Chapter 2
Fixed Point Results and Their Applications
in Right Multivariate Fractional Calculus

We introduce a fixed point iterative scheme and use it to approximate a solution of a
nonlinear operator equation. Applications are suggested involving in particular right
multivariate fractional calculus. It follows [8].

2.1 Introduction

Let By, B, denote Banach spaces and 2 be a subset of B;. Let also £ (By, B;) stand
for the space of bounded linear operators from Bj into B;.
Problems in applied sciences, engineering and other disciplines can be written
like
Sx)=0, (2.1.1)

where S : Q — B, is a continuous operator in many cases using Mathematical
Modelling [1, 7, 12, 13, 17, 19].

Solving such equations is a challenge. Closed form solutions x* can be obtained
only in some special cases. Therefore, researchers resort mostly to the utilization of
iterative methods [1, 7, 12].

In the present chapter we shall approximate x* with a very general iterative process
allowing applications in diverse areas including right multivariate fractional calculus
as follows: Let A () : @ — L (Bj, B,) be a continuous operator and set

F=LS, (2.1.2)

for some L € L (B,, By). The solution x* is approximated as a limit of the sequence
{x,} given for xy € Q by the fixed point scheme:

Xnt1 = Xp 4wy, A (x,) wn+F(xn)=O (2] 3)
Sw, =0 W, :=U—-AX))w, — F (x,). o
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Clearly, the sequence {x,} given by

Xnp1 = Q (x,) = Q" (x0) (2.1.4)

is well defined. Suppose that sequence {x,} converges. Then, we can write:
0% (xg) := lim (Q” (xo)) = lim x,. (2.1.5)
n— o0 n—oo

Many methods in the literature can be considered special cases of method (2.1.3).
We can choose A tobe: A (x) = F’ (x) (Newton’s method), A (x) = F’ (xg) (Modi-
fied Newton’s method), A (x) =[x, g (x); F], g : Q2 — B (Steffensen’s method).
Many other choices for A can be found in [1-21] and the references there in. There-
fore, it is important to study the convergence of method (2.1.3) under generalized
conditions. In particular, we present the semi-local convergence of method (2.1.3)
using only continuity assumptions on operator F and for a so general operator A as
to allow applications to right multivariate fractional calculus and other areas.

The rest of the chapter is organized as follows: Sect.2.2 contains the semi-local
convergence of method (2.1.3). In the concluding Sect. 2.3, we suggest some appli-
cations to right multivariate fractional calculus.

2.2 Convergence

Let B (x,£), B (x, &) stand, respectively for the open and closed balls in B; with
center x € B; and of radius £ > 0.
We present the semi-local convergence of method (2.1.3) in this section.

Theorem 2.1 Let F : Q2 C By — By, A(:) : Q — L(By, By) and xo € Q be as
defined in the Introduction. Suppose: there exist &y € (0, 1), 6; € (0, 1), n > 0 such
that for each x,y € Q2

d=0d0+d <1, (2.2.1)
IF (xo)ll <7, (2.2.2)
11 —A @) < do, (2.2.3)
IF()—Fx)—AX) (y—x) <o lly—xl (2.2.4)
and

B (x0,0) € Q, (2.2.5)

where

n
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Then, sequence {x,} generated for xy € Q2 by

Xpi1 =X+ 0 (0), Qn (W) :=( —A(xp)) w— F (x,) (2.2.7)
is well defined in B (xo, p), remains in B (x, p) for eachn =0, 1,2, ... and con-

verges to x* which is the only solution of equation F (x) = 0 in B (xo, p). Moreover,
an apriori error estimate is given by the sequence {p,} defined by

poi=p pn=T7(0), T,() =0+ d1pn_1 (2.2.8)
foreachn = 1,2, ... and satisfying

lim p, = 0. (2.2.9)

n—oo

Furthermore, an aposteriori error estimate is given by the sequence {c,} defined by

on = H(0), H,(t) =0t +31pa-i, (2.2.10)
Gn = l1xy —x0ll < p—pu < p, (2.2.11)

where
Pn—1 = |lxy — Xu—1|| foreachn = 1,2, ... (2.2.12)

Proof We shall show using mathematical induction the following assertion is true:
(A,) x, € X and p, > 0 are well defined and such that

Pn + DPn—1 = Pn—1- (2213)
By the definition of p, (2.2.3)-(2.2.6) we have that there exists r < p (Lemma
1.4 [7, pp.3]) such that

do7 + | F (xo)|l = r

and
Ser < 6kp — 0ask — oo.

That is (Lemma 1.5 [7, pp.4]) x; is well defined and py < r.
We need the estimate:

Ti(p—r)=00(p—r)+dipo =

dop —dor +01p=Go(p) —r=p—r.
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That is (Lemma 1.4 [7, pp.3]) p; exists and satisfies
pr+po=p—r—+r=p=po.

