Chapter 2
Fokker-Planck Equations

Abstract In this chapter, we review the Bakry—Emery approach from the PDE view-
point (Sect.2.1) and the original stochastic viewpoint (Sect.2.3) and detail some
known relations to convex Sobolev inequalities (Sect.2.2). Our focus is the PDE
viewpoint addressed by (Toscani, G, Entropy production and the rate of conver-
gence to equilibrium for the Fokker-Planck equation, Quart. Appl. Math, 57, 521—
541, (1999) [43]), and we follow partially the presentation of Matthes, D, Entropy
Methods and Related Functional Inequalities, Lecture Notes, Pavia, Italy, (2007)
http://www-m8.ma.tum.de/personen/matthes/papers/lecpavia.pdf [34]. The origi-
nal Bakry—Emery method in (Bakry, D, Emery, M, Diffusions hypercontractives.
Séminaire de probabilités XIX, 1983/84, Lecture Notes in Mathmatics, vol. 1123,
pp. 177-206, Springer, Berlin (1985) [7] has been elaborated by many authors, and
we select some of its extensions, including intermediate asymptotics by Carrillo and
Toscani, Asymptotic L'-decay of solutions of the porous medium equation to self-
similarity, Indiana Univ. Math. J., 49, 113-142, (2000) [13] (Sect.2.4) and more
general Fokker—Planck equations, investigated, e.g., by Carrillo et al., Asymptotic
L'-decay of solutions of the porous medium equation to self-similarity, Indiana Univ.
Math. J., 49, 113-142, (2000); Entropy dissipation methods for degenerate parabolic
problems and generalized Sobolev inequalities, Monatsh. Math. 133, 1-82, (2001)
[13, 14] and Arnold et al., Large-time behavior of non-symmetric Fokker-Planck
type equations, Commun. Stoch. Anal., 2, 153-175, (2008); Sharp entropy decay for
hypocoercive and non-symmetric Fokker—Planck equations with linear drift, Preprint
(2014). arXiv:1409.5425 [2, 5] (Sects.2.5-2.6). Because of limited space, we ignore
many important developments and deep connections to, e.g., optimal transport and
Riemannian geometry, and we just refer to Villani, C.: Optimal Transport Old and
New. Springer, Berlin (2009) [46] and the numerous references therein for more
information.
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20 2 Fokker—Planck Equations

2.1 The PDE Viewpoint of the Bakry—-Emery Approach

One idea of entropy methods is first to calculate the entropy production P[u] =
—dH/dr associated to the solution u of an evolution equation and second to employ
the inequality P[u] > «H[u]. Then we infer from Gronwall’s lemma the exponential
decay of the solution to the steady state with rate «. In this section, we detail how the
exponential decay rate and the functional inequality can be proved simultaneously.
The key idea, due to Bakry and Emery [7], is to compute the time derivative of the
entropy production and to relate it to the entropy production. We restrict ourselves
to formal arguments to highlight the ideas and refer to [6] for rigorous arguments.
In order to explain the idea, we focus on the linear Fokker—Planck equation

du=div(Vu +uVV), t>0, u(0)=uy inR?. 2.1)

Such equations arise in many applications like semiconductor theory [33], plasma
physics [40], and stellar dynamics [22]. The function V = V (x) models a potential.
In probability theory, the Fokker—Planck equation is also called the Kolmogorov
forward equation, describing the time evolution of the probability density function
of a stochastic process [39]. Existence results are proved in [14].

We suppose that the initial datum uo € L'(R?) is nonnegative and has unit mass,
fR(, updx = 1. Then the solution u(¢) (which is assumed to exist) is nonnegative (by
the maximum principle) and conserves mass, i.e. fRd u(t)dx = 1forallt > 0. The
potential is assumed to be smooth, convex, and to satisfy eV € L'(R¢). We may
interpret u(x, t) as the density of a particle system which is confined by the potential.

The Fokker—Planck equation possesses a unique steady state u,, which is com-
puted from

0=V +uxVV =uV(ogus + V).

Hence, if u, > 0 (see [14, Sect.3.1] for the general case uy, > 0), logus, + V is
constant and consequently,

—1
Uoo(X) = Ze VW, z:( / e—V<y>dy) . (2.2)
Rd

In particular, u#, has unit mass.

Let ¢ : [0, 00) — R be a smooth, strictly convex function such that ¢ (1) = 0
and 1/¢" is concave. Then B(s) = ¢ (s) — @' (1)(s — 1) is a linear perturbation of ¢,
it has the same properties as ¢ and satisfies 5’(1) = 0, so we may suppose without
loss of generality that ¢'(1) = 0. The convexity implies that ¢(s) > 0 for s > 0 and
in particular, ¢” (1) > 0. With such a function, we define the (relative) entropy

Hylu] = / ¢(i)umdx.
R Uoo
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Our main result is the following theorem; see [6, 7].

Theorem 2.1 (Exponential decay of the Fokker—Planck equation) Let ¢ €
C*([0, 00)) be convex, ¢ (1) = 0, and 1/¢" is defined and concave. Furthermore, let
Hgluo]l < oo and let the Bakry—Emery condition V2V > Al hold for some A > 0.
Then any smooth solution to (2.1) converges exponentially fast to the steady state,

() — tooll1rey < € KyHyluol'?, ¢ >0

where Ky = /2/¢"(1) is the constant in the general Csiszdr—Kullback—Pinsker
inequality (see Appendix A.1).

The condition V2V > Al means that V2V — Al is positive semi-definite, where
V2V denotes the Hessian matrix of V. Admissible functions ¢ are, for instance,

¢(s) =sogs —D+1, ¢@s)=s"—1 (I <a<2).

Proof Our presentation is close to the proof of Theorem 2.3 in [34].

Step 1: first time derivative of the entropy. We compute the entropy production.
For this, we set p = u/u and observe that d,u = div(u,, V p). Then, by integrating
by parts,

d
GHotnl = [ $ @ty == [ $'oVpPudr 0. @)
t Rd R

Since ¢ is convex, the entropy production Pg[u] = —dH, /d? is nonnegative.
Step 2: second time derivative of the entropy. The key idea of Bakry and Emery
is to estimate the second time derivative of Hy[u]:

& ,
g2 Helul = _/d (" ()3 ulVol* +2¢"(0)Vp - 9,V pu)dx =: I + L.
R

For the first integral I, we insert (2.1) and integrate by parts:
R ACACIZERTS
R

N /R (@"" (PIVpl* +2¢"(0)Vp" V2V p)uccdx, (2.4)

where VpTV?pVp = Z?,j:l 3ip3,-2j,03jp and 0; = 9/dx;. In order to determine
the second integral I, we observe first that V3, p = VAp — V2pVV — V2V Vp.

