Chapter 2
Approximation by Max-Product
Bernstein Operators

Section 2.1 of this chapter contains general results of approximation obtained by
applying Theorem 1.1.2, Jackson-type estimates for some particular classes of
functions and results of shape preserving.

In Section 2.2 we improve for strictly positive functions the estimates in
approximation by max-product Bernstein operators.

Section 2.3 contains saturation results and Section 2.4 contains very strong
localization results for these operators.

Section 2.5 studies the iterations and the fixed points of the max-product
Bernstein operators, while Section 2.6 contains applications to approximation of
fuzzy numbers and explicit estimates for the approximation in the L!-norm.

In Section 2.7 we present the approximation and shape preserving properties for
two kinds of bivariate max-product Berstein operators.

Section 2.8 gives applications to image processing including some by graphics
illustrating them.

In Section 2.9 we show how new max-product type operators can be constructed
in such a way that the positivity of the approximated function can be dropped and
also we introduce and study new approximation operators called of the sum-max

type.

2.1 Estimates for Positive Functions

In this section we study the approximation properties for the max-product operator
B,(IM) introduced by formula (1.20) in Subsection 1.1.2, at the point (i).

Firstly, by using Theorem 1.1.2, we obtain the order of approximation
O(wi(f;1/4/n)). Then, one proves by a counterexample that in a sense, for
arbitrary f this order of approximation cannot be improved. However, for subclasses
of functions f including, for example, that of concave functions, we find the
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26 2 Approximation by Max-Product Bernstein Operators

Jackson-type order of approximation O(w; (f; 1/n)), which for many functions f is
essentially better than the order of approximation obtained by the linear Bernstein
operators. Finally, some shape preserving properties are presented and comparisons
between the max-product and the linear Bernstein operators are discussed.

Since it is easy to check that BM )(0) — f(0) = B,(,M)(f)(l) —f() = 0 for
all n, notice that in the notations, proofs, and statements of the all approximation
results, that is in the next Lemmas 2.1.1-2.1.3, Theorem 2.1.5, Lemmas 2.1.6-2.1.8,
Corollaries 2.1.10, 2.1.11, in fact we always may suppose that 0 < x < 1. For the
proofs of the main results we need some notations and auxiliary results, as follows.

For each k,j € {0,1,2,...n}and x € [#, %], let us denote

Pai(®) |5 — x|
pn.j(x)

Pnk (x)

Minsl) = P

s My j (x) =

It is clear that if kK > j + 1 then

Pax®) (G =)

Mk,n (.X) =
! an(x)
andif k <j— 1 then
Pn k(x)(-x - l_c)

My j(x) = 222202

! pmi(x)

Also, foreach k,j € {0,1,2,...n},k >j+2andx € [#, %] let us denote

— Par@) (G — %)
Minj(x) = ———————

/ pn.j(x)

and foreach k,j € {0,1,2,...n},k <j—2andx € [ni—l %] let us denote

Pnk (X) (x - nkﬁ)

My i) = Pnj(x)

Lemma 2.1.1 (Bede-Coroianu-Gal [21]). Letx € [-15, 2.

(i) Forallk,je{0,1,2,...n}, k>j4 2 we have
Mien(x) < My j(x) < 3M ().
(ii) Forallk,je€{0,1,2,...n}, k <j—2we have

Micnj(x) < My, ;(x) < 6Mjp(x).
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Proof. (i) The inequality M, j(X) < My, j(x) is immediate.

On the other hand,
k k i
Myp(x) =X T R
bV — Tk =k i+1
Mk»"\/(x) n+1 -X n+1 fl+1
kn+k—nj  k—j k

=

_ <3
nh—j—1) k—j—1 " ntk—j—1

which proves (i).
(ii) The inequality My ,;(x) < M, , ;(x) is immediate.

On the other hand,
k i+1 k
%.nxi(x):x_ [ fz+1l Tt
Mipj(x)  x— Iﬁc a n-jH - 5
(DG +1-k) _ n+1DG+1-k n+l .j+1—k _ ‘j—l—l—k
 onj—nk—k — nj—nk—n  n  j—k—1-"" j—k—1
=21+ 2 <6
B j—k—1) ="
which proves (ii) and the lemma. O
Lemma 2.1.2 (Bede-Coroianu-Gal [21]). For all k,j € {0,1,2,..n} and x €
k7. 2] e have

My j(x) < 1.

Proof. We have two cases: 1) k > jand 2) k <.

Case 1). Since clearly the function A(x) = 17 is nonincreasing on [j/(n + 1),
(G + 1)/(n+ 1)], it follows

mk,nj(x) :k+11—x>k+]1—m:k+1n_]>
Mip105(x) n—k x T n—k H—Tll n—k JF1-

n

)

which implies m;,j(x) > M1, (x) = Mg, (x) = -+ = my ().
Case 2). We get

M) _n—k+1  x _n—k+1
M1 0j(X) k l—x— k 1— -

=n—k+1. j -
k n+1—j—
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which immediately implies

My j(X) = mj—q j(X) = mjn,j(x) = -+ = mo,jx).

Since m;, j(x) = 1, the conclusion of the lemma is immediate. O

Lemma 2.1.3 (Bede—Coroianu-Gal [21]). Lerx € [~ J'rl, L :11

(i) Iik e{j+2,j+3,....,n— 1} is such that k — vk + 1 > j, then]VIk,,,J(x) >
Mty j(x).

(ii) Ifk € {1,2,..j— 2} is such that k + vk <, then My, ,(x) = My, ,, ;(x).

Proof. (i) We observe that

My j(x)  k+1 1-x Z7—x

Migij(x)  n—k x Hl_y

n+1
. . 1 K —x . . . .
Since the function g(x) = ~—*455— clearly is nonincreasing on (0, 1], it
k1 x
n—j  k—j—1 j+1 .
follows that g(x) > g(’_H) ]+{ . k’_j forall x € [n+l =7)- Then, since the

condition k — +/k + 1 > jimplies (k+ 1)(k—j—1) > (j+ 1)(k—j), we obtain

_Mk’,w'(x) . k~|—1.l.’l—].k—‘]—.1 "
Mip1nj(x) — n—k j+1  k—j

(ii) We observe that

M) n—k+1 x x-— o

Mk*l,nxj(x) k 'IE_T_II '

"*1 is nondecreasmg on [0, 1), it follows that
+

Since the function h(x) = X - —
i forall x € [L-, £

X x—
h(x) = h(=L4) = el = —. L2, Then, since the condition
k 4+ vk < jimplies j(j — k) > k(j — k + 1), we obtain

M, . — i P
Pop noktl g Tk Ly
My, 5(0) k n+l—j j—k+1
which proves the lemma. O

Also, a key result in the proof of the first main result is the following.
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Lemma 2.1.4 (Bede—-Coroianu—Gal [21]). We have

n . 1
\/pn,k(X)=an(X),f0rallxe[ / ,J+ j|,j=0,1,...,n,
k=0

n+1 n+1

where p, x(x) = (Z) (1 = xyk,

Proof. First we show that for fixedn € Nand 0 <k < k + 1 < n we have
0 < pui+1(x) < pax(x), if and only if x € [0, (k + 1)/(n + 1)].

Indeed, the inequality one reduces to

0< n Xk-H(l _x)n—(k-i-l) < n xk(l _x)n—k7
T \k+1 ~\k

which after simplifications is equivalent to

0 < n + n < n
= k1) T\ [T k)
But since (,},) + (}) = (;7)). the above inequality immediately becomes

) k+1
equivalent to

k+1
n+1

0<x<

By taking k = 0, 1, .., in the inequality just proved above, we get

Pu1(x) < puo(x), if and only if x € [0, 1/(n + 1)],
Pu2(x) < pui(x), if and only if x € [0,2/(n + 1)],
Pu3(x) < pu2(x), if and only if x € [0,3/(n + 1)],

SO on,
Pus+1(x) < pui(x), ifand only if x € [0, (k + 1)/(n + 1)],

SO on,

pn,n—Z(x) = Pnin—3 (.X), if and Only ifxe [0’ (n - 2)/(" + 1)]7
Pun—1(X) < ppu—a(x), if and only if x € [0, (n — 1)/(n + 1)],
Pnn(X) < pun—1(x), if and only if x € [0,n/(n + 1)].
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From all these inequalities, reasoning by recurrence we easily obtain:

ifx €[0,1/(n+ 1)], then p, x(x) < puo(x), forallk =0,1,...,n,
ifxe[l/(n+1),2/(n+ 1)], then p, x(x) < pu1(x), forallk =0,1,...,n,
ifxe[2/(n+1),3/(n+ 1)], then p, x(x) < pu2(x), forallk =0,1,...,n,

and so on finally
ifx € [n/(n+1),1], then p,x(x) < pun(x), forallk =0,1,...,n,

which proves the lemma. O
The first main result of this section is the following.

Theorem 2.1.5 (Bede—Coroianu-Gal [21]). Iff : [0, 1] — R is continuous, then
we have the estimate

|B£M)(f)(x) —f®)| < 12w (f; Jforalln € N, x € [0, 1],

1
vn+ 1)
where

w1(f;8) = sup{[f(x) —f)[:x,y € [0, 1], |x — y[ < &}

Proof. It is easy to check that the max-product Bernstein operators fulfil the
conditions in Theorem 1.1.2 and we have

B0 - 01 = (14 5B 00w ) r 738 e

n
where ¢, (t) = |t — x|. So, it is enough to estimate
! k
V Pui(x) }; —x}

Ey(x) 1= BM () (x) = =2
k\_/opn.k(x)

Letx e [j/(n+1),(j+ 1)/(n+ 1)], where j € {0,...,n} is fixed, arbitrary. By
Lemma 2.1.4 we easily obtain

.....

In all what follows we may suppose that j € {1,...,n}, because for j = 0 simple
calculation shows that in this case we get E,(x) < %, forallx € [0,1/(n+ 1)]. Soit
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remains to obtain an upper estimate for each My, j(x) when j = 1,...,n is fixed,
xelj/n+1),G+1)/(n+ 1)]and k = 0,...,n. In fact we will prove that

My pj(x) <

6
forall x € [j/(n+1), +1 D].k=0,... 2.2
Ty fora xej/(n+ 1), (+1D)/(n+D]k=0,....n,  (2.2)

which immediately implies that

E,(x) < , forallx € [0,1],n € N,
and taking 6, = m in (2.1) we immediately obtain the estimate in the statement.

In order to prove (2.2), we distinguish the following cases:

D kefi—1jj+1}:20k>j+2and3)k <j—2.

Case 1). Ifk =, thenMj,”(x) = ’— —x’ Since x € [n+l ilill] it easily follows
that M; ,, j(x) < n+1
If &k =j+ 1, then Mj1,;(x) = m,_;_ln,(x)(ﬂrl x). Since by Lemma 2.1.2
we have mjt1,;(x) < 1, we obtain Mjt,,(x) < ’+1 —x < Hr;l - n—ji-l =
n+j+1 < 3

nn+1) = n+i-

. j—1 j+1 i—1 2n—j+1 2
Ifk =]—1,thenM]~_1_n,j(x) = mj_l_nJ(x)(x—JT) < fm—jT = % < .

Case 2). Subcase a). Suppose first that k — 'k + 1 < j. We get

=
*

_ k k J
My, i = i — < ——_—x< _ <
k, J(‘x) My, J(x)(}’l—i-l x) +1 X n+1 n+1
k k—«/k+1_«/k+1< 1
n+1 n+1  n4+l ~ Jn+1l

Subcase b).  Suppose now that k — +/k + 1 > j. Since the function g(x) =
x — +/x + 1 is nondecreasing on the interval [0, c0) it follows that there exists
k e {0,1,2,...n}, of maximum value, such that k—vVk+1 < Jj. Then for
kk=k+1 we getk; — ki +1 > jand

— k+1 k+1
My 1 () = mp gy (0 (—— T —x) < ol
k+1 j k+1 k= Vk+1
“n+l1 n4+17 n+1 n—+1

\/%+1+1< 2
n+1  ~ n¥l
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Also, we have k; > j + 2. Indeed, this is a consequence of the fact that g is
nondecreasing on the interval [0, 00) and because it is easy to see that g(j +
1) <j. By Lemma 2.1.3, (i) it follows that Mz ,, ;(x) = Mgy, ,:(x) = -+ >

A_4n.n‘j(x). We thus obtain A_dk,mj(x) < Jj? forany k € {k + 1,k +2,...n}.

Therefore, in both subcases, by Lemma 2.1.1, (i) too, we get My, j(x) < J'%.
Case 3). Subcase a). Suppose first that k + +/k > j. Then we obtain
j+1 k
M . = ni —_ < —
_k,n‘/('x) mk, .j(x)('x n + 1) — n + 1 n + 1
_ktVkHl ko Ykl _Jmtl 2
-~ n+1 n+1 n+l — n+l — /nxl

Subcase b).  Suppose now that k + vk < j. Let k € {0,1,2,...n} be the

minimum value such that & + vk > j. Then k, = k— 1 satisfies k» + vk < j
and
k=1 j+1 k-1
M) = MO =) <y T

_EVE+L E-1 VEv2 3
T o+l n+l  n+l = gl

Also, because in this case we have j > 2 it is immediate that k, < j — 2. By
Lemma 2.1.3, (ii) it follows that My_, ,.(x) = Mj_, ,.(x) = -+ = M, ;(x).

We obtain M, ;(x) < \/113? forany k <j—2andx € [n’?, %]'

In both subcases, by Lemma 2.1.1, (ii) too, we get My, ;(x) < %_H
In conclusion, collecting all the estimates in the above cases and subcases we
easily get the relationship (2.2), which completes the proof. O

Remarks. 1) The order of approximation in terms of w, (f; v/n) in Theorem 2.1.5
cannot be improved, in the sense that the order of max.ejo 11{E,(x)} is exactly
JL% (here E, (x) is defined in the proof of Theorem 2.1.5). Indeed, for n € N let

us take j, = [5], kn = ju + [V1], Xy = /;l’% and denote 7 = n — [3]. Then we

can write

(0)ee (1 =)™ g,
(o (1 =y 1

= (ﬁ—[JZ]+1)(ﬁ—[¢ﬁ]+2)...ﬁ([g]“)[m‘m—_l
G+ D[ +2) . (B +[Va) U 7 e

M, () = Xn)
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[%1+1)W -

Since 2[5] > n — 1, we easily get [5] + 1 > i, which implies ( =
for all n € N. On the other hand,

i~ [/ + 1)~ [V +2)..ii _ <ﬁ—[ﬁ]+1)[ﬁ] N (g—ﬁ“)ﬁ_

51+ D51 +2) ... (5] + [VnD) [5]+[v/7] 5+ /n
Because lim (g_ﬁﬂ)ﬁ = ¢4, there exists ny € N such that
n—oo \ 3t+/n B ’ 0

(—[Yn+ D@ —[Vn]+2)...7
G1+DA51+2) ... (5] + [VaD

=5

)

>e

for all n > ny. It follows

e(ynl - 1) - e
n+1 ~6yn’

Mkn Ny (xn) 2

for all n > max{ng, 4}. Taking into account Lemma 2.1.1, (i) too, it follows that

P

for all n > max{ng, 4} we have My, ,;, (x,) > o7

which implies the desired
conclusion.

2) With respect to the method of proof in Bede—Gal [30], the method in this section
presents, at least, two advantages: it produces the explicit constant 12 in front
of wi(f;1/+/n+ 1) and its ideas can be easily used for other max-product
Bernstein type operators too, a fact which will be seen in the next chapters.

In what follows we will prove that for large subclasses of functions f, the order
of approximation w; (f; 1/4/n 4+ 1) in Theorem 2.1.5 can essentially be improved to
w1 (f; 1/7’!)

For this purpose, for any k,j € {0.1,..n}, let us define the functions fi ,; :
[, ] 5 R

n+1° nt1
k ! k=i [k
gt =ma (3) = B2 ().
J

Then it is clear that for any j € {0, 1,...,n} and x € [n_jH, flill

] we can write

BM () @) = \/ finj(x).

k=0

Also we need the following four auxiliary lemmas.
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Lemma 2.1.6 (Bede—Coroianu-Gal [21]). Letf : [0, 1] — [0, co0) be such that

B () (x) = max{fyn (0. 1.0 (0} for all x € [j/ (n + 1), i + 1)/ (n + D].

Then

1
n

IBY (1) (x) — ()] < 200 (f; ) Jorallx € [j/(n+ 1), G+ 1)/(n+ D).

Proof. We distinguish two cases:

Case (i). Letx € [j/(n+1), (j+1)/(n+1)] be fixed such that B,(lM)(f)(x) = fin(x).
Because by simple calculation we have n;—ll <x- ﬁ < nJlrl and fj,j(x) = f(’;),

it follows that

1
B (1) (x) — f(0)] < (f; ?) .

Case (ii). Letx € [j/(n+1), i+ 1)/(n+ 1)] be such that B () (x) = fi+ 1.0, (x).
We have two subcases:

(i) BM(F)(x) < f(x), when evidently £,,;(x) < fiy1,;(x) < f(x) and we
immediately get

BM () ) = f )| = [fia1i(0) —F )]
— £ — 1) < £ —£Gi/m) < o (f; %) |
Giy) B™(f)(x) > f(x), when
BI(F)(x) = f@)] = Fra1ai(0) —f(x) = mj+1,n,,(x)f(j+71) —f()

</ s,

j*1 jt1 Joo_ 1 2 7+l
Because 0 < 5= —x < - — o5 = o te <i it follows f(5=) —f(x) <
2w (f; 1), which proves the lemma. O

Lemma 2.1.7 (Bede-Coroianu-Gal [21]). Letf : [0, 1] — [0, 00) be such that
BELM)(f)(x) = max{fj,j(x),fi-1.j(x)} forallx € [j/(n + 1), (G + 1)/(n + 1)].

Then

‘BgM)(f)(x) —f@)] < 20 (f; %) Jforallx e [j/(n+ 1), G+ 1)/(n+ 1)].
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Proof. We distinguish two cases:

Case (). B (f)(x) = fin;j(x), when as in Lemma 2.1.6 we get
1
1B () () — )] < o (f; ?) .

Case (ii). B,(1M) (f)(x) = fi—1,0,(x), when we have two subcases:

(iiy) BM (f)(x) < f(x), when as in the case of Lemma 2.1.6 we obtain
1
B (N E) —f ()] < w1 (f; —) :
n+1

(iip) BM (f)(x) > f(x), when by using the same idea as in the subcase (iij) of
Lemma 2.1.6 and taking into account that

i—1 i+1 j—1 —j 1 1 2
o=x-l- <l o T +-<=,
n n+1 n nn+1) n+1 n n
we obtain
1
B0 0] < 201 (117 ).
which proves the lemma. O

Lemma 2.1.8 (Bede-Coroianu-Gal [21]). Letf : [0, 1] — [0, 00) be such that
B () (x) = max{fi—1 (). finj () fi 1.0 (0)}

forallx € [j/(n+1),G+ 1)/(n+ 1)]. Then
|BM (F)(x) — f(x)| < 20 (f; %) ,forallx € [j/(n+1),(G+1)/(n+ 1)].

Proof. Letx € [j/(n+1). i+ 1)/(n+ D].If B (£)(x) = fi.0;(x) or B (F) (x) =
Ji+1j(x), then BLM)(f)(x) = max{fj,;(x),fi+1..;(x)} and from Lemma 2.1.6 it
follows

1BY (1) () ()] < 200 (f; 1) .

1t BY () (x) = fim1.0;(x0), then B (F)(x) = max{f;,;(x),fi—1,;(x)} and from
Lemma 2.1.7 we get

1B () () — ()] < 201 (f; %) ,

which ends the proof. |



36 2 Approximation by Max-Product Bernstein Operators

Lemma 2.1.9 (see, e.g., Lorentz [114], p. 44, Bede—Coroianu-Gal [21]). Letf :
[0, 1] — [0, 00) be concave. Then the following two properties hold:

(i) The function g : (0, 1] — [0, 00), g(x) = @ is nonincreasing ;
(it) The function h : [0, 1) — [0, 00), h(x) = f(x) is nondecreasing.

Proof. (i) Letx,y € (0, 1] be with x < y. Then

X y—x x X
o0 =£ (33 20) = = 1.
y y y y
which implies £ > [0,
(i) Letx,y € [0, 1) be with x > y. Then
1—x xX—y 11—
f&) =f y+ 1) = f )
1—y 1—y 1—
which implies & > [0) O

lx—l—y

Corollary 2.1.10 (Bede—-Coroianu-Gal [21]). Let f : [0,1] — [0,00) be a
concave function. Then

B0 0] < 201 (£ ) foraltx < 0.1),

Proof. Let x € [0,1] and j € {0,1,...n} such that x €
{0, 1,...n} be with k > j. Then

]Letk €

fk+l,n.j(x) =

) = k41
k+1(x) ’(%)

Do
(”) —k/ x N\ ox _k+1
=0 < ) = : )

Ia) 1—x —X

) +1

FEED
k+1

n

!\*‘

<!

From Lemma 2.1.9, (i), we get , that is f(k+1) < k+1f( ). Since

:\»

X Jj*1
EET we get

fk+1 n,j ()C) =

On—k,; x \k5j+1 k+1 _k
()k+1( ) ey kW
]+1 n—k

n—j

1—x

—ﬁcnj(x)

It is immediate that for k > j + 1 it follows fi , j(x) > fi+1,(x). Thus we obtain

i1 () = fiani () = -+ = frjn(x). (2.3)
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Now let k € {0, 1,...n} be with k <j. Then

() pox ke k1
fioani®) = G (=) r=
() k x Nk l—x k-1
_6.n—k+1(l—x) X 4 n )

f&
17

N

k—1
> 1C0) thatis f(4) > 24 F(E1). Because

From Lemma 2.1.9, (ii), we get "

= |

1—x

< ntl=j
T =75 we get

W _ &

X \kn+1—j n—k+1 _k
Ani < M . =
Jimrng ) = (?)n—k—i—l(l—x) j n—k f(n)
k n+1—j
=fk,n.j(x)]_. T

For k < j — 1 it is immediate that fi , j(x) > fi—1,,(x), which implies
.f]"—l.n.j(x) zﬁ—Z,n.j(x) B sz.nJ(x)' (24)

From (2.3) and (2.4) we obtain

B£;M) (f) (x) = max{]s‘—l,n.j(x)»f}.nj (x)vﬁ+l,nj(x)}»

which combined with Lemma 2.1.8 implies

B0 0] < 20 (1)

and proves the corollary. O
Corollary 2.1.11 (Bede-Coroianu-Gal [21]).

(i) If f : [0, 1] — [0, 00) is nondecreasing and such that the function g : (0, 1] —

[0,00), g(x) = fo is nonincreasing, then

89000 /] =201 (131 ) foratie 0.1,

n

(ii) Iff : [0,1] — [0, 00) is nonincreasing and such that the function h : [0,1) —

[0, 00), h(x) = 710(—)‘))( is nondecreasing, then

800 /0] =201 (1:) foralive 0.1

n
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Proof. (i) Since f is nondecreasing it follows (see the proof of the next Theorem
2.1.15)

BM(£)(x) = \/ fenj@). forall x € [i/(n+ 1). G + 1)/(n + D).
k=j
Following the proof of Corollary 2.1.10, we get
B™(£)(x) = max{f,,;(x), fi+1,,;()}, forall x € [ij/(n+ 1), + 1)/(n + 1)],

and from Lemma 2.1.6 we obtain
1
B0 0] < 201 (117 ).

(i1) Since f is nonincreasing it follows (see the proof of the next Corollary 2.1.16)

J
BY () @) = \/ fins0). forallx € [j/(n + 1), G+ 1)/ + D).

k>0

Following the proof of Corollary 2.1.10 we get

BM (£)(x) = max{fi_i . (x). f.0,; ()},

and from Lemma 2.1.7, we obtain

IBY () (x) — £()| < 20 (f: 1) .

|
Remark. By simple reasonings, it follows that if f : [0, 1] — [0, c0) is a convex,
nondecreasing function satisfying @ > f(1) for all x € [0, 1], then the function
g : (0,1 — [0,00),g(x) = @ is nonincreasing and as a consequence for f is
valid the conclusion of Corollary 2.1.11, (i). Indeed, for simplicity let us suppose
that f € C'[0, 1] and denote F(x) = xf'(x) —f(x), x € [0, 1]. Then g'(x) = %, for
all x € (0, 1]. Since the inequality @ > f(1) can be written as f% < f(1), for
all x € [0, 1), passing to limit with x — 1 it follows f'(1) < f(1), which implies
(since f” is nondecreasing)

F(x) < xf'(1) —f(x) < xf'(1) —xf(1) = x[f'(1) —f(1)] =0, forallx € (0. 1],

This means that g(x) is nonincreasing.
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An example of function satisfying the above conditions is f(x) = ¢*, x € [0, 1].

Analogously, if f : [0, 1] — [0, 00) is a convex, nonincreasing function satisfying
];(TX))C > f(0), then for f is valid the conclusion of Corollary 2.1.11, (ii). An example
of function satisfying these conditions is f(x) = ¢, x € [0, 1].

In what follows we will present some shape preserving properties, by proving
that the max-product Bernstein operator preserves the monotonicity and the quasi-
convexity. First we have the following simple result.

Lemma 2.1.12 (Bede—Coroianu—Gal [21]). For any arbitrary function f
[0,1] - R4, BM (f)(x) is positive, continuous on [0, 1] and satisfies BM ) =
£O). B ()(1) = f(1).

Proof. Since p,(x) > O forallx € (0,1),n € N, k € {0,...,n}, it follows that

the denominator \/ p,x(x) > 0 for all x € (0,1) and n € N. But the numerator
k=0
is a maximum of continuous functions on [0, 1], so it is a continuous function on

[0, 1] and this implies that BM (f)(x) is continuous on (0, 1). To prove now the
continuity of BM (f)(x) at x = 0 and x = 1, we observe that p, ,(0) = 0 for all
ke{l,2,....n},pux(0) = 1fork =0andp, (1) = Oforallk € {0,1,...,n—1},

pni(1) = 1 for k = n, which implies that \/ p,«(x) = 1 in the case of x = 0 and
k=0

x = 1. The fact that B () (x) coincides with f(x) at x = 0 and x = 1 immediately
follows from the above considerations, which proves the theorem. O

Remark. Note that because of the continuity of BM (f)(x) on [0, 1], it will suffice
to prove the shape properties of BM (f)(x) on (0, 1) only. As a consequence, in the
notations and proofs below we always may suppose that 0 < x < 1.

As before, for any k,j € {0,1,..n}, let us consider the functions fi ,;
[ Bl > R,

n+1° ntl
k () x N[k
Jinj(x) = myenj(X)f (;) = 6] (1 —x) f (;) .
J

Foranyje {0,1,...,n}and x € [nil,ﬁill

] we can write

BM (1)) = \/ finj(x).

k=0

Lemma 2.1.13 (Bede-Coroianu-Gal [21]). Iff : [0, 1] — Ry is a nondecreasing
function, then for any k,j € {0,1,...n},k < jand x € [n’? %] we have
Jinj(x) = fim1.nj(x).
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Proof. Because k < j, by the proof of Lemma 2.1.2, case 2), it follows that
Minj(X) = my_1,;(x). From the monotonicity of f we get f (£) > f(£!). Thus

we obtain
k k—1
My j(X)f (—) > M1 (X)f (—)
n n
which proves the lemma. O
Corollary 2.1.14 (Bede-Coroianu-Gal [21]). Iff : [0,1] — Ry is nonincreas-
ing, then fi,j(x) > fiq10;(x) forany k,j € {0,1,...n},k > jand x € [n_’H, ::l_—ll )

Proof. Because k > j, by the proof of Lemma 2.1.2, case 1), it follows that
My j(x) > my41,;(x). From the monotonicity of f we get f (%) >f (%) Thus we

obtain
k k+1
My j(X)f (;) > My 1 (X)f (%),

which proves the corollary. O

Theorem 2.1.15 (Bede—Coroianu—-Gal [21]). Iff : [0, 1] — Ry is nondecreasing,
M) /- .
then By, (f) is nondecreasing.

Proof. Because B,(1M) (f) is continuous on [0, 1], it suffices to prove that on each
subinterval of the form [n_]i_—l %], with Jj G. {0,1,...n}, BEZM) (f) is nondecreasing.
Soletj € {0,1,...n} and x € [-Z ﬂ] Because f is nondecreasing, from

n+1° ntl
Lemma 2.1.13 it follows that

Jing ) = fi1j(X) = fimonj(x) = - = fou(x).

But then it is immediate that

n

BM (1) (x) = \/ fens(®).

k=j

for all x € [, [

]. Clearly that for k > j the function f; ,,; is nondecreasing and

n+1° n+1
since BEM) (f) is defined as the maximum of nondecreasing functions, it follows that
it is nondecreasing. O

Corollary 2.1.16 (Bede-Coroianu-Gal [21]). Iff : [0,1] — Ry is nonincreas-
ing, then B (f) is nonincreasing.

Proof. Because B" (f) is continuous on [0, 1], it suffices to prove that on each

subinterval of the form [~ £ 111

,withj € {0,1,...n}, BS,M) (f) is nonincreasing.
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Soletj € {0,1,...n} and x € [”j_l , j,ill] Because f is nonincreasing, from
Corollary 2.1.14 it follows that

f]“,n‘/‘(x) 2]_‘}'+l,n.j(x) zﬁ+2,n.j(x) = zfn,n.j(x)~

But then it is immediate that

J
BM () @) = \/ fini ).
k>0
for all x € [nil, f:_ll
since BLM) (f) is defined as the maximum of nonincreasing functions, it follows that

it is nonincreasing. O

]. Clearly that for k < j the function f; ,; is nonincreasing and

In what follows, let us consider the following concept generalizing the mono-
tonicity and convexity.

Definition 2.1.17. Let f : [0, 1] — R be continuous on [0, 1]. One says that the
function f : [0, 1] — R is quasiconvex on [0, 1] if it satisfies the inequality

f(Ax + (1 —A)y) < max{f(x),f(y)}, forall x,y, A € [0, 1].

(see, e.g., the book Gal [84], p.4, (iv) ).

Remark. By Popoviciu [128], the continuous function f is quasiconvex on [0, 1]
equivalently means that there exists a point ¢ € [0, 1] such that f is nonincreasing on
[0, ¢] and nondecreasing on [c, 1]. The class of quasiconvex functions includes the
class of nondecreasing functions and the class of nonincreasing functions. Also, it
obviously includes the class of convex functions on [0, 1].

Corollary 2.1.18 (Bede—Coroianu-Gal [21]). Iff : [0,1] — Ry is continuous
and quasiconvex on [0, 1] then for all n € N, Bf,M)(f) is quasiconvex on [0, 1].

Proof. If f is nonincreasing (or nondecreasing) on [0, 1] (that is the point ¢ = 1
(or ¢ = 0) in the above Remark), then by the Corollary 2.1.16 (or Theorem 2.1.15,
respectively) it follows that for all n € N, Bﬁ,M) (f) is nonincreasing (or nondecreas-
ing) on [0, 1].

Suppose now that there exists ¢ € (0, 1), such that f is nonincreasing on [0, ¢] and
nondecreasing on [c, 1]. Define the functions F,G : [0,1] — R4 by F(x) = f(x)
for all x € [0,¢], F(x) = f(c) for all x € [c, 1] and G(x) = f(c) for all x € [0, ¢],
G(x) = f(x) for all x € [c, 1].

It is clear that F is nonincreasing and continuous on [0, 1], G is nondecreasing
and continuous on [0, 1] and that f(x) = max{F(x), G(x)}, for all x € [0, 1].

But it is easy to show that

BM(f)(x) = max{BM (F)(x), BM(G)(x)}, forall x € [0, 1],
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where by the Corollary 2.1.16 and Theorem 2.1.15 , BM (F)(x) is nonincreasing
and continuous on [0, 1] and BM (G)(x) is nondecreasing and continuous on [0, 1].
We have two cases: 1) BM (F)(x) and B™ (G)(x) do not intersect each other ; 2)
BM (F)(x) and BM (G)(x) intersect each other.

Case 1). We have max{Bﬁ,M) (F)(x), BM G)(x)} = BM (F)(x) forall x € [0, 1] or
max{B,(lM) (F) (x),B,(lM) G)x)} = BM (G)(x) for all x € [0, 1], which obviously
proves that B™ (f)(x) is quasiconvex on [0, 1].

Case 2). In this case it is clear that there exists a point ¢’ € [0, 1] such that
BM (f)(x) is nonincreasing on [0, ¢] and nondecreasing on [¢/, 1], which by the
result in Popoviciu [128] implies that BM (f)(x) is quasiconvex on [0, 1] and
proves the corollary. O

Remark. The preservation of the quasiconvexity by the linear Bernstein operators
was proved in Paltanea [126].

It is of interest to exactly calculate BM (f)(x) for f(x) = eo(x) = 1 and for
f(x) = e;(x) = x. In this sense we can state the following.

