Chapter 2
The Weierstrass Factorization Theorem

2.1 Mittag-Leffler’s Series

A function f(z) is meromorphic in an open set A C C if it is regular in A except for
a finite or infinite sequence zj, z2, ... € A of poles of f(z) (of any multiplicities).
For short, in what follows a function meromorphic in the whole C will simply be
called meromorphic.

If f(z) is meromorphic with only finitely many poles z, 22, ..., zy of respec-
tive multiplicities p1, p, ..., iy, for any n = 1,2,..., N let the Laurent series
expansion of f(z) in the neighbourhood of z,, be denoted by

0 Fn (n)
” b
f@=>Ya"c-w+> ——.
k=0 k=1 (Z - Zﬂ)
Then
N i bl(cl’l)

G(z):= ) — R —
@ := f(2) ;; ER"

is plainly an entire function. Conversely, for any entire function G (z), the function

N jin b(n)
k

f@) =6+ > —— .1)
purirar il CRal )
is meromorphic, with finitely many poles zj, ..., zy of respective multiplicities
His -5 UN-
If a meromorphic function f(z) has infinitely many poles z;, z2, . . ., in general

the decomposition similar to (2.1) with an entire function G (z) does not hold, because
the series

© Springer International Publishing Switzerland 2016 15
C. Viola, An Introduction to Special Functions,
UNITEXT - La Matematica per il 3+2 102, DOI 10.1007/978-3-319-41345-7_2



16 2 The Weierstrass Factorization Theorem

o0 fn b(n)

2.2y 22)

n=1 k=1

is not expected to converge. However, Mittag-Leffler has shown that (2.2) can be
suitably modified, so that the series thus obtained is totally convergent in any compact
subset of C not containing the poles zi, z2, . . . .

We recall that a series of functions

o0

> ua2)

n=1

is said to be totally convergent in a set K C C, if there exists a sequence of constants
¢, > 0 such that

lu,(z)] <c, foralln =1,2,... andforallz € K,

with
o0
ch < 4-00.
n=1

o0

By Weierstrass’ test, if > u,(z) is totally convergent in K, it is absolutely and
n=1

uniformly convergent in K.

In view of subsequent applications we prove a special case of Mittag-Leffler’s
theorem, corresponding to the most important case where the infinitely many poles
21, 22, . . . are all simple.

Theorem 2.1 (Mittag-Leffler) Let z;, z2, ... — 00 be a sequence of distinct com-
plex numbers satisfying 0 < |z1| < |z2| < .... Let my,my, ... be any sequence of
non-zero complex numbers. Then there exists a (not unique) sequence py, pa, ... of

non-negative integers, depending only on the sequences (z,) and (m,), such that the
series

f@) = i ()" (2.3)

Z_Zn

is totally convergent, and hence absolutely and uniformly convergent, in any compact
set K C C\ {z1, 22, ... }. Thus the function f(z) is meromorphic, with simple poles
21, 22, - . . having respective residues my,my, . . ..
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Proof We choose a sequence of real numbers 0 < r; <r, <...— 400 satisfying
ry <lzn| (n=1,2,...).Inthe disc |z| < r, we have

al

(2.4)

’ mn

2=z, 7zl =zl T zal =1

and

Z

<n

r
< n

|zl

< 1.

Lete; + €3 + ... be any convergent series of positive constants &,. For every n, let
pn be any non-negative integer such that

(7)< o el = . 25)

|25 ] [m, |

Since r,,/|z,| < 1, (2.5) is satisfied for any sufficiently large p,,. Then in the disc
|z| < r, we get by (2.4) and (2.5)

)=
Zn I—ZZn

Take any compact set K C C\ {z1, 22, . . . }, and choose an integer N such that K is
contained in the disc |z| < ry. Let

Z\Pn m
M, = max ‘(—) —r
zekK Zn Z— Zn

< (r” )mﬂ < & (2.6)

F |zn| — 74

Then, by (2.6), for any z € K we have

)=
Zn Z_Zn

Since the series of constants M| + ...+ My_1 + ey + en+1 + . .. converges, (2.3)
is totally convergent in K. O

_ M, ifn <N
e, ifn>N.