Hence (/p) is true. Suppose that for each k = 1,2, ..., n, assertion (Ii) is true. We
must show: x;1 exists and find a bound r for p;. Indeed, we have in turn that

dopr + 01 (pr—1 — pr) = dopr + O1pk—1 — O1pk
=T (px) — 01px < pr.

That is there exists r < p; such that
r=08or + 61 (pk—1 — pr) and (6o + 1) r — 0 (2.2.14)

asi — 0o.
The induction hypothesis gives that

>~

-1 k—
qk = Pm Z m — Pm+1) = P — Pk < P,

m

0 x¢ € B (xo, p) C Qand x; satisfies ||[I — A (x1)|| < do (by (2.2.3)).
Using the induction hypothesis, (2.1.3) and (2.2.4), we get

I1F (ol = I1F (o) — F (1) — A (x—1) (e — x|l (2.2.15)
< 01pk—1 < 01 (Pr—1 — px)
leading together with (2.2.14) to:
dor + I F (xp)ll <,

which implies x4 exists and py < r < pi. It follows from the definition of py
that

Tivi (o —r) =T (pr) —7 = px — 1,
SO pr+1 exists and satisfies
Pk+1+ Pk S pr — 1 + 1 = pi

so the induction for (/) is completed.
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Let j > k. Then, we obtain in turn that

J J
|xjek = x| <D 2 D705 = pis1) = P — pisk < p (2.2.16)
i=k i=k

We also get using induction that

Pt = Tt (pr1) < T (o) < Opg < ... < 8y (2.2.17)

Hence, by (2.2.1) and (2.2.17) klim pr = 0, so {x;} is a complete sequence in a

Banach space X and as such it converges to some x*. By letting j — 00 in (2.2.16),
we conclude that x* € B (xx, pr). Moreover, by letting k — oo in (2.2.15) and using
the continuity of F' we get that F' (x*) = 0. Notice that

Hyi (pr) < Ti (pr) =< prs

so the apriori bound exists. That is oy is smaller in general than py. Clearly, the
conditions of the theorem are satisfied for x; replacing xo (by (2.2.16)). Hence, by
(2.2.8) x* € B (xp, 0,,), which completes the proof for the aposteriori bound. |

Remark 2.2 (a) It follows from the proof of Theorem 2.1 that the conclusions hold,
if A (+) is replaced by a more general continuous operator A : 2 — Bj.

(b) In the next section some applications are suggested for special choices of the
"A" operators with vy := dg and 7y, := ;.

2.3 Applications to Right Multivariate Fractional Calculus

Our presented earlier semi-local convergence results, see Theorem 2.1, apply in the
next two multivariate fractional settings given that the following inequalities are
fulfilled:

IT—=AM) o = € (0, 1), (2.3.1)

and =
[FO-Fe)T -awo-n|=nly-x. @32

where Yo, 71 € (0, 1), furthermore

Y=+ €@©]1), (2.3.3)

127

k
forall x, y € [] [af, b}], where a; < a} <bf <b;,i=1,... k.
i=i

=1, and ||-|| is a norm in R¥.

Above i is the unit vectorin R¥, k e N, | i
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The specific functions A (x), F (x) will be described next.
(I) Consider the right multidimensional Riemann-Liouville fractional integral of

order o« = (g, ..., ax) (o > 0,i =1,...,k):
1 b
(I f) ) = —— / / ]_[(t,—x)“'*lf(tl,.. ) diy .. diy,
H (al e =1

2.3.4)
k

where I' is the gamma function, f € L (H la;, b,-]), b = (by,...,by), and
i=1

k
x=(x1,...,x) €[] la:, bi].
i=1

k
By [6], we get that (I,?_ f ) is a continuous function on [] [a;, b;]. Furthermore
i=1
by [6] we get that /;* is a bounded linear operator, which is a positive operator, plus

that (1" f) (b) = 0.

k
In particular, ( o f ) is continuous on H [a b*] .

[

Thus there exist x1, x, € H [a;
i=1

b} such that

i Y

(15~ f) (x1) = min (1" f) (x),
(I~ f) (x2) = max (I7 f) (x), (2.3.5)

overall x € H [aF. bF].
i=1
‘We assume that

(Ig{f) (x1) > 0. (2.3.6)
Hence
|25 f Hmﬁ e = (5-F) 52 > 0. 23.7)
Here we define |
Jf(x)=mf(x), 0<m< 3 (2.3.8)

for any x € H [ar,b7].

i

Therefore the equation

Jf (x) =0, er at, by, (2.3.9)

i=1
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has the same solutions as the equation

o
F (x) := 7)o 0, er[al, 1. (2.3.10)

