, C X and NIL,C; Z# (. We say that the family of sets
{Cy,...,Cy} has a bounded regularity property [7] if for each ¢ > 0 and each
M > 0 there exists § > 0 such that if x € B(0, M) satisfies d(x, C;) < § for all
i=1,...,mthend(x,N/L,C;) < e.

Theorem 2.9. Suppose that
Pi(X) = Fix(P), i=1,...,m,

the family of sets {Fix(P;), i = 1,...,m} has the bounded regularity property,
M > 0 satisfies

B(O,M)NF # 0

and that €y € (0,1). Let € € (0, €) be such that the following property holds:

(i) if z € B(0,3M + 2) satisfies d(x, Fix(P;)) < 2¢; foralli = 1,...,m, then
d(z,F) < €.

Let § > 0 satisfy
§ < (2gN)"" and €(§, M) < €.
Assume that
{(82i, wi)}2) C My

satisfies for each natural number j

{1,....m} C Uﬁ:j{v_l(uteﬂi{tlw o to)),

Xo € B(0,M) and {x;}72, C X, {A;}2, C [0, 00)
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satisfy for each natural number i,
(xi, Ai) € A(xi—1, (£2i, wi), 6).
Then there exists an integer q € [0, n(8, M) — 1] such that
x| <3M +1,i=0,...,gN, (2.103)
Ai < (64A718(q 4 1)(2M + 4)4Nc™hH1/2, (2.104)
i=gN+1,....,(g+ DN.

Moreover, if an integer q € [0,n(8, M) — 1] satisfies (2.103) and (2.104), then for
eachi=gqN,...,(g+ 1)N,

d(x;, F) < ¢ (2.105)
and

x; — x;|| < €(8,M) for each i,j € {gN, ..., (q+ 1)N}. (2.106)

Proof. By Theorem 2.1, there exists an integer g € [0, n(§, M) — 1] such that (2.103)
and (2.104) hold.

Assume that an integer ¢ € [0,n(§, M) — 1] satisfies (2.103) and (2.104). By
Theorem 2.1, (2.106) holds and

x;€F..,i=¢gN,....(g+ DN.
Together with Proposition 2.3 this implies that for all i = gN., ..., (g + 1)N,
Xi € Fe, C Fae, C ML (Fix(P;) + B(0.2€1)). (2.107)
In view of (2.103) and (2.106), forall i = gN, ..., (g + 1)N,
Ixi ]l < €. M) + x5l <3M + 1+ (8. M) <3M +2. (2.108)
By (2.107), (2.108), property (i), and the choice of €|, forall i = gN, ..., (g + )N,
d(x;, F) < €.

Theorem 2.9 is proved. O
Applying by induction Theorem 2.9 we obtain the following result.

Theorem 2.10. Suppose that

Pi(X) = Fix(Py), i=1,....m,
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the family of sets {Fix(P;), i = 1,...,m} has the bounded regularity property,
M > 0 satisfies

F C B(0, M),

M > M+ 1 and that €y € (0,1). Let €, € (0, €) be such that the following property
holds:

if z € B(0,3M + 2) satisfies d(z, Fix(P;)) < 2¢y foralli = 1,...,m, then
d(z,F) < €.

Let § > 0 satisfy

§ < (2gN)"' and €(§,M) < €.
Assume that
{(2i,wi)}iZ) C M
satisfies for each natural number j
{1....m} U Ueadnn.. ... oo},
Xo € B(0,M) and {x;}2, C X, {A;}72, C [0, 00)
satisfy for each natural number i,
(xi, i) € A(xi—1, (£2;, wy), ).
Then
llx: || < 3M 4+ 1 for all integers i > 0

and there exists a strictly increasing sequence of integers {qp};io such that

0<gqo=<n(,M)—1,
1 < qpt+1 —qp < n(8, M) for all integers p > 0
and that for each integer p > 0 and each i = q,,N, N )N,
d(x;, F) < .

The following result is proved in Sect. 2.4.

