
Chapter 2
Approximation by Max-Product
Bernstein Operators

Section 2.1 of this chapter contains general results of approximation obtained by
applying Theorem 1.1.2, Jackson-type estimates for some particular classes of
functions and results of shape preserving.

In Section 2.2 we improve for strictly positive functions the estimates in
approximation by max-product Bernstein operators.

Section 2.3 contains saturation results and Section 2.4 contains very strong
localization results for these operators.

Section 2.5 studies the iterations and the fixed points of the max-product
Bernstein operators, while Section 2.6 contains applications to approximation of
fuzzy numbers and explicit estimates for the approximation in the L1-norm.

In Section 2.7 we present the approximation and shape preserving properties for
two kinds of bivariate max-product Berstein operators.

Section 2.8 gives applications to image processing including some by graphics
illustrating them.

In Section 2.9 we show how new max-product type operators can be constructed
in such a way that the positivity of the approximated function can be dropped and
also we introduce and study new approximation operators called of the sum-max
type.

2.1 Estimates for Positive Functions

In this section we study the approximation properties for the max-product operator
B.M/

n introduced by formula (1.20) in Subsection 1.1.2, at the point (i).
Firstly, by using Theorem 1.1.2, we obtain the order of approximation

O.!1.f I 1=
p

n//. Then, one proves by a counterexample that in a sense, for
arbitrary f this order of approximation cannot be improved. However, for subclasses
of functions f including, for example, that of concave functions, we find the
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26 2 Approximation by Max-Product Bernstein Operators

Jackson-type order of approximation O.!1.f I 1=n//, which for many functions f is
essentially better than the order of approximation obtained by the linear Bernstein
operators. Finally, some shape preserving properties are presented and comparisons
between the max-product and the linear Bernstein operators are discussed.

Since it is easy to check that B.M/
n .f /.0/ � f .0/ D B.M/

n .f /.1/ � f .1/ D 0 for
all n, notice that in the notations, proofs, and statements of the all approximation
results, that is in the next Lemmas 2.1.1–2.1.3, Theorem 2.1.5, Lemmas 2.1.6–2.1.8,
Corollaries 2.1.10, 2.1.11, in fact we always may suppose that 0 < x < 1. For the
proofs of the main results we need some notations and auxiliary results, as follows.

For each k; j 2 f0; 1; 2; : : :ng and x 2 Œ j
nC1

; jC1

nC1
�, let us denote

Mk;n;j.x/ D pn;k.x/
ˇ
ˇ k

n � x
ˇ
ˇ

pn;j.x/
; mk;n;j.x/ D pn;k.x/

pn;j.x/
:

It is clear that if k � j C 1 then

Mk;n;j.x/ D pn;k.x/. k
n � x/

pn;j.x/

and if k � j � 1 then

Mk;n;j.x/ D pn;k.x/.x � k
n /

pn;j.x/
:

Also, for each k; j 2 f0; 1; 2; : : :ng, k � j C 2 and x 2 Œ j
nC1

; jC1

nC1
� let us denote

Mk;n;j.x/ D pn;k.x/. k
nC1

� x/

pn;j.x/

and for each k; j 2 f0; 1; 2; : : :ng, k � j � 2 and x 2 Œ j
nC1

; jC1

nC1
� let us denote

Mk;n;j.x/ D pn;k.x/.x � k
nC1

/

pn;j.x/
:

Lemma 2.1.1 (Bede–Coroianu–Gal [21]). Let x 2 Œ j
nC1

; jC1

nC1
�.

(i) For all k; j 2 f0; 1; 2; : : :ng, k � j C 2 we have

Mk;n;j.x/ � Mk;n;j.x/ � 3Mk;n;j.x/:

(ii) For all k; j 2 f0; 1; 2; : : :ng, k � j � 2 we have

Mk;n;j.x/ � Mk;n;j.x/ � 6Mk;n;j.x/:
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Proof. (i) The inequality Mk;n;j.x/ � Mk;n;j.x/ is immediate.
On the other hand,

Mk;n;j.x/

Mk;n;j.x/
D

k
n � x
k

nC1
� x

�
k
n � j

nC1

k
nC1

� jC1

nC1

� kn C k � nj

n.k � j � 1/
D k � j

k � j � 1
C k

n.k � j � 1/
� 3;

which proves (i).
(ii) The inequality Mk;n;j.x/ � Mk;n;j.x/ is immediate.

On the other hand,

Mk;n;j.x/

Mk;n;j.x/
Dx � k

nC1

x � k
n

�
jC1

nC1
� k

nC1

j
nC1

� k
n

D .nC1/.j C 1 � k/

nj � nk � k
� .n C 1/.j C 1 � k/

nj � nk � n
Dn C 1

n
� j C 1 � k

j � k � 1
� 2 � j C 1 � k

j � k � 1

D 2

�

1 C 2

j � k � 1

�

� 6;

which proves (ii) and the lemma. �

Lemma 2.1.2 (Bede–Coroianu–Gal [21]). For all k; j 2 f0; 1; 2; ::ng and x 2
Œ j

nC1
; jC1

nC1
� we have

mk;n;j.x/ � 1:

Proof. We have two cases: 1) k � j and 2) k � j.
Case 1). Since clearly the function h.x/ D 1�x

x is nonincreasing on Œj=.n C 1/;

.j C 1/=.n C 1/�, it follows

mk;n;j.x/

mkC1;n;j.x/
D k C 1

n � k
� 1 � x

x
� k C 1

n � k
� 1 � jC1

nC1

jC1

nC1

D k C 1

n � k
� n � j

j C 1
� 1;

which implies mj;n;j.x/ � mjC1;n;j.x/ � mjC2;n;j.x/ � � � � � mn;n;j.x/.
Case 2). We get

mk;n;j.x/

mk�1;n;j.x/
D n � k C 1

k
� x

1 � x
� n � k C 1

k
�

j
nC1

1 � j
nC1

D n � k C 1

k
� j

n C 1 � j
� 1;
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which immediately implies

mj;n;j.x/ � mj�1;n;j.x/ � mj�2;n;j.x/ � � � � � m0;n;j.x/:

Since mj;n;j.x/ D 1, the conclusion of the lemma is immediate. �

Lemma 2.1.3 (Bede–Coroianu–Gal [21]). Let x 2 Œ j
nC1

; jC1

nC1
�.

(i) If k 2 fj C 2; j C 3; : : : ; n � 1g is such that k � p
k C 1 � j, then Mk;n;j.x/ �

MkC1;n;j.x/.
(ii) If k 2 f1; 2; : : :j � 2g is such that k C p

k � j, then Mk;n;j.x/ � Mk�1;n;j.x/.

Proof. (i) We observe that

Mk;n;j.x/

MkC1;n;j.x/
D k C 1

n � k
� 1 � x

x
�

k
nC1

� x
kC1
nC1

� x
:

Since the function g.x/ D 1�x
x

k
nC1 �x
kC1
nC1 �x

clearly is nonincreasing on .0; 1�, it

follows that g.x/ � g. jC1

nC1
/ D n�j

jC1
� k�j�1

k�j for all x 2 Œ j
nC1

; jC1

nC1
�. Then, since the

condition k � p
k C 1 � j implies .k C 1/.k � j � 1/ � .j C 1/.k � j/, we obtain

Mk;n;j.x/

MkC1;n;j.x/
� k C 1

n � k
� n � j

j C 1
� k � j � 1

k � j
� 1:

(ii) We observe that

Mk;n;j.x/

Mk�1;n;j.x/
D n � k C 1

k
� x

1 � x
� x � k

nC1

x � k�1
nC1

:

Since the function h.x/ D x
1�x � x� k

nC1

x� k�1
nC1

is nondecreasing on Œ0; 1/, it follows that

h.x/ � h. j
nC1

/ D j
nC1�j � j�k

j�kC1
for all x 2 Œ j

nC1
; jC1

nC1
�. Then, since the condition

k C p
k � j implies j.j � k/ � k.j � k C 1/, we obtain

Mk;n;j.x/

Mk�1;n;j.x/
� n � k C 1

k
� j

n C 1 � j
� j � k

j � k C 1
� 1;

which proves the lemma. �

Also, a key result in the proof of the first main result is the following.
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Lemma 2.1.4 (Bede–Coroianu–Gal [21]). We have

n_

kD0

pn;k.x/ D pn;j.x/; for all x 2
�

j

n C 1
;

j C 1

n C 1

	

; j D 0; 1; : : : ; n;

where pn;k.x/ D �n
k

�
xk.1 � x/n�k.

Proof. First we show that for fixed n 2 N and 0 � k < k C 1 � n we have

0 � pn;kC1.x/ � pn;k.x/; if and only if x 2 Œ0; .k C 1/=.n C 1/�:

Indeed, the inequality one reduces to

0 �
 

n

k C 1

!

xkC1.1 � x/n�.kC1/ �
 

n

k

!

xk.1 � x/n�k;

which after simplifications is equivalent to

0 � x

" 
n

k C 1

!

C
 

n

k

!#

�
 

n

k

!

:

But since
� n

kC1

� C �n
k

� D �nC1
kC1

�
, the above inequality immediately becomes

equivalent to

0 � x � k C 1

n C 1
:

By taking k D 0; 1; ::, in the inequality just proved above, we get

pn;1.x/ � pn;0.x/; if and only if x 2 Œ0; 1=.n C 1/�;

pn;2.x/ � pn;1.x/; if and only if x 2 Œ0; 2=.n C 1/�;

pn;3.x/ � pn;2.x/; if and only if x 2 Œ0; 3=.n C 1/�;

so on,

pn;kC1.x/ � pn;k.x/; if and only if x 2 Œ0; .k C 1/=.n C 1/�;

so on,

pn;n�2.x/ � pn;n�3.x/; if and only if x 2 Œ0; .n � 2/=.n C 1/�;

pn;n�1.x/ � pn;n�2.x/; if and only if x 2 Œ0; .n � 1/=.n C 1/�;

pn;n.x/ � pn;n�1.x/; if and only if x 2 Œ0; n=.n C 1/�:
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From all these inequalities, reasoning by recurrence we easily obtain:

if x 2 Œ0; 1=.n C 1/�; then pn;k.x/ � pn;0.x/; for all k D 0; 1; : : : ; n;

if x 2 Œ1=.n C 1/; 2=.n C 1/�; then pn;k.x/ � pn;1.x/; for all k D 0; 1; : : : ; n;

if x 2 Œ2=.n C 1/; 3=.n C 1/�; then pn;k.x/ � pn;2.x/; for all k D 0; 1; : : : ; n;

and so on finally

if x 2 Œn=.n C 1/; 1�; then pn;k.x/ � pn;n.x/; for all k D 0; 1; : : : ; n;

which proves the lemma. �

The first main result of this section is the following.

Theorem 2.1.5 (Bede–Coroianu–Gal [21]). If f W Œ0; 1� ! RC is continuous, then
we have the estimate

jB.M/
n .f /.x/ � f .x/j � 12!1

�

f I 1p
n C 1

�

; for all n 2 N; x 2 Œ0; 1�;

where

!1.f I ı/ D supfjf .x/ � f .y/jI x; y 2 Œ0; 1�; jx � yj � ıg:

Proof. It is easy to check that the max-product Bernstein operators fulfil the
conditions in Theorem 1.1.2 and we have

jB.M/
n .f /.x/ � f .x/j �

�

1 C 1

ın
B.M/

n .'x/.x/

�

!1.f I ın/; (2.1)

where 'x.t/ D jt � xj. So, it is enough to estimate

En.x/ WD B.M/
n .'x/.x/ D

nW

kD0

pn;k.x/
ˇ
ˇ k

n � x
ˇ
ˇ

nW

kD0

pn;k.x/

:

Let x 2 Œj=.n C 1/; .j C 1/=.n C 1/�, where j 2 f0; : : : ; ng is fixed, arbitrary. By
Lemma 2.1.4 we easily obtain

En.x/ D max
kD0;:::;n

fMk;n;j.x/g; x 2 Œj=.n C 1/; .j C 1/=.n C 1/�:

In all what follows we may suppose that j 2 f1; : : : ; ng, because for j D 0 simple
calculation shows that in this case we get En.x/ � 1

n , for all x 2 Œ0; 1=.n C 1/�. So it
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remains to obtain an upper estimate for each Mk;n;j.x/ when j D 1; : : : ; n is fixed,
x 2 Œj=.n C 1/; .j C 1/=.n C 1/� and k D 0; : : : ; n. In fact we will prove that

Mk;n;j.x/ � 6p
n C 1

; for all x 2 Œj=.nC1/; .jC1/=.nC1/�; k D 0; : : : ; n; (2.2)

which immediately implies that

En.x/ � 6p
n C 1

; for all x 2 Œ0; 1�; n 2 N;

and taking ın D 6p
nC1

in (2.1) we immediately obtain the estimate in the statement.
In order to prove (2.2), we distinguish the following cases:

1) k 2 fj � 1; j; j C 1g ; 2) k � j C 2 and 3) k � j � 2.

Case 1). If k D j, then Mj;n;j.x/ D
ˇ
ˇ
ˇ

j
n � x

ˇ
ˇ
ˇ. Since x 2 Œ j

nC1
; jC1

nC1
�, it easily follows

that Mj;n;j.x/ � 1
nC1

.

If k D j C 1, then MjC1;n;j.x/ D mjC1;n;j.x/. jC1

n � x/. Since by Lemma 2.1.2

we have mjC1;n;j.x/ � 1, we obtain MjC1;n;j.x/ � jC1

n � x � jC1

n � j
nC1

D
nCjC1

n.nC1/
� 3

nC1
.

If k D j�1, then Mj�1;n;j.x/ D mj�1;n;j.x/.x� j�1

n / � jC1

nC1
� j�1

n D 2n�jC1

n.nC1/
� 2

nC1
.

Case 2). Subcase a). Suppose first that k � p
k C 1 < j. We get

Mk;n;j.x/ D mk;n;j.x/.
k

n C 1
� x/ � k

n C 1
� x � k

n C 1
� j

n C 1
�

k

n C 1
� k � p

k C 1

n C 1
D

p
k C 1

n C 1
� 1p

n C 1
:

Subcase b). Suppose now that k � p
k C 1 � j. Since the function g.x/ D

x � p
x C 1 is nondecreasing on the interval Œ0; 1/ it follows that there exists

k 2 f0; 1; 2; : : :ng, of maximum value, such that k �
p

k C 1 < j. Then for
k1 D k C 1 we get k1 � p

k1 C 1 � j and

MkC1;n;j.x/ D mkC1;n;j.x/.
k C 1

n C 1
� x/ � k C 1

n C 1
� x

� k C 1

n C 1
� j

n C 1
� k C 1

n C 1
� k �

p
k C 1

n C 1

D
p

k C 1 C 1

n C 1
� 2p

n C 1
:
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Also, we have k1 � j C 2. Indeed, this is a consequence of the fact that g is
nondecreasing on the interval Œ0; 1/ and because it is easy to see that g.j C
1/ < j. By Lemma 2.1.3, (i) it follows that MkC1;n;j.x/ � MkC2;n;j.x/ � � � � �
Mn;n;j.x/. We thus obtain Mk;n;j.x/ � 2p

nC1
for any k 2 fk C 1; k C 2; : : :ng.

Therefore, in both subcases, by Lemma 2.1.1, (i) too, we get Mk;n;j.x/ � 6p
nC1

.

Case 3). Subcase a). Suppose first that k C p
k � j. Then we obtain

Mk;n;j.x/ D mk;n;j.x/.x � k

n C 1
/ � j C 1

n C 1
� k

n C 1

� k C p
k C 1

n C 1
� k

n C 1
D

p
k C 1

n C 1
�

p
n C 1

n C 1
� 2p

n C 1
:

Subcase b). Suppose now that k C p
k < j. Let Qk 2 f0; 1; 2; : : :ng be the

minimum value such that Qk C
pQk � j. Then k2 D Qk � 1 satisfies k2 C p

k2 < j
and

MQk�1;n;j.x/ D mQk�1;n;j.x/.x �
Qk � 1

n C 1
/ � j C 1

n C 1
�

Qk � 1

n C 1

�
Qk C

pQk C 1

n C 1
�

Qk � 1

n C 1
D
pQk C 2

n C 1
� 3p

n C 1
:

Also, because in this case we have j � 2 it is immediate that k2 � j � 2. By
Lemma 2.1.3, (ii) it follows that MQk�1;n;j.x/ � MQk�2;n;j.x/ � � � � � M0;n;j.x/.

We obtain Mk;n;j.x/ � 3p
nC1

for any k � j � 2 and x 2 Œ j
nC1

; jC1

nC1
�.

In both subcases, by Lemma 2.1.1, (ii) too, we get Mk;n;j.x/ � 3p
nC1

.
In conclusion, collecting all the estimates in the above cases and subcases we

easily get the relationship (2.2), which completes the proof. �

Remarks. 1) The order of approximation in terms of !1.f I p
n/ in Theorem 2.1.5

cannot be improved, in the sense that the order of maxx2Œ0;1�fEn.x/g is exactly
1p
n

(here En.x/ is defined in the proof of Theorem 2.1.5). Indeed, for n 2 N let

us take jn D Œ n
2
�, kn D jn C Œ

p
n�, xn D jnC1

nC1
and denote Qn D n � Œ n

2
�. Then we

can write

Mkn;n;jn.xn/ D
� n

kn

�
xkn

n .1 � xn/n�kn

�n
jn

�
xjn

n .1 � xn/n�jn
.

kn

n C 1
� xn/

D .Qn � Œ
p

n� C 1/.Qn � Œ
p

n� C 2/ : : : Qn
.Œ n

2
� C 1/.Œ n

2
� C 2/ : : : .Œ n

2
� C Œ

p
n�/

�
Œ n

2
� C 1

Qn
�Œ

p
n�

� Œ
p

n� � 1

n C 1
:
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Since 2Œ n
2
� � n � 1, we easily get Œ n

2
� C 1 � Qn, which implies

�
Œ n

2 �C1

Qn
�Œ

p
n� � 1

for all n 2 N. On the other hand,

.Qn�Œ
p

n� C 1/.Qn � Œ
p

n� C 2/ : : : Qn
.Œ n

2
� C 1/.Œ n

2
� C 2/ : : : .Œ n

2
� C Œ

p
n�/

�
 

Qn � Œ
p

n� C 1

Œ n
2
�CŒ

p
n�

!Œ
p

n�

�
 

n
2

� p
n C 1

n
2

C p
n

!p
n

:

Because lim
n!1

� n
2 �p

nC1
n
2 Cp

n

�p
n D e�4, there exists n0 2 N such that

.Qn � Œ
p

n� C 1/.Qn � Œ
p

n� C 2/ : : : Qn
.Œ n

2
� C 1/.Œ n

2
� C 2/ : : : .Œ n

2
� C Œ

p
n�/

� e�5;

for all n � n0. It follows

Mkn;n;jn.xn/ � e�5.Œ
p

n� � 1/

n C 1
� e�5

6
p

n
;

for all n � maxfn0; 4g. Taking into account Lemma 2.1.1, (i) too, it follows that
for all n � maxfn0; 4g we have Mkn;n;jn.xn/ � e�5

6
p

n
, which implies the desired

conclusion.

2) With respect to the method of proof in Bede–Gal [30], the method in this section
presents, at least, two advantages: it produces the explicit constant 12 in front
of !1.f I 1=

p
n C 1/ and its ideas can be easily used for other max-product

Bernstein type operators too, a fact which will be seen in the next chapters.

In what follows we will prove that for large subclasses of functions f , the order
of approximation !1.f I 1=

p
n C 1/ in Theorem 2.1.5 can essentially be improved to

!1.f I 1=n/.
For this purpose, for any k; j 2 f0; 1; ::ng, let us define the functions fk;n;j W

Œ j
nC1

; jC1

nC1
� ! R,

fk;n;j.x/ D mk;n;j.x/f

�
k

n

�

D
�n

k

�

�n
j

�
� x

1 � x

�k�j
f

�
k

n

�

:

Then it is clear that for any j 2 f0; 1; : : : ; ng and x 2 Œ j
nC1

; jC1

nC1
� we can write

B.M/
n .f /.x/ D

n_

kD0

fk;n;j.x/:

Also we need the following four auxiliary lemmas.
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Lemma 2.1.6 (Bede–Coroianu–Gal [21]). Let f W Œ0; 1� ! Œ0; 1/ be such that

B.M/
n .f /.x/ D maxffj;n;j.x/; fjC1;n;j.x/g for all x 2 Œj=.n C 1/; .j C 1/=.n C 1/�:

Then

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � 2!1

�

f I 1

n

�

; for all x 2 Œj=.n C 1/; .j C 1/=.n C 1/�:

Proof. We distinguish two cases:

Case (i). Let x 2 Œj=.nC1/; .jC1/=.nC1/� be fixed such that B.M/
n .f /.x/ D fj;n;j.x/.

Because by simple calculation we have �1
nC1

� x � j
n � 1

nC1
and fj;n;j.x/ D f . j

n /,
it follows that

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � !1

�

f I 1

n C 1

�

:

Case (ii). Let x 2 Œj=.n C1/; .j C1/=.n C1/� be such that B.M/
n .f /.x/ D fjC1;n;j.x/.

We have two subcases:

(iia) B.M/
n .f /.x/ � f .x/, when evidently fj;n;j.x/ � fjC1;n;j.x/ � f .x/ and we

immediately get

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ D ˇ

ˇfjC1;n;j.x/ � f .x/
ˇ
ˇ

D f .x/ � fjC1;n;j.x/ � f .x/ � f .j=n/ � !1

�

f I 1

n C 1

�

:

(iib) B.M/
n .f /.x/ > f .x/, when

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ D fjC1;n;j.x/ � f .x/ D mjC1;n;j.x/f .

j C 1

n
/ � f .x/

� f .
j C 1

n
/ � f .x/:

Because 0 � jC1

n �x � jC1

n � j
nC1

D j
n.nC1/

C 1
n < 2

n it follows f . jC1

n /�f .x/ �
2!1

�
f I 1

n

�
, which proves the lemma. �

Lemma 2.1.7 (Bede–Coroianu–Gal [21]). Let f W Œ0; 1� ! Œ0; 1/ be such that

B.M/
n .f /.x/ D maxffj;n;j.x/; fj�1;n;j.x/g for all x 2 Œj=.n C 1/; .j C 1/=.n C 1/�:

Then

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � 2!1

�

f I 1

n

�

; for all x 2 Œj=.n C 1/; .j C 1/=.n C 1/�:



2.1 Estimates for Positive Functions 35

Proof. We distinguish two cases:

Case (i). B.M/
n .f /.x/ D fj;n;j.x/, when as in Lemma 2.1.6 we get

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � !1

�

f I 1

n C 1

�

:

Case (ii). B.M/
n .f /.x/ D fj�1;n;j.x/, when we have two subcases:

(iia) B.M/
n .f /.x/ � f .x/, when as in the case of Lemma 2.1.6 we obtain

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � !1

�

f I 1

n C 1

�

:

(iib) B.M/
n .f /.x/ > f .x/, when by using the same idea as in the subcase (iib) of

Lemma 2.1.6 and taking into account that

0 � x � j � 1

n
� j C 1

n C 1
� j � 1

n
D �j

n.n C 1/
C 1

n C 1
C 1

n
<

2

n
;

we obtain

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � 2!1

�

f I 1

n

�

;

which proves the lemma. �

Lemma 2.1.8 (Bede–Coroianu–Gal [21]). Let f W Œ0; 1� ! Œ0; 1/ be such that

B.M/
n .f /.x/ D maxffj�1;n;j.x/; fj;n;j.x/; fjC1;n;j.x/g;

for all x 2 Œj=.n C 1/; .j C 1/=.n C 1/�. Then

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � 2!1

�

f I 1

n

�

; for all x 2 Œj=.n C 1/; .j C 1/=.n C 1/�:

Proof. Let x 2 Œj=.n C 1/; .j C 1/=.n C 1/�. If B.M/
n .f /.x/ D fj;n;j.x/ or B.M/

n .f /.x/ D
fjC1;n;j.x/, then B.M/

n .f /.x/ D maxffj;n;j.x/; fjC1;n;j.x/g and from Lemma 2.1.6 it
follows

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � 2!1

�

f I 1

n

�

:

If B.M/
n .f /.x/ D fj�1;n;j.x/, then B.M/

n .f /.x/ D maxffj;n;j.x/; fj�1;n;j.x/g and from
Lemma 2.1.7 we get

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � 2!1

�

f I 1

n

�

;

which ends the proof. �
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Lemma 2.1.9 (see, e.g., Lorentz [114], p. 44, Bede–Coroianu–Gal [21]). Let f W
Œ0; 1� ! Œ0; 1/ be concave. Then the following two properties hold:

(i) The function g W .0; 1� ! Œ0; 1/; g.x/ D f .x/

x is nonincreasing ;

(ii) The function h W Œ0; 1/ ! Œ0; 1/; h.x/ D f .x/

1�x is nondecreasing.

Proof. (i) Let x; y 2 .0; 1� be with x � y. Then

f .x/ D f

�
x

y
y C y � x

y
0

�

� x

y
f .y/ C y � x

y
f .0/ � x

y
f .y/;

which implies f .x/

x � f .y/

y .
(ii) Let x; y 2 Œ0; 1/ be with x � y. Then

f .x/ D f

�
1 � x

1 � y
y C x � y

1 � y
1

�

� 1 � x

1 � y
f .y/ C x � y

1 � y
f .1/ � 1 � x

1 � y
f .y/;

which implies f .x/

1�x � f .y/

1�y . �

Corollary 2.1.10 (Bede–Coroianu–Gal [21]). Let f W Œ0; 1� ! Œ0; 1/ be a
concave function. Then

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � 2!1

�

f I 1

n

�

; for all x 2 Œ0; 1�:

Proof. Let x 2 Œ0; 1� and j 2 f0; 1; : : :ng such that x 2 Œ j
nC1

; jC1

nC1
�. Let k 2

f0; 1; : : :ng be with k � j. Then

fkC1;n;j.x/ D
� n

kC1

�

�n
j

�
� x

1 � x

�kC1�j
f .

k C 1

n
/

D
�n

k

�

�n
j

�
n � k

k C 1

� x

1 � x

�k�j x

1 � x
f .

k C 1

n
/:

From Lemma 2.1.9, (i), we get
f . kC1

n /
kC1

n

� f . k
n /
k
n

, that is f . kC1
n / � kC1

k f . k
n /. Since

x
1�x � jC1

n�j , we get

fkC1;n;j.x/ �
�n

k

�

�n
j

�
n � k

k C 1

� x

1 � x

�k�j j C 1

n � j
� k C 1

k
f .

k

n
/

D fk;n;j.x/
j C 1

k
� n � k

n � j
:

It is immediate that for k � j C 1 it follows fk;n;j.x/ � fkC1;n;j.x/. Thus we obtain

fjC1;n;j.x/ � fjC2;n;j.x/ � � � � � fn;j;n.x/: (2.3)
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Now let k 2 f0; 1; : : :ng be with k � j. Then

fk�1;n;j.x/ D
� n

k�1

�

�n
j

�
� x

1 � x

�k�1�j
f .

k � 1

n
/

D
�n

k

�

�n
j

� � k

n � k C 1

� x

1 � x

�k�j 1 � x

x
f .

k � 1

n
/:

From Lemma 2.1.9, (ii), we get
f . k

n /

1� k
n

� f . k�1
n /

1� k�1
n

, that is f . k
n / � n�k

n�kC1
f . k�1

n /. Because
1�x

x � nC1�j
j , we get

fk�1;n;j.x/ �
�n

k

�

�n
j

�
k

n � k C 1

� x

1 � x

�k�j n C 1 � j

j
� n � k C 1

n � k
f .

k

n
/

D fk;n;j.x/
k

j
� n C 1 � j

n � k
:

For k � j � 1 it is immediate that fk;n;j.x/ � fk�1;n;j.x/, which implies

fj�1;n:j.x/ � fj�2;n:j.x/ � � � � � f0;n;j.x/: (2.4)

From (2.3) and (2.4) we obtain

B.M/
n .f /.x/ D maxffj�1;n;j.x/; fj;n;j.x/; fjC1;n;j.x/g;

which combined with Lemma 2.1.8 implies

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � 2!1

�

f I 1

n

�

and proves the corollary. �

Corollary 2.1.11 (Bede–Coroianu–Gal [21]).

(i) If f W Œ0; 1� ! Œ0; 1/ is nondecreasing and such that the function g W .0; 1� !
Œ0; 1/; g.x/ D f .x/

x is nonincreasing, then

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � 2!1

�

f I 1

n

�

; for all x 2 Œ0; 1�:

(ii) If f W Œ0; 1� ! Œ0; 1/ is nonincreasing and such that the function h W Œ0; 1/ !
Œ0; 1/; h.x/ D f .x/

1�x is nondecreasing, then

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � 2!1

�

f I 1

n

�

; for all x 2 Œ0; 1�:
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Proof. (i) Since f is nondecreasing it follows (see the proof of the next Theorem
2.1.15)

B.M/
n .f /.x/ D

n_

k�j

fk;n;j.x/; for all x 2 Œj=.n C 1/; .j C 1/=.n C 1/�:

Following the proof of Corollary 2.1.10, we get

B.M/
n .f /.x/ D maxffj;n;j.x/; fjC1;n;j.x/g; for all x 2 Œj=.n C 1/; .j C 1/=.n C 1/�;

and from Lemma 2.1.6 we obtain

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � 2!1

�

f I 1

n

�

:

(ii) Since f is nonincreasing it follows (see the proof of the next Corollary 2.1.16)

B.M/
n .f /.x/ D

j_

k�0

fk;n;j.x/; for all x 2 Œj=.n C 1/; .j C 1/=.n C 1/�:

Following the proof of Corollary 2.1.10 we get

B.M/
n .f /.x/ D maxffj�1;n;j.x/; fj;n;j.x/g;

and from Lemma 2.1.7, we obtain

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � 2!1

�

f I 1

n

�

:

�

Remark. By simple reasonings, it follows that if f W Œ0; 1� ! Œ0; 1/ is a convex,
nondecreasing function satisfying f .x/

x � f .1/ for all x 2 Œ0; 1�, then the function

g W .0; 1� ! Œ0; 1/; g.x/ D f .x/

x is nonincreasing and as a consequence for f is
valid the conclusion of Corollary 2.1.11, (i). Indeed, for simplicity let us suppose
that f 2 C1Œ0; 1� and denote F.x/ D xf 0.x/ � f .x/, x 2 Œ0; 1�. Then g0.x/ D F.x/

x2 , for

all x 2 .0; 1�. Since the inequality f .x/

x � f .1/ can be written as f .1/�f .x/

1�x � f .1/, for
all x 2 Œ0; 1/, passing to limit with x ! 1 it follows f 0.1/ � f .1/, which implies
(since f 0 is nondecreasing)

F.x/ � xf 0.1/ � f .x/ � xf 0.1/ � xf .1/ D xŒf 0.1/ � f .1/� � 0; for all x 2 .0; 1�;

This means that g.x/ is nonincreasing.
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An example of function satisfying the above conditions is f .x/ D ex, x 2 Œ0; 1�.
Analogously, if f W Œ0; 1� ! Œ0; 1/ is a convex, nonincreasing function satisfying

f .x/

1�x � f .0/, then for f is valid the conclusion of Corollary 2.1.11, (ii). An example
of function satisfying these conditions is f .x/ D e�x, x 2 Œ0; 1�.

In what follows we will present some shape preserving properties, by proving
that the max-product Bernstein operator preserves the monotonicity and the quasi-
convexity. First we have the following simple result.

Lemma 2.1.12 (Bede–Coroianu–Gal [21]). For any arbitrary function f W
Œ0; 1� ! RC, B.M/

n .f /.x/ is positive, continuous on Œ0; 1� and satisfies B.M/
n .f /.0/ D

f .0/; B.M/
n .f /.1/ D f .1/.

Proof. Since pn;k.x/ > 0 for all x 2 .0; 1/, n 2 N, k 2 f0; : : : ; ng, it follows that

the denominator
nW

kD0

pn;k.x/ > 0 for all x 2 .0; 1/ and n 2 N. But the numerator

is a maximum of continuous functions on Œ0; 1�, so it is a continuous function on
Œ0; 1� and this implies that B.M/

n .f /.x/ is continuous on .0; 1/. To prove now the
continuity of B.M/

n .f /.x/ at x D 0 and x D 1, we observe that pn;k.0/ D 0 for all
k 2 f1; 2; : : : ; ng, pn;k.0/ D 1 for k D 0 and pn;k.1/ D 0 for all k 2 f0; 1; : : : ; n�1g,

pn;k.1/ D 1 for k D n, which implies that
nW

kD0

pn;k.x/ D 1 in the case of x D 0 and

x D 1. The fact that B.M/
n .f /.x/ coincides with f .x/ at x D 0 and x D 1 immediately

follows from the above considerations, which proves the theorem. �

Remark. Note that because of the continuity of B.M/
n .f /.x/ on Œ0; 1�, it will suffice

to prove the shape properties of B.M/
n .f /.x/ on .0; 1/ only. As a consequence, in the

notations and proofs below we always may suppose that 0 < x < 1.
As before, for any k; j 2 f0; 1; ::ng, let us consider the functions fk;n;j W

Œ j
nC1

; jC1

nC1
� ! R,

fk;n;j.x/ D mk;n;j.x/f

�
k

n

�

D
�n

k

�

�n
j

�
� x

1 � x

�k�j
f

�
k

n

�

:

For any j 2 f0; 1; : : : ; ng and x 2 Œ j
nC1

; jC1

nC1
� we can write

B.M/
n .f /.x/ D

n_

kD0

fk;n;j.x/:

Lemma 2.1.13 (Bede–Coroianu–Gal [21]). If f W Œ0; 1� ! RC is a nondecreasing
function, then for any k; j 2 f0; 1; : : :ng; k � j and x 2 Œ j

nC1
; jC1

nC1
� we have

fk;n;j.x/ � fk�1;n;j.x/.
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Proof. Because k � j, by the proof of Lemma 2.1.2, case 2), it follows that
mk;n;j.x/ � mk�1;n;j.x/. From the monotonicity of f we get f

�
k
n

� � f
�

k�1
n

�
. Thus

we obtain

mk;n;j.x/f

�
k

n

�

� mk�1;n;j.x/f

�
k � 1

n

�

;

which proves the lemma. �

Corollary 2.1.14 (Bede–Coroianu–Gal [21]). If f W Œ0; 1� ! RC is nonincreas-
ing, then fk;n;j.x/ � fkC1;n;j.x/ for any k; j 2 f0; 1; : : :ng; k � j and x 2 Œ j

nC1
; jC1

nC1
�.

Proof. Because k � j, by the proof of Lemma 2.1.2, case 1), it follows that
mk;n;j.x/ � mkC1;n;j.x/. From the monotonicity of f we get f

�
k
n

� � f
�

kC1
n

�
. Thus we

obtain

mk;n;j.x/f

�
k

n

�

� mkC1;n;j.x/f

�
k C 1

n

�

;

which proves the corollary. �

Theorem 2.1.15 (Bede–Coroianu–Gal [21]). If f W Œ0; 1� ! RC is nondecreasing,
then B.M/

n .f / is nondecreasing.

Proof. Because B.M/
n .f / is continuous on Œ0; 1�, it suffices to prove that on each

subinterval of the form Œ j
nC1

; jC1

nC1
�, with j 2 f0; 1; : : :ng, B.M/

n .f / is nondecreasing.

So let j 2 f0; 1; : : :ng and x 2 Œ j
nC1

; jC1

nC1
�. Because f is nondecreasing, from

Lemma 2.1.13 it follows that

fj;n;j.x/ � fj�1;n;j.x/ � fj�2;n;j.x/ � � � � � f0;n;j.x/:

But then it is immediate that

B.M/
n .f /.x/ D

n_

k�j

fk;n;j.x/;

for all x 2 Œ j
nC1

; jC1

nC1
�. Clearly that for k � j the function fk;n;j is nondecreasing and

since B.M/
n .f / is defined as the maximum of nondecreasing functions, it follows that

it is nondecreasing. �

Corollary 2.1.16 (Bede–Coroianu–Gal [21]). If f W Œ0; 1� ! RC is nonincreas-
ing, then B.M/

n .f / is nonincreasing.

Proof. Because B.M/
n .f / is continuous on Œ0; 1�, it suffices to prove that on each

subinterval of the form Œ j
nC1

; jC1

nC1
�, with j 2 f0; 1; : : :ng, B.M/

n .f / is nonincreasing.
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So let j 2 f0; 1; : : :ng and x 2 Œ j
nC1

; jC1

nC1
�. Because f is nonincreasing, from

Corollary 2.1.14 it follows that

fj;n;j.x/ � fjC1;n;j.x/ � fjC2;n;j.x/ � � � � � fn;n;j.x/:

But then it is immediate that

B.M/
n .f /.x/ D

j_

k�0

fk;n;j.x/;

for all x 2 Œ j
nC1

; jC1

nC1
�. Clearly that for k � j the function fk;n;j is nonincreasing and

since B.M/
n .f / is defined as the maximum of nonincreasing functions, it follows that

it is nonincreasing. �

In what follows, let us consider the following concept generalizing the mono-
tonicity and convexity.

Definition 2.1.17. Let f W Œ0; 1� ! R be continuous on Œ0; 1�. One says that the
function f W Œ0; 1� ! R is quasiconvex on Œ0; 1� if it satisfies the inequality

f .�x C .1 � �/y/ � maxff .x/; f .y/g; for all x; y; � 2 Œ0; 1�:

(see, e.g., the book Gal [84], p. 4, (iv) ).

Remark. By Popoviciu [128], the continuous function f is quasiconvex on Œ0; 1�

equivalently means that there exists a point c 2 Œ0; 1� such that f is nonincreasing on
Œ0; c� and nondecreasing on Œc; 1�. The class of quasiconvex functions includes the
class of nondecreasing functions and the class of nonincreasing functions. Also, it
obviously includes the class of convex functions on Œ0; 1�.

Corollary 2.1.18 (Bede–Coroianu–Gal [21]). If f W Œ0; 1� ! RC is continuous
and quasiconvex on Œ0; 1� then for all n 2 N, B.M/

n .f / is quasiconvex on Œ0; 1�.

Proof. If f is nonincreasing (or nondecreasing) on Œ0; 1� (that is the point c D 1

(or c D 0) in the above Remark), then by the Corollary 2.1.16 (or Theorem 2.1.15,
respectively) it follows that for all n 2 N, B.M/

n .f / is nonincreasing (or nondecreas-
ing) on Œ0; 1�.

Suppose now that there exists c 2 .0; 1/, such that f is nonincreasing on Œ0; c� and
nondecreasing on Œc; 1�. Define the functions F; G W Œ0; 1� ! RC by F.x/ D f .x/

for all x 2 Œ0; c�, F.x/ D f .c/ for all x 2 Œc; 1� and G.x/ D f .c/ for all x 2 Œ0; c�,
G.x/ D f .x/ for all x 2 Œc; 1�.

It is clear that F is nonincreasing and continuous on Œ0; 1�, G is nondecreasing
and continuous on Œ0; 1� and that f .x/ D maxfF.x/; G.x/g, for all x 2 Œ0; 1�.

But it is easy to show that

B.M/
n .f /.x/ D maxfB.M/

n .F/.x/; B.M/
n .G/.x/g; for all x 2 Œ0; 1�;
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where by the Corollary 2.1.16 and Theorem 2.1.15 , B.M/
n .F/.x/ is nonincreasing

and continuous on Œ0; 1� and B.M/
n .G/.x/ is nondecreasing and continuous on Œ0; 1�.

We have two cases: 1) B.M/
n .F/.x/ and B.M/

n .G/.x/ do not intersect each other ; 2)
B.M/

n .F/.x/ and B.M/
n .G/.x/ intersect each other.

Case 1). We have maxfB.M/
n .F/.x/; B.M/

n .G/.x/g D B.M/
n .F/.x/ for all x 2 Œ0; 1� or

maxfB.M/
n .F/.x/; B.M/

n .G/.x/g D B.M/
n .G/.x/ for all x 2 Œ0; 1�, which obviously

proves that B.M/
n .f /.x/ is quasiconvex on Œ0; 1�.

Case 2). In this case it is clear that there exists a point c0 2 Œ0; 1� such that
B.M/

n .f /.x/ is nonincreasing on Œ0; c0� and nondecreasing on Œc0; 1�, which by the
result in Popoviciu [128] implies that B.M/

n .f /.x/ is quasiconvex on Œ0; 1� and
proves the corollary. �

Remark. The preservation of the quasiconvexity by the linear Bernstein operators
was proved in Paltanea [126].

It is of interest to exactly calculate B.M/
n .f /.x/ for f .x/ D e0.x/ D 1 and for

f .x/ D e1.x/ D x. In this sense we can state the following.

Lemma 2.1.19 (Bede–Coroianu–Gal [21]). For all x 2 Œ0; 1� and n 2 N we have
B.M/

n .e0/.x/ D 1 and

B.M/
n .e1/.x/ D x � pn�1;0.x/

pn;0.x/
D x

1 � x
; if x 2 Œ0; 1=.n C 1/�;

B.M/
n .e1/.x/ D x � pn�1;0.x/

pn;1.x/
D 1

n
; if x 2 Œ1=.n C 1/; 1=n�;

B.M/
n .e1/.x/ D x � pn�1;1.x/

pn;1.x/
D x

1 � x
� n � 1

n
; if x 2 Œ1=n; 2=.n C 1/�;

B.M/
n .e1/.x/ D x � pn�1;1.x/

pn;2.x/
D 2

n
; if x 2 Œ2=.n C 1/; 2=n�;

B.M/
n .e1/.x/ D x � pn�1;2.x/

pn;2.x/
D x

1 � x
� n � 2

n
; if x 2 Œ2=n; 3=.n C 1/�;

B.M/
n .e1/.x/ D x � pn�1;2.x/

pn;3.x/
D 3

n
; if x 2 Œ3=.n C 1/; 3=n�;

and so on, in general we have

B.M/
n .e1/.x/ D x

1 � x
� n � j

n
; if x 2 Œj=n; .j C 1/=.n C 1/�;

B.M/
n .e1/.x/ D j C 1

n
; if x 2 Œ.j C 1/=.n C 1/; .j C 1/=n�;

for j 2 f0; 1; : : : ; n � 1g.
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Proof. The formula B.M/
n .e0/.x/ D 1 is immediate by the definition of B.M/

n .f /.x/.
To find the formula for B.M/

n .e1/.x/ we will use the explicit formula in
Lemma 2.1.4, which says that

n_

kD0

pn;k.x/ D pn;j.x/; for all x 2
�

j

n C 1
;

j C 1

n C 1

	

; j D 0; 1; : : : ; n;

where pn;k.x/ D �n
k

�
xk.1 � x/n�k.