Lemma 2.1.19 (Bede-Coroianu-Gal [21]). For all x € [0, 1] and n € N we have
(M) _
By ' (ep)(x) = 1 and

BM(e)() = x- 7 p“o‘()g) = fre0.1/m+ D),
.pn—l,O(x) o 1

B (e1)(x) = x =~ ifx € [1/(n+ 1), 1/n],

Pna(x)
.pn—l.l(x) __* .
P (x) 1—x
Pn—11(x) 2

BM (e1)(x) = x

”; L ipre/n2/m+ 1),

BM(e))(x) = x- ) ifx € 2/(n+1),2/n],
BM (e1)(x) = x- ”p“zzg) === 2 e 2/n3/n+ 1),
B e () = - P2 = 2 e 300+ 1), 3,
and s0 on, in general we have
B = L e i G+ /64 DL
j+1

BM (e))(x) =

Cfx e[+ 1)/(+ 1), G+ D/n],

n

forje{0,1,...,n—1}.
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Proof. The formula B{"” (e0)(x) = 1 is immediate by the definition of BM ) ().
To find the formula for B\ (e1)(x) we will use the explicit formula in
Lemma 2.1.4, which says that

" jioj+17 .
n = Pnj 7f Il x e , s =0,17~~~’ s
k\=/0p,k(x) Pnj(x), forall x [n—i—l n—i—l] j n

where p,,(x) = (})x*(1 —x)"*.
Indeed, since
k k

max pn,k(x)_ = max pn,k(x)_ = max {pn lk(x}

k=0.....n n k=1....n n k=0.....

this follows by applying Lemma 2.1.4 to both expressions maxy—o_._n{Pni(¥)},
,,,,, n—1{Pn—14(x)}, taking into account that we get the following division of
the 1nterva1 [0, 1]
1
n+1

2
n+1

S|
w
IA
S| W
~
S|

IA

0< <

S| =
IA
IA

= =

IA

S
+
S
+

O

Remarks. 1) The convexity of f on [0, 1] is not preserved by BM (f) as can be
seen from Lemma 2.1.19. Indeed, while f(x) = e;(x) = x is obviously convex
on [0, 1], it is easy to see that BM (e1) is not convex on [0, 1].

2) Also, if f is supposed to be starshaped on [0, 1] (that is, f(Ax) < Af(x) for all
x,A € [0,1]), then again by Lemma 2.1.19 it follows that BM (f) for f(x) =
e1(x) is not starshaped on [0, 1], although e; (x) obviously is starshaped on [0, 1].

Despite the absence of the preservation of the convexity, we can prove the
interesting property that for any arbitrary function f, the max-product Bernstein

operator BM (f) is piecewise convex on [0, 1]. We present the following.

Theorem 2.1.20 (Bede-Coroianu-Gal [21]). For any function f : [0,1] —
(M) 17 .+

[0, 00), By ' (f) is convex on any interval of the form [n+1 , i? j=0,1,...,n

Proof. Foranyk,j € {0, 1, ..n}, let us consider the functions fi . : [# ]T] — R,

k ' =k
&wu)=n%wuy§)=%%(lfxf’ﬂ;»
J

Clearly we have

BM () @) = \/ finj(x).
k=0

Jt1

foranyj e {0,1,...,njandx € [n+1*m
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Jj+1
n+1’° n+1

which will imply that BM )(f) can be written as a maximum of some convex

functions on [n l %

Since f = 0 it suffices to prove that the functions gi; : [0,1] — R, gr;(x) =
k—j
(&C) are convex on [nJrl , 2+T11
For k = j, g is constant so is convex.

We will prove that for any fixed j, each function f; , ;(x) is convex on [

For k = j+ 1, we get gj+1,(x) = 1= forany x € [n-H’ f:_ll] Then g/}, ;(x) =
ﬁ > 0 forany x € [,H_1 f:_ll

Fork = j— litfollows gj—; j(x) = —* forany x € [nJ'rl, f:rll] Then g]’,’_u(x) =

= > 0forany x € [n+1, flill

Ifk > j+ 2, then gl;(v) = =55 () 7k —j— 1+ 20) > 0 for any

j+1
X € [n+] ’ f’l? .

Ifk < j—2, then g}/ ;(x) = (1_x>4 ()77 (k—j—1+2x). Since (k—j—142x) <
k—j+1<—1foranyxe [n+l i:rll] it follows that (k — j)(k —j — 1 + 2x) > 0,
which implies g/ (x) > 0 for any x € [n+1 ”1:11

Since all the functions g ; are convex on [n T flill] we get that Bf,M) (f) is convex
on [~ _jH , fl :11] as maximum of these functions, which proves the theorem. O

Let us note that although BLM) (f) does not preserve the convexity too, by using

BM (f) it easily can be constructed new nonlinear operators which converge to the
function and preserve the convexity too.
Indeed, in this sense, for example we present the following.

Theorem 2.1.21 (Bede-Coroianu-Gal [21]). For f belonging to the set
S[0,1] = {f : [0, 1] = R;f € C'[0, 1],£(0) = 0.f is nondecreasing on [0, 1]},

let us define the following sub-additive and positive homogenous operators (as

function of f)
L,(f)(x) = / ' BM (f'\(t)dt, x € [0,1],n € N.
0

If f € S[0,1] is convex, then L,(f)(x) is nondecreasing and convex on [0, 1]. In
addition, if f' is concave on [0, 1], then the order of approximation of f through

Ln(f) is W (f/; ]/n)

Proof. Indeed, since f is convex, it follows that f/(x) is nondecreasing on [0, 1],
which by Theorem 2.1.15 implies that B (f)(x) is nondecreasing and therefore we
get the convexity of L, (f)(x) on [0, 1]. The monotonicity of L, (f)(x) is immediate by
f' = 0on [0, 1] and by the relationship L (f)(x) = BM (f")(x) > 0 forall x € [0, 1].
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Also, writing f(x) = f(f f'(1)dt and supposing that f’ is concave, by Corol-
lary 2.1.10 we get that the order of approximation of f by L,(f) is w;(f’; 1/n). In
addition, L, (f) (x) obviously is of C'-class (which is not the case of original operator
BM (£)(x)) and L (f)(x) converges uniformly to /* on [0, 1] with the same order of
approximation w; (f'; 1/n). O

Remarks. 1) A simple example of function f verifying the statement of Theo-
rem 2.1.21 is f(x) = 1 — cos x, because in this case we easily get that f(0) = 0,
f'(x) =sinx >0, f’(x) = cosx > 0 and f”'(x) = —sinx < 0, for all x € [0, 1].

2) In the definition of L,(f)(x) in the above Theorem 2.1.21, obviously that the
values f”(k/n) are involved. To involve values of f only but without to lose the
properties mentioned in Theorem 2.1.21, we can replace there f’(k/n) by, for

k41 —f(k, k 1)—f(k
example, LEEWMTID — 17 ((k + 1) /n) — f(k/n)] or by LEEDLE I,

At the end of this section we compare the max-product Bernstein operator
BM (f), with the linear Bernstein operator B,(f) given by the formula (1.1).
According to the considerations in Subsection 1.1.1, point (i), the best possible
uniform approximation result is of the order a); (f; 1/ /n) (see formula (1.2)).

Now, if f is, for example, a nondecreasing concave polygonal line on [0, 1], then
by simple reasonings we get that @ (f; §) ~ & for § < 1, which shows that the order
of approximation obtained in this case by the linear Bernstein operator is exactly JL%

On the other hand, since such of function f obviously is a Lipschitz function on
[0, 1] (as having bounded all the derivative numbers) by Corollary 2.1.10 we get
that the order of approximation by the max-product Bernstein operator is less than
%, which is essentially better than %ﬁ In a similar manner, by Corollary 2.1.11 and
by the Remark after this corollary, we can produce many subclasses of functions
for which the order of approximation given by the max-product Bernstein operator
is essentially better than the order of approximation given by the linear Bernstein
operator. In fact, the Corollaries 2.1.10 and 2.1.11 have no correspondent in the case
of linear Bernstein operator. All these prove the advantages we may have in some
cases, by using the max-product Bernstein operator. Intuitively, the max-product
Bernstein operator has better approximation properties than its linear counterpart,
for non-differentiable functions in a finite number of points (with the graphs having
some “corners”), as for example, for functions defined as a maximum of a finite
number of continuous functions on [0, 1].

On the other hand, in other cases (e.g., for differentiable functions) the linear
Bernstein operator has better approximation properties than the max-product Bern-
stein operator, as can be seen from the formula for BM (e1)(x) in Lemma 2.1.19.
Indeed, by direct calculation it can be easily proved that ||B,(1M) (e1) —er] ~ % while
it is well known that ||B,(e;) — e1]| = 0.

Concerning now the shape preserving properties, it is clear that the linear Bern-
stein operator has better properties. However, for some particular classes of func-
tions, the type of construction in Theorem 2.1.21, combined with Corollaries 2.1.10
and 2.1.11, can produce max-product Bernstein type operators with good preser-
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vation properties (e.g., preserving monotonicity and convexity) and giving in some
cases (supposing, for example, that f” is a concave polygonal line) the same order of
approximation as the linear Bernstein operator.

2.2 Improved Estimates for Strictly Positive Functions

In this section, the uniform estimate of the order O[nw, (f; 1/n)> + w(f; 1/n)] is
achieved for strictly positive functions. In addition, near to the endpoints 0 and 1,
the better pointwise estimate of the order w;(f, \/x(1 — x)/n) is obtained. Finally,
we prove that besides the preservation of quasiconvexity found in the previous
section, the nonlinear max-product Bernstein operator preserves the quasiconcavity
too. Note that because BQM) (f) is not linear, this is not a direct consequence of the
preservation of quasiconvexity already proved in the previous section.

For any k,j € {0, 1,...,n}, let us consider the functions fi ,; : #, fl:ll] — R,
Jinj () = mynj(0f (L), where my,, ;(x) = % . (ﬁ)k_j. It is easy to check that for
j

any k > j, fi.nj is nondecreasing and for any k < j, fi »; is nonincreasing.
We need the following results.

Lemma 2.2.1 (Bede-Coroianu-Gal [21]). Let k,j € {0,1,2,.n} and x €

[nj_l , i 44_-11 |. The following assertions hold:

(i) Ifj <k <k+1=n then1 > my,;j(x) > mpy,;(x):
(ii) If0 <k <k + 1<, then mp;(x) < myy,;(x) < 1.

Proof. (i) See the proof of Lemma 2.1.2, Case 1).
(i) See the proof of Lemma 2.1.2, Case 2). O

Lemma 2.2.2 (see the relationship just before the Lemma 2.1.6). Ler x € [0, 1]

andletj € {0,1,...,n} be such that x € [nil , ﬁll] Then, one has

B (1)) = \/ fini®).

k=0

Remark. By Theorem 2.1.15, Corollary 2.1.16 and by the monotonicity properties
of the functions f; , j mentioned before Lemma 2.2.1, we get that forj € {0, 1, ..., n}

and x € [#, {1+T11]’ BM () (x) = \/ finj(x) for any nondecreasing function f and
k=j

J
Bg,M) (f)(x) =V fin(x) for any nonincreasing function f.
k=0

Definition 2.2.3. Letf : [0, 1] — R be continuous on [0, 1]. The function f is called
quasiconcave, if —f is quasiconvex as in Definition 2.1.17.
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Remark. By Popovivicu [128] and from the above definition, we easily get that the
continuous function f is quasiconcave on [0, 1], equivalently means that there exists
a point ¢ € [0, 1] such that f is nondecreasing on [0, ¢] and nonincreasing on |[c, 1].

For the beginning, we deal with the estimates in approximation of polygonal lines
by the max-product Bernstein operator. Besides their itself importance, these results
will be useful to obtain the main approximation results.

By Theorem 2.1.5 it was proved that for an arbitrary positive and continuous
function on [0, 1], the order of uniform approximation by the nonlinear Bernstein
operator of max-product kind is, in general, w; (f, 1//n).

Firstly, below we show by an example that for the whole class of positive
and continuous functions on [0, 1], this is the best possible order of uniform
approximation. More precisely, in what follows we give an example of simple
monotone continuous polygonal line f, such that the order of approximation of f
by the nonlinear Bernstein operator of max-product kind is exactly wi (f, 1/4/n).

Example. Let us consider the function f : [0, 1] — [0, 00), f(x) = 0if x € [0, 1/2]
and f(x) = x — 1/2if x € [1/2, 1]. Then B (£)(1/2) — £(1/2) = BM (£)(1/2). 1t
is easy to check that 1/2 € [;7%, ’2’111] for all n € N, where ny = [n/2]. Then, since
fi 1s nondecreasing, we get (see the Remark after Lemma 2.2.2) BM H(1/2) =

\/ Srenno(1/2) = \n/ ((k))f( ). Take k, = ng + [4/n]. This implies

k=no k=ny
\/ feni(1/2)
k=ny
— (kn) _ (”) kn 1 (:n) kn no —|—1
=m0 = GG = (569 2 (G D)

(kr:)(i_’%‘i‘])_() [V -1
(”) n+1 n+1 _(,Z]) Tn+l

’

[V/nl—1

where for n sufficiently large we have | e

> 0. Let us denote n; = n—ny. We get

(&) _ =kt D1—ky +2) ... (1= o)
() (o + Do + 2). . Ky

_(m — /1] + D(ny — [/A] + 2)...ny - (n1 —[Vn] + 1)[«/51
T (ot Do +2)... (no + [Va) o + [V

Since ny < g and n; > ’%, we obtain

()

SIS
S—
%
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n \/E
Since lim (’ +§> = e, it follows that for sufficiently large n we have
n—>oQo
k+’) > ¢, This implies
ney
_ -5
M)(f)(1/2) > 0. W—l > £
- n+1l ~ 6yn
for sufficiently large n. Taking into account that w (f, 1//n) = for alln > 4,

we get

-5
B (1) = B ()1/D) ~1(5) 2 “eenF 1/

for sufficiently large n, which proves the desired conclusion.

However, there exist subclasses of continuous functions such that the approxi-
mation order w (f, 1/+/n) can be essentially improved to w; (f, 1/n).

In the same spirit of ideas, we will prove that for many types of continuous
polygonal lines on the interval [0, 1], we have the order of approximation O(1/n) =
O(wi(f. 1/n)).

In the next Propositions 2.2.5-2.2.8 and in Theorem 2.2.10, all the functions will
be assumed to be continuous and strictly positive on [0, 1]. In addition, although will
be not explicitly mentioned that in every proof, in all their proofs we may always
assume that B{" (f)(x) > f(x) and that x < -

n+1°
This fact can be summarized by the following.

Lemma 2.2.4 (Coroianu-Gal [52]). Lerf : [0,1] — Ry.
(i) If at a point x € [0, 1] we have BglM)(f)(x) < f(x), then

B 0] < 1. )

(ii) Ifx € [;37, 1] and f is nondecreasing on [0, 1], then
1
BM () (x) —f@)] < en(f, -).

Proof. (i) Indeed, if B™ (f)(x) < f(x), then let j € [0,1,...,n} be such that

X € [n+1 , m] This implies

1B (F)(x) — f(x)|

= @) =B ()0 = fx) = \/ frnj®)

k=0

< F) ~ fins ) = F@) ~ L)
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Jj+1
n+1° n+1

and since x, £ € [-1

‘n

], we get

1 1
IBM (F)(x) = f(x)| < w1 (F. —) o).

(ii) Now, if x € [,

follows that B( )(f ) is nondecreasing and noting that B(M) (1) =f(1), we get

1] and f is suppose nondecreasing, then by Theorem 2.1.15 it

B () (x) — f(x)|
= BM(F)(x) —f(x) < B () (1) — f(x)
1 1
=f(1)—f(x)Swl(f?n_i_l)iwl(f,;)- 0

Remark. Notice that since B (£)(0) — £(0) = B (£)(1) — f(1) = 0, in all the
approximation results we may assume that x € (0, 1).

Proposition 2.2.5 (Coroianu-Gal [52]). Let us consider ¢ € [0,1] and the
continuous nondecreasing function f : [0, 1] — [0, 00), of the form

I; xe]l0,¢],

S = ax + b; x € [c, 1],

that is, a > 0 and ac + b = 1. Then, for all n € N and all x € [0, 1] we have the
estimate

B0~ < T2

Proof. Firstly, note that from the Lemma 2.2.4, if B,(M)(f)(x) < f(x) or x > -1,
then |B™ (F)(x) — f(®)| < o1(f;1/n) < & < “(“H) for all n € N. Therefore, in
what follows we can suppose that BM )(f)(x) > f (x) andx < 1.

Let x € [0, 1] be fixed. We distinguish two cases: (i) x € [c, 1] and (ii) x € [0, ].

Case (i). Letj € {0,1,...,n— 1} be such that x € [nJrl , flill] (The case j = n

can be excluded accordlng to Lemma 2.2.4, (ii) ). Since f is nondecreasing we

et B ()00 = V fias 0.
=/

Let us suppose that there exists k € {j + 1,...,n} such that k > j 4+ a. Then,
we have

Jerrnj®) _n—k x _f(l%)

fing@) k1T T—x f(5)
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i+1q
Since the function g(y) = - 1s nondecreasing on [n i L 1), it follows that % <

(L) = — +1 which combmed with the fact that - k> ¢ gives us
n+1

firrnj@ _n—k j+1 at+b
Jinj@) T k+1 n—j af+b

n—k j+1 ac+b+¢
k+1 n—j af+b

Clearly, the function hA(y) = % is nomncreasmg and well defined on |[c, —]

Indeed by the continuity of f it follows that a; 4+ b > ac+ b = 1. Since h is
nonincreasing it follows that

as-i-b-i-% hk P ac+b+ 1% |
_— = —) < = — =
all—j—i—b (n)_ © ac+Db +
n+a j+1+4+a
< .
n = j+1

S|

This implies
ferrnj®) _n—k j+1 j+1+a
fk,n.j(x) - k+ 1 l’l—] n—+ 1
n—k j+1+a
n—j k+1

=

Since k > j + a it immediately follows that f"j;“ ”(fx()x) < 1.

Therefore, for k > j + a we have fi41,(x) < fi.j(x) and since there exists

k€ {j+1,....n} such that k > j + a, then this implies B™ () (x) = \/ fin;(x)
keJ(a)

where J(a) ={keN:j<k <j+a}.
Note that if there not exist k € {j + 1,...,n} with k > j + a then J(a) =

{.j+1,...,n}
Let ko € J(a) be such that BM (F)(x) = fiy.nj(x). This implies

BM (F)(x) — £ (x)
ko ko
= fion () = F () = mig n;(Of (=) =f() <f (=) =[(@).

ko Jjta J _a J a+1
< ¥ - = = <
Since —X=T, n+1 n + n(n+1) — n > we get

B () 1) < orf ) < @ Don(r, ).
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where we used the well-known inequality w; (f; A8) < (A 4+ Dw;(f; §). Now, since
clearly w(f, %) < £ we get the desired conclusion in this case.

Case (ii). Taking into account the monotonicity of BM (f) and that in this case we
have f(x) = f(c), we obtain
B () (x) — f (x)
= B (N(©) —f@) = B ()(c) —f(0).

Since for ¢ we can apply the result in the above case (i), it follows that

2
B ()W) — () = L2
and the proposition is proved. O
Remark. Note that the conclusion of the above proposition does not depend on c.
Proposition 2.2.6 (Coroianu—Gal [52]). Let us consider 0 < ¢y < ¢; < 1 and the

nondecreasing continuous function f : [0, 1] — [0, 00), of the form

1; x € [0, cq],
fx) = 4§ aix+bi;x€ci, el
arx + by; x € 2, 1],

that is, a; > 0, ajc; + by = 1, a > 0 and aycy + by = ajcy + by. Then, for all
x € [0,1] and n € N we have the estimate

(max (a; + 2)a,-)

i€{l1,2}

1B () (x) — f(x)| <

Proof. If there exists xy € [0, ¢,] such that ayxy + by = 1, then we introduce the
functions:

1; x € [0, cq],
aix + by; x € [c1, 1].

o) = {

and

I; x € [0, xo],

2.5
arx + by; x € [xo, 1]. 25

h(x) = {

If apx + by > 1 for all x € [0, 1], then we take h(x) = axx + b, for all x € [0, 1]. We
distinguish three cases: (i) x € [c2, 1]; (ii) x € [c1, ¢2], and (iii) x € [0, ¢{].
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Case i) Letj € {0,1,...,n — 1} be such that x € [nJrl,nJrl

B (F)(x) = k\n/‘ﬁc,n.j(x) \/ mknd(x)f(,l) Let ko € {j.j + 1,...,n} be such
=j =j

that B (F)(x) = fignj(x). I ko = j, then ko/n € [j/(n+1). (i + 1)/(n + 1)] and
B (F)(x) = f.;(0) = £(L) and it is immediate that

]. Then we have

BM(f)(x) — f(x) = f(i/n) — &) < o1 (f, 1/n+ 1)

max{ay, a,}

<o (f,1/n) <

If ko > j, then it is immediate that k—: > ¢, which implies f (ko /n) = h(ko/n) and
therefore fi, »j(X) = hi,.n(x), where by definition

hicnj(x) = myj(x)h(k/n).

We get BM (X)) = fromnj(x) = My nj(x) < BM (h)(x) and because in this case
f(x) = h(x) it follows

BM (£)(x) = f(x) = BM (F)(x) — h(x) < B (h)(x) — h(x).

If his asin (2.5), then it satisfies the hypothesis of Proposition 2.2.5 and it follows
that B (h)(x) —h(x) < “*29 which implies By () (x) —f(x) < ©@322 1fp
is as in the second case, that is linear on [0, 1], then £ is a concave function and by
Corollary 2.1.10 it follows that By" (h)(x) — h(x) < 2wy (f, 1) < 22 < (@i2o
and again we get B\ (f) (x) — f(x) < (”2+2)”2

Case (ii)) Letje {0,1,...,n— 1} be such thatx €[+, &) and let ko € {j.j +

n+1’ n+1
., n} be such that B,SM) () (X) = figmi (X).
If ko = j, then it is immediate that
max{a, a}

B () () —f(x) < @ (f, 1/n) <
If ]% € [c1, 2], then we get fiy nj(X) = gky.nj(x), Where
8knj(X) = My j(X)g(k/n),

and this implies B () (x) = fio.j(¥) = 8rony(®) < B (9) ().
Since f(x) = g(x), it follows that

BM (F)(x) — f(x) = B (F)(x) — g(x) < BM (g)(x) — g(x).

Clearly, g satisfies the hypothesis of Proposition 2.2.5, which combined with the
above inequality implies BM Hx) —fx) < @
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The last possibility is when k" € [c2, 1] (Indeed, if we would have ’ﬂ < ¢y that
would imply ¢; > k” > "H > ]+_11 > x, a contradiction with x e [c1, ).
Therefore, this nnphes Jronj (x) = Iy, nj(x), where does not matter which & we

choose. We have here two subcases: (ii), a; > a, and (ii), a; < a.

Subcase (ii),. By simple geometrical reasonings, it is immediate that f (%) =
h(%) < g(’%), which immediately implies fi, ,j(x) = hignj(*) < 8kpnj(x)
and further on, B{"” Hx) < BM (g)(x). This leads to the same conclusion as
above, that is

B () () —£(x) < B (g)(x) — glo) = LE D

Subcase (ii),. In this case, by simple geometrical reasonings we have f(x) >
h(x) for all x € [0, 1] (does not matter here which definition for 4 we choose)
and we get

BM(f)(x) — f(x)
= Ity 0 j(X) = F(X) < hyg () = h(x) < B (1) (x) — h(x).

Clearly, in both definitions / satisfies the hypothesis of Proposition 2.2.5,
which combined with the above inequality implies BM ) — fx) <

(a2t+2)ar
.

Case (iii). As in the proof of Proposition 2.2.5, we get BM Hx) — flx) <
BM (f)(c1) — f(cy) and since for ¢; the case (ii) is applicable we immediately
max (a;+2)a;
obtain B (F) (x) — f(x) < e )

Collecting all the estimates in the above cases and subcases we get the desired
conclusion. O

Proposition 2.2.7 (Coroianu—Gal [52]). Let us consider the nondecreasing con-
tinuous function f : [0, 1] — [0, 00),

a; x€]0,c],

fo) = ax + b; x € [c, 1],
where o > 0. Then, we have the estimate
a )a
IBM () (x) — f(x)| <
Proof. Let us consider the function
1; x €[0,c],

gk = é(ax—i— b); x € [c, 1].
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By Proposition 2.2.5, we get

B (9)(x) — g(x)) < WetDeje gy the homogeneity

of B,(qM), we get
|BM () (x) — f(x)|
= [BM (ag)(x) — ag(x)| = a [BM () (x) — g(v)| .

This implies the desired conclusion. O

Proposition 2.2.8 (Coroianu-Gal [52]). Let us consider the nondecreasing con-
tinuous function f : [0, 1] — [0, 00),

o; x € [0, c1],
f(x) = § aix+by; x € [c1, ).
arx + by; x € 2, 1],

where a > 0. Then, we have the estimate

(max 2+ %)ai)

i€{1,2}

B () (x) — f(x)] <

Proof. The proof is analogous with the proof of Proposition 2.2.7, so we omit it. [

Remark. By Propositions 2.2.7 and 2.2.8 it follows that if f is a strictly
positive function on [0, 1] and satisfies the hypothesis in Proposition 2.2.7 or
Proposition 2.2.8, then we have

2+ 75)@
B () () —f()] < —L2— xeo.1],
n
where in the first case we have a; = « and in the second case we have a; =

max{ay, az}.

In what follows, we extend the above results to any monotone, continuous, and
strictly positive polygonal line on [0, 1].

Definition 2.2.9. Leta,b € R,a < bandleta = xy <x; <---<x, =bbea
division of the interval [a, b]. A function f : [a, b] — R will be called a continuous
polygonal line if f is continuous on [a, b] and forany i € {0, 1,...,[—1}, there exists

a polynomial function of degree less than or equal to 1, f; : R — R, such that f(x) =
fi(x) = apx+b; for all x € [x;, xi41]. We denote f = (fopg.x1]-fipe ol - - -+ Sim1po—1x])-

Theorem 2.2.10 (Coroianu-Gal [52]). For fi(x) = ax + b;, i = 0,...,1—1,
let f = (fopo.a]sfipi.nals - - - »Jim1p—1 1)) be a continuous, nondecreasing, and strictly
positive on [0, 1] polygonal line. Then for all x € [0,1] and n € N we have the
estimate
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2+ My,
(B¢ @) —f)] = %

where a;, = max{ag,a,...,d—1}.

Proof. We prove the theorem by mathematical induction on the variable / €
{1,2...,}, representing the number of intervals given by the division of the
interval [0, 1].

If = 1, then it is immediate that f is linear of the form f(x) = ax+ b, x € [0, 1].
Then, by Corollary 2.1.10 it follows that

2 _ C+
n = n '

BI(0 )] £ 201 ) <

Suppose now that the assertion of the theorem holds for [ — 1. We denote by
a = max{ag, ai,...,a—}. Also we need the functions

8= (fO[xo,Xl]’fl[xl,xz]’ cee ’ﬁ—z[xl—z,xl])
and
f(0); x €[0.q,
h(x) = | aix + f(x-1) — agxi-1: x € [c, x1].
f@) =fiix):  x €y, 1]

where ¢ € [0,1] is such that a,,c + f(x—1) — aj,xi—1 = f(0). Since a;, =
max{ag, ay, . ..,a,—1}, by simple geometrical reasonings we get f(x) > h(x) for
all x € [0, 1]. In addition, it is easy to check that / is continuous on [0, 1].

For arbitrary x € [0, 1], we distinguish two cases: (i) x € [0,x—1] and
(i) x € [x1—1, 1]
Case (i). Letj € {0,1,...,n — 1} be such that x € [# T_Tll] and let kg €
{j,...,n} be such that BM (X)) = frgnj(x). If % < x;—1, then it is immediate

that fi 1 ;(X) = 8k, (x) which immediately implies B (f)(x) < B (g)(x).
Recall here that everywhere in the proof we denoted f ,, j(x) = my ,j(x)f (k/n),
8k j(X) = My j(x)g(k/n), and hyp;(x) = my;(x)h(k/n).

Since g is split in / — 1 intervals, from our assumption we get

2+ -2)a
|BM (g)(x) — g(x)| < )

Since g(0) = f(0) and @ < a;,, we get
BM(f)(x) — f(x)
= BM(f)(x) — g(x) < BM (g)(x) — g(x)

_ QA @+ fag

n - n
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If ’% > x;—1, then clearly fi, n;(x) = hi,ni(x) which implies B,(lM)(f)(x) <
B,(1M) (h)(x). By the Remark after the proof of Proposition 2.2.8 we get

1B (1) (x) — h(x)| < olkly

Since f(0) = h(0) and f(x) > h(x), we obtain
B (f) (x) — f (x)
< BM(f)(x) — h(x) < B™M (h)(x) — h(x)

_ @+ fay
—= n .

Case (i)). Letj € {0.1,....n— 1} be such that x € [-1;, Z5] and let ko €

{j,...,n} be such that BM (f)(xX) = fronj(x). If ko = j, then we get
BM () (x) — ()
. 2 + Lig. a;,
fwl(f,l)f % < w_
n n n

If ky > j, then we have % > x;—1 which immediately implies fi, »(X) = hg, 0, (X).

Noting that f(x) = h(x), and reasoning as in the above Case (i), we easily get

2 4+ 20a;,
B () @) — f () = 70

and the proof is complete. O

In order to obtain a similar result in the case of nonincreasing polygonal lines,
we need first the following simple result.

Lemma 2.2.11 (Coroianu-Gal [52]). For any function f : [0,1] — [0, 00), we
have

BM (f)(x) = BM(g)(1 —x),x € [0, 1],

where g(x) = f(1 —x) for all x € [0, 1].

Proof. By direct calculation we get
B (g)(1 —x)

Vopas =08 () V pumif (5£)
k=0 _ k=0

= B (f)(x).

V pu(l =) \/ Prns ()
k=0 k=0
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Theorem 2.2.12 (Coroianu-Gal [52]). For fi(x) = ax + b, i = 0,...,1— 1,
let f = (foo.ri]> filxinls - - - »fioix—1.x)) be a continuous, nonincreasing, and strictly
positive on [0, 1] polygonal line. Then we have the estimate

Tig \—

2+ 0 i
BYD () (x) — f(x)] < fT“)”,x c[0.1].

where a;, = max{|ao| . |ai],....|a—1]}.

Proof. Consider the function g : [0, 1] — [0, 00), g(x) = f(1 — x). Then evidently
g is nondecreasing and g has the form

8 = (80hyo1]> 81yl + « - » 8—1[y—1.])

where yi = 1 — Xj—i, I € {0, 1,... ,l} and g,»(x) = ﬁ—i—l(l — )C) = ¢x + di,
ie€{0,1,...,1—1}. Moreover, it is easy to check that

max{co, C1,...,c—1} = max{|ap|, a1, ..., |la—1|} =:a;,.

By Theorem 2.2.10 it follows that

2+ 28)a,
1BY (g)(x) — g(0)| < CH )%
n

Taking into account the above Lemma 2.2.11, we obtain

B () (x) =/ ()]
2+ 2o yg
= |BM(g)(1 —x) —g(1 —x)| < %

iy

_ 2+ 7y)ai,

n

and the theorem is proved. O

As consequences of the results on the approximation of polygonal lines, we will
get the main results of this section. Note that in all the proofs of the approximation

results, according to Lemma 2.2.4 we may always assume that BM Hx) > f(x).

Theorem 2.2.13 (Coroianu-Gal [52]). If f : [0,1] — [0,00) is a continuous,
nondecreasing, and strictly positive function on [0, 1], then we have the estimate

na)l(f, %)

70) +3) w1 (f, %),x €[0,1],n e N.

1B (F)(x) — f(x)| < (
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Proof. For n € N, we consider the function

8= (gO[xo.xl]a 8llx1.xa]s -+ s gn—l[xn_l,xn])v

where x; = fl, i € {0,1,...,n} and g;—1(x) = %}W + f(x;) for
all x € [x—1,x], i € {l,...,n}. Slncef(ﬁ) = g(;) for all k € {0,1,...,n},
by the definition of B,(IM) (f) too, it follows that B,(,M)(f)(x) = B (g)(x) for all
x € [0, 1]. Also, it is immediate that f(0) = g(0) and that |f(x) — g(x)| < w(f, %)
for all x € [0, 1]. Indeed, for x € [0,1] leti € {0,1,...,n — 1} be such that
X € [x;, xi+1]. Since g is nondecreasing on the interval [0, 1] we get [f(x) — g(x)| <

max{[f(x) — f()| [F(x) — FGeD]} < @n(f, ). Since g is nondecreasing, by
Theorem 2.2.10 we get

|BM (g)(x) — ()| < M xefo.1],
where

a, = max
i€{l,....n}

(f(xi) —f(xi—l)) _

Xi — Xi—1

We have %o = f (x,O_H) —f(xiy) < wi(f, l). On the other hand, it is immediate that
M < nw(f, ) foralli € {1,...,n}. Therefore, we obtain

Xi—Xj—1

1
noi(f, ;)

(M) X) —8&\x
B () ) g()|s( 0

+ 2) o1 (f. %),x e [0, 1].

For x € [0, 1], we get
1B () ) —f ()]
= [BM(9)(0) —f)| < [BM () (x) — g(0)| + [f(x) — g ()|

oi(f, %) noy(f, %) 1
=< ( f(O) +2)a)1(f )+a)1(f ) (W-F:;)wl(f,;)

and the theorem is proved. O

Corollary 2.2.14 (Coroianu-Gal [52]). If f : [0,1] — [0,00) is a continuous,
nonincreasing, and strictly positive function on [0, 1], then we have the estimate

nwi (f, %)

0! +3) i (f, %),x €[0,1],n e N.

|BE (1) (x) — f ()] < (
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Proof. Take g(x) = f(1 — x), x € [0, 1]. Clearly, g satisfies the hypothesis in
Theorem 2.2.13, which means that

|BM (g) (x) — g(x)|

5 (nw1 (¢.1)

2(0) + 3) w (g, %),x e [0,1].

Since f(1) = g(0) and w (f, %) = w (g, %), by Lemma 2.2.11 too, for x € [0, 1]
we get

[BM () (x) — £ ()]

1
— B9 (1) — g1 )] = 28] | 53 6y L
£(0) n
. na)l(f, %) 1
= (f(—l) + 3) w1 (f, ;),
which proves the corollary. O

In all what follows, for a continuous function f : [0, 1] — R, we denote m; =
min{f(x) : x € [0, 1]}.