Inserting this expression into I, and writing Vp - VAp = div(V?pVp) — [V2p|?,
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I, = _2/ ¢"(0)(Vp-VAp —Vp V2 pVV — VpT V2V Vp)usdx
]R"
= —2/ 9" () (div(VZpVp) — [V2p|> = Vp V2 pVV — Vp V2V V)p)usdx.
]Rd

Next, we integrate by parts in the first term and use the strict convexity of V' in the
last term:

22 [ (0P VT s+ 4 (9)V0 V0TVt + T V)
Rd
@I pPun)dr +20 | 0" @IVplunds,
R

By definition (2.2) of ., the second term on the right-hand side vanishes. Moreover,
by (2.3), the last integral equals the negative first time derivative of Hy. Therefore,
adding this expression and (2.4), it follows that

2

d " /) !
gHelul = / (@ @IVPI +49" (0)VP VoV 420" (0)|V? oI Juccdx
Rt

d
" 2
= 2/ ¢>”(p)‘V2p + ¢//('0)V,0 ® Vp| usodx
R ¢"(p)
9" (p)* 4 d
+/ (cb””(p) -2 IV ol tosdx — 20 —Hy[u].
R ¢"(p) > T

Note that ¢ — 2(¢")?/¢" = —(¢")*(1/¢")" > 0, since we assumed that 1/¢" is
concave. Together with the convexity of ¢, we infer that

dzH[]> 2AdH[] t>0 (2.5)

— 20— > 0. .

a2 ¢ “h= dr ? 1,

Step 3: exponential decay of the entropy. Integrating both sides of (2.5) over
t € (s, 00), we obtain

%H¢[u<s>] — lim %Hqs[u(m = =2 (Hylu()] = lim Hy[u(1).

We claim that the two limits vanish, leading to

%H¢[M(S)] < —2AHglu(s)], s =>0. (2.6)

Then Gronwall’s lemma implies that the entropy decays exponentially fast,



2.1 The PDE Viewpoint of the Bakry—Emery Approach 23
Hy[u(s)] < Hy[ugle ™™, s> 0. 2.7)

It remains to prove that the limits vanish. By definition of the entropy production,
Py[u] = —dHg/dt, so inequality (2.5) can be written as dPy/dt < —2AP4. By
Gronwall’s lemma, we conclude that the entropy production decays exponentially,

Pylu(t)] < Plugle ', t >0,

and consequently, lim,_, o Py[u(¢)] = 0. For the remaining limit, we argue formally.
Assuming that we can interchange the limit and the nonlinear functional, we have

0= lim Pylu(t)] = Py [ lim u(r)].

The functional P, vanishes exactly at u = u,, which shows that lim,_, oc #(?) = Ux.
Therefore, interchanging the limits in Hy and employing ¢ (1) = 0,

Tim Hylu()] = H, [[1320 u(t)] = Hylus] =0,

which proves the claim. The rigorous proof is rather technical; see [6, Sect.2].
Step 4: exponential decay in L'. Finally, we apply the Csiszar—Kullback—Pinsker
inequality (see Appendix A.1) and (2.7) to find that

() = oo |17 1 gy < inﬁ[u(t)] < in)[que-z“.
¢"(1) ¢"(1)

This finishes the proof. O

Remark 2.1 (Integration by parts) The proof of Theorem 2.1 is based on smart
integrations by parts. One may ask the question whether it is possible to make this
approach more systematic. The answer is affirmative and leads to the method of
systematic integration by parts, which is presented in Chap. 3. (]

Remark 2.2 (Comparison with spectral theory) We already mentioned that the
inverse of the best constant in the Poincaré inequality is the smallest positive eigen-
value of the differential operator under consideration. We call the distance between
the zero eigenvalue and the smallest positive eigenvalue the spectral gap (if it exists).
The entropy method allows for the explicit computation of the spectral gap of, e.g.,
Schrédinger operators —A + V(x) in R?. Such a result can also be obtained by
spectral theory [38], and it gives sharp results. Spectral theory, however, gives hardly
explicit values for the spectral gap and it is difficult to generalize to nonlinear prob-
lems. Entropy methods often yield such explicit values, with conditions which are
easy to check, and it is robust to many nonlinear generalizations (we give an example
in Sect.2.5). Yet, entropy methods often do not give sharp rates. O
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Remark 2.3 (Nonlocal condition) A drawback of the Bakry—Emery method is that
the decay rate is based on a pointwise estimate on the potential. It is shown in [20,
Theorem 1.2] that the local estimate can be replaced by a weaker nonlocal condition
related to the positivity of the first eigenvalue of a Schrodinger operator. (]

2.2 Convex Sobolev Inequalities

The exponential convergence of solutions to the heat or DLLS equation in Sect. 1.3
was proved by using an entropy-entropy production inequality. It seems as if such an
inequality was not used in the proof of Theorem 2.1. In fact, we did. The inequality is
given by (2.6), and we have shown the exponential decay and the entropy-entropy pro-
duction inequality simultaneously. We call the entropy-entropy production inequality
also a convex Sobolev inequality (see Definition 1.3).

Corollary 2.1 (Convex Sobolev inequality) Let ¢ and V satisfy the assumptions of
Theorem 2.1, and let u, be defined by (2.2). Then

u 1 S u u
Rd Uso 20 Jpa Uso Uso

for all nonnegative integrable functions u for which the integrals are defined.

2
Usodx (2.8)

Proof The left-hand side of the inequality equals Hy[u], the right-hand side equals
Py[u]/(21). Thus, the result follows from (2.6) by choosing s = 0, ug = u. O

Remark 2.4 The convexity requirement V2V > Al is called the Bakry—Emery con-
dition . It can be significantly generalized, and we come back to this point in Sect. 2.3;
see [8, 15]. When V(x) = k|x|2/2, the constant 1/(21) in (2.8) is optimal. U

Example 2.1 (Logarithmic Sobolev inequality) Let ¢ (s) = s(logs — 1) 4+ 1 and let
p € L' (usdx) be a function with unit mass with respect to the measure u,,dx and
JP € H'(1sdx). We still assume that f]Rd Usdx = 1. Then (2.8) can be written as
a weighted logarithmic Sobolev inequality:

2

/d plog pusdx < X/] Vo todx. (2.9)
R Rd

If A = 1and we set f = ,/p, du = uxdx, it takes the equivalent form

2

i —fRd i

)du <2 | |VfPPdu. (2.10)
R4 RA

We may allow for functions f> whose mass is possibly not equal to one. This form
is the original one in the paper of Gross [24] (also see the earlier contributions by
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Stam [41] and Federbush [21]). It is usually known as the Gaussian form of the
logarithmic Sobolev inequality. A remarkable property is that the constant, which is
optimal, does not depend on the dimension.

