Chapter 2
Relativistic Kinetic Theory of Matter
and Radiation

The relativistic kinetic theory of irreversible processes in a system of matter
presented in Chap. 1 of this volume is generalized to include radiation in this chapter.
The generalization enables us to remove the awkwardness inherent to the nonrela-
tivistic theory of radiation and matter reported in the paper [1] by Eu and Mao
and provides kinetic theory foundations for the relativistic irreversible thermody-
namics and radiation hydrodynamics for a system of radiation and matter. In this
chapter, the relativistic Boltzmann equations—more precisely, a relativistic the-
ory (covariant) form of the Boltzmann—-Nordholm—Uehling—Uhlenbeck equations
[2-4]—is employed to formulate a theory of transport processes in a system of radi-
ation interacting with matter in a manner consistent with the laws of thermodynamics.

The motivations to have a covariant kinetic theory are following: Since photons
are inherently relativistic, the relativity principle requires that governing equations
of the system must be Lorentz covariant. In Ref. [1] the nonrelativistic kinetic theory
was used to study irreversible processes in a system of radiation interacting with
matter and, in particular, to study Doppler shift corrections for photon frequencies,
but the nonrelativistic kinetic theory treatment of the subject matter was found often
cumbersome and awkward. It was also difficult to make sure that the definitions of
statistical mechanical formulas for macroscopic variables and the evolution equa-
tions indeed had correct nonrelativistic limits. These weaknesses can be assuredly
removed if a covariant theory is formulated. Secondly, there are some problems,
especially, in the study of the early epoch of the universe and also in the nuclear
physics of high energy heavy ion collisions, for which a relativistic formalism is
required since post-collision particles move at high speed. It will be shown that the
present covariant kinetic theory recovers all the nonrelativistic evolution equations
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in correct forms with proper relativistic connections and thus verifies the previous
nonrelativistic formulation [1]. In any case, in the present chapter we formulate a rel-
ativistic kinetic theory for a monatomic gas mixture interacting with photons treated
relativistically and quantum mechanically. In the kinetic equations for molecular par-
ticles and photons, the collision terms are so modified as to make them more suitable
for quantum particles. Since the collision terms in the kinetic equations used in the
present chapter are quantum mechanical, they naturally affect the dissipation terms
of nonconserved variables in the evolution equations, but we are, nevertheless, able
to make use of the approach taken in Chap. 1 of this Volume except for some details
related to the quantum collision terms. As a matter of fact, the affected parts of the
theory turn out to be all related to transport coefficients originating from the collision
terms in the kinetic equations. Therefore, most of evolution equations involved in
the theory remain the same as those in Chap. 1 of this Volume except for the dissi-
pation terms and quantities related to them. For this reason we will dispense with
the details of derivations of evolution equations, wherever possible without sacrific-
ing the comprehension, but will present the results only. The distribution functions
used in the present chapter should be regarded as the Wigner representations of the
density matrices. For this part of discussion on the kinetic equation and distribution
functions employed for quantum particles, see Chap.9, Sects.9.1-9.3, of Ref. [5],
where a nonrelativistic theory is used to discuss about Wigner distribution functions.

First, covariant Boltzmann equations are briefly presented for a system consisting
of photons and material particles with internal degrees of freedom. The material gas
molecules can make transitions between various internal states in interaction with
photons by absorbing, emitting, or scattering the latter. These dynamical processes at
the particulate level are described by the Boltzmann collision terms in the covariant
Boltzmann equations. Consequently, the generalized hydrodynamic equations are
derived from the covariant kinetic equations for radiation and matter and made fully
consistent with the thermodynamic laws at any degree of removal from equilibrium.

The consistency between the relativistic Boltzmann distribution function and the
Planck distribution function has been a point of controversy in the past [6—8], and the
present covariant kinetic theory makes it possible to examine the question. As a matter
of fact, we show that both distribution functions are consistent with each other within
the framework of relativity and that their mutual consistency is intimately related to
the H theorem and therefore deeply rooted in the second law of thermodynamics
framed in terms of calortropy. In this connection, it is interesting to recall that the
original derivation by Planck of the radiation distribution function itself was based
on thermodynamics [9].
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2.1 Covariant Boltzmann Equations for Matter
and Radiation

We assume that the system consists of a gas with internal degrees of freedom (e.g.,
atoms or diatomic molecules, etc.) which interact with a radiation field (photons) not
necessarily in equilibrium. The system is assumed to be free from external fields.

The internal quantum states of material particles will be denoted by i and the
particles in different internal quantum states a will be regarded as different species
of particles. Therefore, the material gas is considered a mixture of particles with
different “colors” distinguished by the value of i. For example, if the particle species
is the hydrogen atom, then the index i represents the 1s, 2p, - - -, states of hydrogen
suitably arranged. The mass of the particle species a will be denoted by m,, and its
momentum by p,,, the kinetic energy by cp? with ¢ denoting the speed of light.

It then is convenient, as in Chap. 1 of the present Volume, to enumerate the four-
momentum of species a by the formula

Ph = (P pa) 2.1)

where the time component p? is given by the expression

Py =1/Pa - Pa + mic>. (2.2)

This formula looks like the one holding for structureless particles considered in
Chap. 1 of the present Volume, but different masses m,, are assigned to the particles in
different internal states. This point can be illustrated in the following way: According
to relativistic quantum mechanics, the Dirac equation for the hydrogen atom, for
example, gives the energy eigenvalues [10] depending on the two quantum numbers,
the principal quantum number n and the angular momentum quantum number J,

Eny =m, 1+ 2202/ (n—e,?] 2, (2.3)

where ¢ is defined by the formula

1 1 > 1/2
5,=J+§—|:(J+§) —Z?a2:| ; (2.4)

«v 1s the fine structure constant

&2 1

no137

Z, is the electron number in atom; and m, is the rest mass of the electron. If we
set E:jj = m,c? where a stands for the set (n, J), (2.3) suggests that the mass of


http://dx.doi.org/10.1007/978-3-319-41153-8_1
http://dx.doi.org/10.1007/978-3-319-41153-8_1

100 2 Relativistic Kinetic Theory of Matter and Radiation

the excited particles is not the same as the rest mass of the ground-state particles.
Therefore, m, contains the information on the internal state of the particle. It is easy
to show by expansion that approximately

my =m,+c 2E,, (2.5)
where E, is the energy eigenvalue:

2.2
_Zea
2a?

E, = (a=n—egy). (2.6)

The time component pg in the four-momentum in (2.1) is understood in the sense
of (2.5) or its precursor (2.3) and will be used accordingly in the calculations made
in connection with the two-body collision dynamics in this chapter. The singlet
distribution function of species a will be denoted by f,(x, p,), the italic subscript r
being reserved for radiation.

We consider the following microscopic collision processes:

a+b=a"+b" (M1)
a+b=k+I, M2)
a+hw = a* + hw*, (M3)
a+hw = b+ hw*, (M4)

where a, b, k and [ stand for the matter species and the asterisk denotes the post-
collision quantity. Therefore, for example, fuw™ means a photon of radiation frequency
w* after collision. Let subscript a stand for the species of particles including photons,
which will be designated the rth species.

In contrast to the four-momentum of matter species a given in (2.1), the photon
four-momentum is defined as follows: Since photon momentum p, is related to the
wave vector K, of photon propagation, it can be written

pr = Ik, = fik,K,, 2.7)
where k, is the dimensionless unit vector of the photon wave vector K, :
K =k, / k| =k /k. (2.8)

If we set

ky = —, (2.9)

w
Cc
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where w is the photon frequency, then the photon momentum p, may be written

Fiw ~
P = —K,. (2.10)
C

We now observe that the photon is massless.”> Consistent with this fact, the photon
four-momentum p}' is enumerated by

ne hw o~y
pl= Rl k) =0 (2 k) == (1K)". @.11)
c c
Therefore we find its scalar product is equal to zero:
fiw\ 2 ~ o~
Pipry = (—) (1-k k) =0. (2.12)
C

This is in contrast to p p, b= mic2 for the case of matter species a.
It is postulated that the singlet distribution function f,(x, p,) for species a obeys
the covariant Boltzmann equation?

PLOy fa(x, pa) = Ra [ ful. (2.13)

where collision term R, [ f,], which is decomposable into component collision terms

Ra [ful = D Rap [fa S (2.14)

b=1

2Later, this statement is shown to be true from the thermodynamic consideration.

3This is a covariant kinetic equation for particles free from an external force field F#*. This restriction,
however, can be relaxed for the case of the Lorentz force, provided that the external force leaves
the rest mass of the particle unaltered at the end of the particle collision

pl'F,=0.

Furthermore, it is assumed that the particles having momenta in the range A3 p at the beginning
of the proper time interval A7 occupy an equal momentum range at the end of the interval. This
would true if the force has the property

0
Iz _
api Ft(x,p)=0.

These properties are met by the Lorentz force. For such an external force the covariant kinetic
equation may be modified to the form

PZaufa(x, Pa) + mF;_fu(xs Pa) = Ry [ fal,

where F/' is external force on particle a.
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is given by the Wang Chang—Uhlenbeck collision term [2] with the quantum effects
put in as in the Boltzmann—Nordholm—Uehling—Uhlenbeck (BNUU) equation [3, 4]

Rap [fa fo] = [C(fafb> +>.>°¢ (fafblfk*ﬁ*)] : (2.15)

k=i I=i

Here the subscript b, k, [ runs over all species including matter particles and photons;
thatis, b = 1,2,...,m, r, where m is the number of material species. The index
r is reserved for photons. We refer the reader to Ref. [5] where a nonrelativistic
theory of irreversible processes is discussed, using the BNUU equation for a dilute
quantum gas mixture, since the present covariant kinetic equation is a relativistic
generalization of the BNUU equation. The Boltzmann collision integrals—more
precisely, relativistic BNUU collision integrals—C( f, f) and C, ( Jafol i f,*) are
given by the expressions for the matter part

C(fufp) = /d3 /d3pb/d3phW( ) (papspPip})
[f fQ+efd)A+ef) = fafs T+efl) (L+ef))]

WA [ @i [ @i [ Enw paipini)

k=a l=a

x[fEfFA+eafd) A+enfy) — fufs +eafd) (1 +eaf)]
(2.16)

and for the radiation part

Cr (fafol £ 1) / d’p / d’p; / &>, W (papslpip}) x
[fk fl I+ €afu) (I+ ebfb) - fafb (1 + €kfk*) (1 + €lf]*)]

+ZZG /d3 /d3ﬁl"/d3ﬁbW(i") (Paps| P P))

k=i =i

x[fEfFQ+eafd) A+enfy) — fufs M+ efd) (1 +eaf)].
2.17)

Here d°p = d°p,/ p?, etc. and
+1 for fermions
€4, € = { —1 for bosons

0 Boltzmann particles

The symbols G, and G, stand for the statistical weights for the material particles
and photons. The W, W™ and W) denote the transition probabilities for elastic,
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inelastic and “reactive” collisions, respectively. Since the photons do not interact with
each other the transition probabilities for photon-photon interactions are equal to
zero: W (p.p,|pipr) = 0, Wi (p.p,|pipy) = 0, and W (p, p,|pip}) = 0.
These transition probabilities can be calculated from quantum mechanics for a given
dynamic mechanism. We assume that they are known through few-body mechanics.
In kinetic theory, such few-body dynamical information is assumed known. Writing
the kinetic equations for material particles and photons as in (2.13), we have assumed
both the material gas and photon gas act as a dilute gas mixture.

We close this section by adding that the transition probabilities have the following
symmetry properties

W (papol P py) = WO (pi pf | paps) - ete. (s = e,in,r). (2.18)

These relations originate from the microscopic reversibility of microscopic dynamic
events and are crucially important for proving the H theorem.

2.2 Boltzmann Entropy and the H Theorem

The covariant kinetic equation postulated here satisfies the H theorem, which enables
us to determine uniquely the equilibrium solution of the kinetic equation as in the
case of the covariant kinetic equation discussed in Chap. | of this volume. The H
theorem also guides us to construct a thermodynamic theory of irreversible processes
occurring in the system as will be shown. To state the H theorem explicitly we first
must introduce the Boltzmann entropy four-flow S* (x) for the system of radiation
and matter by the formula

r

S"(x) = —kg D (Pl faln fo—€a (1 + eafu) In (1 + €0 f)]). (2.19)

a=1
where f, = f,(x, p,). The angular brackets (- --) abbreviate the integration over

momentum space:

(Aa(x, pa)) = GaC/d3ﬁaAa(x, pa) (@=1,---.r1) (2.20)

with the abbreviation
d’p, =d’pa/py.

Recall that the subscript a is for either matter or photons, but the subscript r stands for
radiation (photon). By differentiating S* (x) and using the covariant kinetic equation,
we obtain the balance equation for the Boltzmann entropy four-flow
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08" = Tem (1) . (2.21)

where the Boltzmann entropy production oy (x) is given by the statistical mechan-
ical formula

Oent (X) = —kp Z ({In fa(x, pa) —In[1 + € fa(x, p)}Ra [ful) . (2.22)

a=1

It is easy to show that oy (x) is positive semidefinite and equal to zero, only if the
system is at equilibrium:

1 r
Oen (1) = 2k D (In{f7f; (1 +€afo) (1 + o)
a,b=1
[ falb (1 + 6af;) (1 + 6bfb*)}g‘iab [fafb])
> 0. (2.23)

This is the local form of the H theorem for the covariant kinetic equation postulated,
(2.13). The equality holds at equilibrium reached in long time. As in the case of a
nonrelativistic gas and a relativistic single-component gas discussed in the previous
chapter of this volume, the H theorem may be regarded as a stability theorem of
Lyapounov [11], which concerns the stability of the equilibrium solution and the
state of equilibrium.

The scalar density S of Boltzmann entropy four-flow S* is defined by contracting
S* with the hydrodynamic velocity U*:

S (x) == pS = c2U, 8" (x). (2.24)
Here again we take Eckart’s definition of hydrodynamic velocity; see (1.27), Chap. 1
of this Volume. The balance equation of S is then obtained by operating the convective
time derivative operator D on this expression and using the same procedure as used
for the balance equation for S in (1.149)—(1.153), Chap. 1, Vol. 2:
pDS = =0, ! + Oen (1) , (2.25)
where Boltzmann entropy flux J{' is given by

JH = AlSY (2.26)

with A# denoting a projector.*

“4Here we would like to emphasize that the hydrodynamic velocity is defined according to Eckart,
but for the mixture of matter and photons:
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Owing to the H theorem, the equilibrium distribution functions satisfying the
covariant kinetic equation can be uniquely determined with the help of the Clausius
entropy (i.e., the entropy of reversible processes) and the second law of thermody-
namics. To implement this step we need to develop the theory a little further. We will
presently return to this task to construct the equilibrium solutions more explicitly
later.

2.2.1 Equilibrium Solution of the Covariant Kinetic Equation

One of the most important results provided by the H theorem is that the equilibrium
solution of the covariant kinetic equation is uniquely determined by the vanishing
Boltzmann entropy production:

ke < ) (o + f
Oent (x) |eqi] = TB Z <1n |:((6 fe*71) (Eb fl;*?):| mab[ :, f;]>

a,b=1 €a + Ja ) (€b+fb
=0, 2.27)

which implies the logarithmic factor in it is a collision invariant. The superscript e
denotes equilibrium. That is, In (€a + fa""l) must be a summation invariant:

In(e,+ ) +In(ep+ ) =In(e,+ £57) +In (e + ££57') . (2.28)

This in turn means that the logarithmic functions In (e, + f~') must be also a linear
combination of basic collision invariants. Therefore, the equilibrium distribution
function may be written in the form®

In (o + f;7') = B (PyUs — 115) - (229)
Rearranging this expression we find the equilibrium distribution function in the form

s -~ (@a=1,2,...,m,r). (2.30)

@ P(PiU—H) ¢

(Footnote 4 continued)

where N* is the sum of Ni/ * with the index i running for entire species including photons according
to our model.