Theorem 2.11. Suppose that

Pi(X) = Fix(Py), i=1,....m,
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the family of sets {Fix(P;), i = 1,...,m} has the bounded regularity property,
F # @, M > 0 satisfies

F C B(0, M),

M > M + 1 and that €y € (0,1). Let €, € (0,€0/2) be such that the following
property holds:

(ii) if z € B(0,3M + 2) satisfies d(z, Fix(P;)) < 2¢; foralli = 1,...,m, then
d(z, F) < €/2.

Let 8y > 0 satisfy
8o < (2gN) "' and (89, M) < €, (2.109)

and let a positive number § satisfy

§ < 80 and 8n(8o, M)N(g + 1) < €0/2. (2.110)
Assume that

{(Q2i,w)}2) C M.
satisfies for each natural number j
oeomy C U WUt 1)),
Xo € B(0, M) and {x;}2, C X, {A;}2, C [0, 00)
satisfy for each natural number i,
(i, Ay) € A(xi—1, (£2;,w3), 6).
Then
|lx:|| < 3M + 1 for all integers i > 0

and for each integer i > (n(8y, M) — 1)N,

d(-xi’F) S €.

2.4 Proof of Theorem 2.11

By Theorem 2.10,

x|l < 3M + 1 for all integers i > 0
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and there exists a strictly increasing sequence of integers {q,,};io such that

0 < qo < n(p,M)—1, (2.111)
1 < gp+1 — qp < n(8p, M) for all integers p > 0 (2.112)

and that for each integer p > 0 and each i = qu oo (gp + DN,
d(x;, F) < €/2. (2.113)
Assume that an integer p > 0 and that an integer i satisfies
(gp + DN <i< gy N (2.114)
and
d(x;,F) < €/2+ (i — (gp + DN)S(G + 1). (2.115)

(Note that in view of (2.113), inequality (2.115) is true for i = (g, + 1)N.)
Let y > 0. By (2.115), there exists z € X such that

z€eF,
Ixi —zll < €0/2+ (i— (g + DN)S(@G+ 1) + 7. (2.116)
Set
yi = €0/2+ (i~ (g + DN)S(@G + 1) + . (2.117)
The inclusion
(X1, Aig1) € A(xi, (241, Wi1), 6) (2.118)

is true. By (2.20) and (2.118) there exists

() € Ao(xi. 1.8). 1 € Qi (2.119)
such that
i = D wirr Oyl < 8. (2.120)
1€82; 4

)&,‘+1 = max{a, L te Q,‘Jr]}. (2.121)
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It follows from (2.19) and (2.119) that for each t = (¢, ..., ty1) € £2;11 there exists

a finite sequence {yj@ }fﬁg C X such that

Yoo = Xiy )’2(),) =D
||yj@ — P,j(y;21)|| < ¢ for each integerj = 1, ..., p(?),
o = max{lyi}, =l j=0.....p(®) — 1.
Let

t=(ti,...,typ) € 2it1.
By (2.116), (2.117), and (2.122),
lz =3Il = llz= xll < ».
Assume that an integer i satisfies 0 < i < p(f) and
lz =yl < y1 + 8.

(Note that in view of (2.125), inequality (2.126) is true for i
By (2.2), (2.116), (2.123), and (2.126),

(1) (1) (t) ®
||z—yl-+1|| = ||Z_Pt,-+1(yi )|+ ||Pl,-+1(yi ) _yi+1||

<lz=y" +8 < y1 + (i + 1)s.

Thus we have shown by induction that (2.126) holds for all i = O,...

Combined with (2.17) and (2.122) this implies that

= yell = llz =¥\l < 1 + P08 < y1 + 38

forevery t = (t1,...,t,4) € 2it1.
It follows from (2.11), (2.117), (2.120), and (2.127) that

lz = xitall < llz - Z wir1(Dyell + Z Wit1 ()Y — Xig1 |

IEQH_I [E.QH_]

< Y wir@Olz—yll+8<n+a+8
IGQ,;H

<e/2+ (i~ (g + DN)S@G+ 1)+ (G+ 1)§ + y.

(2.122)
(2.123)

(2.124)

(2.125)

(2.126)

= 0)

,p(D).