Theorem 2.2.15 (Coroianu-Gal [52]). If f : [0,1] — [0,00) is a continuous,
quasiconvex, and strictly positive function on [0, 1], then we have the estimate

1
B 0@ 1) < (% + 3) o Dxe e,

Proof. Since f is quasiconvex, it follows that there exists ¢ € [0, 1] such that f is
nonincreasing on [0, ¢] and nondecreasing on [c, 1]. In addition, it is immediate that
f(c) = my. Let us introduce the functions

_ ) mpoxe [0,¢],

0= e
and

| f); x €0, ¢,

h) = { my; x € [c, 1].

It is easy to verify that max{w (g, %), w1 (h, }l)} < w(f, %). Since f = g\/ h, by the

property satisfied by B,SM), we can write

BM(£)(x) = B () (x) \/ B (W) (x), x € [0, 1].
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In addition, we observe that g satisfies the hypothesis in Theorem 2.2.13 and h
satisfies the hypothesis in Corollary 2.2.14. Therefore, we have

nw (g, ;)

2(0) + 3) w (g, %),x e [0,1]

B () (0) — gx)| < (

and

nwy (h, %)

|B;M)(h)(x) - h(x)| =< <W

+ 3) w1 (h, %),x e o, 1].

Let us choose arbitrary x € [0, 1]. If BM Hx) = BM (2)(x), then we have
B () (x) —f ()
=B (9)(®) — g(x) \/ h(x) = B (9)(x) — gx)
1 1
- (w . 3) one. ) < (”“’I_(f) 4 3) o L),
n mf n

my
1f B Hx) = BM (h)(x), then we have
BM (£)(x) — f(x)
= BM (h)(x) — g(x) \/ h(x) < B (h)(x) — h(x)
1 1
< (M + 3) wl(h’ l) < (nwl—(f’") + 3) wl(f» l)
mf n mf n

This proves the theorem. O

Theorem 2.2.16 (Coroianu-Gal [52]). If f : [0,1] — [0,00) is a continuous,
quasiconcave, and strictly positive function on [0, 1], then we have the estimate

1
B () — £ < (”“”m—(’;) ; 3) . D) xe 0.1 ne N,

Proof. Since f is quasiconcave, it follows that there exists ¢ € [0, 1] such that f is
nondecreasing on [0, ¢] and nonincreasing on [c, 1]. Let us introduce the functions

fx); xe0,c],

8} = {f(c); xelel]

and

_ [ fle);xel0,c],
A = {f(x); xele ],
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It is immediate that f(0) = g(0), f(1) = h(1) and that max{w (g, %) w1 (h, %)} <
w1 (f, %). In addition, since f < g and f < h, by the monotonicity of B™ we get

BM (£)(x) < min{B™ (g)(x), B™ (h)(x)}, x € [0, 1].

In order to prove our assertion, we distinguish two cases: (i) x € [0,c] and
(i) x € [c, 1].

Case (i). Noting that f(x) = g(x) and that g satisfies the hypothesis in Theorem
2.2.13, we get

BM (F)(x) — £ (x)

oo (2. 1
— B () () — 500 < BY (9)(0) — g = [ 2281 4 3) 0y (e, L)
g(0) n
nwi(f, 1) 1
< (W + 3) wﬁ, r_z)

Case (ii)). Noting that f(x) = h(x) and that & satisfies the hypothesis in Corollary
2.2.14, we get

BM (F)(x) — f(x)
nwi (h, %)

= B (1)) — hx) < B ()(x) — h) < ( n(0)

noy(f, 1) 1
=< <f(—1) + 3) w1 (f, ;)

+ 3) w1 (hs %)

Collecting all the estimates in the above cases (i) and (ii) and since
my = min{f(0),f(1)}, we easily get the estimate in the statement. |

Theorem 2.2.17 (Coroianu-Gal [52]). Let f : [0,1] — [0,00) be a continuous
and strictly positive function and suppose that there exists a division of the interval
[0,1],0 =xp < x1 < -+ < x; = | such that f is monotone on each interval |x;, x;11],
i €40,1,..,1— 1} and of opposite monotonicity on each two consecutive intervals.
Then

1
B () () — ()] = (”““—(f) ¥ 3) o(f 2 x e . 1Ln e,
my n

where my = min{f(x); x € [0, 1]}.
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Proof. We prove the theorem by mathematical induction on the variable / €
{1,2...,} representing the number of intervals given by the division of the interval
[0,1]. If I = 1, then it is immediate that f is monotone and the conclusion follows
from Theorem 2.2.13 or Corollary 2.2.14, respectively. If [ = 2, then the conclusion
follows from Theorem 2.2.15 or Theorem 2.2.16, respectively. Suppose now that
the conclusion of the lemma holds for any p, 1 < p <[ — 1. We have two cases: (i)
f is nonincreasing on [x;—, 1] and (ii) f is nondecreasing on [x;—_p, 1].

Case (i). First we define the function

_ ) s xe[0,x-1],
g(X) B {f(xl—l); X € [X1_1, 1].

Then, we introduce the function & depending on the value f(x;—1). If x;—; is the
global maximum point of f, then we consider

| fa=1): x € [0,x-1],
A = { £ x € o 1],

Otherwise, let ¢ € [0, x;—] be the point of maximum value where the graph of f
intersects the line y = f(x;—1). We define

f(x); x€]0,¢],
h(x) = § f(x—1): x € [c, x—1],
f(x)v X € [xl—ls 1]

Since on the interval [x;—, 1], g is monotone, it follows that the interval [0, 1] can
be split in p intervals, p < [, satisfying the hypothesis in the present theorem.
This statement holds for / too. From our assumption it follows that

nwy (gv %)
m

8

B (8) () —s@)] < ( * 3) orfs: )5 €0.1)

and
1
|BM (h) (x) — h(x)| < (M + 3) oYy xe 0.1
mp n

Now, let us choose arbitrary x € [0, 1]. If x € [0,x,—{], then f(x) = g(x) and
BM™(£)(x) < B™(g)(x). This implies

nwi (g7 %)

BM () (x) —f(x) < ( + 3) wi(g. %).

8

It is easy to check that w; (g, %) < w(f, %) and that m; < m,. Therefore, we
obtain the desired conclusion in this case.
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If x € [y, 1], then £(x) = h(x) and B;" () (x) < B} (h)(x). This implies
1
B (F)(x) —f(x) < (M + 3) o, ).
np n

Again, it is easy to prove that w; (A, %) < wi(f, %) and that m; < my,. Hence, we get
the conclusion of the theorem in this case too.

Case (ii)). We construct the function g exactly as in the above case (i). If x,—; is a
global minimum point for f, then we take

SOo=1); x € [0, x-1],

h(x) = fx): x e [x_.1].

Otherwise, let ¢ € [0, x—] be the point of maximum value where the graph of f
intersects the line y = f(x;—1). We take

fx); xe]0,c],
h(x) = f(xl—l); X € [C9xl—1]v .
fx): xex-1,1]

Clearly, we may suppose that for g and /2 we have the same estimations as in the
above case (i). Since f = g \/ h it follows that

BM()(x) = BM () (x) \/ B () ().

From now on the proof goes on the same pattern as in the proof of
Theorem 2.2.15 and noting that max{w; (g, 1), wi(h, 1)} < o(f,1) and that
my = min{m,, m;,} we easily get the desired conclusion in this case too and the
proof is complete. O

We present now the following most general approximation result for continuous
strictly positive functions.

Theorem 2.2.18 (Coroianu-Gal [52]). Let f : [0,1] — [0,00) be a continuous
and strictly positive function. Then

1
B9 () — £ < (% i 4) o Hxe0 N, @6
Lf n

where my = min{f(x);x € [0, 1]}.

Proof. As in the proof of Theorem 2.2.13, for n € N, we consider the function
8 = (80[o.x1]s &1fxi.xals - - - » 8n—1[xer.xn])- It is immediate that g satisfies the hypothesis
in Theorem 2.2.17. In addition, we have w;(g, %) < wi(f, ﬁ) and my < my.
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Furthermore, since g is monotone on any interval of the form [x;, x;+1], i €
{0,1,...,n—1}, we get |[f(x) — g(x)| < w1 (f, %) for all x € [0, 1] as in the proof of
Theorem 2.2.13. Taking into account the proof of Theorem 2.2.13, we get

B (f) (x) — f(x)|
= [BM(9)(x) — f()| = [BM(9)(x) — g)| + [f(x) — g(x)]

1 1
§ (M +3) orh. )+ onr Dy — (M +4) o,
my n n my n

which proves the theorem. O

Corollary 2.2.19 (Coroianu-Gal [52]). If f : [0,1] — [0,00) is a strictly
positive function satisfying the Lipschitz condition, then there exists a constant C
independent of n and x but depending on f, such that

C
IBM(F)(x) —f(x)| < —.x€[0.1].n € N.
n
Proof. Since f satisfies the Lipschitz condition, it follows that there exists Cy > 0
such that w (f, %) < % Substituting in (2.6) we obtain

0
n

B (1) () — £ ()] < (% + 4) S vepon,
f

For C = (,% + 4) Cy we get the desired conclusion. O

Remarks. 1) Theorem 2.2.18 gives the order of uniform approximation (with the
constant in O depending on f)

()] +e (:3)]

which for the classes of Lipschitz functions Lip, gives the approximation order
1/n**~! that fora € (2/3, 1] is essentially better than the general approximation
order Olw, (f; 1//n)] = O[1/n%/?].

2) Comparing with the approximation error given by the linear Bernstein polyno-
mials B, (f)(x) in Subsection 1.1.1, point (i), formula (1.2), case when in order to
get, for example, the order of approximation O (%), we have to suppose that /7 is

0

a Lipschitz 1-function, we see that in the case of approximation by BM (f), this
order can be achieved under the less restrictive condition that f is a Lipschitz
1-function. This shows that the saturation class for the max-product Bernstein
operator BM differs (in fact it is much larger) from the saturation class for the
linear Bernstein polynomials.
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Now, since B{" ) (0) —f(0) = BM )(1) — f(1) = 0, it is natural to look for
a better pointwise estimate near to the endpoints 0 and 1. In this sense, we present
the following two results.

Theorem 2.2.20 (Coroianu-Gal [52]). Let f : [0,1] — [0,00) be a continuous
function. Then

n

1B () (x) —f(0)| < 24 (f, it ‘x’) ,

forallx€[0,1/(n+ D]U[n/(n+1),1]andn e N, n > 2.

Proof. First, let us choose arbitrary x € [0, 1/(n+ 1)]. By relation (2.1) in the proof
of Theorem 2.1.5, we have

B () (x) — ()] < (1 + éBff“ (m(x)) NGL} 2.7)

where ¢, (f) = |t — x|, t € [0,1] and § > 0 is chosen arbitrary. So, it is enough to
estimate

\n/ pn.k(x) ilﬁ( _xi
Eyx) := B (p)(x) = =0
k\=/0pn,k(x)

Since x € [0,1/(n + 1)], by Lemma 2.1.4 we get \/ p,x(x) = pno(x), which
k=0

immediately implies E,(x) = \/ (7) ()" |£ —x|. Let ko € {0,1,...,n} be such
k=0

1—x

that ,(x) = () ()" |2 — x|. If ko = 0, then E, (x) = x. If ko > 0, then we get

1—x

) (2 )

E, ()C) =

) ()
X

>n—l X <(1+ X )n—l X
1 —x l—x— l—x 1-1/(n+1)

IA
_
+

I
S
+
—_
—~
=
~—
S
L
=
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Since the function g(x) = 7= is nondecreasing on (0, 1/(n + 1)], we get

/mn+1) 7' NN n+1
E,(x) < 2x (1 + m) =2x (1 + ;) . "

1 n
= 2x (1 + —) < 2ex.
n

From the above estimates we get E,,(x) < 2ex forall x € [0, 1/(n+ 1)]. Now, taking
8 = 2ex in relation (2.7), we get

B (F)(x) = f (0] < 201 (f, 2ex) < 1201 (f. ),

where we used the well-known property w;(f, Ax) < ([A] + Dw1(f, x). Because
xe€[0,1/(n+ 1)] C[0,1/2] implies 1 —x > 1/2, we get

IBM () (x) — £ ()]

< Rw(f,x) < 24w, (f,

-ﬁc-ﬁ)szztwl(f,\/m-ﬁ)

1
2

< 240, (f, x(ln_x)> .

Now, let us chose arbitrary x € [n/(n+ 1), 1]. Take g : [0, 1] = R, g(x) = f(1 —x).

Because 1 —x € [0,1/(n + 1)] and w; (f, M) =w | g, M) and since

B () 1] =

estimate as in the previous case and the theorem is proved. O

B™ (o)1 —x)—g(1 — x)‘ we immediately obtain the same

Combining Theorem 2.2.18 with Theorem 2.2.20, we obtain the following mixed
pointwise-uniform estimate, essentially better near to 0 and 1.

Corollary 2.2.21 (Coroianu-Gal [52]). Ler f : [0,1] — [0, 00) be a continuous
and strictly positive function. Then, for alln € N, n > 2, we have the estimates:

B ()() = F ()] = 240, (f, x“ﬂ‘”) ,
forallx € [0,1/(n+ D] U [n/(n+ 1),1], and

1
1B (1)) — 1] < (% " 4) )

forallx € [1/(n+ 1),n/(n + 1)].
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Remark. Since forx € [0,1/(n+ 1)]U [n/(n+ 1), 1] we easily have / =—— x(l =9 < L

even the uniform estimate generated in this way by Corollary 2.2.21 is obv1ous1y
better than the uniform estimate in Theorem 2.2.18.

In the previous section, by Corollary 2.1.18, it was proved that the Bernstein
max-prod operator preserves the quasiconvexity. In this section we will prove that
the discussed operator preserves the quasiconcavity too. In this sense, we present
the following shape preserving results.

Theorem 2.2.22 (Coroianu-Gal [52]). Let us consider the functionf : [0,1] — R4
and let us fix n € N, n > 1. Suppose in addition that there exists ¢ € [0, 1] such

that f is nondecreasing on [0, c] and nonincreasing on |[c, 1]. Then, there exists

¢ € [0, 1] such that B{"(f) is nondecreasing on [0, c'| and nonincreasing on [c’, 1.

In addition we have |c — | < # and BS,M)(f)(c) —f(c)’ < w(f, #)

Proof. Let j. € {0,1,...,n} be such that ¢ € [ tl] We will study the

n+1’ n+1
monotonicity on each interval of the form [n T flel] Jj € {0,1,...,n}, then by

the continuity of BM )(f) we will be able to determine the monotonicity of B(M) )
on [0, 1].

Let us choose arbitrary j € {0 1,...7jc — 1} and x € [n+1, flel] By the
monotonicity of f, it follows that f(£) > f(J_Tl) > ... > f(0). By Lemma 2.2.1, (ii),
it easily follows that f; , j(x) > fi—14(x) > -+ > fo.(x). Now, by Lemma 2.2.2 it

follows that B{"" (f)x) =V finj(x). Since BM (f) is defined as the maximum of
k=j

nondecreasing functions, it follows that it is nondecreasing on [ il, f:f_—ll ]. Taking

into account the continuity of BSLM) (f), it is immediate that f is nondecreasing
on [0, =]

Now, let us chose arbitrary j € {j. + 1,j. +2,...,n}and x € [;14-—1 , f:_ll] By the
monotonicity of f, it follows thatf(f—;) > f(ﬁTl) > ... > f(1). By Lemma 2.2.1,

(1), it easily follows that f; , j(x) > fix1.j(x) = -+ > fu.(x). Now, by Lemma 2.2.2

j
it follows that B{" Hx) = \/ Sinj(x). Since BM (f) is defined as the maximum

of nonincreasing functions, it follows that it is nonincreasing on [n T fl :11] Taking

into account the continuity of BSL )(f), it is immediate that f is nonincreasing on
et
51 |

Finally, let us discuss the case when j = j.. If ﬁ < ¢, then by the monotonicity of

f it follows that f (j;”) >f (j“%l) > ... > f(0). Therefore, in this case we obtain that

is nondecreasing on [~ ,j“+1 It follows that f is nondecreasing on [0, " and
g ) n+1’ n+l g
nonincreasing on [’,‘lill , 1]. In addition, ¢’ = "Ill is the maximum point of B(M) )

and it is easy to check that |¢ — (/| < m If f‘ > ¢, then by the monotonicity of f

it follows that f (j;‘) >f (j"%) > .o > f(1). Therefore, in this case we obtain that
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, il] and

the maximum point of B( )(f )

f is nonincreasing on [#, ’;i'll] It follows that f is nondecreasing on

247 1] In addition, ¢’ =
and again, it is easy to check that |¢c — ¢/| <

nomncreasmg on +

1
n+1°

We prove now the last part of the theorem. First, let us notice that BM Hx) <
f(c) for all x € [0, 1]. Indeed, this is immediate by the definition of B (f) and by
the fact that c is the global maximum point of f. This implies

IBM (F)(c) - f(c)|

=£(©) = BM () () = £(c) = \/ finj. () <£(€) = s (0)

k=0

= 1(0) L.
n

Since ¢, € [n+1 , J;:fll] we easily get f(c) —f(j;f) < w(f, ﬁ) and the theorem is
proved completely |
Corollary 2.2.23 (Coroianu-Gal [52]). If f : [0,1] — Ry is continuous and

quasiconcave on [0, 1], then for alln € N, n > 1, BM (f) is quasiconcave on [0, 1].

Proof. It is immediate by the Remark after the Definition 2.2.3 and by the
Theorem 2.2.22. O

2.3 Saturation Results

All the results in the previous sections put in evidence the potential of the max-
product Bernsten operator.

The goal of this section is to determine the saturation order together with its
corresponding special class and to obtain a local inverse result for the max-product
Bernstein operator.

Firstly, we need the following auxiliary result.

Lemma 2.3.1 (Coroianu-Gal [53]). Iff : [0,1] —> Ry, thenforalln € N, n > 1
and forall j € {0,1,...,n}, we have

BM )/ (n + 1)) = £(i/n).

Proof. Let us choose arbitrary j € {0,1,...,n}. By relation just before the
Lemma 2.1.6, one has

BM () = \/ finj), x € i/ (n+1), G + 1)/ (n + 1), (2.8)

k=0
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where

a0 = % () rwm
J

for all k € {0.1,....n}. Relation (2.8) implies B\ (f)(x) > fin;(x) for all x €
i/(n+1),G+1)/(n+1)]and k € {0, 1,...,n}. In particular, forx = j/(n+ 1) and
k = j, we get By ()(j/ (n+1)) > fi;G/ (n+1)). Butsinee f;,,;(i/ (n+1)) = £(j/n),

we immediately obtain the desired conclusion. O

The next result establishes the saturation order for the Bernstein max-product
operator.

Theorem 2.3.2 (Coroianu-Gal [53]). Denote C4[0,1] = {f : [0,1] —
Ry f is continuous on [0, 1]} and ||f|| = sup{lf(x)|;x € [0,1]}. The saturation
order is % and ||B£M)(f) —fll = o(1/n) if and only if f € C+[0,1] is a constant
function on [0, 1].

Proof. Firstly, it is immediate that for f € C4[0, 1] constant function on [0, 1] we
have B,SM)(f)(x) —f(x) =0forall x € [0, 1].

Now, let us suppose that B™ (f) approximates f € C4[0, 1] with an order of
approximation better than % In this case, there exists a, € R, n € N with the
property a, N\, 0 as n — 400, such that

IF(0) — BM(F)(x)| < 2, forallx € [0, 1] and n € N,
n
Let us choose arbitrary ¢ > 0. Since a,, \, 0 as n — 400, it follows that there exists
no € N such that g, < ¢ for all n € N, n > ny. From the above relation we get

Lf(x) — BLM)(f)(x)i < f, forall x € [0,1] and n € N, n > ny.
n

Clearly, this implies

™

BM () (x) — f(x) < ~, forallx e [0,1]andn € N, n > ny.
In particular, for x = j/(n 4 1), we obtain
BEIM)(f)(j/(n + 1) —f@G/(n+ 1)) < Z forall jn € N,n > ny,j <n.
Now, since by Lemma 2.3.1 we have BM G/ (n+ 1)) = f(j/n), it follows that

fG/m) —fG/(n+ 1)) < Z forall jn € N,n > ng,j < n. (2.9)
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Then, from the uniform continuity of f it results the existence of n; € N such that
fx) —f(y)| <eforallx,ye[0,1]andn e N, |x—y| < 1/n,n> ny. (2.10)

We will obtain the desired conclusion by proving that f is constant on any arbitrary
interval [a, b] with 0 < a < b < 1. Indeed, if this property holds, then owing to
the continuity of f on [0, 1] we immediately get the desired conclusion, that is the
function f is a constant function. So, let us choose arbitrary a, b € [0, 1] such that
0 < a < b < 1. Then, let xy € [a,b] and yy € [a, b] be the points where f attains
its minimum and, respectively, the maximum on the interval [a, b]. If xy = yo, then
it is immediate that f is constant on the interval [a, b]. Therefore, without any loss
of generality we may suppose that xo 7 yo. We have two cases: 1) xo < yo and 2)
X0 > Yo-

Case 1) Let us choose arbitrary n € N, n > n,, where n, = max{ng, n;}. Since

llim -7 = 0 and since xo > 0, it follows that there exists sufficiently large /o,
—00

ko € N, Iy > ko > 1, such that

n n n n
——— =X = = <-- = =Yoo =
n+l()+1 n+lo I’l+l()—1 n+k0 l’l+k0—1
Also, we obtain
n n n n 1 1
X0 — = - = <=-=-—,
n+l n+ly n+l+1 m+l)mn+lh+1) n~ nm
which by relation (2.10) implies that
If (x0) —=f(n/(n+lo))| < e. (2.11)
By similar reasonings we get that
(o) —f(n/ (n + k)| < e. (2.12)

Now, applying successively relation (2.9), we obtain

f(n/(n+ko)) —f(n/(n+ ko + 1)) <
n+kp

Fn/(n+ko+ 1) —f(n/(n+ ko +2)) < ﬁ :

£/ (n + ko +2)) = f(n)(n + ko + 3)) < ﬁ :

fln/Gtlo = 1) =fn/(n + 1)) = -
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Taking the sum of all these inequalities, after some simple calculations we get

f(n/(n+ ko)) —f(n/(n+ lo))

< 1 n 1 + + 1 <(lo—ko)8
~\n+k nt+k+1 T n+l—-1)~ n

Then, from relations (2.11)—(2.12) combined with the above inequality, we get

0 < f(o) —f(xo) < [f(vo) —f(n/(n+ ko))| +f(n/(n+ ko)) —f(n/(n+ L))

lo — ko)e
(lo — ko) 4

+ [f(n/(n + 1)) — f(xo)| = 2e. (2.13)

Since xp < # (see the first line of inequalities of this case 1)) we immediately get
Iy < @ and then [y — ko < ”(IX—_OM’) Using this inequality in relation (2.13) we
obtain

e(1 + xo)
X0 ’

0 < (o) —flxo) < = +2e =

(I —xo)
X0
where ¢ > 0 was chosen arbitrary. Therefore, passing in the previous inequalities
with & N\ 0, we obtain f(xy) = f(yo) (here, it is important that x, > 0 ). This clearly

implies that f is a constant function on the interval [a, b].

Case2) Take g : [0,1] — Ry, g(x) = f(1 — x). Since we obviously have
BM Hx) = BM (g)(1 —x) forall x € [0, 1] we get

IBM () = £l = B (g) — g, foralln €N,
Clearly, this means
l2(x) — B (g)(x)] < 22, forallx € [0, 1] and n € N,
n

Then, it is elementary to prove that f([a, b]) = g([1 — b, 1 — a]) and since f(xy) =
g(1 — x¢) and f(yo) = g(1 — yp), it is immediate that 1 — xy and 1 — y, are the
minimum point, respectively, the maximum point of the function g on the interval
[l —b,1—a]. By 1 —xy < 1 —yp, we can apply the conclusion of case 1) for the
function g on the interval [1 — b, 1 —a]. Therefore, it follows that g is constant on the
interval [1 — b, 1 — a], which easily implies that f is constant on the interval [a, b].
This finishes the proof of the theorem. O

Remark. The positivity of f in Theorem 2.3.2 can be dropped. Indeed, suppose that
f :0,1] — R is bounded and of variable sign on [0, 1]. Choose a constant ¢* > 0
such that f(x) + ¢* > 0, for all x € [0, 1] and define the new max-product kind
operator

AM () (x) = BM(f + ¢*)(x) — ¢*, forall x € [0, 1].
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Then, Theorem 2.3.2 holds for A" (f) with f not necessarily positive on [0, 1] (see
Theorem 2.9.1, (ix) in the last section of this chapter).

According to Corollary 2.2.19, the saturation order % in the above Theorem 2.3.2
is attained for strictly positive Lipschitz functions, on [0, 1]. Conversely, more
general if we replace the strict positivity by the positivity, then we can present the
following local inverse result.

Theorem 2.3.3 (Coroianu—-Gal [53]). Lerf : [0,1] — [0, +00) and 0 <o < B <
1 be such that f is continuous on [a, B]. If there exists a constant M > O(independent
of n but depending on f, a and B) such that

||B§M)(f) —fllfw.p) <M/n, foralln e N,

o« 1-P
Lipschitz 1 function on o, B]. Here ||f||[«.5) = sup{|[f(x)|: x € [a, B]} and

then fl.p € Lip;1 ([, B]) with L = M + max {1 1+} | lfe.py> that is f is a

Lip 1 ([, B]) = {g : [o. B] = R:[g(x) — )| = Lix —y|, forall x,y € [a, B]}.

The proof of Theorem 2.3.3 requires the next lemma.

Lemma 2.3.4. Letf : [0,1] > Rand 0 < a < B < 1 be fixed, such that f is
continuous on [, B]. For n € N satisfying n > 2/(8 — «), denote

Ml'l(a’ﬁ)
=max“f(k+l)—f(l—c)’:ke{l,...,n—2},a§]—C,k—i_l <8

n n non
Then
limsup {M,(«,f) :neN,n>2/(f—«a)} <C/n

(with C > 0 independent of n), if and only if f is Lipschitz 1 on [a, B] with the
Lipschitz constant C > 0.

Proof. Since the proof of the converse implication is trivial, it is omitted. In order
to prove the direct implication, let us choose arbitrary x,y € [o, §] with x < y and
n € Nwithn > 2/(8 — «). Since f is uniformly continuous on [«, ], there exists
mg € N such that for any u, v € [, 8], |u — v| < 1/my, we have

) —F)] < .
n

For this my, let kg, [ € N be such that

ko—l<x§ﬁ<“_§ko+loEyfko-f‘lo-i-l.

myo myo myo myo

(2.14)
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We have

IF () = F ()
() ()]

<Jreo-r (%)
p=0
o - (A

The way mg was chosen implies that

- (2] + o -r (222)

On the other hand, the hypothesis implies that

lh—1
ko+p+1 ko +p I,C
Xl () ()=

p=0

2
<=
T n

We observe that relation (2.14) implies that [j/m < y — x and hence we get

lo—1
ko+p+1 ko+p\]
Ll () () = comn

p=0

Summarizing, we obtain |f(x) —f(y)| < C(y—x) + % and letting n — o0, it follows

lf(x) —f(y)| < C(y — x). Since x,y are arbitrary in [e, 8] it is immediate that f is

Lipschitz 1 on [o, 8] with the constant C. The proof is complete. O
Now we are in position to prove Theorem 2.3.3.

Proof of Theorem 2.3.3. For n € N with n > 2/(8 — «), let us choose k(n) €
{l,...,n — 2) such that « < @ < k(")% B and (keeping the notations for
M, («, f) in Lemma 2.3.4)

o= (£5) o (42)

. k(n) k(n) k(n)+1 k(m)+1 km+1 k()42
Since == € [m’W] and = € [ P ], by Lemma 3.4

A

in [21] (see also Lemma 2.1.4) we get \n/pnyk(k(n)/n) = Puim) (k(n)/n)
k=0

and \n/ Pui((k(n) + 1) /n) = pprem+1((k(n) + 1) /n). We have two cases:
k=0
G f (A1) = 7 (42) and G £ (12 ) <7 (A2).
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Case (i) We have
\/ pusk) /) - (k /)
B(MW)(k(n)) f(@):,;o”n" e _f(k(n_n))
V. Pl /)

\/ pus(k(n)/n) - £ (k)

A ()
Prkin (k(n)/n) n

S P kwy+1(k(m)/n) - f((k(n) + 1)/n) f(@)
Pk (k(n)/n) n

k() k(n) +1Y @
~ o () ()
This implies

() () (252)(2)

1 k(n) + 1
Ck(n) + 1 .f( n ) ’
that is

M, (. B) < B (1) (k(”)) f(";—”)) + k(n)1+1 f ("(”)n+ 1).

Obviously, this implies

Mn(a’ ﬁ) = ||B;(1M)(f) _f” [, ﬂ] “f”a Bl

k()+1

and taking into account the hypothesis we get

C 1
Ma(@. ) = ot oy Wl (2.15)

Case (ii). By similar reasonings with those in the Case (i), we get

C 1
My (e, p) = — + e 1 llepy - (2.16)
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We may suppose without any loss of generality that the sequence (@)nEN is
convergent and let L be its limit. From 0 < o < M < B < 1, clearly we have

L € (0, 1). Then it is immediate that O (k(n)+l) = 0(1) and O (n k(n)) = 0(1).
More exactly, we easily get

1 n 1 1 n 1
< < < .
BT km+1~ « l—a " n—k(n) ~ 1-8

Combining the above inequalities with relations (2.15)—(2.16), we obtain

1 1 1
M, («a, <-—-|CH+max{—, —— - o .
(.p) =~ [ {a 1_/3} |lf||[,ﬂ]j|
Now, by Lemma 2.3.4 we easily obtain the desired conclusion. 0.

Remarks. 1) Applying the Remark after the proof of Theorem 2.3.2 to Theorem
2.3.3 too, it is immediate that for properly chosen ¢*, Theorem 2.3.3 still holds
for A,(1M) (f) with f not necessarily positive on [0, 1] (see Theorem 2.9.1, (x) in the
last section of this chapter).

2) From the statement of Theorem 2.3.3, it is clear that if « \, 0 or/and 8 " 1
then the Lipschitz constant L ' 400, which shows that Theorem 2.3.3 could
not be stated for the whole interval [0, 1].

3) It is a natural question to ask if for y € (0, 1), from an inequality of the form
1B (F) = fllwp < M/n?, n € N, it could be deduced that f is a Lipschitz y
function on [«, B]. Analyzing the proof of Theorem 2.3.3, the answer seems to
be, in general, negative, at least for the method of proof used, see the last part of
the proof (the analogues of relations (2.15)—(2.16) and the next lines).

2.4 Localization Results

In this section, for the class of strictly positive functions strong localization
results are obtained in approximation by the max-product Bernstein operators. The
results allow to approximate locally bounded strictly positive functions with very
good accuracy, with potential applications in, e.g., image processing and in the
approximation of fuzzy numbers, which are useful concepts in statistics, computer
programming, engineering (especially communications), and experimental science.

It is very important to note that the strict positivity of f in all the results of this
section could be dropped. Indeed, suppose that f : [0,1] — R is bounded and of
variable sign on [0, 1]. Choose a constant ¢* > 0 such that f(x) + ¢* > 0, for all
x € [0, 1] and define the new max-product kind operator

AM () (x) = BM(f + ¢*)(x) — ¢*, forall x € [0, 1].
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Then, all the results in this section hold for ALM) (f) with f not necessarily positive
on [0, 1] (see Theorem 2.9.1, (xi), (xii), (xiii), (xiv), and (xv) in the last section of
this chapter).

The plan of the present section goes as follows. Firstly, a strong localization
result is obtained and as consequences, a local direct result and some interesting
local shape preserving properties are proved.

It is worth noting the strong localization result expressed by the next Theorem
2.4.1 that shows that if the bounded functions f and g with strictly positive lower
bounds coincide on a subinterval [«, 8] C [0, 1], then for sufficiently large values of
n, BM (f) and BM (g) coincide on subintervals sufficiently close to [«, B]. Clearly,
the next Corollary 2.4.3 shows that BSLM) (f) is very suitable to approximate strictly
positive functions which are constant on some subintervals, namely if f is a strictly
positive function which is constant on some subintervals [o;, 8], i = 1,...,p,
of [0, 1], then for sufficiently large n, B,(lM) (f) takes the same constant values on
subintervals sufficiently close to each [o;, 8;], i = 1,...,p. This fact is illustrated
by a simple graph inserted at the end of the section, on which, in addition,
the approximation by the Bernstein max-product operator is compared with the
approximation by the Bernstein polynomials.

The main result of this section is the localization result Theorem 2.4.1, from
which, as consequences, a local direct saturation result and local shape preserving
properties for the Bernstein max-product operator will directly be obtained.

Theorem 2.4.1 (Coroianu—Gal [54]). Let f, g : [0, 1] — [0, 00) be both bounded
on [0, 1] with strictly positive lower bounds and suppose that there exists a,b €
[0,1], 0 < a < b < 1 such that f(x) = g(x) for all x € [a,b]. Then for all
¢,d € [a,b] satisfying a < ¢ < d < b there exists n € N depending only on
f.g,a,b,c,d such that BM Hx) = BM (g)(x) for all x € [c,d] and n € N with
n>n.

Proof. Let us choose arbitrary x € [¢,d] and for each n € Nletj, € {0,1,...,n}
(jx depends on n too, but there is no need at all to complicate on the notations) be
such that x € [j,/(n + 1), (jx + 1)/(n + 1)]. Then, by the relation just before the
Lemma 2.1.6 we have

BM () () = \/ finj, ().

k=0

where for k € {0, 1,...,n} we have

=B )

Since x € [c,d] N [jx/(n+ 1),(jx + 1)/(n+ 1)] and since a < ¢ < d < b itis
immediate that for n > ny where ny is chosen such that 1/ny < min{c — a,d — b},
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we obtain a < jo/(n + 1) < j./n < b. Indeed, if would exist n > ng with -2 < a,

since J":[l > x > ¢ > a would follow that - < % <c—aZ=< ?, a contradlctlon
Analogously, if would exist n > ny w1th b < J‘ , then by J‘H > ’r: >b>d>x>
= +1 , we would get the contradiction —— + g =b—d> n—o >

Therefore we obtain na < j, < nb for all n > ny. It is 1mp0rtant to notice here
that ny does not depend on x. From the previous inequality it follows that if n > ny
then for any x € [c, d] there exists «, € [a, b] such that j, = na,.

