
Chapter 2
The Effective Field Theory of Dark Energy

When looking at alternatives to the standard �CDM+GR model, the simplest and
most common way is to introduce an extra scalar field (see [1] for a review). It can
either act as an additional dark energy fluid, or as a modification of the laws of
gravity themselves. It is the easiest modification one can make and is as such the first
that should be explored: there is only one additional degree of freedom to consider,
making it an informative step before looking at more complicated scenarios. Even
in some cases where multiple degrees of freedom are added, such as in massive [2]
or bimetric gravity [3] for example, one recovers the case of a single scalar field in
relevant limits.

This universality is yet more manifest for a second reason. The goal of the mod-
ifications at hand are to try and explain the current accelerated expansion of the
Universe [4, 5]. Thus, in general, any field added for this purpose will have a back-
ground value that is time dependent, since the homogeneous Universe evolves in
time. This explicitly breaks the time diffeomorphism invariance, that can be restored
as usual with Goldstone modes, which would be a single scalar in this case (see for
example [6]). Therefore, the low energy perturbations around a time dependent back-
ground will generically be described by this scalar, regardless of the fundamental
origin of the theory.

These ideas were first developed in the case of inflation in [7] under the name of
the Effective Field Theory of Inflation and then used for example to compute higher
order correlation functions, which allow to probe non-Gaussianities [8, 9]. Later, it
was applied in the context of late time acceleration in the Effective Field Theory of
Dark Energy (EFT of DE) in [10, 11] and also [12].

In this section, I will present the concepts behind such an approach as well as its
many advantages, based on the work I did in [13], later summarized in a review [14].
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22 2 The Effective Field Theory of Dark Energy

2.1 The Unitary Gauge Action

The first thing I will assume is the Weak Equivalence Principle, namely that there
exists a metric that universally couples to the matter sector, even if the formal-
ism I am going to present would apply if species coupled to different metrics
(see e.g. [15, 16]).

Next, the goal is to look for a generic action that would describe cosmological per-
turbations around a FLRW background when looking at cosmology beyond �CDM.
By this I mean either dark energy and/or modifications of the actual laws of gravity.
For concreteness, I will consider the case of an extra scalar field, φ. However, the
idea is to be as model independent as possible considering these assumptions.

As I mentioned before, this scalar field, in a cosmological context, is naturally
expected to be spacelike, i.e. to have a gradient such that ∇μφ∇μφ < 0. In this case,
the hypersurfaces of constant φ define a preferred foliation of time. It is convenient
to use the gauge freedom in the theory to choose this specific time: this is called the
unitary gauge.

By doing so, the perturbation in the scalar field are hidden, since now we have

φ(t̃, �x) = φ0(t̃) + δφ(t̃, �x) = φ0(t) , (2.1)

where the last equality holds because of the choice of specific time t that is made, see
Fig. 2.1. Of course, the perturbation δφ did not disappear, it is part of the perturbations
of the metric. For example, the standard kinetic term for φ becomes in this gauge

X ≡ ∇μφ∇μφ = g00φ̇2
0 , (2.2)

so that these quantities still contribute to the perturbative expansion through g00 =
−1 + δg00. The unitary gauge has therefore the advantage of having to deal only
with the metric, however it has a minor inconvenient. Since a choice of time was
made, the invariance under time reparametrization is lost (while leaving the spatial
one intact). This means that the theory will not be manifestly covariant, as can be
seen already from Eq. (2.2). Indeed, tensors with upper indices set to 0 are allowed
in this gauge (they correspond to contractions with the gradient of the scalar field,
e.g. P00 ∼ Pμν∇μφ∇νφ). This should not be worried over, as a simple redefinition
of time

t → t + π(t, �x) , (2.3)

allows to explicitly reintroduce the invariance under time reparametrization of the
theory [6]. This is known as the Stueckelberg trick and the variable π is the field

δφ
φ = cst
t = cst
t̃ = cst

Fig. 2.1 The original time t̃ hypersurface in black. In blue, the new time t in unitary gauge, that is
chosen so its constant hypersurfaces match the φ hypersurfaces (red).
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(3)R

Kμν = −hλ
μ∇λ

∂νφ√−X nμ = − ∂μφ√−X

Σ( hμν ≡ gμν + nμnν)

Fig. 2.2 �, a constant φ hypersurface, and its geometrical quantities: the normal vector nμ, the
projected metric hμν , the intrinsic curvature R, as well as the extrinsic curvature Kμν .

that non linearly realizes this invariance. This will be useful to change gauge. In
particular, to go to Newtonian gauge, where the equations of motion (EOM) have an
easier interpretation.

Nevertheless, the unitary gauge will enable us to write the most general action for
a scalar-tensor theory, without reference to a specific model. Indeed, in this gauge, all
the terms that are invariant under spatial diffeomorphisms are in principle allowed.
Further conditions can be imposed, such as second-order EOM for example, but the
basic ingredients can be obtained from the geometry of the hypersurfaces illustrated
in Fig. 2.2 and are the following:

• The normal vector orthogonal to the surfaces, nμ ≡ − ∇μφ√−X
. This term is the one

responsible for the presence of tensors with 0 as upper indices.
• The extrinsic curvature, Kμν . It quantifies the variation of the normal vector

Kμν ≡ hμσ∇σnν , hμσ ≡ gμσ + nμnσ , (2.4)

hμσ being the induced metric on the hypersurface. The quantity Kμν tells us how
the hypersurfaces are embedded in the full 4-D space.

• The final ingredient is the intrinsic curvature, given be the 3-D Ricci tensor Ri j

of the hypersurface. This is the equivalent1 of the 4-D Riemann tensor (4)Rμνρσ

for the full space. In what follows, unless specified explicitly with a (4), the Ricci
tensor Ri j and scalar R will always be the 3-D ones.

1In three dimensions, there is as much information in the Ricci tensor as in the Riemann tensor
since

Rμνρσ = Rμρhνσ − Rνρhμσ − Rμσ gνρ + Rνσ hμρ − 1

2
R(hμρhνσ − hμσ hνρ) . (2.5)

This is because theWeyl tensor vanishes. Another way to see it is to count the independent variables
in the Riemann and Ricci tensors using their known symmetries. One obtains the same number for
both in three dimensions.
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The numbers of combinations of these terms is infinite. This is why in the following
I will impose restrictions on the categories of action I will consider. To be more
quantitative, I will discuss these restrictions in the formalism of Arnowitt-Deser-
Misner (ADM) [17].