Remark 2.1 Fixanyz € C,and letn besuchthat|z| < |z,|. Then?2 |z,| > |z| + |zal,
whence

Z 2 z| 2|z|
- = S )
Zn |z] + |za] |z — zul
and
Z |pntl Z\Pn my
il [ =" < 2121 (£) .
Zn Zn Z— Zn
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It follows that the sequence (p,) in Theorem 2.1 is such that

oo

1
Z |, | < 400 forevery z € C. 2.7
n=1

Conversely, any sequence (p,) of non-negative integers satisfying (2.7) is such that

the series (2.3) is totally convergent in any compact set K C C\ {z1, z2, ... }. For,
if z, € C is such that |z,| > mz}? |z|, for any n satisfying |z,| > |z«] + 1 we have
zZ€

lzal 24

= + 1 < |z + 1,
[Zn| — |24l [Zn] — |24l
whence
1 1 1
<|Z*|+ =(1—|——)Z—*.
[Zn| — |z« |z |z4|/ 124

Thus, for any z € K,
Zx

Z\P» m Pn m 1
(5)" = Al (14 =) bl
n Z—2Zn |Zn| - |Z*| |Z*| Z

By (2.7), the series (2.3) is totally convergent in K.

Tx
Zn

pntl

n

Remark 2.2 1f g(z) is any meromorphic function with infinitely many poles
21, 22, - - . , all simple and with respective residues m |, m,, . . ., then for any sequence
(pn) of non-negative integers satisfying (2.7) the function G(2) : = g(z) — f(2),
where f(z) is given by (2.3), is plainly entire. Thus g(z) has the Mittag-Leffler

series expansion
¢() = G+ Z (5)" ==
n

where G (z) is an entire function.

Z_Zn

Remark 2.3 The function

o =3 (2)

Zn Z— Zn
n=1

in (2.3) has the Taylor series expansion around z = 0 given by

f@=-> ( > m, z,,_(k“))zk (2.8)

— n
k=0 pn=k
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with radius of convergence |z;|. For, in the disc |z| < r; < |z;| we have

00 P o0 [ 2
f@) = =2 m 1 — /. z/z =2 D (2.9)
n=1  Zn n n=1 k=p, <n
Since, by (2.5),
Jel T IZ |patl 1—|Z|/|zn Zn Iznl—lzl

n=1

oo
i( ) < Y e
el |Zal |2l =1 — =l " ’
we may interchange the sums on the right-hand side of (2.9). Therefore
@ = Z 2 mz T

Pn< <k

and the radius of convergence of this Taylor series is the distance from the origin to
the closest singular point of f(z), i.e., to the pole z;.

2.2 Infinite Products

Leta, € C,a, #0(n =1,2,...). The infinite product [] a, is defined by

1 a, = lim : a, = A. (2.10)

The infinite product (2.10) converges if the limit A exists and A # 0, co.If A = 0 or
A = o0, the infinite product is said to be divergent to zero or, respectively, to infinity.
If (2.10) converges, then

n n—1
nll)ngoan = nli)n;o (kl_[lak/ Hak) =A/A=1.

Let a,(z) #0 (n =1,2,...) be a sequence of functions defined for z in a
set K C C. The infinite product []a,(z) is uniformly convergent to a function

f(@) #0,00in K if, for n — o0, the sequence of partial products
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H@) = []a@
k=1
converges uniformly to f(z) in K, i.e., if for any ¢ > 0 there exists n such that

If (@)= fn@)] <e

foralln > ng and forall z € K.

Lemma 2.1 Let the functions u,(z) (n = 1,2,...) be regular in a compact set
K C C, and let the series

oo

> ()

n=1

be totally convergent in K. Then the infinite product

Hexp (un(2)) = exp (Zun(Z))
n=1

n=1
is uniformly convergent in K.
Proof For any z;, z, € C we have
21 22 1 2 2 1 3 3
e —e = (Z1 _Z2)+5(Z1 —Zz)‘f‘;(Zl —Zz)+~--
1 | 2
= (a1 — Zz)(l + 5(11 +22) + y(z1 +2z122+23) + .. )

whence

|em _ ezzl

IA

1 1
o1 = 22l(14+ 5l + Jza) + 521 + 122D + )

lz1 — 22 e|21|+lzz\.