Inequality (2.8) can be formulated with respect to the Lebesgue measure only.
For this, let V (x) = L[x[. Then & = 1, uco(x) = (2)~/2e~"/2, and

d 1
/ ¢ X uoodxz/ ulogudx+—log(2rr)+—/ ulx|*dx,
R4 Uso R4 2 2 R4

2
/ ¢”(i)‘vi Uoodx :4/ |Vﬁ|2dx—2d+/ u|x|2dx.
R Uoo Uso Rd Rd

Inserting these expressions into (2.8), we find that

d
/ ulogudx + = log(2mw) +d < 2/ |Vu|*dx,
Rd 2 Rd

which is the Euclidean form of the logarithmic Sobolev inequality (cf. (1.10)). O
Example 2.2 (Weighted Poincaré inquality) Choosing ¢ (s) = s* — 1, (2.8) yields

1
(p* — Dugedx < N IV pl*usodx,
R4 R4

or, since [pq PUoodx = [ps tiocdx =1,

2
1
/ ,ozuoodx—(/ ,ouoodx) 5—/ Vol usdx. 2.11)
R Ré A JRra

This is a weighted Poincaré inequality. Note that the standard Poincaré inequality
||u||iQ(Q) < CP||VM”%2(Q) foru € HOI(Q) is not valid when Q = RY; therefore,
the presence of a weight in (2.11) is needed. The constant A is linked to u, by the
convexity condition on the potential V appearing in the definition of u, (see (2.2)).

In stochastics, the left-hand side of (2.11) is called the variance of p in L% (u#sodx),
Var (p), while the right-hand side is the Dirichlet integral, & (p) = % fRd IV o usdx.

Thus, (2.11) can be written compactly as
2
Var(p) = Xéa (p).

We refer to [8, Sect.4.2] for more comments on Poincaré inequalities on probability
spaces. Also see Sect.2.3. (I

Example 2.3 (Beckner inequality) There is a family of inequalities which inter-
polate between the logarithmic Sobolev and the Poincaré inequality, the Beckner
inequalities [10]. For this, let ¢(s) = s — 1 with | < o < 2. By (2.8) and with
p = u/us satisfying [o, pusedx =1,
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] o
/ 0% Usodx — / PUoodx < i/ P2V p|Pusedx.
a—1 R4 R4 2h R4

If « = 2, we recover the Poincaré inequality (2.11). For « — 1, because of the
pointwise convergence (s* — s)/(a — 1) — slogs, the Beckner inequality leads to
the logarithmic Sobolev inequality. For more comments, we refer to [8, 30]. ]

Remark 2.5 (Logarithmic Sobolev implies Poincaré) The logarithmic Sobolev
inequality (2.9) implies the Poincaré inequality. Indeed, let p = 1 4 g for some
smooth function g, where ¢ > 0 is sufficiently small such that 1 + g > 0. Since
Jpa Ptocdx = [psusedx =1, we have [p, guosdx = 0. Inserting p = 1 + g into
(2.9) and expanding log(1 + eg) = eg — %82g2 + 0(&%), some terms cancel and we
end up with

2 2 2
e 1 e°|\Vv
= | glusdx+ 0() < —/ e1vel® Uoodx.
2 Jgra 20 Jra 1+ ¢eg

Dividing by &2 and passing to the limit & — 0 with dominated convergence, the
Poincaré inequality

2 1 2
g Usodx < — Vel usdx
RY A Jra

follows for all functions g € H'(uodx) satisfying fRd Guodx = 0.

The reverse implication (Poincaré implies logarithmic Sobolev) is generally false.
An counterexample is given by the function exp(—|x|%) in R¢ with & € [1, 2), which
replaces 1o (x) = exp(—|x|?) [9]. O

Remark 2.6 (Poincaré and Sobolev imply logarithmic Sobolev)Inbounded domains,
we do not need a confining potential. In this situation, the logarithmic Sobolev
inequality follows from the Poincaré inequality if additionally the Sobolev inequality
in H'(2) holds. More precisely, let the bounded domain  C R? be such that the
following inequalities hold for all u € H'(Q):

u—/udx
Q

where 2 < p <2d/(d —2) (and 2 < p < oo if d < 2). Then

2 u’ 2
u~log ————dx < C3 | |Vul"dx,
Q ”u”LZ(Q) Q

where C3 > 0 depends on Cy, C;, and p (Cj is decreasing in p). The proof is due to
Stroock [42], and a short proof based on Jensen’s inequality is given in [17]. O

< GillVullrz),  lullr@) < Callullgi ).
L% ()

Remark 2.7 (Optimality of the constant) The convex Sobolev inequality is optimal
for the Boltzmann or quadratic entropy if the potential is quadratic in at least one
coordinate direction (with convexity constant 1), since there exist extremal functions
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for which (2.8) becomes an equality [6, Sect.3.5]. As pointed out in [4], the non-
optimality for other entropies may have two reasons: either the constant A is not the
sharp convex Sobolev constant (e.g. for V(x) = |x |*, x € R), or there is no extremal
function, even for the sharp constant A. This happens for the entropies ¢ (s) = s
with 1 < o < 2. The reason is that the linear dependence between the entropy
and the entropy production is not optimal. Arnold and Dolbeault [4] have improved
this relationship. They showed that there exists an increasing continuous function g
satisfying g(0) = 0 and g(s) > s for s > O such that

u d 1 e ‘Vu
(Lol =5 Lo ()i

This inequality is referred to as a refined convex Sobolev inequality . (]

2
Usodx.

2.3 The Stochastic Viewpoint of the Bakry—Emery
Approach

The original method of Bakry and Emery [7] is of probabilistic nature. We review
this approach briefly. As in the previous section, the computations are purely formal.
Our presentation follows the lines of [8, Chap. 1] which also provides the functional
framework.