2.2 ADM Formalism and the Effective Field Theory
of Dark Energy

In order to bemore specific about the action, Iwill go one step further in the distinction
between space and time. To make more explicit the 3+1 decomposition, I will use
the ADM form of the metric, namely write the line element as

ds2 = −N 2dt2 + hi j
(
dxi + Nidt

) (
dx j + N jdt

)
, (2.6)

where N is the lapse, Ni the shift and hi j is the spatial metric on constant time
hypersurfaces, which can be decomposed into a scalar part, ζ , and a tensorial one,
γi j as

hi j = a2e2ζ (δi j + γi j ) , ∂iγi j = γi i = 0 . (2.7)

With this metric and in unitary gauge, the basic ingredients I mentioned above take
the simpler form

nμ = −δ0μN , g00 = − 1

N 2
, (2.8)

Ki j = 1

2N

[
ḣi j − Di N j − Dj Ni

]
. (2.9)

The other components are not needed. Indeed, K 0i = K 00 = 0 since by definition
(2.4) the extrinsic curvature is orthogonal to the unit vector, nμKμν = 0. Di is the
covariant derivative associated with the spatial metric hi j . The 3-DRicci tensor Ri j is
the standard one constructed from this metric. With this decomposition of the metric,
any Lagrangian respecting the spatial diffeomorphisms invariance can be cast into
the generic form

Sg =
∫

d4x
√−g L(N , Ki j , Ri j , hi j , Di , ∂

0; t) . (2.10)

As an example, the Einstein-Hilbert action of standard GR,

SGR =
∫

d4x
√−g

M2
Pl

2
(4)R , (2.11)
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can be rewritten in this form as

LGR = M2
Pl

2

[
Ki j K

i j − K 2 + R
]

, (2.12)

using the Gauss Codazzi relation

(4)R = KμνK
μν − K 2 + R + 2∇μ(Knμ − nρ∇ρn

μ) . (2.13)

Virtually all known models of dark energy involving a single field can be mapped
onto a specific form of the Lagrangian (2.10). However, the real strength of this
approach is that it allows to generically look at modifications of �CDM, without the
need to specify a model.

To be quantitative, I will only look at the linearized theory, whichmeans the action
will only contain perturbations up to second order. Secondly, I will discuss the case
where the three DOF of the theory (the two tensor polarizations and the additional
scalar) obey second-order dynamics, to ensure stability. Moreover, I will assume that
the full theory is given by an action Sfull = Sg + Smat, where Smat is an action that
describes minimally coupled matter.

2.2.1 Background Evolution

As I said in the Introduction, it is fairly simple in general to reproduce the same back-
ground as that of �CDM, even if the perturbations might be different. Nevertheless,
I will firstly discuss the background equations by considering a spatially flat FLRW
spacetime, whose metric reads

ds2 = −N̄ 2(t)dt2 + a2(t)δi jdx
idx j . (2.14)

In this spacetime, the intrinsic curvature tensor of the constant time hypersurfaces
vanishes, i.e. Ri j = 0, and the components of the extrinsic curvature tensor are
given by

K i
j = ȧ

N̄a
δij ≡ Hδij , (2.15)

where H is the Hubble parameter. Note that since this is the background level, only
a time dependence can appear. Substituting into the Lagrangian L of (2.10), one thus
obtains an homogeneous Lagrangian, which is a function of N̄ (t), a(t) and of time:

L̄(a, ȧ, N̄ ) ≡ L

[
K i

j = ȧ

N̄a
δij , R

i
j = 0, N = N̄ (t)

]
. (2.16)



26 2 The Effective Field Theory of Dark Energy

The variation of the homogeneous action,

S̄g =
∫

dt d3x N̄a3 L̄, (2.17)

leads to

δ S̄g =
∫

dtd3x

{

a3
(
L̄ + N̄ LN − 3HF)

δ N̄ + 3a2 N̄

(

L̄ − 3HF − Ḟ
N̄

)

δa

}

,

(2.18)

where LN denotes the partial derivative ∂L/∂N |bgd, evaluated on the homogeneous
background. We have also introduced the coefficient F , which is defined from the
derivative of the Lagrangian with respect to the extrinsic curvature, evaluated on the
background (

∂L

∂Ki j

)

bgd

≡ F ḡi j , (2.19)

where ḡi j = a−2δi j are the spatial components of the inverse background metric.
If we add some matter minimally coupled to the metric gμν , the variation of the

corresponding actionwith respect to themetric defines the energy-momentum tensor,

δSm = 1

2

∫
d4x

√−g T μν δgμν . (2.20)

In a FLRW spacetime, this reduces to

δ S̄m =
∫

d4x N̄a3
(

−ρm
δ N̄

N̄
+ 3pm

δa

a

)
. (2.21)

Consequently, variation of the total homogeneous action S̄ = S̄g + S̄m with respect
to N and a yields, respectively, the first and second Friedmann equations in a very
unusual form:

L̄ + N̄ LN − 3HF = ρm (2.22)

and

L̄ − 3HF − Ḟ
N̄

= −pm . (2.23)

These two equations, which are the generalization of the Friedmann equations, also
imply

Ḟ
N̄

+ N̄ LN = ρm + pm . (2.24)
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It is easy to check that one recovers the usual Eqs. (1.8)–(1.9) when gravity is
described by general relativity only. Indeed, in this case,

∂LGR

∂K i
j

= M2
Pl

(
K j

i − K δ
j
i

)
, (2.25)

which, after substituting K i
j = Hδij , yields,

FGR = −2M2
PlH , (2.26)

whereas L̄GR = −3M2
PlH

2 and LN = 0. In the rest of this thesis, I will set N̄ = 1,
which can always be achieved through at redefinition of time.

2.2.2 The Quadratic Action

To obtain the quadratic action, that will yield the linear equations of motion, one
expands Eq. (2.10) in terms of the perturbative quantities

δN ≡ N − 1 , δK i
j ≡ K i

j − Hδi j , Ri
j . (2.27)

Then, the expansion of the Lagrangian L up to quadratic order yields

L(N , K i
j , R

i
j , . . . ) = L̄ + LN δN + ∂L

∂K i
j

δK i
j + ∂L

∂Ri
j

δRi
j + L(2) + · · · , (2.28)

with the quadratic part given by

L(2) =1

2
LNN δN 2 + 1

2

∂2L

∂K i
j∂K

k
l

δK i
jδK

k
l + 1

2

∂2L

∂Ri
j∂R

k
l

δRi
jδR

k
l +

+ ∂2L

∂K i
j ∂R

k
l

δK i
jδR

k
l + ∂2L

∂N∂K i
j

δNδK i
j + ∂2L

∂N∂Ri
j

δNδRi
j + · · · , (2.29)

where all the partial derivatives are evaluated on the FLRW background (without
explicit notation, as will be the case in the rest of this Chapter). The coefficient
LNN denotes the second derivative of the Lagrangian with respect to N . The dots in
the two above equations correspond to other possible terms which are not indicated
explicitly to avoid too lengthy equations, but can be treated exactly in the same way.

The third term on the right hand side of (2.28) can be simplified as follows.
Rewriting it as

∂L

∂K i
j

δK i
j = FδK = F(K − 3H) , (2.30)

http://dx.doi.org/10.1007/978-3-319-41210-8_1
http://dx.doi.org/10.1007/978-3-319-41210-8_1
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and noting that K = ∇μnμ, one can use the integration by parts

∫
d4x

√−gFK = −
∫

d4x
√−g nμ∇μF = −

∫
d4x

√−g
Ḟ
N

. (2.31)

This implies that the Lagrangian (2.28) can be replaced by the equivalent Lagrangian

Lnew = L̄ − 3HF − Ḟ
N

+ LN δN + L(2) . (2.32)

Let us now consider the quadratic part (2.29). Because of the symmetries of
background, the coefficient of the second term is necessarily of the form2

∂2L

∂K j
i ∂Kl

k

= ÂK δij δ
k
l + AK

(
δil δkj + δikδ jl

)
, (2.33)

where we have introduced the (a priori time-dependent) coefficients ÂK and AK .
Similarly, one can write

∂2L

∂R j
i ∂Rl

k

= ÂR δij δ
k
l + AR

(
δil δkj + δikδ jl

)
, (2.34)

and
∂2L

∂K j
i ∂Rl

k

= Ĉ δij δ
k
l + C (

δil δkj + δikδ jl
)

. (2.35)

The mixed coefficients that appear on the second line are proportional to δ
j
i and can

be written as
∂2L

∂N∂K i
j

= B δ
j
i ,

∂2L

∂N∂Ri
j

= BR δ
j
i . (2.36)

Taking into account the term
√−g = N

√
h, it is straightforward to derive the

quadratic part of the full Lagrangian L ≡ √−g L , which is relevant to study linear
perturbations. After some cancellations due to the background equations of motion,3

one finds

2This is equivalent to the definition below, expressed with covariant indices for the extrinsic curva-
ture tensors, which makes the symmetry under exchange of the indices more manifest:

∂2L

∂Ki j ∂Kkl
≡ ÂK ḡi j ḡkl + AK

(
ḡik ḡ jl + ḡil ḡ jk

)
.