In what follows, it will serve to our purpose to use the sequence (a,),>1, @, =

[«/3 n2] (here [a] denotes the integer part of a). For this sequence there exists n; € N
such that na — a,, > 0 for all n > n;,.
The first main step is to prove that there exists a constant Ny € N which does not

depend on x € [c, d], such that for any n > N, and x € [c, d] we have BM Hx) =
\ fenj (x), where I, , = {k € {0.1,...,n} : jy —a, < k < j. + a,} does not
kEIll,X
depend on f. In order to obtain this conclusion, for n > max{ng, n;} let us choose
ke{0,1,...,n}\ I,,. We have two cases: i) k + a, < j,, and ii) j, + a, < k.
Case i) Since x € [j/(n+1), (ji+1)/(n+1)], we observe that 1= > %
and noting that j, = na,, after some simple calculations we obtain

n+1 —jx
f}m”Jx ()C)
S (X)

_ (n—noy +1)-(n—na,+2)...- (n—k) ( X )na,x—k'f(jx/n)
B (k4+1)-(k+2)... na, 1—x f(k/n)

- (n—noy+1)-(n—nay+2)...-(n—k) noy nak G/ n)
= k+1)-(k+2)... na '(n+1—nax) “fk/n)

We have two subcases: i) n —no, + 1 <k+ landiy)n—no, +1 >k + 1.

. n—no+1 n—no,+2 . n—k : : .
Casei,) ItisclearthatO < T S e = < which implies

frunis @) (n — nat, + 1)"%—". ( na, )”“x"‘ fGi/n)
Sing () k+1 n+1—na, f(k/m)

( Ny )mY f(/x/n)
k+1 flk/n)’

Since k < no,—a, it is immediate that k+ 1 < na, and since no,—a, > k+1,
these all together imply that

f}x,n-jx(x) - ( oty )a” f(]x/n) -~ ( noty )a,, f(]x/n)
Jing () T \k+1 fk/n) — an f(k/n)’
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Then, noting that —==— > % > 0 and denoting 0 < my; and 0 < My the

lower and upper bounds of f on [O 1], we get that
frndn 0 ( nb ) o (1 L ) o
Sreng. (x) nb —a, M; nb —a, My

We observe that lim (1 +

“n lim nbli%a

) = er—oo T = 400, It follows that

]?Xﬂjr(x)
Jx (%)

nb a,,
there exists ny € N n, > max{ngy, n} such that > | forall x € [c,d],

n>mandk €{0,1,....n},k <j,—a, In addltlon it is important to notice
that n, does not depend on x € [c, d] but of course it depends on f.

: . n—nay+1 n—no,+2 . n—k : : .
Casei,) Itisclear that T 2 e 2 > e which implies

frni @ (n - k)f*‘" , ( na )f'f" fGe/n)
ﬁc,n.jx ()C) o noty n+ 1- noty f(k/}’l)

n—=k vk nyy
> — - —_
T \n+1-na, My

Since n —k > n — no, + a, > n+ 1 — na, and since no, — k > a,, we get

Sieni ) _ (n — na, + an)“" my
Senj @) — \n+1—noy My

(2.17)

Reasoning as in the previous case we will obtain that there exists an absolute
constant n3 € N, n3 > max{ng, n;} such that Ji. "”((X)) > 1 for all x € [c,d],
n>nzyandk € {0, 1,...,n}, k <j, —a,.

Summarizing the case (i), we conclude that there exists a constant Ny =

ﬂX'W"‘) > 1 for all

max{ny, n3} (depending only on f, a, b, ¢, d), such that e

x€le,dl,n>Nyand k € {0,1,...,n}, k <j,—ay,.

Caseii) We observe that we can provide the same type of reasonings as in the
previous case, if instead of the intervals [a, b] and [c, d], respectively, we work
with the intervals [1 — b,1 —a] and [1 — d, 1 — ¢], if instead of f we work with
h(u) = f(1 — u) and if instead of the final constant N; we use a final constant
denoted with N,.

Since N; depends only on f, a, b, c, d, it is clear that N, will also depend only on
h,a,b,c,d, thatis N, will depend only on f, a, b, c, d.

Indeed, suppose that j, + a, < k. Then, for x € [c,d] and n > N,, denoting
y=1—-x¢€ [l —d,1—c,itis immediate that j, = n — j,, which implies that
n—k< j,—a,.
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n k—j
Therefore, denoting Ay, ;(y) = % (l—iv) h(k/n), similar to (2.18) we get
; )
hj nj‘(y)
2 > 1,ye[l—-d,1—c],n>Ny, n—k <j,—a,. (2.18)
hnfk,n.jy (y) ’
Since it is immediate that for any k € {0, 1,...,n} we have h,— ., (V) = fin,, (X)

and Ay ., (v) = fi,.n, (x), by the relation (2.18) we get

ﬁx,n.jx (x) >
fk,n‘/} (x)

that is the Case ii) is proved too.
Analyzing the results obtained in the Cases i)-ii), it results that for all x € [c, d],
n> Ny, Ng= max{Nl,Nz} andk € {0,1,...,n}, withk < j, —a, ork > j, + a,,

Jixng &

Sicn ,X()

1,x € [c,d]l,n> N, j, +a, <k,

we have > 1. In conclusion, we obtaln our preliminary result, that is

BM @A) (x) = \/ finj ). x € [e.d], n = No.

k€l

where I,,, = {k€{0,1,...,n} 1 j, —a, <k <j.+ a,}.

Next, let us choose arbitrary x € [c,d] and n € N so that n > N. If there exists
k € I, such that k/n ¢ [c,d], then we distinguish two cases. Either k/n < ¢ or
k/n > d. In the first case we observe that

0<C—E<x——<—— < —-=
n - n_ n+1 ~ n -

ko e+l kel k ap+1
n n no

Since lim
n—oo

which clearly implies that k/n € [a,c]. In the same manner, when k/n > d, for
sufficiently large n we necessarily have k/n € [d, b].
Summarizing, there exists N; € N independent of any x € [c, d], such that

a,+1 a,+1
n n

BM(1)x) = \/ finj®).x € [c.d]. n= N

k€I, x

and for any x € [c,d], n > Nl and k € I, we have k/n € [a, D]. Also, it is easy
to check that Ny depends only on a, b, ¢, d, and f, while j, and I, , are independent
of f.

Reasoning for the function g exactly as for the function f, there exists N, € N
which depends only on a, b, ¢, d and g, such that

BM(9)x) = \/ ki (). x € [c.d]. n= N,

k€I,

and in addition for any x € [c,d], n > N and k € I,,, we have k/n € [a, b]. Taking
n= max{N 1, N 2} we easily obtain the desired conclusion. O



80 2 Approximation by Max-Product Bernstein Operators

Remark. The localization result for the Bernstein max-prod operator B™ in
Theorem 2.4.1 is the best possible and it is much stronger than the corresponding
localization for the classical Bernstein polynomial B,, given by the following (see
DeVore-Lorentz [78], p. 308, relationship (3.3) ): if f = g on [a, b], then for any
[c, d] included in the open interval (a, b), we have

B, (f)(x) — By(8)(x) = o(1/n). x € [c.d].

Recall here that a, = o(b,) means that lim, . 3* = 0.
A local direct approximation result is now an immediate consequence of the
localization result in Theorem 2.4.1, as follows.

Corollary 2.4.2 (Coroianu—-Gal [54]). Letf : [0, 1] — [0, 00) be bounded on [0, 1]
with the lower bound strictly positive and 0 < a < b < 1 be such that f|, €
Lip [a, b). Then, for any c,d € [0, 1] satisfying a < ¢ < d < b, we have
C
|B§,M)(f)(x) —f(x)’ < — foralln € Nand x € [c,d)],
n

where the constant C depends only on f and a, b, ¢, d.
Proof. Let us define the function F : [0, 1] = R,
f(a) if x € [0, a],
F(x) = 3 f(x) if x € [a, b],
f(b) if x € [b,1].

The hypothesis immediately implies that F is a strictly positive Lipschitz function
on [0, 1]. Then, according to Theorem 2.2.18 it results that

nw, (F, L 1
|BM(F)(x) — F(x)| < (L + 4) wi(F, =)o, forx € [0,1],n € N,
mpg n

where mp = min{F(x);x € [0,1]} > 0. Since by the definition of F we have
w (F, %)[OJ] = w(f, }l)[a’b] and by the hypothesis on f we get w (f, %)[a'b] < Cy/n
for all n € N, taking into account that mp > my (here we denoted m; = inf{f(x);
x € [0, 1]} > 0), it follows

BY(F)(x) — F)| < (9 + 4) Dxepilnen
nmy n

that is
M) Ci
|BM (F)(x) — F(x)| < —,x€[0,1l,n €N,
n

where C; = Cy (Co/mf + 4) depends only on f, a, b.
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Now, let us choose arbitrary ¢,d € [a, b] such that a < ¢ < d < b. Then, by
Theorem 2.4.1 it results the existence of n € N which depends only on a, b, ¢, d, f, F
such that B{"" (F)(x) = BM (f)(x) for all x € [c, d]. But since actually the function
F depends on the function f, by simple reasonings we get that in fact 7 depends only
ona,b,c,d,andf.

Therefore, for arbitrary x € [c,d] and n € N with n > 1 we obtain

C
B ()00 ~ 0] = B - Fe] < L

where C; and 7 depend only on a, b, ¢, d, and f.
Now, denoting C, = max;<,;{n - ||BSLM) (f) = fllfc.a}> we finally obtain

IBM (£)(x) — f(x)| < %, foralln e N, x € [c,d],

with C = max{C, C,} depending only on a, b, ¢, d, and f. O

It is known (see Theorem 2.1.15 and Corollary 2.1.16) that if f is monotone on
[0, 1] then so is BM (f) on [0, 1] and (see Corollary 2.1.18 and Corollary 2.2.23) if
f is quasiconvex (or quasiconcave) on [0, 1], then so is BLM) ).

As consequences of the localization result in Theorem 2.4.1, we present a
series of local shape preserving properties for the Bernstein max-product operator
attached to strictly positive functions. Thus, we will prove that if a strictly positive
function f is monotonous (or quasiconvex or quasiconcave) on a subinterval [a, b] C
[0, 1], then for sufficiently large n, BM (f) preserves the monotonicity (or the
quasiconvexity or quasiconcavity, respectively) on any strict subinterval of [a, b].

Firstly we present:

Corollary 2.4.3 (Coroianu—Gal [54]). Letf : [0, 1] — [0, 00) be bounded on [0, 1]
with strictly positive lower bound and suppose that there exists a,b € [0,1], 0 <
a < b < 1, such that fis constant on [a, b] with the constant value «. Then for any
¢,d € [a,bl witha < ¢ < d < b,there exists n € N depending only on a, b, ¢, d, and
f, such that BM (f)(x) = aforall x € [c,d] and n € Nwithn > n.

Proof. Let g : [0,1] — R4 be given by g(x) = « > 0 for all x € [0, 1]. Since
f(x) = g(x) for all x € [a, b] and since obviously BM (g)(x) = « forall x € [0, 1],
by Theorem 2.4.1 we easily obtain the desired conclusion. O

Corollary 2.4.4 (Coroianu—-Gal [54]). Letf : [0, 1] — [0, 00) be bounded on [0, 1]
with strictly positive lower bound and suppose that there exists a,b € [0,1], 0 <
a < b < 1, such that f is nondecreasing (nonincreasing) on [a, b]. Then for any
¢,d € [a,b] witha < ¢ < d < b,there exists in € N depending only on a, b, c,d, and
f, such that BLM) (f) is nondecreasing (nonincreasing) on [c,d] for all n € N with
n=n.
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Proof. Suppose, for example, that f is nondecreasing on [a,b]. Defining the
function F : [0, 1] — R exactly as in the proof of Corollary 2.4.2, clearly that F is
continuous, nondecreasing, and strictly positive on [0, 1]. Then, by Theorem 2.1.15,
it follows that B\"" (F) is nondecreasing on [0, 1] foralln € N. Leta < ¢ < d <
b < 1. By Theorem 2.4.1 (applicable to F and f), there exists n € N depending only
ona,b,c,d, and f, such that B,(lM)(f)(x) = B,(lM)(F)(x) forall x € [¢,d] and n > n,
which proves the required assertion.

The proof in the case when f is nonincreasing on [a, b] is similar. O

Finally we present:

Corollary 2.4.5 (Coroianu—-Gal [54]). Ler f : [0,1] — [0,00) be a continuous
and strictly positive function on [0, 1] and suppose that there exists a,b € [0, 1],
0 < a < b < 1, such that f is quasiconvex (quasiconcave) on |a, b]. Then for any
c,d € [a,b] witha < ¢ < d < b,there exists n € N depending only on a,b,c,d,
and f, such that BM (f) is quasiconvex (quasiconcave) on [c,d] for all n € N with
n=n.

Proof. Let us suppose, for example, that f is quasiconvex on [a, b]. By Popoviciu
[128], the continuous function f is quasiconvex on [a, b] equivalently means that
there exists a point £ € [a, b] such that f is nonincreasing on [0, £] and nondecreasing
on [§, 1]. Then, clearly that the function F : [0, 1] — R defined as in the proof of
Corollary 2.4.2, is strictly positive, continuous, and quasiconvex on [0, 1], which
by Corollary 2.1.18 implies that BM (F) is quasiconvex on [0, 1] for all n € N.
Leta < ¢ <d < b < 1. By Theorem 2.4.1 (applicable to f and F), there exists
n € N depending only on a, b, ¢, d, and f, such that BM Hx) = BM (F)(x) for all
x € [¢,d] and n > n.

Now, since by the above characterization of quasiconvex functions in Popoviciu
[128] it is clear that any restriction to a subinterval of a quasiconvex function
remains quasiconvex on that subinterval, we get the required assertion for quasi-
convexity.

Suppose now that f is quasiconcave on [a,b]. By the Remark after Defini-
tion 2.1.17, it follows that there exists § € [a, b] such that f is nondecreasing on
[a, £] and nonincreasing on [&, b]. Then the function F mentioned above clearly
remains quasiconcave on [0, 1], which by Corollary 2.2.23 implies that BM (F) is
quasiconcave on [0, 1] for all n € N. Continuing the reasonings as in the case of
quasiconvexity, we get the required assertion. O

At this end, we illustrate graphically the property of BM (f) in Corollary 2.4.3
by a very simple example. Thus, let us consider the function f : [0, 1] — Ry,

3322 +025 if 0<x<05
flx) = 1 if 05<x<0.75
—3.6x+37if 075<x<1
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Fig. 2.1 Solid line: f; dotted line: Bernstein polynomial; dashed line: Bernstein max-product
operator.

In Figure 2.1 we compare the approximation property of B™ () (x), with the
approximation property of the Bernstein polynomial B, (f)(x), for n = 20.

2.5 Iterations and Fixed Points

In this section we study the sequence of successive approximations, the fixed points,
and the Ishikawa iterates for the max-product Bernstein operator.

For the classical Bernstein polynomials B, (f)(x), in the paper of Rus [134] the
well-known Kelisky—Rivlin’s result in [104] stating that for all f € C[0, 1], x € [0, 1]
and n € Nitholds lim,,— . B (f)(x) = f(0)+[f(1)—f(0)]x = B (f)(x) (here B (f)
denotes the mth iterate of the sequence of successive approximations), is proved in
a very simple and elegant manner, by using the Banach fixed point theorem. Note
here that By (f)(x) = f(0) + [f(1) —f(0)]x is a fixed point for the operator B,,.

Also, if m = m,, depends on n and if lim,— % = 0, then it is known that (see,
e.g., [104]) lim,— o0 B2 (f) (x) = f(x) uniformly in [0, 1].

Similar studies for the iterates of other kinds of Bernstein-type operators were
obtained via fixed point theory in, e.g., Agratini [5], Rus [135], and Agratini—
Rus [6].
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The main aim of this section is to make a similar study for the iterates of the
Bernstein max-product operator Bf,M). It is worth noting that due to the fact that B,(lM)
is not a contraction (is only a non-expansive operator), the methods used in the case
of Bernstein polynomials cannot be used for the Bernstein max-product operators,
so that new methods are required.

The plan of the section goes as follows.

Although the Bernstein max-product operator is not a contraction, as an analogue
of the above-mentioned Kelisky—Rivlin’s results for the Bernstein polynomial,
firstly we prove by a direct method that for any fixed n € N and f : [0,1] —
[0, +00), the sequence of successive approximations of the nonlinear operator BfIM),
denoted by a (f)(x) = [B,(qM) 1" (f) (x), still uniformly converges for m — oo to a

fixed point of B™M . Also, the limits of the double sequence (' (f))mnen for other
interdependences between m and n are calculated and important subsets of the set
of fixed points of the operator B™ are concretely determined.

Finally, we study the convergence of the so-called Ishikawa iterates for the
operator Bf,M).

For the proof of the convergence of the sequence of successive approximations
of quM), we need the following three auxiliary results.

The first result obtained one refers to the fact that unlike the classical Bernstein
(linear) operator B, (f) which is a contraction, the max-product Bernstein (nonlinear)
operator Bf,M) (f) is only a nonexpansive operator. This means that the Banach fixed
point theorem cannot be applied in this case.

Theorem 2.5.1 (Balaj—Coroianu—Gal-Muresan [10]). For any n € N, the max-
product Bernstein operator BM . C+[0, 1] = C4[0, 1] is nonexpansive, that is

1B (f) — B (9)|| < |If — gll. forallf.g € C4[0.1],

where C4+[0,1] = {f : [0,1] — R4:f is continuous on [0, 1]}, R+ = {x € R;
x > 0} and || - || denote the uniform norm in C+[0, 1].

Proof. We easily get

Vi=o [Pni(f (k/n) — pur(x)g(k/n)|
\/Z=O Pnk (x)

IBM (£)(x) — B (g)(x)| <

= IF—zel.

which proves the theorem. O

Remarks. 1) In general, the inequality in Theorem 2.5.1 is not strict, that is there
exists f,g € C+[0, 1], such that ||B£1M)(f) — BLM)(g)H = |If — gl|. Indeed, let
us choose, for example, f nonincreasing on [0,1] and g = 0 on [0, 1]. By
Corollary 2.1.16, it follows that B (f) is also nonincreasing on [0, 1], which
implies that ||f|| = f(0), ||B,(1M) O = BM (f)(0) and by the obvious relationship
ﬁ;&m(fﬂ(m = f(0). itimplies B, () —B," ()| = B, ()| = £(0) = ||| =

—gl.
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2) Note that Lemma 2.5 in [64] (see also Lemma 9.1.5 in this book) shows that for
any bounded f : [0,1] — Ry and n € N, B (f) € Lip, 1, with L = Cn?|If|,
C > 0 being a constant independent of f and n, where

Lip, 1 ={f : [0, 1] = R; |[f(x) —f(y)| < L|x—y|, forall x,y € [0, 1]}.

In the next result we obtain an explicit value for C in the above Remark 2.

Theorem 2.5.2 (Balaj—Coroianu-Gal-Muresan [10]). For all f € C4[0, 1] and
h > 0 we have

w1 (BM(f); h) < 6re*n?||f ||h.

Proof. Analyzing the proof of Lemma 2.5 in [64] (see also Lemma 9.1.5 in this
book), we get a)](B( )(f) h) < Ln?||f||h, where it is easy to observe that the

constant ¢; > 0 (independent of x and n) comes from Lemma 2.4 in [64] (see
1

also Lemma 9.1.4) as satisfying the inequality \/}_, pnx(x) > NG for all x € [0, 1]
and n € N.

Analyzing now the proof of Lemma 2.4 in [64] (see also the proof of
Lemma 9.1.4), it easily follows that ¢; = ¢; - %, where ¢, > 0 is now the constant
that appears in the statement of Lemma 2.3 in [64] (see also Lemma 9.1.3) as
satisfying
J

. ( 2
min i
Pn n+

j+1
. >
1)”””(n+1) - Jn

forall n € N, and j € {0,1,...,n}, where ¢c; > 0 is an absolute constant
independent of n and j.
In continuation, analyzing the proof of Lemma 2.3 in [64] (see also the proof

n,1)2
of Lemma 9.1.3) and denoting A, = (%22;), . x/ziﬁ’ since lim,, 500 A, = \/§ and

because it is easy to prove that (A,), is increasing, we get

2 A < /= forallneN
— " —, foralln .
V3 2

This immediately implies

(2”) [ N
10] all ne .
I’l ‘l') \/_

Therefore, following the lines in the proof of Lemma 2.3 in [64] (see also the proof
of Lemma 9.1.3), case (i), we immediately obtain

(j ] 2 1 V21
Pr\av1) 7 e Van /i~ Vare i
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Similarly, following the lines in the proof of Lemma 2.3 in [64] (see also the
proof of Lemma 9.1.3), case (ii), we get

= . >0 —  — - = .
n+1 4m(n)? 2np +2 3 Jn 2 Jemr /n

Combining the cases (i) and (ii) in the proof of Lemma 2.3 in [64] (see also the proof

(n1+1) Qn)! 2 + 1 2 1 1 1 1
Pn.n =

. ﬁ 1 . .
of Lemma 9.1.3), since WeT > T it follows that the constant ¢, in the statement

of Lemma 2.3 in [64] (see also Lemma 9.1.3) can be chosen as ¢, = «/#67[

In conclusion, going back with the values of the constants, we obtain ¢; =

i
O cim

and & = 67¢?, which finish the proof.
1

Also, we present:

Lemma 2.5.3 (Balaj—Coroianu—Gal-Muresan [10]). For any f € C4[0, 1] and
n € N we have

BM[BM (1)](x) = BM (f)(x). forall x € [0, 1].

Proof. Let us choose arbitrary j € {0,1,...,n}. By the relation just before the
Lemma 2.1.6, one has

B (@) = \/ finj®), x € [i/ (2 + 1), G+ 1)/ (2 + D], (2.19)

k=0

where

ﬁc,n.j(x) = % : (

for all k € {0.1,...,n}. Relation (2.19) implies B\ (f)(x) > fin;(x) for all x €
[/(n+1),G+ 1)/(n+ 1] and k € {0,1,...,n}. In particular, for x = j/n €

[i/(n+ 1), G+ D/ + D] and k = j, we get B (1) (/n) = finiG/m) = £(i/n),

X
1—

k—j
) Sk/m
X

j € {0,1,...,n}. Therefore, taking into account the relationship of definition for
BM (f)(x), we immediately get the statement of the lemma. |

We are now in position to prove the first main result of this section.

Theorem 2.5.4 (Balaj—Coroianu—Gal-Muresan [10]). For a fixed f € C1[0, 1],
let us consider the iterative sequence of successive approximations ai,?) Hx) =
BM1(F)(x), mn € N, x € [0,1]. Here [B™P2(F)(x) = BM[BM (£)](x) and
50 on.
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(i) For any fixed n € N, there exists f,, : [0,1] — Ry, such that f,, € C+[0, 1],
fa € Lipy Lwith L = 6me’n?|[f[|, £,(0) = £(0), £u(1) = (1),

lim a,(,:’)(f) = fu, uniformly in [0, 1],

m—>+00

B;M)(f,,)(x) = fu(x) for all x € [0,1] (that is, f, is a fixed point for the
operator BS,M) ) and

BM () (x) = a\" (N () < a® () (x) <, () < fuld) < I,

forallx € [0,1],me N;
(ii) Forallm,n € N and x € [0, 1], we have the estimate

B () (@) — )] < 120 (f; Jn”;_l) :

(iii) For any fixed m € N we have lim,,_; oo al? () (x) = f(x), uniformly in [0, 1] ;

(iv) Let m = m, depending on n such that lim,_ . :;—’;7 = 0. Then we have
lim,,— o0 af,','n) (f)(x) = f(x), uniformly in [0, 1] ;

(v) Suppose, in addition, that f € Lip, 1 and that it is strictly positive on [0, 1].
Then, for all m,n € N we have the estimate

1B —fl < ™oL (£ + 4) ,
n I’I’lf

where my = inf{f(x);x € [0, 1]} > 0 ;
(vi) Suppose that f € Lip, 1 and that it is strictly positive on [0,1]. Let m = m,,

my

depending on n such that lim,_.., =* = 0. Then uniformly on [0, 1] we have
lim, oo a3, (F) (x) = f (x).

(vii) Suppose that f € C4[0, 1] is such that for any n € N, the function BM (f) isa
fixed point for the operator B,(lM) . Then, for any sequence of natural numbers,
(my)nen, the sequence of iterates am ) = [BEM)]’"" (f) converges uniformly
on [0,1] to f, as n — oo.

Proof. (i) From the above Lemma 2.5.3, easily follow the inequalities

0<BM()x) =a" () <--- < a()®) < a (D) < - < IIfIl,

for all m,n € N. The last inequality follows from the obvious inequality

0= B (" < IfIl

Fixing n € N and x € [0, 1], the sequence of positive numbers (ai,?) () (X)) men
is bounded and monotonically nondecreasing, which implies, for m — 400, its
convergence to a limit, denote it by f;(x). Since Bf,M>(f) (x) < |If]l, we easily obtain
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al (f)(x) < |If]l, for all m, that is, the sequence (af,',') (f))men is uniformly bounded.
Passing to limit with m — 400 we get f,,(x) < ||f|| forallx € [0,1],n € N.

Also, since it is easy to check that BM (f)(0) = f(0) and BM a1 = f(),
it is immediate that a (f)(0) = £(0) and a2’ (f)(1) = f(1) for all m € N, which

therefore implies that £,,(0) = £(0), f,,(1) = f(1).
Now, from ||B,(f)|| < |If|l and applying successively Theorem 2.5.2, we easily

obtain that a,(,'f) ) = [BflM) 1"(f) € Lip,1, for all m € N. Therefore, the sequence
(of functions of successive approximation) (a,(,f) (f))men clearly is equicontinuous,
which combined with the fact that the sequence is uniformly bounded, by the
Arzela-Ascoli theorem implies that it contains a subsequence (af,ﬁ,) (f))ren, uni-
formly convergent. Because the whole sequence is pointwise convergent to f;,(x),
we get that limg—eo a,(,?k) (f) = f, uniformly in [0, 1] and as a consequence, it
immediately follows that f, € C1[0, 1], in fact moreover, that f, € Lip, 1 with
L = 6me*n?||f|.

Applying now the well-known Dini’s theorem to the pointwise convergent
monotone sequence of continuous functions (a,(,:l ) (f))men, it follows that in fact we
have lim,;— oo all (f) = f» uniformly in [0, 1].

Also, the monotonicity of the sequence (a,(,?))meN implies al ) (x) < fulx) for
all x € [0,1], m,n € N.

Finally, since a,(:ll(f) = B™ [af,',’) (f)] and lim,,,— o0 a,(:ll(f) = f, uniformly in
[0, 1], taking also into account that by Theorem 2.5.1, BLM) is nonexpansive, for any
fixed n it follows that for all m € N we have

1B () = full < 1B () — als (DI + als, (1) — £l
< fu = @Ol + 162, (1) = fll.

Passing here with m — oo, we get ||B,(1M) (fn)—f»1|=0, that is BM (fn) (x)—f (x)=0,
for all x € [0, 1].

(i1) For any fixed m € N and n € N variable, it is easy to see that the sequence
([BLM)]'"(f))neN satisfies the Theorem 1.1.2, that is for all § > 0 we get

710000 0] < [ 14 ST 000 |rr:8).< 0.1,

where ¢, (1) = |t — x|, for all 7 € [0, 1].

In what follows we prove by mathematical induction that

B™]"(p)(x) < 6- , forallm,n e N, x € [0,1],

m
Vn+1
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which replaced in the above estimate and by choosing then § = 6 - T will

immediately imply

B (#)(x) — f(x)] < 12- @, (f; \/%)

Indeed, denoting

st = 3 (7).

we can write
n
(1) k : .
B, (f)(x) = \/mk,n.j(x)f -~ forallx € [j/(n+ 1), (G + 1)/(n + D).
k=0
This immediately implies

BMP () @) = \/ micaj OB () (/)

k=0
= \/ mk,nJ(-x) |:\/ m,,,k(k/n)f(l/n)] .
k=0 i=0
Replacing here f(t) = |t — x| = ¢.(¢) with x fixed, and taking into account the

inequality

ik

n n

i
- —x
n

=

forallx € [j/(n+1),(G+ 1)/(n + 1)] we get

i
- —x
n

|
|

BYP(e) @) = \/ meny(x) [\/ )
k=0 i=0

|

ki
n o n

< \/ Menj®) |:\/ M (k/n)
k=0 i=0

k
- —x
n

+ \/ mk,nJ(x) |:\/ mi,n,k(k/n)
k=0 i=0
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= \/ mk,m/'(x) [\/ mi,n.k(k/n) i|
k=0 i=0
[\/ mi,n.k(k/n)}
i=0

ki
n o n

k
- —x
n

n
+\/mk,nJ(x)
k=0
1 1 2
<6- +6- =6- .
vn+1 vn+1 vn+1

For the last estimate we used the inequalities which follow from the relation-
ship (2.2) in the proof of Theorem 2.1.5

ki
< R
n

mk,n.j(x) - =X
n

1 s mi.n,k(k/n)

n+1
and the inequalities obtained from Lemma 2.1.2
mk,nj(x) S 17 mi,n,k(k/n) f 1.

Similarly, taking into account that for all x € [j/(n + 1), (G + 1)/(n + 1)] we can
write

[BMT () ()
= \/ mk,n.j(x) |:\/ mi,n.k(k/n) |:\/ mlnl(l/n)f(l/n)j|j| s
k=0 i=0 =0

replacing here f(f) = |t — x| = ¢«(¢), taking into account the inequality

)
- —x
n

[

n n

ik

n n

=

and reasoning exactly as in the case of [B,(1M)]2, we easily obtain

B (p)(x) <6- X /(+ 1), G+ 1D/ + D],

3
vn+1
valid for all j = 0, 1,. .., n. Therefore, the above inequality is in fact valid for all
x € [0, 1].

Reasoning now by mathematical induction, we get the desired estimate in the
statement for arbitrary m € N.

(iii) It is immediate by passing to limit with n — oo in the inequality from the
above point (ii).
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(iv) It is immediate by replacing m with m, in the estimate in (ii), by passing to
limit with n — oo and taking into account that lim,— o % =0.
(v) We obviously can write

IBYOT () =1l < D NBEPY () = BYF (),
j=1
where by convention [B;M)]O(f)(x) = f(x).

But by applying successively Theorem 2.5.1, we easily get that
IBYY () — BV (NI < BV () — BV ()
1 n-w(f;1/n
<= BN - O <o () | O ]

) ; s

where for the last estimate above we used Theorem 2.2.18, valid for strictly positive
functions only.
Now, taking into account that ' € Lip; 1, from the above estimate we get

) ) 1 L
1BV () — BEF ) < - [L (= + 4)} ,
n mf
forallj = 1,...,m, which finally implies

B¢ 1l < [L (mif + 4)} |

(vi) Itis immediate by taking m = m, and passing to limit in the estimate from the
above point (V).

(vii) By hypothesis, we have BM [Bf,M) ) = BM (f), for all n € N, and therefore
it easily follows that [Bﬁ,M) 1™ (f) = B™ (f), for all n € N. Consequently, by
Theorem 2.1.5, we obtain

IBYOT™ () ) —f @) = B () —f@)] < 12- @1 (f3 1/Vn + 1),

and passing to limit with n — oo, we immediately get the desired conclusion.
O

Remarks. 1) In the class of Lipschitz, strictly positive functions, Theorem 2.5.4,
(vi), is more general than Theorem 2.5.4, (iv). Indeed, while lim,_, :”/—% =0
implies lim,_, o % = 0, the converse is not true. Note that the case of
Theorem 2.5.4, (vi), is similar to what happens in the case of the iterates of
Bernstein polynomials.
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2) As aconsequence of the well-known Trotter’s approximation result in the theory
of the semigroups of linear operators (see, e.g., [103]), it is known that in
the case of Bernstein polynomials B,(f)(x), if f is twice differentiable and
lim,—oo 22 = ¢ > 0, then lim, 00 B2 (f) (x) = €™, where A(x) = x(l+m,
for all x € [0, 1].

It remains as an interesting open question what happens with the iterates
[B,SM)]m" (f), when lim, o #* = ¢ > 0. Let us first observe that by Theorem
2.5.4, (vii), if f satisfies the hypothesis there, then [BU"]" (f) uniformly
converges to f on [0, 1]. It is worth mentioning that by the next Theorems 2.5.5
and 2.5.6, we put in evidence large classes of functions f satisfying the hypoth-
esis in Theorem 2.5.4, (vii). Therefore, the above-mentioned open problem for
the Bernstein max-product operator gets a sense only if f does not satisfy the
hypothesis in Theorem 2.5.4, (vii). Also, notice here that the Bernstein max-
product operator [Bﬁ,M)]m" is not linear.

3) If f is a fixed point of BM, ie. f(x) = BM (f)(x) for all x € [0, 1], we easily
get al Hx) = B™ (f)(x), for all m € N, x € [0, 1], therefore in this case it is
trivial in Theorem 2.5.4, (i), that f,,(x) = BM () (x), for all x € [0, 1].

4) According to Theorem 2.5.4, (i), for each fixed n € N it is important to determine

the set of the fixed points for BELM). In this sense, we present the following results.

Theorem 2.5.5 (Balaj—Coroianu—Gal-Muresan [10]).