Let (X;);=0 be a Markov process on Q C R?. Very loosely speaking, a Markov
process is characterized by the (Markov) property that the future probabilities are
determined by the present state only, i.e., the processes are “memoryless”. An exam-
ple is the Brownian motion. We associate to this Markov process a Markov semigroup

(P,):>0 on the set of suitable measurable functions f : 2 — R by

P f(x) =E(f(X)|Xo=x), 1=0, x €,
where E(f(X,)|Xo = x) is the expectation of f (X,) conditional that the initial value
X equals x. Because of the Markov property, the semigroup satisfies the properties

Po(f) = f and P; o P, = Py, forall s, r > 0. We assume that the process (X;);>0
allows for a unique invariant measure |1, which is characterized by

/ P = / Fdios 2.12)
Q Q

for all + > 0 and all bounded positive measurable functions f : 2 — R. We can
associate to the semigroup P; the infinitesimal generator (defined on some domain)

1
L(f) =}1\I}(1) TP =)

Then P; is the solution to the evolution equation o, Py = LP;,t > 0,and Py = I.
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Example 2.4 (Ornstein—Uhlenbeck process) The generator L of the (generalized)
Ornstein—Uhlenbeck process is given by

Lf(x) = Af(x) =VV(x) - Vf(x), xeR’

for suitable functions f : R — R. Under regularity assumptions on the confinement
potential V (x) and the initial datum fy, the associated Cauchy problem o, f = Lf,
t >0, f(x,0) = fo(x) possesses a unique solution which defines a semigroup 7.
Differentiating (2.12) at t = 0, we see that the invariant measure satisfies

0= / Lfdjie.
R4

If oo is absolutely continuous, the Radon—Nikodym derivative uy,, = dieo/dx
exists. Replacing du in the above integral by u,,dx and integrating by parts, it
follows that

0= (L*us) fdx for all admissible f,
RY

where L*u = div(Vu + uVV) is the formal adjoint operator of L. We recog-
nize that L* is exactly the Fokker—Planck operator considered in Sect.2.1. If the
set of admissible functions f is large enough (it should be dense in L!(R%)) then
L*u~ = 0. Thus, u, corresponds to the steady state of d,u = L*u which is, accord-
ing to Sect.2.1, given by s, (x) = Ze V™, where Z > 0 ensures that 1., has unit
mass. We conclude that the (unique) invariant measure of P, is given by
diteo = Usodx. O

Bakry and Emery formulated the convexity condition for the potential in a more
abstract way. They defined the carré du champ operator and the I'; (gamma-deux)
operator by, respectively,

L(f.8) = 5(L(fe) —gLf — fLg),

| =N =

Ia(f.8) = 5 (LT(f. 8) = T(Lf, &) — T(f, Lg)).

These operators are the first two members of a sequence of iterated-gradient operators
which define a Lie algebra structure [31]. We abbreviate

L) =T, Ta(f) =T2f, .

Example 2.5 The carré du champ operator of the generator Lf = Af — VV -V f
of the Ornstein—Uhlenbeck process becomes

1
I'(f, g = E(A(fg) — fAg —gAf) =V [-Vg.
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The computation of the ', operator is more involved and we report only the result:
Da(f) = V2P + VfIVPVV L.

Observe that T',(f) > A(f) if V is strictly convex with constant A. In fact, this
condition generalizes the special convexity assumption on V. (I

Bakry and Emery proved the following result [7] (also see [15]).

Theorem 2.2 (Convex Sobolev inequality) Let ¢ € C*([0, 0)) be convex such
that 1/¢" is defined and concave. We assume that there exists A > 0 such that for
all suitable nonnegative functions f, the Bakry—Emery condition

C2(f) = AT(f) (2.13)

is satisfied. Then the following convex Sobolev inequality holds:

1
/ ¢><f>duoo—¢( / fduoo) <L / ¢ (T dttns.

Proof As in Sect.2.1, the idea of the proof is to differentiate the entropy Hy[ f] =
fQ ¢ (f)dus twice with respect to time. Lengthy computations similar to those in
the proof of Theorem 2.1 give

d

SHon A == [ ¢,

d2 " -1 /
AP =2 [ T (),

Here, we have assumed that the functions are sufficiently regular and the boundary
integrals vanish. The carré du champ operator satisfies a chain rule, I'(¢'(f), g) =
¢" (T (f, g), which implies, together with condition (2.13), that

d2
CHIPS 22 / () T@ (i
l t=0 Q
d
_ / @' (TPt = =25 HolPf1|
Q t =0

Now, we argue as in the proof of Theorem 2.1 to conclude the result. (]

Remark 2.8 The Bakry—Emery condition (2.13) is also referred to as the curvature-
dimension condition C D (X, co). When the diffusion operator is considered on a
Riemannian manifold, this condition means that the Ricci curvature is bounded below
by A. For more details, we refer to [45, Chap. 14] and [8, Sect. 1.16]. |
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Example 2.6 (Logarithmic Sobolev and Poincaré inequalities) With ¢ (s) = s logs

and ¢ (s) = s> we obtain the logarithmic Sobolev and Poincaré inequality, respec-
tively:

/Qflog Sfdpoo —/Qfdl/-oo log(/Q fduoo) < %/g %f)d/ioa

1
/ (f = foo)dpioo < — / T(g)dioos foo = / fdioos
Q rJo Q

for admissible functions satisfying [, fditee = [pa foodtoo = 1. Compared to
the corresponding counterparts in Sect. 2.2, the above inequalities are formulated for
rather general diffusion operators L satisfying the Bakry—Emery condition (2.13). If
L is the generator of the Ornstein—Uhlenbeck process and djts = usodx, I'(f) =
|V f|? follows (see Example 2.5) and we recover (2.9) and (2.11), respectively. [J

2.4 Relaxation to Self-Similarity

‘We come back to the heat equation in the whole space,
dqu=Au, t>0, u0) =uy inR, (2.14)

with nonnegative initial datum u( having unit mass. The following arguments are
taken from [34, Sect. 1.5]. The solution to (2.14) can be written explicitly,

1 >
_ —|x—y|*/(41)
u(x,r) = )i /Rde uo(y)dy.

We see immediately that

1
||M(t)||Ll(Rd) = 1, ||M(t)||Loo(Rd) < W forall t > O,

which allows us, by Holder interpolation, to conclude decay estimates in any L” norm
with p € [1, 0o). Can we apply the entropy method to this equation? At first sight,
this seems to be not possible since the logarithmic entropy H[u] = fRd ulogudx is
a Lyapunov functional along solutions to (2.14) but

Hlu(n)] < /d u(r)log lu(?) || L= reydx = log [|u(@)|| L= @s — —00
R

as t — oo. This is not surprising since the only integrable steady state to (2.14) is
Us = 0, and this function does not have unit mass.
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However, the entropy is useful to study the intermediate asymptotics, namely the
relaxation of u(t) to the self-similar solution

|x|?

1
00 = e (- g

), xeRY t>0. (2.15)

The main result (with sharp decay rate O (t~'/?)) is as follows.