3If matter is present, onemust also include in the quadratic Lagrangian the terms from the expansion
of the matter action with respect to the metric perturbations.
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L2 = N̄G δ1R δ
√
h + a3

(
LN + 1

2
N̄ LNN

)
δN 2

+ N̄a3
[
Gδ2R + 1

2
ÂK δK 2 + B δK δN + Ĉ δK δR + C δK i

j δR
j
i (2.37)

+AK δK i
j δK

j
i + AR δRi

j δR
j
i + 1

2
ÂR δR2 +

( G
N̄

+ BR

)
δNδR

]
+ · · · ,

where, in analogy with the definition (2.19) of F , we have introduced the coefficient
G defined by

∂L

∂Ri
j

= G δ
j
i . (2.38)

We have also denoted as δ1R and δ2R, respectively, the first and second order terms
of the curvature R expressed in terms of the metric perturbations.

The above quadratic expression can be further simplified by reexpressing δK i
j δR

j
i

in terms of the other terms, thanks to the identity

∫
d4x

√−g λ(t)Ri j K
i j =

∫
d4x

√−g

[
λ(t)

2
R K + λ̇(t)

2N
R

]
. (2.39)

This implies the following replacement at quadratic order:

N̄a3C δKi
j δR j

i → N̄a3

2

[(
Ċ
N̄

+ HC
)(

δ2R + δ
√
h

a3
δR

)

+ C δRδK + HC
N̄

δNδR

]

.

(2.40)

Consequently, the quadratic Lagrangian (2.37) is equivalent to the new one

Lnew
2 = N̄G∗ δ1R δ

√
h + a3

(
LN + 1

2
N̄ LNN

)
δN 2

+ N̄a3
[
G∗δ2R + 1

2
ÂK δK 2 + B δK δN + C∗ δK δR (2.41)

+AK δK i
j δK

j
i + AR δRi

j δR
j
i + 1

2
ÂR δR2 +

(G∗

N̄
+ B∗

R

)
δNδR

]
+ · · · ,

with the “renormalized” coefficients

G∗ = G + Ċ
2N̄

+ HC ,

C∗ = Ĉ + 1

2
C , (2.42)

B∗
R = BR − Ċ

2N̄ 2
.
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Let me concentrate more particularly on the scalar sector, since this is where
restrictions need to be imposed in order to keep second-order dynamics. I will use
the further parametrization

Ni = δi j∂ jψ , (2.43)

for the scalar part of g0i . Together with the form of the metric (2.7), the perturbations
of the geometrical quantities read

δ
√
h = 3a3ζ , δK i

j = (
ζ̇ − HδN

)
δij − 1

a2
δik∂k∂ jψ , (2.44)

and

δ1Ri j = −δi j∂
2ζ − ∂i∂ jζ , δ2R = − 2

a2
[
(∂ζ )2 − 4ζ∂2ζ

]
. (2.45)

I will restrict to the case where no time derivatives ∂0 appear explicitly in the
Lagrangian, since it leads in general to extra DOF (see [14] for a discussion on
including such derivatives). In this case, the variation with respect to δN andψ gives
constraint equations. They allow to express δN and ψ in terms of ζ and its deriv-
atives, yielding an action only for this variable. It is on this action that conditions
need to be imposed to get second-order dynamics.4 They read

ÂK + 2AK = 0 , C∗ = 0 , 4ÂR + 3AR = 0 , (2.46)

Then the most general action that abides by these criteria can be written as

Sg =
∫

d4xa3
M2

2

[
δKμνδKμν − δK 2 + (1 + αT )

(

δ(2)R + δ
√
h

a3
R

)

+ H2αK δN2

+ 4HαBδNδK + (1 + αH )R δN

]
+ · · ·

, (2.47)

where h = det hi j and the · · · denotes terms that vanish when the background
equations are enforced. The functions M and αi are all in principle dependent on
time, which is allowed by the presence of the extra scalar field. Additionally, one can
define

αM ≡ 2Ṁ

HM
, (2.48)

which parametrizes the potential time dependence of the Planck mass. These coef-
ficients, originally introduced in [18], are defined so that the standard case of
�CDM+GR would correspond to setting all of them to zero.

4It is too restrictive to impose no higher derivatives in all of the equations before the constraint are
solved. Indeed, such constraintsmight remove these higher derivatives so that the actual propagating
DOF still obeys a second-order EOM. See Sect. 3.2 for more details.

http://dx.doi.org/10.1007/978-3-319-41210-8_3
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They can be related to the original Lagrangian (2.10) and its derivatives with
respect to the various quantities N , Ki j , . . . The starting point is to define the equiv-
alent of the Planck mass, M , which is associated with the normalization of the tensor
kinetic term, γ̇ 2

i j . Since γ̇i j only appears in Ki j , the M is going to be given by the
derivative of the Lagrangian with respect to the extrinsic curvature, Eq. (2.33). More
precisely,

M2 ≡ 2AK . (2.49)

Then, all the coefficients αi follow almost algorithmically (Table2.1)
In the next section, for concreteness, I will give examples on how to get these

parameters in the case of specific models.

2.3 Going from Models to the EFT of DE

Once a model is decomposed in 3+1 quantities, computing its parameters is com-
pletely automatic, making the link with possible constraints straightforward. Let me
go through the functions αa one at a time, increasing the complexity of the model
needed to illustrate the parameter.

• αK

Taking the simplest case of GR plus quintessence [19], i.e.

L = M2
Pl

2

[
KμνK

μν − K 2 + R
] − 1

2
∇μφ∇μφ − V (φ) . (2.50)

After going to unitary gauge, one finds

M = MPl , αK = φ̇2
0

H 2M2
Pl

, (2.51)

while all the others coefficients and φ̇0 is the background value of the scalar field.
One can indeed check that�CDMcorresponds to all theαi being zero: one recovers
the cosmological constant for φ̇0 = 0, which would set αK = 0.
As a side note, it might seem odd that the potential V does not appear in Eq. (2.51).
The reason is that this parametrization is specifically designed to look at linear
perturbations, while V is a background quantity in unitary gauge. More precisely,
the Friedmann equations impose

V = M2
Pl

2

[
2Ḣ + 3H 2 (2 − �m)

]
. (2.52)

Therefore, if the history of H and the matter content are known, V is fixed.
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• αB

This example requires a more complicated model: kinetic braiding [20]. This
theory is characterized by a Lagrangian of the form

L3 = LGR + G3(X)�φ = LGR −
∫

G3X

√−X dXK . (2.53)

Since the � operator is made with covariant derivatives, �φ contains derivative
couplings (∂g)(∂φ) between gravity and the scalar, hence its name kinetic gravity
braiding.
The last term is going to give a nonzero αB in the EFT Lagrangian (2.47), and the
whole set of coefficients is given by

M = MPl αK = 12φ̇3
0
G3X − φ̇2

0G3XX

HM2
Pl

, αB = −G3X φ̇3
0

HM2
Pl

, (2.54)

where I have used the fact that in unitary gauge X = −φ̇2
0/N

2, so that a dependence
on X can be seen as a dependence on N and vice versa.