(i) Iff : [0, 1] — [0, 00) is nondecreasing and such that the function g : (0,1] —
[0,00), g(x) = ’@ is nonincreasing, then for any n € N, BLM) (f) is a fixed point
for the operator B™ that is B [B,gM) H]x) = BM (f)(x), forall x € [0, 1] ;

(it) Iff : [0, 1] — [0, 00) is nonincreasing and such that the function h : [0,1) —
[0, 00), h(x) = % is nondecreasing, then for any n € N, BM (f) is a fixed
point for the operator B™ that is B{™ [BS,M) N]x) = BM () (x), for all x €
[0, 1].

Proof. (i) From the proof of Corollary 2.1.11, (i), for all x € [j/(n + 1),( +
1)/(n+ 1)]andj € {0, 1,...,n— 1} we can write

B (F)(x) = max{f;,;(x). fi+1.(x)}

and

BM(f)(x) = f(1), forx € [n/(n+ 1),1],
where

foni0) = % (1) rem.
J
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Taking above x = j/n, by simple calculation we obtain

B () (j/n) = max{f(i/n).f1G + D)/n]-j/G + D},

which by the property of the auxiliary function g in hypothesis, implies
f@G/n) > j%f [(+ 1)/n], which replaced in the above equality gives
B (N /n) = £Gi/n)-

But it is clear that if for f € C4[0, 1] we have BM (H(j/n) = f(j/n) for all
j€{0,1,...,n},then g = Bﬁ,M) (f) is a fixed point for B,(lM), which implies the
desired conclusion.

From the proof of Corollary 2.1.11, (ii), forall x € [j/(n + 1), + 1)/(n + 1)]
andj € {1,...,n} we can write

BM (£)(x) = max{fi—1 . (x). 0 ()},
and
BM (f)(x) = f£(0), forx e [0,1/(n+ 1)].

Taking above x = j/n, by simple calculation we obtain

B (f)(j/n) = max{f[(i — 1)/n] - (n — j)/(n — j + 1).£(j/n)}.

which by the property of the auxiliary function g in hypothesis, implies

f(G/n) > nfj__il flG—1)/n], which replaced in the above equality gives

B () Gi/n) = f(i/n).

Therefore, we again get the desired conclusion. O

marks. 1) According to the Remark after the proof of Corollary 2.1.11, if f :
[0, 1] — [0, 00) is a convex, nondecreasing function satisfying @ > f(1) forall
x € [0,1], orif f : [0, 1] — [0, 00) is a convex, nonincreasing function satisfying
JI(TX))c > f(0), then again f satisfies the hypothesis in Theorem 2.5.5, (i) and (ii),
respectively, and consequently we get BM [BLM) Hlx) = BM (f)(x), for all
x € [0,1].

Denote by S[0, 1] the class of all functions f which satisfy the hypothesis in
the statement of Theorem 2.5.5 (i), or of Theorem 2.5.5 (ii), or in the above
Remark 1. Also, for any fixed arbitrary n € N, let us denote

G™M1o, 1] = BM(S[0, 1])

= {F € C4[0, 1]; 3f € S0, 1] such that F(x) = B™(f)(x), ¥x € [0, 1]}.

Then, if we denote by

FM0,1] = {F : [0, 1] — [0, +00); B (F)(x) = F(x), forall x € [0, 1]},
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the set of all fixed points of the operator BM . C4[0,1] — C4]0,1], the
statement of Theorem 2.5.5 together with the above Remark 1 means that we
have ™[0, 1] ¢ 7™ [0, 1].

By Lemma 2.1.9, any nondecreasing concave function satisfies the hypothesis
of Theorem 2.5.5, (i), and any nonincreasing concave function satisfies the
hypothesis of Theorem 2.5.5, (ii). Therefore, the class of all positive, mono-
tone, and concave functions on [0, 1] denoted by MK [0, 1] has the property
MK, [0,1] C S[0, 1], that is the function H = B™ (f) satisfies B™ (H)(x) =
H(x), forall x € [0, 1].

It is easy to consider concrete examples of functions in S[0, 1] (other than the
constant functions which obviously are fixed points for BE,M)), like

x, &, 1+ 22, sin(x), cos(x), In(1 + x),e ", 1 4+ .

Indeed, it is easy to check that x, ¢*, and 1 + x? satisfy the first type of
hypothesis in the above Remark 1, sin(x), cos(x) and In(1 + x) belong to the
class MK, [0, 1] defined in the above Remark 3, while ¢™ satisfy the second
type of hypothesis in the above Remark 1. Therefore, for any f in this remark we
have B [BM ()] (x) = B (£)(x), for all x € [0, 1] and n € N.

The results expressed by the above Remark 3 can be generalized to the whole

class of concave functions, as follows.

Theorem 2.5.6 (Balaj—Coroianu—Gal-Muresan [10]). Iff : [0,1] — [0,00) is a
continuous concave function then we have B,EM) [Bﬁ,M) (f)] = B,(lM) (f) for all n € N.

Proof. By the proof of Corollary 2.1.10 we get

B™ (£)(x) = max{fi—1 ,;(x), () it 1.0 ()}

forallx e [j/(n+1),(G+1)/(n+ D]andj e {1,...,n— 1},

B;M) (f)(x) = max{fO,n.O(x)va.n,l (X)} for all x € [0» 1/(” + 1)]

and

BM () (x) = max{fy 1 (X), frnn(®)}, forall x € [n/(n + 1), 1].

Here recall that

Senj(x) = % : (

X
1 —

k=j
) S/,
X

Sincej/n € [j/(n+ 1), (j+ 1)/ (n+ 1)], replacing x = j/n in the above formulas for
BM () (x), we easily obtain (see the reasonings in the proof of Theorem 2.5.5, (i)
and (ii)) that B\ ()(j/n) = £(j/n) for allj € {0, 1, ..., n}, which form the formula
of definition of BLM) (f) (x) easily implies the desired conclusion. O
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Remarks. 1) Theorems 2.5.5 and 2.5.6 put in evidence large classes of functions
€ C4[0, 1], with the property that B,(lM) is a fixed point for the operator Bf,M),
property p P
foralln € N.

The following example of f is that of a function for which there exists n € N
(in fact an infinity of such of n) such that B,(qM) (f) is not anymore fixed point for
the operator B™  Indeed, let f :10,1] — [0, c0) be defined by f(x) = 1/2 —x
if x € [0,1/2] and f(x) = x—1/2if x € (1/2,1]. For n = 5, by the formula of
definition of B” () (x), we easily get

BM()0) = BM(r)(1) = 1/2,
BM(1)(1/5) = B (F)(4/5) = 2/5.
BM((2/5) = B (1)(3/5) = 9/40,

and
B (B (£))(2/5) = 3/10.

Therefore, it follows BgM) (B:(SM) () 2/5) # B(SM) (f)(2/5), which clearly implies
that BgM) (f) is not a fixed point for the operator BgM).

In fact, by using, for example, MATLAB, one can easily show that for many
other values of n (sufficiently large), again we get the same conclusion.

2) Theorem 2.5.6 is also useful to show that the method in the case of Bernstein
polynomials in [134] cannot be used here, because for any a,b € Ry,
the operator B,(IM) cannot be a contraction on the subspace U,, = {f €

C+[07 1],f(0) = a’f(]) = b}

In this sense, we can prove that for any natural number n, there exist two
continuous functions f, g : [0,1] — [0, co) satisfying f(0) = g(0) = a, f(1) =
(1) = b and such that HBS{”’ ) — B™ (g) H = |If —gl.

Indeed, let us define as y = f(x) the equation of the straight line passing through
the points (0, a) and (1, b) and let g be the function whose graph is the polygonal
line passing through the points (0, a), (1/2,¢) and (1, b), where the value ¢ can be
any real number which satisfies ¢ > f(1/2). (Note that the graphs of both functions
f and g form a triangle.)

By simple geometrical reasonings we get that ||f — g|| = g(1/2) —f(1/2).

Firstly, we suppose that n is even. Since f and g are concave functions, by the
proof of the above Theorem 2.5.6, we get B™ (f)(j/n) = f(j/n) and similarly,
Bf,M)(g)(j/n) = g(j/n) for all j € {0, 1,...,n}. Therefore, taking j(n) = n/2, we
obtain that B{" (f)(1/2) = f(1/2) and BM (g)(1/2) = g(1/2). In conclusion, we
have
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g(1/2)—f(1/2) = |If — gl = |BM () — BM(9)||
> [BM(f)(1/2) — BM(g)(1/2)| = g(1/2) — f(1/2).

which implies HBE,M) o) — BM (2) H = ||f — g, for any even natural number 7.

The reasoning is similar in the case when n is an odd natural number, because
it suffices to replace the pair (1/2, ¢) in the definition of g with (ny/(2ny + 1), ¢)
where n = 2ny + 1.

The next results in this section are based on the following two well-known results.

Theorem 2.5.7 (Ishikawa [101]). Ler C be a compact convex subset of a Banach
space (X, || - ||) and T : C — C be nonexpansive. For (Ay)nen a sequence in [0, b]
with b < 1 and such that Zf:o Am = +00, let us define the iterates in X by

Xnt1 2= (1= A)xm + AT (xp).

Then for any starting point xo € C, the sequence (X,,) nen converges to a fixed point
of T.

Theorem 2.5.8 (Ishikawa [101]). Let C be a closed bounded convex subset of
a Banach space (X,|| - ||) and T : C — C be nonexpansive. Let (A,,),, be as
in Theorem 2.5.7. Then for any starting point xo € C, the following sequence,
(156 — T ) [ men, converges to O (i.e., (x,,), is a so-called approximate fixed-point
sequence).

Now, in order to apply to our case the above Theorems 2.5.7 and 2.5.8, firstly we
need to identify bounded closed convex and compact convex subsets in C4[0, 1].
For example, it is easy to check that the subset

Cx[0.1] = {f € C+[0. 11: If]| = K3,

is bounded, closed, and convex. Also, it is easy to check that the subset C; x =
C; [0, 1] Lip, 1 is bounded, closed, convex, and equicontinuous, which by the
Arzela-Ascoli theorem implies that Cy g is a convex compact subset in C4[0, 1]
endowed with the uniform norm.

Another important hypothesis in the Theorems 2.5.7 and 2.5.8 is the invariance
property of T. In our case, we need this invariance property for the Bernstein max-
product operator. For this purpose, we will make use of the Theorem 2.5.2.

We have

Theorem 2.5.9 (Balaj—Coroianu—Gal-Muresan [10]).

(i) Iff € C}'[O, 1], then for all n € N we have BLM)(f) € C}'[O, 1];
(ii) Let K > 0 and L > 6me’K be fixed constants and denote Cpyx =

C;{" [0, 11"\ Lip, 1. Then, for all n € N satisfying the inequality n* < 6:1521{’

the invariance property B,EM)(CL.K) C Cpx holds.
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Proof. (i) Since 0 < f(k/n) < |f|| foralln € Nand k = 0,1,...,n, it is
immediate by the formula of definition of BM (f)(x), because we easily get
1B (£)(x)| < |If], for all x € [0, 1], which implies |B{”|| < |If|| < K, for all
neN.

(ii) Let f € Crg. By (i) it follows that |BS”(f)|| < K for all n € N and by (i)
it follows that By (f) € Lipgye,2y 1 C LiPgrerex 1. for all n € N. Then,

by n* < 671521( we get B (f) € Lipgge,2x 1 C Lip, 1, which leads to the
conclusion that B{" (f) € Cp for n satisfying n*> < 67152 e O

As immediate consequences of the above considerations, we get the following
two results.

Corollary 2.5.10 (Balaj—-Coroianu—Gal-Muresan [10]). Let K > 0 and L >
6me’K be fixed constants and Cpx = C; [0, 1]\ Lip, L. Also, let (Ay)men be
sequence in [0,b) with b < 1 and such that Y . A, = +o00. For anyn € N
and fy1 € Cpk fixed, let us define the iterated sequence of functions

fn,m-i-l(x) = (1 - Am)fn.m(x) + Am 'Bf,M)(ﬁl,m)(x)v m € N, X € [O’ 1]

Then, for any fixed n € N satisfying the inequality n> < 671?2 > the sequence of

Sfunctions (f (X)) men converges as m — oo in the uniform norm, to a fixed point of

the operator B,(qM) .

Proof. Firstly, it is clear that C4[0, 1] endowed with the uniform norm is a
Banach space. By Theorem 2.5.1, by the comments between the statements of the
Theorems 2.5.8 and 2.5.9 and by Theorem 2.5.9, (ii), the operator B,(,M) :CLg —
Cpx is nonexpansive on the compact convex set Cy . Then the corollary is an
immediate consequence of Theorem 2.5.7. O

Corollary 2.5.11 (Balaj—-Coroianu—Gal-Muresan [10]). Ler K > 0 and
Cf(' [0,1] = {f € CL[0, 1]; |IfI| < K}. Also, let (Ay)n and the iterated sequence
(Ffrm+1(X))men be defined as in the statement of Corollary 2.5.10. Then, for any
neNandf,; € Cf(' [0, 1] fixed, we have

tim_[lfu.n — BY ()| = 0,
m—>0oQ0

where || - || denotes the uniform norm.

Proof. By Theorem 2.5.1, by the comments between the statements of the Theo-
rems 2.5.8 and 2.5.9 and by Theorem 2.5.9, (i), the operator B,&M) : C; [0,1] —
Cf(' [0, 1] is nonexpansive on the bounded, closed, and convex subset CZ [0, 1]. Then
the corollary is an immediate consequence of Theorem 2.5.8. O

Remark. The methods in this section can be extended to other max-product
operators of Bernstein-type.
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2.6 Applications to Approximation of Fuzzy Numbers

In this section, firstly we extend from [0, 1] to an arbitrary compact interval [a, b],
the definition of the nonlinear Bernstein operators of max-product kind, denoted by
BM (f:]a, b]), n € N, by proving that their order of uniform approximation to f on
[a. b] is w1 (f, 1/4/n)ap and that they preserve the quasiconcavity of f. Since if f
is a fuzzy number, then BM (f; [a, b]) generates in a simple way a fuzzy number
B (f; a, b]) of the same support [a, b] with f, it turns out that these results are
very suitable in the approximation of the fuzzy numbers, approximating the (non-
degenerate) segment core with the order 1/n. In addition, in the case when the fuzzy
numbers are given in the form of a pair u = (u~,u™), the max-product oper-
ator Bﬁ,M) generates a fuzzy number EiM) (n) = (BELM) (u=;]0, 1]),B£lM) (u*;[0,1]),
whose widths, expected intervals, ambiguities, and expected values approximate
(for n — o00) the width, the expected interval, the ambiguity, and the expected value
of u. Finally, the order 1/n in approximation of some subclasses in the L'-metric
is obtained, with applications to the approximation of some subclasses of fuzzy
numbers.

Recently, many papers made investigations on the approximation of fuzzy
numbers by trapezoidal or triangular fuzzy numbers (see [1-11, 13-15, 22, 51, 91—
94, 155-158, 161]) and by nonlinear side functions (see [12, 16, 124, 137, 159]).
The main aim of this section is to use the max-product Bernstein operator for
approximating fuzzy numbers with continuous membership functions.

Since the restriction of a continuous fuzzy number to its compact support is a
quasiconcave function, naturally it is suggested that the generalization of BSLM) to
[a, b], denoted by BM (f: a, b]), could be used to approximate the restriction of a
fuzzy number f to its support [a, b]. On the other hand, since BM (f; [a, b)) preserves
the monotonicity of f on [a, b], we can use BM (f; a, b]) to approximate fuzzy
numbers f given in the parametric LU-form too.

In our considerations, in this section we use the preliminaries on fuzzy numbers
in Subsection 1.2.1 of Chapter 1.

The plan of this section goes as follows. In Subsection 2.6.1 we define the
max-product Bernstein operator on a compact interval [a, b] and obtain quantitative
approximation and shape preserving properties on [a, b]. Applications to the uniform
approximation of fuzzy numbers, preserving the support, approximating the core
with the order 1/n and approximating the expected interval, the width, the ambigu-
ity, and the expected value of the fuzzy number are obtained. Also, on a concrete
example, a graphic which clearly illustrates the advantage of the approximation
of fuzzy numbers by the max-product Bernstein operators with respect to the
approximation by the associated linear Bernstein polynomials is presented. Then,
in Subsection 2.6.2 we obtain quantitative estimates of order 1/n in approximation
by the max-product Bernstein operators in the L'-metric, which then are applied to
the approximation of fuzzy numbers.
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2.6.1 Uniform Approximation and Preservation
of Characteristics

Given a fuzzy number u, it is a natural problem to construct approximating
sequences of simple fuzzy numbers, (u,),, converging to u in some given metric
and, in addition, providing good approximations to the support, core, expected
interval, width, ambiguity and expected value of u. The already known results in
approximation theory could be a good source of inspiration. Thus, due to the fact
that the Bernstein polynomials have interpolation properties at the endpoints and
that they preserve the quasiconcavity, we could use them to approximate the fuzzy
numbers, as follows.

Let u be a continuous fuzzy number with supp(u) = [a, b], a < b and core(u) =
[c,d], ¢ < d.Forany n € N, we can define

B, (u)(x) = 0 for x outside [a, b]

and
By(w)(x) = By(u.[a.b]) = D pux(x) - u(a+ (b—a)k/n). x € [a.b],
k=0
where p, 1 (x) = (ﬁ)k . ([l;;Z)n_k, k € {0,1,...,n} are the fundamental Bernstein
polynomials. "
Since u is continuous and since |u|| = 1 it results that ||B,, (u) || < 1 for every
neN.

For this reason, in order to produce proper fuzzy numbers we need to normalize

B, (u). Thus, we get the sequence of fuzzy numbers L __.B.(u . Now, it
0 (1) g N q Y (|Bn(u)|| n( ))nzl

is well known that B, (1) converges uniformly to u on [a, b], since there exists an
absolute constant C such that

|B,(u, [a. b]) — u(x)| < Cor(u: 1/v/n)ja).

which easily implies that IE 1( T -E,l(u) converges to u with respect to the metric Dc.
n(U

Here w(u;8)ap denotes the classical modulus of continuity of u on [a, b],
defined by w; (u; 8)(a.p) = sup{|u(x) —u(y)|;x,y € [a, D], [x — y| < 8}

But, on the other hand, it is easy to prove that the core of I 1(u) i -B,,(u) is reduced

to a single element, which means that it does not hold the convergence of the core

of I l(u)” -B, (u) to the core of u (which is nondegenerated).

For this reason, we propose the max-product Bernstein operators, which in the
case of approximation of fuzzy numbers, not only will fix the above-mentioned
shortcoming, but also will preserve the other characteristics of a fuzzy number too.
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From now on, throughout this section, we denote by C(I) and C4 (1), respec-
tively, the space of continuous functions defined on an interval / and the space of
positive continuous functions defined on 7, respectively.

For a function f € Cy([a,b]), we recall the corresponding max-product
Bernstein operator on [a, b] by

\/Zzo pn.k(x)f(a + k- b%a

B (ila b)) = ===
k=0 £'n,

, X € [a, b],

where p() = (7) (28)° - (32)""

In this subsection we will prove that BM . c +([a, b]) — C4([a, b]) has the same
order of uniform approximation as the linear Bernstein operator and that it preserves
the quasiconcavity too.

We can now present the first main results of this subsection.

Theorem 2.6.1 (Bede-Coroianu—-Gal [23]).

(i) Ifa,b e R, a <bandf : [a,b] - Ry is continuous, then we have the estimate

1
B 0D ) 1] < 120+ Do (i)
n -+ 1 [a.b]
foralln € N,x € [a, b].
(it) Iff : [a,b] — Ry is concave on [a, b, then we have the estimate

B 0D~ <20 -+ Do (1)

[a.b]
foralln € N,x € [a,b].

Proof. (i) Let us consider the function g : [0,1] — R, g(y) = f(a + (b —a)y). It
is easy to check that g(k/n) = f(a + k - ";n“) forall k € {0, 1,...,n}. Now, let
us choose arbitrary x € [a, b] and let y € [0, 1] be such that x = a + (b — a)y.
This implies y = (x —a)/(b—a) and 1 —y = (b — x)/(b — a). From these
equalities and noting the expressions for g(k/n), we obtain BM (fla, b)) (x) =
BM (g:10,1])(y). By Theorem 2.1.15, we get

1B (f:[a, b)) () — f()| = |BY(g:[0. 1)) — ()]

IA

1
120, (g; —) .
v+ 1/

Since w, (g; ﬁ)[o,l] < w (f; bn_—zl)[a,b] and by the property @ (f; A8)(, ) <

_ . L _ L
(A4 Doy (3 8) ) We obtain w; (g, m>[0,1] = (fp—al+ Doy (f’ Jm)[a.b]’
which proves (i).
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(i1) Keeping the notation from the above point (i), we get BM (fila, b)) (x) =
BM (g:10,1])(y), where g(y) = f(a + (b — a)y) for all y € [0, 1]. The last
equality is equivalent to f(u) = g (ﬁ) for al u € [a,b]. Writing now the
property of concavity for f,

fQup + (1 = Vup) = Af(uy) + (1 — A)f (up), forall A € [0, 1], uy, us € [a, b],
in terms of g can be written as

2 —da u —a U —da

—a) ZAg(b—a>+(1_k)g(b—a)'

uz —a

uy —a
A—4+ (1 -
& ( b—a (
Denoting y; = 9= € [0,1] and y, = € [0, 1], this immediately implies
the concavity of g on [0, 1]. Then, by Corollary 2.1.10, we get

B0 [a. b)) — ()] = [BY (2:[0. 1)) — 80|
= 2([b—a] + Dy ( 1)

[0, 1]

Reasoning now exactly as in the above point (i), we get the desired conclusion.
O

Theorem 2.6.2 (Bede—Coroianu—-Gal [23]). Let us consider the function f

[a,b] — Ry and let us fix n € N, n > 1. Suppose in addition that there
exists ¢ € [a,b] such that f is nondecreasing on |a,c| and nonincreasing on
[c,b). Then, there exists ¢’ € [a,b] such that B,(IM)(f; [a, b)) is nondecreasing
on |a, '] and nonincreasing on [c’, b]. In addition we have |c — /| < 24 and

n+1
B (f1[a. b])(c) —£(0)| < (16— al + D oi (f. 7)) as-

Proof. We construct the function g as in the previous theorem. Let ¢; € [0, 1]
be such that g(c;) = c. Since g is the composition between f and the linear
nondecreasing function t — a + (b — a)t, we get that g is nondecreasing on [0, ¢{]
and nonincreasing on [c, 1]. By Theorem 2.2.22 it results that there exists ¢| € [0, 1]

such that B{" (g:[0. 1]) is nondecreasing on [0, ¢} ], nonincreasing on [c], 1] and in

addition we have ‘B(M)(g [0,1]D(c1) — g(c1)| < wi(g, n+1) and |cl —cl| < n+1

Letd = a+ (b— a)cl. If x1,x0 € [a,c] with x; < x,, then let y;,y, € [O,Cl]
be such that x; = a + (b — a)y; and x, = a + (b — a)y,. Then, it follows that
B (f:la, b (n) = B (9: (0. 1D () and By (f; [a, B) (x2) = Bi" (g [0, 1) (72).
The monotonicity of M (g:10, 1]) implies B (&[0, 1D (1) = B (&[0, 1) (),
that is B (f: [a. b])(x1) < BM(f:[a, b])(x2). We thus obtain that BS" (f; [a. b])
is nondecreasing on [a,c’]. Using the same type of reasoning, we obtain that
B(M)(f [a, b]) is nonincreasing on [¢/,b]. For the rest of the proof, noting that
+1 we get |[c — | = |(b —a)(c; — c1)| < m Finally, noting that

|C1_C1i n
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1
n+1

B (8:10. 1) (e1) = g(e)] = @1(8. ——)poy

and taking into account that w;(g, #)[0,1] < ([b—a]l+1)w(f, #)[a,h], we
obtain

B (f: [a, b]) (c) — f(0)|

|BM (g 10, 1])(c1) — g(e)]

1
< wi(g. p— 1)[0,]]
< (b-d+Dor(f. —)
—da w [ b 17}
- A L8]
and the proof is complete. O

Remarks. 1) From the above theorem it results that if f : [a,b] — R4 is
. . M) [ .
continuous and quasiconcave then B, (f) is quasiconcave too.

2) It is known from Section 2.1 that for functions in the space C4([0, 1]), B,EM)
preserves the monotonicity and the quasiconvexity. Reasoning similarly, it can
be proved that these preservation properties hold in the general case of the space
C+([a, D]).

3) It is worth noting that all the previous approximation results in this Section 2.6
can easily be extended to bounded functions f which are not necessarily positive
(ie., f : [a,b] — R are of arbitrary sign on [a, b]) as follows. If ¢ > 0 is a
positive constant such that f(x) + ¢ > 0 for all x € [a, b], then defining the new
max-product kind operator

PO (f:[a. b)) (1) = B (f + ¢ [a, b (x) — ¢,

and taking into account that @ (f; §)jas = @i1(f + ¢;8)[ap), We get the same

estimates for P,SM)(f; [a,b])(x) —f(x)| as in the previous theorems in this
section.

In what follows we present approximation results with respect to the metrics D¢
and Dc.
Firstly, we need some auxiliary results.

Lemma 2.6.3 (Bede—Coroianu—-Gal [23]). Let a,b € R, a < b. Forn € N, k,
. - b—a . b—a
J€{0.1,....ntandx € (a+j- 75 a+ G+ 1) - 59), let

pn.k(x)
pn.j(x) ,

mk,nJ(x) =

where recall that p, (x) = (Z) (’ﬁ)k . (lb’%z)n_k.

Then my, j(x) < 1 forallje{0,1,....,n} and k € {0, 1,..., n}\{j}.
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Proof. Without any loss of generality we may suppose that a = 0 and b = 1,
because using the same reasoning as in the proof of Theorems 2.6.1 and 2.6.2, we
easily obtain the conclusion of the lemma in the general case. So, let us fix x €
(G/(n+1),(G+ 1)/(n+ 1)). According to the proof of Lemma 2.1.2, we have

Mo j(X) < mypp(x) <o < mjp (x),
M (X) = M1 5 (X) = -0 = 1y ().

Since m;j, j(x) = 1, it suffices to prove that mji,;(x) < 1 and mj_;,;(x) < 1.
By direct calculations we get

mj,nJ(x) _j+1 1—x

Mip10j(X)  n—j x

Since the function g(y) = (1 —y)/y is strictly decreasing on the interval [j/(n + 1),
G+ 1)/(n + 1)], it results that

l—x 1-G+D/m+D _n—j
x G+1D/(n+1)  j+1°

Clearly, this implies m;,;(x)/mj41,;(x) > 1, that is mj1;,;(x) < 1. By similar
reasonings we get that m;_ ,, j(x) < 1 and the proof is complete. O
Lemma 2.6.4 (Bede—Coroianu-Gal [23]). Ifa,b e R, a <bandf : [a,b] - R4
is bounded, then for all j € {0, 1,...,n}, we have B;M)(f; [a,b)(a+jb—a)/n) >
fla+jb—a)/n).

Proof. From Lemma 2.6.3, since a + j(b —a)/n € (a +j(b —a)/(n + 1).a +
(G + D(b—a)/(n+ 1)) and since my, j(a + j(b — a)/n) = ’%m for all
k€ {0,1,...,n}, it follows that \/;_, pux(a + j(b — a)/n) = p,j(a + j(b— a)/n).
Then, we have

BM(f:]a.b))(a + j(b — a)/n)
_ Vicopuila +jb—a)/m)f(a + k(b —a)/n)
Pujla+j(b—a)/n)
_ Pugla+j(b—a)/m)f(a+jb—a)/n)
- Pugla+j(b—a)/n)
= f(a +j(b—a)/n)

and the lemma is proved. O

Let us consider now a function f € C4([a,b]). Combining formula for
B (f; [a, b)) (x) just before the statement of Theorem 2.6.1 with the conclusion
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of Lemma 2.6.4, we can simplify the method to compute BM (f: [a, b]) (x) for some
x € [a,b]. Let us choose j € {0,1,...,n}andx € [a + (b —a)j/(n+ 1),a + (b —
a)(j+1)/(n+1)]. By properties of continuous functions, an immediate consequence
of Lemma 2.6.3 is that my , j(x) < 1 forall k € {0, 1,...,n}. This implies that

\/ Pric(x) = pj(x).x € (2.20)

k=0

o G0, =02
n+1 n—+1

Therefore, denoting for each k € {0,1,...,n} and x € [a + (b — a)j/(n + 1),
a+b—-a)(i+1)/(n+1)],

Jenj(x) = mypj(x) - fa+ (b—a)k/n), (2.21)

by the formula for BM (f: [a, b])(x) just before the statement of Theorem 2.6.1 and
by (2.20) we obtain

B 0. b)) = \/ i) €

k=0

[as G0, o0z 0]
n—+1 n+1
(2.22)

In what follows, suppose that u is a fuzzy number such that supp(«) = [a, b] and
core(u) = [c,d]. For n € N we introduce the function B (u;[a,b]) : R — [0, 1],
BM (u; [a,b])(x) = 0 for all x outside [a,b] and we have B (u;[a,b])(x) =
B,&M) (u; [a, b])(x) for all x € [a, b]. From Theorem 2.6.1, it results that the order of
uniform approximation of the fuzzy number u by B (u; [a, b)) is w1 (u, 1/ /1) [a)-
Then, since the restriction of u on the interval [a,b] is a function like those
considered in Theorem 2.6.2, it results that ELM) (u; [a, b]) is a quasiconcave function
on [a, b]. Moreover, we have the following.

Theorem 2.6.5 (Bede—Coroianu—-Gal [23]). Let u be a fuzzy number with
supp(u) = [a,b] and core(u) = |[c,d] such that a < ¢ < d < b. Then for
sufficiently large n, it results that BM (u; [a, b)) is a fuzzy number such that:

(i) supp(u) = supp (B («; [a, b]))

(ii) If core(BY" (u; [a, b])) = [ca. ], then |c — c,| < =2 and |d — d,| < =2
(iii) If, in addition, u is continuous on [a, b], then

[BYD G a, b)) — ()] < 121 — a] + Doy (”; Jnlﬁ )[a,b] ’

forall x € R.

Proof. Let n € N, such that ’%l < d — c. By Theorem 2.6.2 it follows that
there exists ¢’ € [a, b] such that EEM)(u; [a, b]) is nondecreasing on [a,c’] and
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nonincreasing on [¢/, b]. On the other hand, from the definition of ES,M) (u; [a, b)),
it results that "EEZM)(M; [a, b])H < |u| and since flu]| = 1, it follows that

HES,M) (u) H < 1. (Here || - || denotes the uniform norm on B([a, b])-the space of

bounded functions on [a, b].) Therefore, to prove that FB?;M) (u) is a fuzzy number,
it suffices to prove the existence of @ € [a,b] such that E,ﬁM)(u) = 1. Let
a = a + j(b — a)/n where j is chosen such that ¢ < o < d. Such j exists since
’% < d — c. Since o € core(u), it results u() = 1. On the other hand, by

Lemma 2.6.4 it follows that B (u; [a. b])(e) > u(c) and clearly this implies that

EEM) (u; [a, b]) is a fuzzy number. In what follows we prove punctually the rest of the
theorem.

(i) Firstly we have B (u; [a, b])(a) = u(a) and B™ (u; [a, b])(b) = u(b). Noting
the definitions of « and BY" (u; [a, b)), it follows that B (u; [a,b])(x) = 0is
outside of [a, b]. Now, by u(x) > 0 and B™" (u; [a, b)) (x) = B™ (u; [a, b]) (x)
for all x € (a,b), we easily get that B (u; [a,b])(x) > O for all x € (a,b),
which proves (i).

(i1) Let us choose n € N such that (b — a)/n < d — c. Then let k(n, c), k(n,d) €
{1,...,n— 1} be such that

a+ (b—a)k(n,c)—1)/n<c<a+ (b—a)k(n,c)/n
and
a+ (b—a)k(n,dy/n<d<a+ (b—a)k(n,d) +1)/n.

Since (b—a)/n < d—citis immediate that k(n, ¢) < k(n, d). In addition, by the
way k(n, ¢) and k(n, d) were chosen, we observe that u (a + (b — a)k/n) = 1
for any k € {k(n,c),...,k(n,d)} and u(a+ (b —a)k/n) < 1 for any k €
{0,...,n} ~{k(n,c), ..., k(n,d)}. In what follows, we will often make use of
formulas (2.21)—(2.22) by adapting the notations to our case. Thus, for some
x€la+k(n,c)b—a)/(n+1),a+ (k(n,c) + 1)(b —a)/(n + 1)], we have

n
BM (u: [a. b)) (x) = \/ thenin) (x)-
k=0
We observe that
Uk(n.c).n.k(n.c) ()C) =
= Mg(n.c),nk(n.c) (x)u (a+ (b - (Z)k(}’l, C)/n) =u ((1 +(b— a)k(n, C)/n) =1

and by the definition of k(n, ¢) and by Lemma 2.6.3 (see also formula (2.20))
it is immediate that for any k € {0, 1, ..., n}, we have
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u(a+ (b—a)k(n,c)/n)
>u (a + (b - a)k/n) > M n.k(n.c) ()C) cu (Cl + (b - a)k/n) = Uk n k(n.c) ()C)
and hence

B (u: [a. b)) (x) = u @+ (b—a)k(n.c)/n) = 1,
Mxela+k(mn,o)b—a)/(n+ 1),a+ (k(n,c) + 1)(b—a)/(n+ 1)].
Performing similar reasonings we get that
B (u: [a, ) (x) = u(a + (b — a)k(n.d)/n) = 1.
(V)x € [a+k(nd)(b—a)/(n+1),a+ (k(n.d) + 1)(b—a)/(n + 1)].