SThis form is without a constant factor that has to do with the normalization of £¢. See Chap. 1 where
the case for classical particles is described in connection with equilibrium distribution functions.
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The equilibrium distribution function f; contains as-yet undetermined parameters
Be and p which must be determined upon corresponding the statistical mechanical
formula for the equilibrium Boltzmann entropy to their phenomenological counter-
part, namely, the Clausius entropy. This can be achieved if the equilibrium Boltz-
mann entropy density 8¢, which is identical with the Clausius entropy for reversible
processes in the equilibrium system, is evaluated with the equilibrium solution f:.
Since 8¢ = ¢2U 1S (x) is given by the statistical mechanical formula

_kBZc Udpt [ (ea + £ +ealn (14 € £5)]). (2.31)

inserting f; we obtain

= kg Zc pg 3B ( U, — MZ) + €, In (1 + eaf;)]). (2.32)

This expression upon use of the statistical mechanical formulas for the internal
energy—energy-momentum tensor—and density yields

S = BekppEe—Pekpp D pica +kp D ealcULphIn (14 €. f5)).  (2.33)

a=1 a=1

Here the internal energy density p€ is calculated from the projection of the energy-
momentum tensor

£ =D UL U, =Y U fphp) Uy (2.34)

a=1

and the density p, of species a with the statistical mechanical formula

p=> pa=c 2D UNE=c2D UL(fEpL). (2.35)
a=1 a=1 a=1

The ratio of densities p, and p provides the statistical mechanical formula for the
density fraction ¢, = p,/p—concentration of a. The last term on the right of (2.33)
is identified® with the statistical mechanical expression for relativistic hydrostatic
pressure

P = B kpea (¢ PULpEIn (1 + €4 f5)). (2.36)

61t should be noted that p€v, on the left of (2.36) defines macroscopic parameter p€ by the statistical
mechanical formula on the right, which will turn out to be hydrostatic (i.e., equilibrium) pressure,
when S€ calculated therewith is identified with the equilibrium entropy on correspondence with the
phenomenological Clausius entropy deduced from the second law of thermodynamics.
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where v, = 1/p, is the specific volume. This formula is the equivalent of the non-
relativistic formula for hydrostatic pressure in the grand canonical theory to which
it reduces since c’zU/,,pff — m, in the limit of u/c — 0. Formula (2.36) is the
necessary and sufficient condition for S¢ to become a bilinear form in the thermo-
dynamic manifold 3 U ¥. In this connection it should be noted that if equilibrium
grand partition function E° were constructed for the mixture of matter and photons
such that the equation of state is given by the formula

p°V =p53"ng", (2.37)

then there would be the correspondence

= & kae, / dr (U, p I (14 ea f2)). (2.38)
|4

In summary, the equilibrium Boltzmann entropy density is given by the formula

S = BekppES—Peknp D pica + Seknpp®v. (2.39)

a=1

On the other hand, if we calculate the equilibrium calortropy density differential
from the balance equation (2.25), the following equation is obtained at equilibrium

nge =k ZQ,ﬂGA‘; (faepﬁj (pZU,, — uZ))

a=1
r

—ka > ((1+€uf) ™ ALPLO,S)

a=1
r

= Bekp D (=0, 0% — pusDey) (2.40)
a=1
for the following reasons: Firstly, at equilibrium

PLouf; =0; (2.41)

secondly, Q% is the heat four-flow defined by projection of the energy-momentum
tensor 7¢"

QF = —ALTI"U, = —AL(fSplipl) U, (2.42)
and thirdly, the following identification is possible:

AGN; = A (faph).
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which may be rearranged to the form

AENY = (gt — ¢ *U"U,) N} = N — ¢ *U"U, N/
= N" — p,U". (2.43)

The symbol ¢, is the number fraction defined earlier: ¢, = p,/p. Therefore, ALNY
may be regarded as the flux J;' of N/ relative to p,U* in the number fraction balance
equation

pDc, = =0, J} = =0, AN} . (2.44)

Using the energy balance equation for an equilibrium process, we then obtain

pDE® = —0,0! — p*V,U" = —0,0! + p°p~' Dp
= —0,0" — pp°Dv, (2.45)

where v = 1/p. Therefore, we finally obtain from (2.40) the equilibrium Boltzmann
entropy differential

D& = Beky [ DE+ p*Dv— > ptDe, | . (2.46)
a#r

Here the photon is excluded from the sum over species because for photons pf = 0
as will be shown shortly when we discuss the Boltzmann entropy of photons. This
differential form in comparison with (2.39) implies that the integrability condition
of (2.46) is

ED (Bekg) = D caD (Bekppil) + vD (Bekpp®) = 0, (2.47)
a=1

which is the equilibrium Gibbs—Duhem equation, provided

1

fe= 1o

(2.48)

That is, making correspondence between the statistical mechanical expression (2.39)
with the corresponding thermodynamic (Clausius) entropy for a reversible process
within a constant, what is the same thing, comparing (2.47) with the thermodynamic
(phenomenological) equilibrium Gibbs—Duhem equation

C 0 p°
EDTS ' — Z c.D (F) +vD (F) =0, (2.49)
a=1

we find the parameter 3. as in (2.48) in terms of the absolute temperature 7° of the
equilibrium system and the parameter yi, as the equilibrium chemical potential of
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species a. This way, the parameters 3. (or T¢), p®, and p, are fully identified with
their thermodynamic counterparts in (statistical mechanical) Boltzmann entropy Se
and the equilibrium distribution function f;;. This of course means that the Boltzmann
entropy at equilibrium is identical with the Clausius entropy of reversible processes.

Now we would like to show the equilibrium distribution function of radiation is
given by the expression

fe= (e -y (2.50)
if the photon number is variable [1]. Since f° is a Lorentz scalar, which can be
demonstrated by the same method as shown in Chap. 1 of volume 2, it is permissible
to use the local rest frame formula for U, :

U, = (c,0,0,0). 2.51)

Then, if the wave vector of radiation is denoted k, = k,E where k, = |k,| = w/c
(w =frequency) and k, is the unit vector in the direction of propagation, the covariant
form of the equilibrium photon distribution function is given by a familiar looking

expression

o= (Pt — 1)—1 , (2.52)

We now show that ¢ = 0 if the photon number is variable. The equilibrium
number density is given by the formula

pr= NV =(fF W)

=723 /OO dww? {exp [Be (hw — pf)] — 1}7l . (2.53)
0

Since the local grand canonical partition function for photons I'; is given by

re=—(v/mc6e) / " dweIn {1 —exp[B (15 — Tw)]}. (2.54)
0
we find P
p,Z_( ; ) , (2.55)
K Jrey

where 1 is the chemical potential. If we set i =y and differentiate (2.54) with pf,
there follows (2.53) exactly. Thus we have identified ;¢ with the photon chemical
potential. Now since

pe=—T° (ai) =(3AT) , (2.56)
pr ) re.v Opr Jrey
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where S¢ and A¢? are, respectively, the equilibrium Boltzmann entropy density and
work function for photon. If A¢ is required to be at a minimum at equilibrium as it
is varied with respect to p,, it follows that

(5‘Ar) _0
Opr Jrey

and hence the equilibrium radiation has a vanishing chemical potential:

us = 0. (2.57)

r

Therefore the equilibrium radiation distribution function is given by
£ = (e —1)7" (2.58)

The meaning of [, is the same as (2.48) because according to the Stefan—Boltzmann
law [12] the radiation energy density is given by

Te4
ge =488 (2.59)
c
where agp is the Stefan—-Boltzmann constant. If &, is calculated by using £ in (2.58)
and equated with the phenomenological &, in (2.59) we conclude

_ 60hc3
(BT ™ = ——asp.

The left hand side, (ﬁeT"’)_4, must be a universal constant since the Stefan—
Boltzmann constant is universal as verified by experiments, i.e., the Kirchhoff law
[9, 13]. The universal constant turns out to be the Boltzmann constant raised to the
fourth power. Hence we find that the parameter 3. in f;° is given by the same formula
as (2.48). We therefore conclude that both radiation and matter distribution functions
share a single temperature parameter characterized by the black body radiation in
thermal equilibrium with matter. Furthermore, they are mutually consistent, and their
mutual consistency is demanded by the H theorem.

It is interesting to note that Einstein derived (2.52) from the equilibrium condition
between radiation and material particles in his famous paper of 1917 [14]. The
present approach elucidates the kinetic theory and dynamic bases which are absent
in his theory. In the recent past, Boyer [6] claimed that the Boltzmann distribution
functions for relativistic material particles and the Planck distribution function are
not consistent within the framework of quantum theory, and this has been a point
of controversy [7, 8]. The derivation of (2.30) and (2.52) presented earlier shows
that they are completely consistent with each other, provided that the irreversible
covariant kinetic equation (2.13) satisfying the H theorem is postulated. Moreover,
it shows that the Planck distribution law is deeply rooted in the H theorem and thus
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the second law of thermodynamics for radiation in equilibrium with matter. It also
points out that it is not possible to think of a radiation distribution function without
taking into account the corresponding material particle distribution function and the
interaction between radiation and matter. It therefore may be said that this is the first
practical and useful result of the present covariant kinetic theory formulation of the
theory of radiation and matter.

2.2.2 Equilibrium Energy-Momentum Tensors
of Radiation and Matter

We define the energy-momentum tensor of matter or radiation in equilibrium by the
statistical mechanical formula

T =(pl'pl f£(p)). (i=a,r). (2.60)
With the help of the projector defined by
A =gt — U 2.61)

the equilibrium energy-momentum tensor can be decomposed into component as
follows:
\ 1 -2 L
T = ps A" + ¢ p ESUMUY, (2.62)

where the energy density £ is defined by

P&l = ¢ U Uy = e ((pU,) (P10 £ (P0) (2.63)

2
and the hydrostatic pressure p¢ is given by

e 1 1224 1 Hov e
Pi = gA/“’Tei = §A/w (Pi Pi f, (pt)> (264)
Therefore, the total material internal energy and total material pressure are given,
respectively, by the formulas

P =D Palir Vo= D Pi = peksT®. (2.65)
a#r a#r

Note that the summation sign here excludes photons. The last equality is easy to show
in the local rest frame [15]. The second equation of (2.65) is a well known result for
gases consisting of structureless particles. It also holds for dilute gases consisting of
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particles with an internal structure. By using the definition of the projector A, and
the identity

pﬁpru =0
for photons, we can show from (2.63) and (2.64)

1
pe = gpré’f’. (2.66)
In fact, this relation is indeed verifiable by using the local rest frame. By using the
energy-momentum tensor for radiation, we can also derive the Stefan—Boltzmann
law [12],
prE = aspT, (2.67)

where agg is the Stefan—-Boltzmann constant:

274
Tk

= —2 2.68
15h3¢3 ( )

ass

In connection with this result, we recall that the parameter /3, in the radiation dis-
tribution function is determined such that the equilibrium radiation energy is given
by (2.67). The (. so determined exactly coincides with the one given in (2.48). This
coincidence is a result of the demand made by the H theorem that the material gas
and radiation be in equilibrium. Other thermodynamic quantities for radiation and
matter can be calculated with the equilibrium distribution functions determined here.

2.3 Number and Energy-Momentum Tensor
Balance Equations

The covariant kinetic equation postulated for matter and radiation gives rise to the
particle number and energy-momentum tensor balance equations as does the rela-
tivistic kinetic equation considered in the previous chapter of this volume. They will
be derived for matter and radiation in the following, but if derived separately for
matter and radiation treating them as different species, they give rise to additional
source terms because of interactions between molecules and photons, which may be
regarded as “chemical reactions” in the present model.
Let us define the number four-flow of species i by the statistical representation

Nl.“' = <p;1'fi(x, pi)) (2.69)
and the energy-momentum tensor of species i by

Tilw — (P,HP,’/fi(x’ pi)), (2.70)
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where index i runs over matter species (1, ..., m) and similar expressions for radia-
tion specifically designated by index r. Therefore the total energy-momentum tensor
of matter as a whole is given by

m m

TR =T =" (pl'pl fix. p)). (2.71)

i=1 i=1
and the energy-momentum tensor for radiation by
T/ = (plpl fr(x. pr). 2.72)

The number four-flow for the entire matter species is then given by

m

Ny =D NI'=2 (pl filx. po) (2.73)
i=1

i=1

and for radiation by the statistical mechanical formula

NI'=(p! fr(x. py)). (2.74)

By using the kinetic equation, the balance equation for N’ for matter species a can
be shown given by the equation

NI = AW, (2.75)
where
AP = (R, [f]). (2.76)

This source term A is not equal to zero because of the interactions of matter
particles with photons and making transition to other matter species as assumed in
the present model. However, when summed over all matter species, that is, for Ni

O,NfL =0, (2.77)

because the overall matter is conserved and hence
> AP =0. (2.78)
i=1

Similarly to the balance equation for N)'. Hence the energy-momentum balance
equation acquires a source term:

9, T" = Al (2.79)
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where the source term is given by

m

Al =" (pIRi 1£i]). (2.80)

i=1

Therefore, the energy-momentum tensor for matter alone is not a conserved quantity,
because it is not a collision invariant. For radiation we obtain the number balance
equation

NI = A", (2.81)

and the energy momentum balance equation

0, T = Al (2.82)
with the source terms
A" = R, [f]) (2.83)
and

respectively. For the system of matter and radiation as a whole the number four-flow
is then given by the sum
N" = N/ + NI (2.85)

With the total number four-flow N# we define hydrodynamic four-velocity U*

by the Eckart convention
cN#

Ut = N (2.86)
Hydrodynamic number density p; of species i is then given by
pi=c *UN!' (i=1,2,....mr). (2.87)
The total number density therefore is given by the sum
{m.r}
p=pmtp =D pi=c UN" (2.88)

i=1

where the upper limit {m, r} of the sum means that the sum is over all matter particle
species (1, ..., m) and radiation r.

The scalar energy density &; of species i (either matter or radiation) is defined by
a projection of energy-momentum tensor of the species:

E; = p& = U, TM"U,. (2.89)
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Other projections of the energy-momentum tensor are the heat flux (four-flow) Q'
and the stress tensor P/"”, respectively, defined by

Ql%’ =U,T" A", (2.90)
P = AETSTAY, (2.91)

where A% is a projection operator as defined in the previous chapter. Therefore the
energy-momentum tensor of a species is decomposed into four components according
to the projections given above:

T = CpEUIU + R QU + UMQY)
e QEUY UM + B 252

where Q;”' is the net heat flux above and beyond energy carried by matter
o) = Q! —hJ! (2.93)
and J!' is the diffusion of energy attributable to particle diffusion:
3 =hrt (2.94)

with ﬁdenoting the enthalpy density and J/' the number diffusion four-flow defined
by
JI'"= NI'"—¢,N". (2.95)

The index i runs for all matter species and radiation since the decomposition holds
both for matter and radiation. From the number and energy-momentum balance
equations derived earlier follow various balance equations for conserved variables—
number, momentum, energy—when various projections of the energy-momentum
tensor balance equations and the number balance equations are taken. The procedure
is described in the previous chapter of this volume. Since it basically remains the
same, we will simply present the results only, but separately for matter and radiation
because we are interested in hydrodynamics and transport processes of radiation and
matter separately.

For the purpose in mind we recall that because N*V,, = 0 in Eckart’s definition
of hydrodynamic velocity the substantial time derivative ® = pD + NV, is simply
given by

D =pD. (2.96)

Therefore the substantial time derivative of macroscopic quantity (density) ¢ may
be written as
pDY = 0, (YN"). (2.97)
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Using this identity various evolution equations for macroscopic properties follow
straightforwardly with the help of their statistical mechanical definitions.

2.3.1 Equation of Continuity

From the total number density balance equation follows the equation of continuity
for the system
Dp = —pv,U". (2.98)

It should be noted that this is for the totality of material particles and photons in
the system. With the definition of specific volume v = 1/p, (2.98) is equivalently
written

pDv =v,U". (2.99)

2.3.2 Balance Equations for Conserved Variables of Matter

Various balance equations for conserved variables follow for matter species similarly
to (2.98).

Density Fraction Balance Equation

The density fraction (concentration) balance equation follows from (2.75)
pDc, = =0, J" + ¢ 2J'DU, + A", (2.100)

where diffusion four-flow J}' is defined by (2.95). The term A" appears because the
number of particle species a is not conserved owing to its transition to another mate-
rial species upon interaction with photons; see the collision processes (M1)-(M4)
assumed for the model for collisions.

Momentum Balance Equation

Operating the projector A on the energy-momentum balance equation for matter
we obtain the momentum balance equation

¢ 2EnpDUY = =V pp, — A,’JVVF;V
+ ¢ (PL"DU, — A D Q%
—QLV,U” — Q4L Vv, U") + ALADY, (2.101)

for which we have made use of the decomposition of energy-momentum tensor T,":

TH = 2 pmEnU"U” + 72 (QULUY + UM QL) + PL”. (2.102)
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This decomposition of 7" follows from summing components (2.92) over matter
species. Consequently, the total energy of matter (the total internal energy of material
gas) is given by

pnm = D paa (2.103)
a#r
with
pm =D Pa: (2.104)
a=1
the heat flux four-flow Qh, by
on = U, T7AlL (2.105)
and the pressure tensor Py by
P =" Pl = A'TTTAY. (2.106)
a#r
In (2.101)
1
P =P = 3 AW T (2.107)

The pressure tensor ?;V is further decomposable into excess trace (Ap) and traceless
symmetric (I17) parts:

<oV 1 ~
P, = (—T“ﬂ — pm) A%+ T177 := pn A7 + A A7 + 1177, (2.108)

m 3 m,
where
A 1 1% e e
Ay = gA;me —pti=p—pL, (2.109)
1
M = P = AT Ay (2.110)

Therefore, Ay, is the excess normal stress above and beyond the hydrostatic pressure
Pm. It consequently vanishes at equilibrium. It should be noted that we have used
the identity A#V,U" = V,U*" for the derivation of (2.101).

Energy Balance Equation

The energy balance equation also follows upon contracting the energy-momentum
balance equation (2.79) with ¢ ~2U . and using some of the identities listed in (1.78).
We thereby obtain the energy balance equation


http://dx.doi.org/10.1007/978-3-319-41153-8_1

118 2 Relativistic Kinetic Theory of Matter and Radiation
pDEy = =0, 0" + PLv,U, + ¢ *QL DU, + ¢ 72U, A%, 2.111)

The last term in this equation appears because of the interaction of particle species
with photons making transition to different particle species—or acquiring a spectrum
of “colors”, figuratively speaking. The term 2¢~>Qf DU, vanishes as u/c — 0 in
the nonrelativistic limit.

2.3.3 Balance Equations for Conserved Variables
of Radiation

The balance equations for conserved variables of radiation can be derived from (2.81)
and (2.82) in the same manner as for material balance equations.