Indeed, since

max
kD0;:::;n




pn;k.x/
k

n

�

D max
kD1;:::;n




pn;k.x/
k

n

�

D x � max
kD0;:::;n�1

fpn�1;k.xg;

this follows by applying Lemma 2.1.4 to both expressions maxkD0;:::;nfpn;k.x/g,
maxkD0;:::;n�1fpn�1;k.x/g, taking into account that we get the following division of
the interval Œ0; 1�

0 <
1

n C 1
� 1

n
� 2

n C 1
� 2

n
� 3

n C 1
� 3

n
� 4

n C 1
� 4

n
� � � �; :

�

Remarks. 1) The convexity of f on Œ0; 1� is not preserved by B.M/
n .f / as can be

seen from Lemma 2.1.19. Indeed, while f .x/ D e1.x/ D x is obviously convex
on Œ0; 1�, it is easy to see that B.M/

n .e1/ is not convex on Œ0; 1�.
2) Also, if f is supposed to be starshaped on Œ0; 1� (that is, f .�x/ � �f .x/ for all

x; � 2 Œ0; 1�), then again by Lemma 2.1.19 it follows that B.M/
n .f / for f .x/ D

e1.x/ is not starshaped on Œ0; 1�, although e1.x/ obviously is starshaped on Œ0; 1�.

Despite the absence of the preservation of the convexity, we can prove the
interesting property that for any arbitrary function f , the max-product Bernstein
operator B.M/

n .f / is piecewise convex on Œ0; 1�. We present the following.

Theorem 2.1.20 (Bede–Coroianu–Gal [21]). For any function f W Œ0; 1� !
Œ0; 1/, B.M/

n .f / is convex on any interval of the form Œ j
nC1

; jC1

nC1
�, j D 0; 1; : : : ; n.

Proof. For any k; j 2 f0; 1; ::ng, let us consider the functions fk;n;j W Œ j
nC1

; jC1

nC1
� ! R,

fk;n;j.x/ D mk;n;j.x/f .
k

n
/ D

�n
k

�

�n
j

�
� x

1 � x

�k�j
f .

k

n
/:

Clearly we have

B.M/
n .f /.x/ D

n_

kD0

fk;n;j.x/;

for any j 2 f0; 1; : : : ; ng and x 2 Œ j
nC1

; jC1

nC1
�.
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We will prove that for any fixed j, each function fk;n;j.x/ is convex on Œ j
nC1

; jC1

nC1
�,

which will imply that B.M/
n .f / can be written as a maximum of some convex

functions on Œ j
nC1

; jC1

nC1
�.

Since f � 0 it suffices to prove that the functions gk;j W Œ0; 1� ! R, gk;j.x/ D
�

x
1�x

�k�j
are convex on Œ j

nC1
; jC1

nC1
�.

For k D j, gj;j is constant so is convex.
For k D j C 1, we get gjC1;j.x/ D x

1�x for any x 2 Œ j
nC1

; jC1

nC1
�. Then g00

jC1;j.x/ D
2

.1�x/3 > 0 for any x 2 Œ j
nC1

; jC1

nC1
�.

For k D j � 1 it follows gj�1;j.x/ D 1�x
x for any x 2 Œ j

nC1
; jC1

nC1
�. Then g00

j�1;j.x/ D
2
x3 > 0 for any x 2 Œ j

nC1
; jC1

nC1
�.

If k � j C 2, then g00
k;j.x/ D k�j

.1�x/4

�
x

1�x

�k�j�2
.k � j � 1 C 2x/ > 0 for any

x 2 Œ j
nC1

; jC1

nC1
�.

If k � j�2, then g00
k;j.x/ D k�j

.1�x/4

�
x

1�x

�k�j�2
.k�j�1C2x/. Since .k�j�1C2x/ �

k � j C 1 � �1 for any x 2 Œ j
nC1

; jC1

nC1
�, it follows that .k � j/.k � j � 1 C 2x/ > 0,

which implies g00
k;j.x/ > 0 for any x 2 Œ j

nC1
; jC1

nC1
�.

Since all the functions gk;j are convex on Œ j
nC1

; jC1

nC1
�, we get that B.M/

n .f / is convex

on Œ j
nC1

; jC1

nC1
� as maximum of these functions, which proves the theorem. �

Let us note that although B.M/
n .f / does not preserve the convexity too, by using

B.M/
n .f / it easily can be constructed new nonlinear operators which converge to the

function and preserve the convexity too.
Indeed, in this sense, for example we present the following.

Theorem 2.1.21 (Bede–Coroianu–Gal [21]). For f belonging to the set

SŒ0; 1� D ff W Œ0; 1� ! RI f 2 C1Œ0; 1�; f .0/ D 0; f is nondecreasing on Œ0; 1�g;

let us define the following sub-additive and positive homogenous operators (as
function of f )

Ln.f /.x/ D
Z x

0

B.M/
n .f 0/.t/dt; x 2 Œ0; 1�; n 2 N:

If f 2 SŒ0; 1� is convex, then Ln.f /.x/ is nondecreasing and convex on Œ0; 1�. In
addition, if f 0 is concave on Œ0; 1�, then the order of approximation of f through
Ln.f / is !1.f 0I 1=n/.

Proof. Indeed, since f is convex, it follows that f 0.x/ is nondecreasing on Œ0; 1�,
which by Theorem 2.1.15 implies that B.M/

n .f 0/.x/ is nondecreasing and therefore we
get the convexity of Ln.f /.x/ on Œ0; 1�. The monotonicity of Ln.f /.x/ is immediate by
f 0 � 0 on Œ0; 1� and by the relationship L0

n.f /.x/ D B.M/
n .f 0/.x/ � 0 for all x 2 Œ0; 1�.
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Also, writing f .x/ D R x
0

f 0.t/dt and supposing that f 0 is concave, by Corol-
lary 2.1.10 we get that the order of approximation of f by Ln.f / is !1.f 0I 1=n/. In
addition, Ln.f /.x/ obviously is of C1-class (which is not the case of original operator
B.M/

n .f /.x/) and L0
n.f /.x/ converges uniformly to f 0 on Œ0; 1� with the same order of

approximation !1.f 0I 1=n/. �

Remarks. 1) A simple example of function f verifying the statement of Theo-
rem 2.1.21 is f .x/ D 1 � cos x, because in this case we easily get that f .0/ D 0,
f 0.x/ D sin x � 0, f 00.x/ D cos x � 0 and f 000.x/ D � sin x � 0, for all x 2 Œ0; 1�.

2) In the definition of Ln.f /.x/ in the above Theorem 2.1.21, obviously that the
values f 0.k=n/ are involved. To involve values of f only but without to lose the
properties mentioned in Theorem 2.1.21, we can replace there f 0.k=n/ by, for
example, f ..kC1/=n/�f .k=n/

.kC1/=n�k=n D nŒf ..k C 1/=n/ � f .k=n/� or by f ..kC1/=.nC1//�f .k=n/

.kC1/=.nC1/�k=n .

At the end of this section we compare the max-product Bernstein operator
B.M/

n .f /, with the linear Bernstein operator Bn.f / given by the formula (1.1).
According to the considerations in Subsection 1.1.1, point (i), the best possible
uniform approximation result is of the order !

'
2 .f I 1=

p
n/ (see formula (1.2)).

Now, if f is, for example, a nondecreasing concave polygonal line on Œ0; 1�, then
by simple reasonings we get that !

'
2 .f I ı/ � ı for ı � 1, which shows that the order

of approximation obtained in this case by the linear Bernstein operator is exactly 1p
n
.

On the other hand, since such of function f obviously is a Lipschitz function on
Œ0; 1� (as having bounded all the derivative numbers) by Corollary 2.1.10 we get
that the order of approximation by the max-product Bernstein operator is less than
1
n , which is essentially better than 1p

n
. In a similar manner, by Corollary 2.1.11 and

by the Remark after this corollary, we can produce many subclasses of functions
for which the order of approximation given by the max-product Bernstein operator
is essentially better than the order of approximation given by the linear Bernstein
operator. In fact, the Corollaries 2.1.10 and 2.1.11 have no correspondent in the case
of linear Bernstein operator. All these prove the advantages we may have in some
cases, by using the max-product Bernstein operator. Intuitively, the max-product
Bernstein operator has better approximation properties than its linear counterpart,
for non-differentiable functions in a finite number of points (with the graphs having
some “corners”), as for example, for functions defined as a maximum of a finite
number of continuous functions on Œ0; 1�.

On the other hand, in other cases (e.g., for differentiable functions) the linear
Bernstein operator has better approximation properties than the max-product Bern-
stein operator, as can be seen from the formula for B.M/

n .e1/.x/ in Lemma 2.1.19.
Indeed, by direct calculation it can be easily proved that kB.M/

n .e1/ � e1k � 1
n , while

it is well known that kBn.e1/ � e1k D 0.
Concerning now the shape preserving properties, it is clear that the linear Bern-

stein operator has better properties. However, for some particular classes of func-
tions, the type of construction in Theorem 2.1.21, combined with Corollaries 2.1.10
and 2.1.11, can produce max-product Bernstein type operators with good preser-
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vation properties (e.g., preserving monotonicity and convexity) and giving in some
cases (supposing, for example, that f 0 is a concave polygonal line) the same order of
approximation as the linear Bernstein operator.

2.2 Improved Estimates for Strictly Positive Functions

In this section, the uniform estimate of the order OŒn!1.f I 1=n/2 C !1.f I 1=n/� is
achieved for strictly positive functions. In addition, near to the endpoints 0 and 1,
the better pointwise estimate of the order !1.f ;

p
x.1 � x/=n / is obtained. Finally,

we prove that besides the preservation of quasiconvexity found in the previous
section, the nonlinear max-product Bernstein operator preserves the quasiconcavity
too. Note that because B.M/

n .f / is not linear, this is not a direct consequence of the
preservation of quasiconvexity already proved in the previous section.

For any k; j 2 f0; 1; : : : ; ng, let us consider the functions fk;n;j W Œ j
nC1

; jC1

nC1
� ! R,

fk;n;j.x/ D mk;n;j.x/f . k
n /, where mk;n;j.x/ D .n

k/
.n

j/
� � x

1�x

�k�j
. It is easy to check that for

any k � j, fk;n;j is nondecreasing and for any k � j, fk;n;j is nonincreasing.
We need the following results.

Lemma 2.2.1 (Bede–Coroianu–Gal [21]). Let k; j 2 f0; 1; 2; ::ng and x 2
Œ j

nC1
; jC1

nC1
�. The following assertions hold:

(i) If j � k � k C 1 � n, then 1 � mk;n;j.x/ � mkC1;n;j.x/I
(ii) If 0 � k � k C 1 � j, then mk;n;j.x/ � mkC1;n;j.x/ � 1.

Proof. (i) See the proof of Lemma 2.1.2, Case 1).
(ii) See the proof of Lemma 2.1.2, Case 2). �

Lemma 2.2.2 (see the relationship just before the Lemma 2.1.6). Let x 2 Œ0; 1�

and let j 2 f0; 1; : : : ; ng be such that x 2 Œ j
nC1

; jC1

nC1
�. Then, one has

B.M/
n .f /.x/ D

n_

kD0

fk;n;j.x/:

Remark. By Theorem 2.1.15, Corollary 2.1.16 and by the monotonicity properties
of the functions fk;n;j mentioned before Lemma 2.2.1, we get that for j 2 f0; 1; : : : ; ng
and x 2 Œ j

nC1
; jC1

nC1
�, B.M/

n .f /.x/ D
nW

kDj
fk;n;j.x/ for any nondecreasing function f and

B.M/
n .f /.x/ D

jW

kD0

fk;n;j.x/ for any nonincreasing function f .

Definition 2.2.3. Let f W Œ0; 1� ! R be continuous on Œ0; 1�. The function f is called
quasiconcave, if �f is quasiconvex as in Definition 2.1.17.
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Remark. By Popovivicu [128] and from the above definition, we easily get that the
continuous function f is quasiconcave on Œ0; 1�, equivalently means that there exists
a point c 2 Œ0; 1� such that f is nondecreasing on Œ0; c� and nonincreasing on Œc; 1�.

For the beginning, we deal with the estimates in approximation of polygonal lines
by the max-product Bernstein operator. Besides their itself importance, these results
will be useful to obtain the main approximation results.

By Theorem 2.1.5 it was proved that for an arbitrary positive and continuous
function on Œ0; 1�, the order of uniform approximation by the nonlinear Bernstein
operator of max-product kind is, in general, !1.f ; 1=

p
n/.

Firstly, below we show by an example that for the whole class of positive
and continuous functions on Œ0; 1�, this is the best possible order of uniform
approximation. More precisely, in what follows we give an example of simple
monotone continuous polygonal line f , such that the order of approximation of f
by the nonlinear Bernstein operator of max-product kind is exactly !1.f ; 1=

p
n/.

Example. Let us consider the function f W Œ0; 1� ! Œ0; 1/, f .x/ D 0 if x 2 Œ0; 1=2�

and f .x/ D x � 1=2 if x 2 Œ1=2; 1�. Then B.M/
n .f /.1=2/ � f .1=2/ D B.M/

n .f /.1=2/. It
is easy to check that 1=2 2 Œ n0

nC1
; n0C1

nC1
� for all n 2 N, where n0 D Œn=2�. Then, since

f is nondecreasing, we get (see the Remark after Lemma 2.2.2) B.M/
n .f /.1=2/ D

nW

kDn0

fk;n;n0 .1=2/ D
nW

kDn0

.n
k/

. n
n0

/
f . k

n /: Take kn D n0 C Œ
p

n�. This implies

n_

kDn0

fk;n;j.1=2/

� fkn;n;n0 .1=2/ D
� n

kn

�

� n
n0

� f .
kn

n
/ D

� n
kn

�

� n
n0

� .
kn

n
� 1

2
/ �

� n
kn

�

� n
n0

� .
kn

n
� n0 C 1

n C 1
/

�
� n

kn

�

� n
n0

� .
kn

n C 1
� n0 C 1

n C 1
/ D

� n
kn

�

� n
n0

� � Œ
p

n� � 1

n C 1
;

where for n sufficiently large we have Œ
p

n��1

nC1
> 0. Let us denote n1 D n�n0. We get

� n
kn

�

� n
n0

� D .n � kn C 1/.n � kn C 2/ : : : .n � n0/

.n0 C 1/.n0 C 2/: : :kn

D .n1 � Œ
p

n� C 1/.n1 � Œ
p

n� C 2/: : :n1

.n0 C 1/.n0 C 2/ : : : .n0 C Œ
p

n�/
�
�

n1 � Œ
p

n� C 1

n0 C Œ
p

n�

�Œ
p

n�

Since n0 � n
2

and n1 � n
2
, we obtain

�
n1 � Œ

p
n� C 1

n0 C Œ
p

n�

�Œ
p

n�

�
 

n
2

� p
n

n
2

C p
n

!p
n

:



48 2 Approximation by Max-Product Bernstein Operators

Since lim
n!1

� n
2 �p

n
n
2 Cp

n

�p
n D e�4, it follows that for sufficiently large n we have

. n
kn/

. n
n0

/
� e�5. This implies

B.M/
n .f /.1=2/ � e�5 � Œ

p
n� � 1

n C 1
� e�5

6
p

n

for sufficiently large n. Taking into account that !1.f ; 1=
p

n/ D 1p
n

for all n � 4,
we get

B.M/
n .f /.1=2/ D B.M/

n .f /.1=2/ � f .
1

2
/ � e�5

6
!1.f ; 1=

p
n/

for sufficiently large n, which proves the desired conclusion.

However, there exist subclasses of continuous functions such that the approxi-
mation order !1.f ; 1=

p
n/ can be essentially improved to !1.f ; 1=n/.

In the same spirit of ideas, we will prove that for many types of continuous
polygonal lines on the interval Œ0; 1�, we have the order of approximation O.1=n/ 	
O.!1.f ; 1=n//.

In the next Propositions 2.2.5–2.2.8 and in Theorem 2.2.10, all the functions will
be assumed to be continuous and strictly positive on Œ0; 1�. In addition, although will
be not explicitly mentioned that in every proof, in all their proofs we may always
assume that B.M/

n .f /.x/ > f .x/ and that x � n
nC1

.
This fact can be summarized by the following.

Lemma 2.2.4 (Coroianu–Gal [52]). Let f W Œ0; 1� ! RC.

(i) If at a point x 2 Œ0; 1� we have B.M/
n .f /.x/ � f .x/, then

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � !1.f ;

1

n
/I

(ii) If x 2 Œ n
nC1

; 1� and f is nondecreasing on Œ0; 1�, then

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � !1.f ;

1

n
/:

Proof. (i) Indeed, if B.M/
n .f /.x/ � f .x/, then let j 2 Œ0; 1; : : : ; ng be such that

x 2 Œ j
nC1

; jC1

nC1
�. This implies

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ

D f .x/ � B.M/
n .f /.x/ D f .x/ �

n_

kD0

fk;n;j.x/

� f .x/ � fj;n;j.x/ D f .x/ � f .
j

n
/
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and since x; j
n 2 Œ j

nC1
; jC1

nC1
�, we get

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � !1.f ;

1

n C 1
/ � !1.f ;

1

n
/:

(ii) Now, if x 2 Œ n
nC1

; 1� and f is suppose nondecreasing, then by Theorem 2.1.15 it

follows that B.M/
n .f / is nondecreasing and noting that B.M/

n .f /.1/ D f .1/, we get

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ

D B.M/
n .f /.x/ � f .x/ � B.M/

n .f /.1/ � f .x/

D f .1/ � f .x/ � !1.f ;
1

n C 1
/ � !1.f ;

1

n
/: �

Remark. Notice that since B.M/
n .f /.0/ � f .0/ D B.M/

n .f /.1/ � f .1/ D 0, in all the
approximation results we may assume that x 2 .0; 1/.

Proposition 2.2.5 (Coroianu–Gal [52]). Let us consider c 2 Œ0; 1� and the
continuous nondecreasing function f W Œ0; 1� ! Œ0; 1/, of the form

f .x/ D



1I x 2 Œ0; c�;

ax C bI x 2 Œc; 1�;

that is, a � 0 and ac C b D 1. Then, for all n 2 N and all x 2 Œ0; 1� we have the
estimate

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � .a C 2/a

n
:

Proof. Firstly, note that from the Lemma 2.2.4, if Bn.M/.f /.x/ � f .x/ or x > n
nC1

,

then jB.M/
n .f /.x/ � f .x/j � !1.f I 1=n/ � a

n � a.aC2/

n for all n 2 N. Therefore, in

what follows we can suppose that B.M/
n .f /.x/ > f .x/ and x � n

nC1
.

Let x 2 Œ0; 1� be fixed. We distinguish two cases: (i) x 2 Œc; 1� and (ii) x 2 Œ0; c�.

Case (i). Let j 2 f0; 1; : : : ; n � 1g be such that x 2 Œ j
nC1

; jC1

nC1
�. (The case j D n

can be excluded according to Lemma 2.2.4, (ii) ). Since f is nondecreasing we

get B.M/
n .f /.x/ D

nW

kDj
fk;n;j.x/.

Let us suppose that there exists k 2 fj C 1; : : : ; ng such that k � j C a. Then,
we have

fkC1;n;j.x/

fk;n;j.x/
D n � k

k C 1
� x

1 � x
� f . kC1

n /

f . k
n /

:
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Since the function g.y/ D y
1�y is nondecreasing on Œ j

nC1
; jC1

nC1
�, it follows that x

1�x �
g. jC1

nC1
/ D jC1

n�j which combined with the fact that k
n � c gives us

fkC1;n;j.x/

fk;n;j.x/
� n � k

k C 1
� j C 1

n � j
� a kC1

n C b

a k
n C b

D n � k

k C 1
� j C 1

n � j
� a k

n C b C a
n

a k
n C b

:

Clearly, the function h.y/ D ayCbC a
n

ayCb is nonincreasing and well defined on Œc; k
n �.

Indeed by the continuity of f it follows that a k
n C b � ac C b D 1. Since h is

nonincreasing it follows that

a k
n C b C a

n

a k
n C b

D h.
k

n
/ � h.c/ D ac C b C a

n

ac C b
D 1 C a

n

D n C a

n
� j C 1 C a

j C 1
:

This implies

fkC1;n;j.x/

fk;n;j.x/
� n � k

k C 1
� j C 1

n � j
� j C 1 C a

n C 1

� n � k

n � j
� j C 1 C a

k C 1
:

Since k � j C a it immediately follows that
fkC1;n;j.x/

fk;n;j.x/
� 1.

Therefore, for k � j C a we have fkC1;n;j.x/ � fk;n;j.x/ and since there exists

k 2 fj C 1; : : : ; ng such that k � j C a, then this implies B.M/
n .f /.x/ D W

k2J.a/

fk;n;j.x/

where J.a/ D fk 2 N W j � k � j C ag.
Note that if there not exist k 2 fj C 1; : : : ; ng with k � j C a then J.a/ D

fj; j C 1; : : : ; ng.
Let k0 2 J.a/ be such that B.M/

n .f /.x/ D fk0;n;j.x/. This implies

B.M/
n .f /.x/ � f .x/

D fk0;n;j.x/ � f .x/ D mk0;n;j.x/f .
k0

n
/ � f .x/ � f .

k0

n
/ � f .x/:

Since k0

n � x � jCa
n � j

nC1
D a

n C j
n.nC1/

� aC1
n , we get

B.M/
n .f /.x/ � f .x/ � !1.f ;

1 C a

n
/ � .a C 2/!1.f ;

1

n
/;
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where we used the well-known inequality !1.f I �ı/ � .� C 1/!1.f I ı/. Now, since
clearly !1.f ; 1

n / � a
n , we get the desired conclusion in this case.

Case (ii). Taking into account the monotonicity of B.M/
n .f / and that in this case we

have f .x/ D f .c/, we obtain

B.M/
n .f /.x/ � f .x/

� B.M/
n .f /.c/ � f .x/ D B.M/

n .f /.c/ � f .c/:

Since for c we can apply the result in the above case (i), it follows that

B.M/
n .f /.x/ � f .x/ � .a C 2/a

n

and the proposition is proved. �

Remark. Note that the conclusion of the above proposition does not depend on c.

Proposition 2.2.6 (Coroianu–Gal [52]). Let us consider 0 � c1 � c2 � 1 and the
nondecreasing continuous function f W Œ0; 1� ! Œ0; 1/, of the form

f .x/ D
8
<

:

1I x 2 Œ0; c1�;

a1x C b1I x 2 Œc1; c2�;

a2x C b2I x 2 Œc2; 1�;

that is, a1 � 0, a1c1 C b1 D 1, a2 � 0 and a2c2 C b2 D a1c2 C b1. Then, for all
x 2 Œ0; 1� and n 2 N we have the estimate

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ �

�

max
i2f1;2g

.ai C 2/ai

�

n
:

Proof. If there exists x0 2 Œ0; c2� such that a2x0 C b2 D 1, then we introduce the
functions:

g.x/ D



1I x 2 Œ0; c1�;

a1x C b1I x 2 Œc1; 1�:

and

h.x/ D



1I x 2 Œ0; x0�;

a2x C b2I x 2 Œx0; 1�:
(2.5)

If a2x C b2 > 1 for all x 2 Œ0; 1�, then we take h.x/ D a2x C b2 for all x 2 Œ0; 1�. We
distinguish three cases: (i) x 2 Œc2; 1�I (ii) x 2 Œc1; c2�, and (iii) x 2 Œ0; c1�.
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Case (i) Let j 2 f0; 1; : : : ; n � 1g be such that x 2 Œ j
nC1

; jC1

nC1
�. Then we have

B.M/
n .f /.x/ D

nW

kDj
fk;n;j.x/ D

nW

kDj
mk;n;j.x/f . k

n /. Let k0 2 fj; j C 1; : : : ; ng be such

that B.M/
n .f /.x/ D fk0;n;j.x/. If k0 D j, then k0=n 2 Œj=.n C 1/; .j C 1/=.n C 1/� and

B.M/
n .f /.x/ D fj;n;j.x/ D f . j

n / and it is immediate that

B.M/
n .f /.x/ � f .x/ D f .j=n/ � f .x/ � !1.f ; 1=n C 1/

� !1.f ; 1=n/ � maxfa1; a2g
n

:

If k0 > j, then it is immediate that k0

n � c2, which implies f .k0=n/ D h.k0=n/ and
therefore fk0;n;j.x/ D hk0;n;j.x/, where by definition

hk;n;j.x/ D mk;n;j.x/h.k=n/:

We get B.M/
n .f /.x/ D fk0;n;j.x/ D hk0;n;j.x/ � B.M/

n .h/.x/ and because in this case
f .x/ D h.x/ it follows

B.M/
n .f /.x/ � f .x/ D B.M/

n .f /.x/ � h.x/ � B.M/
n .h/.x/ � h.x/:

If h is as in (2.5), then it satisfies the hypothesis of Proposition 2.2.5 and it follows
that B.M/

n .h/.x/�h.x/ � .a2C2/a2

n which implies B.M/
n .f /.x/� f .x/ � .a2C2/a2

n . If h
is as in the second case, that is linear on Œ0; 1�, then h is a concave function and by
Corollary 2.1.10 it follows that B.M/

n .h/.x/ � h.x/ � 2!1.f ; 1
n / � 2a2

n � .a2C2/a2

n

and again we get B.M/
n .f /.x/ � f .x/ � .a2C2/a2

n .

Case (ii) Let j 2 f0; 1; : : : ; n � 1g be such that x 2 Œ j
nC1

; jC1

nC1
� and let k0 2 fj; j C

1; : : : ; ng be such that B.M/
n .f /.x/ D fk0;n;j.x/.

If k0 D j, then it is immediate that

B.M/
n .f /.x/ � f .x/ � !1.f ; 1=n/ � maxfa1; a2g

n
:

If k0

n 2 Œc1; c2�, then we get fk0;n;j.x/ D gk0;n;j.x/, where

gk;n;j.x/ D mk;n;j.x/g.k=n/;

and this implies B.M/
n .f /.x/ D fk0;n;j.x/ D gk0;n;j.x/ � B.M/

n .g/.x/.
Since f .x/ D g.x/, it follows that

B.M/
n .f /.x/ � f .x/ D B.M/

n .f /.x/ � g.x/ � B.M/
n .g/.x/ � g.x/:

Clearly, g satisfies the hypothesis of Proposition 2.2.5, which combined with the
above inequality implies B.M/

n .f /.x/ � f .x/ � .a1C2/a1

n .



2.2 Improved Estimates for Strictly Positive Functions 53

The last possibility is when k0

n 2 Œc2; 1�. (Indeed, if we would have k0

n < c1 that

would imply c1 > k0

n � jC1

n > jC1

nC1
� x, a contradiction with x 2 Œc1; c2�).

Therefore, this implies fk0;n;j.x/ D hk0;n;j.x/, where does not matter which h we
choose. We have here two subcases: (ii)a a1 � a2 and (ii)b a1 < a2.

Subcase (ii)a. By simple geometrical reasonings, it is immediate that f . k0

n / D
h. k0

n / � g. k0

n /, which immediately implies fk0;n;j.x/ D hk0;n;j.x/ � gk0;n;j.x/

and further on, B.M/
n .f /.x/ � B.M/

n .g/.x/. This leads to the same conclusion as
above, that is

B.M/
n .f /.x/ � f .x/ � B.M/

n .g/.x/ � g.x/ � .a1 C 2/a1

n
:

Subcase (ii)b. In this case, by simple geometrical reasonings we have f .x/ �
h.x/ for all x 2 Œ0; 1� (does not matter here which definition for h we choose)
and we get

B.M/
n .f /.x/ � f .x/

D hk0;n;j.x/ � f .x/ � hk0;n;j.x/ � h.x/ � B.M/
n .h/.x/ � h.x/:

Clearly, in both definitions h satisfies the hypothesis of Proposition 2.2.5,
which combined with the above inequality implies B.M/

n .f /.x/ � f .x/ �
.a2C2/a2

n .

Case (iii). As in the proof of Proposition 2.2.5, we get B.M/
n .f /.x/ � f .x/ �

B.M/
n .f /.c1/ � f .c1/ and since for c1 the case (ii) is applicable we immediately

obtain B.M/
n .f /.x/ � f .x/ �

�

max
i2f1;2g

.aiC2/ai

�

n .

Collecting all the estimates in the above cases and subcases we get the desired
conclusion. �

Proposition 2.2.7 (Coroianu–Gal [52]). Let us consider the nondecreasing con-
tinuous function f W Œ0; 1� ! Œ0; 1/,

f .x/ D



˛I x 2 Œ0; c�;

ax C bI x 2 Œc; 1�;

where ˛ > 0. Then, we have the estimate

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � .2 C a

˛
/a

n
:

Proof. Let us consider the function

g.x/ D



1I x 2 Œ0; c�;
1
˛
.ax C b/I x 2 Œc; 1�:
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By Proposition 2.2.5, we get
ˇ
ˇ
ˇB

.M/
n .g/.x/ � g.x/

ˇ
ˇ
ˇ � .a=˛C2/a=˛

n . By the homogeneity

of B.M/
n , we get

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ

D ˇ
ˇB.M/

n .˛g/.x/ � ˛g.x/
ˇ
ˇ D ˛

ˇ
ˇB.M/

n .g/.x/ � g.x/
ˇ
ˇ :

This implies the desired conclusion. �

Proposition 2.2.8 (Coroianu–Gal [52]). Let us consider the nondecreasing con-
tinuous function f W Œ0; 1� ! Œ0; 1/,

f .x/ D
8
<

:

˛I x 2 Œ0; c1�;

a1x C b1I x 2 Œc1; c2�;

a2x C b2I x 2 Œc2; 1�;

where ˛ > 0. Then, we have the estimate

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ �

�

max
i2f1;2g

.2 C ai
˛

/ai

�

n
:

Proof. The proof is analogous with the proof of Proposition 2.2.7, so we omit it. �

Remark. By Propositions 2.2.7 and 2.2.8 it follows that if f is a strictly
positive function on Œ0; 1� and satisfies the hypothesis in Proposition 2.2.7 or
Proposition 2.2.8, then we have

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ �

.2 C a0

f .0/
/a0

n
; x 2 Œ0; 1�;

where in the first case we have a0 D a and in the second case we have a0 D
maxfa1; a2g.

In what follows, we extend the above results to any monotone, continuous, and
strictly positive polygonal line on Œ0; 1�.

Definition 2.2.9. Let a; b 2 R, a < b and let a D x0 < x1 < � � � < xl D b be a
division of the interval Œa; b�. A function f W Œa; b� ! R will be called a continuous
polygonal line if f is continuous on Œa; b� and for any i 2 f0; 1; : : : ; l�1g, there exists
a polynomial function of degree less than or equal to 1, fi W R ! R, such that f .x/ D
fi.x/ D aix Cbi for all x 2 Œxi; xiC1�. We denote f D .f0Œx0;x1�; f1Œx1;x2�; : : : ; fl�1Œxl�1;xl�/.

Theorem 2.2.10 (Coroianu–Gal [52]). For fi.x/ D aix C bi, i D 0; : : : ; l � 1,
let f D .f0Œx0;x1�; f1Œx1;x2�; : : : ; fl�1Œxl�1;xl�/ be a continuous, nondecreasing, and strictly
positive on Œ0; 1� polygonal line. Then for all x 2 Œ0; 1� and n 2 N we have the
estimate
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ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ �

.2 C ai0
f .0/

/ai0

n
;

where ai0 D maxfa0; a1; : : : ; al�1g.

Proof. We prove the theorem by mathematical induction on the variable l 2
f1; 2 : : : ; g, representing the number of intervals given by the division of the
interval Œ0; 1�.

If l D 1, then it is immediate that f is linear of the form f .x/ D ax C b, x 2 Œ0; 1�.
Then, by Corollary 2.1.10 it follows that

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � 2!1.f ;

1

n
/ � 2a

n
�

.2 C a
f .0/

/a

n
:

Suppose now that the assertion of the theorem holds for l � 1. We denote by
a D maxfa0; a1; : : : ; al�2g. Also we need the functions

g D .f0Œx0;x1�; f1Œx1;x2�; : : : ; fl�2Œxl�2;xl�/

and

h.x/ D
8
<

:

f .0/I x 2 Œ0; c�;

ai0x C f .xl�1/ � ai0xl�1I x 2 Œc; xl�1�;

f .x/ D fl�1.x/I x 2 Œxl�1; 1�;

where c 2 Œ0; 1� is such that ai0c C f .xl�1/ � ai0xl�1 D f .0/. Since ai0 D
maxfa0; a1; : : : ; al�1g, by simple geometrical reasonings we get f .x/ � h.x/ for
all x 2 Œ0; 1�. In addition, it is easy to check that h is continuous on Œ0; 1�.

For arbitrary x 2 Œ0; 1�, we distinguish two cases: (i) x 2 Œ0; xl�1� and
(ii) x 2 Œxl�1; 1�.

Case (i). Let j 2 f0; 1; : : : ; n � 1g be such that x 2 Œ j
nC1

; jC1

nC1
� and let k0 2

fj; : : : ; ng be such that B.M/
n .f /.x/ D fk0;n;j.x/. If k0

n � xl�1, then it is immediate

that fk0;n;j.x/ D gk0;n;j.x/ which immediately implies B.M/
n .f /.x/ � B.M/

n .g/.x/.
Recall here that everywhere in the proof we denoted fk;n;j.x/ D mk;n;j.x/f .k=n/,
gk;n;j.x/ D mk;n;j.x/g.k=n/, and hk;n;j.x/ D mk;n;j.x/h.k=n/.

Since g is split in l � 1 intervals, from our assumption we get

ˇ
ˇB.M/

n .g/.x/ � g.x/
ˇ
ˇ �

.2 C a
g.0/

/a

n
:

Since g.0/ D f .0/ and a � ai0 , we get

B.M/
n .f /.x/ � f .x/

D B.M/
n .f /.x/ � g.x/ � B.M/

n .g/.x/ � g.x/

�
.2 C a

g.0/
/a

n
�

.2 C ai0
f .0/

/ai0

n
:
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If k0

n > xl�1, then clearly fk0;n;j.x/ D hk0;n;j.x/ which implies B.M/
n .f /.x/ �

B.M/
n .h/.x/. By the Remark after the proof of Proposition 2.2.8 we get

ˇ
ˇB.M/

n .h/.x/ � h.x/
ˇ
ˇ �

.2 C ai0
h.0/

/ai0

n
:

Since f .0/ D h.0/ and f .x/ � h.x/, we obtain

B.M/
n .f /.x/ � f .x/

� B.M/
n .f /.x/ � h.x/ � B.M/

n .h/.x/ � h.x/

�
.2 C ai0

f .0/
/ai0

n
:

Case (ii). Let j 2 f0; 1; : : : ; n � 1g be such that x 2 Œ j
nC1

; jC1

nC1
� and let k0 2

fj; : : : ; ng be such that B.M/
n .f /.x/ D fk0;n;j.x/. If k0 D j, then we get

B.M/
n .f /.x/ � f .x/

� !1.f ;
1

n
/ � ai0

n
�

.2 C ai0
f .0/

/ai0

n
:

If k0 > j, then we have k0

n � xl�1 which immediately implies fk0;n;j.x/ D hk0;n;j.x/.
Noting that f .x/ D h.x/, and reasoning as in the above Case (i), we easily get

B.M/
n .f /.x/ � f .x/ �

.2 C ai0
f .0/

/ai0

n

and the proof is complete: �
In order to obtain a similar result in the case of nonincreasing polygonal lines,

we need first the following simple result.

Lemma 2.2.11 (Coroianu–Gal [52]). For any function f W Œ0; 1� ! Œ0; 1/, we
have

B.M/
n .f /.x/ D B.M/

n .g/.1 � x/; x 2 Œ0; 1�;

where g.x/ D f .1 � x/ for all x 2 Œ0; 1�.

Proof. By direct calculation we get

B.M/
n .g/.1 � x/

D

nW

kD0

pn;k.1 � x/g
�

k
n

�

nW

kD0

pn;k.1 � x/

D

nW

kD0

pn;n�k.x/f
�

n�k
n

�

nW

kD0

pn;n�k.x/

D B.M/
n .f /.x/:

�
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Theorem 2.2.12 (Coroianu–Gal [52]). For fi.x/ D aix C bi, i D 0; : : : ; l � 1,
let f D .f0Œx0;x1�; f1Œx1;x2�; : : : ; fl�1Œxl�1;xl�/ be a continuous, nonincreasing, and strictly
positive on Œ0; 1� polygonal line. Then we have the estimate

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ �

.2 C ai0
f .1/

/ai0

n
; x 2 Œ0; 1�;

where ai0 D maxfja0j ; ja1j ; : : : ; jal�1jg.

Proof. Consider the function g W Œ0; 1� ! Œ0; 1/, g.x/ D f .1 � x/. Then evidently
g is nondecreasing and g has the form

g D .g0Œy0;y1�; g1Œy1;y2�; : : : ; gl�1Œyl�1;yl�/;

where yi D 1 � xl�i, i 2 f0; 1; : : : ; lg and gi.x/ D fl�i�1.1 � x/ D cix C di,
i 2 f0; 1; : : : ; l � 1g. Moreover, it is easy to check that

maxfc0; c1; : : : ; cl�1g D maxfja0j ; ja1j ; : : : ; jal�1jg DW ai0 :

By Theorem 2.2.10 it follows that

ˇ
ˇB.M/

n .g/.x/ � g.x/
ˇ
ˇ �

.2 C ai0
g.0/

/ai0

n
:

Taking into account the above Lemma 2.2.11, we obtain

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ

D ˇ
ˇB.M/

n .g/.1 � x/ � g.1 � x/
ˇ
ˇ �

.2 C ai0
g.0/

/ai0

n

D
.2 C ai0

f .1/
/ai0

n

and the theorem is proved: �

As consequences of the results on the approximation of polygonal lines, we will
get the main results of this section. Note that in all the proofs of the approximation
results, according to Lemma 2.2.4 we may always assume that B.M/

n .f /.x/ > f .x/.

Theorem 2.2.13 (Coroianu–Gal [52]). If f W Œ0; 1� ! Œ0; 1/ is a continuous,
nondecreasing, and strictly positive function on Œ0; 1�, then we have the estimate

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ �

 
n!1.f ; 1

n /

f .0/
C 3

!

!1.f ;
1

n
/; x 2 Œ0; 1�; n 2 N:
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Proof. For n 2 N, we consider the function

g D .g0Œx0;x1�; g1Œx1;x2�; : : : ; gn�1Œxn�1;xn�/;

where xi D i
n , i 2 f0; 1; : : : ; ng and gi�1.x/ D .x�xi/Œf .xi/�f .xi�1/�

xi�xi�1
C f .xi/ for

all x 2 Œxi�1; xi�, i 2 f1; : : : ; ng. Since f . k
n / D g. k

n / for all k 2 f0; 1; : : : ; ng,

by the definition of B.M/
n .f / too, it follows that B.M/

n .f /.x/ D B.M/
n .g/.x/ for all

x 2 Œ0; 1�. Also, it is immediate that f .0/ D g.0/ and that jf .x/ � g.x/j � !1.f ; 1
n /

for all x 2 Œ0; 1�: Indeed, for x 2 Œ0; 1� let i 2 f0; 1; : : : ; n � 1g be such that
x 2 Œxi; xiC1�. Since g is nondecreasing on the interval Œ0; 1� we get jf .x/ � g.x/j �
maxfjf .x/ � f .xi/j ; jf .x/ � f .xiC1/jg � !1.f ; 1

n /. Since g is nondecreasing, by
Theorem 2.2.10 we get

ˇ
ˇB.M/

n .g/.x/ � g.x/
ˇ
ˇ �

.2 C ai0
g.0/

/ai0

n
; x 2 Œ0; 1�;

where

ai0 D max
i2f1;:::;ng

�
f .xi/ � f .xi�1/

xi � xi�1

�

:

We have
ai0
n D f .xi0C1/ � f .xi0 / � !1.f ; 1

n /. On the other hand, it is immediate that
f .xi/�f .xi�1/

xi�xi�1
� n!1.f ; 1

n / for all i 2 f1; : : : ; ng. Therefore, we obtain

ˇ
ˇB.M/

n .g/.x/ � g.x/
ˇ
ˇ �

 
n!1.f ; 1

n /

f .0/
C 2

!

!1.f ;
1

n
/; x 2 Œ0; 1�:

For x 2 Œ0; 1�, we get

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ

D ˇ
ˇB.M/

n .g/.x/ � f .x/
ˇ
ˇ � ˇ

ˇB.M/
n .g/.x/ � g.x/

ˇ
ˇC jf .x/ � g.x/j

�
 

n!1.f ; 1
n /

f .0/
C 2

!

!1.f ;
1

n
/ C !1.f ;

1

n
/ D

 
n!1.f ; 1

n /

f .0/
C 3

!

!1.f ;
1

n
/

and the theorem is proved. �

Corollary 2.2.14 (Coroianu–Gal [52]). If f W Œ0; 1� ! Œ0; 1/ is a continuous,
nonincreasing, and strictly positive function on Œ0; 1�, then we have the estimate

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ �

 
n!1.f ; 1

n /

f .1/
C 3

!

!1.f ;
1

n
/; x 2 Œ0; 1�; n 2 N:
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Proof. Take g.x/ D f .1 � x/, x 2 Œ0; 1�. Clearly, g satisfies the hypothesis in
Theorem 2.2.13, which means that

ˇ
ˇB.M/

n .g/.x/ � g.x/
ˇ
ˇ

�
 

n!1.g; 1
n /

g.0/
C 3

!

!1.g;
1

n
/; x 2 Œ0; 1�:

Since f .1/ D g.0/ and !1.f ; 1
n / D !1.g; 1

n /; by Lemma 2.2.11 too, for x 2 Œ0; 1�

we get
ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ

D ˇ
ˇB.M/

n .g/.1 � x/ � g.1 � x/
ˇ
ˇ �

 
n!1.g; 1

n /

g.0/
C 3

!