Now let us choose arbitrarily x € (a + (b — a)(k(n,c) — 1)/(n + 1),
a+ (b—a)k(n,c)/(n+ 1)). We have

B (us [a, b)) (x) = \/ ttonin.cr1 (%)
k=0
Ifk € {k(n,c),..., k(n,d)}, then
uk,n,k(n.c)—l(x) = mk,n.k(n.c)—l(-x)u (a + (b - a)k/n) <u (Cl + (b - a)k/n)
=u(a+ (b—a)k(n,c)/n) = ’ELM)(M; [a,b])(a+ (b —a)k(n,c)/(n+ 1)),

where we have used that my, imec—1 < 1 since k& # k(n,c) — 1 (see
Lemma 2.6.3). If k ¢ {k(n,c), ..., k(n,d)}, then

Uk nk(n.c)—1 (.X) = M nk(n,c)—1 ()C)M ((l + (b - a)k/n)
<u(a+ (b—a)k/n) <u(a+ (b—a)k(n,c)/n)
=B (u; [a. b)) (@ + (b — a)k(n.c)/ (n + 1)).

Summarizing, we get that \/ ug,kme—1(x) < B (u;[a,b])(a + (b —
k=0
a)k(n,c)/(n + 1)) and this implies that
B (uifa. b)) (x) < B (urfa, b)) (a + (b — a)k(n,c)/ (n + 1),
(Mx € (a+ (b—a)k(n.c) = 1)/(n+ 1).a+ (b —a)k(n,c)/(n + 1)).
By the quasiconcavity of B (u; [a, b]) on [a, b] it easily results that

B (u: [a. b)) (x) < B (u: [a. b)) (a + (b — a)k(n.c)/(n + 1)),
V)x € [a,a+ (b—a)k(n,c)/(n+ 1)).
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By similar reasonings we get that

B (u: [a. D) (x) < B s fa. b)) (@ + (b — ) (k(n.d) + 1)/ (n + 1),
M)x e (a+ (b—a)k(n,d)+ 1)/(n+ 1),b].

From the above inequalities, noting that

B™ (u; [a, b)) (a + (b — a)k(n, )/ (n + 1)) =
=u(a+ (b—a)k(n,c)/n) = u(a + (b —a)k(n,d)/n)
= BM (u; [a, b)) (a + (b — a)(k(n.d) + 1)/(n + 1)) = 1,

we obtain that FESLM) (u; [a, b]) attains its maximum exclusively on the interval
[a + (b — a)k(n,c)/(n + 1),a + (b — a)(k(n,d) + 1)/(n + 1)] which by
the definition of B (u; [a, b]) implies that core(EEM) (u; [a,b])) = [a+
(b — a)k(n,c)/(n + 1),a + (b — a)(k(n,d) + 1)/(n + 1)]. Now, denoting
¢y = a+ (b—a)k(n,c)/(n+ 1) we observe that both ¢, and ¢ belong to the
interval [a + (b — a) (k(n,c) — 1) /n,a + (b — a)k(n, ¢)/n] of length (b—a)/n
and hence |c — ¢,| < (b—a)/n. Similarly, denoting d,, = a+ (b—a)(k(n,d) +
1)/(n+ 1) we get that |d — d,| < (b — a)/n and the proof of statement (ii) is

complete.
(iii) The proof is immediate by Theorem 2.6.1, taking into account the continuity
of u. O

The following corollary is an immediate consequence of the previous theorem.

Corollary 2.6.6 (Bede—Coroianu—Gal [23]). Let u be a continuous fuzzy number
with supp(u) = [a,b] and core(u) = [c,d] such that a < ¢ < d < b. Then we
have

(i) core(’E,(qM)(u; [a, b])) — core(u).
(ii) lim De(BY" (u; [a, b)), u) = 0.
n—o0
Proof. Relation (i) immediately follows from assertion (ii) of Theorem 2.6.5. Then

since for large enough n we have supp (’ELM) (u; [a, b])) =supp(u) and by assertion
(iii) of Theorem 2.6.5, it results that

De (B™ (u;[a,b]).u) = sup [BM (u: [a. b])(x) — u(x)|

x€la,b]

1
< 12([b—a] + Do, (“ m)[a,b]

and since by the continuity of u we have o (u; %) — 0, we immediatel
Yy y 1 Jm ] y

obtain that (ii) holds too. O
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From Theorem 2.6.5 and Corollary 2.6.6, it follows that the sequence of
Bernstein max-product operators attached to a continuous fuzzy number fulfil
the approximation and shape preserving properties mentioned in Sections 2.1-2.2
and hence they are a good example of an efficient convergent sequence of fuzzy
numbers.

Remarks. 1) If the fuzzy number u is unimodal, that is ¢ = d, then B (u; [a, b))
is not necessarily a fuzzy number. But normalizing BM (u; [a, b]), we obtain the

fuzzy number mﬁﬂm (u; [a, b]). (Recall that || - || denotes the uniform
n (u;]a,

norm). Since By (u; [a, b]) — u uniformly, we easily get that

1
B G a, b))

uniformly. Interestingly, similarly to the case of fuzzy numbers with non-

degenerated core, we can determine precisely the core of M)(l[ b])HE(M)
By (us]a,

E;M)(u; [a,b]) — u,

(u; [a, b]). For simplicity, lets us denote

1
B (u:[a. b))

Firstly, let us notice that for sufficiently large n, since u is quasiconcave on [a, b]
it results the existence of ky € {0, ...,n}and [y € N, kg + [y < n, such that

B (uifa. b)) = B (i a. b]).n = 1.

u(a+ko(b—a)/n) = u(a+(ko+1)(b—a)/n)) = ... = u(a+(ko+1l)(b—a)/n))
and such that u(a + k(b — a)/n) < u(a + ko(b — a)/n), for any k € N satisfying
k < ko or kg + lp < k < n. Note that for sufficiently large n we have 1 < ky <

ko 4+ o < n — 1. Now reasoning as in the proof of Theorem 2.6.5, (ii), we easily
obtain that

core (E},W(u; [a,b])) = [a+ (b—a)ko/(n+ 1), a+ (b—a) (ko + 1o+ 1)/(n+ 1)].

We must notice that in most situations there exists a neighborhood of ¢, [cy, ¢3]
such that u strictly increases on [cy, c] and u strictly decreases on |[c, ¢;]. For
sufficiently large n, let k(c) € {0, ..., n} be such that

cela+ (b—a)k(c)/n,a+ (b—a)k(c) + 1)/n]
and

co<a+ (b—a)k(c)/n<a+ (b—a)k(c)+1)/n < cy.
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By the monotonicity of u it results that
u(a+ (b—a)k/n) < max{u(a + (b — a)k(c)/n),u(a + (b — a)(k(c) + 1)/n)},

for any k € {0,1,...,n} ~ {k(c),k(c) + 1}. From here it is immediate that
core (EE,M) (u; [a, b])) — core(u).

Or, for n € N we introduce the fuzzy number u, as follows. First, we choose
k(c, n) such that

k(c,n) _ B .(k(c,n)+1
(n+1)_c_a+(b a) —(n+l)

a+ (b—a)-

For x outside the interval (a4 (b—a)- (k(c,n)—1)/(n+1),a+ (b—a)-(k(c,n)+2)/
(n+ 1)), we take u,(x) = u(x). Forx € [a+ (b—a) -k(c,n)/(n+1),a+ (b—a) -
(k(c,n) + 1)/(n + 1)] we take u,(x) = 1. Finally, in the missing intervals we take
linear functions so that the continuity of u, is ensured.

In addition, it follows that there exists a constant C independent of n, such that

1 ) 1
oy |ty —— < Coy (u; —) :
( v+ 1)1 v+ 1/ a

Indeed, it is clear that it suffices to compare the two moduli only on one of the two
subintervals (each of them of length (b—a)/(n+ 1)) where u,(x) is a linear function.
If wy(u,; 1/4/n + 1) is attained on the left-hand side interval, it easily follows that
it is less than
|lu(c) —ulc =2(b—a)/(n + 1]

= 200—a) + Hoi(u:1/(n + 1))

<[2(b—a) + Hoi(u; 1/vVn+ Diap)-
If w1 (un; 1/4/n + 1)[4p) is attained in an interval where u,(x) is not entirely linear,
by decomposing that interval into two consecutive subintervals, such that on one

u,(x) is linear and on the other one coincides with u(x) (by construction), by the
triangle inequality it easily follows that

01 (U 1/8n+ Dy < 01wz 1/vVn 4 1)jap
+[2(b —a) + N (u; 1/v/n + 1)ap.

Now, since a + (b — a) - k(c,n)/n € core(u,), it follows that u,(a+(b—a) -
k(c,n)/n)=1, which by Lemma 2.6.4 implies

B (uy: [a, b)) (@ + (b — a) - k(e.m) /m) = 1.
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Consequently, we get that B (uy; |a, b)) is a proper fuzzy number and since
lim core(u,)=c, by Theorem 2.6.5, (ii), we get that lim (coreB,(,M) (un; [a, b]))=c.
n—>o00 n—>oQ

We prove now that B (uy; [a, b]) — u, uniformly on [a, b]. We have

[B™M (u,: [a, b)) (x) — u(x)| < [B® (uy: [a. D)) (x) — ()] + |ut(x) — ()]

< 12([b —a] + Dy (un; ﬁ){m + [ua (x) — u(x)]
< 12C([b — a] + w, (u; «/nlﬁ)[a,h] + |un(x) — u(x)| .
Since |u,(x) — u(x)| < 2([b —a] + Doy (u; nil)[a’b], we obtain

(B Gy, b1) () — ()|

1 1
< 12C([b —a] + Dy (u; m)[a’b] +2([b —a] + Dy (u; —y 1)[a,b]

and this proves that B (un; [a, b]) — u, uniformly on [a, b].

2) From Theorem 2.6.5 it follows that the max-product Bernstein operator, B,(qM),
is more convenient for approximating fuzzy numbers than the classical linear
Bernstein operator, B,. While the order of uniform approximation is the
same, the max-product Bernstein operator preserves better the shape of the
approximated fuzzy number. In fact, it is easy to prove that if the fuzzy number
u has a continuous membership function, then as n increases to oo we have
|B,(u; [a,b])|| < 1. Of course, if we normalize B, (u; [a, b]), then we obtain
a fuzzy number (it is known that the linear Bernstein operator preserves the
quasiconcavity, see, e.g., Section 2.2), but the core of the normalized linear
Bernstein operator one reduces to a point which is inconvenient in the case when
the core of u is a proper interval.

3) For practical considerations it is useful to study the problem of approximating
fuzzy numbers that are of Lipschitz-type. For example, let us suppose that the
fuzzy number u is a-Lipschitz on [a, b], of order o € (0, 1], i.e.,

|u(x) —u(y)| = Mlx —y|*, Vx,y € [a, D],
with some absolute constant M. By Theorem 2.6.5, (iii), we have
B (s [a. B () — u(@)| < 12(1b — a] + DM (n + 1)/,
Now let € > 0 be arbitrary. Then we have
(12(b—a) + DM(n+ 1)"%% < ¢,

forany n > ny = [(%)(2/“)] + 1, with C = (12(b — a) + 1)M, where [] stands
for the integer part of x.
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4) It can be easily proved that if « is a unimodal continuous fuzzy number then
the sequence (ES,M) (up; [a, b])) (no matter which construction is used from those
presented in Remark 1) then all the requirements of Corollary 2.6.6 hold.

Example. Let us consider the fuzzy number given f(x)=f(x) if x € [0, 1], f(x)=0,
otherwise, where f is the example of the function from the end of Section 2.4.

In Figure 2.1, we can compare the classical and the nonlinear max-product Bern-
stein operators in approximating this fuzzy number. We can easily see that on the
support of f, the classical linear operator marked with dotted line is outperformed
by the max-product operator marked with dashed line, this being almost coincident
with the target fuzzy number at its core. The theoretical conclusions of the present
section are well illustrated by this particular example too.

In what follows, for a fuzzy number written in the parametric form u =
(u™,u™), we can attach the max-product Bernstein operators BEIM) (u—; [0, 1])
and BM (u™;]0,1]). Since BM preserves the monotonicity, it follows that
B™ (u™;[0, 1]) is nondecreasing and BM (u™; [0, 1]) is nonincreasing. In addition
we have

BM ([0, 11)(0) = w(0), BM (w0, 1])(1) = u™ (1),

B,(lM)(v_; [0,1])(0) = v~ (0) and B,(lM)(v_; [0,1])(1) = v~ (1). In conclusion we
obtain that ELM) (u) = (B,(lM) (u—; [0, 1)), BM (u™;[0,1])) is a proper fuzzy number
which in addition preserves the core and the support of u.

The following result holds.

Theorem 2.6.7 (Bede—Coroianu—Gal [23]). Let u = (u~,u™) be a positive fuzzy
number with the level functions u~ and ut continuous. Then, denoting u, =

(u, ,ul) = ELM) (u), we have

(i)

B (8 0.1)

1 1
< 12max { w, (u_; —) , (u+; —) , foralln e N;
{ A/ n =+ 1 [0.1] AV n + 1 [0.1]
(ii)
El(u,) — El(u),
width(u,) — width(u) and

Ambg(u,) — Amb,(u),
Ambg(u,) — Ambg(u), k € N.

for any reduction function s : [0, 1] — [0, 1].
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Proof. (i) The proof is immediate by the continuity of # and the definition of

I_ZEZM) (u), taking into account Theorem 2.1.5 too.
(i) We will use relations (1.41), (1.42), and (1.43) which define the expected

interval, ambiguity, and value, respectively, and the formula for the width.
Analyzing these formulas, from u, = E,(lM) (u) := (u;,u}), we conclude that

in order to obtain the required convergence of the expected interval, width,
ambiguity and of the expected value of u,, it suffices to prove that

1

1
lim | s(@)u, (@)da = | s(a)u (a)do
s froncons- |

0

and

1 1
lim / s(oz)u;Ir (0)da = / s(o)u™ (a)da,
n—oQ
0 0
for any s(a) = o, with fixed k € N J{0}.
Indeed, taking s = a® = 1, we easily get the convergence of the expected interval

and of the width. Therefore, let now k£ > 1 be fixed. For every n € N, we easily get

1 1 1

/s(a)u;(a)da—/s(oz)u_(a)doz < s(l)/ ‘u;(a)—u_(oz)]da
0

0 0

< s()D¢(uy, u),

1 1

which easily implies that lim [ s(«)u; (¢)da = [ s(a)u~(e)da. The proof of the
n—>0o0 0 0

second equality (for ™) is similar, so that we omit the details. O

If the fuzzy number u is not positive, i.e. u~(0) < 0, then there are many
possibilities to attach a modified max-product Bernstein operator. For example, we
can define

Py () = (B @™ —u(0): 10, 1]) + u™(0), B (* — u(0): [0, 11)) + u™(0).
It is easily seen that supp (ﬁiM) (u)) =supp(#) and core (ﬁiM) (u)) =core(u). If u™

and uT both are continuous, then it is immediate that we have the same kind of
. . —M L =M
estimates in Theorem 2.6.7, when we replace there Bi )(u) with P,(l )(u).
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2.6.2 L'-Approximation

In this subsection, approximations results with respect to the metrics D; and d,; are
presented. In this sense, we will prove that using the max-product Bernstein opera-
tor, for some particular classes of fuzzy numbers we obtain a better approximation
with respect to the metric D than that with respect to the metric D¢.

Recall first that a function f : [a, b] — R is called of bounded variation if there
exists a positive constant C > 0, such that for any m € N and any partition of [a, b],
a=xy<x3 <---<x,;=>b,wehave

Y 1) — )] < C.

J=0

The supremum of the above sum after all the possible partitions of [a, b] is called
the total variation of f on [a, b] and it is denoted by V2 (f).

It is known that a function of bounded variation is not necessarily continuous on
[a, b]. For example, any monotonous function f is of bounded variation and V2 (f) =
If(b) — f(a)|. Another important fact is that according to the Jordan’s theorem, a
function f : [a,b] — R is with bounded variation on [a, b] if and only if there exist
two nondecreasing functions fi, f> : [a, b] — R such that f = f; — f> on [a, b].

It is worth noting that any fuzzy number is of bounded variation on its support.

Indeed, let u be an arbitrary fuzzy number so that supp(#) = [a, b] and core(u) =
[c,d], with a < ¢ < d < b. By Definition 1.2.1, there exist I; : [a,c] — R
nondecreasing and I; : [d, b] nonincreasing, such that u(x) = [;(x) for x € [a,c],
u(x) = ly(x) for x € [d, b] and u(x) = 1 for x € [c, d].

We have

Lemma 2.6.8 (Bede—Coroianu—Gal [23]). [fu is a fuzzy number defined as above,
then V2 (u) < 2 and we can write
u(x) = uy(x) — up(x), forall x € [a, b],
where uy and u, are nondecreasing and are given by
u(x) = Li(x), ifx € [a,c], uyy(x) = 1ifx € [c, D],
and
uy(x) =0, ifx € [a,d], up(x) =1 —1y(x) if x € [d, D].
Proof. Let us consider an arbitrary partition of [a, b],a = xp < x| < -+ < X, = b.
Without any loss of generality we may suppose that there exists ko € {1,2,...,m}
such that xz, = d. Indeed, if not, then we can consider a finer partition of [a, b] which
contains d and for which the corresponding sum is larger than ij:o [0 (xj1)—u(x;)|.

Therefore, it suffices to find an upper bound for sums corresponding to partitions
which contain d. Then it is immediate that
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m ko—1 m
D luCg) —u)l =Y fuC) —u@)| + Y |ux) — ulx)]
Jj=0 Jj=0 J=ko

and by the monotonicity properties of u on [a, b] it easily results that

D luxi1) — u(x)| = u(d) — u(a) + u(d) — u(b) = 2.
=0
The decomposition is immediate, which proves the lemma. O

Because of the Lemma 2.6.8, we will deal only with the approximation of
functions with bounded variation, for simplicity firstly considered defined on [0, 1].
For any k,j € {0, 1, ..n}, let us define the functions fi ,; : [+ 4L R,

n+1° ntl
Q) ox (K
Jinj(x) = (,;L) (1 —x) f (;) :

By the notations from Lemma 2.6.3 (for « = 0 and b = 1) it follows that f; , j(x) =
My j(X)f (%) for every k,j € {0, 1, ..n} and, by the conclusion of the same lemma,
it results that

k
s =£(5).
n
for all k,j € {0,1,..n} and x € [n_{l, ’J;_tll] Then it is known that for any j €
{0,1,...,n}and x € [n_jH, flill] we can write

BM ([0, 1)) = \/ funs(0).

k=0

The first main result is the following.

Theorem 2.6.9 (Bede—Coroianu-Gal [23]). Let f : [0,1] — [0,00) be with
bounded variation on [0, 1], such that g(t) = f(t)/t is nonincreasing on (0, 1] and
h(t) = f(t)/(1 — t) is nondecreasing on [0, 1).

Then for all n € N we have

/01 |B$,M)(f; [0’ 1])(x) —f(x)|dx < %s

wheref = fi—f>, with fi, > nondecreasing on |a, b] and C = 2[V(} (fl)—i—Vé )+
(|| - || denotes here the uniform norm).
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Proof. By the hypothesis on g and 4 and by the proof of Corollary 2.1.10, we can
write

BEM) (f; [07 1])()6) = max{fj"—l,n‘j(x)’ﬁ,ll.j(x)’ﬁ+l.nj(x)}»

forallx € [j/(n+ 1), G+ 1)/(n+ 1)],j =0,1,....n— 1 (with f_; , o(x) = 0 by
convention).
Forx € [j/(n+ 1), (j+ 1)/(n + 1)], we have two cases:

Case A. B (£ [0, 1)(x) = f0;(x) or BY (710, 1])(x) = fi41.,,(x), which will
imply B (: [0, 11)(x) = max{f;,,j(x). fi 1.7} :
Case B. BV (£:[0, 11)(x) = fi_1.,;(x), which will imply

B (£:10, 1) () = max{fi—1 (%), £ ()}

Case A. Since f is with bounded variation let f1, f> : [0, 1] — R be nondecreasing
functions satisfying f = f; — f>.
Firstly, we easily notice that

/1 IBM(£:10,1]) (x) — f(x)|dx < 2|1 .
n/(n+1) P

Indeed, this is immediate since by the definition of Bﬁ,M) (10, 1]) it easily follows

that ‘ < |If|l- It will be useful later to write the above inequality as

1
/ 1B (£ 0 1])(x) — £ ()

n/(n+1)

(n/(n+ 1) = fi(D)]

b o/ 1) = D]+ .23)

Let us suppose now thatj € {0, 1,...,n — 1}. We distinguish two cases:

Case (i). Letx € [j/(n+1),(j+1)/(n+ 1)] be fixed such that B(M)(f [0, 1) (x) =
Sinj(x). Since fj . j(x) = f(]) = fi(%) = fo(%), it follows that

|BM(£:10, 1) (x) — f ()|
~ s

—| (3D -D)) = i o

< }/1(1) £
n

+ach-r
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= 1G/(n+ 1)) =G+ D/(n+ 1)
+ 120/ (n+ 1)) = f2(G + 1)/ (n + )],
by the monotonicity of f; and f> and by j/n € [j/(n+ 1), (j+ 1)/(n + 1)].

Case (ii). Letx € [j/(n + 1), (i + 1)/(n + 1)] be such that B (£ [0, 1]) (x) =
Ji+1.,i(x). We have two subcases:

(ig)  BY"(f:[0.1)(x) < f(x). when evidently f;,;(x) < fi41.1;(x) < f(x) and
we immediately get
B (£:10. 1) (x) — £ ()|
= [fi4 1) — f(0)]
= F () = fir1ai@) <) = fGi/n) = |fG/n) — F )]
< AG/(+ 1) =G+ D/ (n+ 1)
+HAG/ (4 1) = LG+ D/ (n+ D).
(i) BV (£:10. 1) (x) > f(x). when
BUDF [0, 1) () = f@)| = fi10j () —F () (G + D/n) — £ (x)
<AG+ D/m) =A@+ 16+ D/n) —H)]
< IA(G + D/ + 1) =fG/(n + 1))
G+ 2/ + D) =[G+ D/ + 1))
+ G+ D/ + 1) = £/ (4 1))
+ 1A+ 2/ + D) —A(G+ D/ + D).

Therefore, forall x € [j/(n+ 1), (j+1)/(n+1)]andj € {0, 1,..., n—1} we get
1B (2 [0. 1)) = f ()]
=G+ D/(+ D) =fi(/(n+ D)]
+ G +2)/(n+ 1) —fi((+ D/(n+ D)
+ G+ D/(n+ 1) =0/ (n+ 1)
+1A2G+2)/(n+ 1) =L+ D/(n+ D)
and integrating this inequality on [j/(n + 1), (j + 1)/(n + 1)], it follows

G+1)/(n+1)
/ 1B (7 0. 1) () — £ ()]dx
J

/(n+1)
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A+ D/ D) =i+ )]

Jlr TG +2)/n+ 1) —fiG+ D/ + D)

AU+ D/ 0+ 1) =6/ + D)

AU +2)/0+ 1) =G+ D/ + D).

Summing for j from O to n — 1, we immediately get

n/(n+1)
/0 1B (£ 0. 1]) () — F(0)]dx

<— Zm<o+1)/(n+1)) i/ + 1)

% : Z (G + D/ + D) = G/ (n+ D)
=0

n—1

— Z (G +2/ 01+ 1) =G+ D/ + D)

n—1

Z (G +2)/(n+ 1) = (G + D/(n+ 1)

n+1
1 n—1
Tt Y AG+ D/ (+ 1) = fi G/ (n + D))
j=0
n—1
T Zlfz(0+1)/(n+1)) =G/ (n+1))|

——- D AW+ D/ + D) —fG/ (n + 1))
j=1

SR+ D/ 1)~ oG/ D)
Jj=1

117
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Taking now into account the inequality (2.23) from the beginning of the proof
too, it follows

1
/0 1B (7 0. 1) () — £ ()]

—— 2 NG+ D/ D) =i/ (4 D)
=0

S G+ D/ 1)~ G/ D)
=0

— DA+ D/ + D) =[G/ + 1))
j=1

2|71l

Z /(G + D/ + D) =G/ (1 + D)+~

< % S 1A+ D/ + D) = A/ (n+ D)
j=0

Zlfz((/+1)/(n+1)) ~ G+ )]+ 2

Y (Vo) + Vo () + I71)

and taking C = 2 (Vé (f) + Vih) + |[f||) we easily obtain the desired conclu-
sion for the Case A.

Case B. The reasonings are absolutely similar to the Case A, so that we omit the
proof. |

Corollary 2.6.10 (Bede-Coroianu—-Gal [23]).

(i) Let f : [0,1] — [0, 00) be nondecreasing on [0, 1], such that g(t) = f(t)/t is
nonincreasing on (0, 1].
Then for all n € N we have

20 —1©O)]

[ 180,100 e < 2

(it) Letf : [0, 1] — [0, 00) be nonincreasing on [0, 1], such that h(t) = f(t)/(1 — 1)
is nondecreasing on (0, 1].
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Then for all n € N we have

20/(0) /()]

1
M) (7 x) —f(x
fown (10,1~ f(war = 2L

Proof. (i) By the hypothesis it is clear that () = f(t)/(1 — t) is nondecreasing
on [0, 1).

Now, since f is nondecreasing, for all x € [j/(n + 1),(G + 1)/(n + 1)],
j=0,1,..,n, we have

BM(#:[0. 1) (x) = \/ finj )

k=j

and for j = n we get B,&M)OC; [0,1])(x) =f(1) forall x € [n/(n + 1), 1].
Therefore, it is clear that for all x € [n/(n + 1), 1] we have

1B (310, 1D () —f@)| < [f(n/(n + 1) = f(D)],

which immediately implies

1
[ 1B 01D s = — -G/ + 1) =D,

/(n+1)

Reasoning as in the above Theorem 2.6.9 for fj = f and f, = 0 we easily obtain
that we can take C = 2[f (1) — f(0)] in the proof of the previous theorem.

(i) By the hypothesis it is clear that g(r) = f(¢)/t is nonincreasing on (0, 1].
Reasoning as in the above case (i), we easily get the desired estimate. O

Corollary 2.6.11 (Bede—-Coroianu-Gal [23]). If f : [0,1] — [0,+00) is a
concave and monotonous function on [0, 1], then

—2lf(1) —/O) , foralln € N.
n—+1

1
/0 [BED (710, 1)) —f ()| d =<

Proof. By Lemma 2.1.9, since f is concave it follows that g(t) = f(¢)/t is
nonincreasing on (0, 1] and h(t) = f(f)/(1 — ¢t) is nondecreasing on [0, 1). Then,
the desired estimate is a direct consequence of Corollary 2.6.10. O

Remarks. 1) By Corollary 2.1.11, for concave monotonous functions, the approx-
imation in the uniform norm | - || is given by

||B§,M)(f§ [0,1]) = fll <2w1(f; 1/n)j,1, foralln € N.
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Comparing with the estimate in the above Corollary 2.6.11, it is clear that the
estimate in the uniform norm by the Bernstein max-product operator is weaker
than that in the L'-norm. Indeed, it suffices to take f(x) = /X, x € [0, 1], which
is a concave nondecreasing function on [0, 1]. Therefore, Corollary 2.6.11 gives
the approximation order %, while in the uniform norm we get the approximation
order w; (f: 1/m)jo.1) = f(1/n) —f(0) = .

2) By simple reasonings, we can deduce other classes of functions satisfying the
hypothesis in Corollary 2.6.10. For example, it follows that if f : [0, 1] — [0, c0)
is a convex, nondecreasing function satisfying ’% > f(1) for all x € [0, 1],

then the function g : (0,1] — [0,00),g(x) = @ is nonincreasing and as a
consequence for f is valid the conclusion of Corollary 2.6.10, (i). Indeed, for
simplicity let us suppose that f € C'[0, 1] and denote F(x) = xf'(x) — f(x),

x € [0, 1]. Then g'(x) = £, for all x € (0, 1]. Since the inequality 2 > f(1)

X

can be written as % ~§ f(1), for all x € [0, 1), passing to limit with x — 1

it follows f"(1) < f(1), which implies (since f” is nondecreasing)

F(x) < xf'(1) —f(x) < xf"(1) —xf (1) = 2[f"(1) — ()] =0, forall x € (0, 1].

This means that g(x) is nonincreasing.

Analogously, if f : [0, 1] — [0, 00) is a convex, nonincreasing function satisfying
{(Tx))c > £(0), then for f is valid the conclusion of Corollary 2.6.10, (ii).

It is worth noting that according to the Remark after the proof of Corollary 2.1.11,
for these classes of functions too, the error estimate in the uniform norm by
Bernstein max-product operator is weaker than that in the L'-norm.

Now, in order to apply the above results to the approximation of fuzzy numbers,
reasoning as in the previous section we will extend them to an arbitrary compact
interval [a, b], a < b, as follows.

For any k,j € {0, 1, ..., n} we define (similarly as for the case a = 0, b = 1) the

functions fi . : [a + (Z:-al)j’ a+ (b_l{:)+(li+l)] - R,

s = W (224) 7 (a4 K20

() \b—x
J
Thus, we can prove the following.

Theorem 2.6.12 (Bede-Coroianu—-Gal [23]). Let f : [a,b] — [0,00) be with
bounded variation on [a, b, such that f(y)/(y — a) is nonincreasing on (a, b] and
f(y)/(b—y) is nondecreasing on [a, b). Then there exists C > 0 which depends only
on f such that

b
/ B (F: [a. B) (¥) — F(0ldx < ———, forall n € N.
a n—+ 1
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Proof. We define the function G : [0,1] — R, G(y) = f(a + (b — a)y). It is
immediate that (see the beginning in the proof of Theorem 2.6.1, (1)),

b 1
[ 1B (F: [a. B) (x) — F()ldx = (b —a) /0 IBYD(G: [0, 1])(x) — G(x)dx.

Then, it is easy to see that G satisfies the hypothesis of Theorem 2.6.9, namely that
G is of bounded variation on [0, 1], g(f) = G(¢)/t is nonincreasing on (0, 1] and
h(t) = G(r)/(1 — 1) is nondecreasing on [0, 1). Indeed, this follows immediately
denoting y = a+ (b—a)t € (a, b] for all t € (0, 1], which implies r = (y—a)/(b—a)
and

80 =GWO)/t=fla+ (b-ap)/t = (b—-a)f(y)/(y—a)

and

ht) =G0/ -0 =fla+ (b-an/(1—1) = (b—-a)fy)/(b-y).

Therefore, it results the existence of a constant C; which depends only on G, such
that

1
C
/ B (G: [0, 1])(x) — Gl < S forall n € N
0 n+1

But since the function G depends on f we easily obtain that actually Cs depends
only on f. Now taking C = (b — a)Cg, we get the desired conclusion. |

The following application to the approximation of fuzzy numbers holds.

Theorem 2.6.13 (Bede—Coroianu-Gal [23]). If u denotes a fuzzy number with
supp(u) = [a,b] and core(u) = [c,d] and the restriction of u to the interval [a, b]
satisfies the hypotheses of Theorem 2.6.12 (the condition to be of bounded variation
is implicitly satisfied by Lemma 2.6.8), then for all n € N we have

6(b—a)
n+1°

Dy (B™ (u; 0, b)), ) = / (B0 (u [ B]) () — ()| dix <
R

Proof. Reasoning as in the proof of the previous theorem we define the fuzzy
number v, where v(x) = 0 outside [0, 1] and v(x) = u(a+ (b—a)x) forall x € [0, 1].
It is immediate that supp(v) = [0, 1]. Reasoning for v as we did for G in the previous
theorem, for some n € N we get

(b—a)C,
n+1

3

[ B a0 - o) a =

R
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where, since the restriction of v to the interval [0, 1] satisfies the hypothesis of
Theorem 2.6.9, we can take

Cy = 2[V(v1) + Vi (v2) + [lv]l].

Here v; and v, are defined on the same pattern as u; and u, in Lemma 2.6.8.
Therefore, it is immediate that V(} (v) = Vg (v2) = 1 and since, on the other hand,
lv]| = 1, we obtain that C,, = 6. This finishes the proof. |

Remark. In the above theorem we can assume that for sufficiently large n,
B (u; [a, b]) is a proper fuzzy number. Indeed, if « is unimodal, then by Remark 1
after the proof of Corollary 2.6.6 we can construct a fuzzy number which coincides
with B™ (u; [a, b]), excepting an interval of length 3(b—a)/n and this easily implies
that if in the integral, we replace B (u; [a, b]) with its corresponding fuzzy number,
then we obtain the same type of estimation.

Finally, since u~ and ut are monotonous functions, taking into account the
. =M .
notations for the fuzzy number Bi )(u) just before the statement of Theorem 2.6.7,

with respect to the metric d; we immediately obtain the following result.

Corollary 2.6.14 (Bede—Coroianu-Gal [23]). Suppose that u = (u™,u™) is a
fuzzy number such that u™ satisfies the hypothesis of Corollary 2.6.10, (i), and u™
satisfies the hypothesis of Corollary 2.6.10, (ii). Then, for all n € N we have

2[u” (1) —u (0) + u™* (0) — u™ (1)]
n+1

d (B () <

and

width(u) — width(B'" ()| < dy (. B"" ().

2.7 Bivariate Max-Product Bernstein Operators

In this section, starting from the two kinds of Bernstein polynomials of two variables
attached to a function of two variables, f(x, y), defined by

n

Bum(1)(6.9) = DY pui®)pmj0)f (i/n.j/m)
i=0 j=0

_ Z?:O ;'n=0Pn,i(x)PmJ(V)f(i/n’j/m)
Z?:O J"n:() pn,i(x)pm.j(y)

. (x,y) €[0,1]% n,m e N,
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where f : [0, 1] x [0, 1] — R (see Hildebrandt-Schoenberg [100], Butzer [40]) and

T =D > (’;) <”J_ i)xiyi (1 —x—y)""7f(i/n.j/n)

i=0 j=0

_ Za DS O A e/
= Z;,l:() Z;l:_(l) (rlz)(n]—l)x,y](l _x_y)n—i—j X Z Uy =2 U, y=1,

wheref : A - R, A = {(x,y);x >0,y > 0,x+y < 1} (see the book Lorentz [113],
p-51), we make a similar study with that in the univariate case, for the following two
bivariate max-product Bernstein operators, defined by

Vico Vimo im0 (i/n. j/m)
\/?:0 ]r'nzopn,i(x)pm‘j@)

Vi Vi PP G/ )
Vizo Pri®) - VjZo Pm ()

BM () (x.y) =

. (x,y) €[0,1]% n,m € N, (2.24)

and

Vico Vizo () ()6 (1 —x = )" if (i/n. j/n)
Vio \/J’:é () (n;i)xiyj (1 —x—yyn=i=

(x,y) € A, neN,

TM () (x.y) = : (2.25)

respectively.