(2.127)
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Since y is any positive number we conclude that
lz—xit1ll < €0/2+ (i 4+ 1= (gp + DN)S(@G+ 1).
Thus we have shown by induction that (2.115) holds for all i = (g, +
DN, ..., gp+1N. Combined with (2.110), (2.111), (2.112), and (2.113) this implies
that for each integer i > (n(8y, M) — 1)N,
d(xi,F) < 60/2 + n(SO,M)NS(é + 1) < €p.

Theorem 2.11 is proved. O

2.5 Auxiliary Results

We use the notation, definitions, and assumptions introduced in Sects. 2.1 and 2.3.

Proposition 2.12. Let

Pi(X) = Fix(P), i=1,...,m,
M > 0 satisfy

FNBO,M) # 0,
r > 0 and k be a natural number. Assume that
{82, W)}, € M.
satisfies for each natural number j
{eeomy C U Ueg(tr. - 1)),
Xp € B(0, M) (2.128)

and

2, C X, {432, C [0,00)
satisfy for each natural number i,

(xi, Ai) € Alxir, (£2i, wi), ).

Then for all integersi = 0, ...,k

[lx:]| < 3M + k(g + D)r.
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Proof. Fix
z € FNB(0,M).
By (2.128) and (2.129),
llz = x0l < 2M.
We show that foralli =0, ...k,

lz— x|l <2M + i(g + )r.
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(2.129)

(2.130)

(2.131)

In view of (2.130), inequality (2.131) holds for i = 0. Assume that an integer i

satisfies 0 < i < k and that (2.131) holds.
The inclusion

(i1, A1) € A(xi, (82i41, Wi1), 1)
is true. By (2.20) and (2.132) there exist
O o) € Ag(xi, t,1), t € 254

such that

lli1 — Z wir1 @Oyl < r,

1€Q; 4

Ai+1 = max{a, L te -Qi—i-l}-

(2.132)

(2.133)

(2.134)

(2.135)

It follows from (2.19) and (2.133) that foreach t = (#1,...,,)) € £2;11 there exists

a finite sequence {y'” }]’TL% C X such that

W= xi ¥, = .
||yj@ — P, }21)” < rfor each integerj = 1,...,p(?),

o = max{[y\}, —»\"|: j=0.....p(t) — 1}.

Let

= (ll, Ce ,tp(t)) [S -QH-I-
We show that for all j = 0, ..., p(¢),

lz= "1 < llz—xll + jr-

Note that in view of (2.136), inequality (2.139) is true for j = 0.

(2.136)
(2.137)

(2.138)

(2.139)
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Assume that an integer j satisfies 0 < j < p(f) and that (2.139) holds.
By (2.2), (2.129), (2.137), and (2.139),

Iz =y < llz= Py, GO + 1P, 07) =

<lle=y"Il+r < lz—xill + G+ Dr.

Thus we have shown by induction that (2.139) holds for all j = 0,...,p(?).
Combined with (2.17) and (2.136) this implies that

lz = yell = llz = xill + p@r < llz — xill + gr (2.140)

forallt = (t1,..., ) € §2i41. It follows from (2.11), (2.134), and (2.140) that

llz = xigtll = llz— Z Wit 1Oyl + |l Z Witk 1(D)yr — Xi1 |

1€Q2i4 1€82i41

< Y Wi Ollz—yll +r < llz—xll +ar+r.
ZE.QH_I

Combined with (2.31) this implies that
Iz =xip1ll < llz—xill +gr+r <2M + r(g+ )i + 1).

Thus we have shown by induction that (2.131) holds for all i = 0,.. ., k. Together
with (2.129) this implies that for all i = 0, ..., k,

lx:ll < 3M + (g + D)kr.