• αT

To get a non zero αT , one needs amodel that does not preserve the relation between
the intrinsic and the extrinsic curvatures inEq. (2.12). Since the extrinsic curvatures
give terms in γ̇ 2

i j while the intrinsic one gives
(
∂kγi j

)2
, changing the relation

between them brings a change in the speed of sound of tensors. This happens
for example for what is known as the quartic galileon [21], whose Lagrangian is

L4 = G4(X) (4)R − 2G4X (X)
[
(�φ)2 − (∇μ∇νφ)(∇μ∇νφ)

]
. (2.55)

The covariant second derivatives of the scalar field introduce first derivatives for
the metric through the Christoffel symbols, which modifies the kinetic terms for
gravity and gives a non zero αT . In unitary gauge this Lagrangian reads

L4 = G4R + (2XG4X − G4)(K
2 − K i j Ki j ) , (2.56)

so that the EFT coefficients are

M2 = 2
(
G4 + G4X φ̇2

0

)
, αK = −12φ̇2

0
G4X − 8φ̇2

0G4XX + 4φ̇4
0G4XXX

M2
,

(2.57)

αB = 4φ̇2
0
G4X − 2φ̇2

0G4XX

M2
, αT = −4φ̇2

0
G4X

M2
, (2.58)

I will not discuss here the case of αH , which parametrizes deviations fromHorndeski
theories, since the next chapter is specifically focused on theories beyond Horndeski.
In particular, the effect of αH will be explored in Sect. 3.6.

The theoretical origin of the parameters αa of Eq. (2.47) is summarized in
Table2.2.

http://dx.doi.org/10.1007/978-3-319-41210-8_3
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2.4 Stability and Theoretical Consistency

Even if the terms in Eq. (2.47) passed the first condition of yielding second-order
dynamics (which guarantees the absence of extra, ghost-like DOF), further restric-
tions need to be imposed on the EFT parameters. Indeed, before thinking about
comparing the predictions of a theory to observations, stringent constraints must be
imposed in order for the theory to be stable. This is where using a parametrization at
the level of the action and not of the EOM has a clear advantage, since these stability
conditions can in principle be read off directly from the action. The idea can be
simplified thusly: in the case of two scalar fields5 ψ1(t, �x), ψ2(t, �x) their quadratic
Lagrangian is generically of the form:

L = ξψ̇2
1 − c1∂iψ

2
1 + ψ̇2

2 − c2∂iψ
2
2 + Vint(ψ1, ψ2). (2.59)

In this illustrative case, the stability of the theory requires the coefficient ξ to be
positive. When this is not the case, the field ψ1 is called a ghost and in general
violent instabilities are present in the theory.

Let me give some intuition on why that is, by thinking of the Lagrangian as
L = T − V , where T is the kinetic energy and V the potential one. If the two signs
are not the same in T , kinetic energy can flow without limits from one field to the
other without changing the total energy E = T + V , meaning that the ground state
of the theory is not stable (see [25] for a discussion on classical and quantum ghosts).

On top of this, one needs to impose that the coefficients c1 and c2 (which rep-
resent the squared sound speeds) are positive, to avoid gradient instabilities. These
instabilities can be understood very easily from the EOM: when varying (2.59) with
respect to ψ1 for example, one gets

ψ̈1 − c1�ψ1 = 1

2

∂Vint

∂ψ1
. (2.60)

If c1 is negative, this equation admits in Fourier space a solution ψ�k proportional to
e
√|c1|kt , which is divergent.
The analysis in the case of the action (2.47) is more involved, since tensor modes

are present on top of the scalar. Moreover, other non dynamical variables are present
(scalar and vector), so that at first glance the form of the quadratic action is not as
simple as (2.59). If we parametrize the unitary gauge metric as before

N = 1 + δN , Ni = ∂iψ + Ni
V , hi j = a2e2ζ

(
δi j + γi j

)
, (2.61)

5I will not treat the case of one field, as it present less interests. In particular, one cannot have a
ghost field in this case: the sign of the kinetic term does not matter when there is nothing to compare
it to. Moreover, in cosmology, the scalar field is always coupled to gravity.
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with ∂i N i
V = 0 and γi i = ∂iγi j = 0, only ζ and γi j are dynamical.6 Once the

constraints are solved, the quadratic part of the action can be rewritten in terms of
dynamical DOF only, in a manner very similar to Eq. (2.59):

S =
∫

d4x
M2a3

2

⎧
⎨

⎩
α

(1 + αB )2

[

ζ̇ 2 − c2s
∂i ζ

2

a2

]

+
γ̇ 2
i j

4
− (1 + αT )

∂kγ
2
i j

4a2
+

(∂i N
V
j + ∂ j N

V
i )2

4a4

⎫
⎬

⎭
.

(2.62)

I have used the following definitions

α ≡ αK + 6α2
B , (2.63)

and

c2s ≡ 2

{
1 + αT − 1 + αH

1 + αB

(
1 + αM − Ḣ

H 2

)
− 1

H

d

dt

(
1 + αH

1 + αB

)}
, (2.64)

the latter being valid only in the absence of matter. The stability conditions discussed
above can be stated as

M2 > 0 , αK + 6α2
B > 0 ,

c2T ≡ (1 + αT ) > 0 , c2s > 0 , (2.65)

which defines the tensor sound speed.
The presence of matter, both at the background and perturbative levels, slightly

complicates the situation. In the case αH = 0, one finds

c2s = 2
(1 + αB)2

α

{
1

1 + αB

(
1 + αM − Ḣ

H2

)
− (1 + αT ) − α̇B

H(1 + αB)2

}
− ρm + pm

α M2H2 ,

(2.66)

while the speed of sound for matter and tensors are unchanged. In the case αH 	= 0,
which will be treated in more details in Chap.3, both the sound speed of matter and
the extra scalar field are affected.

Of course, the conditions (2.65) can be translated into conditions on parameters
of models, using for example Sect. 2.3. However, the advantage of the EFT of DE
is that those conditions are really imposed on deviations from �CDM, not just on a
specific model. It might well be that the regions of the parameter space they allow
are not fully explored by any of the known theories (which led us to the theories
beyond Horndeski of Chap.3). As we will see, the same kind of reasoning applies
to the comparison with observations.