Theorem 2.3 (Relaxation to self-similarity) Let ug € L'(R?) be nonnegative with
unit mass, fRd |x|?uodx < oo, and fRd ugloguopdx < oo. Let u(t) be the solution to
(2.14), U (t) be defined by (2.15), and H be the Boltzmann entropy. Then

~/2H[ug]
NOESE

Proof We suppose that the solution u(¢) is smooth which is the case when the initial
data is smooth. For general initial datum, one may apply an approximation proce-
dure. The idea of the proof of the theorem is a time-dependent rescaling [13, 18]. The
advantage of such a scaling is that it preserves the initial datum and the rescaled equa-
tion usually has a steady state v,. Then the analysis of the intermediate asymptotics
is equivalent to the study of large-time convergence to V.

Set y = x/+/2t + 1,5 = log /2t + 1, and v(y, s) = e“u(e’y, 1(e* — 1)). An
elementary computation shows that v solves

lu@) — Ul @ey <

o,y = div(Vv + yv), s >0, v(0)=uy inR?. (2.16)

This is a linear Fokker—Planck equation with quadratic potential V (y) = %| y|2. The
self-similar solution in the rescaled variables can be written as

@t + DU (x, 1) = ) 2e P2 = v (y).
The Gaussian v is the unique steady state to (2.16). Theorem 2.1 shows that

Iv(s) — veoll L1y < v/2H[ugle™, s> 0. 2.17)

It remains to transform back to the original variables. The substitutions y =
(2t 4+ 1)""2x and s = log /2¢ + I lead to

V() = Voo ()| L1 ey = llu(t) = U@) |1 Re)s

V2H[uple™ = 2H[uo] (2t + 1)~

Inserting these expressions into (2.17) finishes the proof. ]
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The method of time-dependent rescalings is a very powerful technique to analyze
the intermediate asymptotics of diffusive equations, also for nonlinear equations;
see, e.g., [3, 13, 18, 19, 29].

2.5 Nonlinear Fokker-Planck Equations

One of the strengths of the Bakry—Emery approach is its robustness against model
variations. Otto [36], Carrillo and Toscani [13], and Del Pino and Dolbeault [16]
found independently extensions of this method to porous-medium and fast-diffusion
equations. In this section, we consider as in [14] nonlinear Fokker—Planck equations

ou =div(Vf(u)+uvVVv), t>0, u) =up in <, (2.18)
where © C R? is a bounded convex domain, and we impose the boundary conditions
Vfu)4+uVV)-n=0 ondf2, r >0, (2.19)

where n is the exterior unit normal vector on d€2. We may also choose 2 = R4,
assuming some decay properties of u at |x| — oo; see [13]. Nonlinear Fokker—
Planck equations occur, for instance, in porous-medium flow [44], semiconductor
modeling (where f(u) = w3 see [27]), or population dynamics [11]. We also refer
to the book [23]. The solution u(x, ) can be interpreted in such applications as the
particle density. The existence and uniqueness of weak solutions to (2.18) and (2.19)
was proved, under appropriate assumptions, in [28] for bounded domains and in [14,
Sect. 3.5] for the whole space.

The following presentation is close to that of Matthes [34, Chap. 3] and of Carrillo
and Toscani [13]. It is possible to treat general nonlinearities f and general potentials
V but the determination of the steady state is delicate [14, Sect. 3.1]. In order to avoid
these technical issues, we consider the special functions

A 1
Vx)= §|x|2, xeQ, and fw)=u", u>0, m=>1- 7 (2.20)
Thus, we allow for slow diffusion (m > 1) and fast diffusion (m < 1) if the diffusion

is not too fast. In this situation, the unique steady state to (2.18) and (2.19) is given
by the compactly supported Barenblatt profile,

m—1 5 1/(m—1)
Uo(x) = | N — Alx| ,
2m n

where z,. = max{0, z} denotes the positive part of z € R and the constant N can be
determined from mass conservation, i.e. fQ Usodx = fRd updx. Since us, vanishes
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outside of a bounded set, we cannot define the entropy exactly as in Sect.2.1 using
the quotient u/u.. Instead we consider the difference

H*[u] = H[u] — Hluc],

where H[u] denotes the absolute entropy

m—1 A
H[u]:/u 2P )dx.
Q m—l 2

This functional can be interpreted as the free energy of the system, consisting of
the internal energy u”/(m — 1) and the electric energy uV = Au|x|?/2. Newman
[35] showed that the free energy is a Lyapunov functional for the porous-medium
equation, and Ralston [37] used it to prove the L'-convergence of the solution towards
the self-similar profile by employing compactness arguments.

We prove now the analogue of Theorem 2.1 in Sect.2.1.

Theorem 2.4 (Exponential decay for the nonlinear Fokker—Planck equation) Let
(2.20) hold, let uy € L'() be nonnegative with Hlug] < oo, and let u(t) be a
solution to (2.18) and (2.19). Then

lu(t) — uoollie < Ce™, >0,

where the constant C > 0 (also) depends on H[ug].

We give only a sketch of the proof since it is highly technical; see [13, Sect. 1.3] and
[14, Sect. 3.3] for a full proof. The first difficulty is that the porous-medium equation
generally admits Holder continuous solutions only and it is not as regularizing as the
heat equation. Therefore, we need to regularize the Holder continuous solution by
smooth positive functions and then to pass to the deregularization limit. The second
difficulty is to justify that the boundary terms vanish in the integrations by parts, as
the integrals involve the quadratic potential.

Proof We split the proof in four steps. We assume that the solution to (2.18)—(2.19)
is positive and smooth. This can be achieved by an approximation procedure [14].

Step 1: first time derivative of the entropy. We introduce the so-called entropy
variable & = mu™~'/(m — 1) 4+ A|x|?>/2. Then u solves d,u = div(uVu) and,
integrating by parts,

d
—H*[u] = / woudx = —/ u|Vu)*dx <0.