Radiation Density Fraction Balance Equation

With the definition of radiation (photon number) fraction as ratio of p, to p

¢ =2, 2.112)

p

we obtain, by making use of identities (1.78), the radiation fraction balance equation
pDc, = —0,J" + ¢ 2J'DU, + A", (2.113)

The term ¢~2J DU, vanishes in the nonrelativistic limit as u/c — 0.
Radiation Energy Balance Equation

Contracting the energy-momentum balance equation for radiation (2.82) with ¢ =2U '
the radiation energy balance equation is obtained:

pDE, = —0,0" + PV, U, + ¢ *Q'DU, + ¢ *U, A" (2.114)

Here &, is the radiation energy density and the equation obtained above describes the
evolution of the radiation energy density. We have not listed the radiation momentum
balance equation here, since it is related to the radiation heat flux evolution equation,
which will be included in the flux evolution equations for nonconserved variables
given below.

2.4 Evolution Equations for Nonconserved Variables

We have already seen that there appear macroscopic variables such as J/, Q¥ and
P! in the balance equations presented for conserved variables, which do not as yet
have their own evolution equations. They are, as a matter of fact, examples for what we
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call nonconserved variables. The variables J/, Q! and P/"” are the leading elements
of a hierarchy of macroscopic nonconserved moments, which can be generated from
the kinetic equation. We have seen such examples in nonrelativistic kinetic theories
and also in the relativistic kinetic theory of pure gases discussed in the previous
chapter. We derive them from the covariant kinetic equation by using the moments

denoted by 2”7 for the generic molecular symbol for nonconserved macroscopic

variables. The subscript i of moment h;q)”'"“ denotes the speciesi € (1,...,m,r)
and the superscript ¢ denotes the gth element of the moment set: ¢ = 1,2,3,4, .. ..
The set of moments is constructed by using the conserved moments as seed moments,
which have appeared in the balance equations of conserved variables. The higher-
order moments following the seed moments are hierarchically constructed by using
the Schmidt orthogonalization method employed for constructing an orthogonal set
of moments. This method was used in the nonrelativistic kinetic theory of the present
work and also in the previous chapter on the relativistic kinetic theory of matter of this
volume. The same procedure is employed for the present covariant kinetic equation.
The reader is referred to the sections for the Schmidt orthogonalization method of
constructing an orthogonal moment set in the previous chapters of this work. We
present the matter and radiation parts separately.

2.4.1 Moment Set for Matter

The leading elements of the moment set for matter species are represented by the ten-
sor polynomials R which may be chosen to be orthogonal tensor polynomials
of momentum p{ and ordered as follows:

= ) (8887 = §80,87) pi .115)

hy = %"2 (Uap2) ™ Dbl = Ps/pa+ (07 = 1) (E—Es).  2.116)
WO = (Uyp)) APl pSUL

— (R +mac?®) [P — 7 (Uap)) U]} (2.117)

= (U)ol — e () UM ere, (2.118)

where p, and T, are the density and the enthalpy density of “color” species a,
respectively; E, is the energy of the internal degrees of freedom of particle a;

F:ZEQ, (2.119)
a#r
7971 = Cint/Cv (Cv = Ctr + Cint) (2120)
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with Cy and Cj denoting the translational and the internal specific heat per molecule
at constant volume, respectively; and p, := pf{ for notational brevity. The set of

h;q)a...w

moments } is constructed in the same spirit as taken for it in Chap. 1 such

that its elements reduce to the same nonrelativistic limits as for the nonrelativistic
theory counterparts in the limit of u /c — 0. In the case of gases without an internal
structure the last term in (2.116) for 2(? vanishes and the expression for h® of
a monatomic gas used in the previous chapter is recovered. Note that the quantum
aspect does not appear explicitly in the kinematic terms even though particles behave
quantum mechanically, at least in their collision processes, in the present theory. The
set is ordered as presented, because the present ordering is most suitable for the
theory presented below in this work. We also note that the moment set also can be
expressible in terms of relativistic peculiar velocity €7 as was done in Chap. 1 of this
Volume. Such a representation would be most convenient when their nonrelativistic
limits are discussed. The physical meanings of the tensor moments 47"
become evident as the theory is formulated in the following.

To begin the derivation of evolution equations, the macroscopic four-flow tensor
(i.e., supermoment) /"7 is defined by the statistical mechanical average of flow

will

pghf,q)’”"y of molecular tensor moment /7"
w7 = (pgh fu(x, pa)). (2.121)
We then define macroscopic flux tensor <I>£,q)“ ¥ for nonconserved fluxes by taking

(@)op--v
a

contraction of supermoment ) with hydrodynamic velocity U,

QI = UL = U, (pIhEPF fu(x, 1)) (2.122)

Therefore summing it over all matter species we obtain the macroscopic moment for
matter as a whole

m
QI 1= pWDIY = N RWI (g =1,2,- 4. (2.123)
a=I(a#r)
The macroscopic moment tensor @éq)”"'” will be sometimes referred to as the macro-
scopic flux of order g. Here the subscript m stands for matter in order to distinguish
the material part from the radiation part of the flux. The leading examples for macro-
scopic tensor moments CI>((lq) K are stress tensors, heat fluxes, diffusion fluxes.
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2.4.2 Evolution Equations for Nonconserved
Moments for Matter

By using (2.121), (2.123), and the substantial time derivative’ ® = pD, where
D := U"9,, we easily obtain the evolution equation for D" of matter. The
procedure is illustrated below as a generic example.

Operating pD on "™ := &" /p, we obtain

pDOD Y = 9, (WY N (2.124)
which can be rearranged to the form
pDODIY = 9, (PL7Hy — K=Y NTY 4§ qpl@oiy, (2.125)
The flux of """ may be defined by the formula
A’Wféq)mmy = (1/1((1‘1)0“"'” - 6,(lq)“""’N") . (2.126)

Upon use of the covariant kinetic equation, we obtain the evolution equation for
supermoment 107"

071 = (fu(x, o) pIOID" V) + AP (x) (2.127)

T

where the dissipation term AY (x) is defined by the kinetic theory formula

A[(;])u---l/ (x) = (hé‘])ﬂ"'l’ma [ falx, pa]) . (2.128)

Therefore,we are finally able to write the generic evolution equation for """ in
the form

pD® DIV = g, (ABPLDTT) 4 ZDI AP (x) (2.129)
In this equation the term Z""" is defined by the formula
Zc(‘q)/w-u — <p;fagh((lq)/1~wfu (x, Pa)>, (2.130)

which is called the kinematic term of the evolution equation for . Equation
(2.129) is the generic form of evolution equation for all species and orders (g =
1,2, ---). Asin the case of generic evolution equation for matter alone, the kinematic
term is modified by adding to it the contribution from the divergence term, and the

7If we choose the Eckart convention [16] for hydrodynamic velocity, the convective time derivative
D is identical with the substantial time derivative. For this, see Chap. 1 of this volume.
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generic evolution equation reads
pDOWI " = —v,@ Wk F Dy DY () (2.131)

where 3" and ©@7"" similarly to (1.123) and (1.126), are given respectively
by the formulas

3@y = z@wv _ 2y p (Awflqw#‘”) , (2.132)
@IV — ATy @ty (2.133)

This equation has formally a similar mathematical structure to the evolution equation
for nonrelativistic nonconserved flux ¢’ appearing in nonrelativistic kinetic theories
and also to those in the relativistic theory of matter alone. We have repeated about it
to set it apart from the relativistic evolution equations for radiation, which are found
different from those for matter.

Upon summing (2.129) over all matter species we obtain the generic evolution

equation for @
pDODI = — 0, (ALY ) 4 ZDY 4 AR (x) (2.134)
where
ADEY (x) = Z(hl(lq)umvgga [fa(x, pal), (2.135)
a#r
Zlgf‘])/l,...y — Z <pgagh[(lq)n--~ufa (.X, pa)) . (2136)
as#r

Let us recall the decomposition of 73" into the traceless symmetric part ITf " of

the stress tensor, the excess trace part Zm of the stress tensor, and the heat flux Q%
as well as diffusion flux J4, and also the definition of diffusion four-flow

Jtﬁl, — NL/JJ _ caerrlﬁ (2137)

where the statistical mechanical formula for number four-flow is defined by

Ny =D NE =D (Pl falx, pa))- (2.138)
a#r a#r

Then, the leading members of the macroscopic moment set just defined can be iden-
tified with shear stress tensor, excess normal stress, heat flux, and diffusion flux as
follows:
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< 2
VM =T P = Ay + [5 (' - 1)] AE;
O = Ol — aphyJl = Ql; ®DH = Jk, et (2.139)

Here
m

AE =Y (E-E). (2.140)

a#r

It is important to note that the second member ®2) of the macroscopic moment set
in (2.139) has an additional term, which is absent in the moment h((lz) for monatomic
gases [1] since the latter does not have the term arising from the internal energy
fluctuation, namely, [% (W' —1)]AE.

Since the generalized hydrodynamic theory arising from the covariant kinetic
equation for the matter part is already presented in Chap. 1 of Volume 2, here attention
will be more closely paid to the radiation part.

2.4.3 Evolution Equations for Nonconserved Moments
Jfor Radiation

We have formulated the radiation part of the kinetic equation with the radiation
momenta on equal footing with the particle momenta. However, whereas the material
particles obey the relativistic equations of motion, the radiation (photon) obeys a wave
equation. According to (2.10) the photon momentum p, is related to the wave vector
k, of radiation by the formula

p, =1k = —Kk,. (2.141)

The photon momentum is rendered dimensionless if it is multiplied by ¢(3:
q, = Bhwk,. (2.142)

With this dimensionless unit vector for the space component, we form the dimen-
sionless four-vector ¢, for photon

gl = Bhw (1,k,) = cfp!. (2.143)

The trace of this four-vector is then seen to be null, reflecting the fact that the photon
has a zero rest mass:

(qqu) =0. (2.144)
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In addition to this, we find

prU, = hory (1- nT“) , (2.145)

where n is the unit vector in the direction of photon propagation. With this considera-
tion indicating the distinctive nature of photons and photon momentum p;’ = ¢ /c/3,
which we have already alluded to in the early part of this chapter, we construct a

set of moments for radiation, which is comparable to the moment set of matter
(2.115)—(2.118). The following is the leading elements of the set for radiation:

WO = (Uyp))” (A@,‘Ai - %AUTA"”) pip; (2.146)
h£2) - %62 (U)\p)%\)71 A/wpﬁpij - p’/p” (2147)
WO = (Up)) (AL pIUL = by [pf =<2 (Usp)) UM]}. (2.148)
= () ol = e (MU U] (2.149)

Here it must be noted that (p,” pw) = 0 which makes it unnecessary to use #,
unmodified in contrast to the case of matter; (2.117). The moment set presented
here consists of orthogonal tensor polynomials hi‘s) (gr), which are constructed
by means of the Schmidt orthogonalization method similarly to 4‘? presented in
(2.115)—(2.118). They can be expressible in terms of isotropic tensors of unit dimen-
sionless four-vectors g/ .

With the hydrodynamic four-velocity defined for matter and radiation together,
we define the relativistic peculiar velocity € in the same manner as for case of matter
alone. Therefore the index now covers both matter and radiation. With so defined €7,
the moment set for both matter and radiation can be expressed in terms of relativistic
peculiar velocities. Such moment sets can be used to examine the nonrelativistic
limits of the relativistic generic evolution equations for both matter and radiation
in the same line of approach as taken for the case of matter alone in the previous
chapter.

As is the case for the matter parts of the macroscopic fluxes, if the radiation part
of the macroscopic supermoment /""" is defined by the statistical mechanical
expression

YOTY = ([, (x, p)pT RO (2.150)

JIR87

Then the macroscopic fluxes " are obtained by contracting """ with
U*—projecting \”"" onto hydrodynamic velocity U°:

DI = (2 @, (2.151)
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As is for material particles, the leading macroscopic moments (i.e. fluxes) ®'%" "
for radiation (photon) are identified with the radiation shear stress tensor IT,"; the
excess trace part of the radiation stress tensor Z,; the heat flux Q*; the number flux
J/'. Then their statistical definitions can be obtained if the energy-momentum tensor
of radiation is made use of

T = (pfp;’f,(x, p,)). (2.152)

Recall that since 7} is decomposable into &, O}, 3 := hJ/', and P}" with the help
of the projection operators. It is then straightforward to find the desired statistical
mechanical formulas for the decomposed components. Note also that as is for matter

the radiation stress tensor is decomposable as
P = pEAM 4 A AP 4 TTH, (2.153)

where pf is the equilibrium radiation pressure and

~ 1
Arng/”’Prw/_pf:p"_p?’ (2.154)
1
l—[f.l/ — Pr/,Ll/ _ gAaTTrU'TAIW (2155)

with p, denoting the nonequilibrium radiation pressure—the trace part of the radia-
tion pressure tensor P/ The excess normal stress of radiation A, defined by (2.154)
presumes the possibility of radiation pressure p, fluctuating from p¢ if the radiation
is in nonequilibrium.

Therefore, as for the case of matter, we can easily find the physical meanings of
o DHY (g=1,2,...,4) as follows:

©§l)lﬂl — Hﬁ»“/; q>£2) — Zr;

oI = QI —hJl = Ol O = I et (2.156)

The evolution equations for ® ﬁq) can also be derived from the covariant Boltzmann
equation (2.13) by using the same method as for the matter parts. They may be written
in the form

pDaﬁqm'"” =0, (A$¢£q)av~~~v) + Zr(q”‘”"’ + Aﬁq)#mv’ (2.157)
where

Zﬁq)/"'"” _ (pfaghiq)“‘"'”fr(X, Pr)>, (2.158)
qu)uwv — (hiq)u“"’f)%r [fr(x, Pr]> g=1,2,---). (2.159)
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Equation (2.157) can be also put into a modified form
pDa(q)um,, _ _VU®(q)a;1--~V + 3(11)#“1/ + A(q)u“‘l/ (2 160)
r r r r *

(@)pv
{

together with the modified kinematic term 3 and the higher order term

OW7" in the divergence term similar to (2.132) and (2.133):
35‘1)#'“1/ — Z}Eq)#'“l/ _ C*ZUUD (Agwiq)wﬂ“"/) , (2.161)
®£q)gu.-<1/ — Aiwiq)wu...zl' (2162)

The evolution equations for conserved variables and nonconserved variables for
both matter and radiation are what we immediately need to formulate a theory of
irreversible macroscopic processes in the thermodynamic manifold ‘B U T for the
system of matter and radiation under consideration. The procedure used for evaluation
of modified kinematic terms 3" (@ =1,2,...,m,r;q = 1,2, ---) is the same
as for the generic evolution equation studied in Chap. 1 of this volume. We collect
and summarize them in the following before proceeding to investigate them with
regard to irreversible thermodynamics undergoing in the system.

2.5 Summary of Macroscopic Evolution Equations

Summarized in subsections below are the balance equation for conserved and non-
conserved variables derived from the covariant kinetic equations for both matter and
radiation.

2.5.1 Equation of Continuity

The equation of continuity holds for the combined system of matter and radiation
Dp =—pV,U". (2.163)

This equation in essence is the evolution equation for density.

2.5.2 Conservation Laws for Matter

The evolution equations for the concentration fraction of matter, the hydrodynamic
velocity, and the energy of matter are listed in the order as below:
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pDey = =0,J! + DU, + A, (2.164)
¢ 2EnpDU" = —VF'py — ALD, (g + Zon—u)
+ ¢ (PUYDU, — ALDQ;, = LV, U = 04V, U")
+ALARY, (2.165)
pDER = =0, 0l + PV, U, + ¢ 2 QhDU, + ¢ U AL (2.166)

2.5.3 Conservation Laws for Radiation

The evolution equations are listed for the concentration fraction for radiation and
the radiation energy in the following order:

pD¢, = —=9,J" + ¢ 2J'DU, + A™", (2.167)
pDE, = —0,0" + P! 7, +c2Q/DU, + ¢ 2U, A" (2.168)

2.5.4 Evolution Equations for Nonconserved
Variables for Matter

The generic evolution equations for nonconserved variables for matter species a can
be given in generic form

pDﬁ\DL")“'"” — —Vg@)if)”“”"’ + 32")“'"" + ALfI)N'"V (x), (2.169)
@[(lq)cmml/ — Afytwg(lq)ﬁ’ﬂ"'l” (2.170)

where ©77"" is the flux of supermoment defined earlier, which may be regarded
as the flux of macroscopic moment ®'*"”. It is a moment one-order higher than
OPP i the language of moment methods. Because of OWH the evolution
equation (2.169) represents an open hierarchy of evolution equations for macroscopic
moments. The index a runs for all matter species in the system, and ¢ = 1, 2, 3, 4,
etc. For the entire matter as a whole the generic evolution equation reads

pDODIY = g, @DV 3 Dhy N DV (1 (2.171)
@EZ)(,/L...V — Agwr(g)ﬁ/(r---l/. (2172)

The kinematic terms and ©.7"*"” can be evaluated in terms of variables belonging
to the manifold ‘3 by using exactly the same procedure and method and the same
expressions as described in the previous chapter. The dissipation terms are calculated
with the collision integral R [ f,] of the covariant kinetic equation (2.13). Although
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the details of SR[f,] is different from the kinetic equation used in the previous
chapter, the formal structure of the dissipation terms remains the same as those in
the previous chapter with regard to the dependence of generalized potentials and
ultimately macroscopic moments ®.7""”_ Therefore, the results of evaluation of the
kinematic terms of the material part are not presented here to avoid repetition.