6In general, the spatial metric contains also a (non-dynamical) vectorial part, which can be set to
zero by using the spatial gauge freedom.

http://dx.doi.org/10.1007/978-3-319-41210-8_3
http://dx.doi.org/10.1007/978-3-319-41210-8_3
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2.5 Evolution of Cosmological Perturbations

In this section I will discuss the effects of the deviations from �CDM on the evo-
lution of perturbations, in the vector, tensor and scalar sectors, the latter being the
richest–and most complicated–in term of phenomenology. The matter sector will be
parametrized by its total stress energy tensor, decomposed at linear order as

T 0
0 ≡ −(ρm + δρm) , (2.67)

T 0
i ≡ ∂i qm + (

T 0
i

)T ≡ (ρm + pm)∂ivm + (
T 0

i

)V
, (2.68)

T i
j ≡ (pm + δpm)δij +

(
∂ i∂ j − 1

3
δij∂

2

)
σm + (

∂ iC j + ∂ jC
i
)V + (

T i
j

)T T
,

(2.69)

where δρm and δpm are the energy density and pressure perturbations, qm and vm
are respectively the 3-momentum and the 3-velocity potentials; σm is the anisotropic
stress potential. (T 0

i )
V is the transverse part of thematter energyflux,

(
∂ iC j + ∂ jCi

)V

and (Ti j )T T are respectively the transverse and the transverse-traceless parts of the
spatial matter stress tensor.

2.5.1 Vector Sector

As we have seen from Eq. (2.62), the vector sector is the simplest one as it does not
contain propagating DOF. However, the presence of a time varying Planck mass,
characterized by αM 	= 0 still affects the perturbations. Indeed, when considering
the full action supplemented by matter, the vector equation reads:

1

2
∇2NV

i = a2

M2

(
T 0

i

)V
. (2.70)

For a perfect fluid whereCV
i = 0, the conservation of the matter stress-energy tensor

implies that (T 0
i )

T ∝ 1/a3 [26]. Thus, the metric vector perturbations scale as

Ni
V ∝ 1

aM2
= 1

a1+αM
, (2.71)

where the last equality holds for a constant αM . It is therefore interesting to see that
the evolution of the vector sector only depends on a single parameter.

Since they typically decay, vector modes are very difficult to observe. This very
fact already signals that αM cannot be too negative, i.e. the Planck mass cannot have
been growing too strongly in time, otherwise theywould not necessarily be negligible
today. If vectors mode were to be detected, this would allow to constrain αM without
having to treat the other parameters.
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2.5.2 Tensor Sector

The tensor sector, slightly more complicated, leads to the evolution equation

γ̈i j + H(3 + αM)γ̇i j − (1 + αT )
∇2

a2
γi j = 2

M2

(
Ti j

)T T
. (2.72)

Thus, even for a perfect fluid where the anisotropic stress is zero, the propagation of
tensormodes is affected both by an additional friction termproportional toαM , aswell
as a different speed of propagation. In principle, the combined observation of vector
and tensor modes could therefore provide constraints on αM and αT independently
of each other and of the other αi .

2.5.3 Scalar Sector

2.5.3.1 Obtaining the Equations

In principle, five (non independent) scalar equations can be derived from the action
(2.47). Four are the Einstein scalar equations (00, 0i , i i and i j traceless), where one
needs to further introduce the scalar part of the traceless component of the spatial
metric, χ

hi j = a2(1 + 2ζ )

[
δi j +

(
∂i∂ j − δi j

3
∂2

)
χ

]
. (2.73)

Then, the action needs to be varied with respect to ζ, δN , ψ and χ , giving the four
Einstein equations.

The fifth equation is the one for the scalar field φ. However, in unitary gauge this
field is not explicit. One can still derive what would be the unitary gauge version of
this equation (that will depend only on metric quantities) by imposing the invariance
under time reparametrization of the action. Indeed, by definition of the unitary gauge,

δS[φ, gμν]
δφ(x)

∣
∣∣∣
φ=t

= δSu.g.[t, gμν]
δt

, (2.74)

where the time derivative is understood as a partial one (that is to say, not taking into
account the time dependence of the metric).

For a general infinitesimal diffeomorphism xμ → xμ + ξμ, the metric changes
as δgμν = ∇μξν + ∇νξμ. Therefore,

δSu.g. =
∫

d4x
δSu.g.

δgμν(x)
(∇μξν(x) + ∇νξμ(x)) + δSu.g.

δt
ξ 0 = 0 . (2.75)
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After integrating by parts and combining this with Eq. (2.74), one obtains that the
equation of the scalar field in unitary gauge is simply the zero component of the
divergence of Einstein’s equations,7

δS[φ, gμν]
δφ(x)

∣∣∣
∣
φ=t

= δSu.g.
δt

= 2g0ν∇μ

δSu.g.
δgμν

= 0 , (2.76)

where the last equality holdswhenEinstein’s equations δSu.g.
δgμν

= 0 are inforced.Hence,
this yields the fifth scalar equation, which is not independent from the others.

These five equations are for the scalar variables of the metric, namely ζ, δN , ψ

and χ . To describe scalar perturbations and their physics, the Newtonian gauge is
more adapted than the unitary gauge. In order to go from one to the other, a time
diffeomorphism is performed

t → t + π(t, �x) , (2.77)

where π describes the fluctuations of the scalar field

φ = t + π . (2.78)

In Newtonian gauge the scalar part of the metric is parametrized as

ds2 = −(1 + 2�)dt2 + a2(t)(1 − 2�)δi j dx
idx j . (2.79)

One can relate the metric perturbations in unitary gauge defined in Eq. (2.61) to he
metric perturbations � and �, as well as the scalar fluctuation π by8

δN = � − π̇ , ζ = −� + Hπ , ψ = a−2π , χ = 0 . (2.80)

Then, the five equations can be put in the following form (in Fourier space):

• The Hamiltonian constraint ((00) component of Einstein’s equation) is

6(1 + αB)H�̇ + (6 − αK + 12αB)H 2� + 2(1 + αH )
k2

a2
� + (αK − 6αB) H 2π̇

+ 6

[
(1 + αB)Ḣ + ρm + pm

2M2
+ 1

3

k2

a2
(αH − αB)

]
Hπ = −δρm

M2
, (2.81)

7Since we assumed the presence of a Jordan frame, where matter is minimally coupled, its stress
energy tensor is conserved independently.
8More precisely, to remove also the variable χ one needs a spatial diffeomorphism xi → xi + ∂iβ.
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• The momentum constraint ((0i) components of Einstein’s equation) reads

2�̇+2(1+αB)H�−2HαB π̇+
(
2Ḣ+ρm + pm

M2

)
π = − (ρm + pm)vm

M2
. (2.82)

• The traceless part of the i j components of Einstein’s equation gives

(1 + αH )� − (1 + αT )� + (αM − αT )Hπ − αH π̇ = − σm

M2
, (2.83)

• The trace of the same components gives, using the equation above,

2�̈ + 2(3 + αM)H�̇ + 2(1 + αB)H�̇

+ 2

[
Ḣ − ρm + pm

2M2
+ (αBH)· + (3 + αM)(1 + αB)H 2

]
�

− 2HαB π̈ + 2

[
Ḣ + ρm + pm

2M2
− (αBH)· − (3 + αM)αBH

2

]
π̇ (2.84)

+ 2

[
(3 + αm)H Ḣ + ṗm

2M2
+ Ḧ

]
π = 1

M2

(
δpm − 2

3

k2

a2
σm

)
.