The boundary integral vanishes since uVu - n = 0 on 92, by (2.19).
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Step 2: second time derivative of the entropy. We compute, integrating by parts,

d2
—H*[u] = —/ d,u|V|*dx —2/ uvVo,u - Vudx
dr? Q Q

:2/ uvVp 'V uvudx —2/ uV (mu"* div(Vp)) - Vudx

Q Q

=2/ uwT(le%ﬂ” +/\11)wdx+2/ mu'"*2(div(uw))2dx
Q m — Q

2
=2A/ u|VpL|2dx+—m/ uVp ' V2" 'V pdx
Q m—1Jq

*

I b.
” [ul + L + I

m—2 2 d
+2m [ u" "(Vu-Vu+udAp)dx =: —2x
Q
The boundary integrals vanish since uVu - n = 0 on 9€2. It remains to show that
I, + I, is nonnegative since this implies that

d*H* Lo dH*
dr? dr

>0, t>0. 2.21)

In order to verify that I; 4+ I, > 0, we integrate by parts in /; (again, the boundary
integrals vanish):

2 2
[1 = _—I’I’l diV(MV,bL)Vum_l . V/de _ m MV/J«TVZMVMm_ld)C
m—1 Q m—1 Q
2m m—1 2m m—1
=——— [ Vu-Vu)(Vu -Vu)ydx — —— | uAu(Vu - Vw)dx
2m T2 m—1
——— [ uVu V uVu" dx. (2.22)

m—1 Q

Next, we expand the square (Vu - Vi + uAp)? in Ip:

b =2m/ u'"*z(vbt-vu)zdx+4m/ umfl(w.w)Auderzm/ u" (Ap)dx.
Q Q

Q

(2.23)
Observing that the sum of the first integrals in (2.22) and (2.23), respectively, cancel
and combining the second integrals in both identities, we arrive at

L+ L= 2/ Vu™ - VuAudx — 2/ Vi ' Viuvu™dx + Zm/ u™(Ap)tdx.
Q Q Q

Now, we integrate by parts in the first two integrals in order to remove the gradient
from u™. Here, we need to be careful with the boundary integrals. Indeed, the second
integral yields the boundary term
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—2/ u"Vu 'V undo = —/ u"V(Vu)?) - ndo.
R 0

Since Qis convex and V. -n = 0 on 92, Lemma A.3 shows that V(|[V[*)-n < Oon
2%2. Hence, the boundary integral is nonnegative. The third-order derivatives, which
appear after the integrations by parts, cancel, and we end up with

L+5L>2m-— 1)/ u" (Ap)*dx + 2/ u"|V2pu)*dx > 0,
Q Q

which proves our claim (2.21).
Step 3: Exponential decay of the entropy. Integrating the differential inequality
(2.21) in (¢, 00), we arrive at

dH*

” +2AH* <0, tr>0. (2.24)

For this result, we need to verify that lim,_, . (dH*/df)[u(¢)] = 0 and lim;_,
H*[u(#)] = 0. The proof of the first limitis a consequence of the differential inequality
(2.21) which can be written as dP/dr < —2AP, where P = —dH*/dt.

The proof of the second limit is more delicate. We proceed as in Step 1 of the
proof of Theorem 11 in [14]; an alternative proofis given in [13, Theorem 3.1]. Step 1
shows that t — H*[u(¢)] is nonincreasing. Moreover, H*[u(#)] > 0, so H*[u(z)] is
bounded below. By the monotone convergence theorem, lim,_, . H*[u(#)] =: n > 0
exists. The goal is to prove that n = 0. To this end, we observe that the integral

0< / Plu(s)]lds = H[u(0)] — H'[u(1)] < H'[uo)
0

is uniformly bounded in ¢ and fooo Plu(s)]ds < oo. Consequently, there exists a
sequence t; — oo such that P[u(#;)] — 0. It is possible to show that ¢t +— u(- + ;)
is equicontinuous and uniformly bounded in L*°(0, T'; L*>°(2)) for any fixed T >
0 (use the maximum principle). By the theorem of Arzela-Ascoli, there exists a
subsequence of (#;), which is not relabeled, such that u(- + #,) — u* uniformly
in Q x [0, T] as k — oo. In particular, u(t;) — u* uniformly in  x [0, T']. The
uniform bound on the entropy production allows us to verify that (V f(u(#))) is
bounded in L2(2) and, in fact, ( f (u()) is bounded in H'($2). Hence, there exists a
subsequence (not relabeled) such that f(u())) — f* weakly in H'(2) ask — oo.
Since (u(#;)) is bounded in L™ (2), we also have f(u(#)) — f(u*) strongly in
L?*(R2). Thus, we can identify the limit, f* = f(u*). The convergences u(t;) —
u* uniformly in Q and fut)) — fu*) weakly in H'(Q) allow us to deduce
that u* = u (this step requires some effort). Then the convergence u(t;) — U
uniformly in Q is sufficient to conclude that limy_, o H*[u(t)] = H*[us] = O.
But # +— H*[u(?)] is nonincreasing, so we can perform the limit for any sequence
t — o0, 1.e. lim;_ o H*[u(t)] = 0, which shows the claim.
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Step 4: Exponential decay in L'. As in the linear case, we need the Csiszar—
Kullback-Pinsker inequality but because of the lack of positivity of u., there is
a technical difficulty. A proof is given in [34, Sect.1.7] but we only present the
main arguments. If the support of u is contained in some compact set, one shows
by a Taylor expansion that ||u — tool11() < C1H*[u]'/?, where C; > 0 depends
on Ue. The entropy also controls the mass of u outside the support of u, i.e.
mg) = flx\>R udx < C,H*[u]'?, where C, > 0 depends on f, d, and A.
Next, we combine these two statements. Introduce u := aulyy<ry, where @ =
1—mru)/M, M = fQ udx,and R = 2mN /(2(m — 1)A). This choice ensures that
u has the same mass and support as i,. By the triangle inequality and the definition
of «,

lu —usollLi@ < llu—ullpi@) + 18 — sl < 2mg(u) + |14 — sl ()

The first term is controlled by H*[u]'/?, the second one by H*[#]'/?. Finally, we
verify that H*[z] < C3H*[u] for some C3 > 0 which depends on « and f. It follows
that [|u — teo|| 1) < C4H*[u]/2, where C4 = 2C, + C,CA/>. O

In Sect.2.1, we have shown that the linear Fokker—Planck equation is related to
a convex Sobolev inequality (see Corollary 2.1), including the Poincaré and log-
arithmic Sobolev inequalities. One may ask whether the nonlinear Fokker—Planck
equation is related to a functional inequality too. This question was answered by Del
Pino and Dolbeault [16] and leads to a Gagliardo—Nirenberg inequality.

Proposition 2.1 (Gagliardo—Nirenberg inequality) Letd > 2, p > 1, and, ifd > 3,
p <d/(d —?2). Then forallv € H' (R?) N LPTI(RY),

dip—1)
iy < C||V , 0= , 2.25
W ll2r ey < CHVVIG 2z VI o P s SRS

where (T" denotes the Gamma function and g = (p + 1)/(p — 1))

c_ (10 =P\ (2a—d\"*"(_T@ "
2nd 2q I'(g—dJ/2) '
The constant C is optimal; equality is reached by the compactly supported function
(N + |x — x*|2)}r/(17p)f0r any N > 0 and x* € R?.