Remarks. 1) Since we have \/|_ py.i(x) - \/;"zo Pmj(y) > 0forall x,y € [0, 1] and
by Lemma 2.1.4 in the univariate case, we explicitly can write

\/Pn.i(x) : \/pm.j()’) = Pn,r(x) 'pm,x()’)v

i=0 j=0
1 1 _ _
for all (x,y) € d 7r~|— X il ,S+ ,r=0,n,5=0,m,
n+1 n+1 m+1 m+1

it follows that B (f) (x,y) is well defined on [0, 1] x [0, 1].

In addition, B,%Z (f)(x,y) is a continuous functions of (x,y) in [0, 1]?. Indeed,
as function of (x,y), its denominator is a product of two univariate continuous
functions of x and y variable, respectively, which immediately implies the continuity
as function of the “global” variable (x,y). On the other hand, the numerator
of B%L)(f)(x, y) can be written as a maximum of finite number of continuous
bivariate functions, which by the general formula applied recurrently, max{A, B} =
‘w, immediately implies the continuity of the numerator too.
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Also, if we denote

ni@ _
Ains0) = 05 = %( 7

o) ) (L)
A0 =20 =y Ty

and

Ai,n,r.j,m,s (x» Y) = Ai,n,r(x) . Aj.m,s (Y)a

it follows that we can write the following formula useful in the proofs of the
approximation results,

,(111/’In) (f) ()C y) \/ \/Ai,n,rJ,m,s ()C, y)f(l/nv.]/m)s (226)

i=0 j=0

1 1 = -
for all (x,y) € [#,%] X[mj_l,r%_l],rzo,n, s =0,m.

Finally, we note that B%,) (f)(x,y) interpolates f(x, y) on the peaks of the square
[0, 1] x [0, 1], that is we have

B ()@, B) = f(a. B). forall o, B € {0, 1}.

2) It easily follows that we can write
BN () (x.y) = BV B (] (x.y).

where, if G = G(x,y) then the notations B%) (G) means that the univariate
max-product Bernstein operator B,SM) (G) is applied to G considered as function
of x, while B%) (G) means that the univariate max-product Bernstein operator
B,(lM) (G) is applied to G considered as function of y. In other words, the bivariate
max-product Bernstein operators are tensor products of the univariate max-
product Bernstein operators.

3) Since Y1 > () (”_’) Vi1 —x —y)y"™= = 1forall (x,y) € A, it easily
follows that \//_, \/j— ('](”) (” xiy/ (1—x—y)"~= > 0, forall (x,y) € A. Indeed,

if contrariwise would exist (xo,yo) € A with \//_ ;-l:(l) (") (nj z)xoyg(l Xo —

¥0)" " < 0, that would imply Y ", Z” i (") (";i)xf)yg(l —xo—yo)" 7 <0,
which is a contradiction. Therefore, T\" )(f) (x,y) is well defined for all (x,y) €
A and, in addition, clearly that it is a continuous function on A.
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Also, we note that T\" (f)(x,y) interpolates f(x, y) on the peaks of the triangle
A, that is we have

TM(F)(1,0) = £(1,0), TM(F)(0, 1) = £(0, 1), T (£)(0,0) = £(0,0).

In order to obtain shape preserving properties, we need a few concepts of shapes
in the bivariate case, which are natural extensions of the monotonicity and convexity
in univariate case, and some of them are obtained by using the “tensor product”
method.

Definition 2.7.1. Letf : [0, 1] x [0, 1] — R.

(1) We say that f(x,y) is increasing (decreasing) with respect to x on [0, 1] x
[0, 1], if

fx+hy)—fxy)>0(<0), Vye[0,1],Vx,x+h€[0,1], h> 0.

(i) We say that f(x,y) is increasing (decreasing) with respect to y on [0, 1] x
[0, 1], if

fey+k) —fxy) =0(<0), Vxe[0,1].Vy,y+ke[0,1],k=0.

(iii) We say that f(x, y) is upper (lower) bidimensional monotone on [0, 1] x [0, 1]
(see, e.g., Marcus [118], p. 33) if

Aof ey) =fxc+ hy+ k) —fx.y+ k) —fx+ h.y) +f(x.y) = 0 (= 0),

forallx,x + h € [0,1],y,y+k€[0,1],h >0,k > 0.

(iv) We say that f(x,y) is totally upper (lower) monotone on [0, 1] x [0, 1] (see
Nicolescu [125] or R.C. Young [160]) if (i), (ii) and (iii) hold with all
simultaneously > 0 (or with all simultaneously < 0).

(v) (Popoviciu [129], p. 78 ) The function f is called convex of order (n, m) in the
Popoviciu sense (where n,m € {0,1,---,}) if for any n + 1 distinct points
X] <Xy <+ < Xp41 and any m + 1 distinct points y; < yp < +++ < Yp41 In
[0, 1], we have

X1 X2, 00 5 Xnt1
Jf =0,
VY2, s Ymtl
where the symbol above represents the divided difference of a bivariate

function and it is defined iteratively (by means of the divided difference of
univariate functions) as (see Popoviciu [129], p. 64-65)

[x15 e 7xn+l; b’l, e 7ym+1;f(xs ')]y]x =
R TEERI 2 ET T by J O8] ¥ I
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Here

14

Fereo e 218 0)] =Z(x

i=1

g(xi)
= x1) e (= X)) (G = Xigr) - (6 — )

represents the usual divided difference of univariate function g and [g; x|] =
g(x1).

(vi) The continuous function f is called quasiconvex with respect to x on [0, 1] x
[0, 1], if for any fixed y € [0, 1], as function of x the function f(x,y) is
quasiconvex, that is f(Ax; + (1 — A)xz,y) < max{f(x;,y),f(x2,y)}, for all
X1,x2,y € [0,1]and A € [0, 1].

(vii) The continuous function on [0, 1]1x [0, 1], f, is called quasiconvex with respect
to y on [0, 1] x [0, 1], if for any fixed x € [0, 1], as function of y the function
f(x,y) is quasiconvex, that is f(x, Ay; + (1 — A)y2) < max{f(x,y1),f(x,y2)},
for all y;,y,,x € [0,1] and A € [0, 1].

(viii) The continuous function on [0, 1] x [0, 1], f, is called bidimensional quasicon-
vex on [0, 1] x [0, 1], if

fQAxi + (1 = )xz, uyr + (1 — pw)y2)
< max{f (x;,y1).f(x1,y2),f (2. y1).f (x2, 2)},

for all x1,x,,y1,y2 € [0, 1] and all A, u € [0, 1].
The continuous function f is called fotally quasiconvex on [0, 1] x [0, 1], if
f is bidimensional quasiconvex, and in addition satisfies (vi) and (vii).
(ix) The continuous function f is (simply) quasiconvex on [0, 1] x [0, 1], if for
all A € [0,1] and all x = (x1,x2),y = (v1.y2) € [0,1] x [0, 1], we have
F(Ax 4+ (1 = A)y) < max{f(x),f(y)}, that is written more explicit

fAxp + (1 = D)y1, Axy + (1 = A)y2) < maxif(x1, x2).f(y1,y2)}-

Remarks. 1) The most natural bivariate monotonicity seems to be that in Defi-
nition 2.7.1, (iv), because for such bivariate functions the set of discontinuity
points is at most countable (see Nicolescu [125]).

2) In the case when f has partial derivatives, the conditions (i)—(iv) in Defini-
tion 2.7.1 can be expressed as follows:

(i) by % >0(<0), Yxyelo1],
(i) by L2 >0 (<0), Vx.yelo.1],

(iii) by 325’;;? >0(<0), Vx,ye [0,1], (see Nicolescu [125]),

while (iv) is represented by all conditions (i)—(iii).

3) It is obvious that convexities of orders (0, 1) and (1,0) in Popoviciu sense
mean in fact f(x,y) is increasing on [0, 1] with respect to y (for any fixed
x € [0, 1]) and increasing with respect to x (for any fixed y € [0, 1]), respectively.
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4)

5)
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Also, convexity of order (1,1) in Popoviciu sense one reduces to upper
bidimensional monotonicity introduced in Marcus [118], p. 33, simultaneously
convexities of order (0, 1), (1, 0) and (1, 1) means the totally upper monotonicity
in Nicolescu [125], convexity of order (0, 2) means in fact that f(x, y) is convex
on [0, 1] with respect to y (for any fixed x), and so on.

Suppose f is of C"" class on [0, 1] x [0, 1].

By the mean value theorem we get that if 3";755}(,?;’” >0, VY(xy) €[0,1] x
[0, 1], then f(x, y) is convex of order (n, m) in Popoviciu sense on [0, 1] x [0, 1].
If f is quasiconvex with respect to x and quasiconvex with respect to y, then it
is easy to check by direct calculation that these imply that f is bidimensional
quasiconvex.

In what follows, we deal with the approximation properties of the bivariate

max-product Bernstein operator B,(IAQ The first main result is the following.

Theorem 2.7.2. (i) Let f : [0,1] x [0,1] — Ry be a continuous function. We

have

B~ < 180 (15 s ).

valid for all x,y € [0, 1] and n,m € N. Here

w1(f:8,1m) = sup{lf(x,y) —f(u, v)[;x,y,u,v € [0, 1], [x—u| <8, [y—v| < n}.

(ii) Suppose that f : [0, 1] x [0, 1] — R is continuous on [0, 1] x [0, 1] and that

(iii)

is concave with respect to x (for all y € [0, 1] fixed) and concave with respect
to y (for all x € [0, 1] fixed) (in other words, f is concave in Popoviciu sense of
the orders (0,2) and (2,0)). Then, for all x,y € [0, 1] and m,n € N, we have

1 1
B (1) (x.y) — f(x.)] < 4o (f; L z) .

Suppose that f : [0, 1] x [0,1] — Ry is continuous and strictly positive on
[0, 1] x [0, 1]. Then, for all x,y € [0, 1] and m,n € N, we have

IBM) () (x.y) — f(x,)]

11 1 1\\2 1\)\2
oo (ia) o o () o o 1))

where wl.x(f; 8) = Sup{lf(x + h,)’) —f(x,y)|;x,x + h’y € [0» 1]»0 = h = 5}’
wiy(f:8) = sup{lf(x.y + h) — fG,y)ix,y.y + h € [0,1].0 < h < §} and
my = min{f(X,)’)Qx,y € [O’ 1]}
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In addition, if f is a Lipschitz function, that is |f(x,y) — f(u,v)| < L(|x — u| +
ly — v|), for all x, y,u, v, € [0, 1], then

n n

2
B () (. y) —f(x.9)] < (SL i ’%) (l . 1) |

Proof. (i) Taking into account the inequality valid for the positive numbers Ay, By,
ke{0,1,...,p},

| max {A;}— max {Bi}| < max {|A; — Bil},
ke{0.1,.p} ket0.1,.p} ke{0.1,.p}

we obtain

B () (x,y) = f(x, )]
_ Vico Viso Pri(pmi0)f (i/n, j/m) B Vizo Viso Pri(Opm j(0)f (x, y)
\/lr‘l:()pn,i(x) : \/;n:o p;nJ(y) \/:'1:0 pn.i(x) : \/;nzo pmJ(y)
- Vizo Vieo Pripm O (i/n, j/m) — f(x, y)|
B VizoPni(x) - \/;n:o Pmi()
_ Vico Vimo Pui®puj0e1 (2 i/n — . |j/m — y])|
B Vizo Pni(x) - \/;lopmd(y)
Vi Vi pai0pu o (38152l
\/:l=opn,i(x) : \/_;n=oPmJ(y)
_ \/7:0 f:opn,i(x)pm‘j(y) (1 + |1/n§_—x| + W) CL)](f; 8, 77)
\/?=0pn,i(x) : \/_;n=oPmJ(y)
1 Vi Pai()li/n — x| n 1 \iZo PmjO)li/m =y
8 Vizo Pni(x) n Vit Pmi() '

= w(f;68,7n) - (1 +

Taking here into account the univariate case (see the formulas (2.1)—(2.2) in the

proof of Theorem 2.1.5) and choosing § = «/nLT’ n= «/mLT-l’ we get

6 6
B (F)(x.y) — f(x. )| < 3 (f; = m)

1 1
< 18w ; , .
= l(f NS m)
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In the proof of (i) we also used the following known properties: w; (f; A§, un) <
14+ A+ o (f;8,n) and w(f;nd,n) < nw((f;8,n), foralln € N, § > 0,
n>0,A>0and u > 0 (see, e.g., Timan [146], p. 112, relation (3)).

(ii) Denoting A;,, = % (L)i_r, for the expression appearing in (2.26) we have

1—x

Ainrjms(x,y) = A,vy;,,(x) “Ajms(y). Also, let us denote

iJ
Fi,n.r.j,m,s(X, y) = Ai,n,r.j,m,x(xv y) f (Zs _) s

m
1 1

for all (x,y) € 4 ’r—i— X > ,S+ .
n+1 n+1 m+1 m+1

By (2.26) we can write

Bgﬂ/g(f)(xv y) = \/ \/Fi,n,rJ,m,s(xv y),

i=0 j=0
(x,y) € rortl X ’ s+l r=0,ns=0m
Y n+1 n+1 m+1Um+1]" 7777

Fixing r, j, m, s, and y and reasoning on Fj,, . j.(x,y) with respect to i (that is
on A nr(x)f (é ’%)) exactly as in the proof of Corollary 2.1.10 (see also the proof
of Corollary 4.6 in Bede—Coroianu—Gal [21]), we get

n
\/ Fi,n,rj,m,s ()C, y)
i=0

= maX{F —1,n,rjm,s (-xv y)7 Fr,n,rlj,m,x (-xv y)7 Fr+1,n,r.j,m,x(xa y)},

because f(x,y) is concave with respect to x. Note that above for r = 0 (r = n,
respectively), the term Fr_i,,jms(X,y) (Friinrjms(x,y), respectively) is not
defined but in fact does not appear under the max operator.

On the other hand, fixing x and reasoning now on the terms of the form

AjmsOf (é #) in the expressions of each of the three terms in the above formula,

from the proof of Corollary 2.1.10 (see also the proof of Corollary 4.6 in Bede—
Coroianu—Gal [21]) and taking into account that f(x, y) is concave with respect to y,
we get

BN (N (x.)
= maX{F —l,n.r.s—l,m,s(xs )’)7 F —l.n,r,s.m.s(xs )’)» Fr—l,n,r,s-i—l.m.s(-xv y),
Fr,n,r,s—l,m,s ()C, y), Fr,n.r,s,m.s(xv y)(X, y), Fr.n.r.s+l,m,s ()C, y),

Fr-‘rl.n.,r,s—l.m.s(xv y)? Fr+l,n,r,s.m.s(x’ y)» Fr+l.n,r,s+l.m.s(x’ y)}’

for all (X, y) € [nJrrl ’ r:ill] x [mil’ ;:;ll]'
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Note again that for » = 0, or r = n, or s = 0, or s = m, the corresponding
functions F in the above maximum operator which are not defined, in fact do not
appear.

The expressions inside the maximum can be combined two by twos in ( ) = 36
different ways and it is easy to see (by a finite mathematical induction) that if we
can get

11
1 Fpn i 029) F i ng 530 =19 < 0 (7).
forallp,p’ € {i—1,i,i+ 1},q9,4' € {j — 1,j,j + 1}, then this implies

B (1) (x.y) — f(x. )| < oo (f ! —)

Reasoning exactly as in the proof of Lemma 2.1.6 (see also Lemma 4.2 in Bede—
Coroianu—Gal [21]) and in the proof of Lemma 2.1.7 (see also Lemma 4.3 in
Bede—Coroianu—Gal [21]), we easily get the above estimate.

(i) We get
B () (x,y) = f(x, )]

_ \/:l=() \/;"=0Pn.i(X)pnw()’)f(i/n,J'/m) B \/:‘l=0 ;n=017n i(x)pmi(Y)f(x y)
VizoPni(¥) - Vizo Pmi(») Vizo Pri®®) - \iZo Pmj ()

n

= Pri®) . y Pmi(y) i/n.i/m
- \=/0 Vi=oPux(x) ,-\:/(>\/§"=o oGy /mIlm

_ ’ Pn.i(X) P () .
i\=/0 \/Z=opn.k(x) \/\/s “oP my(y)f(l/my)

n

Poi® N\ Pmi0) i/n
VAV @ Y Uy

_ " pn.i(x) Pm;(Y) < ! pn,i(x) .
l_\:/o 7 \/ Vs &) 2 \=/0 Y/

k=0 Pn.k (x) k=0Pnk (x)

\/ ) \/v’“f—(”(y)fa/n,y)
s 0 mS §= 0 m,s

pm‘/(_y) pn,i(x) ; A
+\/ \/Y o Pms(y) \/\/Z=0Pn,k( )f(/ y) — \/\/k W )f(x,y)
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(which by Theorem 2.2.18, see also Theorem 2.6 in Coroianu—Gal [52]

in the univariate case, implies)

) 1 . 1
< (L(f’m) +4) oI (f’ l) + (M + 4) CW x (f’l)
mf m mf n
(i) 3 (o ) (o ()
<Bwi|fi=.= |+ —-|n|low(fi= )] tm|o|fi= :
nom my n m

For the last inequality, we used the inequality w; (f; %) + iy (f; %) <
20 (f; 1, 1) (see Anastassiou-Gal [8], p. 81).

For f Lipschitz function, the last estimate in the statement of (iii) is an immediate
consequence of the above one. O

According to Theorem 2.2.2 in Gal [84], p. 116, the bivariate Bernstein poly-
nomials B, ,,,(f)(x, y) preserve the Popoviciu convexities of any order (n, m) with
n,m € {0,1,...,}. On the other part, it is well known the fact that the usual
convexity of f(x,y) (in the geometric sense that z = f(x,y) is a convex surface)
is not preserved by the bivariate Bernstein polynomials B, (f)(x, y). Therefore, it
is natural to see what shape preserving properties have the bivariate max-product
Bernstein operators, B%,) ).

Firstly, it is evident that B,(IM) (f)(x,y) does not preserve the convexity of f(x,y)
with respect to x (that is the (2, 0) convexity in Popoviciu sense) and the convexity
of f(x,y) with respect to y. Indeed, by taking f(x,y) = g(x) and f(x,y) = h(y),
from B%? (9)(x,y) = BM (g)(x) and B%,) (h)(x,y) = B,(h)(y) would follow
that the univariate max-product Bernstein operator preserve the convexity, which
contradicts the fact that this does not hold in general, see Remark 1, after the proof
of Lemma 2.1.19.

Taking into account that the univariate max-product Bernstein operators preserve
only the monotonicity and the quasiconvexity, we expect that in the bivariate case,
the max-product Bernstein operators to preserve exactly the kinds of bivariate
monotonicity in Definition 2.7.1. In this sense, we present the following.

Theorem 2.7.3. Let f : [0,1] x [0, 1] — R4 be continuous on [0, 1] x [0, 1]. Then
foralln,m € N, we have

(i) if f(x,y) is increasing (decreasing) with respect to x (meaning for all fixed,
arbitrary y), then so is the operator B%l) x,y) ;
(it) if f(x,y) is increasing (decreasing) with respect to y, then so is the operator
™ .
wan (F) (6, Y)
(iii) if f(x,y) is simultaneously monotonous with respect to x and y and of
the same monotonicity (of opposite monotonicity, respectively), then the

operator Bf,”,l,z (f)(x,y) is upper (lower, respectively) bidimensional monotone
on [0,1] x [0,1] ;
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(iv) if f(x,y) is simultaneously monotonous with respect to x and y and of the
same monotonicity (of opposite monotonicity, respectively), then the operator
B%z () (x,y) is totally upper (lower, respectively) monotone on [0, 1] x [0, 1] ;

(v) iff(x,y) is quasiconvex and continuous on [0, 1] x [0, 1] with respect to x, then
so is the operator B,(,Afn) ) x,y) ;

(vi) iff(x,y) is quasiconvex and continuous on [0, 1] x [0, 1] with respect to'y, then
so is the operator B%,) x,y) ;

(vii) if f(x,y) is continuous on [0,1] x [0, 1] and simultaneously quasiconvex
with respect to x and quasiconvex with respect to y, then B,%g (x,y) is
bidimensional quasiconvex and continuous on [0, 1] x [0, 1] ;

(viii) if f(x,y) is continuous on [0, 1] x [0, 1] and simultaneously quasiconvex with
respect to x and quasiconvex with respect to y, then the operator B%l) ) x,y)
is totally quasiconvex and continuous on [0, 1] x [0, 1].

Proof. (i), (ii). Are immediate from the preservation of the monotonicity of the
univariate max-product Bernstein operators in Theorem 5.5, Corollary 5.6 in Bede—
Coroianu—Gal [21] (see also Theorem 2.1.15, Corollary 2.1.16), because of the
relationship (2.24) defining B%f (f)(x,y), where we can also change the order of
the two maximum operators from the numerator.

Indeed, from (2.24) we see that we can write

BM () (x,y)

= \/ vn) - B (i /m) ) = \/ Anix) - BYO(F(i/n. ) (), (2.27)

j=0 i=0
where

pm.j(y) dar — pn,i(—x)
Vo) A0 =

As a consequence, the proof simply reduces to the obvious property that the
maximum of a finite number of univariate monotone functions (of the same
monotonicity) remains a monotone function.

(iii) Suppose, for example, that f(x,y) is simultaneously nondecreasing with
respect to x and y. From relation (2.26) and taking into account relation (5.6), p. 20
in [21] (see also the relation in the proof of Theorem 2.1.15), we easily get

VmJ(y) =

BM () (x.y) = \/ Ainr@) \/ Ajms0)f (i/n.j/m).

i=0 Jj=s

for all (x,y) € [ﬁ %] X [me, %] r=0,n5s=0,m.
Then, since as function of x, G(x) = \/;":3 Ajms()f(x,j/m) is nondecreasing as
maximum of nondecreasing functions of x, by the same relation (5.6), p. 20 in [21]

(see also the relation in the proof of Theorem 2.1.15), we get
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Bi(zAQ (f)(x7 y) = \/Ai,n,r(x) \/A]mb(y)f(l/n’.]/m)
i=r Jj=s

n m

= \/ \/Ai,n.rj,rn,s(x’ y)f(i/n»j/m)’

i=r j=s

forall (v,y) € [ 4. H ] x 25, 2] r = 0.0, s = 0.m.

nF1° nt1 m+1° m+1
It is easy to check that for all (x,y) € [#, %] X [m+r1, ,;%11] andi>r,j> s,
32 in,rj.ms . : .
we have Aax—a; > 0. Taking into account the properties of the max{F(x), G(x)}

function (that it has only a finite number of points of nondifferentiability), it is
cl.ear.that [~ 7[1 , ;zill] x.[.m_fH , ;L-’—l_-ll] can be decompgsed into a.ﬁnite grid of open
bivariate subintervals, disjoint two by twos and covering (excepting their boundary)
. M
[#%] x [me, %_11] such 'that on each such qf subinterval, Bflm) ) x,y)
coincides with one of the function A;, ,jms(x,y), with i > r and j > 5. By
the Remark 2, (iii), after the Definition 2.7.1, this means that on each kind of
this open subinterval, B%f (f)(x,y) is upper bidimensional monotone. Combining

with the continuity of B%q) (f) on [0, 1] x [0, 1], by reduction to absurdum it can

easily be proved that in fact B,%z (f) is upper bidimensional monotone on each
[, 25 ] x [, 25 ], which implies the upper bidimensional monotonicity on
the whole [0, 1] x [0, 1].

If we suppose that f(x, y) is simultaneously nonincreasing with respect to x and
y, then applying now relation (5.8), p.20 in [21] (see also the relation in the proof
of Corollary 2.1.16), we get

B E)(xy) = \/ Ainr ) \/ A 0 i/ )

i=0 j=0

= \/ \/Ai,n.r.j,m,s(xv y)f(i/n»j/m)9

i=0 j=0

for all (x,y) € [nfrl;j:—ﬂ X [m+r1 rf;ll],rz(),_n, s=0,m.

By similar reasonings as above, we arrive again at the conclusion that B%E (f) is
upper bidimensional monotone on [0, 1] x [0, 1].

Now, if we suppose, for example, that f(x, y) is nondecreasing with respect to x
and nonincreasing with respect to y, arrive at the formula

B 63) = \/ Ainr @) \/ A s G i/, /)

i=r j=0

= \/ \/Ai,n,rj.m,s(xv y)f(l/n’]/m)7

i=r j=0
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for all (x,y) € [#, %] X [me, ’;LJFII] r=20,n5=0m Taking now into

. . 2Ainr
account that for i > r and j < s we have #

that B%n) (f) is lower bidimensional monotone on [0, 1] x [0, 1].

The case when f(x, y) is nonincreasing with respect to x and nondecreasing with
respect to y is similar.

(@iv) It is an immediate consequence of (i), (ii), and (iii).

(v), (vi) Are immediate from the preservation of the quasiconvexity of the
univariate max-product Bernstein operators in Corollary 5.9 in Bede—Coroianu—
Gal [21] (see also Corollary 2.1.18), because of the relationship (2.24) defining
B%g (f)(x,y), where we can also change the order of the two maximum operators
from the numerator.

Indeed, reasoning as in the case of the above points (i) and (ii), the proof simply
reduces to the obvious property that the maximum of a finite number of univariate
quasiconvex continuous functions remains a quasiconvex continuous function.

(vii) Since f(x, y) is quasiconvex with respect to y (for any fixed x), by the last

expression in (2.27) and by the above point (vi) it follows that B%l) x,y) =

< 0, by similar reasonings we get

Vi Ani(x) B (f(i/n,-))(y) is quasiconvex as function of y, as finite maximum of
quasiconvex functions of y (since A, ;(x) > 0). Similarly, from the first expression
in (2.27) and by the above point (v), it follows that B%? x,y) = \/_;":0 Vi j(y) -

BM (f(-,j/m))(x) is quasiconvex as function of x, as finite maximum of quasiconvex
functions of x (since v, j(y) > 0).

Finally, taking into account Remark 5 after Definition 2.7.1, it follows that
B,%Z (f)(x,y) is bidimensional quasiconvex on [0, 1] x [0, 1].

(viii) It is an immediate consequence of (v), (vi), (vii). O

Finally, note that by the above formula (2.26) and by the statement and proof of
Theorem 2.1.20, we immediately get the following.

Theorem 2.7.4. For any continuous function f : [0,1] x [0, 1] — R, the max-
product operators Bf,Afn) () (x,y) is convex with respect to x, convex with respect to

y and convex of order (2,2) in Popoviciu sense (see Definition 2.7.1, (v)) on any

bidimensional subinterval of the form [ﬁ, %] X [mil , }%rll] ,r=0,n5=0,m

Remarks. 1) It is an open question if B%,) (f) preserves the bidimensional mono-
tonicity of f.
2) Itis an open question if Bf,”,’n) (f) preserves the bidimensional quasiconvexity of f.

3) It is an open question if B%,) (f) preserves the simply quasiconvexity of f in
Definition 2.7.1, (ix).

4) There exist classes of bivariate functions f, for which B%,) (f) gives better
approximation results than B,, ,,(f). For example, large subclasses of the class of

bivariate Lipschitz functions are better approximated by B%q) (f) than by B, (f).
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Indeed, by Theorem 2.2.2, p. 116 in [84], we have

1B (F) = fll < Cwy (f: 1/+/n, 1/ /m),

where ¢%(x) = x(1 — x) and ] is the Ditzian-Totik modulus of smoothness. Rea-
soning similar to the univariate case in Section 6, p.25 in [21](see also Remark 2,
from the end of Section 2.1), we easily can construct Lipschitz bivariate functions
f(x,y) = g(x)h(y) (where g and h are two univariate concave nondecreasing
polygonal lines), such that w$ (f;8,7) ~ § + 7, which will immediately imply
1Buon () — 1l < CQU/ /i + 1/ /m).

On the other hand, for such (Lipschitz) bivariate functions, by Theorem 2.7.2,
(iii), we have ||B%,) ) —fIl < C(1/n+ 1/m), which is essentially better.

Also, note that the shape preserving properties of B,%z (f) expressed by Theo-
rem 2.7.3, (iii)—(iv) and (vii)—(viii), do not hold for the linear Bersntein operator
Bn,m (.f) M

A simple comparison of the properties of B%f (f) and B, ,,(f) can be seen in the
next Figures 2.2, 2.3, and 2.4, for f(x,y) = g(x)g(y), where g : [0,1] — Ry is
given by

3324025 if 0<x<0.5
glx) = 1 if 05<x<0.75
—3.6x+3.7if 075<x<1

0

Fig. 2.2 Approximated bivariate function.
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Fig. 2.3 Bivariate Bernstein polynomial.

Fig. 2.4 Max-product Bernstein operator.

From these figures it is easily seen that for the given particular function,
the bivariate max-product Bernstein operator has better approximation and shape
preserving properties than the bivariate Bernstein polynomials.

In what follows we study the approximation properties of the bivariate max-

. (M)
product Bernstein operator 7,, .
Firstly, we need some auxiliary results.
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Theorem 2.7.5. Denote
Ci(A)={f: A —[0,+00);f is continuous on A},
where A = {(x,y);x>0,y>0,x+y <1}

(i) Iff € C4+(A), then T™ (f) € C+(A), foralln € N ;

(ii) T™ (Af) = ATM(F), forall . > 0, f € C4(A) andn € N ;

(iii)) TV + ) y) < T () + T (@) (. y), for all f,g € C4(A), n e N
and (x,y) € A ;

(iv) Iff.g € C4(A) satisfy f(x.y) < g(x.y) for all (x.y) € A, then T\ (f)(x,y) <
™ (g)(x, ), forall (x,y) € Aandn € N.

(v) Denoting ey(x,y) = 1 forall (x,y) € A, we have M (eg)(x,y) = ep(x,y), for
all (x,y) € Aandn € N.

(vi) Forallf,g € C+(A), n € N and (x,y) € A we have

T () (x,y) — T (@) (x, )| < TOO(If — gl (x.y).

Proof. The properties (i)—(v) are immediate from the definition of T,(,M) and from
the properties of the maximum operator. To prove (vi), let f, g € C4(A). We have
f=f—g+g=<|f— gl + g which by the above points (iii) and (iv) successively
implies 7" (1) (x,y < 7" (If — gD (xr.3) + Ti" () (x. ), that is T, (1) (x. ) —
T (@) (v y) = T (I — gD (x. ).

Writing now ¢ = g —f +f < |f — g| + f and applying the above reasonings,
it follows T3 () (x.y) — T () (x. y) < T (f — g])(x. y), which combined with
the above inequality gives |T,(1M) ) x,y) — ™ (9)(x,y)| < T,(lM)([f —gDx,y). O

As a consequence, we get the following.

Corollary 2.7.6. Forallf € C+(A), n € Nand (x,y) € A, we have
If (e y) = T () (x, )|

<[4 5 @6 + 5 T o0,

where @.(t) = |t — x|, where t is variable and x is supposed fixed, ¢, = |s —y|,
where s is supposed variable and y is supposed fixed, and

o1(;8)a = sup{lf (t.5) —f(x.Y)|: (1,9), (x,3) € A, V(1= %)> + (s —y)? < 8}.

Proof. By Theorem 2.7.5, (vi), it follows

[F(x.y) = T () (. y)| = TP (F(x.9) (. y) — T (F (1 5)) (x. )]
< TM(f(t,5) — Fx, ), y).
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Now, since for all (¢, s), (x,y) € A we have

1
0.9 ~F59)] = 03109 = 6 = |5 169 = )] + 1|1 7380

= |:é'\/(f—x)2+(5—)’)2+1]w1(f;5)A
< w(f;90) -|:l-|t—x|+1-|s—|+1:|
S oi0)as s R y )

replacing in the above inequality we immediately obtain the estimate in the
statement. |

Remarks. 1) From Corollary 2.7.6 it follows that the approximation properties of
T (f)(x, y) are controlled by the ratios

Vico Vico () (7)Y (1 = x = y)"=]i/n — x|

(M) =
T, (o) (x,y) \/?:0 \/jn=_(l) (r:) (";i)x"y/(l —x — y)n=ivi

and

Vo Vizs () ()9 (0 = x = )= lj/n = |

T(M) N s = n -
n ((PV )(x,y) \/;l=() Jn=_(l) (y:) (";')xi)li(l —x — y)yrii

2) Because in our considerations (x, y) € A, it is of interest to note that on the peaks
of the triangle A, which are (1, 0), (0, 1) and (0, 0), we have the values

T (9z1)(1,0) = 0, T™ (9,=0) (0, 1) = 0, T™ (9,=0)(0,0) = 0,
and
M (9y=1)(0,1) = 0, T™ (9,=0)(1,0) = 0, T™ (¢,=0)(0, 0) = 0.

The denominator of the 7,(M)(f) operator can be exactly calculated, as
follows.