• Finally, the evolution equation for π reads

H2αK π̈ +
{[

H2(3 + αM ) + Ḣ
]
αK + (HαK )·

}
H π̇

+ 6

{(
Ḣ + ρm + pm

2M2

)
Ḣ + ḢαB

[
H2(3 + αM ) + Ḣ

]
+ H(ḢαB)·

}
π − 2

k2

a2
Ḣπ

− 2
k2

a2

{
ρm + pm
2M2 + H2 [1 + αB(1 + αM ) + αT − (1 + αH )(1 + αM )] + (H(αB − αH ))·

}
π

+ 6HαB�̈ + H2(6αB − αK )�̇ + 6

[
Ḣ + ρm + pm

2M2 + H2αB(3 + αM ) + (αB H)·
]

�̇

+
[
6

(
Ḣ + ρm + pm

2M2

)
+ H2(6αB − αK )(3 + αM ) + 2(9αB − αK )Ḣ + H(6α̇B − α̇K )

]
H�

+ 2
k2

a2
{
αH �̇ + [H(αM + αH (1 + αM ) − αT ) − α̇H ]� + (αH − αB)H�

} = 0 . (2.85)

These equations are much more involved than in the two other sectors and as
such are not readily useful. Nevertheless, one has to remember that there is only
one propagating degree of freedom, which means that 4 of these equations are just
constraints. Therefore, the five equations can be combined into a single equation for
a single variable, e.g.
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�̈ + β1β2 + β3α
2
B k̃2

β1 + α2
B k̃

2
H�̇ + β1β4 + β1β5 k̃2 + c2sα

2
B k̃

4

β1 + α2
B k̃2

H2� =

− 1

2M2

[
β1β6 + β7α

2
B k̃2

β1 + α2
B k̃2

δρm + β1β8 + β9α
2
B k̃2

β1 + α2
B k̃2

H(ρm + pm)vm − αK

α
δpm

] , (2.86)

where k̃ ≡ k/(aH), α is defined in Eq. (2.63) and for simplicity, I have assumed
that the anisotropic stress of matter is zero. The βi are functions of the coefficients
α j , whose–rather cumbersome–expressions are given in the Appendix in the case
αH = 0. Although this equation is enough to describe the dynamics of the scalar
sector, it is useful to have the relation between the two metric potentials � and �

to connect with observations (in particular lensing, as explained in Sect. 1.2.3). This
relation takes the form

α2
Bk̃

2
[
� − �

(
1 + αT + αT − αM

αB

)]
+ β1

[
� − �(1 + αT )

(
1 + α

αT − αM

2β1

)]
=

αT − αM

2H2M2

{
αB [δρm − 3H(ρm + pm)vm] + HM2α �̇ + H

αK

2
(ρm + pm)vm

}
.

(2.87)

To complete the system of equations, one needs to provide the evolution equations
for the matter sector. Since it is assumed to be minimally coupled, these equations
come from the conservation of the stress energy tensor. At linear order in the pertur-
bations, treating one species of matter only for simplicity, they read

δ̇m − 3H(wmδm − δpm) − (1 + wm)

(
k2

a2
vm + 3�̇

)
= 0 , (2.88)

v̇m −
[
3Hwm − ẇm

1 + wm

]
vm + δpm

1 + wm
+ � = 0 , (2.89)

with the definitions

wm ≡ pm
ρm

, δm ≡ δρm

ρm
, (2.90)

where wm is the usual equation of state parameter and δm the density contrast. Note
that in general, when the fluid is not at rest, the relation between the pressure pertur-
bation and the density contrast involves more than just the speed of sound (see for
example [27]) which is why I kept explicitly δpm in these equations.

2.5.3.2 Fluid Description

Similarly to the case of the cosmological constant � which can be seen either as a
modification of gravity (belonging to the Gμν side of Einstein’s equation) or as a

http://dx.doi.org/10.1007/978-3-319-41210-8_1
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new fluid with a density ρ� (see Sect. 1.1.3), one can describe the dark energy, both
in the background and perturbative equations, as an effective fluid. The idea is to
regroup under a effective stress energy tensor T�

μν everything that is not either Gμν

nor Tmatter
μν . At the background level this gives

ρD ≡ 3M2H 2 − ρm , pD ≡ −M2(2Ḣ + 3H 2) − pm . (2.91)

With these definitions, and using the conservation of the background matter stress-
energy tensor,

ρ̇m + 3H(ρm + pm) = 0 , (2.92)

the conservation of the background T�
μν reads

ρ̇D = −3H(ρD+pD)+3αMM2H 3 = 3H(ρm+pm)+6M2H(Ḣ+αMH 2) . (2.93)

Another useful relation that one can use to express ṗD in terms of matter and geom-
etry is

ṗD = − ṗm − M2
[
2Ḧ + 2H Ḣ(3 + αM) + 3αMH 3

]
, (2.94)

which can be derived from the equations above.
Equations (2.81)–(2.84) can be then rewritten in the usual form,

k2

a2
� + 3H

(
�̇ + H�

) = − 1

2M2

∑

I

δρI , (2.95)

�̇ + H� = − 1

2M2

∑

I

qI , (2.96)

� − � = 1

M2

∑

I

σI , (2.97)

�̈ + H�̇ + 2Ḣ� + 3H
(
�̇ + H�

) = 1

2M2

∑

I

(
δpI − 2

3

k2

a2
σI

)
, (2.98)

where the sum is over the matter and the dark energy components. These equations
implicitly define the quantities δρD , qD , δpD and σD as the energy density pertur-
bation, momentum, pressure perturbation and anisotropic stress of the dark energy
fluid. An explicit definition is given in the Appendix.

With these definitions, one can verify that the evolution equation for π , Eq. (2.85),
is equivalent to a conservation equation of the dark energy fluid quantities,

δρ̇D + 3H(δρD + δpD) − 3(ρD + pD)�̇ − k2

a2
qD = αMH

∑

I

δρI . (2.99)

http://dx.doi.org/10.1007/978-3-319-41210-8_1


2.5 Evolution of Cosmological Perturbations 43

The Euler equation,

q̇D + 3HqD + (ρD + pD)� + δpD − 2

3

k2

a2
σD = αMH

∑

I

qI , (2.100)

is identically satisfied by the definitions of qD , δpD and σD .
To close the system, one needs to provide a relation between δpD and σD in terms

of δρD , qD and the other matter variables. In order to do so in the simpler case
where αH = 0, we follow a procedure similar to the previous section. First, we solve
Eqs. (2.81)–(2.83) for �, �̇ and π̇ and then we plug these solutions in Eqs. (2.95)
and (2.96) to express π and � in terms of δρm, qm, σm, δρD and qD . �̇ is obtained
from the first derivative of (2.83). To obtain �̈ and π̈ we use Eqs. (2.84) and (2.85).
Combining all these solutions we can finally express σD and δpD in terms of the
other fluid variables. We obtain

δpD = γ1γ2 + γ3α
2
Bk̃

2

γ1 + α2
Bk̃

2
(δρD − 3HqD) + γ1γ4 + γ5α

2
Bk̃

2

γ1 + α2
Bk̃

2
HqD

+ γ7(δρm − 3Hqm) + γ1γ6 + 3γ7α2
Bk̃

2

γ1 + α2
Bk̃

2
Hqm − 6α2

B

α
δpm , (2.101)

σD = a2

2k2

[
γ1αT + γ8α

2
Bk̃

2

γ1 + α2
Bk̃

2
(δρD − 3HqD) + γ9k̃2

γ1 + α2
Bk̃

2
HqD

+ αT (δρm − 3Hqm) + γ10k̃2

γ1 + α2
Bk̃

2
Hqm

]
, (2.102)

where we use the notation k̃ ≡ k/(aH) and we have defined dimensionless coeffi-
cients γa , whose expressions are explicitly given in the Appendix. These relations
for δpD and σD are the equivalent of the Eqs. (2.86)–(2.87).