!1.g;
1

n
/

D
 

n!1.f ; 1
n /

f .1/
C 3

!

!1.f ;
1

n
/;

which proves the corollary. �

In all what follows, for a continuous function f W Œ0; 1� ! R, we denote mf D
minff .x/ W x 2 Œ0; 1�g.

Theorem 2.2.15 (Coroianu–Gal [52]). If f W Œ0; 1� ! Œ0; 1/ is a continuous,
quasiconvex, and strictly positive function on Œ0; 1�, then we have the estimate

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ �

 
n!1.f ; 1

n /

mf
C 3

!

!1.f ;
1

n
/; x 2 Œ0; 1�; n 2 N:

Proof. Since f is quasiconvex, it follows that there exists c 2 Œ0; 1� such that f is
nonincreasing on Œ0; c� and nondecreasing on Œc; 1�. In addition, it is immediate that
f .c/ D mf . Let us introduce the functions

g.x/ D



mf I x 2 Œ0; c�;

f .x/I x 2 Œc; 1�

and

h.x/ D



f .x/I x 2 Œ0; c�;

mf I x 2 Œc; 1�:

It is easy to verify that maxf!1.g; 1
n /; !1.h; 1

n /g � !1.f ; 1
n /. Since f D g

W
h, by the

property satisfied by B.M/
n , we can write

B.M/
n .f /.x/ D B.M/

n .g/.x/
_

B.M/
n .h/.x/; x 2 Œ0; 1�:
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In addition, we observe that g satisfies the hypothesis in Theorem 2.2.13 and h
satisfies the hypothesis in Corollary 2.2.14. Therefore, we have

ˇ
ˇB.M/

n .g/.x/ � g.x/
ˇ
ˇ �

 
n!1.g; 1

n /

g.0/
C 3

!

!1.g;
1

n
/; x 2 Œ0; 1�

and

ˇ
ˇB.M/

n .h/.x/ � h.x/
ˇ
ˇ �

 
n!1.h; 1

n /

h.1/
C 3

!

!1.h;
1

n
/; x 2 Œ0; 1�:

Let us choose arbitrary x 2 Œ0; 1�. If B.M/
n .f /.x/ D B.M/

n .g/.x/, then we have

B.M/
n .f /.x/ � f .x/

D B.M/
n .g/.x/ � g.x/

_
h.x/ � B.M/

n .g/.x/ � g.x/

�
 

n!1.g; 1
n /

mf
C 3

!

!1.g;
1

n
/ �

 
n!1.f ; 1

n /

mf
C 3

!

!1.f ;
1

n
/:

If B.M/
n .f /.x/ D B.M/

n .h/.x/, then we have

B.M/
n .f /.x/ � f .x/

D B.M/
n .h/.x/ � g.x/

_
h.x/ � B.M/

n .h/.x/ � h.x/

�
 

n!1.h; 1
n /

mf
C 3

!

!1.h;
1

n
/ �

 
n!1.f ; 1

n /

mf
C 3

!

!1.f ;
1

n
/:

This proves the theorem. �

Theorem 2.2.16 (Coroianu–Gal [52]). If f W Œ0; 1� ! Œ0; 1/ is a continuous,
quasiconcave, and strictly positive function on Œ0; 1�, then we have the estimate

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ �

 
n!1.f ; 1

n /

mf
C 3

!

!1.f ;
1

n
/; x 2 Œ0; 1�; n 2 N:

Proof. Since f is quasiconcave, it follows that there exists c 2 Œ0; 1� such that f is
nondecreasing on Œ0; c� and nonincreasing on Œc; 1�. Let us introduce the functions

g.x/ D



f .x/I x 2 Œ0; c�;

f .c/I x 2 Œc; 1�

and

h.x/ D



f .c/I x 2 Œ0; c�;

f .x/I x 2 Œc; 1�:
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It is immediate that f .0/ D g.0/, f .1/ D h.1/ and that maxf!1.g; 1
n /; !1.h; 1

n /g �
!1.f ; 1

n /. In addition, since f � g and f � h, by the monotonicity of B.M/
n , we get

B.M/
n .f /.x/ � minfB.M/

n .g/.x/; B.M/
n .h/.x/g; x 2 Œ0; 1�:

In order to prove our assertion, we distinguish two cases: (i) x 2 Œ0; c� and
(ii) x 2 Œc; 1�.

Case (i). Noting that f .x/ D g.x/ and that g satisfies the hypothesis in Theorem
2.2.13, we get

B.M/
n .f /.x/ � f .x/

D B.M/
n .f /.x/ � g.x/ � B.M/

n .g/.x/ � g.x/ �
 

n!1.g; 1
n /

g.0/
C 3

!

!1.g;
1

n
/

�
 

n!1.f ; 1
n /

f .0/
C 3

!

!1.f ;
1

n
/:

Case (ii). Noting that f .x/ D h.x/ and that h satisfies the hypothesis in Corollary
2.2.14, we get

B.M/
n .f /.x/ � f .x/

D B.M/
n .f /.x/ � h.x/ � B.M/

n .h/.x/ � h.x/ �
 

n!1.h; 1
n /

h.1/
C 3

!

!1.h;
1

n
/

�
 

n!1.f ; 1
n /

f .1/
C 3

!

!1.f ;
1

n
/:

Collecting all the estimates in the above cases (i) and (ii) and since
mf D minff .0/; f .1/g, we easily get the estimate in the statement: �

Theorem 2.2.17 (Coroianu–Gal [52]). Let f W Œ0; 1� ! Œ0; 1/ be a continuous
and strictly positive function and suppose that there exists a division of the interval
Œ0; 1�, 0 D x0 < x1 < ��� < xl D 1 such that f is monotone on each interval Œxi; xiC1�,
i 2 f0; 1; ::; l � 1g and of opposite monotonicity on each two consecutive intervals.
Then

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ �

 
n!1.f ; 1

n /

mf
C 3

!

!1.f ;
1

n
/; x 2 Œ0; 1�; n 2 N;

where mf D minff .x/I x 2 Œ0; 1�g.
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Proof. We prove the theorem by mathematical induction on the variable l 2
f1; 2 : : : ; g representing the number of intervals given by the division of the interval
Œ0; 1�. If l D 1, then it is immediate that f is monotone and the conclusion follows
from Theorem 2.2.13 or Corollary 2.2.14, respectively. If l D 2, then the conclusion
follows from Theorem 2.2.15 or Theorem 2.2.16, respectively. Suppose now that
the conclusion of the lemma holds for any p, 1 � p � l � 1. We have two cases: (i)
f is nonincreasing on Œxl�1; 1� and (ii) f is nondecreasing on Œxl�1; 1�:

Case (i). First we define the function

g.x/ D



f .x/I x 2 Œ0; xl�1�;

f .xl�1/I x 2 Œxl�1; 1�:

Then, we introduce the function h depending on the value f .xl�1/. If xl�1 is the
global maximum point of f , then we consider

h.x/ D



f .xl�1/I x 2 Œ0; xl�1�;

f .x/I x 2 Œxl�1; 1�:

Otherwise, let c 2 Œ0; xl�2� be the point of maximum value where the graph of f
intersects the line y D f .xl�1/. We define

h.x/ D
8
<

:

f .x/I x 2 Œ0; c�;

f .xl�1/I x 2 Œc; xl�1�;

f .x/I x 2 Œxl�1; 1�:

Since on the interval Œxl�2; 1�, g is monotone, it follows that the interval Œ0; 1� can
be split in p intervals, p < l, satisfying the hypothesis in the present theorem.
This statement holds for h too. From our assumption it follows that

ˇ
ˇB.M/

n .g/.x/ � g.x/
ˇ
ˇ �

 
n!1.g; 1

n /

mg
C 3

!

!1.g;
1

n
/; x 2 Œ0; 1�:

and

ˇ
ˇB.M/

n .h/.x/ � h.x/
ˇ
ˇ �

 
n!1.h; 1

n /

mh
C 3

!

!1.h;
1

n
/; x 2 Œ0; 1�:

Now, let us choose arbitrary x 2 Œ0; 1�. If x 2 Œ0; xl�1�, then f .x/ D g.x/ and
B.M/

n .f /.x/ � B.M/
n .g/.x/. This implies

B.M/
n .f /.x/ � f .x/ �

 
n!1.g; 1

n /

mg
C 3

!

!1.g;
1

n
/:

It is easy to check that !1.g; 1
n / � !1.f ; 1

n / and that mf � mg. Therefore, we
obtain the desired conclusion in this case.
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If x 2 Œxl�1; 1�, then f .x/ D h.x/ and B.M/
n .f /.x/ � B.M/

n .h/.x/. This implies

B.M/
n .f /.x/ � f .x/ �

 
n!1.h; 1

n /

mh
C 3

!

!1.h;
1

n
/:

Again, it is easy to prove that !1.h; 1
n / � !1.f ; 1

n / and that mf � mh. Hence, we get
the conclusion of the theorem in this case too.

Case (ii). We construct the function g exactly as in the above case (i). If xl�1 is a
global minimum point for f , then we take

h.x/ D



f .xl�1/I x 2 Œ0; xl�1�;

f .x/I x 2 Œxl�1; 1�:

Otherwise, let c 2 Œ0; xl�2� be the point of maximum value where the graph of f
intersects the line y D f .xl�1/. We take

h.x/ D
8
<

:

f .x/I x 2 Œ0; c�;

f .xl�1/I x 2 Œc; xl�1�;

f .x/I x 2 Œxl�1; 1�:

:

Clearly, we may suppose that for g and h we have the same estimations as in the
above case (i). Since f D g

W
h it follows that

B.M/
n .f /.x/ D B.M/

n .g/.x/
_

B.M/
n .h/.x/:

From now on the proof goes on the same pattern as in the proof of
Theorem 2.2.15 and noting that maxf!1.g; 1

n /; !1.h; 1
n /g � !1.f ; 1

n / and that
mf D minfmg; mhg we easily get the desired conclusion in this case too and the
proof is complete. �

We present now the following most general approximation result for continuous
strictly positive functions.

Theorem 2.2.18 (Coroianu–Gal [52]). Let f W Œ0; 1� ! Œ0; 1/ be a continuous
and strictly positive function. Then

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ �

 
n!1.f ; 1

n /

mf
C 4

!

!1.f ;
1

n
/; x 2 Œ0; 1�; n 2 N; (2.6)

where mf D minff .x/I x 2 Œ0; 1�g.

Proof. As in the proof of Theorem 2.2.13, for n 2 N, we consider the function
g D .g0Œx0;x1�; g1Œx1;x2�; : : : ; gn�1Œxn�1;xn�/. It is immediate that g satisfies the hypothesis
in Theorem 2.2.17. In addition, we have !1.g; 1

n / � !1.f ; 1
n / and mf � mg.
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Furthermore, since g is monotone on any interval of the form Œxi; xiC1�, i 2
f0; 1; : : : ; n � 1g, we get jf .x/ � g.x/j � !1.f ; 1

n / for all x 2 Œ0; 1� as in the proof of
Theorem 2.2.13. Taking into account the proof of Theorem 2.2.13, we get

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ

D ˇ
ˇB.M/

n .g/.x/ � f .x/
ˇ
ˇ � ˇ

ˇB.M/
n .g/.x/ � g.x/

ˇ
ˇC jf .x/ � g.x/j

�
 

n!1.f ; 1
n /

mf
C 3

!

!1.f ;
1

n
/ C !1.f ;

1

n
/ D

 
n!1.f ; 1

n /

mf
C 4

!

!1.f ;
1

n
/:

which proves the theorem. �

Corollary 2.2.19 (Coroianu–Gal [52]). If f W Œ0; 1� ! Œ0; 1/ is a strictly
positive function satisfying the Lipschitz condition, then there exists a constant C
independent of n and x but depending on f , such that

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � C

n
; x 2 Œ0; 1�; n 2 N:

Proof. Since f satisfies the Lipschitz condition, it follows that there exists C0 > 0

such that !1.f ; 1
n / � C0

n . Substituting in (2.6) we obtain

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ �

�
C0

mf
C 4

�
C0

n
; x 2 Œ0; 1�:

For C D
�

C0

mf
C 4

�
C0 we get the desired conclusion. �

Remarks. 1) Theorem 2.2.18 gives the order of uniform approximation (with the
constant in O depending on f )

O

(

n

�

!1

�

f I 1

n

�	2

C !1

�

f I 1

n

�)

;

which for the classes of Lipschitz functions Lip˛ gives the approximation order
1=n2˛�1, that for ˛ 2 .2=3; 1� is essentially better than the general approximation
order OŒ!1.f I 1=

p
n/� D OŒ1=n˛=2�.

2) Comparing with the approximation error given by the linear Bernstein polyno-
mials Bn.f /.x/ in Subsection 1.1.1, point (i), formula (1.2), case when in order to
get, for example, the order of approximation O

�
1
n

�
, we have to suppose that f 0 is

a Lipschitz 1-function, we see that in the case of approximation by B.M/
n .f /, this

order can be achieved under the less restrictive condition that f is a Lipschitz
1-function. This shows that the saturation class for the max-product Bernstein
operator B.M/

n differs (in fact it is much larger) from the saturation class for the
linear Bernstein polynomials.
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Now, since B.M/
n .f /.0/ � f .0/ D B.M/

n .f /.1/ � f .1/ D 0, it is natural to look for
a better pointwise estimate near to the endpoints 0 and 1. In this sense, we present
the following two results.

Theorem 2.2.20 (Coroianu–Gal [52]). Let f W Œ0; 1� ! Œ0; 1/ be a continuous
function. Then

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � 24!1

 

f ;

r
x.1 � x/

n

!

;

for all x 2 Œ0; 1=.n C 1/� [ Œn=.n C 1/; 1� and n 2 N, n � 2.

Proof. First, let us choose arbitrary x 2 Œ0; 1=.nC1/�. By relation (2.1) in the proof
of Theorem 2.1.5, we have

jB.M/
n .f /.x/ � f .x/j �

�

1 C 1

ı
B.M/

n .'x/.x/

�

!1.f I ı/; (2.7)

where 'x.t/ D jt � xj, t 2 Œ0; 1� and ı > 0 is chosen arbitrary. So, it is enough to
estimate

En.x/ WD B.M/
n .'x/.x/ D

nW

kD0

pn;k.x/
ˇ
ˇ k

n � x
ˇ
ˇ

nW

kD0

pn;k.x/

:

Since x 2 Œ0; 1=.n C 1/�, by Lemma 2.1.4 we get
nW

kD0

pn;k.x/ D pn;0.x/, which

immediately implies En.x/ D
nW

kD0

�n
k

� �
x

1�x

�k ˇˇ k
n � x

ˇ
ˇ. Let k0 2 f0; 1; : : : ; ng be such

that En.x/ D � n
k0

� �
x

1�x

�k0
ˇ
ˇ k0

n � x
ˇ
ˇ. If k0 D 0, then En.x/ D x. If k0 > 0, then we get

En.x/ D
 

n

k0

!
� x

1 � x

�k0
�

k0

n
� x

�

�
 

n

k0

!
� x

1 � x

�k0 � k0

n

D
 

n � 1

k0 � 1

!
� x

1 � x

�k0 D
 

n � 1

k0 � 1

!
� x

1 � x

�k0�1 � x

1 � x

�
�
1 C x

1 � x

�n�1 � x

1 � x
�
�
1 C x

1 � x

�n�1 � x

1 � 1=.n C 1/

D n C 1

n

�
1 C x

1 � x

�n�1 � x:
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Since the function g.x/ D x
1�x is nondecreasing on .0; 1=.n C 1/�, we get

En.x/ � 2x

�

1 C 1=.n C 1/

1 � 1=.n C 1/

�n�1

D 2x

�

1 C 1

n

�n�1

� n C 1

n

D 2x

�

1 C 1

n

�n

� 2ex:

From the above estimates we get En.x/ � 2ex for all x 2 Œ0; 1=.n C 1/�. Now, taking
ı D 2ex in relation (2.7), we get

jB.M/
n .f /.x/ � f .x/j � 2!1.f ; 2ex/ � 12!1.f ; x/;

where we used the well-known property !1.f ; �x/ � .Œ�� C 1/!1.f ; x/. Because
x 2 Œ0; 1=.n C 1/� � Œ0; 1=2� implies 1 � x � 1=2, we get

jB.M/
n .f /.x/ � f .x/j

� 12!1.f ; x/ � 24!1

�

f ;
1

2
� p

x � p
x

�

� 24!1

�
f ;
p

x.1 � x/ � p
x
�

� 24!1

 

f ;

r
x.1 � x/

n

!

:

Now, let us chose arbitrary x 2 Œn=.n C 1/; 1�. Take g W Œ0; 1� ! R, g.x/ D f .1 � x/.

Because 1 � x 2 Œ0; 1=.n C 1/� and !1

�

f ;

q
x.1�x/

n

�

D !1

�

g;

q
x.1�x/

n

�

and since
ˇ
ˇ
ˇB

.M/
n .f /.x/ � f .x/

ˇ
ˇ
ˇ D

ˇ
ˇ
ˇB

.M/
n .g/.1 � x/ � g.1 � x/

ˇ
ˇ
ˇ we immediately obtain the same

estimate as in the previous case and the theorem is proved. �

Combining Theorem 2.2.18 with Theorem 2.2.20, we obtain the following mixed
pointwise-uniform estimate, essentially better near to 0 and 1.

Corollary 2.2.21 (Coroianu–Gal [52]). Let f W Œ0; 1� ! Œ0; 1/ be a continuous
and strictly positive function. Then, for all n 2 N, n � 2, we have the estimates:

jB.M/
n .f /.x/ � f .x/j � 24!1

 

f ;

r
x.1 � x/

n

!

;

for all x 2 Œ0; 1=.n C 1/� [ Œn=.n C 1/; 1�, and

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ �

 
n!1.f ; 1

n /

mf
C 4

!

!1.f ;
1

n
/;

for all x 2 Œ1=.n C 1/; n=.n C 1/�.
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Remark. Since for x 2 Œ0; 1=.n C 1/� [ Œn=.n C 1/; 1� we easily have
q

x.1�x/

n � 1
n ,

even the uniform estimate generated in this way by Corollary 2.2.21 is obviously
better than the uniform estimate in Theorem 2.2.18.

In the previous section, by Corollary 2.1.18, it was proved that the Bernstein
max-prod operator preserves the quasiconvexity. In this section we will prove that
the discussed operator preserves the quasiconcavity too. In this sense, we present
the following shape preserving results.

Theorem 2.2.22 (Coroianu–Gal [52]). Let us consider the function f W Œ0; 1� ! RC
and let us fix n 2 N, n � 1. Suppose in addition that there exists c 2 Œ0; 1� such
that f is nondecreasing on Œ0; c� and nonincreasing on Œc; 1�. Then, there exists
c0 2 Œ0; 1� such that B.M/

n .f / is nondecreasing on Œ0; c0� and nonincreasing on Œc0; 1�.

In addition we have jc � c0j � 1
nC1

and
ˇ
ˇ
ˇB

.M/
n .f /.c/ � f .c/

ˇ
ˇ
ˇ � !1.f ; 1

nC1
/.

Proof. Let jc 2 f0; 1; : : : ; ng be such that c 2 Œ jc
nC1

; jcC1

nC1
�. We will study the

monotonicity on each interval of the form Œ j
nC1

; jC1

nC1
�, j 2 f0; 1; : : : ; ng, then by

the continuity of B.M/
n .f / we will be able to determine the monotonicity of B.M/

n .f /

on Œ0; 1�.

Let us choose arbitrary j 2 f0; 1; : : : ; jc � 1g and x 2 Œ j
nC1

; jC1

nC1
�. By the

monotonicity of f , it follows that f . j
n / � f . j�1

n / � � � � � f .0/. By Lemma 2.2.1, (ii),
it easily follows that fj;n;j.x/ � fj�1;n;j.x/ � � � � � f0;n;j.x/. Now, by Lemma 2.2.2 it

follows that B.M/
n .f /.x/ D

nW

kDj
fk;n;j.x/. Since B.M/

n .f / is defined as the maximum of

nondecreasing functions, it follows that it is nondecreasing on Œ j
nC1

; jC1

nC1
�. Taking

into account the continuity of B.M/
n .f /, it is immediate that f is nondecreasing

on Œ0; jc
nC1

�.

Now, let us chose arbitrary j 2 fjc C 1; jc C 2; : : : ; ng and x 2 Œ j
nC1

; jC1

nC1
�. By the

monotonicity of f , it follows that f . j
n / � f . jC1

n / � � � � � f .1/. By Lemma 2.2.1,
(i), it easily follows that fj;n;j.x/ � fjC1;n;j.x/ � � � � � fn;n;j.x/. Now, by Lemma 2.2.2

it follows that B.M/
n .f /.x/ D

jW

kD0

fk;n;j.x/. Since B.M/
n .f / is defined as the maximum

of nonincreasing functions, it follows that it is nonincreasing on Œ j
nC1

; jC1

nC1
�. Taking

into account the continuity of B.M/
n .f /, it is immediate that f is nonincreasing on

Œ jcC1

nC1
; 1�.

Finally, let us discuss the case when j D jc. If j
n � c, then by the monotonicity of

f it follows that f . jc
n / � f . jc�1

n / � � � � � f .0/. Therefore, in this case we obtain that

f is nondecreasing on Œ jc
nC1

; jcC1

nC1
�. It follows that f is nondecreasing on Œ0; jcC1

nC1
� and

nonincreasing on Œ jcC1

nC1
; 1�. In addition, c0 D jcC1

nC1
is the maximum point of B.M/

n .f /

and it is easy to check that jc � c0j � 1
nC1

. If jc
n � c, then by the monotonicity of f

it follows that f . jc
n / � f . jcC1

n / � � � � � f .1/. Therefore, in this case we obtain that



68 2 Approximation by Max-Product Bernstein Operators

f is nonincreasing on Œ jc
nC1

; jcC1

nC1
�. It follows that f is nondecreasing on Œ0; jc

nC1
� and

nonincreasing on Œ jc
nC1

; 1�. In addition, c0 D jc
nC1

is the maximum point of B.M/
n .f /

and again, it is easy to check that jc � c0j � 1
nC1

.

We prove now the last part of the theorem. First, let us notice that B.M/
n .f /.x/ �

f .c/ for all x 2 Œ0; 1�. Indeed, this is immediate by the definition of B.M/
n .f / and by

the fact that c is the global maximum point of f . This implies

ˇ
ˇB.M/

n .f /.c/ � f .c/
ˇ
ˇ

D f .c/ � B.M/
n .f /.c/ D f .c/ �

n_

kD0

fk;n;jc.c/ � f .c/ � fjc;n;jc.c/

D f .c/ � f .
jc
n

/:

Since c; jc
n 2 Œ jc

nC1
; jcC1

nC1
�, we easily get f .c/ � f . jc

n / � !1.f ; 1
nC1

/ and the theorem is
proved completely: �

Corollary 2.2.23 (Coroianu–Gal [52]). If f W Œ0; 1� ! RC is continuous and
quasiconcave on Œ0; 1�, then for all n 2 N, n � 1, B.M/

n .f / is quasiconcave on Œ0; 1�.

Proof. It is immediate by the Remark after the Definition 2.2.3 and by the
Theorem 2.2.22. �

2.3 Saturation Results

All the results in the previous sections put in evidence the potential of the max-
product Bernsten operator.

The goal of this section is to determine the saturation order together with its
corresponding special class and to obtain a local inverse result for the max-product
Bernstein operator.

Firstly, we need the following auxiliary result.

Lemma 2.3.1 (Coroianu–Gal [53]). If f W Œ0; 1� ! RC, then for all n 2 N, n � 1

and for all j 2 f0; 1; : : : ; ng, we have

B.M/
n .f /.j=.n C 1// � f .j=n/:

Proof. Let us choose arbitrary j 2 f0; 1; : : : ; ng. By relation just before the
Lemma 2.1.6, one has

B.M/
n .f /.x/ D

n_

kD0

fk;n;j.x/, x 2 Œj=.n C 1/; .j C 1/=.n C 1/�; (2.8)



2.3 Saturation Results 69

where

fk;n;j.x/ D
�n

k

�

�n
j

� �
� x

1 � x

�k�j � f .k=n/

for all k 2 f0; 1; : : : ; ng. Relation (2.8) implies B.M/
n .f /.x/ � fk;n;j.x/ for all x 2

Œj=.nC1/; .jC1/=.nC1/� and k 2 f0; 1; : : : ; ng. In particular, for x D j=.nC1/ and
k D j, we get B.M/

n .f /.j=.nC1// � fj;n;j.j=.nC1//. But since fj;n;j.j=.nC1// D f .j=n/,
we immediately obtain the desired conclusion. �

The next result establishes the saturation order for the Bernstein max-product
operator.

Theorem 2.3.2 (Coroianu–Gal [53]). Denote CCŒ0; 1� D ff W Œ0; 1� !
RCI f is continuous on Œ0; 1�g and kf k D supfjf .x/jI x 2 Œ0; 1�g. The saturation
order is 1

n and kB.M/
n .f / � f k D o.1=n/ if and only if f 2 CCŒ0; 1� is a constant

function on Œ0; 1�.

Proof. Firstly, it is immediate that for f 2 CCŒ0; 1� constant function on Œ0; 1� we
have B.M/

n .f /.x/ � f .x/ D 0 for all x 2 Œ0; 1�.

Now, let us suppose that B.M/
n .f / approximates f 2 CCŒ0; 1� with an order of

approximation better than 1
n . In this case, there exists an 2 R, n 2 N with the

property an & 0 as n ! C1, such that

ˇ
ˇf .x/ � B.M/

n .f /.x/
ˇ
ˇ � an

n
; for all x 2 Œ0; 1� and n 2 N:

Let us choose arbitrary " > 0. Since an & 0 as n ! C1, it follows that there exists
n0 2 N such that an < " for all n 2 N, n � n0. From the above relation we get

ˇ
ˇf .x/ � B.M/

n .f /.x/
ˇ
ˇ � "

n
; for all x 2 Œ0; 1� and n 2 N, n � n0:

Clearly, this implies

B.M/
n .f /.x/ � f .x/ � "

n
; for all x 2 Œ0; 1� and n 2 N, n � n0:

In particular, for x D j=.n C 1/, we obtain

B.M/
n .f /.j=.n C 1// � f .j=.n C 1// � "

n
; for all j,n 2 N, n � n0; j � n:

Now, since by Lemma 2.3.1 we have B.M/
n .f /.j=.n C 1// � f .j=n/, it follows that

f .j=n/ � f .j=.n C 1// � "

n
; for all j,n 2 N, n � n0; j � n: (2.9)
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Then, from the uniform continuity of f it results the existence of n1 2 N such that

jf .x/ � f .y/j � " for all x; y 2 Œ0; 1� and n 2 N, jx � yj � 1=n; n � n1: (2.10)

We will obtain the desired conclusion by proving that f is constant on any arbitrary
interval Œa; b� with 0 < a < b < 1. Indeed, if this property holds, then owing to
the continuity of f on Œ0; 1� we immediately get the desired conclusion, that is the
function f is a constant function. So, let us choose arbitrary a; b 2 Œ0; 1� such that
0 < a < b < 1. Then, let x0 2 Œa; b� and y0 2 Œa; b� be the points where f attains
its minimum and, respectively, the maximum on the interval Œa; b�. If x0 D y0, then
it is immediate that f is constant on the interval Œa; b�. Therefore, without any loss
of generality we may suppose that x0 ¤ y0. We have two cases: 1) x0 < y0 and 2)
x0 > y0.

Case 1) Let us choose arbitrary n 2 N, n � n2, where n2 D maxfn0; n1g. Since
lim

l!1
n

nCl D 0 and since x0 > 0, it follows that there exists sufficiently large l0,

k0 2 N, l0 > k0 � 1, such that

n

n C l0 C 1
� x0 � n

n C l0
� n

n C l0 � 1
� � � � � n

n C k0

� y0 � n

n C k0 � 1
:

Also, we obtain
ˇ
ˇ
ˇ
ˇx0 � n

n C l0

ˇ
ˇ
ˇ
ˇ � n

n C l0
� n

n C l0 C 1
D n

.n C l0/.n C l0 C 1/
<

1

n
� 1

n1

;

which by relation (2.10) implies that

jf .x0/ � f .n=.n C l0//j � ": (2.11)

By similar reasonings we get that

jf .y0/ � f .n=.n C k0//j � ": (2.12)

Now, applying successively relation (2.9), we obtain

f .n=.n C k0// � f .n=.n C k0 C 1// � "

n C k0

;

f .n=.n C k0 C 1// � f .n=.n C k0 C 2// � "

n C k0 C 1
;

f .n=.n C k0 C 2// � f .n=.n C k0 C 3// � "

n C k0 C 2
;

:

:

:

f .n=.n C l0 � 1// � f .n=.n C l0// � "

n C l0 � 1
:
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Taking the sum of all these inequalities, after some simple calculations we get

f .n=.n C k0// � f .n=.n C l0//

� "

�
1

n C k0

C 1

n C k0 C 1
C : : : C 1

n C l0 � 1

�

� .l0 � k0/"

n
:

Then, from relations (2.11)–(2.12) combined with the above inequality, we get

0 � f .y0/ � f .x0/ � jf .y0/ � f .n=.n C k0//j C f .n=.n C k0// � f .n=.n C l0//

C jf .n=.n C l0// � f .x0/j � .l0 � k0/"

n
C 2": (2.13)

Since x0 � n
nCl0

(see the first line of inequalities of this case 1)) we immediately get

l0 � n.1�x0/

x0
and then l0 � k0 � n.1�x0/

x0
. Using this inequality in relation (2.13) we

obtain

0 � f .y0/ � f .x0/ � ".1 � x0/

x0

C 2" D ".1 C x0/

x0

;

where " > 0 was chosen arbitrary. Therefore, passing in the previous inequalities
with " & 0, we obtain f .x0/ D f .y0/ (here, it is important that x0 > 0 ). This clearly
implies that f is a constant function on the interval Œa; b�.

Case 2) Take g W Œ0; 1� ! RC, g.x/ D f .1 � x/. Since we obviously have
B.M/

n .f /.x/ D B.M/
n .g/.1 � x/ for all x 2 Œ0; 1� we get

kB.M/
n .f / � f k D kB.M/

n .g/ � gk; for all n 2 N:

Clearly, this means

ˇ
ˇg.x/ � B.M/

n .g/.x/
ˇ
ˇ � an

n
; for all x 2 Œ0; 1� and n 2 N:

Then, it is elementary to prove that f .Œa; b�/ D g.Œ1 � b; 1 � a�/ and since f .x0/ D
g.1 � x0/ and f .y0/ D g.1 � y0/, it is immediate that 1 � x0 and 1 � y0 are the
minimum point, respectively, the maximum point of the function g on the interval
Œ1 � b; 1 � a�. By 1 � x0 < 1 � y0, we can apply the conclusion of case 1) for the
function g on the interval Œ1�b; 1�a�. Therefore, it follows that g is constant on the
interval Œ1 � b; 1 � a�, which easily implies that f is constant on the interval Œa; b�.
This finishes the proof of the theorem. �

Remark. The positivity of f in Theorem 2.3.2 can be dropped. Indeed, suppose that
f W Œ0; 1� ! R is bounded and of variable sign on Œ0; 1�. Choose a constant c� > 0

such that f .x/ C c� > 0, for all x 2 Œ0; 1� and define the new max-product kind
operator

A.M/
n .f /.x/ D B.M/

n .f C c�/.x/ � c�; for all x 2 Œ0; 1�:



72 2 Approximation by Max-Product Bernstein Operators

Then, Theorem 2.3.2 holds for A.M/
n .f / with f not necessarily positive on Œ0; 1� (see

Theorem 2.9.1, (ix) in the last section of this chapter).

According to Corollary 2.2.19, the saturation order 1
n in the above Theorem 2.3.2

is attained for strictly positive Lipschitz functions, on Œ0; 1�. Conversely, more
general if we replace the strict positivity by the positivity, then we can present the
following local inverse result.

Theorem 2.3.3 (Coroianu–Gal [53]). Let f W Œ0; 1� ! Œ0; C1/ and 0 < ˛ < ˇ <

1 be such that f is continuous on Œ˛; ˇ�. If there exists a constant M > 0(independent
of n but depending on f , ˛ and ˇ) such that

kB.M/
n .f / � f kŒ˛;ˇ� � M=n; for all n 2 N;

then f jŒ˛;ˇ� 2 LipL1 .Œ˛; ˇ�/ with L D M C max
n

1
˛
; 1

1�ˇ

o
� kf kŒ˛;ˇ�, that is f is a

Lipschitz 1 function on Œ˛; ˇ�. Here kf kŒ˛;ˇ� D supfjf .x/jI x 2 Œ˛; ˇ�g and

LipL1 .Œ˛; ˇ�/ D fg W Œ˛; ˇ� ! RI jg.x/ � g.y/j � Ljx � yj; for all x; y 2 Œ˛; ˇ�g:

The proof of Theorem 2.3.3 requires the next lemma.

Lemma 2.3.4. Let f W Œ0; 1� ! R and 0 � ˛ < ˇ � 1 be fixed, such that f is
continuous on Œ˛; ˇ�. For n 2 N satisfying n � 2=.ˇ � ˛/; denote

Mn.˛; ˇ/

D max


ˇ
ˇ
ˇ
ˇf

�
k C 1

n

�

� f

�
k

n

�ˇ
ˇ
ˇ
ˇ W k 2 f1; : : : ; n � 2g; ˛ � k

n
;

k C 1

n
� ˇ

�

:

Then

lim sup fMn.˛; ˇ/ W n 2 N; n � 2=.ˇ � ˛/g � C=n

(with C > 0 independent of n), if and only if f is Lipschitz 1 on Œ˛; ˇ� with the
Lipschitz constant C > 0.

Proof. Since the proof of the converse implication is trivial, it is omitted. In order
to prove the direct implication, let us choose arbitrary x; y 2 Œ˛; ˇ� with x < y and
n 2 N with n � 2=.ˇ � ˛/. Since f is uniformly continuous on Œ˛; ˇ�, there exists
m0 2 N such that for any u; v 2 Œ˛; ˇ�, ju � vj � 1=m0, we have

jf .u/ � f .v/j � 1

n
:

For this m0, let k0; l0 2 N be such that

k0 � 1

m0

� x � k0

m0

� � � � � k0 C l0
m0

� y � k0 C l0 C 1

m0

: (2.14)
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We have

jf .x/ � f .y/j

�
ˇ
ˇ
ˇ
ˇf .x/ � f

�
k0

m

�ˇ
ˇ
ˇ
ˇC

l0�1X

pD0

�

f

�
k0 C p C 1

m

�

� f

�
k0 C p

m

�	

C
ˇ
ˇ
ˇ
ˇf .y/ � f

�
k0 C l0

m

�ˇ
ˇ
ˇ
ˇ :

The way m0 was chosen implies that

ˇ
ˇ
ˇ
ˇf .x/ � f

�
k0

m

�ˇ
ˇ
ˇ
ˇC

ˇ
ˇ
ˇ
ˇf .y/ � f

�
k0 C l0

m

�ˇ
ˇ
ˇ
ˇ � 2

n
:

On the other hand, the hypothesis implies that

l0�1X

pD0

�

f

�
k0 C p C 1

m

�

� f

�
k0 C p

m

�	

� l0C

m
:

We observe that relation (2.14) implies that l0=m � y � x and hence we get

l0�1X

pD0

�

f

�
k0 C p C 1

m

�

� f

�
k0 C p

m

�	

� C.y � x/:

Summarizing, we obtain jf .x/ � f .y/j � C.y�x/C 2
n and letting n ! 1, it follows

jf .x/ � f .y/j � C.y � x/. Since x; y are arbitrary in Œ˛; ˇ� it is immediate that f is
Lipschitz 1 on Œ˛; ˇ� with the constant C. The proof is complete. �

Now we are in position to prove Theorem 2.3.3.

Proof of Theorem 2.3.3. For n 2 N with n � 2=.ˇ � ˛/, let us choose k.n/ 2
f1; : : : ; n � 2/ such that ˛ � k.n/

n <
k.n/C1

n � ˇ and (keeping the notations for
Mn.˛; ˇ/ in Lemma 2.3.4)

Mn.˛; ˇ/ D
ˇ
ˇ
ˇ
ˇf

�
k.n/ C 1

n

�

� f

�
k.n/

n

�ˇ
ˇ
ˇ
ˇ :

Since k.n/

n 2
h

k.n/

nC1
;

k.n/C1

nC1

i
and k.n/C1

n 2
h

k.n/C1

nC1
;

k.n/C2

nC1

i
, by Lemma 3.4

in [21] (see also Lemma 2.1.4) we get
nW

kD0

pn;k.k.n/=n/ D pn;k.n/.k.n/=n/

and
nW

kD0

pn;k..k.n/ C 1/ =n/ D pn;k.n/C1..k.n/ C 1/ =n/. We have two cases:

(i) f
�

k.n/C1

n

�
� f

�
k.n/

n

�
and (ii) f

�
k.n/C1

n

�
< f

�
k.n/

n

�
.
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Case (i) We have

B.M/
n .f /

�
k.n/

n

�

� f

�
k.n/

n

�

D

nW

kD0

pn;k.k.n/=n/ � f .k=n/

nW

kD0

pn;k.k.n/=n/

� f

�
k.n/

n

�

D

nW

kD0

pn;k.k.n/=n/ � f .k=n/

pn;k.n/.k.n/=n/
� f

�
k.n/

n

�

� pn;k.n/C1.k.n/=n/ � f ..k.n/ C 1/=n/

pn;k.n/.k.n/=n/
� f

�
k.n/

n

�

D k.n/

k.n/ C 1
� f

�
k.n/ C 1

n

�

� f

�
k.n/

n

�

:

This implies

B.M/
n .f /

�
k.n/

n

�

� f

�
k.n/

n

�

�
ˇ
ˇ
ˇ
ˇf

�
k.n/ C 1

n

�

� f

�
k.n/

n

�ˇ
ˇ
ˇ
ˇ

� 1

k.n/ C 1
� f

�
k.n/ C 1

n

�

;

that is

Mn.˛; ˇ/ � B.M/
n .f /

�
k.n/

n

�

� f

�
k.n/

n

�

C 1

k.n/ C 1
� f

�
k.n/ C 1

n

�

:

Obviously, this implies

Mn.˛; ˇ/ � �
�B.M/

n .f / � f
�
�

Œ˛;ˇ�
C 1

k.n/ C 1
� kf k˛;ˇ�

and taking into account the hypothesis we get

Mn.˛; ˇ/ � C

n
C 1

k.n/ C 1
� kf k˛;ˇ� : (2.15)

Case (ii). By similar reasonings with those in the Case (i), we get

Mn.˛; ˇ/ � C

n
C 1

n � k.n/
� kf k˛;ˇ� : (2.16)
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We may suppose without any loss of generality that the sequence .
k.n/

n /n2N is

convergent and let L be its limit. From 0 < ˛ � k.n/

n � ˇ < 1, clearly we have

L 2 .0; 1/. Then it is immediate that O
�

n
k.n/C1

�
D O.1/ and O

�
n

n�k.n/

�
D O.1/.

More exactly, we easily get

1

ˇ
� n

k.n/ C 1
� 1

˛
and

1

1 � ˛
� n

n � k.n/
� 1

1 � ˇ
:

Combining the above inequalities with relations (2.15)–(2.16), we obtain

Mn.˛; ˇ/ � 1

n
�
�

C C max



1

˛
;

1

1 � ˇ

�

� kf kŒ˛;ˇ�

	

:

Now, by Lemma 2.3.4 we easily obtain the desired conclusion. �.

Remarks. 1) Applying the Remark after the proof of Theorem 2.3.2 to Theorem
2.3.3 too, it is immediate that for properly chosen c�, Theorem 2.3.3 still holds
for A.M/

n .f / with f not necessarily positive on Œ0; 1� (see Theorem 2.9.1, (x) in the
last section of this chapter).

2) From the statement of Theorem 2.3.3, it is clear that if ˛ & 0 or/and ˇ % 1

then the Lipschitz constant L % C1, which shows that Theorem 2.3.3 could
not be stated for the whole interval Œ0; 1�.

3) It is a natural question to ask if for � 2 .0; 1/, from an inequality of the form
kB.M/

n .f / � f kŒ˛;ˇ� � M=n� , n 2 N, it could be deduced that f is a Lipschitz �

function on Œ˛; ˇ�. Analyzing the proof of Theorem 2.3.3, the answer seems to
be, in general, negative, at least for the method of proof used, see the last part of
the proof (the analogues of relations (2.15)–(2.16) and the next lines).

2.4 Localization Results

In this section, for the class of strictly positive functions strong localization
results are obtained in approximation by the max-product Bernstein operators. The
results allow to approximate locally bounded strictly positive functions with very
good accuracy, with potential applications in, e.g., image processing and in the
approximation of fuzzy numbers, which are useful concepts in statistics, computer
programming, engineering (especially communications), and experimental science.

It is very important to note that the strict positivity of f in all the results of this
section could be dropped. Indeed, suppose that f W Œ0; 1� ! R is bounded and of
variable sign on Œ0; 1�. Choose a constant c� > 0 such that f .x/ C c� > 0, for all
x 2 Œ0; 1� and define the new max-product kind operator

A.M/
n .f /.x/ D B.M/

n .f C c�/.x/ � c�; for all x 2 Œ0; 1�:
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Then, all the results in this section hold for A.M/
n .f / with f not necessarily positive

on Œ0; 1� (see Theorem 2.9.1, (xi), (xii), (xiii), (xiv), and (xv) in the last section of
this chapter).

The plan of the present section goes as follows. Firstly, a strong localization
result is obtained and as consequences, a local direct result and some interesting
local shape preserving properties are proved.

It is worth noting the strong localization result expressed by the next Theorem
2.4.1 that shows that if the bounded functions f and g with strictly positive lower
bounds coincide on a subinterval Œ˛; ˇ� � Œ0; 1�, then for sufficiently large values of
n, B.M/

n .f / and B.M/
n .g/ coincide on subintervals sufficiently close to Œ˛; ˇ�. Clearly,

the next Corollary 2.4.3 shows that B.M/
n .f / is very suitable to approximate strictly

positive functions which are constant on some subintervals, namely if f is a strictly
positive function which is constant on some subintervals Œ˛i; ˇi�, i D 1; : : : ; p,
of Œ0; 1�, then for sufficiently large n, B.M/

n .f / takes the same constant values on
subintervals sufficiently close to each Œ˛i; ˇi�, i D 1; : : : ; p. This fact is illustrated
by a simple graph inserted at the end of the section, on which, in addition,
the approximation by the Bernstein max-product operator is compared with the
approximation by the Bernstein polynomials.