Remark 2.9 Inequality (2.25) contains the optimal Sobolev inequality for p =
d/(d—2) (since = 1) and the logarithmic Sobolev inequality with optimal constant
as p — 1. ]
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2.6 Extensions

The results of Sect.2.1 can be extended in a number of ways, by generalizing the
Fokker—Planck equation (2.1). In this section, we report some of these extensions,
which are due to Arnold et al. [2, 5, 6]. We also refer to the recent review [1].

Fokker-Planck equation with variable diffusion. This generalization was ana-
lyzed in [6] and concerns the Fokker—Planck equation

oyu =div(iD(x)(Vu +uVV)), t>0, u() =ug in R?, (2.26)

where D(x) is assumed to be a symmetric, locally uniform positive definite (d x d)-
matrix on R? with smooth coefficients. We suppose that 1, is nonnegative and has
unit mass and that the confinement potential V (x) satisfies e=V™ e L'(R¢). The
unique steady state of (2.26) is given by s (x) = Ze~V® and Z > 0 is such that
Jga ttocdx = 1. We define as in Sect. 2.1 the (relative) entropy

Hylu] = / ¢(ui)uoodx, (2.27)
R4 00

where ¢ : [0, 00) — R is a smooth function. The following result is proved in [6,
Theorem2.16].

Theorem 2.5 (Exponential decay for (2.26)) We assume that ¢ € C*([0, 00)) is
convex, ¢(1) =0, and 1/¢" is concave. Let Hg[ug] < oo, and let either D(x) = D
be a constant matrix such that V’V > AD~! for some & > 0, or D(x) = a(x)I with
a: Q2 — R such that

LN G ova+ Laa—va. v
27 4)g aevaTylaaTvd

1
—i—aVzV—i—E(Va@VV—i—VV@Va)—VZazM[ in Q. (2.28)
Then, for a smooth solution u(t) to (2.26),
Hy[u(t)] < Hylugle ™™, t >0,

and the following convex Sobolev inequality holds:

1 u u\ ' u

Proof The proof follows the lines of the proof of Theorem 2.1. We consider only
the case D(x) = a(x)L. Let p = u/uy. Writing (2.26) in the symmetric form
o,u = div(D(x)uVp), the first time derivative of the entropy becomes
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dH
d_¢ = / @ (p)a(x)|Vp|Pusdx. (2.30)
t R4

Employing condition (2.28), the second time derivative can be estimated as (see the
proof of Lemma 2.13 in [6])

d’H
¢ 3/ tr(XY)uoodx+2A/ ¢ (p)a(x)|V p|Pusdx,
dr? Rd R4

where “tr”” denotes the trace of a matrix,

_ (20"(0) 2¢"(p)
X —_— (2¢///(Io) ¢////(p)) ’ (2.31)

and Y = (Y;;) € R*? is a symmetric matrix with elements

2

1 1
Yi = aVip + 5(Va ®Vp+Vp® Va) — EV“ Vol ,
2 T2 1 2
Yo=Yy =a"Vp V'pVp+ §a|V,0| Vp - Va, (2.32)
Ys = a*|Vpl*.

Since 1/¢” is assumed to be concave, X is positive semidefinite. A computation
shows that this is also true for Y. We infer that tr(XY) > 0 and d2H¢ /dt? +
2AdHg/dt > 0. Integrating this inequality and using lim,_, oo (dHy/dt)[u()] = 0
and lim,_, oo Hg[u(¢)] = O (which needs to be proved), we obtain the convex Sobolev
inequality dH/dt + 2AH, < 0, from which we conclude the proof. (]

Non-symmetric Fokker-Planck equation. The Fokker—Planck equation (2.26)
contains a conservative drift term involving V. We investigate now the situation in
which the force is not a potential. More precisely, consider as in [2]

du =div(D(xX)(Vu+u(VV + F))), t>0, u0) =uy inR‘".  (2.33)

The assumptions on ugy, D(x), and V (x) are as above. In particular, D(x) is a sym-
metric R?*? matrix. We suppose that the function F(x, ¢) is smooth and satisfies

div(DFuy) =0 forx e Q, t > 0. (2.34)

Under this condition, u., is still a steady state to (2.33). The idea is to decompose
the Fokker—Planck operator into two parts: a symmetric and an anti-symmetric one,

Loy (1) = div (uoopvi), La(u) = div(DFu).
u

e¢]
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Clearly, Lyymttoo = Lasttoo = 0, using (2.34).

Lemma 2.1 The operator Ly, is symmetric and L is anti-symmetric with respect
to Lz(ugol dx).

Proof The symmetry of Lgyn, follows from the symmetry of D(x) since

T
%

/ Lsym(u)vugoldx =—/ UsoV £ DV —dx =/ uLSym(v)u;oldx

R4 Rd U U~ Rd

for suitable functions u, v. To prove that L, is anti-symmetric, we first integrate by
parts in

/Rd Las(u)vu;oldx = _/]Rd uDF - (uo_ole + vVugol)dx. (2.35)

By (2.34), we have
0= div(DFuoo)uvugo2 = (div D) - Fuvugo1 —uv(DF) - Vu;} + D : VFuvugol,

where D : VF =3, D;;d,, F;. Using this expression in (2.35), we obtain
/ Las(u)vugoldx = —/ (uDF -Vv+(divD) - Fuv+ D : VFuv)ugoldx
R4 R4
= —/ udiv(DFv)u;}dx = —/ uLas(V)u;}dx,
R4 Rd

which shows the lemma. (]

The anti-symmetry of L,s indicates that the equilibration property is driven by the
symmetric Fokker—Planck operator Lgyy, only. This is confirmed by the following
theorem which is proved in [2]. For related results, we refer to [12].

Theorem 2.6 (Exponential decay for (2.33)) Let D(x) = a(x)land let (2.28), with
V'V replaced by VV — F, and (2.34) hold. Let u be a (smooth) solution to (2.33).
Then, with the entropy Hylu] defined in (2.27),

Hylu(t)] < Hylugle ™, t > 0.