2.5.5 Evolution Equations for Nonconserved
Variables for Radiation

The generic evolution equation for nonconserved variables for radiation is given by
formally the same equation as the material part (2.171):

pDa(”)“"'” — _vg@(q)ffu---l/ + 3(q)u---l/ 4+ A@wv (x) (2.173)
r r r r s .

OUWIY = Alapl 17, (2.174)

but the kinematic terms 37" will be worked out since the details of the moments

A" in (2.146)~(2.149) are slightly different from their matter counter parts h """
given in (2.115)—(2.118). They constitute counterparts to the kinematic terms for
relativistic evolution equations of matter given in Chap. 1 of this volume. They will
be explicitly presented in Sect.2.12.2 of this chapter. For more explicit formulas
for dissipation terms A" and A" some suitable approximations will be
required, so that they remain consistent with the laws of thermodynamics. Since a
thermodynamic theory of irreversible processes is required to discuss the thermo-
dynamic consistency of the evolution equations formulated here we would like turn
our attention to the formulation of theory of irreversible thermodynamics.

2.6 Calortropy and Its Balance Equation

To make use of the laws of thermodynamics in developing a kinetic theory of irre-
versible transport processes it is necessary to link up the kinetic theory with the laws
of thermodynamics by some means. For this purpose the conventional trail of thought
followed in kinetic theory is to regard the Boltzmann entropy and, particularly, the
H theorem as the statistical mechanical representations for the Clausius entropy and
the second law of thermodynamics, respectively. We have avoided this line of think-
ing for the reason clarified in the previous chapter. We will follow the same line of
approach as for the previous chapters of this work.

Since the second law of thermodynamics is entirely phrased in terms of macro-
scopic observables for the system of interest, which are described by a system of
Pfaffian differential forms, the Boltzmann entropy must seamlessly fit in such math-
ematical structures in the appropriate macroscopic variable manifold, if we are to
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reach the desired goal. To be more specific, the differential of Boltzmann entropy,
in particular, must be an exact Pfaffian differential in the manifold of macroscopic
variables appropriate for thermodynamic description of irreversible processes in the
system. We have seen in the previous chapters of this work that this, unfortunately,
is not the case for the Boltzmann entropy and the H function. This particular feature
would not change for the system of matter and radiation, if the system is away from
equilibrium. We, therefore, must look for an alternative to the Boltzmann entropy
that will provide us a desired theory of irreversible thermodynamics also for matter
and radiation. The mathematical framework for the desired theory is again provided
by a quantity called calortropy, if the system is away from equilibrium, as we have
seen in the previous chapters on the nonrelativistic and relativistic kinetic equations
for dilute gases.

We introduce the calortropy four-flow W# (x) by the statistical mechanical formula

r

U (x) = —kp Z(p;; [faln fi —€ea (1 + ea f) In (1 + €ea f5)]) (2.175)

a=1

where f;(x, p,) is called the nonequilibrium canonical form, which is not necessarily
equal to f,(x, p,) at all states of the system except at equilibrium. A more concrete
form of nonequilibrium canonical form is given under the functional hypothesis for
the distribution function as will be discussed presently. For the moment it will be
sufficient to know there exists a nonequilibrium canonical form f;(x, p,), which is
generally not equal to f,(x, p,) except at equilibrium. The scalar calortropy density
is then obtained if the calortropy four-flow W* (x) is contracted with U*:

v (x) := p@ x) = C_ZU#‘I/H (x). (2.176)

Geometrically, this is a projection of W# onto the direction of U*. The balance
equation for the calortropy density is obtained from the formal expression (2.175)
by following the procedure used to obtain the balance equation (2.25) for S.

According to the aforementioned procedure, we begin with the substantial deriv-
ative of U expressed in the form

pDV = —, (W' — UN") 4 9, ¥, (2.177)

which follows upon operating on U the substantial time derivative operator ® =
N"9, = pD + N'vy, = pD. We then define the calortropy flux four-flow J¢ by
the formula

JI =Wk — YN, (2.178)

If the definitions of number four-flow N* and the projector A*” are made use of,
the calortropy flux four-flow J¢' can be written as a projection of W" in the direction
perpendicular to U":

JI = ADWY. (2.179)
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Substituting (2.175) into this expression, we obtain the statistical mechanical formula
for the calortropy flux four-flow

J' = —kpg Z APy [ faln ff — e (L + eaf) In (1 4+ €0 f3)]) - (2.180)
a=1

For the balance equation for W*, upon operating d,, on (2.175) we obtain the
calortropy balance equation for calortropy four-flow W*

9" (x) = X + o, (2.181)

where o is the calortropy production defined by the statistical mechanical formula

r

oc (x) =kg D _(In (e + £7") R [fal). (2.182)

a=1
and X a kinematic term defined by the formula

r

Se=kp D (ph[fabuin (1+ € fS") + €0y In (f5 + €a)]). (2.183)

a=1

Substituting (2.179), (2.182), and (2.183) into (2.177) we obtain the calortropy den-
sity balance equation
pDV = —0,J!' + X + oc (x) . (2.184)

Although reminiscent of the Boltzmann entropy balance equation (2.25), this
balance equation is clearly different from it in its mathematical structure, as we have
seen in the previous chapter for the case of matter alone. We, in fact, notice that the
calortropy balance equation is in the ranks of nonconserved variables such as oW
or d>,(-q) —see (2.129) or (2.157) for the evolution equation for macroscopic moment
'Y because the term 3. may be regarded as the kinematic term in the evolution
equation for U, and o, (x) its dissipation term. Furthermore, f; (x, p,) is, evidently,
not an exact solution of the covariant kinetic equation in the sense that it will be found
to be a projection of f,(x, p,) onto the thermodynamic manifold characterizing the
system at the level of thermodynamic description of the irreversible processes. In
fact, f; may be qualified for an approximate solution of the kinetic equation, which
may be sought as closely to the exact solution f, as possible. Equation (2.184),
together with (2.182) and (2.183), forms the basis of formulating a thermodynamic
theory of irreversible processes as will be shown presently.
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2.7 Relative Boltzmann Entropy and Its Balance Equation

Since the calortropy four-flow is obviously not the same as the Boltzmann entropy
four-flow we may examine their difference

SLLIF) () = WH (x) — 8" (x) (2.185)

which we call the relative Boltzmann entropy. It contains the portion of molecular
theoretic information lost by the nonequilibrium canonical form f;’ and will tell us
of the extent of information shedding incurred by replacing f, with f7 inIn f, and
In (1 + €, f,) in the expression for S* (x).

On inserting the statistical mechanical formulas for S* and W* into (2.185) the
statistical mechanical formula for the relative Boltzmann entropy is obtained:

r a 1 alJa
SE[f175] () = kgaz_;<p5 [fa ln(;_,f) —ea(1 + €4 fa) ln(%)ib (2.186)

The scalar relative Boltzmann entropy density is obtained by contracting four-flow
SELfIfC] with U,

S[f1F]) = pS[F1£] = c2ust [ £1£°]. (2.187)
Its balance equation can be easily found to have the form

pDSf1£1 = =0, JLLf1f] + Be (1) + [0c (x) — Oem ()] . (2.188)

with the relative Boltzmann entropy flux J/'[ f| f°] given by the expression

JELFI T = AUSTLFIf T = AL (WY = 87)
- kZA<p o (4) — w0+ amm () ).

(2.189)
We will return to examine and further elucidate the formal balance equations for v

and §r[ f1f€] after the nonequilibrium canonical form f and its attendant theory of
macroscopic transport processes are more explicitly developed.
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2.8 Functional Hypothesis and Nonequilibrium
Canonical Form

‘We have formally derived a complete set of macroscopic evolution equations from the
covariant kinetic equation. The formal evolution equations include the conservation
laws as well as the evolution equations for nonconserved variables. By making the
macroscopic evolution equations to conform to the principles of thermodynamics,
it would be possible to formulate a thermodynamically consistent theory of trans-
port processes and hydrodynamics out of the aforementioned evolution equations,
if we adopt the procedure taken in the cases of kinetic equations considered in the
previous chapters in this work. Thus, we now would like accordingly to formulate
the thermodynamics of irreversible processes and generalized hydrodynamics for a
system of radiation and matter. This section is devoted to the preparation to achieve
the stated aim.

Since we are interested in thermodynamic description of macroscopic transport
processes in the system, any solution of the covariant kinetic equation (2.13), regard-
less of whether exact or approximate, should be formulated to yield a thermodynamic
theory of irreversible processes that is consistent with the laws of thermodynamics.
In the absence of, and the unlikelihood of acquiring, an exact solution known to
produce such a theory, we must be content to explore an approximate solution.® We
would like to look for such an approximate solution under the functional hypothesis
as in the case of nonrelativistic kinetic equations and the covariant kinetic equation
for a single-component gas discussed in the previous chapters. At the risk of being
repetitive, we state the functional hypothesis for the distribution function below:

Functional Hypothesis: The distribution function obeying the covariant kinetic
equation (2.13) evolves as a functional of macroscopic observables spanning the
thermodynamic manifold for the system, which obey their own evolution equations
descending from the kinetic equation.

In the functional hypothesis, the aforementioned evolution equations of macro-
scopic variables serve as field equations through which the evolution of the distri-
bution function is described, since they provide the spacetime dependence of the
distribution function. This distribution function denoted by f; (x, p,), which has
already symbolically appeared in calortropy and relative Boltzmann entropy, is called
nonequilibrium canonical form. It may be, in fact, regarded as a thermodynamic
branch of the distribution f,(x, p,) obeying the covariant kinetic equation, since it
affords us with thermodynamics of irreversible processes. It should be emphasized
that it is not the same as f,(x, p,) in general: f; (x, p,) # fu.(x, pa), €xcept at
equilibrium to which the system approaches over a sufficiently long period of time.
However, we will require both f, (x, p,) and f; (x, p,) to have the same normaliza-
tion to the number density. The consequence of this requirement is that

8The solution is approximate in the sense that it is given by a projection of the phase space distribution
function onto the thermodynamic manifold of macroscopic variables whose dimension is much
smaller than the full phase space of the system.
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pi = U pl fi) = U (P} )

for both matter species and radiation as was done in the case of matter alone in the
previous chapter. This requirement is physically sensible and reasonable.

In the modified moment method [5, 17, 18] used in the present work, f; (x, p,)
is constructed with the nonconserved moments, denoted by tensors 2", such
that the evolution equations of the moments are consistent with the second law of
thermodynamics. The relativistic extension of this method for a material particle
mixture is presented in Chap. 1 of this Volume. In the present case of radiation and
matter the nonequilibrium canonical form assumes distinctive forms for radiation (r)
and matter (a = 1,...,m): fF(x,p;)) G=1,...,m,r).

2.8.1 Nonequilibrium Canonical Form for Material Particles

The nonequilibrium canonical form of distribution may be taken for the material
particles in the form

£ pa) = (70 — )T @=1,2,...,m), (2.190)

where H,(p,) is given by the formula

Ha(pa) = PLUL+ D XD A7 — iy, (2.191)
q=1
In this expression 0 := 1/kpT, pg, Xﬂ(,qa),..w, are as-yet-undetermined parame-

ters depending on macroscopic variables and spacetime position x. Their precise
meanings and x dependence will be determined as the nonequilibrium (irreversible
thermodynamic) theory of macroscopic variables is developed under the functional
hypothesis. The parameters (3, 1,, X %...w must be determined such that the second
law of thermodynamics is satisfied, and h;‘”""'“ are the molecular moments already
introduced, which yield macroscopic moments (fluxes), when averaged over the
ensemble with the statistical weight f,(x, p,). The set of the macroscopic moments
so obtained spans the manifold of macroscopic variables necessary to describe
macroscopic transport processes in the system. Such macroscopic variables obey the
evolution equations of nonconserved variables presented earlier. Henceforth, when-
ever convenient, the symbol O will be used to abbreviate the scalar product of tensors
for the sake of notational brevity. Thus with this symbol we write, for example,
X@ hl(lq)omw — X;q) 0 h((lq)

aoe-w

for the contraction of tensors.
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2.8.2 Nonequilibrium Canonical Form for Radiation

The nonequilibrium canonical form of radiation distribution function is sought after
in a form similar to the Planck distribution function—an equilibrium distribution
function of radiation. Thus, we take it in the form

5, pr) = (eﬂW"(”') - 1)_1 . (2.192)

The function W, (p,) in the exponent, as yet unspecified, will be also sought after in
such a way that it is thermodynamically consistent as is the distribution function for
matter f7(x, p,). This function is sought in a dimensionless form.

We now look for W, in terms of ¢, the dimensionless momentum four-vector
defined earlier; see (2.143). It is convenient to define

W, =BW,(q) . (2.193)

In view of the well known equilibrium radiation (Planck) distribution function, which
has been obtained as an equilibrium solution of the covariant kinetic equation, and
the exponential form for f, (x, p,) in (2.190), it is sensible to take W, (gr) in the
form

W, (a5) = plUu+ HD (q) — i, (2.194)

where i, is found to be the chemical potential and H" (g, ) is the nonequilibrium part
that can be determined in a way analogous to the one taken for the matter distribution
function fY in (2.190). That is, it is made up of nonequilibrium contributions in the
form

HY (g)=> X2 0h? (q). (2.195)

=1

where h'? are orthogonal tensor polynomials of p! = g,/ (cf3), which are also
orthogonal to each other and to the conserved moments for radiation. The generalized
potentials X {9 are the functions of macroscopic variables such as the radiation shear
stress, the excess trace part of the radiation stress tensor, radiation heat flux, etc. as
well as 3 and g,. The nonequilibrium contribution SH " thus can be expressed as a
dimensionless function of the reduced four-vector g, and dimensionless variables.
In the case of radiation and matter, since the photons are put on equal footing
with matter as far as the kinetic processes are concerned and the whole system is
considered a mixture of photons and material particles, it is reasonable to define a
single temperature for the mixture as has been found to be the case for the equilibrium
system considered earlier. The fundamental reason for this point of view is that the
photons do not interact with each other and hence cannot come to equilibrium on
their own without a help from matter—e.g., material gas. This is the basic reason why
the same parameter 3, which will turn out to be related to the temperature, is used for
both material gases and radiation in the nonequilibrium canonical forms. Consistent
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with this viewpoint, we may define the temperature by the statistical mechanical
formula for the system’

Jpkat = 3 [0, = 2] £ 5., (2.196)

a=i
where m, = 0 in the case of photon species and

2asgc?T?
pr=p+ e (asp = Stefan—-Boltzmann constant) . (2.197)
B

This definition of temperature is reasonable, especially, for the present dilute gaseous
system. Itis basically rooted in equipartition law of energy by Tolman [19], which was
later discussed by Landsberg [20] and by ter Haar and Wergeland [21]. The second
term on the right-hand side (2.196) arises from the recognition that the photon number
depends on temperature, but also is not conserved. Writing the nonequilibrium photon
number density in such a form means that the temperature is determined such that
(2.197) holds for nonequilibrium. Equation (2.196) can be recast into the form

3

SPksT = 3 A Pyl falw, pa)) = D AT (2.198)
a=1 a=1

The nonequilibrium canonical forms (2.190) and (2.192) involve parameters
0, p, pr, and p, which have been defined statistically, but their operational meanings
as thermodynamic variables are not as yet fixed. Their phenomenological meanings
can be gained only through corresponding the statistically derived macroscopic vari-
ables and their relations to the phenomenological thermodynamic counterparts. This
procedure is facilitated by deriving the statistical mechanical relations of macroscopic
variables, which are consistent with the laws of thermodynamics. Therefore it is now
necessary to formulate a theory of thermodynamics of irreversible processes in the
system of radiation and matter. To this end we now closely examine the mathematical
aspects of calortropy and the related in the light of the laws of thermodynamics for
irreversible processes in the system. The approach to this goal is along the same line
as for Chap. 1 of Volume 2 and also for the nonrelativistic kinetic theory discussed
in Volume 1 of this work.

2.8.3 Calortropy of Matter and Radiation

The calortropy density W (x) of radiation and matter defined by (2.176) can be
rearranged to the formula

9This is also for the case of matter consisting of a gas.
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W (x) = pW¥(x)

—kBZ Udpl[faln(ea+ ) +ealn (1 + € fS)]). (2199

a=1

From this formula we obtain the statistical mechanical expressions for calortropy
density of matter and radiation separately

v, (x)_szc Udpt[faln(ea + ) +ealn (1 + e f5)]). (2200

v, (x)—ch Udpt [faln (e 4+ £7) + e In(1+6 £5)]). (2.201)

Upon inserting f; and f,° in (2.190) and (2.192), respectively, and making use of
definitions of energy densities of matter and radiation, we obtain W, and WV, :

T (x) = Em + Pl — Z HaCa + Z SX@, W (2.202)

a=1 g>1

TU, (x) =& + vy — e + > x@ p@rn (2.203)

rpy--o
q=1

where pressures are defined for matter and radiation, respectively, by the statistical
mechanical formulas

m

Bpm = D €alc 7 Uuphin (14 eu f5)) (2.204)
a=1
Bpr = e (UL In (1 + € £)). (2.205)

and vy, = 1/pm, v, = 1/p,, and we have set
6 =1/kpT. (2.206)

It should be noted that (2.204) and (2.205) are necessary and sufficient conditions for
W, and U, to be bilinear forms of macroscopic variables in manifold B U €. Thus
combining (2.202) and (2.203) we obtain the bilinear form for calortropy density of
the system:

TT (x) =E+pv— Z fata + Z > X9 W (2.207)

a=1 g>1
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with . .
PE = pmém + pr& = Zpafi’a or £= Z ¢4 (2.208)

a=1

The physical meanings of parameters 7', p, (i, and X é‘” will be presently elucidate/(\l
by making thermodynamic correspondence of statistical mechanical result for W
with the phenomenological (i.e., thermodynamic) calortropy density.