The main result of this section is the localization result Theorem 2.4.1, from
which, as consequences, a local direct saturation result and local shape preserving
properties for the Bernstein max-product operator will directly be obtained.

Theorem 2.4.1 (Coroianu–Gal [54]). Let f ; g W Œ0; 1� ! Œ0; 1/ be both bounded
on Œ0; 1� with strictly positive lower bounds and suppose that there exists a; b 2
Œ0; 1�, 0 < a < b < 1 such that f .x/ D g.x/ for all x 2 Œa; b�. Then for all
c; d 2 Œa; b� satisfying a < c < d < b there exists Qn 2 N depending only on
f ; g; a; b; c; d such that B.M/

n .f /.x/ D B.M/
n .g/.x/ for all x 2 Œc; d� and n 2 N with

n � Qn.

Proof. Let us choose arbitrary x 2 Œc; d� and for each n 2 N let jx 2 f0; 1; : : : ; ng
( jx depends on n too, but there is no need at all to complicate on the notations) be
such that x 2 Œjx=.n C 1/; .jx C 1/=.n C 1/�. Then, by the relation just before the
Lemma 2.1.6 we have

B.M/
n .f /.x/ D

n_

kD0

fk;n;jx.x/;

where for k 2 f0; 1; : : : ; ng we have

fk;n;jx.x/ D
�n

k

�

�n
jx

�
� x

1 � x

�k�jx
f

�
k

n

�

:

Since x 2 Œc; d� \ Œjx=.n C 1/; .jx C 1/=.n C 1/� and since a < c < d < b it is
immediate that for n � n0 where n0 is chosen such that 1=n0 < minfc � a; d � bg,
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we obtain a < jx=.n C 1/ < jx=n < b. Indeed, if would exist n � n0 with jx
nC1

� a,

since jxC1

nC1
� x � c > a would follow that 1

n � 1
n0

< c � a � 1
nC1

, a contradiction.

Analogously, if would exist n � n0 with b � jx
n , then by jxC1

nC1
� jx

n � b > d � x �
jx

nC1
, we would get the contradiction 1

nC1
� b � d > 1

n0
> 1

n .
Therefore we obtain na < jx < nb for all n � n0. It is important to notice here

that n0 does not depend on x. From the previous inequality it follows that if n � n0

then for any x 2 Œc; d� there exists ˛x 2 Œa; b� such that jx D n˛x.
In what follows, it will serve to our purpose to use the sequence .an/n�1, an Dh

3
p

n2

i
(here Œa� denotes the integer part of a). For this sequence there exists n1 2 N

such that na � an > 0 for all n � n1.
The first main step is to prove that there exists a constant N0 2 N which does not

depend on x 2 Œc; d�, such that for any n � N0 and x 2 Œc; d� we have B.M/
n .f /.x/ DW

k2In;x

fk;n;jx.x/, where In;x D fk 2 f0; 1; : : : ; ng W jx � an � k � jx C ang does not

depend on f . In order to obtain this conclusion, for n � maxfn0; n1g let us choose
k 2 f0; 1; : : : ; ng n In;x. We have two cases: i) k C an < jx, and ii) jx C an < k.

Case i) Since x 2 Œjx=.nC1/; .jxC1/=.nC1/�, we observe that x
1�x � jx=.nC1/

1�jx=.nC1/
D

jx
nC1�jx

and noting that jx D n˛x, after some simple calculations we obtain

fjx;n;jx.x/

fk;n;jx.x/

D .n � n˛x C 1/ � .n � n˛x C 2/ : : : � .n � k/

.k C 1/ � .k C 2/ : : : � n˛x
�
� x

1 � x

�n˛x�k � f .jx=n/

f .k=n/

� .n � n˛x C 1/ � .n � n˛x C 2/ : : : � .n � k/

.k C 1/ � .k C 2/ : : : � n˛x
�
�

n˛x

n C 1 � n˛x

�n˛x�k

� f .jx=n/

f .k=n/
:

We have two subcases: ia) n � n˛x C 1 � k C 1 and ib) n � n˛x C 1 > k C 1.

Case ia) It is clear that 0 < n�n˛xC1
kC1

� n�n˛xC2
kC2

� � � � � n�k
n˛x

, which implies

fjx;n;jx.x/

fk;n;jx.x/
�
�

n � n˛x C 1

k C 1

�n˛x�k

�
�

n˛x

n C 1 � n˛x

�n˛x�k

� f .jx=n/

f .k=n/

D
�

n˛x

k C 1

�n˛x�k

� f .jx=n/

f .k=n/
:

Since k < n˛x �an it is immediate that kC1 � n˛x and since n˛x �an � kC1,
these all together imply that

fjx;n;jx.x/

fk;n;jx.x/
�
�

n˛x

k C 1

�an

� f .jx=n/

f .k=n/
�
�

n˛x

n˛x � an

�an

� f .jx=n/

f .k=n/
:
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Then, noting that n˛x
n˛x�an

� nb
nb�an

> 0 and denoting 0 < mf and 0 < Mf the
lower and upper bounds of f on Œ0; 1�, we get that

fjx;n;;jx.x/

fk;n;jx.x/
�
�

nb

nb � an

�an

� mf

Mf
D
�

1 C an

nb � an

�an

� mf

Mf
:

We observe that lim
n!1

�
1 C an

nb�an

�an D e
lim

n!1

a2
n

nb�an D C1. It follows that

there exists n2 2 N, n2 � maxfn0; n1g such that fjx ;n;jx .x/

fk;n;jx .x/
> 1 for all x 2 Œc; d�,

n � n2 and k 2 f0; 1; : : : ; ng, k < jx � an. In addition, it is important to notice
that n2 does not depend on x 2 Œc; d� but of course it depends on f .

Case ib) It is clear that n�n˛xC1
kC1

� n�n˛xC2
kC2

� � � � � n�k
n˛x

, which implies

fjx;n;jx.x/

fk;n;jx.x/
�
�

n � k

n˛x

�jx�k

�
�

n˛x

n C 1 � n˛x

�jx�k

� f .jx=n/

f .k=n/

�
�

n � k

n C 1 � n˛x

�jx�k

� mf

Mf
:

Since n � k > n � n˛x C an � n C 1 � n˛x and since n˛x � k > an, we get

fjx;n;jx.x/

fk;n;jx.x/
�
�

n � n˛x C an

n C 1 � n˛x

�an

� mf

Mf
: (2.17)

Reasoning as in the previous case we will obtain that there exists an absolute
constant n3 2 N, n3 � maxfn0; n1g such that fjx ;n;jx .x/

fk;n;jx .x/
> 1 for all x 2 Œc; d�,

n � n3 and k 2 f0; 1; : : : ; ng, k < jx � an.

Summarizing the case (i), we conclude that there exists a constant N1 D
maxfn2; n3g (depending only on f , a, b, c, d), such that fjx ;n;jx .x/

fk;n;jx .x/
> 1 for all

x 2 Œc; d�, n � N1 and k 2 f0; 1; : : : ; ng, k < jx � an.
Case ii) We observe that we can provide the same type of reasonings as in the

previous case, if instead of the intervals Œa; b� and Œc; d�, respectively, we work
with the intervals Œ1 � b; 1 � a� and Œ1 � d; 1 � c�, if instead of f we work with
h.u/ D f .1 � u/ and if instead of the final constant N1 we use a final constant
denoted with N2.

Since N1 depends only on f , a, b, c, d, it is clear that N2 will also depend only on
h, a , b, c, d, that is N2 will depend only on f , a, b, c, d.

Indeed, suppose that jx C an < k. Then, for x 2 Œc; d� and n � N2, denoting
y D 1 � x 2 Œ1 � d; 1 � c�, it is immediate that jy D n � jx, which implies that
n � k < jy � an.
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Therefore, denoting hk;n;j.y/ D .n
k/

.n
j/

�
y

1�y

�k�j
h.k=n/, similar to (2.18) we get

hjy;n;jy.y/

hn�k;n;jy.y/
> 1, y 2 Œ1 � d; 1 � c�, n � N2; n � k < jy � an: (2.18)

Since it is immediate that for any k 2 f0; 1; : : : ; ng we have hn�k;n;jy.y/ D fk;n;jx.x/

and hjy;n;jy.y/ D fjx;n;jx.x/, by the relation (2.18) we get

fjx;n;jx.x/

fk;n;jx.x/
> 1, x 2 Œc; d�, n � N2; jx C an < k;

that is the Case ii) is proved too.
Analyzing the results obtained in the Cases i)-ii), it results that for all x 2 Œc; d�,

n � N0, N0 D maxfN1; N2g and k 2 f0; 1; : : : ; ng, with k < jx � an or k > jx C an,
we have fjx ;n;jx .x/

fk;n;jx .x/
> 1. In conclusion, we obtain our preliminary result, that is

B.M/
n .f /.x/ D

_

k2In;x

fk;n;jx.x/, x 2 Œc; d�; n � N0;

where In;x D fk 2 f0; 1; : : : ; ng W jx � an � k � jx C ang.
Next, let us choose arbitrary x 2 Œc; d� and n 2 N so that n � N0. If there exists

k 2 In;x such that k=n … Œc; d�, then we distinguish two cases. Either k=n < c or
k=n > d. In the first case we observe that

0 < c � k

n
� x � k

n
� jx C 1

n C 1
� k

n
� jx C 1

n
� k

n
� an C 1

n
:

Since lim
n!1

anC1
n D 0, for sufficiently large n we necessarily have anC1

n < c � a,

which clearly implies that k=n 2 Œa; c�. In the same manner, when k=n > d, for
sufficiently large n we necessarily have k=n 2 Œd; b�.

Summarizing, there exists eN1 2 N independent of any x 2 Œc; d�, such that

B.M/
n .f /.x/ D

_

k2In;x

fk;n;jx.x/, x 2 Œc; d�; n � eN1

and for any x 2 Œc; d�, n � eN1 and k 2 In;x, we have k=n 2 Œa; b�. Also, it is easy
to check that eN1 depends only on a; b; c; d, and f , while jx and In;x are independent
of f .

Reasoning for the function g exactly as for the function f , there exists eN2 2 N

which depends only on a; b; c; d and g, such that

B.M/
n .g/.x/ D

_

k2In;x

gk;n;jx.x/, x 2 Œc; d�; n � eN2

and in addition for any x 2 Œc; d�, n � eN2 and k 2 In;x, we have k=n 2 Œa; b�. Taking
Qn D maxfeN1;eN2g we easily obtain the desired conclusion. �
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Remark. The localization result for the Bernstein max-prod operator B.M/
n in

Theorem 2.4.1 is the best possible and it is much stronger than the corresponding
localization for the classical Bernstein polynomial Bn, given by the following (see
DeVore–Lorentz [78], p. 308, relationship (3.3) ): if f D g on Œa; b�, then for any
Œc; d� included in the open interval .a; b/, we have

Bn.f /.x/ � Bn.g/.x/ D o.1=n/; x 2 Œc; d�:

Recall here that an D o.bn/ means that limn!1 an
bn

D 0.
A local direct approximation result is now an immediate consequence of the

localization result in Theorem 2.4.1, as follows.

Corollary 2.4.2 (Coroianu–Gal [54]). Let f W Œ0; 1� ! Œ0; 1/ be bounded on Œ0; 1�

with the lower bound strictly positive and 0 < a < b < 1 be such that f jŒa;b� 2
Lip Œa; b�. Then, for any c; d 2 Œ0; 1� satisfying a < c < d < b, we have

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ � C

n
for all n 2 N and x 2 Œc; d�;

where the constant C depends only on f and a; b; c; d.

Proof. Let us define the function F W Œ0; 1� ! R,

F.x/ D
8
<

:

f .a/ if x 2 Œ0; a�;

f .x/ if x 2 Œa; b�;

f .b/ if x 2 Œb; 1�:

The hypothesis immediately implies that F is a strictly positive Lipschitz function
on Œ0; 1�. Then, according to Theorem 2.2.18 it results that

ˇ
ˇB.M/

n .F/.x/ � F.x/
ˇ
ˇ �

 
n!1.F; 1

n /

mF
C 4

!

!1.F;
1

n
/Œ0;1�; for x 2 Œ0; 1�; n 2 N;

where mF D minfF.x/I x 2 Œ0; 1�g > 0. Since by the definition of F we have
!1.F; 1

n /Œ0;1� D !1.f ; 1
n /Œa;b� and by the hypothesis on f we get !1.f ; 1

n /Œa;b� � C0=n
for all n 2 N, taking into account that mF � mf (here we denoted mf D infff .x/I
x 2 Œ0; 1�g > 0), it follows

ˇ
ˇB.M/

n .F/.x/ � F.x/
ˇ
ˇ �

�
C0

mf
C 4

�
C0

n
; x 2 Œ0; 1�; n 2 N;

that is

ˇ
ˇB.M/

n .F/.x/ � F.x/
ˇ
ˇ � C1

n
; x 2 Œ0; 1�; n 2 N;

where C1 D C0

�
C0=mf C 4

�
depends only on f ; a; b.
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Now, let us choose arbitrary c; d 2 Œa; b� such that a < c < d < b. Then, by
Theorem 2.4.1 it results the existence of Qn 2 N which depends only on a; b; c; d; f ; F
such that B.M/

n .F/.x/ D B.M/
n .f /.x/ for all x 2 Œc; d�. But since actually the function

F depends on the function f , by simple reasonings we get that in fact Qn depends only
on a; b; c; d, and f .

Therefore, for arbitrary x 2 Œc; d� and n 2 N with n � Qn we obtain

ˇ
ˇB.M/

n .f /.x/ � f .x/
ˇ
ˇ D ˇ

ˇB.M/
n .F/.x/ � F.x/

ˇ
ˇ � C1

n
;

where C1 and Qn depend only on a; b; c; d, and f .
Now, denoting C2 D max1�n<Qnfn � kB.M/

n .f / � f kŒc;d�g, we finally obtain

jB.M/
n .f /.x/ � f .x/j � C

n
; for all n 2 N; x 2 Œc; d�;

with C D maxfC1; C2g depending only on a; b; c; d, and f . �

It is known (see Theorem 2.1.15 and Corollary 2.1.16) that if f is monotone on
Œ0; 1� then so is B.M/

n .f / on Œ0; 1� and (see Corollary 2.1.18 and Corollary 2.2.23) if
f is quasiconvex (or quasiconcave) on Œ0; 1�, then so is B.M/

n .f /.
As consequences of the localization result in Theorem 2.4.1, we present a

series of local shape preserving properties for the Bernstein max-product operator
attached to strictly positive functions. Thus, we will prove that if a strictly positive
function f is monotonous (or quasiconvex or quasiconcave) on a subinterval Œa; b� �
Œ0; 1�, then for sufficiently large n, B.M/

n .f / preserves the monotonicity (or the
quasiconvexity or quasiconcavity, respectively) on any strict subinterval of Œa; b�.

Firstly we present:

Corollary 2.4.3 (Coroianu–Gal [54]). Let f W Œ0; 1� ! Œ0; 1/ be bounded on Œ0; 1�

with strictly positive lower bound and suppose that there exists a; b 2 Œ0; 1�, 0 <

a < b < 1 , such that f is constant on Œa; b� with the constant value ˛: Then for any
c; d 2 Œa; b� with a < c < d < b,there exists Qn 2 N depending only on a; b; c; d, and
f , such that B.M/

n .f /.x/ D ˛ for all x 2 Œc; d� and n 2 N with n � Qn.

Proof. Let g W Œ0; 1� ! RC be given by g.x/ D ˛ > 0 for all x 2 Œ0; 1�. Since
f .x/ D g.x/ for all x 2 Œa; b� and since obviously B.M/

n .g/.x/ D ˛ for all x 2 Œ0; 1�,
by Theorem 2.4.1 we easily obtain the desired conclusion. �

Corollary 2.4.4 (Coroianu–Gal [54]). Let f W Œ0; 1� ! Œ0; 1/ be bounded on Œ0; 1�

with strictly positive lower bound and suppose that there exists a; b 2 Œ0; 1�, 0 <

a < b < 1, such that f is nondecreasing (nonincreasing) on Œa; b�. Then for any
c; d 2 Œa; b� with a < c < d < b,there exists Qn 2 N depending only on a; b; c; d, and
f , such that B.M/

n .f / is nondecreasing (nonincreasing) on Œc; d� for all n 2 N with
n � Qn.
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Proof. Suppose, for example, that f is nondecreasing on Œa; b�. Defining the
function F W Œ0; 1� ! R exactly as in the proof of Corollary 2.4.2, clearly that F is
continuous, nondecreasing, and strictly positive on Œ0; 1�. Then, by Theorem 2.1.15,
it follows that B.M/

n .F/ is nondecreasing on Œ0; 1� for all n 2 N. Let a < c < d <

b < 1. By Theorem 2.4.1 (applicable to F and f ), there exists Qn 2 N depending only
on a; b; c; d, and f , such that B.M/

n .f /.x/ D B.M/
n .F/.x/ for all x 2 Œc; d� and n � Qn,

which proves the required assertion.
The proof in the case when f is nonincreasing on Œa; b� is similar. �

Finally we present:

Corollary 2.4.5 (Coroianu–Gal [54]). Let f W Œ0; 1� ! Œ0; 1/ be a continuous
and strictly positive function on Œ0; 1� and suppose that there exists a; b 2 Œ0; 1�,
0 < a < b < 1, such that f is quasiconvex (quasiconcave) on Œa; b�. Then for any
c; d 2 Œa; b� with a < c < d < b,there exists Qn 2 N depending only on a; b; c; d,
and f , such that B.M/

n .f / is quasiconvex (quasiconcave) on Œc; d� for all n 2 N with
n � Qn.

Proof. Let us suppose, for example, that f is quasiconvex on Œa; b�. By Popoviciu
[128], the continuous function f is quasiconvex on Œa; b� equivalently means that
there exists a point � 2 Œa; b� such that f is nonincreasing on Œ0; �� and nondecreasing
on Œ�; 1�. Then, clearly that the function F W Œ0; 1� ! R defined as in the proof of
Corollary 2.4.2, is strictly positive, continuous, and quasiconvex on Œ0; 1�, which
by Corollary 2.1.18 implies that B.M/

n .F/ is quasiconvex on Œ0; 1� for all n 2 N.
Let a < c < d < b < 1. By Theorem 2.4.1 (applicable to f and F), there exists
Qn 2 N depending only on a; b; c; d, and f , such that B.M/

n .f /.x/ D B.M/
n .F/.x/ for all

x 2 Œc; d� and n � Qn.

Now, since by the above characterization of quasiconvex functions in Popoviciu
[128] it is clear that any restriction to a subinterval of a quasiconvex function
remains quasiconvex on that subinterval, we get the required assertion for quasi-
convexity.

Suppose now that f is quasiconcave on Œa; b�. By the Remark after Defini-
tion 2.1.17, it follows that there exists � 2 Œa; b� such that f is nondecreasing on
Œa; �� and nonincreasing on Œ�; b�. Then the function F mentioned above clearly
remains quasiconcave on Œ0; 1�, which by Corollary 2.2.23 implies that B.M/

n .F/ is
quasiconcave on Œ0; 1� for all n 2 N. Continuing the reasonings as in the case of
quasiconvexity, we get the required assertion. �

At this end, we illustrate graphically the property of B.M/
n .f / in Corollary 2.4.3

by a very simple example. Thus, let us consider the function f W Œ0; 1� ! RC,

f .x/ D
8
<

:

3x2 C 0:25 if 0 � x � 0:5

1 if 0:5 < x � 0:75

�3:6x C 3:7 if 0:75 < x � 1
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Fig. 2.1 Solid line: f ; dotted line: Bernstein polynomial; dashed line: Bernstein max-product
operator.

In Figure 2.1 we compare the approximation property of B.M/
n .f /.x/, with the

approximation property of the Bernstein polynomial Bn.f /.x/, for n D 20.

2.5 Iterations and Fixed Points

In this section we study the sequence of successive approximations, the fixed points,
and the Ishikawa iterates for the max-product Bernstein operator.

For the classical Bernstein polynomials Bn.f /.x/, in the paper of Rus [134] the
well-known Kelisky–Rivlin’s result in [104] stating that for all f 2 CŒ0; 1�, x 2 Œ0; 1�

and n 2 N it holds limm!1 Bm
n .f /.x/ D f .0/CŒf .1/�f .0/�x D B1.f /.x/ (here Bm

n .f /

denotes the mth iterate of the sequence of successive approximations), is proved in
a very simple and elegant manner, by using the Banach fixed point theorem. Note
here that B1.f /.x/ D f .0/ C Œf .1/ � f .0/�x is a fixed point for the operator Bn.

Also, if m D mn depends on n and if limn!1 mn
n D 0, then it is known that (see,

e.g., [104]) limn!1 Bmn
n .f /.x/ D f .x/ uniformly in Œ0; 1�.

Similar studies for the iterates of other kinds of Bernstein-type operators were
obtained via fixed point theory in, e.g., Agratini [5], Rus [135], and Agratini–
Rus [6].
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The main aim of this section is to make a similar study for the iterates of the
Bernstein max-product operator B.M/

n . It is worth noting that due to the fact that B.M/
n

is not a contraction (is only a non-expansive operator), the methods used in the case
of Bernstein polynomials cannot be used for the Bernstein max-product operators,
so that new methods are required.

The plan of the section goes as follows.
Although the Bernstein max-product operator is not a contraction, as an analogue

of the above-mentioned Kelisky–Rivlin’s results for the Bernstein polynomial,
firstly we prove by a direct method that for any fixed n 2 N and f W Œ0; 1� !
Œ0; C1/, the sequence of successive approximations of the nonlinear operator B.M/

n ,
denoted by am

n .f /.x/ D ŒB.M/
n �m.f /.x/, still uniformly converges for m ! 1 to a

fixed point of B.M/
n . Also, the limits of the double sequence .am

n .f //m;n2N for other
interdependences between m and n are calculated and important subsets of the set
of fixed points of the operator B.M/

n are concretely determined.
Finally, we study the convergence of the so-called Ishikawa iterates for the

operator B.M/
n .

For the proof of the convergence of the sequence of successive approximations
of B.M/

n , we need the following three auxiliary results.
The first result obtained one refers to the fact that unlike the classical Bernstein

(linear) operator Bn.f / which is a contraction, the max-product Bernstein (nonlinear)
operator B.M/

n .f / is only a nonexpansive operator. This means that the Banach fixed
point theorem cannot be applied in this case.

Theorem 2.5.1 (Balaj–Coroianu–Gal–Muresan [10]). For any n 2 N, the max-
product Bernstein operator B.M/

n W CCŒ0; 1� ! CCŒ0; 1� is nonexpansive, that is

kB.M/
n .f / � B.M/

n .g/k � kf � gk; for all f ; g 2 CCŒ0; 1�;

where CCŒ0; 1� D ff W Œ0; 1� ! RCI f is continuous on Œ0; 1�g, RC D fx 2 RI
x � 0g and k � k denote the uniform norm in CCŒ0; 1�.

Proof. We easily get

jB.M/
n .f /.x/ � B.M/

n .g/.x/j �
Wn

kD0 jpn;k.x/f .k=n/ � pn;k.x/g.k=n/j
Wn

kD0 pn;k.x/

� kf � gk;

which proves the theorem. �

Remarks. 1) In general, the inequality in Theorem 2.5.1 is not strict, that is there
exists f ; g 2 CCŒ0; 1�, such that kB.M/

n .f / � B.M/
n .g/k D kf � gk. Indeed, let

us choose, for example, f nonincreasing on Œ0; 1� and g D 0 on Œ0; 1�. By
Corollary 2.1.16, it follows that B.M/

n .f / is also nonincreasing on Œ0; 1�, which
implies that kf k D f .0/, kB.M/

n .f /k D B.M/
n .f /.0/ and by the obvious relationship

B.M/
n .f /.0/ D f .0/, it implies kB.M/

n .f /�B.M/
n .g/k D kB.M/

n .f /k D f .0/ D kf k D
kf � gk.
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2) Note that Lemma 2.5 in [64] (see also Lemma 9.1.5 in this book) shows that for
any bounded f W Œ0; 1� ! RC and n 2 N, B.M/

n .f / 2 LipL 1, with L D Cn2kf k,
C > 0 being a constant independent of f and n, where

LipL 1 D ff W Œ0; 1� ! RI jf .x/ � f .y/j � Ljx � yj; for all x; y 2 Œ0; 1�g:

In the next result we obtain an explicit value for C in the above Remark 2.

Theorem 2.5.2 (Balaj–Coroianu–Gal–Muresan [10]). For all f 2 CCŒ0; 1� and
h � 0 we have

!1.B.M/
n .f /I h/ � 6�e2n2kf kh:

Proof. Analyzing the proof of Lemma 2.5 in [64] (see also Lemma 9.1.5 in this
book), we get !1.B.M/

n .f /I h/ � 1

c2
1

n2kf kh, where it is easy to observe that the

constant c1 > 0 (independent of x and n) comes from Lemma 2.4 in [64] (see
also Lemma 9.1.4) as satisfying the inequality

Wn
kD0 pn;k.x/ � c1p

n
, for all x 2 Œ0; 1�

and n 2 N.

Analyzing now the proof of Lemma 2.4 in [64] (see also the proof of
Lemma 9.1.4), it easily follows that c1 D c2 � 1

e , where c2 > 0 is now the constant
that appears in the statement of Lemma 2.3 in [64] (see also Lemma 9.1.3) as
satisfying

min




pn;j.
j

n C 1
/; pn;j.

j C 1

n C 1
/

�

� c2p
n

;

for all n 2 N, and j 2 f0; 1; : : : ; ng, where c2 > 0 is an absolute constant
independent of n and j.

In continuation, analyzing the proof of Lemma 2.3 in [64] (see also the proof

of Lemma 9.1.3) and denoting An D .2nnŠ/2

.2n/Š
� 1p

2nC1
, since limn!1 An D p

�
2

and

because it is easy to prove that .An/n is increasing, we get

2p
3

< An <

r
�

2
; for all n 2 N:

This immediately implies

.2n/Š

4n.nŠ/2
>

r
2

3�
� 1p

n
; for all n 2 N:

Therefore, following the lines in the proof of Lemma 2.3 in [64] (see also the proof
of Lemma 9.1.3), case (i), we immediately obtain

pn

�
j

n C 1

�

>
1p
e

�
r

2

3�
� 1p

n
D

p
2p

3�e
� 1p

n
:
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Similarly, following the lines in the proof of Lemma 2.3 in [64] (see also the
proof of Lemma 9.1.3), case (ii), we get

pn;n1

�
n1 C 1

n C 1

�

D .2n1/Š

4n1 .n1/2
� 2n1 C 1

2n1 C 2
>

r
2

3�
� 1p

n
� 1

2
D 1p

6�
� 1p

n
:

Combining the cases (i) and (ii) in the proof of Lemma 2.3 in [64] (see also the proof

of Lemma 9.1.3), since
p

2p
3�e

> 1p
6�

, it follows that the constant c2 in the statement

of Lemma 2.3 in [64] (see also Lemma 9.1.3) can be chosen as c2 D 1p
6�

.

In conclusion, going back with the values of the constants, we obtain c1 D 1p
6�

� 1
e

and 1

c2
1

D 6�e2, which finish the proof. �

Also, we present:

Lemma 2.5.3 (Balaj–Coroianu–Gal–Muresan [10]). For any f 2 CCŒ0; 1� and
n 2 N we have

B.M/
n ŒB.M/

n .f /�.x/ � B.M/
n .f /.x/; for all x 2 Œ0; 1�:

Proof. Let us choose arbitrary j 2 f0; 1; : : : ; ng. By the relation just before the
Lemma 2.1.6, one has

B.M/
n .f /.x/ D

n_

kD0

fk;n;j.x/, x 2 Œj=.n C 1/; .j C 1/=.n C 1/�; (2.19)

where

fk;n;j.x/ D
�n

k

�

�n
j

� �
� x

1 � x

�k�j � f .k=n/

for all k 2 f0; 1; : : : ; ng. Relation (2.19) implies B.M/
n .f /.x/ � fk;n;j.x/ for all x 2

Œj=.n C 1/; .j C 1/=.n C 1/� and k 2 f0; 1; : : : ; ng. In particular, for x D j=n 2
Œj=.n C 1/; .j C 1/=.n C 1/� and k D j, we get B.M/

n .f /.j=n/ � fj;n;j.j=n/ D f .j=n/,
j 2 f0; 1; : : : ; ng. Therefore, taking into account the relationship of definition for
B.M/

n .f /.x/, we immediately get the statement of the lemma. �

We are now in position to prove the first main result of this section.

Theorem 2.5.4 (Balaj–Coroianu–Gal–Muresan [10]). For a fixed f 2 CCŒ0; 1�,
let us consider the iterative sequence of successive approximations a.n/

m .f /.x/ D
ŒB.M/

n �m.f /.x/, m; n 2 N, x 2 Œ0; 1�. Here ŒB.M/
n �2.f /.x/ D B.M/

n ŒB.M/
n .f /�.x/ and

so on.
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(i) For any fixed n 2 N, there exists fn W Œ0; 1� ! RC, such that fn 2 CCŒ0; 1�,
fn 2 LipL 1 with L D 6�e2n2kf k, fn.0/ D f .0/, fn.1/ D f .1/,

lim
m!C1 a.n/

m .f / D fn; uniformly in Œ0; 1�;

B.M/
n .fn/.x/ D fn.x/ for all x 2 Œ0; 1� (that is, fn is a fixed point for the

operator B.M/
n ) and

B.M/
n .f /.x/ D a.n/

1 .f /.x/ � a.n/
m .f /.x/ � a.n/

mC1.f /.x/ � fn.x/ � kf k;

for all x 2 Œ0; 1�, m 2 N ;
(ii) For all m; n 2 N and x 2 Œ0; 1�, we have the estimate

jŒB.M/
n �m.f /.x/ � f .x/j � 12 � !1

�

f I mp
n C 1

�

I

(iii) For any fixed m 2 N we have limn!1 a.n/
m .f /.x/ D f .x/, uniformly in Œ0; 1� ;

(iv) Let m D mn depending on n such that limn!1 mnp
n

D 0. Then we have

limn!1 a.n/
mn .f /.x/ D f .x/, uniformly in Œ0; 1� ;

(v) Suppose, in addition, that f 2 LipL 1 and that it is strictly positive on Œ0; 1�.
Then, for all m; n 2 N we have the estimate

kŒB.M/
n �m.f / � f k � m

n
� L

�
L

mf
C 4

�

;

where mf D infff .x/I x 2 Œ0; 1�g > 0 ;
(vi) Suppose that f 2 LipL 1 and that it is strictly positive on Œ0; 1�. Let m D mn

depending on n such that limn!1 mn
n D 0. Then uniformly on Œ0; 1� we have

limn!1 a.n/
mn .f /.x/ D f .x/.

(vii) Suppose that f 2 CCŒ0; 1� is such that for any n 2 N, the function B.M/
n .f / is a

fixed point for the operator B.M/
n . Then, for any sequence of natural numbers,

.mn/n2N, the sequence of iterates a.n/
mn .f / D ŒB.M/

n �mn.f / converges uniformly
on Œ0; 1� to f , as n ! 1.

Proof. (i) From the above Lemma 2.5.3, easily follow the inequalities

0 � B.M/
n .f /.x/ D a.n/

1 .f /.x/ � � � � � a.n/
m .f /.x/ � a.n/

mC1.f /.x/ � � � � � kf k;

for all m; n 2 N. The last inequality follows from the obvious inequality
0 � B.M/

n .f /.x/ � kf k.

Fixing n 2 N and x 2 Œ0; 1�, the sequence of positive numbers .a.n/
m .f /.x//m2N

is bounded and monotonically nondecreasing, which implies, for m ! C1, its
convergence to a limit, denote it by fn.x/. Since B.M/

n .f /.x/ � kf k, we easily obtain
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a.n/
m .f /.x/ � kf k, for all m, that is, the sequence .a.n/

m .f //m2N is uniformly bounded.
Passing to limit with m ! C1 we get fn.x/ � kf k for all x 2 Œ0; 1�, n 2 N.

Also, since it is easy to check that B.M/
n .f /.0/ D f .0/ and B.M/

n .f /.1/ D f .1/,
it is immediate that a.n/

m .f /.0/ D f .0/ and a.n/
m .f /.1/ D f .1/ for all m 2 N, which

therefore implies that fn.0/ D f .0/, fn.1/ D f .1/.
Now, from kBn.f /k � kf k and applying successively Theorem 2.5.2, we easily

obtain that a.n/
m .f / D ŒB.M/

n �m.f / 2 LipL1, for all m 2 N. Therefore, the sequence
(of functions of successive approximation) .a.n/

m .f //m2N clearly is equicontinuous,
which combined with the fact that the sequence is uniformly bounded, by the
Arzela-Ascoli theorem implies that it contains a subsequence .a.n/

mk .f //k2N, uni-
formly convergent. Because the whole sequence is pointwise convergent to fn.x/,
we get that limk!1 a.n/

mk .f / D fn uniformly in Œ0; 1� and as a consequence, it
immediately follows that fn 2 CCŒ0; 1�, in fact moreover, that fn 2 LipL 1 with
L D 6�e2n2kf k.

Applying now the well-known Dini’s theorem to the pointwise convergent
monotone sequence of continuous functions .a.n/

m .f //m2N, it follows that in fact we
have limm!1 a.n/

m .f / D fn uniformly in Œ0; 1�.
Also, the monotonicity of the sequence .a.n/

m /m2N implies a.n/
m .f /.x/ � fn.x/ for

all x 2 Œ0; 1�, m; n 2 N.
Finally, since a.n/

mC1.f / D B.M/
n Œa.n/

m .f /� and limm!1 a.n/
mC1.f / D fn uniformly in

Œ0; 1�, taking also into account that by Theorem 2.5.1, B.M/
n is nonexpansive, for any

fixed n it follows that for all m 2 N we have

kB.M/
n .fn/ � fnk � kB.M/

n .fn/ � a.n/
mC1.f /k C ka.n/

mC1.f / � fnk
� kfn � a.n/

m .f /k C ka.n/
mC1.f / � fnk:

Passing here with m ! 1, we get kB.M/
n .fn/�fnkD0, that is B.M/

n .fn/.x/�fn.x/D0,
for all x 2 Œ0; 1�.

(ii) For any fixed m 2 N and n 2 N variable, it is easy to see that the sequence
.ŒB.M/

n �m.f //n2N satisfies the Theorem 1.1.2, that is for all ı > 0 we get

jŒB.M/
n �m.f /.x/ � f .x/j �

�

1 C 1

ı
ŒB.M/

n �m.'x/.x/

	

!1.f I ı/; x 2 Œ0; 1�;

where 'x.t/ D jt � xj, for all t 2 Œ0; 1�.

In what follows we prove by mathematical induction that

ŒB.M/
n �m.'x/.x/ � 6 � mp

n C 1
; for all m; n 2 N; x 2 Œ0; 1�;
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which replaced in the above estimate and by choosing then ı D 6 � mp
nC1

, will
immediately imply

jŒB.M/
n �m.f /.x/ � f .x/j � 12 � !1

�

f I mp
n C 1

�

:

Indeed, denoting

mk;n;j.x/ D
�n

k

�

�n
j

�
� x

1 � x

�k�j
;

we can write

B.M/
n .f /.x/ D

n_

kD0

mk;n;j.x/f

�
k

n

�

; for all x 2 Œj=.n C 1/; .j C 1/=.n C 1/�:

This immediately implies

ŒB.M/
n �2.f /.x/ D

n_

kD0

mk;n;j.x/B.M/
n .f /.k=n/

D
n_

kD0

mk;n;j.x/

"
n_

iD0

mi;n;k.k=n/f .i=n/

#

:

Replacing here f .t/ D jt � xj D 'x.t/ with x fixed, and taking into account the
inequality

ˇ
ˇ
ˇ
ˇ

i

n
� x

ˇ
ˇ
ˇ
ˇ �

ˇ
ˇ
ˇ
ˇ

i

n
� k

n

ˇ
ˇ
ˇ
ˇC

ˇ
ˇ
ˇ
ˇ
k

n
� x

ˇ
ˇ
ˇ
ˇ ;

for all x 2 Œj=.n C 1/; .j C 1/=.n C 1/� we get

ŒB.M/
n �2.'x/.x/ D

n_

kD0

mk;n;j.x/

"
n_

iD0

mi;n;k.k=n/

ˇ
ˇ
ˇ
ˇ

i

n
� x

ˇ
ˇ
ˇ
ˇ

#

�
n_

kD0

mk;n;j.x/

"
n_

iD0

mi;n;k.k=n/

ˇ
ˇ
ˇ
ˇ
k

n
� i

n

ˇ
ˇ
ˇ
ˇ

#

C
n_

kD0

mk;n;j.x/

"
n_

iD0

mi;n;k.k=n/

ˇ
ˇ
ˇ
ˇ
k

n
� x

ˇ
ˇ
ˇ
ˇ

#
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D
n_

kD0

mk;n;j.x/

"
n_

iD0

mi;n;k.k=n/

ˇ
ˇ
ˇ
ˇ
k

n
� i

n

ˇ
ˇ
ˇ
ˇ

#

C
n_

kD0

mk;n;j.x/

ˇ
ˇ
ˇ
ˇ
k

n
� x

ˇ
ˇ
ˇ
ˇ

"
n_

iD0

mi;n;k.k=n/

#

� 6 � 1p
n C 1

C 6 � 1p
n C 1

D 6 � 2p
n C 1

:

For the last estimate we used the inequalities which follow from the relation-
ship (2.2) in the proof of Theorem 2.1.5

mk;n;j.x/

ˇ
ˇ
ˇ
ˇ
k

n
� x

ˇ
ˇ
ˇ
ˇ � 6p

n C 1
; mi;n;k.k=n/

ˇ
ˇ
ˇ
ˇ
k

n
� i

n

ˇ
ˇ
ˇ
ˇ � 6p

n C 1

and the inequalities obtained from Lemma 2.1.2

mk;n;j.x/ � 1; mi;n;k.k=n/ � 1:

Similarly, taking into account that for all x 2 Œj=.n C 1/; .j C 1/=.n C 1/� we can
write

ŒB.M/
n �3.f /.x/

D
n_

kD0

mk;n;j.x/

"
n_

iD0

mi;n;k.k=n/

"
n_

lD0

ml;n;i.i=n/f .l=n/

##

;

replacing here f .t/ D jt � xj D 'x.t/, taking into account the inequality

ˇ
ˇ
ˇ
ˇ

l

n
� x

ˇ
ˇ
ˇ
ˇ �

ˇ
ˇ
ˇ
ˇ

l

n
� i

n

ˇ
ˇ
ˇ
ˇC

ˇ
ˇ
ˇ
ˇ

i

n
� k

n

ˇ
ˇ
ˇ
ˇC

ˇ
ˇ
ˇ
ˇ
k

n
� x

ˇ
ˇ
ˇ
ˇ ;

and reasoning exactly as in the case of ŒB.M/
n �2, we easily obtain

ŒB.M/
n �3.'x/.x/ � 6 � 3p

n C 1
; x 2 Œj=.n C 1/; .j C 1/=.n C 1/�;

valid for all j D 0; 1; : : : ; n. Therefore, the above inequality is in fact valid for all
x 2 Œ0; 1�.

Reasoning now by mathematical induction, we get the desired estimate in the
statement for arbitrary m 2 N.

(iii) It is immediate by passing to limit with n ! 1 in the inequality from the
above point (ii).
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(iv) It is immediate by replacing m with mn in the estimate in (ii), by passing to
limit with n ! 1 and taking into account that limn!1 mnp

nC1
D 0.

(v) We obviously can write

kŒB.M/
n �m.f / � f k �

mX

jD1

kŒB.M/
n �j.f / � ŒB.M/

n �j�1.f /k;

where by convention ŒB.M/
n �0.f /.x/ D f .x/.

But by applying successively Theorem 2.5.1, we easily get that

kŒB.M/
n �j.f / � ŒB.M/

n �j�1.f /k � kŒB.M/
n �j�1.f / � ŒB.M/

n �j�2.f /k

� � � � � kŒB.M/
n �.f / � .f /k � !1

�

f I 1

n

�

�
�

n � !1.f I 1=n/

mf
C 4

	

;

where for the last estimate above we used Theorem 2.2.18, valid for strictly positive
functions only.

Now, taking into account that f 2 LipL 1, from the above estimate we get

kŒB.M/
n �j.f / � ŒB.M/

n �j�1.f /k � 1

n

�

L

�
L

mf
C 4

�	

;

for all j D 1; : : : ; m, which finally implies

kŒB.M/
n �m.f / � f k � m

n

�

L

�
L

mf
C 4

�	

:

(vi) It is immediate by taking m D mn and passing to limit in the estimate from the
above point (v).

(vii) By hypothesis, we have B.M/
n ŒB.M/

n .f /� D B.M/
n .f /, for all n 2 N, and therefore

it easily follows that ŒB.M/
n �mn.f / D B.M/

n .f /, for all n 2 N. Consequently, by
Theorem 2.1.5, we obtain

kŒB.M/
n �mn.f /.x/ � f .x/j D jB.M/

n .f /.x/ � f .x/j � 12 � !1.f I 1=
p

n C 1/;

and passing to limit with n ! 1, we immediately get the desired conclusion.
�

Remarks. 1) In the class of Lipschitz, strictly positive functions, Theorem 2.5.4,
(vi), is more general than Theorem 2.5.4, (iv). Indeed, while limn!1 mnp

n
D 0

implies limn!1 mn
n D 0, the converse is not true. Note that the case of

Theorem 2.5.4, (vi), is similar to what happens in the case of the iterates of
Bernstein polynomials.
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2) As a consequence of the well-known Trotter’s approximation result in the theory
of the semigroups of linear operators (see, e.g., [103]), it is known that in
the case of Bernstein polynomials Bn.f /.x/, if f is twice differentiable and
limn!1 mn

n D t > 0, then limn!1 Bmn
n .f /.x/ D etA.x/, where A.x/ D x.1�x/f 00.x/

2
,

for all x 2 Œ0; 1�.
It remains as an interesting open question what happens with the iterates

ŒB.M/
n �mn.f /, when limn!1 mn

n D t > 0. Let us first observe that by Theorem

2.5.4, (vii), if f satisfies the hypothesis there, then ŒB.M/
n �mn.f / uniformly

converges to f on Œ0; 1�. It is worth mentioning that by the next Theorems 2.5.5
and 2.5.6, we put in evidence large classes of functions f satisfying the hypoth-
esis in Theorem 2.5.4, (vii). Therefore, the above-mentioned open problem for
the Bernstein max-product operator gets a sense only if f does not satisfy the
hypothesis in Theorem 2.5.4, (vii). Also, notice here that the Bernstein max-
product operator ŒB.M/

n �mn is not linear.
3) If f is a fixed point of B.M/

n , i.e. f .x/ D B.M/
n .f /.x/ for all x 2 Œ0; 1�, we easily

get a.n/
m .f /.x/ D B.M/

n .f /.x/, for all m 2 N, x 2 Œ0; 1�, therefore in this case it is
trivial in Theorem 2.5.4, (i), that fn.x/ D B.M/

n .f /.x/, for all x 2 Œ0; 1�.
4) According to Theorem 2.5.4, (i), for each fixed n 2 N it is important to determine

the set of the fixed points for B.M/
n . In this sense, we present the following results.