Proposition 2.12 is proved. O
Proposition 2.13. Let

Pi(X) = Fix(Py), i=1,....m,
F # @, r> 0and M > 0 satisfy
F C B(0,M).
Suppose that
{2 w2, C M

satisfies for each natural number j the following properties:
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(a)
{1,....m} C U/l::jl-v_l(U,egi{tl,...,tp(t)});
(b) there exists i(j) € {j.....j + N — 1} such that for each
t=(t,....th) € 824
there exists s € {t1, ..., t,@} for which
Py(X) C B(0,M).
Assume that
{xit2, C X, {Ai}2, C [0, 00)
satisfy for each natural number i,
(xi, Ai) € Alxi—1, (£2i,wi), 7).
Then for all integers i > N,
x|l < 6M + r(g+ 1)(N + 3) + 3r.
Proof. Fix
z€ FNB(0,M). (2.141)

Assume that p > 0 is an integer. By property (b) thereisi € {p + 1,....p + N}
such that the following property holds:

(c) foreacht = (t1,...,t,)) € §2; there exists s € {11, ..., t,()} for which
Py(X) C B(0,M).
The inclusion
(5, A7) € A(x_y, (825, w7), ). (2.142)
is true. By (2.20) and (2.142) there exist

(i, ;) € Aoy, 1,7), t € §2- (2.143)
i—1 i
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such that
b =Y wioill < 7., (2.144)
tes2;
A = max{a, : f € §25. (2.145)

It follows from (2.19) and (2.143) that for each t = (#,...,1,)) € §2; there exists
a finite sequence {y"” };’L% C X such that

J
y(()t) =X_, y;t()t) =y, (2.146)

||yj@ —P; (yjt_)l)” < rforeachintegerj = 1,...,p(?), (2.147)
a = max{||yj(.f‘)_l —y;t)|| 2 j=0,...,p()— 1} (2.148)

Let
t=(t1,....ty) € §2;.
In view of property (c), there exists j € {f,,.. .., tp(» } such that
P.(X) C B(0, M). (2.149)
By (2.147),
||y}') _P§Q§21)|| <r. (2.150)
Relations (2.149) and (2.150) imply that
Il < M+ r. .151)
It follows from (2.141) and (2.51) that
lz =y <28 + . (2.152)
Assume that an integer j satisfies
J<i<p@)
and

lz =y <20 +r+ G —jr. (2.153)
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(Note that in view of (2.152), inequality (2.153) is true for j = j.)
By (2.2), (2.14), (2.147), and (2.153),

Iz =30 < 2= Py, G + 1P, 67) =y
<lle=y"l+r <2 +r+G+1-)r

Thus we have shown by induction that (2.153) holds for all j =, . . ., p(¢). Together
with (2.17) and (2.146) this implies that

Iz = yill = =y | < 2M + r+ (p(t) = j)r < 2M + r + rg.
lz =yl <2M +r(g+ 1) forall t € £2. (2.154)

By (2.11), (2.144), and (2.154),

b =2l <l = D wioyell + 11D wile)ye — 2l

tes2; 1€52;

<r+ > wiOly —zll <7 +2M +r@G@+1).
€82

Thus we have shown that the following property holds:
for each integer p > 0 there existsi € {p + 1,...,p + N} such that

| — 2zl <2M + r(g + 2).

This property implies that there exists a strictly increasing sequence of natural
numbers {p;}2, such that

1 <p <N,

1 <pi+1—pi < N for all integers i > 1
and that
x5 — 2zl < 2M + r(g + 2) for all integers i > 1.
Applying Proposition 2.12 we obtain that for all integers i > N,
Ilxill < 6M + (G + 1)(N + 3)r + 3r.

Proposition 2.13 is proved. O
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2.6 A Convergence Result

We use the notation, definitions, and assumptions introduced in Sects. 2.1 and 2.3.
We prove the following convergence result under the assumption that the computa-
tion errors tend to zero.

Theorem 2.14. Suppose that
Pi(X) = Fix(P;), i=1,...,m,

F # 0, the family {Fix(P;) : i = 1,...,m} has the bounded regularity property,
€ > 0, M > 0 satisfy

F C B(0,M)
and that a sequence {5;}2, C (0, 00) satisfies
lim §; = 0. (2.155)
1—>00

Then there exist a natural number k| such that the following assertion holds.
Let

{(82i, wi)}2, C My

satisfy for each natural number j the following properties:
(P5)
{L....m} U Ueadn. ...t}

(P6) there exists i(j) € {j,...,j+ N — 1} such that for each t = (t1,. .., tyz) €
i) there exists s € {1y, . .1y} for which