2.9 Calortropy Differential

The conserved variable balance equations and the flux (moment) evolution equations
for radiation and matter derived in the previous sections must be subjected to the
demands of the second law of thermodynamics, so that the theory of irreversible
processes based them becomes consistent with the second law of thermodynamics.
To achieve this aim the calortropy balance equation must be shown integrable in the
thermodynamic manifold 3 U ¥.

2.9.1 Pfaffian Form for Calortropy

To prove the integrability of the calortropy density balance equation it is necessary to
show the right hand side of (2.184) must be expressible in an integrable differential
form in the thermodynamic manifold. If f; is substituted into the In f; term in
(2.180), the divergence term in question is given by the expression

8 ( A’u = —kB Zﬁa kB Z anuﬁ

a=1

+ kg Zﬁxé(lq(l . Ap,(/}(q)a m/)

r

+kp D ALYDT, (BXD).)

a=1

+hkg D 0N eaplIn (14 € f5)). (2.209)

a=1

On the other hand, the kinematic term X, of the calortropy balance equation is
expressible by the form
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X(q)
. =T"U,0,T" T“”aU @Wr o9,
#3700+ 3 T w00, (%)

a=1 g>1

uPah(q) Zau (,Ua )

a=1 g>1
+k326a (PO, In (14 e f5)) (2.210)

and the calortropy production o, by a linear combination of dissipation terms AY
of the nonconserved variable evolution equations:

oo = T—IZZX;W@A?. (2.211)

a=1 g>1

Upon substituting the three components (2.209)—(2.211) into the calortropy density
balance equation, we obtain the calortropy density differential

DY =T DE+pDv - Zr:uaDca + Zr:Zng’ O DY

a=1 a=1 g>1
m (q)
+EDT '+vD (pT~! an ( ")+ZZ¢@>@D( )
a=1 g>1
(2.212)
if
P=pm+pr (2.213)

and p, and p, are defined by (2.204) and (2.205), respectively. Therefore, the defin-
itions of macroscopic parameters py, and p, by the formulas (2.204) and (2.205) are
necessary and sufficient conditions for (2.212) to exist. The physical meanings of
parameters p,, and p, remain as yet not elucidated except that they are macroscopic
parameters. Similarly, the meanings of parameter 7', y,, and X also remain unde-
termined as macroscopic variables. In any case, to obtain this Pfaffian differential
form [22] (2.212) we have made use of the energy balance equations for matter and
radiation, and the identities listed below:

o, () =0, ()

= pU"d, (%c) + %caaﬂ (pU")

= pD (Bpiata) » (2.214)
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0y (pU") = Dp+ pv,U" =0, (2.215)
and
9, (pva“) - p?”aﬂ (pU") + pU"d), (%)

v

=072, ()
v
= (%)

2pv+pup (£). (2.216)

The second line of the Pfaffian differential form (2.212) vanishes because if the
normalization conditions for the nonequilibrium canonical forms are varied with
respect to the parameters 3, 4, X C(f’), there follows the vanishing differential form

L r . X(q)
EDT™' +vD (pT~" an (?“)JFZZ@?)@D(%):O. 2.217)

a=1 g>1

This differential form will turn out to be the nonequilibrium Gibbs—Duhem (NGD)
equation, when the parameters T P, lg, and X,Sq) are identified with their ther-
modynamic correspondents. Thus, by virtue of (2.217) the Pfaffian differential form
(2.212) reduces to the differential form for 7

DY =T""[DE+pDv—> pDes+ D D XV 0 DIY |, (2218)

a=1 a=1 g>1

which is known as the extended Gibbs relation for W. This differential form is an
exact differential in the thermodynamic manifold, because, when the nonequilib-
rium Gibbs—Duhem equation is added side by side to it, (2.218) integrates exactly
to a bilinear form in the nonequilibrium Gibbs manifold & = PUT U ¥ for
the calortropy density given in (2.207). For this reason the NGD equation (2.217)
becomes the necessary and sufficient condition for the integrability of the extended
Gibbs relation (2.218). The differential form (2.218) for U is in the same form as
for relativistic gas mixture in the absence of radiation obtained in Chap. 1 of this
Volume. This is in contrast to the Boltzmann entropy differential DS, which, unless
the system is in equilibrium, cannot be put into an exact Pfaffian differential in the
Gibbs manifold, and it gives rise to the conclusion that the extended Gibbs relation
does not hold for S and neither is there the nonequilibrium Gibbs—Duhem equation
for S.

When the parameters T, p, u,, and X are elucidated of their physical (i.e.,
thermodynamic) meanings on correspondence with the phenomenological thermo-
dynamics, the pair of differential forms, namely, the extended Gibbs relation and the
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nonequilibrium Gibbs—Duhem equation, provides the foundation of thermodynam-
ics of irreversible processes for the system of matter and radiation. The following
pair of vanishing circular integrals reinforces the aforementioned statement.

The Pfaffian differential form (2.218) for W gives rise to a vanishing circular
(i.e., cyclic) integral when integrated over a path of an irreversible process in the
thermodynamic manifold 8 U . In a local rest frame it may be written as [5]

]{d\i =0. (2.219)

Itis arepresentation of the second law of thermodynamics in an integral form in man-
ifold 8 U ¥. And in this sense the thermodynamic theory of irreversible processes
described in terms of generalized hydrodynamic equations in the Gibbs manifold &
is consistent with the laws of thermodynamics. In addition to this vanishing integral
for the second law, there also holds a vanishing integral of internal energy differential
in manifold B U T, representing the first law of thermodynamics

f{ d€ = 0. (2.220)

We have shown that this is the case in the nonrelativistic formalism in the nonrela-
tivistic theory chapters of Volume 1. The same conclusion robustly holds up even if
the system is relativistic and away from equilibrium: The thermodynamic laws thus
may be represented by a pair of vanishing circular integrals over an irreversible path
in the thermodynamic manifold.

Further progress in the theory of transport processes in the system can be made
if the unknowns X flq) are suitably approximated in a thermodynamically consistent
manner, such that DU remains an exact Pfaffian differential in the Gibbs manifold
® =P U TUW and the theory of macroscopic irreversible processes remains thereby
thermodynamically consistent.

2.9.2 Thermodynamic Correspondence

The extended Gibbs relation (2.218)—a Pfaffian differential form—contains as-yet-
undetermined parameters 7', p, ft,, X L(f[) , which must be elucidated of their operational
(physical) meanings, so that it becomes a physically and practically useful equation.
This objective is accomplished if we invoke the phenomenological irreversible ther-
modynamic extended Gibbs relation derived from the laws of thermodynamics and
make correspondence of the statistical mechanical extended Gibbs relation (2.218)
with the phenomenological one, so that the undetermined parameters therein are
determined in correspondence to those in the phenomenological relations. That is,
if we make the following correspondence between theoretical and thermodynamic
observables
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Vg & Wln, Elg € Eln, Vs € v,
ca|st < ca|tha qbflq)|st < q),(lq)|th
(a=1,...,m,r), (2.221)

then there would hold the correspondence between the theoretical parameters
(T, P, g, X ;‘”) and the thermodynamic parameters appearing in the phenomeno-
logical extended Gibbs relation:

Tl < Tln, Plst © Pl Halst € Halins X,ﬁq)lst < X,gq)|th~ (2.222)

In (2.221) and (2.222) the subscripts st and th mean statistical mechanical and ther-
modynamic, respectively. These correspondences between theoretical (statistical
mechanical) and thermodynamic (phenomenological) parameters fully endow the
thermodynamic meanings on the corresponded parameters, and the nonequilibrium
distribution functions are grounded on the thermodynamic principles and experi-
ments. In the relativistic theory the correspondence presented relies on a conjec-
ture that the phenomenological extended Gibbs relation is experimentally realizable,
because the extended Gibbs relation is not as yet established experimentally. How-
ever, we may reason that the relativistic extended Gibbs relation has the nonrelativis-
tic limit as u/c — 0. And the validity of the nonrelativistic limit is sufficiently
well demonstrated by numerous applications in hydrodynamics as discussed in
Volume 1 of this work. Therefore the relativistic extension of extension of irreversible
thermodynamics is plausible and reasonable.

2.9.3 Nonequilibrium Statistical Thermodynamics
Jor Relativistic Quantum Gases

The formal theory based on the covariant kinetic equation and the nonequilibrium
canonical form taken for the distribution function under the functional hypothesis
have enabled us to formulate a formal theory of hydrodynamics and a formal theory
of thermodynamics of irreversible processes in support of hydrodynamics for the
system removed from equilibrium at arbitrary degree. These macroscopic theories
must be provided with a molecular theory for various macroscopic observables on
which the theories are built. We have seen in the case of nonrelativistic theories
discussed in Volume 1 of this work that the stated goal is achieved if nonequilibrium
statistical thermodynamics is formulated on the basis of nonequilibrium canonical
form and the extended Gibbs relation descending therefrom, since the equilibrium
theory is then seamlessly recovered from the nonequilibrium theory as the system
tends to equilibrium. In this section we show that the stated goal can be achieved
for relativistic quantum dilute gases with the help of the extended Gibbs relation
(2.218) if nonequilibrium statistical thermodynamics is formulated for the gases. If
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we review the theory of a nonrelativistic noninteracting gas mixture presented in
kinetic theory chapters of Volume 1 and the relativistic theory of relativistic gases
in Chap. 1 of this Volume and compare them, it is clear how we may proceed in
formulating the theory in the case of the system of matter and radiation, bearing in
mind that we are dealing with quantum gas particles.

First, let us have a quick review of how equilibrium statistical thermodynamics
is formulated for a system consisting of a mixture of quantum ideal gases. If the
system consists of a mixture of noninteracting (uncorrelated) gases of N particles
(N = Ny + Ny +---+ N,), the total equilibrium density matrix—an equilibrium
grand canonical form—is given by the formula

FN — exp (—GH™ — InT*). (2.223)

where I"° is the local grand partition function

re = Trﬁn exp (—ﬂHj.“) (2.224)

a=1 j

with the Trace operation denoting integration over the entire N particle momentum
space, and Hg-]) are the single particle energy operators

HY = e4; — pa (2.225)

with €,; and p1, denoting the jth energy eigenvalue and chemical potential of species
a, respectively. If the tracing operation is performed according to the Pauli exclusion
principle with regard to fermions and bosons, I'® can be written in the following
products of Fermi—Dirac (FD) and Bose-Einstein contributions:

re =Tr H I1 (1 + e*ﬁ(efr#a)) x H I1 (1 - e**ff(ffr#ﬂ))_1 . (2.226)

acFD j aeBE j

Since the distribution functions normalize to density, in relativistic theory it is neces-
sary to insert the factor c—2U P and trace with the integrals over momentum spaces
of particles as follows:
-2
TrA = <c U/,,pgA),

the angular brackets denoting integration over the momentum space of particle
species a, weighted with equilibrium distribution function. For ideal (noninteracting)
gases, ['° can then be written as
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InT® = z <C_2U;Lps In (1 + e_“{ij’”)>

acFD

p -1
+ <c—ZU# piin (1= e > (2.227)

aeBE

in the limit of treating the discrete sum as an integral. Here H!" now stands for
HY = pLU, — 11, in the case of relativistic gases.

If the nonequilibrium canonical form f is used, the exponential factors in (2.227)
can be written as

M 1 .
14+ e Pt = Tfe (e, = —1 for fermions; €, = +1 for bosons) .
€a [’

Hence, it is now possible to write In I'® in a simple unified form

r

InT¢ =" (c2Uupliealn (1 +ea fS)). (2.228)

a=1

where the index a stands for fermion or boson species. Therefore if we define the
global form of In I'® by the relation

In B = / drpz InT¢, (2.229)
v a=1
we find
kgTIn Ee = p°V
= / er(c_zUﬂpgea In (1 + eafae)),
14 a=1
and hence
pv=kpT D T =ksT D (c2Uuplealn (1 + ea f7)) (2.230)
a=1 a=1

for the statistical mechanical expression for relativistic equilibrium pressure. This
confirms (2.204) and (2.205), which have turned out to be statistical mechanical
formulas for pressures of matter and radiation, respectively, from the standpoint
of the ensemble theory of statistical mechanics. The distribution function (2.223)
also gives rise to the equilibrium Gibbs relation and the accompanying theory of
equilibrium statistical thermodynamics.

In the case of nonequilibrium relativistic ideal gases, in view of the fact that the
nonequilibrium canonical form f,’ taken under the functional hypothesis gives rise
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to the nonequilibrium Gibbs relation, which also tends to the equilibrium Gibbs
relation, the nonequilibrium grand canonical form for the N noninteracting quantum
particles may be sought for in the form

FV) =exp (—fH™) —InT), (2.231)

where H®) now contains nonequilibrium contributions

HY = > S HD

a=FDor BE |

> 2+ X8 gy (2.232)

a=FDor BE | g>1

in the notation already defined earlier. Here F D and BE stand for Fermi—Dirac
and Bose—FEinstein particles. In (2.231) I is the local nonequilibrium grand partition

function .
P =T [ [[]exp (571;})) (2.233)

a=1 j

with the trace operation denoting integration over all N particle momentum space. If
tracing operation is performed according to the Pauli exclusion principle applied to
Fermi-Dirac (FD) and Bose—Einstein particles, '™ can be written in the following
products of fermion and boson contributions:

r=Tr H I1 (1 + e*@H‘a'f’) x H I1 (1 - e*@H‘ul?)fl . (2.234)

acFD j aeBE |

Since the distribution functions normalize to density, in the relativistic theory for-
mulation it is necessary to insert the factor ¢2U,,p and to replace trace with the
integrals over momentum spaces of particles as follows:

TrA = (U, p!A)

the angular brackets denoting integration over momentum space of particle species
a. Thus we have

InT = Z <c72pfo},, In (1 + e_ﬂHi'-]f))>

acFD

1
+ > <6‘2p5Uﬂ In (1 _e Wfé‘) > (2.235)

aeBE

in the limit of treating the discrete sum as an integral.
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If the nonequilibrium canonical form f; is represented by the form

. 1
fo= T (2.236)

g — €,

where
—1 for fermions

€q = s
+1 for bosons

then In I in (2.235) can be written in a simple unified form

r

T = e (e 2ptUudn (1 + e f)). (2.237)

a=1

where the index a stands for both fermion species or boson species. Therefore if the
global form of In I" defined by relation

r

InE = / drp> InT, (2.238)
drp 2,

a=1

we find the equation of state for nonequilibrium relativistic pressure p is given by
the formula

kyTIn € = pV

= / dr > e (e phUIn (1+ ea fy)). (2.239)
v a=1

It should be noted that the thermodynamic correspondence has been already made
between the statistical thermodynamic parameters and thermodynamic parameters
and, consequently, the thermodynamic meanings of various parameters have been
established. On the basis of the thermodynamic correspondence we are identifying
p with the nonequilibrium thermodynamic pressure.

If the Legendre transformation

PY =D fata + TV — D X9 DePT — & (2.240)
a=1

a=1 g>1

is made, then pv may be regarded as a thermodynamic potential, so that the extended
Gibbs relation (2.218)—the differential form—for W is transformed to the exact
differential form for the thermodynamic potential pv:



146 2 Relativistic Kinetic Theory of Matter and Radiation

D (pv) = UDT +pDv+ D ¢ Dptg — »_ > 0¥ © DX. (2.241)

a=1 a=1 g>1

Making use of this differential form for thermodynamic potential pv or its statistical
mechanical expression (grand partition function), which is an extended Gibbs relation
(2.241), we obtain the thermodynamic variables in the thermodynamic manifold in
the local rest frame in terms of derivatives of In I'—namely, nonequilibrium partition
function—as below:

~ OkgT InT dlnT
g (Lt — kpInT + kyT , (2.242)
oT o X oT X
OlnT
p=ksT , (2.243)
81) T, X
OlnT
¢ = kpT : (2.244)
Otta T, X
N dInT
9 = —kyT (ax—n@) @=1.....mr). (2.245)
a Tv,1, X'

Together with the differential form (2.241), the relations (2.242)—(2.245) enable
us to compute the variables @ P, ¢4, 6((,4) and any other macroscopic variables of the
Gibbs manifold & from the knowledge of the nonequilibrium grand partition function
I". The aforementioned derivative set, together with the extended Gibbs relation for
D (pv), therefore forms the foundation of the nonequilibrium statistical thermody-
namics of arelativistic gas mixture of matter and radiation, since by utilizing relations
(2.230)—(2.244) and Legendre transformations of variables in the thermodynamic
manifold as well as accompanying Maxwell’s relations between derivatives [23], it
is possible to calculate any variables belonging to the Gibbs manifold in terms of
the grand partition function. Thus the irreversible thermodynamic formalism of ideal
relativistic gas mixtures of matter and radiation is now in place for nonequilibrium
processes. And we can apply it to study irreversible thermodynamic phenomena in
the system considered in the regime far removed from equilibrium at arbitrary degree.