Theorem 2.5.5 (Balaj–Coroianu–Gal–Muresan [10]).

(i) If f W Œ0; 1� ! Œ0; 1/ is nondecreasing and such that the function g W .0; 1� !
Œ0; 1/; g.x/ D f .x/

x is nonincreasing, then for any n 2 N, B.M/
n .f / is a fixed point

for the operator B.M/
n , that is B.M/

n ŒB.M/
n .f /�.x/ D B.M/

n .f /.x/, for all x 2 Œ0; 1� ;
(ii) If f W Œ0; 1� ! Œ0; 1/ is nonincreasing and such that the function h W Œ0; 1/ !

Œ0; 1/; h.x/ D f .x/

1�x is nondecreasing, then for any n 2 N, B.M/
n .f / is a fixed

point for the operator B.M/
n , that is B.M/

n ŒB.M/
n .f /�.x/ D B.M/

n .f /.x/, for all x 2
Œ0; 1�.

Proof. (i) From the proof of Corollary 2.1.11, (i), for all x 2 Œj=.n C 1/; .j C
1/=.n C 1/� and j 2 f0; 1; : : : ; n � 1g we can write

B.M/
n .f /.x/ D maxffj;n;j.x/; fjC1;n;j.x/g

and

B.M/
n .f /.x/ D f .1/; for x 2 Œn=.n C 1/; 1�;

where

fk;n;j.x/ D
�n

k

�

�n
j

� �
� x

1 � x

�k�j � f .k=n/:
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Taking above x D j=n, by simple calculation we obtain

B.M/
n .f /.j=n/ D maxff .j=n/; f Œ.j C 1/=n� � j=.j C 1/g;

which by the property of the auxiliary function g in hypothesis, implies
f .j=n/ � j

jC1
f Œ.j C 1/=n�, which replaced in the above equality gives

B.M/
n .f /.j=n/ D f .j=n/.

But it is clear that if for f 2 CCŒ0; 1� we have B.M/
n .f /.j=n/ D f .j=n/ for all

j 2 f0; 1; : : : ; ng, then g D B.M/
n .f / is a fixed point for B.M/

n , which implies the
desired conclusion.

(ii) From the proof of Corollary 2.1.11, (ii), for all x 2 Œj=.n C 1/; .j C 1/=.n C 1/�

and j 2 f1; : : : ; ng we can write

B.M/
n .f /.x/ D maxffj�1;n;j.x/; fj;n;j.x/g;

and

B.M/
n .f /.x/ D f .0/; for x 2 Œ0; 1=.n C 1/�:

Taking above x D j=n, by simple calculation we obtain

B.M/
n .f /.j=n/ D maxff Œ.j � 1/=n� � .n � j/=.n � j C 1/; f .j=n/g;

which by the property of the auxiliary function g in hypothesis, implies
f .j=n/ � n�j

n�jC1
f Œ.j � 1/=n�, which replaced in the above equality gives

B.M/
n .f /.j=n/ D f .j=n/.

Therefore, we again get the desired conclusion. �

Remarks. 1) According to the Remark after the proof of Corollary 2.1.11, if f W
Œ0; 1� ! Œ0; 1/ is a convex, nondecreasing function satisfying f .x/

x � f .1/ for all
x 2 Œ0; 1�, or if f W Œ0; 1� ! Œ0; 1/ is a convex, nonincreasing function satisfying
f .x/

1�x � f .0/, then again f satisfies the hypothesis in Theorem 2.5.5, (i) and (ii),

respectively, and consequently we get B.M/
n ŒB.M/

n .f /�.x/ D B.M/
n .f /.x/; for all

x 2 Œ0; 1�.
2) Denote by SŒ0; 1� the class of all functions f which satisfy the hypothesis in

the statement of Theorem 2.5.5 (i), or of Theorem 2.5.5 (ii), or in the above
Remark 1. Also, for any fixed arbitrary n 2 N, let us denote

G.M/
n Œ0; 1� D B.M/

n .SŒ0; 1�/

D fF 2 CCŒ0; 1�I 9f 2 SŒ0; 1� such that F.x/ D B.M/
n .f /.x/; 8x 2 Œ0; 1�g:

Then, if we denote by

F .M/
n Œ0; 1� D fF W Œ0; 1� ! Œ0; C1/I B.M/

n .F/.x/ D F.x/; for all x 2 Œ0; 1�g;
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the set of all fixed points of the operator B.M/
n W CCŒ0; 1� ! CCŒ0; 1�, the

statement of Theorem 2.5.5 together with the above Remark 1 means that we
have G.M/

n Œ0; 1� � F .M/
n Œ0; 1�.

3) By Lemma 2.1.9, any nondecreasing concave function satisfies the hypothesis
of Theorem 2.5.5, (i), and any nonincreasing concave function satisfies the
hypothesis of Theorem 2.5.5, (ii). Therefore, the class of all positive, mono-
tone, and concave functions on Œ0; 1� denoted by MKCŒ0; 1� has the property
MKCŒ0; 1� � SŒ0; 1�, that is the function H D B.M/

n .f / satisfies B.M/
n .H/.x/ D

H.x/; for all x 2 Œ0; 1�.
4) It is easy to consider concrete examples of functions in SŒ0; 1� (other than the

constant functions which obviously are fixed points for B.M/
n ), like

x; ex; 1 C x2; sin.x/; cos.x/; ln.1 C x/; e�x; 1 C x3:

Indeed, it is easy to check that x, ex, and 1 C x2 satisfy the first type of
hypothesis in the above Remark 1, sin.x/, cos.x/ and ln.1 C x/ belong to the
class MKCŒ0; 1� defined in the above Remark 3, while e�x satisfy the second
type of hypothesis in the above Remark 1. Therefore, for any f in this remark we
have B.M/

n ŒB.M/
n .f /�.x/ D B.M/

n .f /.x/, for all x 2 Œ0; 1� and n 2 N.

The results expressed by the above Remark 3 can be generalized to the whole
class of concave functions, as follows.

Theorem 2.5.6 (Balaj–Coroianu–Gal–Muresan [10]). If f W Œ0; 1� ! Œ0; 1/ is a

continuous concave function then we have B.M/
n

h
B.M/

n .f /
i

D B.M/
n .f / for all n 2 N.

Proof. By the proof of Corollary 2.1.10 we get

B.M/
n .f /.x/ D maxffj�1;n;j.x/; fj;n;j.x/; fjC1;n;j.x/g;

for all x 2 Œj=.n C 1/; .j C 1/=.n C 1/� and j 2 f1; : : : ; n � 1g,

B.M/
n .f /.x/ D maxff0;n;0.x/; f0;n;1.x/g for all x 2 Œ0; 1=.n C 1/�

and

B.M/
n .f /.x/ D maxffn;n;n�1.x/; fn;n;n.x/g; for all x 2 Œn=.n C 1/; 1�:

Here recall that

fk;n;j.x/ D
�n

k

�

�n
j

� �
� x

1 � x

�k�j � f .k=n/:

Since j=n 2 Œj=.n C1/; .j C1/=.n C1/�, replacing x D j=n in the above formulas for
B.M/

n .f /.x/, we easily obtain (see the reasonings in the proof of Theorem 2.5.5, (i)
and (ii)) that B.M/

n .f /.j=n/ D f .j=n/ for all j 2 f0; 1; : : : ; ng, which form the formula
of definition of B.M/

n .f /.x/ easily implies the desired conclusion. �
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Remarks. 1) Theorems 2.5.5 and 2.5.6 put in evidence large classes of functions
f 2 CCŒ0; 1�, with the property that B.M/

n .f / is a fixed point for the operator B.M/
n ,

for all n 2 N.

The following example of f is that of a function for which there exists n 2 N

(in fact an infinity of such of n) such that B.M/
n .f / is not anymore fixed point for

the operator B.M/
n . Indeed, let f W Œ0; 1� ! Œ0; 1/ be defined by f .x/ D 1=2 � x

if x 2 Œ0; 1=2� and f .x/ D x � 1=2 if x 2 .1=2; 1�. For n D 5, by the formula of
definition of B.M/

n .f /.x/, we easily get

B.M/
5 .f /.0/ D B.M/

5 .f /.1/ D 1=2;

B.M/
5 .f /.1=5/ D B.M/

5 .f /.4=5/ D 2=5;

B.M/
5 .f /.2=5/ D B.M/

5 .f /.3=5/ D 9=40;

and

B.M/
5 .B.M/

5 .f //.2=5/ D 3=10:

Therefore, it follows B.M/
5 .B.M/

5 .f //.2=5/ ¤ B.M/
5 .f /.2=5/, which clearly implies

that B.M/
5 .f / is not a fixed point for the operator B.M/

5 .
In fact, by using, for example, MATLAB, one can easily show that for many

other values of n (sufficiently large), again we get the same conclusion.

2) Theorem 2.5.6 is also useful to show that the method in the case of Bernstein
polynomials in [134] cannot be used here, because for any a; b 2 RC,
the operator B.M/

n cannot be a contraction on the subspace Ua;b D ff 2
CCŒ0; 1�I f .0/ D a ; f .1/ D bg.

In this sense, we can prove that for any natural number n, there exist two
continuous functions f ; g W Œ0; 1� ! Œ0; 1/ satisfying f .0/ D g.0/ D a, f .1/ D
g.1/ D b and such that

�
�
�B.M/

n .f / � B.M/
n .g/

�
�
� D kf � gk.

Indeed, let us define as y D f .x/ the equation of the straight line passing through
the points .0; a/ and .1; b/ and let g be the function whose graph is the polygonal
line passing through the points .0; a/, .1=2; c/ and .1; b/, where the value c can be
any real number which satisfies c > f .1=2/. (Note that the graphs of both functions
f and g form a triangle.)

By simple geometrical reasonings we get that kf � gk D g.1=2/ � f .1=2/.
Firstly, we suppose that n is even. Since f and g are concave functions, by the

proof of the above Theorem 2.5.6, we get B.M/
n .f /.j=n/ D f .j=n/ and similarly,

B.M/
n .g/.j=n/ D g.j=n/ for all j 2 f0; 1; : : : ; ng. Therefore, taking j.n/ D n=2, we

obtain that B.M/
n .f /.1=2/ D f .1=2/ and B.M/

n .g/.1=2/ D g.1=2/. In conclusion, we
have
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g.1=2/ � f .1=2/ D kf � gk � �
�B.M/

n .f / � B.M/
n .g/

�
�

� ˇ
ˇB.M/

n .f /.1=2/ � B.M/
n .g/.1=2/

ˇ
ˇ D g.1=2/ � f .1=2/;

which implies
�
�
�B.M/

n .f / � B.M/
n .g/

�
�
� D kf � gk, for any even natural number n.

The reasoning is similar in the case when n is an odd natural number, because
it suffices to replace the pair .1=2; c/ in the definition of g with .n0=.2n0 C 1/; c/

where n D 2n0 C 1.

The next results in this section are based on the following two well-known results.

Theorem 2.5.7 (Ishikawa [101]). Let C be a compact convex subset of a Banach
space .X; k � k/ and T W C ! C be nonexpansive. For .�m/m2N a sequence in Œ0; b�

with b < 1 and such that
P1

mD0 �m D C1, let us define the iterates in X by

xmC1 WD .1 � �m/xm C �mT.xm/:

Then for any starting point x0 2 C, the sequence .xm/m2N converges to a fixed point
of T.

Theorem 2.5.8 (Ishikawa [101]). Let C be a closed bounded convex subset of
a Banach space .X; k � k/ and T W C ! C be nonexpansive. Let .�m/m be as
in Theorem 2.5.7. Then for any starting point x0 2 C, the following sequence,
.kxm �T.xm/k/m2N, converges to 0 (i.e., .xm/n is a so-called approximate fixed-point
sequence).

Now, in order to apply to our case the above Theorems 2.5.7 and 2.5.8, firstly we
need to identify bounded closed convex and compact convex subsets in CCŒ0; 1�.
For example, it is easy to check that the subset

CC
K Œ0; 1� D ff 2 CCŒ0; 1�I kf k � Kg;

is bounded, closed, and convex. Also, it is easy to check that the subset CL;K D
CC

K Œ0; 1�
T

LipL 1 is bounded, closed, convex, and equicontinuous, which by the
Arzela-Ascoli theorem implies that CL;K is a convex compact subset in CCŒ0; 1�

endowed with the uniform norm.
Another important hypothesis in the Theorems 2.5.7 and 2.5.8 is the invariance

property of T . In our case, we need this invariance property for the Bernstein max-
product operator. For this purpose, we will make use of the Theorem 2.5.2.

We have

Theorem 2.5.9 (Balaj–Coroianu–Gal–Muresan [10]).

(i) If f 2 CC
K Œ0; 1�, then for all n 2 N we have B.M/

n .f / 2 CC
K Œ0; 1� ;

(ii) Let K > 0 and L � 6�e2K be fixed constants and denote CL;K D
CC

K Œ0; 1�
T

LipL 1. Then, for all n 2 N satisfying the inequality n2 � L
6�e2K

,

the invariance property B.M/
n .CL;K/ � CL;K holds.
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Proof. (i) Since 0 � f .k=n/ � kf k for all n 2 N and k D 0; 1; : : : ; n, it is
immediate by the formula of definition of B.M/

n .f /.x/, because we easily get
jB.M/

n .f /.x/j � kf k, for all x 2 Œ0; 1�, which implies kB.M/
n k � kf k � K, for all

n 2 N.
(ii) Let f 2 CL;K . By (i) it follows that kB.M/

n .f /k � K for all n 2 N and by (i)
it follows that B.M/

n .f / 2 Lip6�e2n2kf k 1 � Lip6�e2n2K 1, for all n 2 N. Then,

by n2 � L
6�e2K

we get B.M/
n .f / 2 Lip6�e2n2K 1 � LipL 1, which leads to the

conclusion that B.M/
n .f / 2 CL;K for n satisfying n2 � L

6�e2K
. �

As immediate consequences of the above considerations, we get the following
two results.

Corollary 2.5.10 (Balaj–Coroianu–Gal–Muresan [10]). Let K > 0 and L �
6�e2K be fixed constants and CL;K D CC

K Œ0; 1�
T

LipL 1. Also, let .�m/m2N be
sequence in Œ0; b� with b < 1 and such that

P1
mD0 �m D C1. For any n 2 N

and fn;1 2 CL;K fixed, let us define the iterated sequence of functions

fn;mC1.x/ D .1 � �m/fn;m.x/ C �m � B.M/
n .fn;m/.x/; m 2 N; x 2 Œ0; 1�:

Then, for any fixed n 2 N satisfying the inequality n2 � L
6�e2K

, the sequence of
functions .fn;m.x//m2N converges as m ! 1 in the uniform norm, to a fixed point of
the operator B.M/

n .

Proof. Firstly, it is clear that CCŒ0; 1� endowed with the uniform norm is a
Banach space. By Theorem 2.5.1, by the comments between the statements of the
Theorems 2.5.8 and 2.5.9 and by Theorem 2.5.9, (ii), the operator B.M/

n W CL;K !
CL;K is nonexpansive on the compact convex set CL;K . Then the corollary is an
immediate consequence of Theorem 2.5.7. �

Corollary 2.5.11 (Balaj–Coroianu–Gal–Muresan [10]). Let K > 0 and
CC

K Œ0; 1� D ff 2 CCŒ0; 1�I kf k � Kg. Also, let .�m/m and the iterated sequence
.fn;mC1.x//m2N be defined as in the statement of Corollary 2.5.10. Then, for any
n 2 N and fn;1 2 CC

K Œ0; 1� fixed, we have

lim
m!1 kfn;m � B.M/

n .fn;m/k D 0;

where k � k denotes the uniform norm.

Proof. By Theorem 2.5.1, by the comments between the statements of the Theo-
rems 2.5.8 and 2.5.9 and by Theorem 2.5.9, (i), the operator B.M/

n W CC
K Œ0; 1� !

CC
K Œ0; 1� is nonexpansive on the bounded, closed, and convex subset CC

K Œ0; 1�. Then
the corollary is an immediate consequence of Theorem 2.5.8. �

Remark. The methods in this section can be extended to other max-product
operators of Bernstein-type.
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2.6 Applications to Approximation of Fuzzy Numbers

In this section, firstly we extend from Œ0; 1� to an arbitrary compact interval Œa; b�,
the definition of the nonlinear Bernstein operators of max-product kind, denoted by
B.M/

n .f I Œa; b�/, n 2 N, by proving that their order of uniform approximation to f on
Œa; b� is !1.f ; 1=

p
n/Œa;b� and that they preserve the quasiconcavity of f . Since if f

is a fuzzy number, then B.M/
n .f I Œa; b�/ generates in a simple way a fuzzy number

eB.M/
n .f I Œa; b�/ of the same support Œa; b� with f , it turns out that these results are

very suitable in the approximation of the fuzzy numbers, approximating the (non-
degenerate) segment core with the order 1=n. In addition, in the case when the fuzzy
numbers are given in the form of a pair u D .u�; uC/, the max-product oper-

ator B.M/
n generates a fuzzy number B

.M/

n .u/ D .B.M/
n .u�I Œ0; 1�/; B.M/

n .uCI Œ0; 1�/,
whose widths, expected intervals, ambiguities, and expected values approximate
(for n ! 1) the width, the expected interval, the ambiguity, and the expected value
of u. Finally, the order 1=n in approximation of some subclasses in the L1-metric
is obtained, with applications to the approximation of some subclasses of fuzzy
numbers.

Recently, many papers made investigations on the approximation of fuzzy
numbers by trapezoidal or triangular fuzzy numbers (see [1–11, 13–15, 22, 51, 91–
94, 155–158, 161]) and by nonlinear side functions (see [12, 16, 124, 137, 159]).
The main aim of this section is to use the max-product Bernstein operator for
approximating fuzzy numbers with continuous membership functions.

Since the restriction of a continuous fuzzy number to its compact support is a
quasiconcave function, naturally it is suggested that the generalization of B.M/

n to
Œa; b�, denoted by B.M/

n .f I Œa; b�/, could be used to approximate the restriction of a
fuzzy number f to its support Œa; b�. On the other hand, since B.M/

n .f I Œa; b�/ preserves
the monotonicity of f on Œa; b�, we can use B.M/

n .f I Œa; b�/ to approximate fuzzy
numbers f given in the parametric LU-form too.

In our considerations, in this section we use the preliminaries on fuzzy numbers
in Subsection 1.2.1 of Chapter 1.

The plan of this section goes as follows. In Subsection 2.6.1 we define the
max-product Bernstein operator on a compact interval Œa; b� and obtain quantitative
approximation and shape preserving properties on Œa; b�. Applications to the uniform
approximation of fuzzy numbers, preserving the support, approximating the core
with the order 1=n and approximating the expected interval, the width, the ambigu-
ity, and the expected value of the fuzzy number are obtained. Also, on a concrete
example, a graphic which clearly illustrates the advantage of the approximation
of fuzzy numbers by the max-product Bernstein operators with respect to the
approximation by the associated linear Bernstein polynomials is presented. Then,
in Subsection 2.6.2 we obtain quantitative estimates of order 1=n in approximation
by the max-product Bernstein operators in the L1-metric, which then are applied to
the approximation of fuzzy numbers.
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2.6.1 Uniform Approximation and Preservation
of Characteristics

Given a fuzzy number u, it is a natural problem to construct approximating
sequences of simple fuzzy numbers, .un/n, converging to u in some given metric
and, in addition, providing good approximations to the support, core, expected
interval, width, ambiguity and expected value of u. The already known results in
approximation theory could be a good source of inspiration. Thus, due to the fact
that the Bernstein polynomials have interpolation properties at the endpoints and
that they preserve the quasiconcavity, we could use them to approximate the fuzzy
numbers, as follows.

Let u be a continuous fuzzy number with supp.u/ D Œa; b�, a < b and core.u/ D
Œc; d�, c < d. For any n 2 N, we can define

eBn.u/.x/ D 0 for x outside Œa; b�

and

eBn.u/.x/ D Bn.u; Œa; b�/ D
nX

kD0

pn;k.x/ � u .a C .b � a/k=n/ ; x 2 Œa; b�;

where pn;k.x/ D �
x�a
b�a

�k � � b�x
b�a

�n�k
, k 2 f0; 1; : : : ; ng are the fundamental Bernstein

polynomials.
Since u is continuous and since kuk D 1 it results that

�
�eBn.u/

�
� < 1 for every

n 2 N.
For this reason, in order to produce proper fuzzy numbers we need to normalize

eBn.u/. Thus, we get the sequence of fuzzy numbers

�
1

keBn.u/k �eBn.u/

�

n�1

. Now, it

is well known that eBn.u/ converges uniformly to u on Œa; b�, since there exists an
absolute constant C such that

jBn.u; Œa; b�/ � u.x/j � C!1.uI 1=
p

n/Œa;b�;

which easily implies that 1

keBn.u/k �eBn.u/ converges to u with respect to the metric DC.

Here !1.uI ı/Œa;b� denotes the classical modulus of continuity of u on Œa; b�,
defined by !1.uI ı/Œa;b� D supfju.x/ � u.y/jI x; y 2 Œa; b�; jx � yj � ıg.

But, on the other hand, it is easy to prove that the core of 1

keBn.u/k �eBn.u/ is reduced

to a single element, which means that it does not hold the convergence of the core
of 1

keBn.u/k �eBn.u/ to the core of u (which is nondegenerated).

For this reason, we propose the max-product Bernstein operators, which in the
case of approximation of fuzzy numbers, not only will fix the above-mentioned
shortcoming, but also will preserve the other characteristics of a fuzzy number too.
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From now on, throughout this section, we denote by C.I/ and CC.I/, respec-
tively, the space of continuous functions defined on an interval I and the space of
positive continuous functions defined on I, respectively.

For a function f 2 CC.Œa; b�/, we recall the corresponding max-product
Bernstein operator on Œa; b� by

B.M/
n .f I Œa; b�/.x/ D

Wn
kD0 pn;k.x/f .a C k � b�a

n /
Wn

kD0 pn;k.x/
; x 2 Œa; b�;

where pn;k.x/ D �n
k

� �
x�a
b�a

�k � � b�x
b�a

�n�k
.

In this subsection we will prove that B.M/
n W CC.Œa; b�/ ! CC.Œa; b�/ has the same

order of uniform approximation as the linear Bernstein operator and that it preserves
the quasiconcavity too.

We can now present the first main results of this subsection.

Theorem 2.6.1 (Bede–Coroianu–Gal [23]).

(i) If a; b 2 R, a < b and f W Œa; b� ! RC is continuous, then we have the estimate

jB.M/
n .f I Œa; b�/.x/ � f .x/j � 12.Œb � a� C 1/!1

�

f I 1p
n C 1

�

Œa;b�

;

for all n 2 N; x 2 Œa; b�.
(ii) If f W Œa; b� ! RC is concave on Œa; b�, then we have the estimate

jB.M/
n .f I Œa; b�/.x/ � f .x/j � 2.Œb � a� C 1/!1

�

f I 1

n

�

Œa;b�

;

for all n 2 N; x 2 Œa; b�.

Proof. (i) Let us consider the function g W Œ0; 1� ! R, g.y/ D f .a C .b � a/y/. It
is easy to check that g.k=n/ D f .a C k � b�a

n / for all k 2 f0; 1; : : : ; ng. Now, let
us choose arbitrary x 2 Œa; b� and let y 2 Œ0; 1� be such that x D a C .b � a/y.
This implies y D .x � a/=.b � a/ and 1 � y D .b � x/=.b � a/. From these
equalities and noting the expressions for g.k=n/, we obtain B.M/

n .f I Œa; b�/.x/ D
B.M/

n .gI Œ0; 1�/.y/. By Theorem 2.1.15, we get
ˇ
ˇB.M/

n .f I Œa; b�/.x/ � f .x/
ˇ
ˇ D ˇ

ˇB.M/
n .gI Œ0; 1�/.y/ � g.y/

ˇ
ˇ

� 12!1

�

gI 1p
n C 1

�

Œ0;1�

:

Since !1

�
gI 1p

nC1

�

Œ0;1�
� !1

�
f I b�ap

nC1

�

Œa;b�
and by the property !1 .f I �ı/Œa;b� �

.Œ��C1/!1 .f I ı/Œa;b� we obtain !1

�
gI 1p

nC1

�

Œ0;1�
� .Œb�a�C1/!1

�
f I 1p

nC1

�

Œa;b�
,

which proves (i).



2.6 Applications to Approximation of Fuzzy Numbers 101

(ii) Keeping the notation from the above point (i), we get B.M/
n .f I Œa; b�/.x/ D

B.M/
n .gI Œ0; 1�/.y/, where g.y/ D f .a C .b � a/y/ for all y 2 Œ0; 1�. The last

equality is equivalent to f .u/ D g
�

u�a
b�a

�
for al u 2 Œa; b�. Writing now the

property of concavity for f ,

f .�u1 C .1 � �/u2/ � �f .u1/ C .1 � �/f .u2/; for all � 2 Œ0; 1�; u1; u2 2 Œa; b�;

in terms of g can be written as

g
�
�

u1 � a

b � a
C .1 � �/

u2 � a

b � a

�
� �g

�u1 � a

b � a

�
C .1 � �/g

�u2 � a

b � a

�
:

Denoting y1 D u1�a
b�a 2 Œ0; 1� and y2 D u2�a

b�a 2 Œ0; 1�, this immediately implies
the concavity of g on Œ0; 1�. Then, by Corollary 2.1.10, we get

ˇ
ˇB.M/

n .f I Œa; b�/.x/ � f .x/
ˇ
ˇ D ˇ

ˇB.M/
n .gI Œ0; 1�/.y/ � g.y/

ˇ
ˇ

� 2.Œb � a� C 1/!1

�

gI 1

n

�

Œ0;1�

:

Reasoning now exactly as in the above point (i), we get the desired conclusion.
�

Theorem 2.6.2 (Bede–Coroianu–Gal [23]). Let us consider the function f W
Œa; b� ! RC and let us fix n 2 N, n � 1. Suppose in addition that there
exists c 2 Œa; b� such that f is nondecreasing on Œa; c� and nonincreasing on
Œc; b�. Then, there exists c0 2 Œa; b� such that B.M/

n .f I Œa; b�/ is nondecreasing
on Œa; c0� and nonincreasing on Œc0; b�. In addition we have jc � c0j � b�a

nC1
and

ˇ
ˇ
ˇB

.M/
n .f I Œa; b�/.c/ � f .c/

ˇ
ˇ
ˇ � .Œb � a� C 1/ !1.f ; 1

nC1
/Œa;b�.

Proof. We construct the function g as in the previous theorem. Let c1 2 Œ0; 1�

be such that g.c1/ D c. Since g is the composition between f and the linear
nondecreasing function t ! a C .b � a/t, we get that g is nondecreasing on Œ0; c1�

and nonincreasing on Œc1; 1�. By Theorem 2.2.22 it results that there exists c0
1 2 Œ0; 1�

such that B.M/
n .gI Œ0; 1�/ is nondecreasing on Œ0; c0

1�, nonincreasing on Œc0
1; 1� and in

addition we have
ˇ
ˇ
ˇB

.M/
n .gI Œ0; 1�/.c1/ � g.c1/

ˇ
ˇ
ˇ � !1.g; 1

nC1
/ and

ˇ
ˇc1 � c0

1

ˇ
ˇ � 1

nC1
.

Let c0 D a C .b � a/c0
1. If x1; x2 2 Œa; c0� with x1 � x2, then let y1; y2 2 Œ0; c0

1�

be such that x1 D a C .b � a/y1 and x2 D a C .b � a/y2. Then, it follows that
B.M/

n .f I Œa; b�/.x1/ D B.M/
n .gI Œ0; 1�/.y1/ and B.M/

n .f I Œa; b�/.x2/ D B.M/
n .gI Œ0; 1�/.y2/.

The monotonicity of B.M/
n .gI Œ0; 1�/ implies B.M/

n .gI Œ0; 1�/.y1/ � B.M/
n .gI Œ0; 1�/.y2/,

that is B.M/
n .f I Œa; b�/.x1/ � B.M/

n .f I Œa; b�/.x2/. We thus obtain that B.M/
n .f I Œa; b�/

is nondecreasing on Œa; c0�. Using the same type of reasoning, we obtain that
B.M/

n .f I Œa; b�/ is nonincreasing on Œc0; b�. For the rest of the proof, noting thatˇ
ˇc1 � c0

1

ˇ
ˇ � 1

nC1
we get jc � c0j D ˇ

ˇ.b � a/.c1 � c0
1/
ˇ
ˇ � b�a

nC1
. Finally, noting that
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ˇ
ˇB.M/

n .gI Œ0; 1�/.c1/ � g.c1/
ˇ
ˇ � !1.g;

1

n C 1
/Œ0;1�

and taking into account that !1.g; 1
nC1

/Œ0;1� � .Œb � a� C 1/ !1.f ; 1
nC1

/Œa;b�, we
obtain

ˇ
ˇB.M/

n .f I Œa; b�/.c/ � f .c/
ˇ
ˇ D ˇ

ˇB.M/
n .gI Œ0; 1�/.c1/ � g.c1/

ˇ
ˇ

� !1.g;
1

n C 1
/Œ0;1�

� .Œb � a� C 1/ !1.f ;
1

n C 1
/Œa;b�

and the proof is complete. �

Remarks. 1) From the above theorem it results that if f W Œa; b� ! RC is
continuous and quasiconcave then B.M/

n .f / is quasiconcave too.
2) It is known from Section 2.1 that for functions in the space CC.Œ0; 1�/, B.M/

n

preserves the monotonicity and the quasiconvexity. Reasoning similarly, it can
be proved that these preservation properties hold in the general case of the space
CC.Œa; b�/.

3) It is worth noting that all the previous approximation results in this Section 2.6
can easily be extended to bounded functions f which are not necessarily positive
(i.e., f W Œa; b� ! R are of arbitrary sign on Œa; b�) as follows. If c > 0 is a
positive constant such that f .x/ C c � 0 for all x 2 Œa; b�, then defining the new
max-product kind operator

P.M/
n .f I Œa; b�/.x/ D B.M/

n .f C cI Œa; b�/.x/ � c;

and taking into account that !1.f I ı/Œa;b� D !1.f C cI ı/Œa;b�, we get the same

estimates for
ˇ
ˇ
ˇP

.M/
n .f I Œa; b�/.x/ � f .x/

ˇ
ˇ
ˇ as in the previous theorems in this

section.

In what follows we present approximation results with respect to the metrics DC

and eDC.
Firstly, we need some auxiliary results.

Lemma 2.6.3 (Bede–Coroianu–Gal [23]). Let a; b 2 R, a < b. For n 2 N, k,
j 2 f0; 1; : : : ; ng and x 2 .a C j � b�a

nC1
; a C .j C 1/ � b�a

nC1
/, let

mk;n;j.x/ D pn;k.x/

pn;j.x/
;

where recall that pn;k.x/ D �n
k

� �
x�a
b�a

�k � � b�x
b�a

�n�k
.

Then mk;n;j.x/ < 1 for all j 2 f0; 1; : : : ; ng and k 2 f0; 1; : : : ; ngnfjg.



2.6 Applications to Approximation of Fuzzy Numbers 103

Proof. Without any loss of generality we may suppose that a D 0 and b D 1,
because using the same reasoning as in the proof of Theorems 2.6.1 and 2.6.2, we
easily obtain the conclusion of the lemma in the general case. So, let us fix x 2
.j=.n C 1/; .j C 1/=.n C 1//. According to the proof of Lemma 2.1.2, we have

m0;n;j.x/ � m1;n;j.x/ � � � � � mj;n;j.x/;

mj;n;j.x/ � mjC1;n;j.x/ � � � � � mn;n;j.x/:

Since mj;n;j.x/ D 1, it suffices to prove that mjC1;n;j.x/ < 1 and mj�1;n;j.x/ < 1.
By direct calculations we get

mj;n;j.x/

mjC1;n;j.x/
D j C 1

n � j
� 1 � x

x
:

Since the function g.y/ D .1 � y/=y is strictly decreasing on the interval Œj=.n C 1/;

.j C 1/=.n C 1/�, it results that

1 � x

x
>

1 � .j C 1/=.n C 1/

.j C 1/=.n C 1/
D n � j

j C 1
:

Clearly, this implies mj;n;j.x/=mjC1;n;j.x/ > 1, that is mjC1;n;j.x/ < 1. By similar
reasonings we get that mj�1;n;j.x/ < 1 and the proof is complete. �

Lemma 2.6.4 (Bede–Coroianu–Gal [23]). If a; b 2 R, a < b and f W Œa; b� ! RC
is bounded, then for all j 2 f0; 1; : : : ; ng, we have B.M/

n .f I Œa; b�/.a C j.b � a/=n/ �
f .a C j.b � a/=n/.

Proof. From Lemma 2.6.3, since a C j.b � a/=n 2 .a C j.b � a/=.n C 1/; a C
.j C 1/.b � a/=.n C 1// and since mk;n;j.a C j.b � a/=n/ D pn;k.aCj.b�a/=n/

pn;j.aCj.b�a/=n/
for all

k 2 f0; 1; : : : ; ng, it follows that
Wn

kD0 pn;k.a C j.b � a/=n/ D pn;j.a C j.b � a/=n/.
Then, we have

B.M/
n .f I Œa; b�/.a C j.b � a/=n/

D
Wn

kD0 pn;k.a C j.b � a/=n/f .a C k.b � a/=n/

pn;j.a C j.b � a/=n/

� pn;j.a C j.b � a/=n/f .a C j.b � a/=n/

pn;j.a C j.b � a/=n/

D f .a C j.b � a/=n/

and the lemma is proved. �

Let us consider now a function f 2 CC.Œa; b�/. Combining formula for
B.M/

n .f I Œa; b�/.x/ just before the statement of Theorem 2.6.1 with the conclusion
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of Lemma 2.6.4, we can simplify the method to compute B.M/
n .f I Œa; b�/.x/ for some

x 2 Œa; b�. Let us choose j 2 f0; 1; : : : ; ng and x 2 Œa C .b � a/j=.n C 1/; a C .b �
a/.jC1/=.nC1/�. By properties of continuous functions, an immediate consequence
of Lemma 2.6.3 is that mk;n;j.x/ � 1 for all k 2 f0; 1; : : : ; ng. This implies that

n_

kD0

pn;k.x/ D pn;j.x/; x 2
�

a C .b � a/j

n C 1
; a C .b � a/.j C 1/

n C 1

	

: (2.20)

Therefore, denoting for each k 2 f0; 1; : : : ; ng and x 2 Œa C .b � a/j=.n C 1/;

a C .b � a/.j C 1/=.n C 1/�,

fk;n;j.x/ D mk;n;j.x/ � f .a C .b � a/k=n/; (2.21)

by the formula for B.M/
n .f I Œa; b�/.x/ just before the statement of Theorem 2.6.1 and

by (2.20) we obtain

B.M/
n .f I Œa; b�/.x/ D

n_

kD0

fk;n;j.x/; x 2
�

a C .b � a/j

n C 1
; a C .b � a/.j C 1/

n C 1

	

:

(2.22)

In what follows, suppose that u is a fuzzy number such that supp.u/ D Œa; b� and
core.u/ D Œc; d�. For n 2 N we introduce the function eB.M/

n .uI Œa; b�/ W R ! Œ0; 1�,
eB.M/

n .uI Œa; b�/.x/ D 0 for all x outside Œa; b� and we have eB.M/
n .uI Œa; b�/.x/ D

B.M/
n .uI Œa; b�/.x/ for all x 2 Œa; b�. From Theorem 2.6.1, it results that the order of

uniform approximation of the fuzzy number u byeB.M/
n .uI Œa; b�/ is !1.u; 1=

p
n/Œa;b�.

Then, since the restriction of u on the interval Œa; b� is a function like those
considered in Theorem 2.6.2, it results thateB.M/

n .uI Œa; b�/ is a quasiconcave function
on Œa; b�. Moreover, we have the following.

Theorem 2.6.5 (Bede–Coroianu–Gal [23]). Let u be a fuzzy number with
supp.u/ D Œa; b� and core.u/ D Œc; d� such that a � c < d � b. Then for
sufficiently large n, it results thateB.M/

n .uI Œa; b�/ is a fuzzy number such that:

(i) supp.u/ D supp
�
eB.M/

n .uI Œa; b�/
�

I
(ii) If core.eB.M/

n .uI Œa; b�// D Œcn; dn�, then jc � cnj � b�a
n and jd � dnj � b�a

n I
(iii) If, in addition, u is continuous on Œa; b�, then

ˇ
ˇeB.M/

n .uI Œa; b�/.x/ � u.x/
ˇ
ˇ � 12.Œb � a� C 1/!1

�

uI 1p
n C 1

�

Œa;b�

;

for all x 2 R.

Proof. Let n 2 N, such that b�a
n < d � c. By Theorem 2.6.2 it follows that

there exists c0 2 Œa; b� such that eB.M/
n .uI Œa; b�/ is nondecreasing on Œa; c0� and
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nonincreasing on Œc0; b�. On the other hand, from the definition of eB.M/
n .uI Œa; b�/,

it results that
�
�
�eB

.M/
n .uI Œa; b�/

�
�
� � kuk and since kuk D 1, it follows that

�
�
�eB

.M/
n .u/

�
�
� � 1. (Here k � k denotes the uniform norm on B.Œa; b�/-the space of

bounded functions on Œa; b�.) Therefore, to prove that eB.M/
n .u/ is a fuzzy number,

it suffices to prove the existence of ˛ 2 Œa; b� such that eB.M/
n .u/ D 1. Let

˛ D a C j.b � a/=n where j is chosen such that c < ˛ < d. Such j exists since
b�a

n < d � c. Since ˛ 2 core.u/, it results u.˛/ D 1. On the other hand, by

Lemma 2.6.4 it follows that eB.M/
n .uI Œa; b�/.˛/ � u.˛/ and clearly this implies that

eB.M/
n .uI Œa; b�/ is a fuzzy number. In what follows we prove punctually the rest of the

theorem.