2.5.3.3 Interpretation

The system of Equations (2.86)–(2.89) is complete (provided δpm and wm are spec-
ified) and can in principle be solved to get the evolution of the matter perturbations
and gravitational potentials. To do sowithout approximationswould require a numer-
ical implementation. However, the physics can be discussed analytically in specific
cases, that give an idea of the effects expected. In particular, I will focus on the role
played by kinetic braiding. Indeed, one can see appearing in Eq. (2.86) a new scale
when αB 	= 0:

kB = aHβ
1/2
1

αB
, (2.103)
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which has been called braiding scale [18]. We shall explore two examples that show
it is associated with noticeable modifications of gravity.

• αB = 0:
It can be seen as the extreme limit where kB → ∞, meaning that all modes are
outside of the braiding length, k � kB . In this case most of the scale dependences
go away. We are left with the simpler expression

�̈ + (4 + 2αM + 3ϒ) H�̇ +
(

β4H
2 + c2s

k2

a2

)

� =

− 1

2M2

{
c2s [δρm − 3H(ρm + pm)vm] + (αM − αT + 3ϒ)H(ρm + pm)vm − δpm

}
,

(2.104)

where ϒ is defined in the Appendix. Although both αM and αT can be nonzero
here, the form of this equation is very similar to that obtained in the standard
k-essence case [24]. One recovers in the quasistatic limit (i.e. by neglecting time
derivatives and taking k 
 aH/cs)

− k2

a2
� = 1

2M2
δρm , � = (1 + αT )

[
1 + αK

αT − αM

2β1

]
� . (2.105)

Thismeans that no scale dependence is introduced in the effectiveNewton constant
defined as

− k2

a2
� ≡ 4πGeff δρm . (2.106)

As we will see, this no longer necessarily holds when αB 	= 0.
• α2

B 
 αK :
This case corresponds to having most of the kinetic energy of the scalar field
coming from kinetic braiding. Indeed, one can see in this case that the kinetic
energy (the term in ζ̇ 2 in Eq. (2.62)) is dominated by the contribution of αB .
For simplicity we consider only the case αT = 0. Moreover, to avoid gradient
instabilities the following relation is required (see Eq. (2.66))

αB � O(αM) . (2.107)

However, no restrictions are imposed on αM , whose value can affect the braiding
scale. Indeed, when α2

B 
 αK , this is given by

k2B
a2

� 3(H 2αM − Ḣ) , (2.108)



2.5 Evolution of Cosmological Perturbations 45

which can be inside the Hubble horizon. In this case, considering modes with
k 
 kB , Eq. (2.86) simplifies to

�̈ + (3 + αM )H�̇ +
(
k2Bβ5

a2
+ c2s

k2

a2

)

� � − 1

2M2

(
k2Bβ6

k2
+ c2s + 1

3
− αM

3αB

)

δρm ,

(2.109)

where we have neglected relativistic terms on the right hand side of (2.86). If the
ratio β5/c2s is larger than one, the scale dependence cannot be neglected even in
the case k 
 kB . Therefore, a non vanishing αB , or the fact that kB < ∞, brings
a transition scale in the effective Newton constant,9 which is a strong signal that
gravity is modified.
Another interpretation would be that dark energy clusters: one can write Einstein
equations as

Gμν = T μν
m + T μν

D

M2
, (2.110)

which defines effective fluid variables for dark energy/modified gravity. Thus, for
subhorizon scales, the Poisson equation has the form

− k2

a2
� = 1

M2
(δρm + δρD) . (2.111)

For a cosmological constant, there are no perturbation in the dark energy fluid,
δρD = 0, and the standard behavior is recovered. However, as soon as dark energy
clusters, i.e. δρD ∼ O(δρm), the relation between the gravitational potential and
matter is no longer as simple, leading to a different (and potentially scale depen-
dent) effective Newton constant.

The Eqs. (2.86) and (2.87) can be seen as the generalization to arbitrary scales
of the usual parametrization in term of Geff (defined in Eq. (2.106)) and the slip
parameter

γ ≡ �

�
, (2.112)

that are employed in the quasistatic limit. However, if this limit is clearly defined
in GR where it means focusing on subhorizon scales k 
 aH , its definition in the
presence of an extra scalar field is more ambiguous. Indeed, in general, new scales
(see [28] for a general discussion concerning new scales in modified gravity) and
time dependences appear and it is not always clear how this limit would translate,
although in general it is expected to hold well inside the sound horizon of the scalar
perturbations, kcs 
 aH .

9Although the standard relation defining Geff involves� and not�, it easy to convince oneself that
the relation between them set by Eq. (2.87) does not remove this transition.
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To alleviate this uncertainty, one can look at what is called the extreme quasistatic
limit [18] corresponding towavenumber kmuch bigger than any scale in the problem,
i.e. taking k → ∞ in Eqs. (2.86)–(2.87). This yields the following expressions

8πGeff = α c2s (1 + αT ) + 2 [αB(1 + αT ) + αT − αM ]
2

α c2s
M−2 , (2.113)

γ = α c2s + 2αB [αB(1 + αT ) + αT − αM ]

α c2s (1 + αT ) + 2 [αB(1 + αT ) + αT − αM ]
2 , (2.114)

where I have expressed both quantities directly in terms of the functions αa (recall
that α = αK + 6α2

B and αH is here set to zero). These two quantities are observable
since the first affects directly the growth of structures and therefore affects the power
spectrum of the large scale structure. The second is related to the gravitational poten-
tial felt by photon, � + �, and thus can be probed in weak lensing experiments (see
for example [29]).

In this Section, I have shown that by looking at the evolution of cosmologi-
cal perturbations, one can relate the parametrization of the action in Eq. (2.47) to
observable quantities. The simplest cases from the theoretical side are the vector and
tensor sectors. They only depend on the time variation of the Planck mass, αM , and
on the deviation from unity of the tensor sound speed, αT . However, these sectors
are precisely the fields of observations where the signals are the weakest.

The more experimentally accessible scalar sector corresponds to the most com-
plicated domain, where all five functions αi play a role. Although their effects are
understood from a theoretical point of view (see Table2.2), they appear in a non
trivial way when going to observable quantities such as the growth of structures or
weak lensing. This can be seen analytically in the quasistatic limit with the modi-
fications of the way matter sources the gravitational potential (through Geff ) or the
way the two potentials are related to each other (through γ ). This is why, to break the
degeneracies that remain, one may need to go beyond the quasistatic limit, starting
for example from Eq. (2.86).

One idea would be to solve perturbatively Eqs. (2.86)–(2.89) around k → ∞
without necessarily making assumptions on the time derivatives. This would be a
way to see the range of validity of the quasistatic approximation (see also [30]). We
have actually started looking into this, but taking care of the time dependence is
rather subtle and requires more work.

2.6 Conclusions

In this chapter, I presented a method called the Effective Field Theory for Dark
Energy, that allows to explore the vast landscape beyond the standard model of
cosmology, �CDM. It is based on the parametrization of an action, describing
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scalar-tensor theories in a very broad sense. I used the preferred time foliation that
the scalar field offers, along with its 3+1 geometry, to construct a very generic
Lagrangian that describes linear perturbations with second-order dynamics. This
Lagrangian depends only on five functions of time, provided the expansion of the
Universe and its matter content are known.