2.10 Cumulant Expansion for the Dissipation Terms

2.10.1 Cumulant Expansion for the Calortropy Production

The description of generalized hydrodynamic equations is not as yet complete since
the dissipation terms A(® of the nonconserved variable evolution equations still
remain formally defined, but not explicitly evaluated in terms of variables in ‘F U %.
Therefore, the formal development in the theory of irreversible thermodynamics
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presented up to this point has not acquired desired explicit forms for them in terms
of variables of 3 U T. However, if the transport processes are to be studied in the
thermodynamic manifold their dependence on the variables in manifold 3 U T must
be explicitly given.

Since the dissipation terms are directly related to the calortropy production in
the system, they must be evaluated such that the second law of thermodynamics
is rigorously satisfied by suitable forms to be taken for them. Such a procedure is
possible to attain if a cumulant expansion method is used [5, 18] for the calortropy
production. Since the present covariant kinetic equations of radiation and matter are
similar in their structure to the covariant kinetic equations for the case of matter alone
discussed in Chap. 1 of this Volume, the cumulant expansion method is expected to
be also similar. For this reason we will be brief and present only the final results with
necessary definitions in Chap. 1 mentioned.

Let us define the symbol ¢ by the formula

(mc/kpT)*

= oz (2.246)

where ) is a parameter of dimension length—it may be taken for the mean free path

or the interaction range or the mean size parameter of particles. This parameter g has

a dimension of volume x time. If the calortropy production is scaled by kp /g it can
be rendered dimensionless:

Oc = —0¢ (2.247)

and similarly for the Boltzmann entropy production gep,:
6—\em = icTent~ (2248)
kp

Then analysis can be carried on for 7. and 7, in the same manner as in the previous
chapter. For example, a cumulant expansion method may be applied and a formally
identical result is obtained.
To the first-order cumulant approximation, the reduced calortropy production is
given by
0. = ksinhk > 0, (2.249)

where k7 is the Rayleigh dissipation function given by a quadratic form of generalized
potentials X flq) . Since k is a positive quadratic form of the generalized potentials X,
the first-order cumulant approximation for o, in (2.249) remains positive semidefinite
for all approximations made for the generalized potentials, which may be determined
from (2.245), for example. If the right hand side of (2.245) is calculated from the
knowledge of I' and then the relation is inverted, Xf,”) is obtained as a function of
CDEIQ). In general, their relation may be expressed as
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X@ = _g@eW, (2.250)

1 a

where gf,q) is a scalar function of variables spanning the manifold B U ¥. In the
lowest order of approximation gé‘” is a scalar function of the variables of manifold
%< but independent of the variables of manifold 3. See (2.274) below for g,g"). In the
first-order cumulant approximation (2.249) for ., the cumulant « is given by the

formula

1/2

K = i i Z Z X((;L)WUR((Jfby"r’)a..-;tw...x/Xg;/)mw ‘ (2251)

a=1 b=1 a>1 v>1

Here Rfl(b”) are given by the collision bracket integrals of the collision integrals
R, [ fo] and R, [ f,] of the covariant kinetic equation for matter and radiation. They
can be explicitly determined in terms of particulate dynamical information (e.g.,
interactions and collision cross sections of particles) if we make use of the linear
steady-state evolution equations for nonconserved variables, namely, the linearized
steady-state generalized hydrodynamic equations. In fact, so determined R((;f) are
found to be exactly the same as the collision bracket integrals appearing, for example,
in the first-order Chapman—Enskog method [24] for the covariant kinetic equation.

Their statistical formulas are as follows. With the notations for reduced momenta
Ta = cﬁpu (2.252)

and the abbreviation [A ® B],,, for the integral

40 Bly =G, Y [ &7, [ &7 [ &7 [ &7 £ W wema© 5.

(2.253)
where Wffb); « 1s areduced transition rate
—(s) mkgT s
Wb = ( \2 ) Wa(b);kl (2.254)
and ]
S = [(1+eafs) (T +efs) (T+eafs) (T+af)] . (2.255)

the collision bracket integrals are given by expressions

" 1 ol
R = 28 (n + g = h )

™) ™ ()% M=\
x (hj + 1 — hO — hG )
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+%62%[(h§”)—h§?)*)w (r? =0 "] . @2s6)

R = 2 3 [ ey () )], @2
a#b

(a #b),

R}(_;V'V)U"'/lw---l/ — 52 z [ (0/) ((Y)* g (h('V) hf})*)“””] , (2258)
a#r “

o Z [(hﬁ”) _ hlga)*)"“"‘ (h§v> _ hl(v)*)“"“”]m . (2.259)
a#r

These tensor integrals can be simplified to products of scalar integrals and isotropic
tensors as will be shown in the following.

2.10.2 Dissipation Terms in the First-Order
Cumulant Approximation

Comparing (2.249) with (2.211) and with the help of the expression for the first-
order cumulant «, we now find approximate dissipation terms consistent with the
inequality (2.249) for the calortropy production

A;q)(f...u _ (ﬁg)71 ZZ R(‘i”)(f - VX}(”/) (sinh H/I'i) (2.260)
b=1 y>1

This is the first-cumulant approximation for AY, which is also consistent with the
H theorem in the limit of vanishing fluctuations of distribution function f, from f:
Afy = fa — fi = 0, because, in that case, oen = 0. > 0 according to (2.249).

Higher order cumulant approximations for the dissipation terms may be obtained
if the corresponding cumulant approximations are used for the reduced entropy pro-
duction. It is straightforward to obtain them by following the procedure described
in the literature [5, 18, 25, 26]. There now remains the task of determining the
unknowns X in order to complete the formulation of thermodynamically consis-
tent generalized hydrodynamic equations.

To proceed further it is useful to recast the collision bracket integrals Rffa”), etc.,
which are given above in unwieldy tensor product forms, to more computationally
practical scalar forms. If we exploit the properties of isotropic tensors [18] this
aim can be easily achieved for collision bracket integrals considered here, which
involve tensors of rank 4 at most. We observe that R;‘,’f) are expandable into isotropic
tensors with scalar collision bracket integrals appearing as their coefficients; see,
for example, Chap.5, Ref. [18]. Thus we obtain
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Hvow 1 O A VW w A VO 1 VA oW
R =R, [E(M AT+ AN = SAMA ] (2.261)

The coefficient R{}" is then a scalar obtained by contracting R'}""** with the
isotropic tensor [% (AWAW + AWA,,(,) — %AWAW]:

5 ¢ 2
= ! a a)*) . o) (y)*
“i0" 2 [0 =0 s () = 1) | @#n) @262)

1 1 , 1
’R’((zlbl) — —R(LDIWJW |:_ (AuaAl/w + A}LWAVO') _ gA;wAJwiI

and similarly

1 1 1
R((llal) — gR{SLI)/u/(ruJ |:§ (A/MAWJ + A/LMAV{I) _ gA/uzAmu:I

= 57 (3 [6 (082 s (10 +0)]

aa’

+> [(hé” - hip*) : (hz(f) - hi‘/)*)]ah : (2.263)

b#a

where
1 (1) 1 1) 1 (€]
I R e e

Here the prime on the subscript a of [A],,, means another particle of species a and the
colon: between the tensors means contraction of rank 2 tensors. Since the collision
bracket integral Rﬁz) is scalar for the case of ¢ = s = 2, we simply obtain scalar
collision bracket integrals:

REY = R
= 3 Z [(hff) _ hff)*) (hf) _ h;’Z)*)]ab (@ £b). (2.264)
a#b
R = RE

11
=55 [5 (& (h2 +12) & (12 + 1)

aa’

+ 2 [(n =) (= n)] 1 (2.265)

ab
b#a

where
AP+ 1) =@ + 0D —nP* = nP"
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For g, s = 3 or 4, namely, for vector processes such as heat flow and diffusion the

collision bracket integral R'97" is expressible as

anmr _ 15(q7)
R, =R,AMY (2.266)
and hence upon contracting with A*” we obtain
(gs) _ plgs)pr A pv
Rab - Rab AF

- %ﬁ 2 Zﬂ; [0 =0 - (h = 1) | @ # 0. (2267)
w2l 15) )

’

aa

+ ; [(hgq) - hfﬁ)*) ' (hf) - hff?)*)]ab (g.s =3,4), (2.268)

where the symbol - means the scalar product of vectors, namely, contraction of rank
1 tensors. These procedures of tensor contractions in the collision bracket integrals
can be extended to the cases of higher rank tensors with progressively complicated
results.'? In the present chapter we are limiting the calculations up to rank 4 tensors, in
other words, shear stresses CIDéq)W, since higher rank tensors than 4 are not required
in practice. It is, in principle, possible to cast the first-order cumulant « into the
quadratic form of generalized potentials X, @.

172

= Z Z > RY (xwox)| (2.269)

a=1 b=1 g>1 s>1
where X © X\” is a scalar:

X9 o x© = x@mowx® (2.270)

bwo--vp*

The generalized potentials X% in k and f; now must be determined, so that the
whole structure of the theory we are pursuing becomes free from undetermined
parameters. It is discussed in the next section.

10For higher rank tensors isotropic tensors of higher rank, more complicated basis sets would be
required. For the basis sets for higher order isotropic Cartesian tensors, see pages 97-98, Chap. 5,
Ref. [18].
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2.11 Generalized Potentials

We have managed the formulation of the theory, deferring the determination of the
generalized potentials X, @ making up the nonequilibrium canonical forms (2.190)
and (2.192). We have now reached the point to determine X f{’) in terms of variables
of manifold ‘.

The formal relations of nonequilibrium quantities are indicated by various rela-
tions of the macroscopic irreversible thermodynamics developed with the nonequi-
librium canonical forms. One of them can be made use of to obtain the desired relation
of X,Sq) to belq); see, especially, (2.245), which may be regarded as one of the most
important among them in the present nonequilibrium statistical mechanical theory.
Another mathematically satisfactory method of determining X9 was discussed in
Chap. 3 of Volume 1 and we may apply it to calculate it in terms of . Here we
make use of (2.245) for the purpose in mind.

Expanding In T, in power series in X, we obtain

olnT,
T (o) U 4 RO OXD ) 2T
a T,v,pu, X

which, to the lowest nonvanishing order in X ff’), yields the formula

X(q)

a

dolnT,
kpT ( an ) = B U P EERPRD O X+ 0 (X)) . (2.272)
T,v,1,X’'

Thus finally, to the lowest nonvanishing order the generalized potentials are given
by the linear relation

Xff” - _ (l/giq))qyl(fﬁ, (2.273)
where
1
g = zm(f;c—zU,“pghg” Oh?Y) @=1,....m,r) (2.274)

with /; denoting symmetry-related factor for integrals of tensors

for second-rank tensors
for first-rank tensors . (2.275)

Pl
I
— L= =

for scalar

It should be noted that the rank of tensor Xéq) is the same as that of CD,(,"). The
approximation for X (2.273) leaves the first-order cumulant approximation for
the calortropy entropy production positive semidefinite. In this manner, the moment
method employed here for relativistic Boltzmann—Nordholm—Uehling—Uhlenbeck
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equation is made complete to an approximation consistent with . > 0. When the
approximate relation for X 9 is used in the dissipation terms, the evolution equations
formally obtained earlier are closed with respect to {CD,(,")} and ready for solution

because all the undetermined parameters are given formal relations to {CDE,")}, by

means of which we can determined them in terms of variables spanning the thermo-
dynamic manifold ‘B U T. The transport properties then can be calculated from the
solutions of the evolution equations—i.e., the generalized hydrodynamic equations
for fluxes and conserved variables. The generalized hydrodynamic equations thus
obtained, therefore, provide a mathematical framework—in the form of closed field
equations—to describe transport processes attendant on irreversible processes in a
system of radiation and matter in a manner consistent with the thermodynamic laws.

2.12 Generalized Hydrodynamics

The combined set of conservation laws, (2.163)—(2.168), and nonconserved variable
evolution equations [(2.169) and (2.173)] constitutes the generalized hydrodynamics
of radiation and matter. Having been appropriately subjected to the laws of thermody-
namics, they are thermodynamically consistent. They are the fruits of labor expended
so far to make generalized potentials and dissipation terms explicit with regard to
variables spanning manifold 3 U T, so that the generalized hydrodynamic equations
properly describe irreversible processes in the system consistently with the thermo-
dynamic laws, given the initial and boundary conditions for variables belonging to
B U Z. They are now ready for hydrodynamic applications. It would be useful to
summarize them in the following.

2.12.1 Conservation Laws

The equation of continuity for the total density is
Dp = —pv,U". (2.276)

The conserved variables balance equations are:

pDey = —0,JE + 2 JEDU, + AP, (2.277)
pDEy = —0,0" + PV, U, +c20"DU, + U, AL, (2.278)

c2EnpDU" = VF o + AL, ITTY
+ ¢ (PL"DU, — ALD QL — 04V, U" — Q4 v, U")  (2.279)
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for matter and

pDc¢, = —0,J" + ¢ 2J'DU, + A", (2.280)
pDE, = —0,0" + P V,U, + ¢ *Q"DU, + U, A" (2.281)
for the radiation. Here &, is the radiation energy per material particle. We emphasize
that the radiation momentum equation is not listed here, since it is related to the

radiation heat flux evolution equation which appears as one of the evolution equations
for @1
a .

2.12.2 Evolution Equations for Nonconserved Variables

Coupled to the balance equations of the conserved variables, there are the evolution
equations for nonconserved variables

pD@é")“""’ — _VJ(.D((;I)UH"'V + 3((;1)#%--1 + Ac(lq)w’"'l x), (2.282)
WY = AP (@ =1, ,m,riq > 1) (2.283)

which holds for either matter or radiation. This is the generic form of nonconserved
variable evolution equations. The kinematic terms and dissipation terms are presented
separately for matter and radiation below.

Kinematic Terms for Matter

With the definitions for symbols
1
[VUIP" = — (V'U" 4+ V'U") — 3V U,

[A - B](2)/W —

| =N =

1
(A" BY + A" BY) — gA/“’A‘”BM, (2.284)

the kinematic terms for matter species are collected below:

Modified Kinematic Term for Shear Stress

3((11)/1,u = 2[P,- VU](Z)/W _ 26‘_2 [Q/r . DU](Q) _ 2C—2 [3rDU](2),uV
—2[P,U - DU]? + 2 [UUIP"™ PT*V.U,
+ ¢ (U"PX DU, + U"PDU,) + ¢ > [UUIP"™ Q¥ DU,

1
- 5(:4 (UFQEV.UY + UY QEV.UY) + ¢ 2 [UUTP™ Q¥ DU,

a <

1
- 3c—2 (UF3 V.U + UV V.UY) +2¢7 2 [UUTP™ 39 DU,
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Pa (ngaa)

—Adyruyrv n/w 1 L v v L
—c*uru QaDUw+§ fa (U"V.UY + UYV.U")

(Usp)
v 2)we
—c <faw> V.U, (2.285)
(Usp2)
where . |
[Papal®* = pipe = S A" (Pl Pas) = Pip; = 3mac’ A

3

Modified Kinematic Term for Excess Normal Stress

2 _ _ _%}Lf _%—2;0 _ g€
3.7 = —=paD (pa/pa) — 5 Py VU, 3¢ QDU Iy Ve (Pa/pa)

3 a
- w 1 P p; (Pa Pa
—c? (Pa/pa) J; DU, + 3 |:Pél€ - <fa(—2#)>i| V.U,
(Usp2)
(2.286)
where
22

(pgpau) =m,c".
Modified Kinematic Term for Heat Flux
39 = P Dy, — QOV,U" — PPV, R, — ¢330V, U"
+ R, IV U + p, (R, — E,) DU" — JI' DI,
— 72U (QIDU, + ¢ 7*3DU, — h,J2DU,)
— U" (PV,U. — JIV, 1))

+c2@<fap“p“p“>v U, +[P;”— <fa idi >] Vol (2.287)
0p?)’ (Usp2)

Modified Kinematic Term for Diffusion Flux

B ow o
39 = _p, DU — J7V,U" —c 2U"J* DU, — > <fa ‘(”“p“p)“ >van. (2.288)
U\p)

In this case the divergence term is added to the kinematic term because ®§4)“ gives
rise to a variable in the manifold 3 U .

Modified Kinematic Terms for Radiation

The modified kinematic terms for radiation are collected below.
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Modified Kinematic Term for Shear Stress

351);11/ — 2P, - vU](Z),uJ/ _ 26'_2 [Q/r . DU](Z) B 2C—2 [SrDU](Z)/W
—2[PU - DU]? + 2 [UUIP"™ PT*V_ U,
+c¢2 (U"P DU, + U"P/DU,) + ¢ 2 [UUIP" Q¥ DU,
— c*UrUY QP DU, + ¢ ([UUIP™ — ¢2U"U") 3¢ DU,

1
— 5c*z (U'Qrv.U" + U Qrv.U")
i ! pr s p;
— 2 (U U+ U v Ut — A f I DN g g
3 (U)\p;\)
(2.289)

Modified Kinematic Term for Excess Normal Stress

1 € — w
3% =—pD(pe/pr) — PV = IV (prpr) — ¢ > (pr/pr) I¥ DU,
2 —2~w 2 -2 Hw
—3° 3 DU, — 3¢ 0.°DU,. (2.290)
Modified Kinematic Term for Heat Flux

3 = =PIV h, — QP V,U" — ¢y, U"
+ P“"DU,, + p, p, DU" — J*Dh, + h,J°V,U"
— U"P°“V,U, — U"Q" DU, — ¢ *U"37 DU,

p#pwpa
+ UM I Vohy + ¢ U h, J2 DU, + hy ( f, 5 )V, U,
(Urp})
W 0 Hno o
+2h, £ 2PN U, U, 4 | P = 3 PN Vo, 2291
(Urp}) (Urp})

The third and fourth lines proportional to U* on the right vanish in the local rest
frame. They are relativistic effects as are the integrals.