(i) Firstly we have B.M/
n .uI Œa; b�/.a/ D u.a/ and B.M/

n .uI Œa; b�/.b/ D u.b/. Noting
the definitions of u andeB.M/

n .uI Œa; b�/, it follows thateB.M/
n .uI Œa; b�/.x/ D 0 is

outside of Œa; b�. Now, by u.x/ > 0 and eB.M/
n .uI Œa; b�/.x/ D B.M/

n .uI Œa; b�/.x/

for all x 2 .a; b/, we easily get that eB.M/
n .uI Œa; b�/.x/ > 0 for all x 2 .a; b/,

which proves (i).
(ii) Let us choose n 2 N such that .b � a/=n � d � c. Then let k.n; c/; k.n; d/ 2

f1; : : : ; n � 1g be such that

a C .b � a/ .k.n; c/ � 1/ =n < c � a C .b � a/k.n; c/=n

and

a C .b � a/k.n; d/=n � d < a C .b � a/ .k.n; d/ C 1/ =n:

Since .b�a/=n � d�c it is immediate that k.n; c/ � k.n; d/. In addition, by the
way k.n; c/ and k.n; d/ were chosen, we observe that u .a C .b � a/k=n/ D 1

for any k 2 fk.n; c/; : : : ; k.n; d/g and u .a C .b � a/k=n/ < 1 for any k 2
f0; : : : ; ng X fk.n; c/; : : : ; k.n; d/g. In what follows, we will often make use of
formulas (2.21)–(2.22) by adapting the notations to our case. Thus, for some
x 2 Œa C k.n; c/.b � a/=.n C 1/; a C .k.n; c/ C 1/.b � a/=.n C 1/�, we have

eB.M/
n .uI Œa; b�/.x/ D

n_

kD0

uk;n;k.n;c/.x/:

We observe that

uk.n;c/;n;k.n;c/.x/ D
D mk.n;c/;n;k.n;c/.x/u .a C .b � a/k.n; c/=n/ D u .a C .b � a/k.n; c/=n/ D 1

and by the definition of k.n; c/ and by Lemma 2.6.3 (see also formula (2.20))
it is immediate that for any k 2 f0; 1; : : : ; ng, we have
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u .a C .b � a/k.n; c/=n/

� u .a C .b � a/k=n/ � mk;n;k.n;c/.x/ � u .a C .b � a/k=n/ D uk;n;k.n;c/.x/

and hence

eB.M/
n .uI Œa; b�/.x/ D u .a C .b � a/k.n; c/=n/ D 1;

.8/ x 2 Œa C k.n; c/.b � a/=.n C 1/; a C .k.n; c/ C 1/.b � a/=.n C 1/� :

Performing similar reasonings we get that

eB.M/
n .uI Œa; b�/.x/ D u .a C .b � a/k.n; d/=n/ D 1;

.8/ x 2 Œa C k.n; d/.b � a/=.n C 1/; a C .k.n; d/ C 1/.b � a/=.n C 1/� :

Now let us choose arbitrarily x 2 .a C .b � a/.k.n; c/ � 1/=.n C 1/;

a C .b � a/k.n; c/=.n C 1//. We have

eB.M/
n .uI Œa; b�/.x/ D

n_

kD0

uk;n;k.n;c/�1.x/:

If k 2 fk.n; c/; : : : ; k.n; d/g, then

uk;n;k.n;c/�1.x/ D mk;n;k.n;c/�1.x/u .a C .b � a/k=n/ < u .a C .b � a/k=n/

D u .a C .b � a/k.n; c/=n/ DeB.M/
n .uI Œa; b�/.a C .b � a/k.n; c/=.n C 1//;

where we have used that mk;n;k.n;c/�1 < 1 since k ¤ k.n; c/ � 1 (see
Lemma 2.6.3). If k … fk.n; c/; : : : ; k.n; d/g, then

uk;n;k.n;c/�1.x/ D mk;n;k.n;c/�1.x/u .a C .b � a/k=n/

� u .a C .b � a/k=n/ < u .a C .b � a/k.n; c/=n/

DeB.M/
n .uI Œa; b�/.a C .b � a/k.n; c/=.n C 1//:

Summarizing, we get that
nW

kD0

uk;n;k.n;c/�1.x/ < eB.M/
n .uI Œa; b�/.a C .b �

a/k.n; c/=.n C 1// and this implies that

eB.M/
n .uI Œa; b�/.x/ <eB.M/

n .uI Œa; b�/.a C .b � a/k.n; c/=.n C 1//;

.8/x 2 .a C .b � a/.k.n; c/ � 1/=.n C 1/; a C .b � a/k.n; c/=.n C 1//:

By the quasiconcavity ofeB.M/
n .uI Œa; b�/ on Œa; b� it easily results that

eB.M/
n .uI Œa; b�/.x/ <eB.M/

n .uI Œa; b�/.a C .b � a/k.n; c/=.n C 1//;

.8/x 2 Œa; a C .b � a/k.n; c/=.n C 1//:
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By similar reasonings we get that

eB.M/
n .uI Œa; b�/.x/ <eB.M/

n .uI Œa; b�/.a C .b � a/.k.n; d/ C 1/=.n C 1//;

.8/x 2 .a C .b � a/.k.n; d/ C 1/=.n C 1/; b�:

From the above inequalities, noting that

eB.M/
n .uI Œa; b�/.a C .b � a/k.n; c/=.n C 1// D

D u .a C .b � a/k.n; c/=n/ D u.a C .b � a/k.n; d/=n/

DeB.M/
n .uI Œa; b�/.a C .b � a/.k.n; d/ C 1/=.n C 1// D 1;

we obtain that eB.M/
n .uI Œa; b�/ attains its maximum exclusively on the interval

Œa C .b � a/k.n; c/=.n C 1/; a C .b � a/.k.n; d/ C 1/=.n C 1/� which by

the definition of eB.M/
n .uI Œa; b�/ implies that core

�
eB.M/

n .uI Œa; b�/
�

D Œa C
.b � a/k.n; c/=.n C 1/; a C .b � a/.k.n; d/ C 1/=.n C 1/�. Now, denoting
cn D a C .b � a/k.n; c/=.n C 1/ we observe that both cn and c belong to the
interval Œa C .b � a/ .k.n; c/ � 1/ =n; a C .b � a/k.n; c/=n� of length .b�a/=n
and hence jc � cnj � .b�a/=n. Similarly, denoting dn D aC.b�a/.k.n; d/C
1/=.n C 1/ we get that jd � dnj � .b � a/=n and the proof of statement (ii) is
complete.

(iii) The proof is immediate by Theorem 2.6.1, taking into account the continuity
of u. �

The following corollary is an immediate consequence of the previous theorem.

Corollary 2.6.6 (Bede–Coroianu–Gal [23]). Let u be a continuous fuzzy number
with supp.u/ D Œa; b� and core.u/ D Œc; d� such that a � c < d � b. Then we
have

(i) core.eB.M/
n .uI Œa; b�// ! core.u/.

(ii) lim
n!1 DC.eB.M/

n .uI Œa; b�/; u/ D 0.

Proof. Relation (i) immediately follows from assertion (ii) of Theorem 2.6.5. Then
since for large enough n we have supp .eB.M/

n .uI Œa; b�// Dsupp.u/ and by assertion
(iii) of Theorem 2.6.5, it results that

DC
�
eB.M/

n .uI Œa; b�/; u
� D sup

x2Œa;b�

ˇ
ˇeB.M/

n .uI Œa; b�/.x/ � u.x/
ˇ
ˇ

� 12.Œb � a� C 1/!1

�

uI 1p
n C 1

�

Œa;b�

and since by the continuity of u we have !1

�
uI 1p

nC1

�

Œa;b�
! 0, we immediately

obtain that (ii) holds too. �
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From Theorem 2.6.5 and Corollary 2.6.6, it follows that the sequence of
Bernstein max-product operators attached to a continuous fuzzy number fulfil
the approximation and shape preserving properties mentioned in Sections 2.1–2.2
and hence they are a good example of an efficient convergent sequence of fuzzy
numbers.

Remarks. 1) If the fuzzy number u is unimodal, that is c D d, theneB.M/
n .uI Œa; b�/

is not necessarily a fuzzy number. But normalizingeB.M/
n .uI Œa; b�/, we obtain the

fuzzy number 1�
�
�eB.M/

n .uIŒa;b�/

�
�
�
eB.M/

n .uI Œa; b�/. (Recall that k � k denotes the uniform

norm). SinceeB.M/
n .uI Œa; b�/ ! u uniformly, we easily get that

1
�
�
�eB

.M/
n .uI Œa; b�/

�
�
�

eB.M/
n .uI Œa; b�/ ! u;

uniformly. Interestingly, similarly to the case of fuzzy numbers with non-
degenerated core, we can determine precisely the core of 1�

�
�eB.M/

n .uIŒa;b�/

�
�
�
eB.M/

n

.uI Œa; b�/. For simplicity, lets us denote

1
�
�
�eB

.M/
n .uI Œa; b�/

�
�
�

eB.M/
n .uI Œa; b�/ DbB.M/

n .uI Œa; b�/; n � 1:

Firstly, let us notice that for sufficiently large n, since u is quasiconcave on Œa; b�

it results the existence of k0 2 f0; : : : ; ng and l0 2 N, k0 C l0 � n, such that

u.aCk0.b�a/=n/ D u.aC.k0C1/.b�a/=n// D : : : D u.aC.k0Cl0/.b�a/=n//

and such that u.a C k.b � a/=n/ < u.a C k0.b � a/=n/, for any k 2 N satisfying
k < k0 or k0 C l0 < k � n. Note that for sufficiently large n we have 1 � k0 �
k0 C l0 � n � 1. Now reasoning as in the proof of Theorem 2.6.5, (ii), we easily
obtain that

core
�
bB.M/

n .uI Œa; b�/
�

D ŒaC.b�a/k0=.nC1/; aC.b�a/.k0 C l0 C1/=.nC1/�:

We must notice that in most situations there exists a neighborhood of c, Œc1; c2�

such that u strictly increases on Œc1; c� and u strictly decreases on Œc; c2�. For
sufficiently large n, let k.c/ 2 f0; : : : ; ng be such that

c 2 Œa C .b � a/k.c/=n; a C .b � a/.k.c/ C 1/=n�

and

c1 < a C .b � a/k.c/=n < a C .b � a/.k.c/ C 1/=n < c2:
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By the monotonicity of u it results that

u .a C .b � a/k=n/ < maxfu.a C .b � a/k.c/=n/; u.a C .b � a/.k.c/ C 1/=n/g;

for any k 2 f0; 1; : : : ; ng X fk.c/; k.c/ C 1g. From here it is immediate that

core
�
bB.M/

n .uI Œa; b�/
�

! core.u/.

Or, for n 2 N we introduce the fuzzy number un as follows. First, we choose
k.c; n/ such that

a C .b � a/ � k.c; n/

.n C 1/
� c � a C .b � a/ � .k.c; n/ C 1

.n C 1/
:

For x outside the interval .aC.b�a/ �.k.c; n/�1/=.nC1/; aC.b�a/ �.k.c; n/C2/=

.n C 1//, we take un.x/ D u.x/. For x 2 Œa C .b � a/ � k.c; n/=.n C 1/; a C .b � a/ �

.k.c; n/ C 1/=.n C 1/� we take un.x/ D 1. Finally, in the missing intervals we take
linear functions so that the continuity of un is ensured.

In addition, it follows that there exists a constant C independent of n, such that

!1

�

unI 1p
n C 1

�

Œa;b�

� C!1

�

uI 1p
n C 1

�

Œa;b�

:

Indeed, it is clear that it suffices to compare the two moduli only on one of the two
subintervals (each of them of length .b�a/=.nC1/) where un.x/ is a linear function.
If !1.unI 1=

p
n C 1/ is attained on the left-hand side interval, it easily follows that

it is less than

ju.c/ � uŒc � 2.b � a/=.n C 1/�j
� Œ2.b � a/ C 1�!1.uI 1=.n C 1//Œa;b�

� Œ2.b � a/ C 1�!1.uI 1=
p

n C 1/Œa;b�:

If !1.unI 1=
p

n C 1/Œa;b� is attained in an interval where un.x/ is not entirely linear,
by decomposing that interval into two consecutive subintervals, such that on one
un.x/ is linear and on the other one coincides with u.x/ (by construction), by the
triangle inequality it easily follows that

!1.unI 1=
p

n C 1/Œa;b� � !1.uI 1=
p

n C 1/Œa;b�

CŒ2.b � a/ C 1�!1.uI 1=
p

n C 1/Œa;b�:

Now, since a C .b � a/ � k.c; n/=n 2 core.un/, it follows that un.aC.b�a/ �
k.c; n/=n/D1, which by Lemma 2.6.4 implies

eB.M/
n .unI Œa; b�/.a C .b � a/ � k.c; n/=n/ D 1:



110 2 Approximation by Max-Product Bernstein Operators

Consequently, we get that eB.M/
n .unI Œa; b�/ is a proper fuzzy number and since

lim
n!1core.un/Dc, by Theorem 2.6.5, (ii), we get that lim

n!1.coreeB.M/
n .unI Œa; b�//Dc.

We prove now thateB.M/
n .unI Œa; b�/ ! u, uniformly on Œa; b�. We have

ˇ
ˇeB.M/

n .unI Œa; b�/.x/ � u.x/
ˇ
ˇ � ˇ

ˇeB.M/
n .unI Œa; b�/.x/ � un.x/

ˇ
ˇC jun.x/ � u.x/j

� 12.Œb � a� C 1/!1

�

unI 1p
n C 1

�

Œa;b�

C jun.x/ � u.x/j

� 12C.Œb � a� C 1/!1

�

uI 1p
n C 1

�

Œa;b�

C jun.x/ � u.x/j :

Since jun.x/ � u.x/j � 2.Œb � a� C 1/!1

�
uI 1

nC1

�
Œa;b�

, we obtain

ˇ
ˇeB.M/

n .unI Œa; b�/.x/ � u.x/
ˇ
ˇ

� 12C.Œb � a� C 1/!1

�

uI 1p
n C 1

�

Œa;b�

C 2.Œb � a� C 1/!1

�

uI 1

n C 1

�

Œa;b�

and this proves thateB.M/
n .unI Œa; b�/ ! u, uniformly on Œa; b�.

2) From Theorem 2.6.5 it follows that the max-product Bernstein operator, B.M/
n ,

is more convenient for approximating fuzzy numbers than the classical linear
Bernstein operator, Bn. While the order of uniform approximation is the
same, the max-product Bernstein operator preserves better the shape of the
approximated fuzzy number. In fact, it is easy to prove that if the fuzzy number
u has a continuous membership function, then as n increases to 1 we have
kBn.uI Œa; b�/k < 1. Of course, if we normalize Bn.uI Œa; b�/, then we obtain
a fuzzy number (it is known that the linear Bernstein operator preserves the
quasiconcavity, see, e.g., Section 2.2), but the core of the normalized linear
Bernstein operator one reduces to a point which is inconvenient in the case when
the core of u is a proper interval.

3) For practical considerations it is useful to study the problem of approximating
fuzzy numbers that are of Lipschitz-type. For example, let us suppose that the
fuzzy number u is ˛-Lipschitz on Œa; b�, of order ˛ 2 .0; 1�, i.e.,

ju.x/ � u.y/j � Mjx � yj˛; 8x; y 2 Œa; b�;

with some absolute constant M. By Theorem 2.6.5, (iii), we have
ˇ
ˇeB.M/

n .uI Œa; b�/.x/ � u.x/
ˇ
ˇ � 12.Œb � a� C 1/M.n C 1/�˛=2;

Now let " > 0 be arbitrary. Then we have

.12.b � a/ C 1/M.n C 1/�˛=2 < ";

for any n � n0 D Œ. C
"
/.2=˛/� C 1, with C D .12.b � a/ C 1/M, where Œ�� stands

for the integer part of x.
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4) It can be easily proved that if u is a unimodal continuous fuzzy number then

the sequence
�
eB.M/

n .unI Œa; b�/
�

(no matter which construction is used from those

presented in Remark 1) then all the requirements of Corollary 2.6.6 hold.

Example. Let us consider the fuzzy number given Qf .x/Df .x/ if x 2 Œ0; 1�, Qf .x/D0,
otherwise, where f is the example of the function from the end of Section 2.4.

In Figure 2.1, we can compare the classical and the nonlinear max-product Bern-
stein operators in approximating this fuzzy number. We can easily see that on the
support of Qf , the classical linear operator marked with dotted line is outperformed
by the max-product operator marked with dashed line, this being almost coincident
with the target fuzzy number at its core. The theoretical conclusions of the present
section are well illustrated by this particular example too.

In what follows, for a fuzzy number written in the parametric form u D
.u�; uC/, we can attach the max-product Bernstein operators B.M/

n .u�I Œ0; 1�/

and B.M/
n .uCI Œ0; 1�/. Since B.M/

n preserves the monotonicity, it follows that
B.M/

n .u�I Œ0; 1�/ is nondecreasing and B.M/
n .uCI Œ0; 1�/ is nonincreasing. In addition

we have

B.M/
n .u�I Œ0; 1�/.0/ D u�.0/; B.M/

n .u�I Œ0; 1�/.1/ D u�.1/;

B.M/
n .v�I Œ0; 1�/.0/ D v�.0/ and B.M/

n .v�I Œ0; 1�/.1/ D v�.1/. In conclusion we

obtain that B
.M/

n .u/ D .B.M/
n .u�I Œ0; 1�/; B.M/

n .uCI Œ0; 1�// is a proper fuzzy number
which in addition preserves the core and the support of u.

The following result holds.

Theorem 2.6.7 (Bede–Coroianu–Gal [23]). Let u D .u�; uC/ be a positive fuzzy
number with the level functions u� and uC continuous. Then, denoting un WD
.u�

n ; uC
n / D B

.M/

n .u/, we have

(i)

eDC

�
B

.M/

n .u/; u
�

� 12 max

(

!1

�

u�I 1p
n C 1

�

Œ0;1�

;

�

uCI 1p
n C 1

�

Œ0;1�

)

, for all n 2 NI

(ii)

EI.un/ ! EI.u/;

width.un/ ! width.u/ and

Ambs.un/ ! Ambs.u/;

Ambs.un/ ! Ambs.u/; k 2 N:

for any reduction function s W Œ0; 1� ! Œ0; 1�.
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Proof. (i) The proof is immediate by the continuity of u and the definition of

B
.M/

n .u/, taking into account Theorem 2.1.5 too.
(ii) We will use relations (1.41), (1.42), and (1.43) which define the expected

interval, ambiguity, and value, respectively, and the formula for the width.

Analyzing these formulas, from un D B
.M/

n .u/ WD .u�
n ; uC

n /, we conclude that
in order to obtain the required convergence of the expected interval, width,
ambiguity and of the expected value of un, it suffices to prove that

lim
n!1

1Z

0

s.˛/u�
n .˛/d˛ D

1Z

0

s.˛/u�.˛/d˛

and

lim
n!1

1Z

0

s.˛/uC
n .˛/d˛ D

1Z

0

s.˛/uC.˛/d˛;

for any s.˛/ D ˛k, with fixed k 2 N
Sf0g.

Indeed, taking s D ˛0 D 1, we easily get the convergence of the expected interval
and of the width. Therefore, let now k � 1 be fixed. For every n 2 N, we easily get

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

1Z

0

s.˛/u�
n .˛/d˛ �

1Z

0

s.˛/u�.˛/d˛

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

� s.1/

1Z

0

ˇ
ˇu�

n .˛/ � u�.˛/
ˇ
ˇ d˛

� s.1/eDC.un; u/;

which easily implies that lim
n!1

1R

0

s.˛/u�
n .˛/d˛ D

1R

0

s.˛/u�.˛/d˛. The proof of the

second equality (for uC) is similar, so that we omit the details. �

If the fuzzy number u is not positive, i:e. u�.0/ < 0, then there are many
possibilities to attach a modified max-product Bernstein operator. For example, we
can define

P
.M/

n .u/ D .B.M/
n .u� � u�.0/I Œ0; 1�/ C u�.0/; B.M/

n .uC � u�.0/I Œ0; 1�// C u�.0//:

It is easily seen that supp
�

P
.M/

n .u/
�

Dsupp.u/ and core
�

P
.M/

n .u/
�

Dcore.u/. If u�

and uC both are continuous, then it is immediate that we have the same kind of
estimates in Theorem 2.6.7, when we replace there B

.M/

n .u/ with P
.M/

n .u/.
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2.6.2 L1-Approximation

In this subsection, approximations results with respect to the metrics D1 and d1 are
presented. In this sense, we will prove that using the max-product Bernstein opera-
tor, for some particular classes of fuzzy numbers we obtain a better approximation
with respect to the metric D1 than that with respect to the metric DC.

Recall first that a function f W Œa; b� ! R is called of bounded variation if there
exists a positive constant C > 0, such that for any m 2 N and any partition of Œa; b�,
a D x0 < x1 < � � � < xm D b, we have

mX

jD0

jf .xjC1/ � f .xj/j � C:

The supremum of the above sum after all the possible partitions of Œa; b� is called
the total variation of f on Œa; b� and it is denoted by Vb

a .f /.
It is known that a function of bounded variation is not necessarily continuous on

Œa; b�. For example, any monotonous function f is of bounded variation and Vb
a .f / D

jf .b/ � f .a/j. Another important fact is that according to the Jordan’s theorem, a
function f W Œa; b� ! R is with bounded variation on Œa; b� if and only if there exist
two nondecreasing functions f1; f2 W Œa; b� ! R such that f D f1 � f2 on Œa; b�.

It is worth noting that any fuzzy number is of bounded variation on its support.
Indeed, let u be an arbitrary fuzzy number so that supp.u/ D Œa; b� and core.u/ D

Œc; d�, with a � c � d � b. By Definition 1.2.1, there exist ls W Œa; c� ! R

nondecreasing and ld W Œd; b� nonincreasing, such that u.x/ D ls.x/ for x 2 Œa; c�,
u.x/ D ld.x/ for x 2 Œd; b� and u.x/ D 1 for x 2 Œc; d�.

We have

Lemma 2.6.8 (Bede–Coroianu–Gal [23]). If u is a fuzzy number defined as above,
then Vb

a .u/ � 2 and we can write

u.x/ D u1.x/ � u2.x/; for all x 2 Œa; b�;

where u1 and u2 are nondecreasing and are given by

u1.x/ D ls.x/; if x 2 Œa; c�; u1.x/ D 1 if x 2 Œc; b�;

and

u2.x/ D 0; if x 2 Œa; d�; u2.x/ D 1 � ld.x/ if x 2 Œd; b�:

Proof. Let us consider an arbitrary partition of Œa; b�, a D x0 < x1 < � � � < xm D b.
Without any loss of generality we may suppose that there exists k0 2 f1; 2; : : : ; mg
such that xk0 D d. Indeed, if not, then we can consider a finer partition of Œa; b� which
contains d and for which the corresponding sum is larger than

Pm
jD0 ju.xjC1/�u.xj/j.

Therefore, it suffices to find an upper bound for sums corresponding to partitions
which contain d. Then it is immediate that
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mX

jD0

ju.xjC1/ � u.xj/j D
k0�1X

jD0

ju.xjC1/ � u.xj/j C
mX

jDk0

ju.xjC1/ � u.xj/j

and by the monotonicity properties of u on Œa; b� it easily results that

mX

jD0

ju.xjC1/ � u.xj/j D u.d/ � u.a/ C u.d/ � u.b/ D 2:

The decomposition is immediate, which proves the lemma. �

Because of the Lemma 2.6.8, we will deal only with the approximation of
functions with bounded variation, for simplicity firstly considered defined on Œ0; 1�.

For any k; j 2 f0; 1; ::ng, let us define the functions fk;n;j W Œ j
nC1

; jC1

nC1
� ! R,

fk;n;j.x/ D
�n

k

�

�n
j

�
� x

1 � x

�k�j
f

�
k

n

�

:

By the notations from Lemma 2.6.3 (for a D 0 and b D 1/ it follows that fk;n;j.x/ D
mk;n;j.x/f

�
k
n

�
for every k; j 2 f0; 1; ::ng and, by the conclusion of the same lemma,

it results that

fk;n;j.x/ � f

�
k

n

�

;

for all k; j 2 f0; 1; ::ng and x 2
h

j
nC1

; jC1

nC1

i
. Then it is known that for any j 2

f0; 1; : : : ; ng and x 2 Œ j
nC1

; jC1

nC1
� we can write

B.M/
n .f I Œ0; 1�/.x/ D

n_

kD0

fk;n;j.x/:

The first main result is the following.

Theorem 2.6.9 (Bede–Coroianu–Gal [23]). Let f W Œ0; 1� ! Œ0; 1/ be with
bounded variation on Œ0; 1�, such that g.t/ D f .t/=t is nonincreasing on .0; 1� and
h.t/ D f .t/=.1 � t/ is nondecreasing on Œ0; 1/.

Then for all n 2 N we have

Z 1

0

jB.M/
n .f I Œ0; 1�/.x/ � f .x/jdx � C

n C 1
;

where f D f1�f2, with f1; f2 nondecreasing on Œa; b� and C D 2ŒV1
0 .f1/CV1

0 .f2/Ckf k�

(k � k denotes here the uniform norm).
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Proof. By the hypothesis on g and h and by the proof of Corollary 2.1.10, we can
write

B.M/
n .f I Œ0; 1�/.x/ D maxffj�1;n;j.x/; fj;n;j.x/; fjC1;n;j.x/g;

for all x 2 Œj=.n C 1/; .j C 1/=.n C 1/�, j D 0; 1; : : : ; n � 1 (with f�1;n;0.x/ D 0 by
convention).

For x 2 Œj=.n C 1/; .j C 1/=.n C 1/�, we have two cases:

Case A. B.M/
n .f I Œ0; 1�/.x/ D fj;n;j.x/ or B.M/

n .f I Œ0; 1�/.x/ D fjC1;n;j.x/, which will

imply B.M/
n .f I Œ0; 1�/.x/ D maxffj;n;j.x/; fjC1;n;j.x/g ;

Case B. B.M/
n .f I Œ0; 1�/.x/ D fj�1;n;j.x/, which will imply

B.M/
n .f I Œ0; 1�/.x/ D maxffj�1;n;j.x/; fj;n;j.x/g:

Case A. Since f is with bounded variation let f1, f2 W Œ0; 1� ! R be nondecreasing
functions satisfying f D f1 � f2.
Firstly, we easily notice that

Z 1

n=.nC1/

jB.M/
n .f I Œ0; 1�/.x/ � f .x/jdx � 2 kf k

n C 1
:

Indeed, this is immediate since by the definition of B.M/
n .f I Œ0; 1�/ it easily follows

that
�
�
�B.M/

n .f I Œ0; 1�/
�
�
� � kf k. It will be useful later to write the above inequality as

Z 1

n=.nC1/

jB.M/
n .f I Œ0; 1�/.x/ � f .x/jdx

� 1

n C 1
� jf1.n=.n C 1// � f1.1/j

C 1

n C 1
� jf2.n=.n C 1// � f2.1/j C 2 kf k

n C 1
: (2.23)

Let us suppose now that j 2 f0; 1; : : : ; n � 1g. We distinguish two cases:

Case (i). Let x 2 Œj=.nC1/; .jC1/=.nC1/� be fixed such that B.M/
n .f I Œ0; 1�/.x/ D

fj;n;j.x/. Since fj;n;j.x/ D f . j
n / D f1. j

n / � f2. j
n /, it follows that

ˇ
ˇB.M/

n .f I Œ0; 1�/.x/ � f .x/
ˇ
ˇ

D
ˇ
ˇ
ˇ
ˇf .

j

n
/ � f .x/

ˇ
ˇ
ˇ
ˇ D

ˇ
ˇ
ˇ
ˇ

�

f1.
j

n
/ � f2.

j

n
/

�

� .f1.x/ � f2.x//

ˇ
ˇ
ˇ
ˇ

�
ˇ
ˇ
ˇ
ˇf1.

j

n
/ � f .x/

ˇ
ˇ
ˇ
ˇC

ˇ
ˇ
ˇ
ˇf2.

j

n
/ � f .x/

ˇ
ˇ
ˇ
ˇ
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� jf1.j=.n C 1// � f1..j C 1/=.n C 1//j
C jf2.j=.n C 1// � f2..j C 1/=.n C 1//j;

by the monotonicity of f1 and f2 and by j=n 2 Œj=.n C 1/; .j C 1/=.n C 1/�.
Case (ii). Let x 2 Œj=.n C 1/; .j C 1/=.n C 1/� be such that B.M/

n .f I Œ0; 1�/.x/ D
fjC1;n;j.x/. We have two subcases:

(iia) B.M/
n .f I Œ0; 1�/.x/ � f .x/, when evidently fj;n;j.x/ � fjC1;n;j.x/ � f .x/ and

we immediately get
ˇ
ˇB.M/

n .f I Œ0; 1�/.x/ � f .x/
ˇ
ˇ

D ˇ
ˇfjC1;n;j.x/ � f .x/

ˇ
ˇ

D f .x/ � fjC1;n;j.x/ � f .x/ � f .j=n/ D jf .j=n/ � f .x/j
� jf1.j=.n C 1// � f1..j C 1/=.n C 1//j

Cjf2.j=.n C 1// � f2..j C 1/=.n C 1//j:
(iib) B.M/

n .f I Œ0; 1�/.x/ > f .x/, when
ˇ
ˇB.M/

n .f I Œ0; 1�/.x/ � f .x/
ˇ
ˇ D fjC1;n;j.x/ � f .x/ � f ..j C 1/=n/ � f .x/

� jf1..j C 1/=n/ � f1.x/j C jf2..j C 1/=n/ � f2.x/j
� jf1..j C 1/=.n C 1// � f1.j=.n C 1//j
C jf1..j C 2/=.n C 1// � f1..j C 1/=.n C 1//j
C jf2..j C 1/=.n C 1// � f2.j=.n C 1//j
C jf2..j C 2/=.n C 1// � f2..j C 1/=.n C 1//j:

Therefore, for all x 2 Œj=.n C 1/; .j C 1/=.n C 1/� and j 2 f0; 1; : : : ; n � 1g we get

jB.M/
n .f I Œ0; 1�/.x/ � f .x/j

� jf1..j C 1/=.n C 1// � f1.j=.n C 1//j
C jf1..j C 2/=.n C 1// � f1..j C 1/=.n C 1//j
C jf2..j C 1/=.n C 1// � f2.j=.n C 1//j
C jf2..j C 2/=.n C 1// � f2..j C 1/=.n C 1//j

and integrating this inequality on Œj=.n C 1/; .j C 1/=.n C 1/�, it follows

Z .jC1/=.nC1/

j=.nC1/

jB.M/
n .f I Œ0; 1�/.x/ � f .x/jdx



2.6 Applications to Approximation of Fuzzy Numbers 117

� 1

n C 1
Œjf1..j C 1/=.n C 1// � f1.j=.n C 1//j�

C 1

n C 1
Œjf1..j C 2/=.n C 1// � f1..j C 1/=.n C 1//j�

C 1

n C 1
Œjf2..j C 1/=.n C 1// � f2.j=.n C 1//j�

C 1

n C 1
Œjf2..j C 2/=.n C 1// � f2..j C 1/=.n C 1//j�:

Summing for j from 0 to n � 1, we immediately get

Z n=.nC1/

0

jB.M/
n .f I Œ0; 1�/.x/ � f .x/jdx

� 1

n C 1
�

n�1X

jD0

jf1..j C 1/=.n C 1// � f1.j=.n C 1//j

C 1

n C 1
�

n�1X

jD0

jf2..j C 1/=.n C 1// � f2.j=.n C 1//j

C 1

n C 1

n�1X

jD0

jf1..j C 2/=.n C 1// � f1..j C 1/=.n C 1//j

C 1

n C 1

n�1X

jD0

jf2..j C 2/=.n C 1// � f2..j C 1/=.n C 1//j

D 1

n C 1
�

n�1X

jD0

jf1..j C 1/=.n C 1// � f1.j=.n C 1//j

C 1

n C 1
�

n�1X

jD0

jf2..j C 1/=.n C 1// � f2.j=.n C 1//j

C 1

n C 1
�

nX

jD1

jf1..j C 1/=.n C 1// � f1.j=.n C 1//j

C 1

n C 1
�

nX

jD1

jf2..j C 1/=.n C 1// � f2.j=.n C 1//j
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Taking now into account the inequality (2.23) from the beginning of the proof
too, it follows

Z 1

0

jB.M/
n .f I Œ0; 1�/.x/ � f .x/jdx

� 1

n C 1
�

nX

jD0

jf1..j C 1/=.n C 1// � f1.j=.n C 1//j

C 1

n C 1
�

nX

jD0

jf2..j C 1/=.n C 1// � f2.j=.n C 1//j

C 1

n C 1
�

nX

jD1

jf1..j C 1/=.n C 1// � f1.j=.n C 1//j

C 1

n C 1
�

nX

jD1

jf2..j C 1/=.n C 1// � f2.j=.n C 1//j C 2 kf k
n C 1

� 2

n C 1

nX

jD0

jf1..j C 1/=.n C 1// � f1.j=.n C 1//j

C 2

n C 1

nX

jD0

jf2..j C 1/=.n C 1// � f2.j=.n C 1//j C 2 kf k
n C 1

D 2

n C 1

�
V1

0 .f1/ C V1
0 .f2/ C kf k�

and taking C D 2
�
V1

0 .f1/ C V1
0 .f2/ C kf k� we easily obtain the desired conclu-

sion for the Case A.

Case B. The reasonings are absolutely similar to the Case A, so that we omit the
proof. �

Corollary 2.6.10 (Bede–Coroianu–Gal [23]).

(i) Let f W Œ0; 1� ! Œ0; 1/ be nondecreasing on Œ0; 1�, such that g.t/ D f .t/=t is
nonincreasing on .0; 1�.

Then for all n 2 N we have

Z 1

0

jB.M/
n .f I Œ0; 1�/.x/ � f .x/jdx � 2Œf .1/ � f .0/�

n C 1
:

(ii) Let f W Œ0; 1� ! Œ0; 1/ be nonincreasing on Œ0; 1�, such that h.t/ D f .t/=.1 � t/
is nondecreasing on .0; 1�.
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Then for all n 2 N we have

Z 1

0

jB.M/
n .f I Œ0; 1�/.x/ � f .x/jdx � 2Œf .0/ � f .1/�

n C 1
:

Proof. (i) By the hypothesis it is clear that h.t/ D f .t/=.1 � t/ is nondecreasing
on Œ0; 1/.

Now, since f is nondecreasing, for all x 2 Œj=.n C 1/; .j C 1/=.n C 1/�,
j D 0; 1; ::; n, we have

B.M/
n .f I Œ0; 1�/.x/ D

n_

kDj

fk;n;j.x/

and for j D n we get B.M/
n .f I Œ0; 1�/.x/ D f .1/ for all x 2 Œn=.n C 1/; 1�.

Therefore, it is clear that for all x 2 Œn=.n C 1/; 1� we have

jB.M/
n .f I Œ0; 1�/.x/ � f .x/j � jf .n=.n C 1// � f .1/j;

which immediately implies

Z 1

n=.nC1/

jB.M/
n .f I Œ0; 1�/.x/ � f .x/jdx � 1

n C 1
� jf .n=.n C 1// � f .1/j:

Reasoning as in the above Theorem 2.6.9 for f1 D f and f2 D 0 we easily obtain
that we can take C D 2Œf .1/ � f .0/� in the proof of the previous theorem.

(ii) By the hypothesis it is clear that g.t/ D f .t/=t is nonincreasing on .0; 1�.
Reasoning as in the above case (i), we easily get the desired estimate. �

Corollary 2.6.11 (Bede–Coroianu–Gal [23]). If f W Œ0; 1� ! Œ0; C1/ is a
concave and monotonous function on Œ0; 1�, then

Z 1

0

ˇ
ˇB.M/

n .f I Œ0; 1�/.x/ � f .x/
ˇ
ˇ dx � 2jf .1/ � f .0/j

n C 1
; for all n 2 N:

Proof. By Lemma 2.1.9, since f is concave it follows that g.t/ D f .t/=t is
nonincreasing on .0; 1� and h.t/ D f .t/=.1 � t/ is nondecreasing on Œ0; 1/. Then,
the desired estimate is a direct consequence of Corollary 2.6.10. �

Remarks. 1) By Corollary 2.1.11, for concave monotonous functions, the approx-
imation in the uniform norm k � k is given by

kB.M/
n .f I Œ0; 1�/ � f k � 2!1.f I 1=n/Œ0;1�; for all n 2 N:
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Comparing with the estimate in the above Corollary 2.6.11, it is clear that the
estimate in the uniform norm by the Bernstein max-product operator is weaker
than that in the L1-norm. Indeed, it suffices to take f .x/ D p

x, x 2 Œ0; 1�, which
is a concave nondecreasing function on Œ0; 1�. Therefore, Corollary 2.6.11 gives
the approximation order 1

n , while in the uniform norm we get the approximation
order !1.f I 1=n/Œ0;1� D f .1=n/ � f .0/ D 1p

n
.

2) By simple reasonings, we can deduce other classes of functions satisfying the
hypothesis in Corollary 2.6.10. For example, it follows that if f W Œ0; 1� ! Œ0; 1/

is a convex, nondecreasing function satisfying f .x/

x � f .1/ for all x 2 Œ0; 1�,

then the function g W .0; 1� ! Œ0; 1/; g.x/ D f .x/

x is nonincreasing and as a
consequence for f is valid the conclusion of Corollary 2.6.10, (i). Indeed, for
simplicity let us suppose that f 2 C1Œ0; 1� and denote F.x/ D xf 0.x/ � f .x/,
x 2 Œ0; 1�. Then g0.x/ D F.x/

x2 , for all x 2 .0; 1�. Since the inequality f .x/

x � f .1/

can be written as f .1/�f .x/

1�x � f .1/, for all x 2 Œ0; 1/, passing to limit with x ! 1

it follows f 0.1/ � f .1/, which implies (since f 0 is nondecreasing)

F.x/ � xf 0.1/ � f .x/ � xf 0.1/ � xf .1/ D xŒf 0.1/ � f .1/� � 0; for all x 2 .0; 1�:

This means that g.x/ is nonincreasing.

Analogously, if f W Œ0; 1� ! Œ0; 1/ is a convex, nonincreasing function satisfying
f .x/

1�x � f .0/, then for f is valid the conclusion of Corollary 2.6.10, (ii).
It is worth noting that according to the Remark after the proof of Corollary 2.1.11,

for these classes of functions too, the error estimate in the uniform norm by
Bernstein max-product operator is weaker than that in the L1-norm.

Now, in order to apply the above results to the approximation of fuzzy numbers,
reasoning as in the previous section we will extend them to an arbitrary compact
interval Œa; b�, a < b, as follows.

For any k; j 2 f0; 1; : : : ; ng we define (similarly as for the case a D 0, b D 1) the

functions fk;n;j W
h
a C .b�a/j

nC1
; a C .b�a/.jC1/

nC1

i
! R,

fk;n;j.x/ D
�n

k

�

�n
j

�
�x � a

b � x

�k�j
f

�

a C k.b � a/

n

�

:

Thus, we can prove the following.

Theorem 2.6.12 (Bede–Coroianu–Gal [23]). Let f W Œa; b� ! Œ0; 1/ be with
bounded variation on Œa; b�, such that f .y/=.y � a/ is nonincreasing on .a; b� and
f .y/=.b � y/ is nondecreasing on Œa; b/. Then there exists C > 0 which depends only
on f such that

Z b

a
jB.M/

n .f I Œa; b�/.x/ � f .x/jdx � C

n C 1
; for all n 2 N:
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Proof. We define the function G W Œ0; 1� ! R, G.y/ D f .a C .b � a/y/. It is
immediate that (see the beginning in the proof of Theorem 2.6.1, (i)),

Z b

a
jB.M/

n .f I Œa; b�/.x/ � f .x/jdx D .b � a/

Z 1

0

jB.M/
n .GI Œ0; 1�/.x/ � G.x/jdx:

Then, it is easy to see that G satisfies the hypothesis of Theorem 2.6.9, namely that
G is of bounded variation on Œ0; 1�, g.t/ D G.t/=t is nonincreasing on .0; 1� and
h.t/ D G.t/=.1 � t/ is nondecreasing on Œ0; 1/. Indeed, this follows immediately
denoting y D aC.b�a/t 2 .a; b� for all t 2 .0; 1�, which implies t D .y�a/=.b�a/

and

g.t/ D G.t/=t D f .a C .b � a/t/=t D .b � a/f .y/=.y � a/

and

h.t/ D G.t/=.1 � t/ D f .a C .b � a/t/=.1 � t/ D .b � a/f .y/=.b � y/:

Therefore, it results the existence of a constant CG which depends only on G, such
that

Z 1

0

jB.M/
n .GI Œ0; 1�/.x/ � G.x/jdx � CG

n C 1
; for all n 2 N:

But since the function G depends on f we easily obtain that actually CG depends
only on f . Now taking C D .b � a/CG, we get the desired conclusion. �

The following application to the approximation of fuzzy numbers holds.

Theorem 2.6.13 (Bede–Coroianu–Gal [23]). If u denotes a fuzzy number with
supp.u/ D Œa; b� and core.u/ D Œc; d� and the restriction of u to the interval Œa; b�

satisfies the hypotheses of Theorem 2.6.12 (the condition to be of bounded variation
is implicitly satisfied by Lemma 2.6.8), then for all n 2 N we have

D1.eB.M/
n .uI Œa; b�/; u/ D

Z

R

ˇ
ˇeB.M/

n .uI Œa; b�/.x/ � u.x/
ˇ
ˇ dx � 6.b � a/

n C 1
:

Proof. Reasoning as in the proof of the previous theorem we define the fuzzy
number v, where v.x/ D 0 outside Œ0; 1� and v.x/ D u.aC.b�a/x/ for all x 2 Œ0; 1�.
It is immediate that supp.v/ D Œ0; 1�. Reasoning for v as we did for G in the previous
theorem, for some n 2 N we get

Z

R

ˇ
ˇeB.M/

n .uI Œa; b�/.x/ � u.x/
ˇ
ˇ dx � .b � a/Cv

n C 1
;
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where, since the restriction of v to the interval Œ0; 1� satisfies the hypothesis of
Theorem 2.6.9, we can take

Cv D 2ŒV1
0 .v1/ C V1

0 .v2/ C kvk�:

Here v1 and v2 are defined on the same pattern as u1 and u2 in Lemma 2.6.8.
Therefore, it is immediate that V1

0 .v1/ D V1
0 .v2/ D 1 and since, on the other hand,

kvk D 1, we obtain that Cv D 6. This finishes the proof. �

Remark. In the above theorem we can assume that for sufficiently large n,
eB.M/

n .uI Œa; b�/ is a proper fuzzy number. Indeed, if u is unimodal, then by Remark 1
after the proof of Corollary 2.6.6 we can construct a fuzzy number which coincides
witheB.M/

n .uI Œa; b�/, excepting an interval of length 3.b�a/=n and this easily implies
that if in the integral, we replaceeB.M/

n .uI Œa; b�/ with its corresponding fuzzy number,
then we obtain the same type of estimation.

Finally, since u� and uC are monotonous functions, taking into account the

notations for the fuzzy number B
.M/

n .u/ just before the statement of Theorem 2.6.7,
with respect to the metric d1 we immediately obtain the following result.

Corollary 2.6.14 (Bede–Coroianu–Gal [23]). Suppose that u D .u�; uC/ is a
fuzzy number such that u� satisfies the hypothesis of Corollary 2.6.10, (i), and uC
satisfies the hypothesis of Corollary 2.6.10, (ii). Then, for all n 2 N we have

d1.u; B
.M/

n .u// � 2Œu�.1/ � u�.0/ C uC.0/ � uC.1/�

n C 1

and

jwidth.u/ � width.B
.M/

n .u//j � d1.u; B
.M/

n .u/:

2.7 Bivariate Max-Product Bernstein Operators

In this section, starting from the two kinds of Bernstein polynomials of two variables
attached to a function of two variables, f .x; y/, defined by

Bn;m.f /.x; y/ D
nX

iD0

mX

jD0

pn;i.x/pm;j.y/f .i=n; j=m/

D
Pn

iD0

Pm
jD0 pn;i.x/pm;j.y/f .i=n; j=m/

Pn
iD0

Pm
jD0 pn;i.x/pm;j.y/

; .x; y/ 2 Œ0; 1�2; n; m 2 N;
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where f W Œ0; 1� � Œ0; 1� ! R (see Hildebrandt–Schoenberg [100], Butzer [40]) and

Tn.f /.x; y/ D
nX

iD0

n�iX

jD0

 
n

i

! 
n � i

j

!

xiyj.1 � x � y/n�i�jf .i=n; j=n/

D
Pn

iD0

Pn�i
jD0

�n
i

��n�i
j

�
xiyj.1 � x � y/n�i�jf .i=n; j=n/

Pn
iD0

Pn�i
jD0

�n
i

��n�i
j

�
xiyj.1 � x � y/n�i�j

; x � 0; y � 0; x C y � 1;

where f W 	 ! R, 	 D f.x; y/I x � 0; y � 0; xCy � 1g (see the book Lorentz [113],
p. 51), we make a similar study with that in the univariate case, for the following two
bivariate max-product Bernstein operators, defined by

B.M/
n;m .f /.x; y/ D

Wn
iD0

Wm
jD0 pn;i.x/pm;j.y/f .i=n; j=m/

Wn
iD0

Wm
jD0 pn;i.x/pm;j.y/

D
Wn

iD0

Wm
jD0 pn;i.x/pm;j.y/f .i=n; j=m/

Wn
iD0 pn;i.x/ �Wm

jD0 pm;j.y/
; .x; y/ 2 Œ0; 1�2; n; m 2 N; (2.24)

and

T.M/
n .f /.x; y/ D

Wn
iD0

Wn�i
jD0

�n
i

��n�i
j

�
xiyj.1 � x � y/n�i�jf .i=n; j=n/

Wn
iD0

Wn�i
jD0

�n
i

��n�i
j

�
xiyj.1 � x � y/n�i�j

; (2.25)

.x; y/ 2 	; n 2 N;

respectively.