Notice that

. f (If)e 1 :
et = b JIE o : 2.3.11
"‘(2 (L f) m))m 2 ) 2 E[ Pl e
Call .
(I3 f) (x)
Ax) = ——"r" V¥ *br]. 2.3.12
(x) > (I,;"_f) ) X € E [a ] ( )

We notice that

(15 f) (x1) .
<m_ ()—E Ver“:vb,- (2.3.13)

Hence the first condition (2.3.1) is fulfilled by

I« k
|1—A(x)|=1—A(x)§l—%—: Yo, H al, b]. (2.3.14)

k
Hence |1 — A (x)]ls < 70, where |||l is over [] [ai*, bl*] . Clearly v € (0, 1).
i=1

Next we assume that B¢ ACIR NP contraction, that is

I f)(x2)

f@ W
215 ) e 2(15f)

<Olx—y|l, allx,ye H af, b¥],  (2.3.15)

0<0<1.
Hence

mf (x) mf ()
2(1f) ) 2(I5_f) ()

=mb|x -yl =<3 ||x =yl (2.3.16)

k
allx,y e H [al bl*]
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Set A\ = g,itiSO <A< % We have that
|F (x) = F () < Allx = yll, (2.3.17)

all x, yeH[al, b¥].

Equlvalently we have

[Jf () = Jf W] < 2A (L f) () llx =yl allx, yeH[al, bi]. (2.3.18)

i=1

We observe that
[F»=FenT —awo-n) <

[F () = F@l+1A@] |y — x| < (2.3.19)

My =xll+1A@Hy —xll = A+ [AED Iy —xI = @),

Vx,ye H [ar, b7].
By [6] we have that

k Q
(752 <x)|—(Hr( +)l))||f||oo, (23.20)

k
Vx € [] [aF, b}]. where |-]lo now is over [T [a;, b;].
' i1

Hence
(12 f) ) 1 k(b — ;)"
Ax)| = ,
A (x)] 20 ) oo = 20 ) o Er<a,~+1) 1fllo < 00
(2.3.21)
Vxe H [al , bl*]

Therefore we get

1 k )
= (,\+ 2 (15 f) (x2) (H T (o + — )Ilflloo) ly—xll, (2322

k
Vx,yeH[al,bf].




2.3 Applications to Right Multivariate Fractional Calculus 25

Call

1 k a;)%
0 =\ , 2323
<M= S (]‘[ o l+1))||f||oc (2323)

and by choosing (b; — a;) small enough, i = 1, ..., k, we can make v; € (0, 1),
fulfilling (2.3.2).
Next we call and we need that

(I f) (x1)
0<y=modm=(1-=20 )y
<v=%+m ( 2 (17 1) )

1 £ ai)®
A 1, 2.3.24
( 1 f)(xz)(Hl"( l+1))||f||oo)< (23.24)

equivalently,

1 k(b — ;)" (I f) (x1)
A+ 20 Ao 2.3.25
2(15- f) (x2) (H I (0 + )”f I 2 (L f) (x2) (2329

equivalently,

k

20 (£ (x2>+(1‘[r( “’)‘)nfnoo (I5=f) (1) (2.3.26)

which is possible for small A and small (b; — ag;),alli =1, ..., k. Thatisy € (0, 1),
fulfilling (2.3.3). So our numerical method converges and solves (2.3.9).
D) Let o« = (g, ..., ), o > 0, m; = [a;] ([-] ceiling function), a; ¢ N,

k
i=1,....,keN,and G € CZi=imi~! (H [a,-,b,-]), such that
i=1

S ‘
o=5" G
0 # 8)6?“—3 € Loo(H[aivbi])-

i=1

Here we consider the multivariate right Caputo type fractional mixed partial deriva-
tive of order a:

( 1),1 by by 0
D“’ G(x)= / / H(tz —x) m1 —a; (2.3.27)

HF(m,—Oé) o=

i=l
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05" G (1. 1)
dty...dt,
oo T

where again T" is the gamma function, b = (b, ..., by), V x = (xy,.
k

., Xy) €
1 [ai, bi]1. Notice here that m; — a; > 0,1 = 1
i=1

k
By [6], we get that D;’ G is a continuous function on [] [a;,
that Dj' G (b) = 0.

b;], and it holds
i=1

In particular DG is continuous on ]_[ [al ,b;“] , where a; < a < b} < b;,
i=1
i=1,..., k.

k
Therefore there exist x;, x; € [ [

ar, by] such that
i=1

(D;_G) (x1) = min (D

G) (x),
(DZ{G) (x2) = max (D,i G) (x), (2.3.28)
overall x € H [al, ,].
We assurrlle 1that
(D;LG) (x1) > 0. (2.3.29)
Hence
H DY G” [ ] = (D;,J‘_G) (x) > 0. (2.3.30)
Here we define
JGx)=mG(x), 0<m< > (2.3.31)
for any x € H [a7, b7].
Therefore the equation
JG(x)=0, x€ H [ar, 7], (2.3.32)
i=1

has the same solutions as the equation

Pl 200 JG (x)