Modified Kinematic Term for Diffusion Flux

H_ow o
3@ = _p, DUP — J7V,U" — c2UPJ* DU, — ¢ <fa—p“p“ Pa > v,U..
(Usp2)
(2.292)
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The integrals represent relativistic effects. In this case of 354”‘ , the divergence term

— 9,QW = JV, U — c2UM I DU, + ( fi
(P)UA

w LM
Pr p’) > DU,  (2.293)

has been added to 254)“ to obtain 324)” since the term consists of variables in the
manifold .

The kinematic terms for matter and radiation are different despite the formally
rather similar moments 2\ (a = 1,2,...m,r) because (p{ p;,) = m2c for
matter whereas (p? p; ;) = 0 for radiation.

Dissipation Terms A"

The dissipation terms accompanying the kinematic terms in the generic evolution
equation are calculated in the first-order cumulant approximation. The first-order
cumulant approximation combined with the first-order approximation for the gen-
eralized potentials given in (2.273) is found sufficient for many applications in the
case of nonrelativistic generalized hydrodynamic equations applied so far. For this
reason it is logical to consider a similar level of approximations in the case of the
relativistic theory. With the generalized potentials approximated to the linear order
in fluxes as given in (2.273) the dissipation terms are given by the formula

{r,

3

4
> (@qg(”) R0 0" (sinh r/ )
1

1, ), (2.294)

Aéq)u...,, _

||n%

(a

where the coefficients 1'% are defined by
R = g ORE g (2.295)

in terms of the collision bracket integrals Rgf) given in (2.262)—(2.265), (2.267),
and (2.268). Recalling the definition of the first-order cumulant x, we now find that
k is given, in the first order approximation (2.273) for generalized potentials, by the
quadratic form of ®”

{r.m}

Z Z m(q?)q)(vm Vq;l(jy) - (2.296)
a,b=1q,5s>1

Note that this is a generalized Rayleigh dissipation function. With the dissipation
terms given in (2.294) we are now ready to explore some useful approximate forms
for the nonconserved variable evolution equations presented above.
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2.12.3 Linear Constitutive Equations
and Transport Coefficients

In order to derive the statistical mechanical formulas for transport coefficients of rela-
tivistic gases in terms of dynamical quantities such as collision cross sections we must
first obtain appropriate constitutive equations for linear transport processes. This aim
is achieved if we linearize the nonconserved variable evolution equations presented
earlier with respect to the thermodynamic forces and if the open hierarchy of evo-
lution equations is closed by setting @51)0;111’ ®f2)g, and 953)0# i=1,2,...,m,r)
equal to zero or quantities belonging to the thermodynamic manifold 3 U ¥. By
means of such closures, the hierarchy of evolution equations is closed at the tensorial
moment of rank 2. The linear transport coefficients can then be identified from the
steady-state nonconserved variable evolution equations.

Linear Constitutive Equations

Upon imposing the closure and linearizing the kinematic terms with respect to ther-
modynamic driving forces—spatial gradients of velocity, temperature, pressure, or
concentrations—and fluxes and setting ¢,,(x) = 1 in the dissipation terms of evolu-
tion equations, we obtain linearized constitutive equations for fluxes. They take the
following forms

{m r}
pDa;l)#V — Xgl)#l/ _ (ﬁgg(l)) Z SR(”)QD(I)'MV (2.297)
b=1
pDOP = —x — (Bgg)” Z Rap @ (2.298)
pDO" = XV — (Bgg’)” Z >R oW, (2.299)
b=1 s=34
H’L r
pDOP = —x P — (Bggl) T D D R e, (2.300)
b=1 s=34
where the subscript a runs over all species, i.e.,a = 1, ..., m, r and the thermody-

(v

namic forces x, ', etc. are defined by linear thermodynamic gradients

X = 2pa VU1, (2.301)
Xf) _ —puqu”’ (2.302)
x® = paa VAInT, (2.303)

(4) —

XD = p, V¥ nc,. (2.304)



2.12 Generalized Hydrodynamics 159

These thermodynamic forces are the linear approximations of the kinematic terms
D1V With respect to the thermodynamic gradients. It should be noted that in the
case of diffusion flux evolution equations the divergence term Vgapg‘) "7 is combined
with the kinematic term 2,24)” to obtain the modified kinematic term.
At the steady state of this set of differential equations we obtain the linear steady-

state constitutive equations

{m,r}

—X = (Bgg") Y ;G ey =, (2.305)
b=1

@ - 59!](2) Z g)c{abq:,(z) 0, (2.306)

—x — (Bggl) Z 2 Ry o =0, (2.307)
b=1 s=3,4

{m,r} "

W — (Bgg®)” z z m< f>q>(3>ﬂ 0. (2.308)

b=1 s=3,4

This set is algebraic with respect to fluxes @9 Since the first two of the set are not
coupled to the rest of the equations, they are easily solved for the fluxes. We thus
obtain

q)((ll)/w — Z [% [VU (2)/“’ (2.309)
{m,r}

(2) - _ Z (0] wv,.ur, (2.310)
b=1

where B and U are r x r square matrices consisting of elements E)%LIbI) and i)‘iﬁ)z),
respectively:

g)r{(ll)

Bap = ———, (2.311)
7 2p.ig
3R

b= ) (2.312)
" Spaby

Since the third and fourth equations of the set are coupled, we construct a 2r x 2r
square matrix & consisting of 7 x r square submatrices [9{23;)/ (59)], [9‘{5;4)/ ﬁg],

(2259 /69], and [R5 /540 ]
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TH
S =(ﬁ©), (2.313)

where the submatrices are defined by r x r square matrices'' made up of collision
bracket integrals:

(2.314)
=2 |, (2.315)
(2.316)

D= (2.317)

We also construct a 2r dimensional column vector spanned by 2 r -dimensional
thermodynamic force vectors of TV#InT and V#Inc;:

§ =@V*InT,...,TV*InT,V'Inc,,...,V'Inc,) . (2.318)
Then in the notation defined, the solution of the third and fourth equations of the set
may be written in matrix form
o =63, (2.319)
where ® denotes the (2r — 1) dimensional column vector

d= (0%, ..., 0% ). (2.320)

Explicitly written out in components, the solutions of (2.307) and (2.308) are
given by

- IS 1Slq,+

oG — N Ml pgng Tlartigny e, 2.321
“ ; det |G| Z det|| I

W — _ i |6|"—+”1Tvl1 T — Z Slasrrsj — T i g (2.322)
a — det |G| det |S| 2

where the subscript a runs over all species including photons and |&|,; is the
(aj) cofactor of matrix &. The solutions for the linear constitutive equations

11Tt should be noted here that we have not eliminated the dependent diffusion flux in view of the
fact that the number and range of photon spectrum is indeterminate in the present model.
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(2.309)—(2.322) enable us to identify the linear transport coefficients of matter and
radiation species under consideration.

Linear Transport Coefficients of Matter And Radiation

The linear transport coefficients are now easily identified with matrix elements of
the solutions of the constitutive equations obtained above. The shear viscosity n° is
found to have the statistical mechanical formula

r r 1 B
== 2 5 (B (2323)
a=1 a,b=1
the bulk viscosity ¢ the formula
M= M=, (W (2324)
a a,b=1
the thermal conductivity A the formula
Aoziv.:iﬁ- (2.325)
a = aj * = dethla .

the diffusion coefficients D, the formula

r r |6| "
pl=>"pl =) 24/, 2.326
. ; o ,Z:,: e (2326)
and the thermal diffusivity the formulas
1Sla.r 16
pY — —arth. 2.327
@ det |5 ( )
t0 |6|a+r,b
= —, 2.328
@ det |G| ( )

Here the species index a runs over the material species and photons.

In the nonrelativistic theory, the linear transport processes calculated by the
method of generalized hydrodynamic equations are found to agree completely with
their equivalents calculated in the first-order Chapman—Enskog theory. Therefore the
present relativistic theory results for the linear transport coefficients are also expected
to give the first-order Chapman—Enskog theory results for the relativistic gases of
matter and radiation (photons). It can be shown that the first-order Chapman—Enskog
method of solution for the covariant kinetic equation for the system of interest indeed
gives the same linear transport coefficients.
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2.12.4 Quasilinear Constitutive Equations
and Transport Coefficients

If the kinematic terms are linearized with respect to the thermodynamic gradients on
the one hand and, on the other hand, the dissipation terms A((lq) are approximated in
the first-order cumulant form together with the first-order generalized potentials as
in (2.294), we obtain a model for nonconserved variable evolution equations. When
the model is combined with the conserved variable evolution equations, we obtain
a model for generalized hydrodynamic equations, which we call quasilinear gener-
alized hydrodynamic equations. The model for the nonconserved variable evolution
equations may be written as below:

{m,r}
POV = —x (D — " B, &) g (), (2.329)
a  p=1
R |l
pDOY = —x7 = —5 D" Vur®, 4 (), (2.330)
Ga~ p=i
R 1 {m,r}
DB = XV = 75 > (T @ + 90 a0, (233D
Ja = p=1
. 1 {m,r}
pDOI = —xiP — o (ﬁabd>§f)“ + @a,,cbgj‘)”) an(K), (2.332)
a  p=1

where the index a runs over all species—i.e., matter and radiation. This set of equa-
tions differs from the linear evolution equations (2.297)—(2.300) by the presence of
the nonlinear factor ¢, (). Therefore, they are still highly nonlinear and expected
to describe flow processes far removed from equilibrium in fluids subjected to high
thermodynamic gradients as in the case of nonrelativistic flow processes studied [5,
18, 27, 28] and discussed in Chap. 9 of Volume 1.

The quasilinear generalized hydrodynamic equations therefore include the lin-
earized generalized hydrodynamic equations in the limit of ¢, (k) — 1 as Kk — 0,
namely, in the vicinity of equilibrium. Furthermore, they also include the classi-
cal hydrodynamic equations—the Navier—Stokes, Fourier, and Fick equations, if the
linear transport processes are at steady state.

Quasilinear Transport Coefficients

The steady-state solutions of the quasilinear evolution equations (2.329)—(2.332)
provide the constitutive relations for quasilinear transport processes and the asso-
ciated nonlinear transport coefficients. The steady state solutions in question are as
follows:

(D;l)/u/ = 1, [VU](Z)/W , (2.333)
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®P = —np,V,U", (2.334)
O = —\TV'InT — ZDg]v“ Inc; (a=1,...,m,r), (2.335)
j=1

QW = —DLTV*InT — > D,;V"Ing;
j=1
(a=r+1,..m—1,r). (2.336)

The nonlinear transport coefficients 7,, g4, A4» Da o D!, D, ;j—the coefficients to

the thermodynamic gradients—are defined by the formulas given below:

Ne =D (B, qu (kL) = 10qs (K1), (2.337)
b=1
e = D (V) qr (51) = 05,4z (kL) . (2.338)
b=1
|G|a J+] 0
)\a = Z det |6| L (K/L) = AaqL (K‘L) ’ (2339)
Dd |6|a,r+j L Ddo 5340
aj = TIGI(]L (kL) :== Dyjqr (kL) , (2.340)
Dt _ Z |G|a+r r+j (H ) — D[() (KJ ) (2 341)
a d t|G| L L) - a QL Lk) > .
|6|a r,r+j
aj = W% (kL) == Dgqu (kL) , (2.342)

where g7, (k) = sinh~! K, /kp with Kk, denoting12 the quadratic form of thermody-
namic gradients of the matter-radiation system under consideration.

The nonlinear transport coefficients 7, . . ., D,; depends on thermodynamic gra-
dients present in the fluid undergoing nonlinear transport processes described by the
evolution equations (2.329)—(2.332). They in fact diminish to zero as k;, ~'*0 (§ > 0)
as k; — oo. For example, in the case of viscosity there appears a shear thinning
effect as the shear rate increases—namely, the fluid is non-Newtonian. Notice that, as
their nonrelativistic counterparts do, they also break the Curie principle because the
flow process in question can be affected by a thermodynamic gradient of a different
spatial symmetry of the flow. In the case of nonrelativistic flow phenomena, they
can adequately account for numerous flow behavior in rheology, nonlinear charge
carrier transport phenomena, rarefied gas flow, etc. Therefore in the light of the non-
linear transport coefficients for nonrelativistic flows just mentioned the relativistic

12For the detail of getting gy (1) from the nonlinear factor ¢, (x) and xr, see Chap.1 of this
Volume.
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quasilinear transport coefficients listed above and the quasilinear generalized hydro-
dynamic equations could be also of interest to relativistic flow phenomena in rela-
tivistic gases far removed from equilibrium.

2.13 Nonrelativistic Limits of Relativistic Generalized
Hydrodynamic Equations

The nonrelativistic limits of the relativistic generalized hydrodynamic equations
of matter and radiation and the related quantities presented earlier in the present
chapter can be obtained by making use of the methods employed for a similar subject
in the absence of radiation in the previous chapter of this Volume. Thus obtained
would be the classical radiation hydrodynamic equations for flow processes in matter
interacting with radiation. Of particular interest to us here is the radiation part of
hydrodynamic equations, because it will provide us classical radiation hydrodynamic
equations which have not been discussed in the previous chapters in this work. Since
the material part of the classical hydrodynamic equations would be expected to be
similar to the classical (nonrelativistic) limits studied in the previous chapter, we will
focus our attention to the radiation part of the generalized hydrodynamic equations.
Since the nonrelativistic limits of various operators and quantities considered
in the evolution equations in the previous chapter should also apply to the present
generalized hydrodynamic equations of matter and radiation, they will be used to
obtain the desired results for our goal here. It is convenient to list a few of relevant
nonrelativistic limits of quantities below:
0 __ 2, 2 n1/2 _
pa—mac(l—i—pa/muc) (a=1,2,...,m)
— myc, asu/c — 0 (2.343)

in the case of matter particles. Since the hydrodynamic velocity U# may be written
for the whole system as

22\ 72
Ut = (1 — —2) (c,u) =y (c,u) — (c,u) (2.344)
c

in the limit of u/c — 0, it is clear that the space-components of U* is reduced
to the nonrelativistic hydrodynamic velocity in the limit. With this preparation it
is straightforward to obtain the nonrelativistic limits of the relativistic generalized
hydrodynamic equations. Using the aforementioned limit we find in the case of matter

phU. =7 (cp) — Pa - 1)
= myc? + %mcj +0(c7?), (2.345)
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where
C.=v,—u

is the nonrelativistic peculiar velocity of species a, and the m,c? term can be neglected
in the nonrelativistic theory. This means that the Jiittner function for matter has the
following limit

fe=exp [_5 (pf;Uu — Ma)] = }imoexp [—ﬁ (%mcg — ua)i| . (2.346)

Therefore the Maxwell-Boltzmann distribution function is the nonrelativistic limit
of the Jiittner distribution function.

The number density tends to the nonrelativistic number density for both matter
species and photons:

- L[4
Pa ¢ ZU#NZ;L =c 1/ p()a Uﬂpgfa

a

/d3pafa +0(™h
=n" 4+ 0™ (@=1,2,...,m,r). (2.347)

Here n™ denotes the number density in the nonrelativistic kinetic theory.
The covariant operators D and V# have the nonrelativistic limit as follows :

D =U"d, = Uy + U o,
=0 +u-V+0(@™)

_d i
=+ 0@, (2.348)

Namely, the relativistic substantial time derivative ©® = pD tends to the nonrela-
tivistic substantial time derivative p% used in classical fluid mechanics. The space-
component of the operator V* is given by spatial gradient V; = 9/0x; in the limit
ofu/c — 0:

Vi = —A*Ro — A0,

_ 9 +0@™ (k,j=1,2,3) (2.349)
6va

Therefore there hold the limits

V,U" — Ou, /0x,; ViU, - —0u, /0x,,. (2.350)
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Let us then analyze the nonrelativistic limit of the Boltzmann entropy four-flow.
We have defined the Boltzmann entropy in the relativistic kinetic theory'3

{m,r} d3p
St (x) = —kpc Z/ Oa

a=1 p

pofaln fo (2.351)

and
S:=pS = cfouS‘L (x)

m.r)
= ks Y [ dputitn g+ 06
a=1
_ s 4 o, (2.352)

where ST is the Boltzmann entropy of a nonrelativistic gas mixture and f{™ is the
nonrelativistic distribution function. The space-component of Boltzmann entropy
flux J{' = S# — SU* is given by

JE =8 - su*

S

{m,r}

=—kp > / &EpiCE M £ 4 oY

i=1

=J0" + 0, (2.353)

where JS(,:") is the nonrelativistic Boltzmann entropy flux. The Boltzmann entropy
production has the limit

{m,r} {m,r} 3
d’pa
Oent = —kpe Z Z/ b In foRap [fas fS]

0
i=1 i=l Pa

{m,r} {m,r}

=—ks > > / & paln fuBRas [ 100, f57] + 0

i=1 i=1

3For example, de Groot et al. [29] define the Boltzmann entropy four-flow by the formula

{m.r}

St (x) = —kpc Z
a=1

d3
Pa gt fun fu = 1).
Pa

We define S* (x) by
{m,r} d

S"(x) = —kpe Y /
a=1

without the (—1) factor, which we find superfluous.