Lemma 2.7.7. Lern € N|_J{0}. We have

VV (’ll) (n;l)x"ﬂ(l —x =)' =\ i)+ |\ Py <1yTx) ’

i=0 j=0 i=0 j=0

for all (x,y) € A with x < 1. Recall here that p, ;(t) = ('z)ti(l — "
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Proof. We can write (for x # 1)

G Yo
i=0 ;=0

_nei n—i j(l—x—y)”_i_j
_\/<)x(1 'x) j\/()( J )y (1_x)nfl

n—i

= \/pm(x) \/ pu- 11(

j=0

Corollary 2.7.8. Forallf € C+(A), n € Nand (x,y) € A, we have
(e 3) = T () (x. )|

6 1 1
<30, (f: <180 | ———, —— ).
- 1(f m)A ‘(m ¢n+—1)

Proof. Reasoning exactly as in the proof of Lemma 2.7.7, we get

V\/()( )W—x | -
i=0j=0
n . n—i y
= [\=/0pn,i(x)|l/n — x| 'j\=/01?n—iJ‘ (m) ,

which immediately implies

M () (x,y) = BM (0,) (x).

Also, due to the formula
n n—j\ _[n n—k
i) Ve )\ )
Gy
i=0j=0
V() (17 v smire
j=01i=0

n n—j
= \/pn.j(y) . \/pn—j,i (1%) s
j=0 i=0 y

we can write

139
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which immediately implies

T (@) (x,y) = B™ (¢,) (7).

By Corollary 2.7.6 combined with the inequality (2.2) in the proof of Theorem 2.1.5,
we get

’«/n—l-]

which combined with the inequality w; (f;8) 4 < w1 (f; 4, §) (see, e.g., Anastassiou—
Gal [8], p. 81) and with the property of w; (f; §, §) used in the proof of Theorem 2.7.2
too, complete the proof of the corollary. |

F(y) = T () (5, y)] < 30 (f- L) ,
A

Remark. It remains an interesting open question which concept of shape in
Definition 2.7.1 is preserved by T,gM).

2.8 Applications to Image Processing

In this section we present a possible application where max-product approximation
can be useful, namely in image processing (zooming). Our focus is to compare
the classical bivariate Bernstein operator with the max-product Bernstein operator
B, (f)(x,y), considered in the previous section. First we consider a grayscale image
and we attach to it a function f(x, y) representing the grayscale value of the pixel
with coordinates (x,y). Then we rescale the image by downsampling, storing one
pixel’s grayscale value out of four neighbor pixels. Then we upscale the image to
its original size by approximating the missing grayscale values by the value of the
classical and the max-product Bernstein operators calculated at the coordinates of
the missing pixels considered.

We compare the classical and the max-product approximation by using the Mean
Square Error (MSE), which is the square of the Euclidean norm of the difference
between the original and reconstructed image, divided by the dimension (no. of
pixels) of the image. Another widespread image approximation measure is the Peak
Signal to Noise Ratio defined as PSNR = 10log,, %, where MAX represents the
maximum grayscale value of the function. We also measure the blur of the image
by using the mean magnitude of the discretized image gradient (we denote it by
MGrad), that is the Euclidean norm of the discretized gradient of the grayscale
function divided by the dimension of the image. This is a very simple way to
measure the blur of an image and more sophisticated approaches can also be
considered ([49]), however for a simple comparison or the sharpness of the original
and reconstructed images, the average magnitude of the gradient of an image is
sufficient.
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Fig. 2.5 Original Image
Text.

Fig. 2.6 Image Text of
dimensions 64 X 64 pixels.

First, image Text having dimensions 256 x 256 pixels is considered. It is then
downscaled to a 64 x 64 image (see Figures 2.5 and 2.6). Then we upscale the image
to its original size by considering the classical bivariate Bernstein operator and the
max-product bivariate Bernstein operator in both cases used on blocks of 8 x 8 pixels
of the downscaled image. The results show that the better PSNR value is achieved by
the classical Bernstein operator (approx. 21.4, see Figure 2.7) compared to the max-
product operator (approx 19.9, see Figure 2.8). The MGrad for the original image
was 21.5, for the classical Bernstein operator it is considerably less (18.6) than that
obtained for the max-product operator (21.4). As a higher Mgrad value means a
sharper (so less blurry) image we conclude that the max-product Bernstein operator
outperforms in this sense the classical Bernstein operator by better preserving the
sharpness of the image. This can be visually observed as well and we attribute it to
the shape preserving properties of the bivariate Bernstein operator of max-product
type.

We performed the same experiment on an image of larger dimensions and
the conclusions are similar. Image Lena of size 512 x 512 is downsampled to
the dimension 256 x 256 then approximated using the classical and max-product
Bernstein operators. The size of the blocks for the approximation was 4 x 4 in this
case. The PSNR value obtained by the classical Bernstein approximation is approx.
23.2, while for the max-product operator it is 21.8. This is in favor of the classical
operator, but the MGrad values are respectively: 35.7 for the original image, 28
is obtained for the classical Bernstein operator and 31.5 for the operator of max-
product type.
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Fig. 2.7 Image text
reconstructed using the
classical Bernstein operator.

Fig. 2.8 Image text
reconstructed using the
max-product Bernstein
operator.
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Another experiment considered higher sampling rates. The Image Lena of
dimension 504 x 504 was downsampled to 168 x 168. The reconstruction results
using blocks of 9 pixels of the original image are shown in Figures 2.9 and 2.10.
MGrad for the original image was 34.8. For the classical operator we have obtained
PSNR=19.7 and MGrad=23.2 while for the max-product counterpart we have
obtained PSNR=18.5 and MGrad=26.7

Surely, the proposed comparison has a limited scope but our goal was to compare
classical and max-product versions of the same operators. The conclusion of these
experiments is that using a max-product approximation rather than a classical
one can be useful when the sharpness of an image is important. Future research
in this direction is a study of max-product bicubic interpolation, using it in image
approximation and comparing it to bicubic interpolation which is a widespread
method for image rescaling. Another direction of interest is in medical image
approximation [110], where an approximation method that better preserves contrast
can be very useful.
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Fig. 2.9 Image Lena reconstructed using the classical Bernstein operator(rate=9).

2.9 Notes

All the results in Sections 2.7, 2.8 and the below Theorem 1.9.1, Theorem 2.9.2,
Corollary 2.9.3, Lemmas 2.9.4-2.9.7 and Theorem 2.9.8 are new and appear for the
first time in this book.

Note 2.9.1. It is easy to observe that due to the definition formula, all the results in
the previous sections concerning the max-product Bernstein operators BM (f), are
necessarily proved only for positive (or strictly positive) functions on [0, 1].

But all these results can be extended to functions of variable sign, as follows.

Theorem 2.9.1. Suppose that f : [0,1] — R is bounded and of variable sign on
[0, 1]. Choose a constant ¢* > 0 such that f (x) +c¢* > 0, for all x € [0, 1] and define
the new max-product kind operator

AM () (x) = BM(f + *)(x) — ¢*, forall x € [0, 1].
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Fig. 2.10 Image Lena reconstructed using the max-product Bernstein operator(rate=9).

We have

(i) Iff is continuous on [0, 1], then |A5,M)(f)(x) —f)| < Ro(f; 1//n+ 1), for
allx € (0,1, ne N;
(ii) If f is concave on [0, 1], then |A$,M)(f)(x) —f)| < 2w(f; 1/n), for all x €
0,1, ne N;
(iii) If f is nondecreasing and g(x) = f(x)/x is nonincreasing, then |A£LM) Hx) —
f®)| < 2wi(f;1/n), forallx € [0,1], n e N;
(iv) If f is nonincreasing and g(x) = f(x)/(1 — x) is nondecreasing, then
A () (x) = f@)| < 201 (f; 1/n), forall x € [0, 1], n € N ;
(v) If f is monotone on [0,1], then A (f) is monotone and of the same
monotonicity, for alln € N ;
(vi) If f is quasiconvex on [0, 1], then A (f) is quasiconvex on [0, 1], for all
neN;
(vii) Iff is continuous on [0, 1], then

IAM (F)(x) — fX)| < Crlnwi(f; 1/n) + wi(f; 1/n)], forallx € [0,1],n € N;
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(viii)

(ix)
(x)

(xi)

(xii)

(xiii)

(xiv)

(xv)

(xvi)
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Iff is a Lipschitz function on [0, 1] (of order 1), then
) ¢ ,
A () (x) —f(x)| < =, forallx € [0,1],n € N;
n

If f is continuous on [0, 1], then ||A£M)(f) —fll = o(1/n) if and only if f is
constant function (here || - || denotes the uniform norm in C[0, 1]) ;

Let 0 < a < B < 1 be such that f is continuous on |, B). If there exists a
constant M > 0 (independent of n but depending on f, a and B) such that

IAM () — fll@wp) < M/n, foralln €N,

then f is a Lipschitz function (of order 1) on [o, B] ;

Let also g : [0,1] — R be bounded on [0, 1] and suppose that there exists
a,b € 10,1, 0 < a < b < 1 such that f(x) = g(x) for all x € [a,b). Then
for all ¢,d € [a,b] satisfying a < ¢ < d < b, there exists n € N depending
onlyonf,g,a,b,c,d such that AWM ) = AM (g)(x) for all x € [c,d] and
neNwithn>n;

Let 0 < a < b < 1 be such that f|j. € Lip|a, b]. Then, for any c,d € [0, 1]
satisfying a < ¢ < d < b, we have

A () (x) = f ()| < %for alln € N, x € [c,d],

where the constant C depends only on f and a, b, c,d ;

Suppose that there exista,b € [0,1], 0 < a < b < 1, such that f is constant on
[a, b] with the constant value . Then for any ¢,d € [a,b] witha < ¢ < d < b,
there exists n € N depending onlyona, b, c,d, and f, such that AM fx) =«
forallx € [c,d] andn € Nwithn > n ;

Suppose that there exist a,b € [0,1], 0 < a < b < 1, such that f is
nondecreasing (nonincreasing) on [a,b). Then for any c,d € [a,b] with
a < ¢ < d < b, there exists n € N depending only on a,b,c,d, and f,
such that A (f) is nondecreasing (nonincreasing) on [c,d] for all n € N
withn > n;

Suppose that there exist a,b € [0,1], 0 < a < b < 1, such that f
is quasiconvex (quasiconcave) on [a,b). Then for any c,d € [a,b] with
a < c¢ < d < b, there exists n € N depending only on a,b,c,d, and f,
such that A™ (f), is quasiconvex (quasiconcave) on [c,d] for all n € N with
n>n;

Iff is a concave and monotonous function on [0, 1], then

w,foralln e N.
n+1

1
/0 A (F: 10, 1)) (x) — ()| dx <
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Proof. The proofs are immediate from A HHx) — fx) = BflM)(f + c*)(x) —
(f(x) + ¢*) and from the fact that a constant added to a function does not
modify its monotonicity, convexity (concavity), quasiconvexity (quasiconcavity),
and the value of its modulus of continuity. As a consequence, (i) follows directly
from Theorem 2.1.5, (ii) from Corollary 2.1.10, (iii)—(iv) from Corollary 2.1.11,
(v) from Theorem 2.1.15, and from Corollary 2.1.16, (vi) from Corollary 2.1.18,
(vii) from Theorem 2.2.18, (viii) from Corollary 2.2.19, (ix) from Theorem 2.3.2,
(x) from Theorem 2.3.3, (xi) from Theorem 2.4.1, (xii) from Corollary 2.4.2, (xiii)
from Corollary 2.4.3, (xiv) from Corollary 2.4.4, (xv) from Corollary 2.4.5, and
(xvi) from Corollary 2.6.11. O

Note 2.9.2. It is easy to observe that due to the definition formulas, all the results
in Section 2.7 concerning the bivariate max-product Bernstein operators B%,) o)

and T\" (f) are necessarily proved only for positive (or strictly positive) bivariate
functions on [0, 1] x [0, 1].

But all the results in Section 2.7 can easily be extended to bivariate bounded
functions of variable sign, by defining the new operators of max-product kind
Al (D) = B (f + ) y) = and 8, () (. y) = T (F + ) (. y) =,
where ¢* > 0 is a constant chosen such that f(x,y) + ¢* > 0 for all x,y €
[0, 1] x [0, 1].

The proofs are immediate from the results in Section 2.7, from the relationships
A (N () =f (. 3) = Bl +) () = (£ ) +¢7), S5 () (e, 3) = () =
T,EM)(f + c*)(x,y) — (f(x,y) + ¢*) and from the fact that a constant added to a
function does not modify any of its bivariate monotonicity and the value of its
bivariate modulus of continuity.

Note 2.9.3. In this note, we present the approximation properties of two new
positive nonlinear operators called Bernstein operators of sum-max kind attached
to positive functions, defined by

Yo [ Vo prs@f G/ |

B () (x) = .
ZZ=O [\/j:opn.j(x)]
and
M) ) = ZZ=O [Vf:opnd(x)f(]/n)] + ZZ:() [\/J'-l:n_kpnx,‘(x)f(j/n)] .

ZZ=O [\/JI';OPM (x)] + ZZ=0 I:\/J,'l=n—k Pn.j(x)]

Remark. Since the denominators of B\ (f)(x) and 75 (f)(x) are sums of posi-
tive functions on [0, 1], containing the strictly positive term on [0, 1], \/7:0 Pnj(x), it

follows that B (f)(x) and T (f)(x) are well defined for all x € [0, 1].
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The following properties are immediate:

Theorem 2.9.2. Let L™ (f) = BS™ (f) for all n € N or L™ (f) = TS () for
all n € N and denote

C4[0,1] = {f : [0,1] — [0, +00);f is continuous on [0, 1]}.

(i) Iff € C4[0,1], then L™ (f) € C4[0,1), foralln € N ;

(ii) L) = ALS™ (), forall A > 0, f € C4[0, 1] and n € N;

(ii)) L (f +9)) = L (D00 + L™ () ), for all f, g € C1[0,1], n € Nand
xe€[0,1];

(iv) Denoting eo(x) = 1 for all x € [0, 1], we have LS (e0)(x) = ep(x), for all
x€[0,1]andn e N;

(v) Iff,g € C4[0, 1] satisfy f < g on [0, 1], then L;SM)(f) < L;SM)(g) on [0, 1].

(vi) Foranyf € C4|0, 1] we have LSZSM)(f)(O) = f(0) and L,ESM)(f)(l) = f(1), for
alln e N.

Now, according to Theorem 1.1.2, from Theorem 2.9.2 we immediately get the
following.

Corollary 2.9.3. Forallf € C4[0,1], n € Nand x € [0, 1], we have

1) = L0001 = |14 2000 | 6By

where @.(t) = |t — x|, for all t € [0, 1](here x is supposed fixed.)

Remark. From Corollary 2.9.3, it follows that the approximation properties of
By (f)(x) and 75" (f)(x) are controlled by the ratios

Yo [ Vo prs14 =]

B (9,)(x) = . , (2.28)
Yo [ Vo Pai |
and
TS (g,) (x)
_ Sheo [Vimopus 1 =] + Tico [Vieoiprs 17— .

o [ Vo o] + S [V a0

The denominator of the B,(,SM) (f) operator can be exactly calculated, as follows.
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Lemma 2.9.4. Lern € N J{0} and x € [0, 1]. Then we have

(i)
k . .
. i i+1]
‘\=/Opn.j(x)=pn,i(x)v l‘f'xe[n_i_l?n_i_l]’l:o#k_lakzl»
and
¢ k
\/ Prs0) = pus(@). ifx € [ ,1} > 0;
=0 n—+1
(ii)
! k+1
\/pnj(x) = pus(x), ifx € |:O, L:| k>0,
s ' n—+1
and
n . .
. i i+1] . — )
j\z/kpn.j(x) = pni(x), ifx € [m mi| Ji=knk>0;
(iii)
n k 1
Z \/an(X) = pn,()(x) + npn.()(x) = (}’l + l)pn.O(x)7 X € [0, T:| ,
k=0 | j=0 n
and
"l i it1 i42
nj = n,j —1i n,i s € s )
22| V)| = 3o + 0= 9. [n—i—l o 1]
i=0,n—1.

Proof. (i)-(ii) Reasoning exactly as in the proof of Lemma 2.1.4, the proof is
immediate.

(iii) By taking successively in the formulas in (i), k = 0,k =1, ..., k = n and
then summing after k from O to n, we immediately obtain the formulas in (iii). [

Also, from the above lemma we can explicit the denominator of the operator
(SM)
T, (f) too.
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Lemma 2.9.5. Ler x € [0,1], n € N J{0} and let | € {0,1,...,n} be such that

[ 141
x € [47. 7] Then we have

n

k n n
DANVe@ |+ V i@ | =14 0+ Dpui().

k=0 ] j=0 k=0 | j=n—k

Proof. First we suppose that/ € {1,2,...,n—1}. Taking into account the equalities
in Lemma 2.9.4, (i)—(ii) we get

n B k 7 n B n

YUV ew@ |+ P

k=0 _j=0 i k=0 _j=n—k

-1 [ & ] n |k

= | Veu@ |+ Ve

k=0 _j=0 i k=1 _j=0
n—I—1 n n n

+ \/ pn.j(x) + Z \/ an(x)
k=0 | j=n—k k=n—I | j=n—k

1—1 n—I—1
= (= 1+ Dpus® + D puk(®) + (4 Dpas) + D prnic®)
k=0 k=0
-1 n
=(n+ 1)P11,l(x) + pua(x) + an.k(x) + Z Pn,k(x)

k=0 k=I+1

=+ Dpus@®) + Y pus®) =1+ (0 + Dpu(x).
k=0

In the case when [ € {0, n} the reasoning is similar and therefore we omit the details.
O

Taking into account that by Theorem 2.9.2, (iv) we have BSLSM) (e0)(x) = ep(x)

and 7™ (e0)(x) = ep(x) would be of interest to exactly calculate B (f)(x) and

T (f)(x) for f(x) = e1(x) = x too. Firstly, in the case of the B operator, we
have the following.

Lemma 2.9.6. Forall x € [0,1] and n € N we have

BflSM)(el)(x) = ():l[’fﬂl—)lp()(o-xzj) — : ix . n:l_ 17 ifx c [0’ 1/(}1 + 1)]7
B () (x) == xnpp—10(x) nx

@ + @ T+ Tre /et /nl
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X[pp—10(x) + (n=Dpp—1a(0)]  x . l—x+ (m—1)>°x
Pno(X) + npp1(x) o l—x (1 —x) + n?
ifx€[l/n,2/(n+ 1),
x[pa—10(x) + (n = Dpu—1,1(x)]

pn.O(x) +pn,1(x) + (n - l)pn,Z(x)

_ x[(1—x) + (n = 1)%]

T (1=x)? +nx(1 —x) +n(n—1)22/2’
X[Pu—10(X) + pp—11(x) + (n = 2)pp—12(x)]

B (e))(x) =

B (e))(x) =

ifxe2/(n+1).2/n],

(sM) _

B = T O T p () + (1= Dpaa®)
ifxe2/n3/(n+1)],

BM (e)(x) = X[Pa—100X) + pr—11(x) + (n = 2)p,—12(x)]

Pno + Pn1(x) + pua(x) + (n = 2)pu3(x)
ifx€3/(n+1),3/n],

and so on, in general we have

(o P + (=)o, )]

Yo Pni®) + (n+ 1= )paj(x)

fxeli/n,(+1/(n+ 1],

[Z{;Bpn—l.i(x) + (n = ))pu—1,;(x)]
Yo Pni(®) 4+ (n = j)pnjr1(x)

fxel(+1D/(n+1),G+ D/n],

BE (e () = =

B (en)(x) = -

. . —1
forje{0,1,...,n—1}. Here by convention we take ) _._, = 0.
Proof. Firstly, note that we have

n k j
Zk=o [Vj:o pn.j(x) f‘l]

n k ’
Zk:o [Vj:oan(x):I

B (e))(x) =

Since
k ] k J k—1
\/pn‘j(x); = \/pn.j(x); =X \/pn—l.j(x)v
j=0 j=1 j=0

to find explicitly B (e1)(x), we will use for both the numerator and denominator
the same Lemma 2.9.4.
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Thus, for the numerator we get

n 7 k—

k . n k . 1
> \/PnJ(X)ﬁ => \/pn‘/(x)i =x-y Pn—1,(%)
0

I

k=0 | j=0 k=11 j=0 k=1 | j=
n—1 i n—1 k

=x- E \/pn—].j(x) =X E \/pn—lj(x)
i=0 | j=0 k=0 | j=0

Now, applying Lemma 2.9.4, (iii) to both expressions

n k n—1 k
A= Z \/an(x) and B :=x- Z \/pn—l.j(x) .
k=0 | j=0

k=0 | j=0

taking into account that we get the following division of the interval [0, 1]

1 2 2 3 3 4 4
<-< <Z< << < ..
n+1 " n"n+1"n"n+1"n" " n+1"n
it follows:

B xXnpu—1.0(x) n X 1

- = : = . ,x€ |0, ——|,

A (m+ Dppotx) n+1 1—x n+1
B xnpp—1.0(x) nx . [ 1 1i|
i = s X s | >
A pn.O(x)+npn,l(x) 1+x(n2_1) n+1 n

_ X[pn—10(x) + (n = Dpp—1.1(x)]
Pno(x) + npy1(x)
x  l—x+(m-1)>% 2
l—x  (I-x)+n [5’n+1]’
B x[pu—10(x) + (n — Dp,—1.1(x)]

B
A

A Pno(X) + npy1 (x)

X l—x4+(xn—-1D% 1 2
1—x  (—-x)+n2 |:r_l’n+1:|’
B _ xpii0() + (1= Dpa-11 ()]
A Pno(x) +pn,l(x) +(n— 1)pn,2(x)

x[(1 =x) 4+ (n—1)%x] 2 2

(1 =22+ nx(1 —x) +n(n— 1)2x2/2x < |:n +1 ;jl ’
B _ xlpp—10(0) +pu110) + (2 = 2)pp12()]

A pn,O(x) + pn,l(x) + (n— I)Pn,z(x)

151
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ifxe[2/n,3/(n+ 1)],
B x[pn—10(X) + pp—1.1(x) + (n = 2)py_12(x)]

A Pno + pn,l(x) + pn.Z(x) + (}’l - 2)pn,3 (x) '
ifxe[3/(n+1),3/n],
and so on, in general we have
B _ MYopr1i() + (1 = pu1 (0]
A TP + (1= )pas(x)
ifxelj/n,(j+1)/(n+1)],

B _ X[Zjl;})pn—l,i(x) + (n = )pa-1,,(0)]

A Y im0 Pri(¥) + (0= Ppajr1(x)
ifxe[G+ 1)/ (m+1),G+ 1)/n],

forj € {0,1,...,n— 1}. Here by convention we take Z,;lo =0. |
Analogously, in the case of T,SSM) operator, we can state:

Lemma 2.9.7. Forall x € [0, 1] and n € N we have
1+ np,—10(x)
L+ (n+ Dpuox)’
1 + npy—1,0(x)
L+ (n+ Dpai()’
1+ np,—11(x)
L+ (n+ Dpai(x)’
1 4+ npy—11(x)
L+ (n+ Dpu2(x)’
1+ np,—12(x)
L+ (n+ Dpaa(x)’
1+ np,—12(x)
L+ (n+ Dpu3(x)’

T,ESM)(EI)(X) — ifxel0,1/(n+ 1)],

T (en)(x) = ifxe[l/(n+1),1/n],

T (e1) (x) =

ifxe[l/n2/(n+ 1),

TS (e1) () = ifx € 2/ (n+1).2/n]

T (en) (x) =

ifx€2/n,3/(n+ 1),

T (en)(x) = ifx e [3/(n+1),3/n],

and so on, in general we have
1+ npy—1,(x)
L+ (n+ Dpua(x)”

1 + np,—1,(x)
14+ (n+ Dpuig1(x)’

TOM (e)) (x) = ifxell/n, (I+1)/(n+ 1),

T (e1) (x) =

ifxe[(l+1)/(n+1),(+1)/n],

forle{0,1,...,n}
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Proof. Let us choose arbitrary x € [0,1] and let [ € {0,1,...,n} be such that
x € [l/n, (I 4+ 1)/n]. Firstly, we have

oo [VizoPrs 1] + Tico [ Vimipns 1]
Yo [ Viopni® ] + oo [VimmiPni®]

T (e1)(x) =

Then, we observe that

n

k .
| Ve | =

k=0 | j=0 k

k

n

k . n
WICHESS
j=1 k=1

Pn—1j-1 (x)
1 1

n—1 k
=X Z \/Pn—l.j(x)
k=0 | j=0

By similar reasonings we get that

n n—1 n—1

Z \/pn‘j(x)‘% ZXZ \/ Pn—1,(x)
k

k=0 | j=n—k =0 | j=n—1—k
The above two equalities give

n n n

k . .
Y Vru@ [ +3° 1V Pt
k=0

k=0 | j=0 =0 | j=n—k

n—

n—1 k n—1
=X Z \/p,,_u(x) + \/ pn—lJ(-x)

1
k=0 | j=0 k=0 | j=n—1—k

Ifx € [l/n, (I4+1)/(n+1)] then using Lemma 2.9.5 for the numerator of 75 (f)(x)
and for the denominator too, we obtain

1+ npu—14(x)

(SM) =
TP () (x) = 1+ (n+ Dppi(x)

Now, if x € [({+ 1)/(n + 1), (I + 1)/n], by the same Lemma 2.9.5 we obtain

1 + npn—l,l(x)

(SM) —
T, () (x) = 14+ (n+ Dpui1(x)

and the proof is complete. O
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In what follows, we study the approximation properties of B (f) and T o,
based on estimations of the quantities defined by (2.28) and (2.29).

Theorem 2.9.8. Let f : [0, 1] — Ry be continuous on [0, 1].
(i) We have

T () (0) — )] < 240, (f; ) Joralln € N.x € [0.1].

1
vn+1
(ii) For any 0 < a < 1, there exist an index ny and a constant C, > 0, both

depending only on a (increasing with respect to a and satisfying lim, »; no(a) =
lim, ~; C, = +00), such that

B (@) —f@)] < Cowy (f; ) foralln €N, n 2 no, x € [0.dl,

1
vn+1
that is, BE,SM) (f) converges uniformly to f on each compact subinterval of the
form [0, a], with a < 1.

Proof. (i) Since for T,ESM) are valid the conclusions of Theorem 2.9.2 and Corol-
lary 2.9.3, it follows that for any x € [0, 1] and § > 0 we have

0010 01 = [ 14 5700|1739 (2.30)

Let us choose arbitrary x € [0, 1]. By the proof of Theorem 2.1.5 it results

Vicoru@IE = _ 6
\/Z:opn,k(x) - A/n 1
Letky, ky € {0, 1,...,n} be such that \/Zzopn,k(x)|§ —x| = puky (x)|’;—l —x| and

such thatx € [ky/(n + 1), (ko + 1)/(n + 1)]. By Lemma 2.9.4, (i) we get that
\i=o Pni(x) = pu, (x) and from the above inequality we obtain

k
P @I =2 _ 6

Pni (X) - An 1 '

In addition, it is immediate that

2.31)

n k . n k .
Y| Vp@lE = [+ 30|V pujlE =
k=0

k=0 | j=0 =0 | j=n—k

k
< 200+ Dpusy (9] =l
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On the other hand, from Lemma 2.9.5 it follows that

n k n n
SUAVei@ [+ V i@ | =1+ 1+ Dppsn (v).

k=0 | j=0 k=0 | j=n—k
From the above two inequalities (taking into account relation (2.31)) we obtain

2(” + 1)pn,k1 ()C)|]% _x|
(n+ Dpni, (x)

_ @I —x 12
Pk, (%) T VnF T

’lj_ - in relation (2.30) we obtain the desired conclusion. [
M)

(ii)) Again, we observe that for B,(f are valid the conclusions of Theorem 2.9.2
and Corollary 2.9.3 and therefore it follows that for any x € [0, 1] and § > 0 we
have

T (g)(x) <

Now, taking § =

000 0] = [1+ 585000 1730, 2.3

Keeping the notations from the above point (i), the numerator of the expression
B (¢x)(x) can be upper estimated by the quantity (n + 1)p, 4, (x) \’% — x\.

On the other hand, we have to find a lower estimate for the denominator of the
expression B (@) (x) thatis ) [\/jl.;0 P J(x)]. For that purpose, first suppose
that x € [0, 1/2]. We have two cases: 1) n is odd. 2) n is even.

Case 1). We can write

n k 1 (n—1)/2
Z \/an(X) = pn,O(x) + \/pn.j(x) +... .+ \/ an(x)
k=0 | j=0 Jj=0 J=0
(n+1)/2 n
+ \/ pn.j(x) + ...+ \/ani(x) = Sl +S2
j=0 j=0

Since x € [0, 1/2], it follows that k, € {0,1,...,(n — 1)/2}. For this x, from
Lemma 2.9.4, (i), it follows that all the terms in the sum denoted above by S,
(including the term \/_, p, j(x)), become equal to p, 4, (x), which will imply that
Si1+8 =58+ # o Pnj(x) > # V=g Pnj(x).

From the above two inequalities and taking into account relation (2.31) we obtain

(4 Dpuiy 12 — x| 2pys ()4 — x| __ 12
[(l’l + 1)/2]pn,k2 (X) B Pn.ky (-x) - A/n 1 '

B () (x) <
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Case 2). We can write

n k 1 n/2
YNV Pni@ | = puo@ + \/ puj@ + ...+ \/ pus@)
k=0 [ j=0 j=0 j=0
n/2+1 n
+ \/ an(—x)+--.+\/an(x) = Sl +S27
=0 =0

and reasoning as in the Case 1), we immediately obtain that S; + S, = S; +

5 J"l=0 Pnj(x) = 3 ]’.':0 Pnj(x). Therefore from (2.31) we get

(14 )Py IS~ 4pusy (IS —a 24
[”/2]Pn,kz (x) - DPnk> (x) - A/n 1 ’

Summarizing, for all x € [0, 1/2] we have

B () (x) <

foralln e N

B (p,) < ,

and choosing in (2.32), § = J%’ we get

B () () — £ ()] < 480y (f; ) forall x € 0,1/2], n € N.

1
vn+1
Now, let % < a < 1 be arbitrary, fixed and ny = ﬁ For all n > ny, it is immediate

n+1 n+1 _ n+1 . n+1 :
that we have n > [an] + 2 and el S e = wiea3 Since Tiea=3 s
decreasing as function of n, it follows that the maximum value of ﬁ is attained
forn = [1%] + 1 and denote this value by M,,.
Letx € [0,a] and n > ﬁ Now, writing

n k 1 [an]+1
YAV @ | = puo@ + \/ pos@ + ...+ \/ puj®)
k=0 | j=0 j=0 j=0
[an]+2 n
+ \/ an(x)+--.+\/an(x) = Sl +SZ»
=0 =0
[an]+2

because “57= > a, by Lemma 2.9.4, (i) and reasoning exactly as in the case when
x € [0, 1/2], it follows that
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n k

YV Puj@ | =81+ 8 = 8 = [n— (lan] +2) + 11\/ puy®)

k=0 | j=0 j=0

= (n—lan] = 1) \/ puj(x) > (1= [an] = 2) \/ pu; ).

=0 j=0
Therefore, taking into account (2.30) too, for all x € [0,a] and n > [{=] + 1, we
obtain

n+1 6 - 6M,
—[an) =2 Vun+1 = Vn+1

BSM (g (x) <
n

By choosing in (1.38), § = My we immediately get the desired estimate in (ii),

Vint1?
valid for all x € [0,a] and n > [ﬁ] + 1. It is clear that both ny and C, depend
increasingly with respect to a /' 1 and satisfy lim, ~; no(a) = lim, ~; C, = +o0.
O

Remarks. 1) Itcan be shown that in the whole space C4 [0, 1], the order of uniform
approximation by the operator 7% in Theorem 2.9.8, (1), is the best possible.
Indeed, let us consider the function f : [0, 1] — [0, 00), f(x) = 0ifx € [0,1/2]
and f(x) = x—1/2if x € [1/2, 1]. In the paper [52] (see Example 3.1. there) we
have proved that

-5
BM()(1/2) —f(%) > %wl(f, 1/4/n), (2.33)
where

V=0 Puic(1/2)f (k/n)
VizoPni(1/2) .

Letky € {0, 1,...,n} be such that 1/2 € [ko/(n + 1), (ko + 1)/(n + 1)] and let
ki € {0,1,...,n} be such that \/}_, pux(1/2)f (k/n) = puy, (1/2). Noting that
o Prk(1/2) = pui,(1/2), it follows that

Pk (1/2)f (k1 /n)
pn,ko(l/z) .

B (f)(1/2) =

BM(f)(1/2) =

On the other hand, since the relation ) _;_, p,x(1/2)=1 implies p, x,(1/2) > 1/
(n+ 1), by Lemma 2.9.5 it follows that
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n k n n
SV e/ [ +>0 V pai(1/2)

k=0 | j=0 k=0 | j=n—k
I+ (n + 1)pn,k0(1/2) = (n + 1)pn.ko(1/2) + (n + l)pn.ko(l/z)
2(n + 1)pni, (1/2).

Then one can easily prove that

n

k n n
SN i/ 2fGm) |+ |\ pui@FG/n)

k=0 | j=0 k=0 | j=n—k

> (n+ 2)pui (1/2)f (ki /n).
Indeed, this is immediate since for k € {ki,k; + 1,...,n} we have
k
\/ Pui(1/2f (/1) = puso (1/2)f (k1 /)
Jj=0
and fork € {n —k;,n—k; + 1,...,n} we have
\/ Puj@f(1/n) = pus, (1/2)f (ki /).
Jj=n—k
The above two inequalities imply

(n+ 2)pusy (1/2)f (ki /n) 1
(SM) 1 - (M)
TG 2 s 2 7 B0/,

Since f(1/2) = 0 and taking into account relation (2.33), we get

T (£)(1/2) f( ) > Ewl(f 1/4/n).

which proves the desired conclusion. O

2) It remains an interesting open question to see if the sum-max Bernstein operator
possesses similar properties with the max-prod Bernstein operator.

3) The construction generated by the sum-max method applied above to the
Bernstein polynomials, evidently that could be applied to any other Bernstein-
type operator in the next chapters.

4) The positivity of the approximated function f in the approximation by the sum-
max Bernstein operator could be dropped if we apply the same idea as in
Theorem 2.9.1.
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