Py(X) C B(0.M).
Assume that
{xit2y C X, {Ai}2, C [0, 00)
satisfy for each natural number i,
(xi, Ai) € A(xi—1, (82i, wi), &)
Then for all integers i > kj,

d(xi,F) <e€.
Proof. Set

r=max{$: i=1,2,...} (2.156)
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By Theorem 2.11, there exists § € (0, 1) such that the following property holds:
(P7) for each
{(Q,’, W,‘)}?il C M*
which satisfies for each natural number j

i+N—1
{1....m} CUZ T Ueadn. ... oo}

each
xo € B(0,6M + r(g + 1)(N + 3) + 3r)

and each pair of sequences {x;}72, C X, {A;}2, C [0, co) which satisfies for each
natural number i,

(i, X)) € A(xi—1, (21, wi), 8)
we have
d(xj,F) < ¢

for each integer i > Nn(8,6M + r(§ + 1)(N + 3) 4 3r). By (2.155), there is an
integer ky > 1 such that

8 < § for all integers i > k. (2.157)
Assume that
{21 w2, C M
satisfies for each natural number j properties (P5) and (P6) and that
{xi}2y C X, {Ai}2, C [0,00)
satisfy for each natural number i,
(xi, Ai) € Alxi—1, (£2i, W), 6). (2.158)
By (2.156), (2.158), properties (P5) and (P6), and Proposition 2.13,
x| < 6M + r(g + 1)(N + 3) + 3r for all integers i > N. (2.159)
It follows from (2.157), (2.159), and property (P7) that
d(x;,F) <e€

for all integers i > N + ko + Nn(8,6M + r(g + 1)(N + 3) + 3r). Theorem 2.14 is
proved. O
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2.7 Asymptotic Behavior of Exact Iterates

We use the notation, definitions, and assumptions introduced in Sects. 2.1 and 2.3.

Theorem 2.15. Let M > 0 satisfy
BO.M)NF #0
and let € > 0. Assume that
{(Q2i. w2 C M. (2.160)
satisfies for every natural number j
{eomy U Ueg,(tr. - 1)), (2.161)
Xp € B(0, M) (2.162)
and {x;}2, C X, {Ai}2, C [0, 00) satisfy for every natural number i,
(xi, A:) € A(xi—1, (82, W), 0).
Then
Card({i €{0,1,...}: x; € F.}) < N@M*c'A7 Ve 2(N+ D3 + 1) + 1.
Proof. Fix a point
z€ BO,M)NF. (2.163)
Set
Yo=eWN+ 1)1 (2.164)
Let i > 0 be an integer. The inclusion
(Xi+1, Ait1) € A(xi, (82141, Wit1), 0) (2.165)

is true. By (2.20) and (2.165) there exist vectors

(ytvat) € A()(xi,t, 0)7 te Qi'i‘l (2166)
such that
Xiy1 = Z Wir1(Oyr (2.167)
1€+

Ai+1 = max{a, L te -Qi—i-l}- (2.168)
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It follows from (2.19) and (2.166) that for every t = (t1,...,tyn) € $2,4; there

exists a finite sequence {y(t) }p (t()] C X such that

Yoo = Xiy )’;(),) =D
([) P,,(y 1) for each integerj = 1,...,p(?),
o = max{lyi, =l j=0.....p(®) — 1.

Let

= (tl,...,tp(,)) € .QH_].

(2.169)
(2.170)

(2.171)

By (2.2), (2.163) and (2.170), for every integer j satisfying 0 < j < p(t), we have

(t) 2 (1) 2 (f) 2 (OGN

lz =y 117 = llz =y 7 = llz = 3717 = llz = Py )l
- ®

> C”)’j — Vit I

In view of (2.17), (2.169) and (2.172),

Iz = x> = e =y l? = llz = )1 = e =y I
p(H—1
=Y Uz=y"12 = llz =31
Jj=0
p(—1

t -
>z Z Iy = 12 = ce.

It follows from (2.11), (2.18), (2.167), (2.168), and (2.173) that

le—xeetlP = e = 3wl < 3 Nz = ylPwir1 (1)

YEQH_I IGQH_I
= Z wit1 ()(llz = x|1* — &)
1€82; 41

<lz—xl>=¢A Y of <lz—x|> —cAr},

1€824
Thus

lz = x> < llz —xil* — EA)L?H for all integers i > 0.