Remarks. 1) Since we have
Wn

iD0 pn;i.x/ �Wm
jD0 pm;j.y/ > 0 for all x; y 2 Œ0; 1� and

by Lemma 2.1.4 in the univariate case, we explicitly can write

n_

iD0

pn;i.x/ �
m_

jD0

pm;j.y/ D pn;r.x/ � pm;s.y/;

for all .x; y/ 2
�

r

n C 1
;

r C 1

n C 1

	

�
�

s

m C 1
;

s C 1

m C 1

	

; r D 0; n; s D 0; m;

it follows that B.M/
n;m .f /.x; y/ is well defined on Œ0; 1� � Œ0; 1�.

In addition, B.M/
n;m .f /.x; y/ is a continuous functions of .x; y/ in Œ0; 1�2. Indeed,

as function of .x; y/, its denominator is a product of two univariate continuous
functions of x and y variable, respectively, which immediately implies the continuity
as function of the “global” variable .x; y/. On the other hand, the numerator
of B.M/

n;m .f /.x; y/ can be written as a maximum of finite number of continuous
bivariate functions, which by the general formula applied recurrently, maxfA; Bg D
ACBCjA�Bj

2
, immediately implies the continuity of the numerator too.
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Also, if we denote

Ai;n;r.x/ D pn;i.x/

pn;r.x/
D
�n

i

�

�n
r

�
� x

1 � x

�i�r
;

Aj;m;s.y/ D pm;j.y/

pm;s.y/
D
�m

j

�

�m
s

�

�
y

1 � y

�j�s

and

Ai;n;r;j;m;s.x; y/ D Ai;n;r.x/ � Aj;m;s.y/;

it follows that we can write the following formula useful in the proofs of the
approximation results,

B.M/
n;m .f /.x; y/ D

n_

iD0

m_

jD0

Ai;n;r;j;m;s.x; y/f .i=n; j=m/; (2.26)

for all .x; y/ 2 
 r
nC1

; rC1
nC1

� � 
 s
mC1

; sC1
mC1

�
; r D 0; n; s D 0; m.

Finally, we note that B.M/
n;m .f /.x; y/ interpolates f .x; y/ on the peaks of the square

Œ0; 1� � Œ0; 1�, that is we have

B.M/
n;m .f /.˛; ˇ/ D f .˛; ˇ/; for all ˛; ˇ 2 f0; 1g:

2) It easily follows that we can write

B.M/
n;m .f /.x; y/ D B.M/

n;x ŒB.M/
m;y .f /�.x; y/;

where, if G D G.x; y/ then the notations B.M/
n;x .G/ means that the univariate

max-product Bernstein operator B.M/
n .G/ is applied to G considered as function

of x, while B.M/
n;y .G/ means that the univariate max-product Bernstein operator

B.M/
n .G/ is applied to G considered as function of y. In other words, the bivariate

max-product Bernstein operators are tensor products of the univariate max-
product Bernstein operators.

3) Since
Pn

iD0

Pn�i
jD0

�n
i

��n�i
j

�
xiyj.1 � x � y/n�i�j D 1 for all .x; y/ 2 	, it easily

follows that
Wn

iD0

Wn�i
jD0

�n
i

��n�i
j

�
xiyj.1�x�y/n�i�j > 0, for all .x; y/ 2 	. Indeed,

if contrariwise would exist .x0; y0/ 2 	 with
Wn

iD0

Wn�i
jD0

�n
i

��n�i
j

�
xi

0yj
0.1 � x0 �

y0/n�i�j � 0, that would imply
Pn

iD0

Pn�i
jD0

�n
i

��n�i
j

�
xi

0yj
0.1 � x0 � y0/n�i�j � 0,

which is a contradiction. Therefore, T.M/
n .f /.x; y/ is well defined for all .x; y/ 2

	 and, in addition, clearly that it is a continuous function on 	.
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Also, we note that T.M/
n .f /.x; y/ interpolates f .x; y/ on the peaks of the triangle

	, that is we have

T.M/
n .f /.1; 0/ D f .1; 0/; T.M/

n .f /.0; 1/ D f .0; 1/; T.M/
n .f /.0; 0/ D f .0; 0/:

In order to obtain shape preserving properties, we need a few concepts of shapes
in the bivariate case, which are natural extensions of the monotonicity and convexity
in univariate case, and some of them are obtained by using the “tensor product”
method.

Definition 2.7.1. Let f W Œ0; 1� � Œ0; 1� ! R.

(i) We say that f .x; y/ is increasing (decreasing) with respect to x on Œ0; 1� �
Œ0; 1�, if

f .x C h; y/ � f .x; y/ � 0 .� 0/; 8 y 2 Œ0; 1�; 8x; x C h 2 Œ0; 1�; h � 0:

(ii) We say that f .x; y/ is increasing (decreasing) with respect to y on Œ0; 1� �
Œ0; 1�, if

f .x; y C k/ � f .x; y/ � 0 .� 0/; 8 x 2 Œ0; 1�; 8y; y C k 2 Œ0; 1�; k � 0:

(iii) We say that f .x; y/ is upper (lower) bidimensional monotone on Œ0; 1� � Œ0; 1�

(see, e.g., Marcus [118], p. 33) if

	2f .x; y/ D f .x C h; y C k/ � f .x; y C k/ � f .x C h; y/ C f .x; y/ � 0 .� 0/;

for all x; x C h 2 Œ0; 1�, y; y C k 2 Œ0; 1�, h � 0, k � 0.
(iv) We say that f .x; y/ is totally upper (lower) monotone on Œ0; 1� � Œ0; 1� (see

Nicolescu [125] or R.C. Young [160]) if (i), (ii) and (iii) hold with all
simultaneously � 0 (or with all simultaneously � 0).

(v) (Popoviciu [129], p. 78 ) The function f is called convex of order .n; m/ in the
Popoviciu sense (where n; m 2 f0; 1; � � � ; g/ if for any n C 1 distinct points
x1 < x2 < � � � < xnC1 and any m C 1 distinct points y1 < y2 < � � � < ymC1 in
Œ0; 1�, we have

2

4
x1; x2; � � � ; xnC1

I f
y1; y2; � � � ; ymC1

3

5 � 0;

where the symbol above represents the divided difference of a bivariate
function and it is defined iteratively (by means of the divided difference of
univariate functions) as (see Popoviciu [129], p. 64–65)

Œx1; � � � ; xnC1I Œy1; � � � ; ymC1I f .x; �/�y�x D
Œy1; � � � ; ymC1I Œx1; � � � ; xmC1I f .�; y/�x�y:
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Here

Œx1; � � � ; xpI g.�/� D
pX

iD1

g.xi/

.xi � x1/ � � � .xi � xi�1/.xi � xiC1/ � � � .xi � xp/
;

represents the usual divided difference of univariate function g and ŒgI x1� D
g.x1/.

(vi) The continuous function f is called quasiconvex with respect to x on Œ0; 1� �
Œ0; 1�, if for any fixed y 2 Œ0; 1�, as function of x the function f .x; y/ is
quasiconvex, that is f .�x1 C .1 � �/x2; y/ � maxff .x1; y/; f .x2; y/g, for all
x1; x2; y 2 Œ0; 1� and � 2 Œ0; 1�.

(vii) The continuous function on Œ0; 1��Œ0; 1�, f , is called quasiconvex with respect
to y on Œ0; 1� � Œ0; 1�, if for any fixed x 2 Œ0; 1�, as function of y the function
f .x; y/ is quasiconvex, that is f .x; �y1 C .1 � �/y2/ � maxff .x; y1/; f .x; y2/g,
for all y1; y2; x 2 Œ0; 1� and � 2 Œ0; 1�.

(viii) The continuous function on Œ0; 1�� Œ0; 1�, f , is called bidimensional quasicon-
vex on Œ0; 1� � Œ0; 1�, if

f .�x1 C .1 � �/x2; �y1 C .1 � �/y2/

� maxff .x1; y1/; f .x1; y2/; f .x2; y1/; f .x2; y2/g;

for all x1; x2; y1; y2 2 Œ0; 1� and all �; � 2 Œ0; 1�.
The continuous function f is called totally quasiconvex on Œ0; 1� � Œ0; 1�, if

f is bidimensional quasiconvex, and in addition satisfies (vi) and (vii).
(ix) The continuous function f is (simply) quasiconvex on Œ0; 1� � Œ0; 1�, if for

all � 2 Œ0; 1� and all x D .x1; x2/; y D .y1; y2/ 2 Œ0; 1� � Œ0; 1�, we have
f .�x C .1 � �/y/ � maxff .x/; f .y/g, that is written more explicit

f .�x1 C .1 � �/y1; �x2 C .1 � �/y2/ � maxff .x1; x2/; f .y1; y2/g:

Remarks. 1) The most natural bivariate monotonicity seems to be that in Defi-
nition 2.7.1, (iv), because for such bivariate functions the set of discontinuity
points is at most countable (see Nicolescu [125]).

2) In the case when f has partial derivatives, the conditions (i)–(iv) in Defini-
tion 2.7.1 can be expressed as follows:

(i) by @f .x;y/

@x � 0 .� 0/; 8 x; y 2 Œ0; 1�,

(ii) by @f .x;y/

@y � 0 .� 0/; 8 x; y 2 Œ0; 1�,

(iii) by @2f .x;y/

@x@y � 0 .� 0/; 8 x; y 2 Œ0; 1�, (see Nicolescu [125]),

while (iv) is represented by all conditions (i)–(iii).
3) It is obvious that convexities of orders .0; 1/ and .1; 0/ in Popoviciu sense

mean in fact f .x; y/ is increasing on Œ0; 1� with respect to y (for any fixed
x 2 Œ0; 1�/ and increasing with respect to x (for any fixed y 2 Œ0; 1�/, respectively.
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Also, convexity of order .1; 1/ in Popoviciu sense one reduces to upper
bidimensional monotonicity introduced in Marcus [118], p. 33, simultaneously
convexities of order .0; 1/; .1; 0/ and .1; 1/ means the totally upper monotonicity
in Nicolescu [125], convexity of order .0; 2/ means in fact that f .x; y/ is convex
on Œ0; 1� with respect to y (for any fixed x), and so on.

4) Suppose f is of CnCm class on Œ0; 1� � Œ0; 1�.

By the mean value theorem we get that if @nCmf .x;y/

@xn@ym � 0 , 8.x; y/ 2 Œ0; 1� �
Œ0; 1�, then f .x; y/ is convex of order .n; m/ in Popoviciu sense on Œ0; 1� � Œ0; 1�.

5) If f is quasiconvex with respect to x and quasiconvex with respect to y, then it
is easy to check by direct calculation that these imply that f is bidimensional
quasiconvex.

In what follows, we deal with the approximation properties of the bivariate
max-product Bernstein operator B.M/

n;m . The first main result is the following.

Theorem 2.7.2. (i) Let f W Œ0; 1� � Œ0; 1� ! RC be a continuous function. We
have

jB.M/
n;m .f /.x; y/ � f .x; y/j � 18!1

�

f I 1p
n C 1

;
1p

m C 1

�

;

valid for all x; y 2 Œ0; 1� and n; m 2 N. Here

!1.f I ı; 
/ D supfjf .x; y/� f .u; v/jI x; y; u; v 2 Œ0; 1�; jx�uj � ı; jy�vj � 
g:

(ii) Suppose that f W Œ0; 1� � Œ0; 1� ! RC is continuous on Œ0; 1� � Œ0; 1� and that
is concave with respect to x (for all y 2 Œ0; 1� fixed) and concave with respect
to y (for all x 2 Œ0; 1� fixed) (in other words, f is concave in Popoviciu sense of
the orders .0; 2/ and .2; 0/). Then, for all x; y 2 Œ0; 1� and m; n 2 N, we have

jB.M/
n;m .f /.x; y/ � f .x; y/j � 4!1

�

f I 1

n
;

1

m

�

:

(iii) Suppose that f W Œ0; 1� � Œ0; 1� ! RC is continuous and strictly positive on
Œ0; 1� � Œ0; 1�. Then, for all x; y 2 Œ0; 1� and m; n 2 N, we have

jB.M/
n;m .f /.x; y/ � f .x; y/j

� 8!1

�

f I 1

n
;

1

m

�

C 1

mf

"

n �
�

!1;x

�

f I 1

n

��2

C m �
�

!1;y

�

f I 1

m

��2
#

;

where !1;x.f I ı/ D supfjf .x C h; y/ � f .x; y/jI x; x C h; y 2 Œ0; 1�; 0 � h � ıg,
!1;y.f I ı/ D supfjf .x; y C h/ � f .x; y/jI x; y; y C h 2 Œ0; 1�; 0 � h � ıg and
mf D minff .x; y/I x; y 2 Œ0; 1�g.
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In addition, if f is a Lipschitz function, that is jf .x; y/ � f .u; v/j � L.jx � uj C
jy � vj/, for all x; y; u; v; 2 Œ0; 1�, then

jB.M/
n;m .f /.x; y/ � f .x; y/j �

�

8L C L2

mf

��
1

n
C 1

m

�

:

Proof. (i) Taking into account the inequality valid for the positive numbers Ak; Bk,
k 2 f0; 1; : : : ; pg,

j max
k2f0;1;:::;pg

fAkg � max
k2f0;1;:::;pg

fBkgj � max
k2f0;1;:::;pg

fjAk � Bkjg;

we obtain

jB.M/
n;m .f /.x; y/ � f .x; y/j

D
ˇ
ˇ
ˇ
ˇ
ˇ

Wn
iD0

Wm
jD0 pn;i.x/pm;j.y/f .i=n; j=m/

Wn
iD0 pn;i.x/ �Wm

jD0 pm;j.y/
�
Wn

iD0

Wm
jD0 pn;i.x/pm;j.y/f .x; y/

Wn
iD0 pn;i.x/ �Wm

jD0 pm;j.y/

ˇ
ˇ
ˇ
ˇ
ˇ

�
Wn

iD0

Wm
jD0 pn;i.x/pm;j.y/jf .i=n; j=m/ � f .x; y/j
Wn

iD0 pn;i.x/ �Wm
jD0 pm;j.y/

�
Wn

iD0

Wm
jD0 pn;i.x/pm;j.y/!1.f I ji=n � xj; jj=m � yj/j

Wn
iD0 pn;i.x/ �Wm

jD0 pm;j.y/

D
Wn

iD0

Wm
jD0 pn;i.x/pm;j.y/!1

�
f I ı

ji=n�xj
ı

; 

jj=m�yj




�

Wn
iD0 pn;i.x/ �Wm

jD0 pm;j.y/

D
Wn

iD0

Wm
jD0 pn;i.x/pm;j.y/

�
1 C ji=n�xj

ı
C jj=m�yj




�
!1.f I ı; 
/

Wn
iD0 pn;i.x/ �Wm

jD0 pm;j.y/

D !1.f I ı; 
/ �
 

1 C 1

ı
�
Wn

iD0 pn;i.x/ji=n � xj
Wn

iD0 pn;i.x/
C 1



�
Wm

jD0 pm;j.y/jj=m � yj
Wm

jD0 pm;j.y/

!

:

Taking here into account the univariate case (see the formulas (2.1)–(2.2) in the
proof of Theorem 2.1.5) and choosing ı D 6p

nC1
, 
 D 6p

mC1
, we get

jB.M/
n;m .f /.x; y/ � f .x; y/j � 3!1

�

f I 6p
n C 1

;
6p

m C 1

�

� 18!1

�

f I 1p
n C 1

;
1p

m C 1

�

:
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In the proof of (i) we also used the following known properties: !1.f I �ı; �
/ �
.1 C � C �/!1.f I ı; 
/ and !1.f I nı; n�/ � n!1.f I ı; 
/, for all n 2 N, ı � 0,

 � 0, � � 0 and � � 0 (see, e.g., Timan [146], p. 112, relation .3/).

(ii) Denoting Ai;n;r D .n
i/

.n
r/

�
x

1�x

�i�r
, for the expression appearing in (2.26) we have

Ai;n;r;j;m;s.x; y/ D Ai;n;r.x/ � Aj;m;s.y/. Also, let us denote

Fi;n;r;j;m;s.x; y/ D Ai;n;r;j;m;s.x; y/ � f

�
i

n
;

j

m

�

;

for all .x; y/ 2
�

r

n C 1
;

r C 1

n C 1

	

�
�

s

m C 1
;

s C 1

m C 1

	

:

By (2.26) we can write

B.M/
n;m .f /.x; y/ D

n_

iD0

m_

jD0

Fi;n;r;j;m;s.x; y/;

.x; y/ 2
�

r

n C 1
;

r C 1

n C 1

	

�
�

s

m C 1
;

s C 1

m C 1

	

; r D 0; n; s D 0; m:

Fixing r, j, m, s, and y and reasoning on Fi;n;r;j;m;s.x; y/ with respect to i (that is

on Ai;n;r.x/f
�

i
n ; j

m

�
) exactly as in the proof of Corollary 2.1.10 (see also the proof

of Corollary 4.6 in Bede–Coroianu–Gal [21]), we get

n_

iD0

Fi;n;r;j;m;s.x; y/

D maxfFr�1;n;r;j;m;s.x; y/; Fr;n;r;j;m;s.x; y/; FrC1;n;r;j;m;s.x; y/g;

because f .x; y/ is concave with respect to x. Note that above for r D 0 (r D n,
respectively), the term Fr�1;n;r;j;m;s.x; y/ (FrC1;n;r;j;m;s.x; y/, respectively) is not
defined but in fact does not appear under the max operator.

On the other hand, fixing x and reasoning now on the terms of the form

Aj;m;s.y/f
�

i
n ; j

m

�
in the expressions of each of the three terms in the above formula,

from the proof of Corollary 2.1.10 (see also the proof of Corollary 4.6 in Bede–
Coroianu–Gal [21]) and taking into account that f .x; y/ is concave with respect to y,
we get

B.M/
n;m .f /.x; y/

D maxfFr�1;n;r;s�1;m;s.x; y/; Fr�1;n;r;s;m;s.x; y/; Fr�1;n;r;sC1;m;s.x; y/;

Fr;n;r;s�1;m;s.x; y/; Fr;n;r;s;m;s.x; y/.x; y/; Fr;n;r;sC1;m;s.x; y/;

FrC1;n;r;s�1;m;s.x; y/; FrC1;n;r;s;m;s.x; y/; FrC1;n;r;sC1;m;s.x; y/g;
for all .x; y/ 2 
 r

nC1
; rC1

nC1

� � 
 s
mC1

; sC1
mC1

�
.
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Note again that for r D 0, or r D n, or s D 0, or s D m, the corresponding
functions F in the above maximum operator which are not defined, in fact do not
appear.

The expressions inside the maximum can be combined two by twos in
�

9
2

� D 36

different ways and it is easy to see (by a finite mathematical induction) that if we
can get

j maxfFp;n;i;q;m;j.x; y/; Fp0;n;i;q0;m;j.x; y/g � f .x; y/j � 4!1

�

f I 1

n
;

1

m

�

;

for all p; p0 2 fi � 1; i; i C 1g, q; q0 2 fj � 1; j; j C 1g, then this implies

jB.M/
n;m .f /.x; y/ � f .x; y/j � 4!1

�

f I 1

n
;

1

m

�

:

Reasoning exactly as in the proof of Lemma 2.1.6 (see also Lemma 4.2 in Bede–
Coroianu–Gal [21]) and in the proof of Lemma 2.1.7 (see also Lemma 4.3 in
Bede–Coroianu–Gal [21]), we easily get the above estimate.

(iii) We get

jB.M/
n;m .f /.x; y/ � f .x; y/j

D
ˇ
ˇ
ˇ
ˇ
ˇ

Wn
iD0

Wm
jD0 pn;i.x/pm;j.y/f .i=n; j=m/

Wn
iD0 pn;i.x/ �Wm

jD0 pm;j.y/
�
Wn

iD0

Wm
jD0 pn;i.x/pm;j.y/f .x; y/

Wn
iD0 pn;i.x/ �Wm

jD0 pm;j.y/

ˇ
ˇ
ˇ
ˇ
ˇ

�
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

n_

iD0

0

@ pn;i.x/
Wn

kD0 pn;k.x/
�

m_

jD0

pm;j.y/
Wm

sD0 pm;s.y/
f .i=n; j=m/

1

A

�
n_

iD0

0

@ pn;i.x/
Wn

kD0 pn;k.x/
�

m_

jD0

pm;j.y/
Wm

sD0 pm;s.y/
f .i=n; y/

1

A

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

C
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

n_

iD0

0

@ pn;i.x/
Wn

kD0 pn;k.x/
�

m_

jD0

pm;j.y/
Wm

sD0 pm;s.y/
f .i=n; y/

1

A

�
n_

iD0

pn;i.x/
Wn

kD0 pn;k.x/
�

m_

jD0

pm;j.y/
Wm

sD0 pm;s.y/
f .x; y/

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

�
n_

iD0

pn;i.x/
Wn

kD0 pn;k.x/
�

�
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

m_

jD0

pm;j.y/
Wm

sD0 pm;s.y/
f .i=n; j=m/ �

m_

jD0

pm;j.y/
Wm

sD0 pm;s.y/
f .i=n; y/

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

C
m_

jD0

pm;j.y/
Wm

sD0 pm;s.y/

ˇ
ˇ
ˇ
ˇ
ˇ

n_

iD0

pn;i.x/
Wn

kD0 pn;k.x/
f .i=n; y/ �

n_

iD0

pn;i.x/
Wn

kD0 pn;k.x/
f .x; y/

ˇ
ˇ
ˇ
ˇ
ˇ
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(which by Theorem 2.2.18, see also Theorem 2.6 in Coroianu–Gal [52]

in the univariate case, implies)

�
 

m � !1;y
�
f I 1

m

�

mf
C 4

!

� !1;y

�

f I 1

m

�

C
 

n � !1;x
�
f I 1

n

�

mf
C 4

!

� !1;x

�

f I 1

n

�

� 8!1

�

f I 1

n
;

1

m

�

C 1

mf
�
"

n

�

!1;x

�

f I 1

n

��2

C m

�

!1;y

�

f I 1

m

��2
#

:

For the last inequality, we used the inequality !1;x
�
f I 1

n

� C !1;y
�
f I 1

m

� �
2!1

�
f I 1

n ; 1
m

�
(see Anastassiou–Gal [8], p. 81).

For f Lipschitz function, the last estimate in the statement of (iii) is an immediate
consequence of the above one. �

According to Theorem 2.2.2 in Gal [84], p. 116, the bivariate Bernstein poly-
nomials Bn;m.f /.x; y/ preserve the Popoviciu convexities of any order .n; m/ with
n; m 2 f0; 1; : : : ; g. On the other part, it is well known the fact that the usual
convexity of f .x; y/ (in the geometric sense that z D f .x; y/ is a convex surface)
is not preserved by the bivariate Bernstein polynomials Bn;m.f /.x; y/. Therefore, it
is natural to see what shape preserving properties have the bivariate max-product
Bernstein operators, B.M/

n;m .f /.
Firstly, it is evident that B.M/

n .f /.x; y/ does not preserve the convexity of f .x; y/

with respect to x (that is the .2; 0/ convexity in Popoviciu sense) and the convexity
of f .x; y/ with respect to y. Indeed, by taking f .x; y/ D g.x/ and f .x; y/ D h.y/,
from B.M/

n;m .g/.x; y/ D B.M/
n .g/.x/ and B.M/

n;m .h/.x; y/ D Bm.h/.y/ would follow
that the univariate max-product Bernstein operator preserve the convexity, which
contradicts the fact that this does not hold in general, see Remark 1, after the proof
of Lemma 2.1.19.

Taking into account that the univariate max-product Bernstein operators preserve
only the monotonicity and the quasiconvexity, we expect that in the bivariate case,
the max-product Bernstein operators to preserve exactly the kinds of bivariate
monotonicity in Definition 2.7.1. In this sense, we present the following.

Theorem 2.7.3. Let f W Œ0; 1� � Œ0; 1� ! RC be continuous on Œ0; 1� � Œ0; 1�. Then
for all n; m 2 N, we have

(i) if f .x; y/ is increasing (decreasing) with respect to x (meaning for all fixed,
arbitrary y), then so is the operator B.M/

n;m .f /.x; y/ ;
(ii) if f .x; y/ is increasing (decreasing) with respect to y, then so is the operator

B.M/
n;m .f /.x; y/ ;

(iii) if f .x; y/ is simultaneously monotonous with respect to x and y and of
the same monotonicity (of opposite monotonicity, respectively), then the
operator B.M/

n;m .f /.x; y/ is upper (lower, respectively) bidimensional monotone
on Œ0; 1� � Œ0; 1� ;
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(iv) if f .x; y/ is simultaneously monotonous with respect to x and y and of the
same monotonicity (of opposite monotonicity, respectively), then the operator
B.M/

n;m .f /.x; y/ is totally upper (lower, respectively) monotone on Œ0; 1� � Œ0; 1� ;
(v) if f .x; y/ is quasiconvex and continuous on Œ0; 1�� Œ0; 1� with respect to x, then

so is the operator B.M/
n;m .f /.x; y/ ;

(vi) if f .x; y/ is quasiconvex and continuous on Œ0; 1�� Œ0; 1� with respect to y, then
so is the operator B.M/

n;m .f /.x; y/ ;
(vii) if f .x; y/ is continuous on Œ0; 1� � Œ0; 1� and simultaneously quasiconvex

with respect to x and quasiconvex with respect to y, then B.M/
n;m .f /.x; y/ is

bidimensional quasiconvex and continuous on Œ0; 1� � Œ0; 1� ;
(viii) if f .x; y/ is continuous on Œ0; 1� � Œ0; 1� and simultaneously quasiconvex with

respect to x and quasiconvex with respect to y, then the operator B.M/
n;m .f /.x; y/

is totally quasiconvex and continuous on Œ0; 1� � Œ0; 1�.

Proof. (i), (ii). Are immediate from the preservation of the monotonicity of the
univariate max-product Bernstein operators in Theorem 5.5, Corollary 5.6 in Bede–
Coroianu–Gal [21] (see also Theorem 2.1.15, Corollary 2.1.16), because of the
relationship (2.24) defining B.M/

n;m .f /.x; y/, where we can also change the order of
the two maximum operators from the numerator.

Indeed, from (2.24) we see that we can write

B.M/
n;m .f /.x; y/

D
m_

jD0

�m;j.y/ � B.M/
n .f .�; j=m//.x/ D

n_

iD0

�n;i.x/ � B.M/
m .f .i=n; �//.y/; (2.27)

where

�m;j.y/ D pm;j.y/
Wm

jD0 pm;j.y/
and �n;i.x/ D pn;i.x/

Wn
iD0 pn;i.x/

:

As a consequence, the proof simply reduces to the obvious property that the
maximum of a finite number of univariate monotone functions (of the same
monotonicity) remains a monotone function.

(iii) Suppose, for example, that f .x; y/ is simultaneously nondecreasing with
respect to x and y. From relation (2.26) and taking into account relation (5.6), p. 20
in [21] (see also the relation in the proof of Theorem 2.1.15), we easily get

B.M/
n;m .f /.x; y/ D

n_

iD0

Ai;n;r.x/

m_

jDs

Aj;m;s.y/f .i=n; j=m/;

for all .x; y/ 2 
 r
nC1

; rC1
nC1

� � 
 s
mC1

; sC1
mC1

�
; r D 0; n; s D 0; m.

Then, since as function of x, G.x/ D Wm
jDs Aj;m;s.y/f .x; j=m/ is nondecreasing as

maximum of nondecreasing functions of x, by the same relation (5.6), p. 20 in [21]
(see also the relation in the proof of Theorem 2.1.15), we get
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B.M/
n;m .f /.x; y/ D

n_

iDr

Ai;n;r.x/

m_

jDs

Aj;m;s.y/f .i=n; j=m/

D
n_

iDr

m_

jDs

Ai;n;r;j;m;s.x; y/f .i=n; j=m/;

for all .x; y/ 2 
 r
nC1

; rC1
nC1

� � 
 s
mC1

; sC1
mC1

�
; r D 0; n; s D 0; m.

It is easy to check that for all .x; y/ 2 
 r
nC1

; rC1
nC1

� � 
 s
mC1

; sC1
mC1

�
and i � r, j � s,

we have @2Ai;n;r;j;m;s

@x@y � 0. Taking into account the properties of the maxfF.x/; G.x/g
function (that it has only a finite number of points of nondifferentiability), it is
clear that



r

nC1
; rC1

nC1

� � 

s

mC1
; sC1

mC1

�
can be decomposed into a finite grid of open

bivariate subintervals, disjoint two by twos and covering (excepting their boundary)



r
nC1

; rC1
nC1

� � 

s

mC1
; sC1

mC1

�
, such that on each such of subinterval, B.M/

n;m .f /.x; y/

coincides with one of the function Ai;n;r;j;m;s.x; y/, with i � r and j � s. By
the Remark 2, (iii), after the Definition 2.7.1, this means that on each kind of
this open subinterval, B.M/

n;m .f /.x; y/ is upper bidimensional monotone. Combining
with the continuity of B.M/

n;m .f / on Œ0; 1� � Œ0; 1�, by reduction to absurdum it can
easily be proved that in fact B.M/

n;m .f / is upper bidimensional monotone on each

r

nC1
; rC1

nC1

� � 
 s
mC1

; sC1
mC1

�
, which implies the upper bidimensional monotonicity on

the whole Œ0; 1� � Œ0; 1�.
If we suppose that f .x; y/ is simultaneously nonincreasing with respect to x and

y, then applying now relation (5.8), p. 20 in [21] (see also the relation in the proof
of Corollary 2.1.16), we get

B.M/
n;m .f /.x; y/ D

r_

iD0

Ai;n;r.x/

s_

jD0

Aj;m;s.y/f .i=n; j=m/

D
r_

iD0

s_

jD0

Ai;n;r;j;m;s.x; y/f .i=n; j=m/;

for all .x; y/ 2 
 r
nC1

; rC1
nC1

� � 
 s
mC1

; sC1
mC1

�
; r D 0; n; s D 0; m.

By similar reasonings as above, we arrive again at the conclusion that B.M/
n;m .f / is

upper bidimensional monotone on Œ0; 1� � Œ0; 1�.
Now, if we suppose, for example, that f .x; y/ is nondecreasing with respect to x

and nonincreasing with respect to y, arrive at the formula

B.M/
n;m .f /.x; y/ D

n_

iDr

Ai;n;r.x/

s_

jD0

Aj;m;s.y/f .i=n; j=m/

D
n_

iDr

s_

jD0

Ai;n;r;j;m;s.x; y/f .i=n; j=m/;
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for all .x; y/ 2 

r

nC1
; rC1

nC1

� � 

s

mC1
; sC1

mC1

�
; r D 0; n; s D 0; m. Taking now into

account that for i � r and j � s we have @2Ai;n;r;j;m;s

@x@y � 0, by similar reasonings we get

that B.M/
n;m .f / is lower bidimensional monotone on Œ0; 1� � Œ0; 1�.

The case when f .x; y/ is nonincreasing with respect to x and nondecreasing with
respect to y is similar.

(iv) It is an immediate consequence of (i), (ii), and (iii).
(v), (vi) Are immediate from the preservation of the quasiconvexity of the

univariate max-product Bernstein operators in Corollary 5.9 in Bede–Coroianu–
Gal [21] (see also Corollary 2.1.18), because of the relationship (2.24) defining
B.M/

n;m .f /.x; y/, where we can also change the order of the two maximum operators
from the numerator.

Indeed, reasoning as in the case of the above points (i) and (ii), the proof simply
reduces to the obvious property that the maximum of a finite number of univariate
quasiconvex continuous functions remains a quasiconvex continuous function.

(vii) Since f .x; y/ is quasiconvex with respect to y (for any fixed x), by the last
expression in (2.27) and by the above point (vi) it follows that B.M/

n;m .f /.x; y/ D
Wn

iD0 �n;i.x/�B.M/
m .f .i=n; �//.y/ is quasiconvex as function of y, as finite maximum of

quasiconvex functions of y (since �n;i.x/ � 0). Similarly, from the first expression
in (2.27) and by the above point (v), it follows that B.M/

n;m .f /.x; y/ D Wm
jD0 �m;j.y/ �

B.M/
n .f .�; j=m//.x/ is quasiconvex as function of x, as finite maximum of quasiconvex

functions of x (since �m;j.y/ � 0).
Finally, taking into account Remark 5 after Definition 2.7.1, it follows that

B.M/
n;m .f /.x; y/ is bidimensional quasiconvex on Œ0; 1� � Œ0; 1�.

(viii) It is an immediate consequence of (v), (vi), (vii). �

Finally, note that by the above formula (2.26) and by the statement and proof of
Theorem 2.1.20, we immediately get the following.

Theorem 2.7.4. For any continuous function f W Œ0; 1� � Œ0; 1� ! RC, the max-
product operators B.M/

n;m .f /.x; y/ is convex with respect to x, convex with respect to
y and convex of order .2; 2/ in Popoviciu sense (see Definition 2.7.1, (v)) on any
bidimensional subinterval of the form



r

nC1
; rC1

nC1

��
 s
mC1

; sC1
mC1

�
; r D 0; n; s D 0; m.

Remarks. 1) It is an open question if B.M/
n;m .f / preserves the bidimensional mono-

tonicity of f .
2) It is an open question if B.M/

n;m .f / preserves the bidimensional quasiconvexity of f .
3) It is an open question if B.M/

n;m .f / preserves the simply quasiconvexity of f in
Definition 2.7.1, (ix).

4) There exist classes of bivariate functions f , for which B.M/
n;m .f / gives better

approximation results than Bn;m.f /. For example, large subclasses of the class of
bivariate Lipschitz functions are better approximated by B.M/

n;m .f / than by Bn;m.f /.
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Indeed, by Theorem 2.2.2, p. 116 in [84], we have

kBn;m.f / � f k � C!
'
2 .f I 1=

p
n; 1=

p
m/;

where '2.x/ D x.1 � x/ and !
'
2 is the Ditzian–Totik modulus of smoothness. Rea-

soning similar to the univariate case in Section 6, p. 25 in [21](see also Remark 2,
from the end of Section 2.1), we easily can construct Lipschitz bivariate functions
f .x; y/ D g.x/h.y/ (where g and h are two univariate concave nondecreasing
polygonal lines), such that !

'
2 .f I ı; 
/ � ı C 
, which will immediately imply

kBn;m.f / � f k � C.1=
p

n C 1=
p

m/.
On the other hand, for such (Lipschitz) bivariate functions, by Theorem 2.7.2,

(iii), we have kB.M/
n;m .f / � f k � C.1=n C 1=m/, which is essentially better.

Also, note that the shape preserving properties of B.M/
n;m .f / expressed by Theo-

rem 2.7.3, (iii)–(iv) and (vii)–(viii), do not hold for the linear Bersntein operator
Bn;m.f /.

A simple comparison of the properties of B.M/
n;m .f / and Bn;m.f / can be seen in the

next Figures 2.2, 2.3, and 2.4, for f .x; y/ D g.x/g.y/, where g W Œ0; 1� ! RC is
given by

g.x/ D
8
<

:

3x2 C 0:25 if 0 � x � 0:5

1 if 0:5 < x � 0:75

�3:6x C 3:7 if 0:75 < x � 1

Fig. 2.2 Approximated bivariate function.
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Fig. 2.3 Bivariate Bernstein polynomial.

Fig. 2.4 Max-product Bernstein operator.

From these figures it is easily seen that for the given particular function,
the bivariate max-product Bernstein operator has better approximation and shape
preserving properties than the bivariate Bernstein polynomials.

In what follows we study the approximation properties of the bivariate max-
product Bernstein operator T.M/

n .
Firstly, we need some auxiliary results.
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Theorem 2.7.5. Denote

CC.	/ D ff W 	 ! Œ0; C1/I f is continuous on 	g;
where 	 D f.x; y/I x � 0; y � 0; x C y � 1g.

(i) If f 2 CC.	/, then T.M/
n .f / 2 CC.	/, for all n 2 N ;

(ii) T.M/
n .�f / D �T.M/

n .f /, for all � � 0, f 2 CC.	/ and n 2 N ;
(iii) T.M/

n .f C g/.x; y/ � T.M/
n .f /.x; y/ C T.M/

n .g/.x; y/, for all f ; g 2 CC.	/, n 2 N

and .x; y/ 2 	 ;
(iv) If f ; g 2 CC.	/ satisfy f .x; y/ � g.x; y/ for all .x; y/ 2 	, then T.M/

n .f /.x; y/ �
T.M/

n .g/.x; y/, for all .x; y/ 2 	 and n 2 N.
(v) Denoting e0.x; y/ D 1 for all .x; y/ 2 	, we have T.M/

n .e0/.x; y/ D e0.x; y/, for
all .x; y/ 2 	 and n 2 N.

(vi) For all f ; g 2 CC.	/, n 2 N and .x; y/ 2 	 we have

jT.M/
n .f /.x; y/ � T.M/

n .g/.x; y/j � T.M/
n .jf � gj/.x; y/:

Proof. The properties (i)–(v) are immediate from the definition of T.M/
n and from

the properties of the maximum operator. To prove (vi), let f ; g 2 CC.	/. We have
f D f � g C g � jf � gj C g, which by the above points (iii) and (iv) successively
implies T.M/

n .f /.x; y � T.M/
n .jf � gj/.x; y/ C T.M/

n .g/.x; y/, that is T.M/
n .f /.x; y/ �

T.M/
n .g/.x; y/ � T.M/

n .jf � gj/.x; y/.

Writing now g D g � f C f � jf � gj C f and applying the above reasonings,
it follows T.M/

n .g/.x; y/ � T.M/
n .f /.x; y/ � T.M/

n .jf � gj/.x; y/, which combined with
the above inequality gives jT.M/

n .f /.x; y/ � T.M/
n .g/.x; y/j � T.M/

n .jf � gj/.x; y/. �

As a consequence, we get the following.

Corollary 2.7.6. For all f 2 CC.	/, n 2 N and .x; y/ 2 	, we have

jf .x; y/ � T.M/
n .f /.x; y/j

�
�

1 C 1

ı
� T.M/

n .'x/.x; y/ C 1

ı
� T.M/

n .'y/.x; y/

	

!1.f I ı/	;

where 'x.t/ D jt � xj, where t is variable and x is supposed fixed, 'y D js � yj,
where s is supposed variable and y is supposed fixed, and

!1.f I ı/	 D supfjf .t; s/ � f .x; y/jI .t; s/; .x; y/ 2 	;
p

.t � x/2 C .s � y/2 � ıg:

Proof. By Theorem 2.7.5, (vi), it follows

jf .x; y/ � T.M/
n .f /.x; y/j D jT.M/

n .f .x; y//.x; y/ � T.M/
n .f .t; s//.x; y/j

� T.M/
n .jf .t; s/ � f .x; y/j/.x; y/:
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Now, since for all .t; s/; .x; y/ 2 	 we have

jf .t; s/ � f .x; y/j � !1.f I k.t; s/ � .x; y/k/ �
�

1

ı
k.t; s/ � .x; y/k C 1

	

!1.f I ı/	

D
�

1

ı
�
p

.t � x/2 C .s � y/2 C 1

	

!1.f I ı/	

� !1.f I ı/	 �
�

1

ı
� jt � xj C 1

ı
� js � yj C 1

	

;

replacing in the above inequality we immediately obtain the estimate in the
statement. �

Remarks. 1) From Corollary 2.7.6 it follows that the approximation properties of
T.M/

n .f /.x; y/ are controlled by the ratios

T.M/
n .'x/.x; y/ D

Wn
iD0

Wn�i
jD0

�n
i

��n�i
j

�
xiyj.1 � x � y/n�i�jji=n � xj

Wn
iD0

Wn�i
jD0

�n
i

��n�i
j

�
xiyj.1 � x � y/n�i�j

and

T.M/
n .'y/.x; y/ D

Wn
iD0

Wn�i
jD0

�n
i

��n�i
j

�
xiyj.1 � x � y/n�i�jjj=n � yj

Wn
iD0

Wn�i
jD0

�n
i

��n�i
j

�
xiyj.1 � x � y/n�i�j

:

2) Because in our considerations .x; y/ 2 	, it is of interest to note that on the peaks
of the triangle 	, which are .1; 0/, .0; 1/ and .0; 0/, we have the values

T.M/
n .'xD1/.1; 0/ D 0; T.M/

n .'xD0/.0; 1/ D 0; T.M/
n .'xD0/.0; 0/ D 0;

and

T.M/
n .'yD1/.0; 1/ D 0; T.M/

n .'yD0/.1; 0/ D 0; T.M/
n .'yD0/.0; 0/ D 0:

The denominator of the Tn.M/.f / operator can be exactly calculated, as
follows.

Lemma 2.7.7. Let n 2 N
Sf0g. We have

n_

iD0

n�i_

jD0

 
n

i

! 
n � i

j

!

xiyj.1 � x � y/n�i�j D
n_

iD0

pn;i.x/ �
2

4
n�i_

jD0

pn�i;j

� y

1 � x

�
3

5 ;

for all .x; y/ 2 	 with x < 1. Recall here that pn;i.t/ D �n
i

�
ti.1 � t/n�i.
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Proof. We can write (for x 6D 1)

n_

iD0

n�i_

jD0

 
n

i

! 
n � i

j

!

xiyj.1 � x � y/n�i�j

D
n_

iD0

 
n

i

!

xi.1 � x/n�i
n�i_

jD0

 
n � i

j

!

yj .1 � x � y/n�i�j

.1 � x/n�i

D
n_

iD0

pn;i.x/ �
n�i_

jD0

pn�i;j

� y

1 � x

�
:

�

Corollary 2.7.8. For all f 2 CC.	/, n 2 N and .x; y/ 2 	, we have

jf .x; y/ � T.M/
n .f /.x; y/j

� 3!1

�

f I 6p
n C 1

�

	

� 18!1

�
1p

n C 1
;

1p
n C 1

�

:

Proof. Reasoning exactly as in the proof of Lemma 2.7.7, we get

n_

iD0

n�i_

jD0

 
n

i

! 
n � i

j

!

xiyj.1 � x � y/n�i�j

ˇ
ˇ
ˇ
ˇ

i

n
� x

ˇ
ˇ
ˇ
ˇ

D
n_

iD0

pn;i.x/ji=n � xj �
n�i_

jD0

pn�i;j

� y

1 � x

�
;

which immediately implies

T.M/
n .'x/.x; y/ D B.M/

n .'x/.x/:

Also, due to the formula
 

n

j

!