IA

Therefore

oo N

exp(Zun(z)) — exp (Zun(z))‘ (2.11)

n=1 n=1

00 N 00 N

< | D ua@) = D un(2)] exp (Zlun(z)l + Zlun(z)l)
n=1 n=1 n=1 n=l1
o) N o)

< | D ua@) = D un(2)] exp (2Z|un(z)|).

n=1 n=1 n=1
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Let
D @) = U,
n=1

let
M = exp (2 max U(z)),
z€K

and for any € > 0 let Ny be such that

0 N
Z Uy (Z) - Z Un (Z)
n=1 n=1

forall N > Ny and all z € K. Then, by (2.11),

€
<_
M

o] N

exp ( > un(z)) —exp ( > un (z))

n=1 n=1

N

<M ‘ D (@) = D un(2)
n=1

n=I

<e. O

2.3 Weierstrass’ Products

Lemma 2.2 Let f(z) be a meromorphic function. Let z1, 22, . . . # 0 be the poles of

[ (z), all simple with respective residues my, my, ... € Z. Then the function
pz) = exp/f(t) dr (2.12)
0

is meromorphic. The zeros (resp. poles) of p(z) are the points z,, such that m, > 0
(resp. m, < 0), and the multiplicity of z,, as a zero (resp. pole) of p(2) is m, (resp.
—my).

Proof First we remark that ¢(z) is a one-valued function, because if v and +" are
any two paths of endpoints 0 and z not passing through the poles z,, by the residue
theorem we get

/f(t)dt :/f(t)dt+27riR,
vy v
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where R is the sum of residues of f(¢) at the poles between ~ and ~/, each residue
being taken with + or — sign according to the mutual position of v and ~' around
the corresponding pole. Since m, my, ... € Z, we get R € Z. Therefore

exp [ f()dr = e Rexp [ f(r)dt = exp [ f(r)dt.
/ rom=eo]

Plainly ¢(z) is regular and # 0 in C \ {z1, 22, . . . }. The function f(z) : = f(z) —
my/(z — zy) isregularin C \ {z2, z3, . . . }, whence exp fOZ f1(t) dt is regular and # O
in C \ {Zz, T3y ee- } Thus

Z Z Z dt
exp/f(t)dt = exp(/fl(t)dt+m1/t_Z )
0 0 0 1

exp 0/ feyd - exp (milog (1= 2)) = =201,

»(2)

where ¢1(z) = (—z1) ™ exp f(; f1(¢)dr is regular and # 0 in C \ {z, z3, ... }. By
the same argument for z5, z3, . .. the lemma follows. O

For any sequence zj, z2, . .. € C, either finite or satisfying lim z,, = oo, from
Theorem 2.1 and Lemma 2.2 we deduce the existence of a meromorphic function
with zeros and poles at zy, zp, ... with arbitrary multiplicities m, m,, . ... This
yields the following

Corollary 2.1 Every meromorphic function is the quotient of two entire functions.

Proof Let g(z) be meromorphic, and let z, z2, ... # 0 be the poles of g(z) with
respective multiplicities my, my, .. .. Let f(z) be the function (2.3) and let ¢(z) be
the function (2.12). By applying Theorem 2.1 and Lemma 2.2, we see that ¢(z)
is entire with zeros zj, z2, ... of respective multiplicities m, my, .... Then the
product g(z)¢(z) has no poles, and therefore is an entire function 4(z), whence
g(z) = h(2)/p(z) with h(z) and ¢(z) entire functions.

If g(z) has apole at z = 0 of multiplicity m, then g(z) : = z" g(z) isregularat z =
0, whence g(z) = h(z)/(z) with entire h(z) and ©(z), and g(z) = h(z)/ (2" ¢(z2))
with entire /(z) and 2" p(z). O

Theorem 2.2 (Weierstrass) Let F(z) be meromorphic, and regular and # 0 at
z=0. Let 21, 22, ... be the zeros and poles of F (z) with respective multiplicities
|m1|, lmal, ..., where m,, > 0if z, is a zero and m, < 0 ifz, is a pole of F(z). Then
there exist integers py, p2, ... > 0 and an entire function G(z) such that

F@) = O] (1 . Zi)" exp (m i %(i)k) (2.13)

k=1 n
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where the product converges uniformly in any compact set K C C\ {z1,22,...}. In
(2.13) one can take any sequence of integers pi, pa, ... > 0 satisfying (2.7).