This has many advantages, both theoretically and observationally. The stability
conditions that one needs to impose for a theory to be sensible can be easily read from
this action. Moreover, this reduces to a single channel of analysis the comparison to
experiments. The straigthforward links that we developped between wide classes of
models and the parameters make it particularly convenient to use, since constraints
on the five parameters easily translate to constraints on models.

However, this point of view is somewhat limiting the potential of this approach.
The action (2.47) explores domains beyond the models currently known, potentially
leading to new models, as we shall see in the next chapter. Indeed, it is solely based
on the fact that in general, the background solution of an additional field in a cos-
mological setting explicitly breaks time reparametrization invariance. This opens the
possibility of new terms in the action beside the standard Ricci scalar. It really is
deviations from �CDM +GR that are captured by this formalism.

Because of its minimal number of parameters, the EFT of DE has started to be
used by the community. It first started with people developing codes, in particular
[31], that is based on the popular CMB code CAMB [32] and others doing forecasts
for galaxy surveys [33]. Now, the parametrization, conveniently optimized by [18], is
being used in the analysis of the Planck collaboration [34]. Hopefully, future surveys
such as EUCLID [35] and LSST [36] will also use it, and the constraints on the αa

will improve.
From a theoretical point of view, there is still work to be done. As I mentioned

above, there is a yet untamed wealth of information contained in Eq. (2.86), which
includes for example relativistic effects that become important when looking at
increasingly large surveys. It would be interesting to see how much of this informa-
tion can be extracted using numerical solutions, or analytical method generalizing
the quasistatic limit.

Another point I have been working on recently consists of extending this formal-
ism to the case where theWeak Equivalence Principle (WEP) is violated, i.e. species
couple to different metrics. This has been studied for�CDMunder the name of inter-
acting dark energy (see for example [37–40]). The idea is to investigate the interplay
between these two properties, namely modifications of gravity and violation of the
WEP. In particular, we generalized the stability conditions (2.65) in [15] to include
the different couplings of the matter fields. In a subsequent publication [16], we
looked at the effect of deviation from �CDM and the WEP on various observables
using Fisher matrices (in the quasistatic limit). The bottom line is that, even with
future surveys, there is not enough information to disentangle the effects of the vari-
ous α. It might be possible when looking beyond the quasistatic regime, where more
scale and time dependence arise, that can potentially break degeneracies.

Looking back at the motivations presented in the Introduction, it will appear to
the careful reader that the analysis presented here does not address what I referred
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to as the old cosmological constant problem. This is a good remark. At the moment,
there are no outstanding candidate theory that gives a hint at a resolution of this
problem. The hope is that, by looking at the simplest deviation from�CDM, namely
adding a scalar field, one might be then guided by the data towards the beginning of
an answer. An extra scalar field might well be the manifestation of a more complex
theory in certain limits (as it is for massive gravity for example [2]).

Appendix

In this Appendix, I compiled a few complicated expressions that were omitted from
the main text of this chapter. The following shorthand notations for the variable �,
� and π

P ≡ M2(π̇−�) , Q ≡ M2(�̇+H�+Ḣπ) , R ≡ M2(�+Hπ) , (2.115)

allow to express the fluid quantities of Sect. 2.5.3.2 in a compact manner

δρD ≡2
k2

a2
(
αHR−αBM

2Hπ
) − 3H

[
(ρD + pD)π − 2αBQ] + H 2(αK − 6αB)P ,

(2.116)

qD ≡ −2αBHP − (ρD + pD)π , (2.117)

σD ≡ αMM2Hπ − αTR − αHP , (2.118)

δpD ≡ [
ṗD + αMHM2(2Ḣ + 3H 2)

]
π − 2αMHQ

+
(

ρD + pD
M2

+ 6αBH
2

)
P + 2

(
αBHP)· + 2

3

k2

a2
σD . (2.119)

Moreover, the parameters β in Eq. (2.86) can be related to the initial α parameters
of the action (2.47) through (in the case αH = 0)

β1 ≡ −αK
ρm + pm
4H 2M2

− 1

2
α

(
Ḣ

H 2
+ αT − αM

)
, (2.120)

β2 ≡ 2(2 + αM) + 3ϒ , (2.121)

β3 ≡ 3 + αM + α2
B

Hα

(
αK

α2
B

)·
, (2.122)

β4 ≡ (1 + αT )
[
2Ḣ/H 2 + 3(1 + ϒ) + αM

] + α̇T /H , (2.123)

β5 ≡ c2s − 2αB(β3 − β2)

α
+ α2

B

β1
(1 + αT )(β3 − β2) + α2

Bβ4

β1
, (2.124)

β6 ≡ β7 − 2
αB(β3 − β2)

α
, (2.125)
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β7 ≡ c2s + 2
α2
B(1 + αT ) + αB(αT − αM)

α
, (2.126)

β8 ≡ β9 − (αK − 6αB)(β3 − β2)

α
, (2.127)

β9 ≡ −(1 + 3c2s + αT ) + α2
B

Hα

(
αK

α2
B

)·
, (2.128)

β10 ≡ −6(1 + ϒ) − 4Ḣ/H 2 , (2.129)

β11 ≡ 2

3
− 2

α2
B

β1

[
(2 − αM) + 2Ḣ/H 2

] − 2
α4
B

β1Hα

(
αK

α2
B

)·
, (2.130)

with

12β1H
3M2ϒ ≡ 2αM2

{[
Ḣ + (αT − αM )H2]· + (3 + αM )H

[
Ḣ + (αT − αM )H2]

}

+ αK ṗm − (ρm + pm)H(αK − 6αB )(αT − αM ) + 6(ρm + pm)
α4B
α

(
αK

α2B

)·
.

(2.131)

On the other hand, the γ in Eq. (2.102) read

γ1 ≡ αK
ρD + pD
4H2M2 − 3α2

B
Ḣ

H2 , (2.132)

γ2 ≡ c2s + αT

3
− 2

αB(2 + �) + (1 + αB)(αM − αT )

α
, (2.133)

γ3 ≡ c2s + γ8

3
, (2.134)

γ4 ≡ 1

ρD + pD

{
− ṗD/H + αM

[
ρD + pD − 3H2M2]

+ 6
α2
B
α

[
(3 + αM + �)(ρm + pm) − ṗm/H

]}
, (2.135)

γ5 ≡ −1 − (6αB − αK )(αT − αM )

6α2
B

+ α2
B

Hα

(
αK

α2
B

)·
(2.136)

γ6 ≡ −6α2
B
2 + �

α
+ αK αM − 6α2

B
α

, (2.137)

γ7 ≡ αK αM − 6α2
B

3α
− (6αB − αK )(αT − αM )

3α
, (2.138)

γ8 ≡ αT + αT − αM

αB
, (2.139)

γ9 ≡ α
αT − αM

2
, (2.140)

γ10 ≡ 3α2
B(αT − αM ) , (2.141)
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where

γ1� ≡ αK

4H2M2

[

(3 + αM )(ρm + pm) − ṗm/H − α2
B(ρD + pD)

αK H

(
αK

α2
B

)·]
− α

Ḧ

2H3 ,

(2.142)
and

c2s = −
2(1 + αB)

[
Ḣ − (αM − αT )H2 + H2αB(1 + αT )

]
+ 2H α̇B + (ρm + pm)/M2

H2α
.

(2.143)
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