*Pa
0 plhfaln fa
Pa
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—1
= o + 0@, (2.354)
where aéﬁ? is the entropy production of nonrelativistic gas expressed in terms of
nonrelativistic distribution functions.
The dissipation terms are given by the nonrelativistic limit

{m,r}

S o £ e

B=1

ITL r

_ Z/d3p3h(q)“ TR, [f(nr)]+0(c—1)

=AD" 10 (7). (2.355)

(nr)a

In order to show the nonrelativistic limit of the relativistic generalized hydrody-
namic equations, it is necessary to analyze the energy-momentum tensor and other
macroscopic variables. Since

{m.r}

& pa
™ =c> / pp PpL S, (2.356)
a=1 @

then its (00) component is given by the limit
{m,r}
_CZ/ *Pa 0 p0 £

=nmc* +E+E + 0. (2.357)

On ignoring the rest energy part, it becomes the energy density of a sum of energies
of matter and radiation.
Let us consider the components 7% (k = 1, 2, 3):

{m,r} d3p
Ok __ k0 __ @ 0k
T =T _cZ/ o P2k fa
=c Z / d> popt fa, (2.358)

a=I

thatis, T% /c becomes the momentum density of a nonrelativistic gas whenu /¢ — 0.
Moreover,
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CZ/ papﬁpa

_ Tn(lnr)kj + Tr(nr)k] Lo &i=123). (2.359)

where T."% and T, % denote the nonrelativistic energy-momentum tensors of

matter and radiation.
With the help of the aforementioned properties it is easy to show that the diver-

T (@op-v
o a

gence term O, (A ) and the kinematic term Z" " have the nonrelativistic

limits as follows:
O (AL fo D) = =V - / d*poCo fIMORDEY 4 O(c™h
==V + 0

where C,, is the peculiar velocity and
¢W”=/fmqﬁmwwf

The nonrelativistic limit of Z{**"” for matter species is given by

Zéq)#“.y — (pgagh((lq)'uyfa>
= (fa(“r)(dz +C,- V)hz(zq)““‘”) + O(C—l), (2.360)

for which we have used the limits given below:

Appa - (gg - C72U0U/L) Pf; = Cilu -p, + O(Cil), (2.361)
ALpl = (g, — UMV, pli = —=moCy + O(c7Y), (2.362)
A pliply =meCa4+ 0(c™h). (2.363)

Therefore, the nonconserved variable evolution equation (2.169), namely, generic
evolution equation, tends to the nonrelativistic limit

(nr)DqD(q)/t v - _V. ,l/J((lq)u---l/ + (fa(nr)(dt + Ca . V)hc(lq)/p--u> + A(q)# v

(nr)a (nr)a

(a=1,2,...,m). (2.364)

Here d;, = 0, +u-V is the nonrelativistic substantial time derivative. Upon explicitly
working out the second term on the right of (2.364) we obtain the nonrelativistic
evolution equations for nonconserved variables of matter and radiation. For notational
brevity we will omit the superscript or subscript nr as well as x - - - v from the so-
obtained equations with understanding all quantities involved are nonrelativistic.
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They are summarized below :

d ~
nEQZI) =-V-yp" —2[J,du]® —2[1, - Vu]?

2 ~
— S, (V- u) —2A, [Vu]® —2p, [Vu]® +AD, (2.365)

3
d ~ 2 2 2~
—0P = -v.9p? - ZJ, - du— =0, : [Vu]® — ZA, (V-
ndl a d"a 3J U 3 [ll] 3 ( ll)
— padiIn (pv°) =V - Jupa/pa) + AP, (2.366)

d ~ -
nECD‘(f) =-V. ¥ —du (P, — p,d)+Q,-Vu—P,-Vh,

+ ¢ Vu — Judh, + A, (2.367)

d -
n—&® = —v.P, - p,du—J, - Vu+A® (2.368)

dl a >’

where the subscript a stands for matter species and the superscript (nr) on 2™ is
dropped for brevity of notation. The number density » multiplying the substantial
derivative on the left-hand side of (2.365)—(2.368) would be replaced by mass density
p, if the density 52") of @E,q) were redefined with respect to mass density instead of
the number density n, which was compelled in the relativistic theory. In the equations
presented above, the following definitions of symbols are used for brevity of notation:

P = (f,m,C,C,C,) . (2.369)

In the case of radiation, we obtain the nonrelativistic limits of the evolution equa-
tions for nonconserved variables as follows:

nEcb;“ =V —2(J,du]?® —2[11, - Vu]?
2 ~
— 5H, (V-u) =2A, [Vu]® = 2p, [Vu]® +AD, (2.370)
d ~ 2 2 2
—0@ = -v.p?P — 1], du— =TI, : [Vu]® — ZA, (V-
no-® P, 3J - [Vu] 3 (V-u)
— pdiIn (pv™?) =V - drpe/pr) + AP, (2:371)
d ~
nEd>£3) =-V-9® —du (P, — p,d) +Q.-Vu
—P,-Vh, — J.dih, + AP, (2.372)
d ~
nE<D£4) =-V.P,—pdu—J,  -Vu+A®, (2.373)

In this sense, the relativistic generalized hydrodynamic equations we have derived
are reduced to their nonrelativistic counterparts—namely, the nonrelativistic radia-
tion hydrodynamic equations—under the condition #/c — 0, which we compactly
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summarize as below:

dp

L=V, (2.374)
M_ _y.p (2.375)
p— = — . N .
ot
paa—f =—-V:-Q—P:Vu, (2.376)

pﬁq)(q) - _V. ¢(11) 4+ Z@ L A@
at « « o o
g=1,2,...,4, etc.; a=1,2,...,m,r). (2.377)

The matter part of the nonrelativistic generalized hydrodynamic equations are well
known results in the scheme of the modified moment method for nonrelativistic gases
[5, 18]. The radiation part of the generalized hydrodynamic equations is new and
one of important objectives of the present chapter on radiation and matter.

2.14 Relative Boltzmann Entropy Density and Fluctuations

The relative Boltzmann entropy density and its balance equation can be calculated
similarly to the calortropy density and its balance equation obtained in the previ-
ous section. However, the relative Boltzmann entropy density balance equation is
expected to be not integrable in the thermodynamic manifold.

For the task we face here for the relative Boltzmann entropy it is necessary to have
the distribution function f, explicitly as a function of momentum four flow, which of
course would be forthcoming if the covariant kinetic equation were solved explicitly,
but it is not available at this point in the development of theory. Nevertheless, we may
propose a way to determine f, and therewith deduce possible nature and properties
of the relative Boltzmann entropy. Therefore we look for f, in a form isomorphic
mathematically to the nonequilibrium canonical form f, but the parameters therein
are not the same as 3, y,, and X appearing in f;. Therefore we postulate f, in
the form

-1

fa=3exp| ngH + inq)lt»»-gh((lqy)mw — lta | — €a
q=1

(a=1,...,m,r), (2.378)

which should be contrasted to the nonequilibrium canonical form
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-1
fe=Aexp | 8 [ v, + > xE0m 0D | — e
q=1

(a=1,....,m,r), (2.379)

in which the superscript 7 is affixed on the parameters 3', 1!, and X, "7 to dis-
tinguish them from 3, u,, and X, “ The superscript ¢ stands for thermodynamics
and the meanings of ', !, and X, (@0 are fixed according to the thermodynamic
correspondence discussed in connection with the calortropy. Therefore the burden
of difference between the exact solution f, of the covariant kinetic equation and

the nonequilibrium canonical form f; falls on the parameters (ﬁ, Lhas Xéq)), and
Af, = fa — f; may be regarded as a functional of fluctuations of the parame-
ters from the thermodynamic parameters (6’ ph, Xa @ ) This viewpoint therefore

motivates us to define the fluctuations of parameters:

§B=B-0" 6Bu.) =PBu.— By, 6(BXY)=pXP —p X1
(2.380)

to which we add the fluctuation in 3p:

d (Bp) = Bp—F'p", (2.381)

which will be found necessary.
Then inserting (2.378) and (2.379) into the relative Boltzmann entropy density
balance equation (2.188) we obtain the equation for S;[ f| f]:

DS[f1f1=—kp [(woe + 8 (Bp) Dv — > 6 (Bua) Dy

a=1

+D° 3 (BX) 50 DOY |+ AE,.  (2382)

a=1 g>1
where A E; is given by

AE, = —kBﬁ(c‘zQ“’DU,, + P"V,U, — pV,U" + ZuuVI,Ja”)

a=1

— kg Z > BXD O (fa0,pin)

a=1 g>1

—kp Za (A {eaplIn (1 + €0 1)) - (2.383)
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This balance equation for S f1/€] is similar to the Pfaffian differential form for
calortropy but for p’lAEAr, which does not vanish. Because of the term p~'AE,
the balance equation for S;[ f| f] is not integrable in the thermodynamic manifold,

but the fluctuations in parameters {55, 0 (Bua), o (ﬁXflq)) ,0 (ﬁp)} are determining

factors of the relative Boltzmann entropy density and ultimately the distribution
function f,. In the limits of

88,8 (Bua) . 8 (BXS7) . 8 (Bp) — 0
Equation (2.382) reduces to the form
DS[fIf1=p ' AE:, (2.384)

which may be integrated along the path of the irreversible process of under consid-
eration, but its value would be path-dependent. A stochastic theory may be pursued
along the line suggested in the previous chapter of this volume. However, we will
not pursue such a study here, leaving to future study on the subject.

2.15 Concluding Remarks

We have formulated a covariant kinetic theory for a mixture consisting of matter
and radiation by putting the material particles and photons on an equal footing. This
kinetic theory has an attendant theory of irreversible processes in a system of radiation
and material gases, which is consistent with the laws of thermodynamics. The present
formulation is achieved by treating the system as a dilute gas mixture of photons and
material particles which interact with each other according to the dynamical laws
of mechanics and, especially, at the collisional level, by quantum mechanics. The
covariant kinetic equations used are the Boltzmann equations suitably generalized to
accommodate the quantum nature of radiation, at least, with regard to their collisions.
By applying the modified moment method, thermodynamically consistent solutions
for the kinetic equations are obtained and a theory of irreversible thermodynamics is
formulated therewith for the system. As it was the case for nonradiative systems, the
Boltzmann entropy differential is found to be nonexact—namely, not integrable—in
the thermodynamic manifold 3 U ¥ if the system is away from equilibrium, but the
Pfaffian differential form for calortropy is exact in manifold 8 U ¥ and therefore
serves for formulation of irreversible thermodynamics and hydrodynamics consistent
with a local form of the thermodynamic laws. Therefore we now have fundamental
equations for thermodynamics of irreversible processes in a system of radiation
and matter undergoing nonequilibrium processes under the aegis of thermodynamic
principles.

A theory of radiative transport processes can be developed by the means of the
flux evolution equations presented and study of hydrodynamics can be made. The
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present covariant formulation removes the weakness inherent to the nonrelativistic
kinetic theory reported in Ref. [ 1] in which photons are treated nonrelativistically. The
covariant generalized hydrodynamic equations derived from the relativistic Boltz-
mann equation have better balanced structures, although more difficult to solve in
practice. The generalized hydrodynamic equations, namely, the conservation equa-
tions and the flux evolution equations, for the system of radiation and matter can be
used to describe irreversible thermodynamic and hydrodynamic processes occurring
far removed from equilibrium. The quasilinear generalized hydrodynamic equations
presented appear to be applicable to and practicable for nonlinear systems. The the-
ory of transport processes obtained is applied to study radiation transport phenomena
in the next chapter.

References

1. B.C. Eu, K. Mao, Physica A 184, 187 (1992)

2. C.S. Wang, G. E. Uhlenbeck in Studies in Statistical Mechanics, Vol. 2, ed. by J. de Boer, G.E.

Uhlenbeck (North-Holland, Amsterdam, 1964), p. 24

L.W. Nordholm, Proc. Roy. Soc. London A 119, 689 (1928)

E.A. Uehling, G.E. Uhlenbeck, Phys. Rev. 43, 552 (1932)

B.C. Eu, Nonegquilibrium Statistical Mechanics (Kluwer, Dordrecht, 1998)

T.H. Boyer, Phys. Rev. D 19, 3635 (1979)

C.H. Braden et al., Phys. Rev. D 23, 1455 (1981)

U. Ben-Ya’acov, Phys. Rev. D 23, 1441 (1981)

M. Planck, The Theory of Heat Radiation (Dover, New York, 1959)

A. Messiah, Quantum Mechanics (North-Holland, Amsterdam, 1966)

M. A. Lyapounov, Probléme generale de la stabilité de mouvement, Ann. Fac. Sci. Toulouse 9,

203474 (1907), translated from General problem of stability of motion (in Russian), Kharkov,

1893

12. L. Boltzmann, Ann. Phys. [3] 22, 291 (1884)

13. A. Sommerfeld, Thermodynamics and Statistical Mechanics (Academic, New York, 1956)

14. A. Einstein, Phys. Z. 18, 121 (1917)

15. K. Mao, B.C. Eu, J. Phys. I (France) 3, 1757 (1993)

16. C. Eckart, Phys. Rev. 58, 919 (1940)

17. B.C. Eu, J. Chem. Phys. 73, 2958 (1980); 74, 6362 (1981); Physica A 171, 285 (1991)

18. B.C. Eu, Kinetic Theory and Irreversible Thermodynamics (Wiley, New York, 1992)

19. R.C. Tolman, Phys. Rev. 11, 261 (1918)

20. P.T. Landsberg, Am. J. Phys. 46, 296 (1978); 60, 561 (1992)

21. D. ter Haar, H. Wergeland, Phys. Rep. 1, 31 (1971)

22. H.Flanders, Differential Forms (Academic, New York, 1963); D. G.B. Edelen, Applied Exterior
Calculus (Wiley, New York, 1985); C. von Westenholz, Differential Forms in Mathematical
Physics (North-Holland, Amsterdam, 1978)

23. B.C. Eu, M. Al-Ghoul, Chemical Thermodynamics (World Scientific, Singapore, 2010)

24. S. Chapman, T.G. Cowling, The Mathematical Theory of Nonuniform Gases, 3rd edn. (Cam-
bridge University Press, London, 1970)

25. E. Meeron, J. Chem. Phys. 27, 1238 (1957)

26. R. Kubo, J. Phys. Soc. Japan 17, 1100 (1962)

27. B.C. Eu, Generalized Thermodynamics (Kluwer, Dordrecht, 2002)

28. B.C. Eu, Transport Coefficients of Fluids (Springer, Heidelberg, 2006)

29. S.R. de Groot, A. van Leeuwen, ChG van Weert, Relativistic Kinetic Theory (North-Holland,
Amsterdam, 1980)

SOV AW

—_—



2 Springer
http://www.springer.com/978-3-319-41152-1

Kinetic Theory of Nonequilibrium Ensembles, Irreversible
Thermodynamics, and Generalized Hydrodynamics
Violume 2, Relativistic Theories

Eu, B.C.

2016, X, 201 p. 1 illus. in color., Hardcover

ISEN: 978-3-319-41152-1



	2 Relativistic Kinetic Theory of Matter  and Radiation
	2.1 Covariant Boltzmann Equations for Matter  and Radiation
	2.2 Boltzmann Entropy and the H Theorem
	2.2.1 Equilibrium Solution of the Covariant Kinetic Equation
	2.2.2 Equilibrium Energy-Momentum Tensors  of Radiation and Matter

	2.3 Number and Energy-Momentum Tensor  Balance Equations
	2.3.1 Equation of Continuity
	2.3.2 Balance Equations for Conserved Variables of Matter
	2.3.3 Balance Equations for Conserved Variables  of Radiation

	2.4 Evolution Equations for Nonconserved Variables
	2.4.1 Moment Set for Matter
	2.4.2 Evolution Equations for Nonconserved  Moments for Matter
	2.4.3 Evolution Equations for Nonconserved Moments  for Radiation

	2.5 Summary of Macroscopic Evolution Equations
	2.5.1 Equation of Continuity
	2.5.2 Conservation Laws for Matter
	2.5.3 Conservation Laws for Radiation
	2.5.4 Evolution Equations for Nonconserved  Variables for Matter
	2.5.5 Evolution Equations for Nonconserved  Variables for Radiation

	2.6 Calortropy and Its Balance Equation
	2.7 Relative Boltzmann Entropy and Its Balance Equation
	2.8 Functional Hypothesis and Nonequilibrium  Canonical Form
	2.8.1 Nonequilibrium Canonical Form for Material Particles
	2.8.2 Nonequilibrium Canonical Form for Radiation
	2.8.3 Calortropy of Matter and Radiation

	2.9 Calortropy Differential
	2.9.1 Pfaffian Form for Calortropy
	2.9.2 Thermodynamic Correspondence
	2.9.3 Nonequilibrium Statistical Thermodynamics  for Relativistic Quantum Gases

	2.10 Cumulant Expansion for the Dissipation Terms
	2.10.1 Cumulant Expansion for the Calortropy Production
	2.10.2 Dissipation Terms in the First-Order  Cumulant Approximation

	2.11 Generalized Potentials
	2.12 Generalized Hydrodynamics
	2.12.1 Conservation Laws
	2.12.2 Evolution Equations for Nonconserved Variables
	2.12.3 Linear Constitutive Equations  and Transport Coefficients
	2.12.4 Quasilinear Constitutive Equations  and Transport Coefficients

	2.13 Nonrelativistic Limits of Relativistic Generalized  Hydrodynamic Equations
	2.14 Relative Boltzmann Entropy Density and Fluctuations
	2.15 Concluding Remarks
	References