Proof Set p = u/u. We compute the first time derivative of the entropy:

d
aHd,[u] = @' (p)div(use DVp + DFu)dx
]Rd

=— / ¢"(p)Vp DV pusodx + / ¢'(p) div(D Fu)dx.
R4 R4

The first integral on the right-hand side corresponds to the entropy production of the
symmetric case. We claim that the second integral vanishes. Indeed, (2.34) implies
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that div(D F)u = div(DFuco)p — (DF) - Vusp = —(DF) - Vusp, which yields

/ ¢/(P)diV(DFM)dx=/ ¢'(p)(— (DF) - Viop + (DF) - Vu)dx
Rt’ Rd
= /Ra ¢'(p)(DF) - Vpusdx = /Rd Vo(p) - (DF)uccdx

= — ¢(p)div(DFus)dx = 0.
Rd

This shows that the entropy production is the same as for the symmetric Fokker—
Planck equation. The second derivative d2H¢ / dr2, however, involves the nonpotential
term. The computation is similar to, but more involved than the proof of Theorem
2.5; see [2, Lemma?2.3]. O

Remark 2.10 Tf D is a constant invertible matrix, the condition V2V > AD~! can
be replaced by [2] V2V — 2(VF + VFT) > AD~! in R?. A similar condition was
derived by Bolley and Gentil [12]. They consider the Fokker—Planck equation without
potential, d,u = div(D(Vu + uF)). Then the conclusion of Theorem 2.6 holds if
%(VF + VFT) > AD7"in R? Thus, a division into gradient and divergence-free
parts is not needed, but the steady state is no longer explicit. d

Remark 2.11 Theorem 2.6 also holds for matrix-valued coefficients D(x) but the
analogue of condition (2.28) is more involved; see [2, (2.13)]. ([l

Degenerate Fokker-Planck equation. The final result concerns Fokker—Planck
equations whose diffusion matrix is only positive semi-definite, as analyzed by
Arnold and Erb [5],

du = div(DVu + Cxu), t>0, u(0)=u inR. (2.36)

We assume that D € R?* ig constant, symmetric, and positive semi-definite and that
C € R¥*4_The difficulty of the analysis is that the entropy production can vanish
for functions other than the equilibrium state u.,. Thus, the second time derivative
of the entropy may change its sign along a trajectory. The idea of Arnold and Erb [5]
is to employ a modified relative entropy; see (2.39) below.

We need two main assumptions: Let no nontrivial subspace of ker D be invariant
under CT and let C be positively stable. This means that

for all eigenvectors v of CT, v ¢ ker D, (2.37)
for all eigenvalues A of CT, 9(1) > 0, (2.38)

where 91(A) denotes the real part of A. The first condition is equivalent to the hypoel-
lipticity of u + 9d,u — div(DVu + Cxu) [26, §1]. This means that for positive
L' initial data, the solution to (2.36) is smooth (even C*) and positive. Hypothesis
(2.38) means that there is a confinement potential, and this allows us to obtain a
steady state that is given by [5, Sect. 3]
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1 Tpr—1 d
Uoo(X) = Zexp —zx K 'x), xeRY

where K € R is the unique symmetric and positive definite solution to the
continuous Lyapunov equation 2D = CK + KC" and Z > 0 is a normalization
constant.

We can decompose the Fokker—Planck operator as above in the symmetric part
Lgymu = div(usy DV p) and the anti-symmetric part Lysu = div(u, RV p), where
R = %(CK — KCT) is anti-symmetric, p = u/u, and the statements hold in
the space L*(uz!dx). The symmetry of Ly, can be shown as in Lemma 2.1. The
anti-symmetry of L,s is a consequence of the anti-symmetry of R [5, Theorem3.5].

The idea of [5] is to introduce the modified entropy production

P*[u] = / ¢"(p)Vp " DoV pussdx, (2.39)
Rd

i.e., we replace the matrix D in (2.30) by a symmetric, positive definite matrix Dj.
The goal is to choose Dy such that an estimate between P* and dP* /d can be shown.
Since Dy is positive definite, there exists « > 0 such that Dy > « D, which implies
that P* > kP, where P[u] =[5, ¢"(p)Vp ' DV puncdx.

Theorem 2.7 (Exponential decay for (2.26)) Let ¢ satisfy the assumptions stated
in Theorem 2.5, let Hy[uo] < 00, and let conditions (2.37) and (2.38) hold. Finally,
let u(t) be the smooth solution to (2.36) and let © = min{9 (L) : A eigenvector of
C}. If all eigenvalues X\ of C with real part X(X) =  are non-defective (i.e. their
geometric and algebraic multiplicities coincide), then there exists ¢ > 1 such that

Hy[u(t)] < cHylugle ', t > 0.

If at least one eigenvalue )\ of C with (L) =  is defective, then for all0 < ¢ < p,
there exists ¢, > 1 such that

Hylu(D)] < c:Hyluole ™", 1> 0,
Proof We consider the non-defective case and give a sketch of the proof only; see

[5] for the full proof. It is possible to show that there exists a symmetric, positive
definite matrix Dy € R?*“ such that

SDy+ DyST > 2uDy, where S=KC 'K~

Using this property, one shows that

%P*[u] = - / ¢"(pVp' (D= R)K™'Dy+ DoK' (D + R))V puscdx
R4

—2/ tr(XY)usodx,
R4
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where X is defined in (2.31) and Y is similar to the matrix (2.32). Both matrices are
positive semidefinite implying that tr(XY) > 0. Furthermore, we find that

(D—R)K™'Dy+ DoK' (D + R) = SDy + DyS" > 2Dy,

recalling that D = 1(CK + KCT) and R = 1(CK — KC"). This gives
d_, " . * —2(t—s)
EP [u] < —2uP*[u] or P*[u(t)] < P*[u(s)]le” " fort > s > 0.
Then, using a convex Sobolev inequality, which relates H[«] and P*[u],
1 * 1 * —2u(t—98)
Hylu ()] < —P*[u(t)] < —P*[u(8)]le™ " , t>0. (2.40)
2Ap 2Ap

Setting § = 0, we conclude the exponential time decay, but we need that P*[u (0)]
is finite which is not optimal. We wish to replace this factor by Hy[u(0)]. The idea,
which goes back to Hérau [25], is to exploit a (nontrivial) regularization property of
hypoelliptic operators [5, Theorem4.8]:

P*[u(t)] < ¢t “Hylugl, t >0,
where ¢; > 0 and « > 1. We infer that
P*[u(8)]e 2179 < ¢e? 87 e " Hylug] fort >3

and Hy[u(#)] < Hy[uo] for t < § (since t — Hg[u(t)] is monotone). Then, setting
c(8) = e max{l, ¢;/(28Ap)} and employing (2.40), we infer that Hylu(r)] <
c(8)Hy [uole ™2 for all t > 0, which concludes the proof. O

Remark 2.12 The property SDy+ DoST > 2Dy is the key ingredient of the proof.
It generalizes the Bakry—Emery condition from Sect.2.1. Indeed, we obtain a sym-
metric Fokker—Planck equation by choosing D =Tand C = C" > ull. Then K~! =
S = C and we may take Dy = I. Consequently, %(SDO—i—DOST) =C=VV>ul,
where V (x) = %xTK ~!x, and we recover the usual Bakry—Emery condition. ~ [J
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