2D G XEH[%’ br]. (2.3.33)
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Notice that

« k
D;j( G (x) ) _ Dy G (x) < % <1, xe€ H[af* bi].  (2.3.34)

2D) G (x2))  2D¢ G (x2) — i
We call )
DY G (x)
A(x) =———, Vx € a’,b|. (2.3.35)
2D} G (x2) E[ |
‘We notice that
D¢ G (x)) 1
0< =770 A@x) <. (2.3.36)
2DY G (x2) 2
Hence the first condition (2.3.1) is fulfilled by
Db_G (x1)
H—A@|=1-Ax) <1 I GO - =, Vxe€ H a’, bf]. (2.3.37)
Hence
1T—AM@lw <, (2.3.38)
where ||-|| is over H [al , bf] .
Clearly vy € (0, 1)
G(x) . . .
Next we assume that 5—=>5— By 6)e 182 contraction, that is
G G
w - W) | gy =yl allx, yel_[[al, 1, (2.3.39)
2 (DE_G) (x2) ZD},_G (x2) i=1
with0 < 0 < 1.
Hence
mG (x) mG (y)
’ - <mllx -yl <2 ||x —yl,  (2.3.40)
2(Dy_G) (x2)  2(D§_G) (x2)

k
allx,y € [] [ai*,b;k].
i=1

Set A = g,itiso <A< %.Wehavethat

|F(x) = FOWI=Allx—yl, (2.3.41)
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all x, ye]_[[al, l]

Equlvalently we have

IJG (x) = JG ()| < 2X (DY_G) (x2) lx — yII, allx, yeH [af, b}]. (2.3.42)
i=1

We observe that
[F»=FenT -am0-»| <

[F(y)—F®I+[A@[y—x|l <

Ay =xll+ 1Ay —xll = A+ [A@D Iy —xIl = (¥2), (2.3.43)

Vx,ye H[al,bl*].
By (2. 3 27) we notice that

1
|Dj_G (x)| <
[1T (mi — )
i=1
k
by 1 gi miG
f—x)"M TN d o g
/ /Xk ll—!( Xi) L ax]'...axkk
oo
>
_ 1 ﬁ (bi — x;)™ 07 G
=~ m; — oy 8x oo ax;ﬂk
[1T (mi —cy) M=t
u o0
. . >m
b — x; m;—a; o= G
_ H ( X;) - all - (2.3.44)
LT (mi—a; + 1) ox{" ... 0x;
We have proved that
k ™
a; )m, Q; o= G
DS G _ , 2345
| Dy (x)|_(H —a,+1)) ox{" ... ox™ ( :

oo
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k k
Vxel] [a b*] where ||-||,, now is over [] [a;, b;].
i=1 i=1

Hence we get

k mi—oy Zmi
PYES I y JC R | ISR, Y
- 2D§:G ()Cz) il r (mi — o + 1) 3x1"‘ N 8.X]an

(2.3.46)
Vxe H [al , b;"]
Therefore we obtain
>
k s mi
(bi —a)"™" o= G
<1\ — ,
(W) < 1A+ 55 G(xz) (1:[ T (m; — o; + 1)) oo | |1
o0
(2.3.47)

k
Vx,ye[][ar b7].
can

k > m
(bi —a)"™ ™ o= G
0 = A+ , (2.3.48
<M 2D“ G (xz) (H I'(m; —a; + 1)) oxy" L ox* ( )

oo
and by choosing (b; — a;) small enough, i = 1, ..., k, we can make v; € (0, 1),
fulfilling (2.3.2).
Next we call and we need that
Dy_G (x1)
0 = (1 ==—"7
<yi=%+M ( 2D9 G ()

k o >om;

! (bi — ;)" ™ 25" G
' 1, (2349
206w (Er<mf—ai+1>) o | [ < @34

[ee]

equivalently,

k
2 mi
A+ . ﬁ (b — a;)" o5 G Djy_G (x1)
< )
2Dp_G (x2) o T (mi —a; +1) ) Oxy" ... Ox" 2D, G (x2)

oo

(2.3.50)
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equivalently,
>
k i mi
o (bi —a))" ™" o= G o
20D G () +| [ ] Fon ot D ) || < PG,
P i i ce.
[o.¢]
(2.3.51)

which is possible for small A and small (b; — a;),alli =1, ..., k. Thatisy € (0, 1),
fulfilling (2.3.3). So our numerical method converges and solves (2.3.32).
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