�
 

n � j

k

!

D
 

n

k

!

�
 

n � k

j

!

;

we can write

n_

iD0

n�i_

jD0

 
n

i

! 
n � i

j

!

xiyj.1 � x � y/n�i�j

D
n_

jD0

n�j_

iD0

 
n

j

! 
n � j

i

!

xiyj.1 � x � y/n�i�j

D
n_

jD0

pn;j.y/ �
n�j_

iD0

pn�j;i

�
x

1 � y

�

;
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which immediately implies

T.M/
n .'y/.x; y/ D B.M/

n .'y/.y/:

By Corollary 2.7.6 combined with the inequality (2.2) in the proof of Theorem 2.1.5,
we get

jf .x; y/ � T.M/
n .f /.x; y/j � 3!1

�

f I 6p
n C 1

�

	

;

which combined with the inequality !1.f I ı/	 � !1.f I ı; ı/ (see, e.g., Anastassiou–
Gal [8], p. 81) and with the property of !1.f I ı; ı/ used in the proof of Theorem 2.7.2
too, complete the proof of the corollary. �

Remark. It remains an interesting open question which concept of shape in
Definition 2.7.1 is preserved by T.M/

n .

2.8 Applications to Image Processing

In this section we present a possible application where max-product approximation
can be useful, namely in image processing (zooming). Our focus is to compare
the classical bivariate Bernstein operator with the max-product Bernstein operator
Bn;m.f /.x; y/, considered in the previous section. First we consider a grayscale image
and we attach to it a function f .x; y/ representing the grayscale value of the pixel
with coordinates .x; y/. Then we rescale the image by downsampling, storing one
pixel’s grayscale value out of four neighbor pixels. Then we upscale the image to
its original size by approximating the missing grayscale values by the value of the
classical and the max-product Bernstein operators calculated at the coordinates of
the missing pixels considered.

We compare the classical and the max-product approximation by using the Mean
Square Error (MSE), which is the square of the Euclidean norm of the difference
between the original and reconstructed image, divided by the dimension (no. of
pixels) of the image. Another widespread image approximation measure is the Peak
Signal to Noise Ratio defined as PSNR D 10 log10

MAX2

MSE , where MAX represents the
maximum grayscale value of the function. We also measure the blur of the image
by using the mean magnitude of the discretized image gradient (we denote it by
MGrad), that is the Euclidean norm of the discretized gradient of the grayscale
function divided by the dimension of the image. This is a very simple way to
measure the blur of an image and more sophisticated approaches can also be
considered ([49]), however for a simple comparison or the sharpness of the original
and reconstructed images, the average magnitude of the gradient of an image is
sufficient.
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Fig. 2.5 Original Image
Text.

Fig. 2.6 Image Text of
dimensions 64 � 64 pixels.

First, image Text having dimensions 256 � 256 pixels is considered. It is then
downscaled to a 64�64 image (see Figures 2.5 and 2.6). Then we upscale the image
to its original size by considering the classical bivariate Bernstein operator and the
max-product bivariate Bernstein operator in both cases used on blocks of 8�8 pixels
of the downscaled image. The results show that the better PSNR value is achieved by
the classical Bernstein operator (approx. 21.4, see Figure 2.7) compared to the max-
product operator (approx 19.9, see Figure 2.8). The MGrad for the original image
was 21.5, for the classical Bernstein operator it is considerably less (18.6) than that
obtained for the max-product operator (21.4). As a higher Mgrad value means a
sharper (so less blurry) image we conclude that the max-product Bernstein operator
outperforms in this sense the classical Bernstein operator by better preserving the
sharpness of the image. This can be visually observed as well and we attribute it to
the shape preserving properties of the bivariate Bernstein operator of max-product
type.

We performed the same experiment on an image of larger dimensions and
the conclusions are similar. Image Lena of size 512 � 512 is downsampled to
the dimension 256 � 256 then approximated using the classical and max-product
Bernstein operators. The size of the blocks for the approximation was 4 � 4 in this
case. The PSNR value obtained by the classical Bernstein approximation is approx.
23.2, while for the max-product operator it is 21.8. This is in favor of the classical
operator, but the MGrad values are respectively: 35.7 for the original image, 28
is obtained for the classical Bernstein operator and 31.5 for the operator of max-
product type.
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Fig. 2.7 Image text
reconstructed using the
classical Bernstein operator.

Fig. 2.8 Image text
reconstructed using the
max-product Bernstein
operator.

Another experiment considered higher sampling rates. The Image Lena of
dimension 504 � 504 was downsampled to 168 � 168. The reconstruction results
using blocks of 9 pixels of the original image are shown in Figures 2.9 and 2.10.
MGrad for the original image was 34.8. For the classical operator we have obtained
PSNRD19.7 and MGradD23.2 while for the max-product counterpart we have
obtained PSNRD18.5 and MGradD26.7

Surely, the proposed comparison has a limited scope but our goal was to compare
classical and max-product versions of the same operators. The conclusion of these
experiments is that using a max-product approximation rather than a classical
one can be useful when the sharpness of an image is important. Future research
in this direction is a study of max-product bicubic interpolation, using it in image
approximation and comparing it to bicubic interpolation which is a widespread
method for image rescaling. Another direction of interest is in medical image
approximation [110], where an approximation method that better preserves contrast
can be very useful.
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Fig. 2.9 Image Lena reconstructed using the classical Bernstein operator(rateD9).

2.9 Notes

All the results in Sections 2.7, 2.8 and the below Theorem 1.9.1, Theorem 2.9.2,
Corollary 2.9.3, Lemmas 2.9.4–2.9.7 and Theorem 2.9.8 are new and appear for the
first time in this book.

Note 2.9.1. It is easy to observe that due to the definition formula, all the results in
the previous sections concerning the max-product Bernstein operators B.M/

n .f /, are
necessarily proved only for positive (or strictly positive) functions on Œ0; 1�.

But all these results can be extended to functions of variable sign, as follows.

Theorem 2.9.1. Suppose that f W Œ0; 1� ! R is bounded and of variable sign on
Œ0; 1�. Choose a constant c� > 0 such that f .x/Cc� > 0, for all x 2 Œ0; 1� and define
the new max-product kind operator

A.M/
n .f /.x/ D B.M/

n .f C c�/.x/ � c�; for all x 2 Œ0; 1�:
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Fig. 2.10 Image Lena reconstructed using the max-product Bernstein operator(rateD9).

We have

(i) If f is continuous on Œ0; 1�, then jA.M/
n .f /.x/ � f .x/j � 12!1.f I 1=

p
n C 1/, for

all x 2 Œ0; 1�, n 2 N ;
(ii) If f is concave on Œ0; 1�, then jA.M/

n .f /.x/ � f .x/j � 2!1.f I 1=n/, for all x 2
Œ0; 1�, n 2 N ;

(iii) If f is nondecreasing and g.x/ D f .x/=x is nonincreasing, then jA.M/
n .f /.x/ �

f .x/j � 2!1.f I 1=n/, for all x 2 Œ0; 1�, n 2 N ;
(iv) If f is nonincreasing and g.x/ D f .x/=.1 � x/ is nondecreasing, then

jA.M/
n .f /.x/ � f .x/j � 2!1.f I 1=n/, for all x 2 Œ0; 1�, n 2 N ;

(v) If f is monotone on Œ0; 1�, then A.M/
n .f / is monotone and of the same

monotonicity, for all n 2 N ;
(vi) If f is quasiconvex on Œ0; 1�, then A.M/

n .f / is quasiconvex on Œ0; 1�, for all
n 2 N ;

(vii) If f is continuous on Œ0; 1�, then

jA.M/
n .f /.x/ � f .x/j � Cf Œn!2

1.f I 1=n/ C !1.f I 1=n/�; for all x 2 Œ0; 1�; n 2 NI
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(viii) If f is a Lipschitz function on Œ0; 1� (of order 1), then

jA.M/
n .f /.x/ � f .x/j � C

n
; for all x 2 Œ0; 1�; n 2 NI

(ix) If f is continuous on Œ0; 1�, then kA.M/
n .f / � f k D o.1=n/ if and only if f is

constant function (here k � k denotes the uniform norm in CŒ0; 1�) ;
(x) Let 0 < ˛ < ˇ < 1 be such that f is continuous on Œ˛; ˇ�. If there exists a

constant M > 0 (independent of n but depending on f , ˛ and ˇ) such that

kA.M/
n .f / � f kŒ˛;ˇ� � M=n; for all n 2 N;

then f is a Lipschitz function (of order 1) on Œ˛; ˇ� ;
(xi) Let also g W Œ0; 1� ! R be bounded on Œ0; 1� and suppose that there exists

a; b 2 Œ0; 1�, 0 < a < b < 1 such that f .x/ D g.x/ for all x 2 Œa; b�. Then
for all c; d 2 Œa; b� satisfying a < c < d < b, there exists Qn 2 N depending
only on f ; g; a; b; c; d such that A.M/

n .f /.x/ D A.M/
n .g/.x/ for all x 2 Œc; d� and

n 2 N with n � Qn ;
(xii) Let 0 < a < b < 1 be such that f jŒa;b� 2 LipŒa; b�. Then, for any c; d 2 Œ0; 1�

satisfying a < c < d < b, we have

ˇ
ˇA.M/

n .f /.x/ � f .x/
ˇ
ˇ � C

n
for all n 2 N; x 2 Œc; d�;

where the constant C depends only on f and a; b; c; d ;
(xiii) Suppose that there exist a; b 2 Œ0; 1�, 0 < a < b < 1, such that f is constant on

Œa; b� with the constant value ˛. Then for any c; d 2 Œa; b� with a < c < d < b,
there exists Qn 2 N depending only on a; b; c; d, and f , such that A.M/

n .f /.x/ D ˛

for all x 2 Œc; d� and n 2 N with n � Qn ;
(xiv) Suppose that there exist a; b 2 Œ0; 1�, 0 < a < b < 1, such that f is

nondecreasing (nonincreasing) on Œa; b�. Then for any c; d 2 Œa; b� with
a < c < d < b, there exists Qn 2 N depending only on a; b; c; d, and f ,
such that A.M/

n .f / is nondecreasing (nonincreasing) on Œc; d� for all n 2 N

with n � Qn ;
(xv) Suppose that there exist a; b 2 Œ0; 1�, 0 < a < b < 1, such that f

is quasiconvex (quasiconcave) on Œa; b�. Then for any c; d 2 Œa; b� with
a < c < d < b, there exists Qn 2 N depending only on a; b; c; d, and f ,
such that A.M/

n .f /, is quasiconvex (quasiconcave) on Œc; d� for all n 2 N with
n � Qn ;

(xvi) If f is a concave and monotonous function on Œ0; 1�, then

Z 1

0

ˇ
ˇA.M/

n .f I Œ0; 1�/.x/ � f .x/
ˇ
ˇ dx � 2jf .1/ � f .0/j

n C 1
; for all n 2 N:
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Proof. The proofs are immediate from A.M/
n .f /.x/ � f .x/ D B.M/

n .f C c�/.x/ �
.f .x/ C c�/ and from the fact that a constant added to a function does not
modify its monotonicity, convexity (concavity), quasiconvexity (quasiconcavity),
and the value of its modulus of continuity. As a consequence, (i) follows directly
from Theorem 2.1.5, (ii) from Corollary 2.1.10, (iii)–(iv) from Corollary 2.1.11,
(v) from Theorem 2.1.15, and from Corollary 2.1.16, (vi) from Corollary 2.1.18,
(vii) from Theorem 2.2.18, (viii) from Corollary 2.2.19, (ix) from Theorem 2.3.2,
(x) from Theorem 2.3.3, (xi) from Theorem 2.4.1, (xii) from Corollary 2.4.2, (xiii)
from Corollary 2.4.3, (xiv) from Corollary 2.4.4, (xv) from Corollary 2.4.5, and
(xvi) from Corollary 2.6.11. �

Note 2.9.2. It is easy to observe that due to the definition formulas, all the results
in Section 2.7 concerning the bivariate max-product Bernstein operators B.M/

n;m .f /

and T.M/
n .f / are necessarily proved only for positive (or strictly positive) bivariate

functions on Œ0; 1� � Œ0; 1�.

But all the results in Section 2.7 can easily be extended to bivariate bounded
functions of variable sign, by defining the new operators of max-product kind
A.M/

n;m .f /.x; y/ D B.M/
n;m .f C c�/.x; y/ � c� and S.M/

n .f /.x; y/ D T.M/
n .f C c�/.x; y/ � c�,

where c� > 0 is a constant chosen such that f .x; y/ C c� > 0 for all x; y 2
Œ0; 1� � Œ0; 1�.

The proofs are immediate from the results in Section 2.7, from the relationships
A.M/

n;m .f /.x; y/� f .x; y/ D B.M/
n;m .f Cc�/.x; y/� .f .x; y/Cc�/, S.M/

n .f /.x; y/� f .x; y/ D
T.M/

n .f C c�/.x; y/ � .f .x; y/ C c�/ and from the fact that a constant added to a
function does not modify any of its bivariate monotonicity and the value of its
bivariate modulus of continuity.

Note 2.9.3. In this note, we present the approximation properties of two new
positive nonlinear operators called Bernstein operators of sum-max kind attached
to positive functions, defined by

B.SM/
n .f /.x/ D

Pn
kD0

hWk
jD0 pn;j.x/f .j=n/

i

Pn
kD0

hWk
jD0pn;j.x/

i ;

and

T.SM/
n .f /.x/ D

Pn
kD0

hWk
jD0 pn;j.x/f .j=n/

i
CPn

kD0

hWn
jDn�k pn;j.x/f .j=n/

i

Pn
kD0

hWk
jD0pn;j.x/

i
CPn

kD0

hWn
jDn�k pn;j.x/

i :

Remark. Since the denominators of B.SM/
n .f /.x/ and T.SM/

n .f /.x/ are sums of posi-
tive functions on Œ0; 1�, containing the strictly positive term on Œ0; 1�,

Wn
jD0 pn;j.x/, it

follows that B.SM/
n .f /.x/ and T.SM/

n .f /.x/ are well defined for all x 2 Œ0; 1�.
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The following properties are immediate:

Theorem 2.9.2. Let L.SM/
n .f / D B.SM/

n .f / for all n 2 N or L.SM/
n .f / D T.SM/

n .f / for
all n 2 N and denote

CCŒ0; 1� D ff W Œ0; 1� ! Œ0; C1/I f is continuous on Œ0; 1�g:

(i) If f 2 CCŒ0; 1�, then L.SM/
n .f / 2 CCŒ0; 1�, for all n 2 N ;

(ii) L.SM/
n .�f / D �L.SM/

n .f /, for all � � 0, f 2 CCŒ0; 1� and n 2 N;
(iii) L.SM/

n .f C g/.x/ � L.SM/
n .f /.x/ C L.SM/

n .g/.x/, for all f ; g 2 CCŒ0; 1�, n 2 N and
x 2 Œ0; 1� ;

(iv) Denoting e0.x/ D 1 for all x 2 Œ0; 1�, we have L.SM/
n .e0/.x/ D e0.x/, for all

x 2 Œ0; 1� and n 2 N ;
(v) If f ; g 2 CCŒ0; 1� satisfy f � g on Œ0; 1�, then L.SM/

n .f / � L.SM/
n .g/ on Œ0; 1�.

(vi) For any f 2 CCŒ0; 1� we have L.SM/
n .f /.0/ D f .0/ and L.SM/

n .f /.1/ D f .1/, for
all n 2 N.

Now, according to Theorem 1.1.2, from Theorem 2.9.2 we immediately get the
following.

Corollary 2.9.3. For all f 2 CCŒ0; 1�, n 2 N and x 2 Œ0; 1�, we have

jf .x/ � L.SM/
n .f /.x/j �

�

1 C 1

ı
L.SM/

n .'x/.x/

	

!1.f I ı/Œ0;1�;

where 'x.t/ D jt � xj, for all t 2 Œ0; 1�(here x is supposed fixed.)

Remark. From Corollary 2.9.3, it follows that the approximation properties of
B.SM/

n .f /.x/ and T.SM/
n .f /.x/ are controlled by the ratios

B.SM/
n .'x/.x/ D

Pn
kD0

hWk
jD0 pn;j.x/j j

n � xj
i

Pn
kD0

hWk
jD0 pn;j.x/

i ; (2.28)

and

T.SM/
n .'x/.x/

D
Pn

kD0

hWk
jD0 pn;j.x/j j

n � xj
i

CPn
kD0

hWk
jDn�k pn;j.x/j j

n � xj
i

Pn
kD0

hWk
jD0 pn;j.x/

i
CPn

kD0

hWn
jDn�k pn;j.x/

i : (2.29)

The denominator of the B.SM/
n .f / operator can be exactly calculated, as follows.
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Lemma 2.9.4. Let n 2 N
Sf0g and x 2 Œ0; 1�. Then we have

(i)

k_

jD0

pn;j.x/ D pn;i.x/; if x 2
�

i

n C 1
;

i C 1

n C 1

	

; i D 0; k � 1; k � 1;

and

k_

jD0

pn;j.x/ D pn;k.x/; if x 2
�

k

n C 1
; 1

	

; k � 0I

(ii)

n_

jDk

pn;j.x/ D pn;k.x/; if x 2
�

0;
k C 1

n C 1

	

; k � 0;

and

n_

jDk

pn;j.x/ D pn;i.x/; if x 2
�

i

n C 1
;

i C 1

n C 1

	

; i D k; n; k � 0I

(iii)

nX

kD0

2

4
k_

jD0

pn;j.x/

3

5 D pn;0.x/ C npn;0.x/ D .n C 1/pn;0.x/; x 2
�

0;
1

n C 1

	

;

and

nX

kD0

2

4
k_

jD0

pn;j.x/

3

5 D
iX

jD0

pn;j.x/ C .n � i/pn;iC1.x/; x 2
�

i C 1

n C 1
;

i C 2

n C 1

	

;

i D 0; n � 1.

Proof. (i)–(ii) Reasoning exactly as in the proof of Lemma 2.1.4, the proof is
immediate.

(iii) By taking successively in the formulas in (i), k D 0, k D 1, . . . , k D n and
then summing after k from 0 to n, we immediately obtain the formulas in (iii): �

Also, from the above lemma we can explicit the denominator of the operator
T.SM/

n .f / too.
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Lemma 2.9.5. Let x 2 Œ0; 1�, n 2 N
Sf0g and let l 2 f0; 1; : : : ; ng be such that

x 2 Œ l
nC1

; lC1
nC1

�. Then we have

nX

kD0

2

4
k_

jD0

pn;j.x/

3

5C
nX

kD0

2

4
n_

jDn�k

pn;j.x/

3

5 D 1 C .n C 1/pn;l.x/:

Proof. First we suppose that l 2 f1; 2; : : : ; n�1g. Taking into account the equalities
in Lemma 2.9.4, (i)–(ii) we get

nX

kD0

2

4
k_

jD0

pn;j.x/

3

5C
nX

kD0

2

4
n_

jDn�k

pn;j.x/

3

5

D
l�1X

kD0

2

4
k_

jD0

pn;j.x/

3

5C
nX

kDl

2

4
k_

jD0

pn;j.x/

3

5

C
n�l�1X

kD0

2

4
n_

jDn�k

pn;j.x/

3

5C
nX

kDn�l

2

4
n_

jDn�k

pn;j.x/

3

5

D .n � l C 1/pn;l.x/ C
l�1X

kD0

pn;k.x/ C .l C 1/pn;l.x/ C
n�l�1X

kD0

pn;n�k.x/

D.n C 1/pn;l.x/ C pn;l.x/ C
l�1X

kD0

pn;k.x/ C
nX

kDlC1

pn;k.x/

D.n C 1/pn;l.x/ C
nX

kD0

pn;k.x/ D 1 C .n C 1/pn;l.x/:

In the case when l 2 f0; ng the reasoning is similar and therefore we omit the details.
�

Taking into account that by Theorem 2.9.2, (iv) we have B.SM/
n .e0/.x/ D e0.x/

and T.SM/
n .e0/.x/ D e0.x/ would be of interest to exactly calculate B.SM/

n .f /.x/ and
T.SM/

n .f /.x/ for f .x/ D e1.x/ D x too. Firstly, in the case of the B.SM/
n operator, we

have the following.

Lemma 2.9.6. For all x 2 Œ0; 1� and n 2 N we have

B.SM/
n .e1/.x/ D xŒnpn�1;0.x/�

.n C 1/pn;0.x/
D x

1 � x
� n

n C 1
; if x 2 Œ0; 1=.n C 1/�;

B.SM/
n .e1/.x/ DD xnpn�1;0.x/

pn;0.x/ C npn;1.x/
D nx

1 C .n2 � 1/x
; if x 2 Œ1=.n C 1/; 1=n�;
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B.SM/
n .e1/.x/ D xŒpn�1;0.x/ C .n � 1/pn�1;1.x/�

pn;0.x/ C npn;1.x/
D x

1 � x
� 1 � x C .n � 1/2x

.1 � x/ C n2

if x 2 Œ1=n; 2=.n C 1/�;

B.SM/
n .e1/.x/ D xŒpn�1;0.x/ C .n � 1/pn�1;1.x/�

pn;0.x/ C pn;1.x/ C .n � 1/pn;2.x/

D xŒ.1 � x/ C .n � 1/2x�

.1 � x/2 C nx.1 � x/ C n.n � 1/2x2=2
; if x 2 Œ2=.n C 1/; 2=n�;

B.SM/
n .e1/.x/ D xŒpn�1;0.x/ C pn�1;1.x/ C .n � 2/pn�1;2.x/�

pn;0.x/ C pn;1.x/ C .n � 1/pn;2.x/
;

if x 2 Œ2=n; 3=.n C 1/�;

B.M/
n .e1/.x/ D xŒpn�1;0.x/ C pn�1;1.x/ C .n � 2/pn�1;2.x/�

pn;0 C pn;1.x/ C pn;2.x/ C .n � 2/pn;3.x/
;

if x 2 Œ3=.n C 1/; 3=n�;

and so on, in general we have

B.SM/
n .e1/.x/ D xŒ

Pj�1
iD0 pn�1;i.x/ C .n � j/pn�1;j.x/�

Pj�1
iD0 pn;i.x/ C .n C 1 � j/pn;j.x/

;

if x 2 Œj=n; .j C 1/=.n C 1/�;

B.SM/
n .e1/.x/ D xŒ

Pj�1
iD0 pn�1;i.x/ C .n � j/pn�1;j.x/�

Pj
iD0 pn;i.x/ C .n � j/pn;jC1.x/

;

if x 2 Œ.j C 1/=.n C 1/; .j C 1/=n�;

for j 2 f0; 1; : : : ; n � 1g. Here by convention we take
P�1

iD0 D 0.

Proof. Firstly, note that we have

B.SM/
n .e1/.x/ D

Pn
kD0

hWk
jD0 pn;j.x/ j

n

i

Pn
kD0

hWk
jD0 pn;j.x/

i :

Since

k_

jD0

pn;j.x/
j

n
D

k_

jD1

pn;j.x/
j

n
D x �

k�1_

jD0

pn�1;j.x/;

to find explicitly B.SM/
n .e1/.x/, we will use for both the numerator and denominator

the same Lemma 2.9.4.
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Thus, for the numerator we get

nX

kD0

2

4
k_

jD0

pn;j.x/
j

n

3

5 D
nX

kD1

2

4
k_

jD0

pn;j.x/
j

n

3

5 D x �
nX

kD1

2

4
k�1_

jD0

pn�1;j.x/

3

5

D x �
n�1X

iD0

2

4
i_

jD0

pn�1;j.x/

3

5 D x �
n�1X

kD0

2

4
k_

jD0

pn�1;j.x/

3

5 :

Now, applying Lemma 2.9.4, (iii) to both expressions

A WD
nX

kD0

2

4
k_

jD0

pn;j.x/

3

5 and B WD x �
n�1X

kD0

2

4
k_

jD0

pn�1;j.x/

3

5 ;

taking into account that we get the following division of the interval Œ0; 1�

0 <
1

n C 1
� 1

n
� 2

n C 1
� 2

n
� 3

n C 1
� 3

n
� 4

n C 1
� 4

n
� ��;

it follows:

B

A
D xnpn�1;0.x/

.n C 1/pn;0.x/
D n

n C 1
� x

1 � x
; x 2

�

0;
1

n C 1

	

;

B

A
D xnpn�1;0.x/

pn;0.x/ C npn;1.x/
D nx

1 C x.n2 � 1/
; x 2

�
1

n C 1
;

1

n

	

;

B

A
D xŒpn�1;0.x/ C .n � 1/pn�1;1.x/�

pn;0.x/ C npn;1.x/

D x

1 � x
� 1 � x C .n � 1/2x

.1 � x/ C n2
; x 2

�
1

n
;

2

n C 1

	

;

B

A
D xŒpn�1;0.x/ C .n � 1/pn�1;1.x/�

pn;0.x/ C npn;1.x/

D x

1 � x
� 1 � x C .n � 1/2x

.1 � x/ C n2
; x 2

�
1

n
;

2

n C 1

	

;

B

A
D xŒpn�1;0.x/ C .n � 1/pn�1;1.x/�

pn;0.x/ C pn;1.x/ C .n � 1/pn;2.x/

D xŒ.1 � x/ C .n � 1/2x�

.1 � x/2 C nx.1 � x/ C n.n � 1/2x2=2
x 2

�
2

n C 1
;

2

n

	

;

B

A
D xŒpn�1;0.x/ C pn�1;1.x/ C .n � 2/pn�1;2.x/�

pn;0.x/ C pn;1.x/ C .n � 1/pn;2.x/
;
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if x 2 Œ2=n; 3=.n C 1/�;

B

A
D xŒpn�1;0.x/ C pn�1;1.x/ C .n � 2/pn�1;2.x/�

pn;0 C pn;1.x/ C pn;2.x/ C .n � 2/pn;3.x/
;

if x 2 Œ3=.n C 1/; 3=n�;

and so on, in general we have

B

A
D xŒ

Pj�1
iD0 pn�1;i.x/ C .n � j/pn�1;j.x/�

Pj�1
iD0 pn;i.x/ C .n C 1 � j/pn;j.x/

;

if x 2 Œj=n; .j C 1/=.n C 1/�;

B

A
D xŒ

Pj�1
iD0 pn�1;i.x/ C .n � j/pn�1;j.x/�

Pj
iD0 pn;i.x/ C .n � j/pn;jC1.x/

;

if x 2 Œ.j C 1/=.n C 1/; .j C 1/=n�;

for j 2 f0; 1; : : : ; n � 1g. Here by convention we take
P�1

iD0 D 0. �
Analogously, in the case of T.SM/

n operator, we can state:

Lemma 2.9.7. For all x 2 Œ0; 1� and n 2 N we have

T.SM/
n .e1/.x/ D 1 C npn�1;0.x/

1 C .n C 1/pn;0.x/
; if x 2 Œ0; 1=.n C 1/�;

T.SM/
n .e1/.x/ D 1 C npn�1;0.x/

1 C .n C 1/pn;1.x/
; if x 2 Œ1=.n C 1/; 1=n�;

T.SM/
n .e1/.x/ D 1 C npn�1;1.x/

1 C .n C 1/pn;1.x/
; if x 2 Œ1=n; 2=.n C 1/�;

T.SM/
n .e1/.x/ D 1 C npn�1;1.x/

1 C .n C 1/pn;2.x/
; if x 2 Œ2=.n C 1/; 2=n�;

T.SM/
n .e1/.x/ D 1 C npn�1;2.x/

1 C .n C 1/pn;2.x/
; if x 2 Œ2=n; 3=.n C 1/�;

T.M/
n .e1/.x/ D 1 C npn�1;2.x/

1 C .n C 1/pn;3.x/
; if x 2 Œ3=.n C 1/; 3=n�;

and so on, in general we have

T.SM/
n .e1/.x/ D 1 C npn�1;l.x/

1 C .n C 1/pn;l.x/
; if x 2 Œl=n; .l C 1/=.n C 1/�;

T.SM/
n .e1/.x/ D 1 C npn�1;l.x/

1 C .n C 1/pn;lC1.x/
; if x 2 Œ.l C 1/=.n C 1/; .l C 1/=n�;

for l 2 f0; 1; : : : ; ng.
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Proof. Let us choose arbitrary x 2 Œ0; 1� and let l 2 f0; 1; : : : ; ng be such that
x 2 Œl=n; .l C 1/=n�. Firstly, we have

T.SM/
n .e1/.x/ D

Pn
kD0

hWk
jD0 pn;j.x/ j

n

i
CPn

kD0

hWn
jDn�k pn;j.x/ j

n

i

Pn
kD0

hWk
jD0pn;j.x/

i
CPn

kD0

hWn
jDn�k pn;j.x/

i :

Then, we observe that

nX

kD0

2

4
k_

jD0

pn;j.x/
j

n

3

5 D
nX

kD1

2

4
k_

jD1

pn;j.x/
j

n

3

5 D x
nX

kD1

2

4
k_

jD1

pn�1;j�1.x/

3

5

D x
n�1X

kD0

2

4
k_

jD0

pn�1;j.x/

3

5 :

By similar reasonings we get that

nX

kD0

2

4
n_

jDn�k

pn;j.x/
j

n

3

5 D x
n�1X

kD0

2

4
n�1_

jDn�1�k

pn�1;j.x/

3

5 :

The above two equalities give

nX

kD0

2

4
k_

jD0

pn;j.x/
j

n

3

5C
nX

kD0

2

4
n_

jDn�k

pn;j.x/
j

n

3

5

D x

0

@
n�1X

kD0

2

4
k_

jD0

pn�1;j.x/

3

5C
n�1X

kD0

2

4
n�1_

jDn�1�k

pn�1;j.x/

3

5

1

A :

If x 2 Œl=n; .lC1/=.nC1/� then using Lemma 2.9.5 for the numerator of T.SM/
n .f /.x/

and for the denominator too, we obtain

T.SM/
n .f /.x/ D 1 C npn�1;l.x/

1 C .n C 1/pn;l.x/
:

Now, if x 2 Œ.l C 1/=.n C 1/; .l C 1/=n�, by the same Lemma 2.9.5 we obtain

T.SM/
n .f /.x/ D 1 C npn�1;l.x/

1 C .n C 1/pn;lC1.x/

and the proof is complete. �
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In what follows, we study the approximation properties of B.SM/
n .f / and T.SM/

n .f /,
based on estimations of the quantities defined by (2.28) and (2.29).

Theorem 2.9.8. Let f W Œ0; 1� ! RC be continuous on Œ0; 1�.

(i) We have

jT.SM/
n .f /.x/ � f .x/j � 24!1

�

f I 1p
n C 1

�

; for all n 2 N; x 2 Œ0; 1�:

(ii) For any 0 < a < 1, there exist an index n0 and a constant Ca > 0, both
depending only on a (increasing with respect to a and satisfying lima%1 n0.a/ D
lima%1 Ca D C1), such that

jB.SM/
n .f /.x/ � f .x/j � Ca!1

�

f I 1p
n C 1

�

; for all n 2 N; n � n0; x 2 Œ0; a�;

that is, B.SM/
n .f / converges uniformly to f on each compact subinterval of the

form Œ0; a�, with a < 1.

Proof. (i) Since for T.SM/
n are valid the conclusions of Theorem 2.9.2 and Corol-

lary 2.9.3, it follows that for any x 2 Œ0; 1� and ı > 0 we have

jT.SM/
n .f /.x/ � f .x/j �

�

1 C 1

ı
T.SM/

n .'x/.x/

	

!1.f I ı/: (2.30)

Let us choose arbitrary x 2 Œ0; 1�. By the proof of Theorem 2.1.5 it results

Wn
kD0 pn;k.x/j k

n � xj
Wn

kD0 pn;k.x/
� 6p

n C 1
:

Let k1; k2 2 f0; 1; : : : ; ng be such that
Wn

kD0 pn;k.x/j k
n �xj D pn;k1 .x/j k1

n �xj and
such that x 2 Œk2=.n C 1/; .k2 C 1/=.n C 1/�. By Lemma 2.9.4, (i) we get thatWn

kD0 pn;k.x/ D pn;k2 .x/ and from the above inequality we obtain

pn;k1 .x/j k1

n � xj
pn;k2 .x/

� 6p
n C 1

: (2.31)

In addition, it is immediate that

nX

kD0

2

4
k_

jD0

pn;j.x/j j

n
� xj

3

5C
nX

kD0

2

4
k_

jDn�k

pn;j.x/j j

n
� xj

3

5

� 2.n C 1/pn;k1 .x/jk1

n
� xj:
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On the other hand, from Lemma 2.9.5 it follows that

nX

kD0

2

4
k_

jD0

pn;j.x/

3

5C
nX

kD0

2

4
n_

jDn�k

pn;j.x/

3

5 D 1 C .n C 1/pn;k2 .x/:

From the above two inequalities (taking into account relation .2:31/) we obtain

T.SM/
n .'x/.x/ � 2.n C 1/pn;k1 .x/j k1

n � xj
.n C 1/pn;k2 .x/

D 2pn;k1 .x/j k1

n � xj
pn;k2 .x/

� 12p
n C 1

:

Now, taking ı D 12p
nC1

in relation (2.30) we obtain the desired conclusion. �
(ii) Again, we observe that for B.SM/

n are valid the conclusions of Theorem 2.9.2
and Corollary 2.9.3 and therefore it follows that for any x 2 Œ0; 1� and ı > 0 we
have

jB.SM/
n .f /.x/ � f .x/j �

�

1 C 1

ı
B.SM/

n .'x/.x/

	

!1.f I ı/: (2.32)

Keeping the notations from the above point (i), the numerator of the expression
B.SM/

n .'x/.x/ can be upper estimated by the quantity .n C 1/pn;k1 .x/
ˇ
ˇ k1

n � x
ˇ
ˇ.

On the other hand, we have to find a lower estimate for the denominator of the

expression B.SM/
n .'x/.x/ that is

Pn
kD0

hWk
jD0 pn;j.x/

i
. For that purpose, first suppose

that x 2 Œ0; 1=2�. We have two cases: 1) n is odd. 2) n is even.

Case 1). We can write

nX

kD0

2

4
k_

jD0

pn;j.x/

3

5 D
0

@pn;0.x/ C
1_

jD0

pn;j.x/ C : : : C
.n�1/=2_

jD0

pn;j.x/

1

A

C
0

@
.nC1/=2_

jD0

pn;j.x/ C : : : C
n_

jD0

pn;j.x/

1

A WD S1 C S2:

Since x 2 Œ0; 1=2�, it follows that k2 2 f0; 1; : : : ; .n � 1/=2g. For this x, from
Lemma 2.9.4, (i), it follows that all the terms in the sum denoted above by S2

(including the term
Wn

jD0 pn;j.x/), become equal to pn;k2 .x/, which will imply that

S1 C S2 D S1 C nC1
2

Wn
jD0 pn;j.x/ � nC1

2

Wn
jD0 pn;j.x/.

From the above two inequalities and taking into account relation (2.31) we obtain

B.SM/
n .'x/.x/ � .n C 1/pn;k1 .x/j k1

n � xj
Œ.n C 1/=2�pn;k2 .x/

D 2pn;k1 .x/j k1

n � xj
pn;k2 .x/

� 12p
n C 1

:
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Case 2). We can write

nX

kD0

2

4
k_

jD0

pn;j.x/

3

5 D
0

@pn;0.x/ C
1_

jD0

pn;j.x/ C : : : C
n=2_

jD0

pn;j.x/

1

A

C
0

@
n=2C1_

jD0

pn;j.x/ C : : : C
n_

jD0

pn;j.x/

1

A WD S1 C S2;

and reasoning as in the Case 1), we immediately obtain that S1 C S2 D S1 C
n
2

Wn
jD0 pn;j.x/ � n

2

Wn
jD0 pn;j.x/. Therefore from (2.31) we get

B.SM/
n .'x/.x/ � .n C 1/pn;k1 .x/j k1

n � xj
Œn=2�pn;k2 .x/

� 4pn;k1 .x/j k1

n � xj
pn;k2 .x/

� 24p
n C 1

:

Summarizing, for all x 2 Œ0; 1=2� we have

B.SM/
n .'x/ � 24p

n C 1
; for all n 2 N

and choosing in (2.32), ı D 24p
nC1

, we get

jB.SM/
n .f /.x/ � f .x/j � 48!1

�

f I 1p
n C 1

�

; for all x 2 Œ0; 1=2�; n 2 N:

Now, let 1
2

< a < 1 be arbitrary, fixed and n0 D 2
1�a . For all n > n0, it is immediate

that we have n > Œan� C 2 and nC1
n�Œan��2

� nC1
n�an�2

D nC1
n.1�a/�2

. Since nC1
n.1�a/�2

is

decreasing as function of n, it follows that the maximum value of nC1
n.1�a/�2

is attained

for n D 

2

1�a

�C 1 and denote this value by Ma.
Let x 2 Œ0; a� and n > 2

1�a . Now, writing

nX

kD0

2

4
k_

jD0

pn;j.x/

3

5 D
0

@pn;0.x/ C
1_

jD0

pn;j.x/ C : : : C
Œan�C1_

jD0

pn;j.x/

1

A

C
0

@
Œan�C2_

jD0

pn;j.x/ C : : : C
n_

jD0

pn;j.x/

1

A WD S1 C S2;

because Œan�C2

nC1
> a, by Lemma 2.9.4, (i) and reasoning exactly as in the case when

x 2 Œ0; 1=2�, it follows that



2.9 Notes 157

nX

kD0

2

4
k_

jD0

pn;j.x/

3

5 D S1 C S2 � S2 D Œn � .Œan� C 2/ C 1�

n_

jD0

pn;j.x/

D .n � Œan� � 1/

n_

jD0

pn;j.x/ > .n � Œan� � 2/

n_

jD0

pn;j.x/:

Therefore, taking into account (2.30) too, for all x 2 Œ0; a� and n � 

2

1�a

� C 1, we
obtain

B.SM/
n .'x/.x/ � n C 1

n � Œan� � 2
� 6p

n C 1
� 6Map

n C 1
:

By choosing in (1.38), ı D 6Map
nC1

, we immediately get the desired estimate in (ii),

valid for all x 2 Œ0; a� and n � 

2

1�a

� C 1. It is clear that both n0 and Ca depend
increasingly with respect to a % 1 and satisfy lima%1 n0.a/ D lima%1 Ca D C1.

�

Remarks. 1) It can be shown that in the whole space CCŒ0; 1�, the order of uniform
approximation by the operator T.SM/

n in Theorem 2.9.8, (i), is the best possible.
Indeed, let us consider the function f W Œ0; 1� ! Œ0; 1/, f .x/ D 0 if x 2 Œ0; 1=2�

and f .x/ D x � 1=2 if x 2 Œ1=2; 1�. In the paper [52] (see Example 3.1. there) we
have proved that

B.M/
n .f /.1=2/ � f .

1

2
/ � e�5

6
!1.f ; 1=

p
n/; (2.33)

where

B.M/
n .f /.1=2/ D

Wn
kD0 pn;k.1=2/f .k=n/
Wn

kD0 pn;k.1=2/
:

Let k0 2 f0; 1; : : : ; ng be such that 1=2 2 Œk0=.n C 1/; .k0 C 1/=.n C 1/� and let
k1 2 f0; 1; : : : ; ng be such that

Wn
kD0 pn;k.1=2/f .k=n/ D pn;k1 .1=2/. Noting thatWn

kD0 pn;k.1=2/ D pn;k0 .1=2/, it follows that

B.M/
n .f /.1=2/ D pn;k1 .1=2/f .k1=n/

pn;k0 .1=2/
:

On the other hand, since the relation
Pn

kD0 pn;k.1=2/D1 implies pn;k0 .1=2/ � 1=

.n C 1/, by Lemma 2.9.5 it follows that
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nX

kD0

2
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k_

jD0

pn;j.1=2/

3

5C
nX

kD0

2

4
n_

jDn�k

pn;j.1=2/

3

5

D 1 C .n C 1/pn;k0 .1=2/ � .n C 1/pn;k0 .1=2/ C .n C 1/pn;k0 .1=2/

D 2.n C 1/pn;k0 .1=2/:

Then one can easily prove that

nX

kD0

2

4
k_

jD0

pn;j.1=2/f .j=n/

3

5C
nX

kD0

2

4
n_

jDn�k

pn;j.x/f .j=n/

3

5

� .n C 2/pn;k1 .1=2/f .k1=n/:

Indeed, this is immediate since for k 2 fk1; k1 C 1; : : : ; ng we have

k_

jD0

pn;j.1=2/f .j=n/ D pn;k1 .1=2/f .k1=n/

and for k 2 fn � k1; n � k1 C 1; : : : ; ng we have

n_

jDn�k

pn;j.x/f .1=n/ D pn;k1 .1=2/f .k1=n/:

The above two inequalities imply

T.SM/
n .f /.x/ � .n C 2/pn;k1 .1=2/f .k1=n/

2.n C 1/pn;k0 .1=2/
� 1

2
� B.M/

n .f /.1=2/:

Since f .1=2/ D 0 and taking into account relation (2.33), we get

T.SM/
n .f /.1=2/ � f .

1

2
/ � e�5

12
!1.f ; 1=

p
n/:

which proves the desired conclusion. �

2) It remains an interesting open question to see if the sum-max Bernstein operator
possesses similar properties with the max-prod Bernstein operator.

3) The construction generated by the sum-max method applied above to the
Bernstein polynomials, evidently that could be applied to any other Bernstein-
type operator in the next chapters.

4) The positivity of the approximated function f in the approximation by the sum-
max Bernstein operator could be dropped if we apply the same idea as in
Theorem 2.9.1.
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