(2.172)

(2.173)

(2.174)
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By (2.162), (2.163), and (2.174), for each natural number n,

n—1
A =z =xol* = e = xol® = e =%l = Y _(llz—xill* = llz = %4111
i=0
n—1
> Y AN}y, = eAyCard(fi € {1.....n} 1 A = o).
i=0

Since the relation above holds for every natural number n we conclude that
Card({i € {1,2,....}: ;> ypo}) <4M*c'A 'y 2 + 1. (2.175)
Assume that an integer i > 1 and A; < y,. The inclusion
(xi, A1) € A(xi—1, ($2;, W), 0) (2.176)

is true. By (2.20) and (2.176) there exist vectors

(. a;) € Ap(xi—1,1,0), t € £2; (2.177)
such that
x= Yy wi)y. (2.178)
1€
A = max{o, : t € £2;}. (2.179)

It follows from (2.19) and (2.177) that for every t = (t1,. .., 1)) € £2; there exists
a finite sequence {y](.l) };L% C X such that

W =X vy = (2.180)
y](.t) = P,j(y](.t_)l) for each integerj = 1,...,p(7), (2.181)
o = max{|ly{}, — "Il : j=0.....p() — 1}. (2.182)

Let
= (ll, c. ,l‘p(,)) € $2;

be an index vector. By (2.179), (2.181), (2.182) and the inequality A; < Yy, for every
j=0,...,p(H)—1,

W€ Fyy(Py,). (2.183)
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It follows from (2.17), (2.179), (2.180), (2.182), (2.183), and the inequality A; < y,

that for every integer j = 0, ..., p(t) we have
it =71 < ki < Gyo

and if j < p(t), then

Xio1 € Fap(Pyy1).
Therefore

Xi—1 € I*:,-NO(PX) foralls =1,...,p()

and

llxi—1 = Y|l = gvo
for all € £2;. In view of (2.185),

Xi—1 € m{ﬁt}yo(Ps) IS UIGQi{tls cee stp(t)}}‘

It follows from (2.11), (2.178), and (2.185) that

i1 — x| = [lxi1 — Z wi(D)y|

t€82;

< Zwi(f)ﬂxi—l =yl < voq.
1€82;

Set

Eo={ie{l,2,...}: X >y}
By (2.175), (2.186), (2.187), and (2.188),

Card(Eg) < 4M*c ' A7y 2 4+ 1

and the following property holds:
(P8) if an integer i > 1 satisfies the inequality A; < yy, then

Xi—1 € ﬁZiVO(PS)’ s € U,egi{ﬁ, ... ,l‘p(,)},
[xi—1 — xi|l < voq.

Set

Ei={ie{l,2,...}: [i,i+N—1]NEy # 0.

(2.184)

(2.185)

(2.186)

(2.187)

(2.188)

(2.189)

(2.190)
(2.191)

(2.192)
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By (2.164), (2.189), and (2.191) we have
Card(E;) < NGM*e'A7yg2 + 1)
< NEM*e'ATIA(N + )22 +1). (2.193)
Assume that a natural number j & E;. In view of (2.192),
{.....j+ N—1}NEy=0.
Together with (2.188) this implies that for every integer i € {j,...,j + N — 1},
the inequality A; < g is true and (2.190) and (2.191) hold. In view of (2.191)
which holds for every integer i € {j,...,j + N — 1} and for every pair of integers
i,ibe{j—1,...,j+N—1} we have
lxi, = x5l < YoNg. (2.194)
By (2.161), (2.194), and (2.190) which holds for eachi € {j,....j + N — 1},

= i+N—1
X € F(—]},O(];,H)(Ps), s € Uﬁ-:j (Ue@ittts .o oy y) = A1, ..., m}.

Together with (2.164) this implies that
Xj € F €

forallj e {1,2,...,}\ E;. Theorem 2.15 is proved. O

Note that Theorem 2.15 is a generalization of the main result of [93] obtained for
the convex feasibility problem.
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