Proof Let f(z) be the function (2.3) with integer exponents pi, ps, ... > 0 satis-
fying (2.7), and let ©(z) be the function (2.12). By Theorem 2.1 and Lemma 2.2
(z) is meromorphic, with zeros z, of multiplicities m,, if m, > 0, and with poles
z, of multiplicities |m,| if m, < 0. Thus F(z) and (z) have the same zeros and
poles with the same multiplicities, whence F(z)/y(z) is entire and # 0. Therefore
log (F(z)/¢(z)) = G(2) is an entire function, and

F() = ¢“D(). (2.14)
By uniform convergence of (2.3) on a path of endpoints O and z not containing

21, 22, - - . , term-by-term integration of (2.3) from O to z is allowed. Thus from
(2.12) we get

t— 2z,

o(z) = exp/z(zi)p" M4y (2.15)
O n n

n n np”_l
:Hexp/( m +m—(/L)dt
n I_Zn Zn t/zn_l
0

z

Pn

= Hexp/(trf’;n+ﬂz(é)k71)dt
" 0

Zl‘l k=1

m, Pn

:l:[exp(log(l—é) +mn;%(i)k)
m, Pn

= 1:[(1 - %) exp (mnkz“%(i)k)

Then (2.13) follows from (2.14). Moreover, for any z € K we can choose the integra-
tion path from O to z of length bounded by a constant depending only on K, whence,
by Theorem 2.1, the series

z
t\Pn my,
>
n Zn t - Zn
0

is totally convergent in K. Hence, by Lemma 2.1, the product in (2.13) is uniformly
convergent in K. O
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If the meromorphic function F(z) has a zero of multiplicity m or a pole of multi-

plicity —m at z = 0, then z 7" F'(z) is regular and # 0 at z = 0, and therefore can be
represented by (2.13). Thus in this case the Weierstrass factorization formula (2.13)

becomes pn
F(z) = 7" GR) 1-— z " eXp( n l(i k)~ (2.16)
9 = w0 [[(1-2)" e (m > 4(5)

<n

Corollary 2.2 The Taylor series expansion with centre 7 = 0 of the entire function
G(2)in (2.13) is

o0 1 a1 F k
G(z) = log F(0) + > ((k T [dzk—l F((Zﬂ - > m, z;")% (2.17)
k=1 ’ z=

Proof From (2.8), (2.12), (2.13) and (2.15) we get, for |z| < |z1],

Z
G() = log F(2) ~ log o(2) = log F(@) ~ [ f@)
0
4 o0

= log F(z) +/ Z ( Z my z;(k+l)) t* dt

0 k=07,

[e9) Zk dk o o] @+ Zk+1
:logF(O)—i-ZEI:d—ZklogF(z)}_ +Z(Zmnzn )m

k=1 z=0 k=0 n

Pn<k
o F(O)+izk & F@ +i > mazt
= _— my )
g K dZ T FQ) |, Ml I
k=1 kst N
and (2.17) follows. U

By Corollary 2.1, the Weierstrass factorization (2.13) or (2.16) of a meromor-
phic function F(z) can be reduced to the Weierstrass factorizations of two entire
functions F(z) and F»(z) such that F(z) = Fi(z)/F2(z). Thus, in what follows,
we will employ (2.13) or (2.16) only for entire functions F(z), i.e., when m, > 0
(n=1,2,...) and m > 0. Moreover, with no loss of generality, in the product on
the right-hand sides of (2.13) and (2.16) we can put m, = 1, with the convention
that if a zero z,, has multiplicity m,,, the corresponding factor

Pn
(- Sl
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is repeated m,, times in the product. Accordingly, condition (2.7) for the sequence

(pn) becomes
[e.¢]

n=1

Putl

‘ < 4o0o forevery z € C, (2.18)

<n

where if z,, is a zero of multiplicity »1,, the term |z/z,|?"*" is repeated m,, times in
the series.
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