
Chapter 2
Martin Davis and Hilbert’s Tenth Problem

Yuri Matiyasevich

Abstract The paper presents the history of the negative solution of Hilbert’s tenth
problem, the role played in it by Martin Davis, consequent modifications of the
original proof of DPRM-theorem, its improvements and applications, and a new
(2010) conjecture of Martin Davis.
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2.1 The Problem

Martin Davis will stay forever in the history of mathematics and computer science
as a major contributor to the solution of Hilbert’s tenth problem.

This was one among 23 problems which David Hilbert stated in his famous paper
“Mathematical Problems” [18] delivered at the Second International Congress of
Mathematicians. This meeting took place in Paris in 1900, on the turn of the century.
These problems were, in Hilbert’s opinion, among the most important problems that
the passing nineteenth century was leaving open to the pending twentieth century.

The section of [18] devoted to the Tenth Problem is so short that it can be repro-
duced here in full:

10. DETERMINATION OF THE SOLVABILITY OF A DIOPHANTINE EQUATION

Given a Diophantine equation with any number of unknown quantities and with rational
integral numerical coefficients: To devise a process according to which it can be determined
by a finite number of operations whether the equation is solvable in rational integers.

Equations from the statement of the problem have the form

P(x1, x2, . . . , xn) = 0 (2.1)
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where P is a polynomial with integer coefficients. The equations are named after the
Greek mathematician Diophantus who lived, most likely, in the 3rd century A.D.

The Tenth problem is the only one of the 23 Hilbert’s problems that is (in today’s
terminology) a decision problem, i.e., a problem consisting of infinitely many indi-
vidual problems each of which requires a definite answer: YES or NO. The heart of a
decision problem is the requirement to find a single method that will give an answer
to any individual subproblem.

SinceDiophantus’s time, number-theorists have found solutions for a large amount
of Diophantine equations, and also they have established the unsolvability of a lot
of other equations. Unfortunately, for different classes of equations, and often even
for different individual equations, it was necessary to invent specific methods. In his
tenth problem, Hilbert asks for a universal method for deciding the solvability of all
Diophantine equations.

A decision problem can be solved in a positive or in a negative sense, that is,
either by discovering a required algorithm or by showing that none exists. Hilbert
foresaw the possibility of negative solutions to some mathematical problems, in [18]
he wrote:

Occasionally it happens that we seek the solution under insufficient hypotheses or in an
incorrect sense, and for this reason do not succeed. The problem then arises: to show the
impossibility of the solution under the given hypotheses, or in the sense contemplated. Such
proofs of impossibility were effected by the ancients, for instance when they showed that the
ratio of the hypotenuse to the side of an isosceles triangle is irrational. In later mathematics,
the question as to the impossibility of certain solutions plays a preëminent part, and we
perceive in this way that old and difficult problems, such as the proof of the axiom of
parallels, the squaring of circle, or the solution of equations of the fifth degree by radicals
have finally found fully satisfactory and rigorous solutions, although in another sense than
that originally intended. It is probably this important fact along with other philosophical
reasons that gives rise to conviction (which every mathematician shares, but which no one
has as yet supported by a proof) that every definite mathematical problem must necessary
be susceptible of an exact settlement, either in the form of an actual answer to the question
asked, or by the proof of the impossibility of its solution and therewith the necessary failure
of all attempts.

But in 1900 it was impossible even to state rigourously what would constitute
a negative solution of Hilbert’s tenth problem. The general mathematical notion of
algorithm was developed by Alonzo Church, Kurt Gödel, Alan Turing, Emil Post,
and other logicians only three decades after Hilbert’s lecture [18].

The appearance of the general notion of algorithms gave the possibility to estab-
lish non-existence of algorithms for particular decision problems, and soon such
undecidable problems were actually found. But these results didn’t much impress
“pure mathematicians” because the first discovered undecidable problems were from
the realm of mathematical logic and the just emerging computer science.

The situation changed in 1947 when two mathematician, Andrei Andreevich
Markov [28] in the USSR, and Emil Post [45] in the USA, independently proved
that there is no algorithm for so called Thue problem. This problem was posed by
Alex Thue [58] in 1914, much before the development of the general notion of an
algorithm. Thue asked for a method for deciding, given a finitely presented semi-
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group and two elements from it, whether the defining relations imply the equality
of these two elements or not. Thus Thue problem, known also as word problem for
semigroups, became the very first decision problem, born in mathematics proper and
proved to be undecidable.

After the success with Thue problem, researchers were inspired to establish the
undecidability of other long standing open mathematical problems. In particular,
both Markov and Post were interested in Hilbert’s tenth problem. Already in 1944
Post wrote in [44] that Hilbert’s tenth problem “begs for an unsolvability proof”.
Post had a student to whom this statement produced great impression and he decided
to tackle the problem.

The name of this student was Martin Davis.

2.2 Martin Davis Conjecture

2.2.1 Statement and Corollaries

Very soonMartinDavis came to a conjecture, first announced in [3], that would imply
the undecidability of Hilbert’s tenth problem. To be able to state this conjecture, we
need to introduce a bit more terminology.

Hilbert asked for solving Diophantine equations with numerical coefficients. One
can also consider equation with symbolic coefficient, that is, equations with parame-
ters. Such an equation has the form

P(a1, . . . , am, x1, x2, . . . , xn) = 0 (2.2)

similar to (2.1) but now the variables are split into twogroups: parameters a1, . . . , am ,
and unknowns x1, . . . , xn .

As another (minor technical) deviation from Hilbert’s statement of the problem,
we will assume that both the parameters and the unknowns range over the natural
numbers; following the tradition of mathematical logic, we will consider 0 as a
natural number.

For some choice of the values of the parameters the Eq. (2.2) may have a solution
in the unknowns, and for another choice may have no solution. We can consider the
set M of all m-tuples of the values of the parameters for which the Eq. (2.2) has a
solution in the unknowns:

〈a1, . . . , am〉 ∈ M ⇐⇒ ∃x1 . . . xn
[
P(a1, . . . , am, x1, x2, . . . , xn) = 0

]
. (2.3)

Sets having such a Diophantine representation are also named Diophantine.
Traditionally, in Number Theory an equation is the primary object, and one is

interested in a description of the set of the values of the parameters for which the
equation has a solution. Martin Davis, in a sense, reversed the order of things taking
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sets as primary objects—he decided to give a general characterization of the whole
class of all Diophantine sets.

He approached this problem from a computational point of view. All Diophan-
tine sets have one common property: they are listable, or, in another terminology,
effectively enumerable. This means the following. Given a parametric Diophantine
equation (2.2), we can start looking over, in some order, all possible (m + n)-tuples
〈a1, . . . , am, x1, . . . , xn〉, for each such a tuple check if the value of the polynomial P
is equal to zero, and if this happens to be the case, write down the tuple 〈a1, . . . , am〉
on some list. Sooner or later each tuple from the set (2.3) will appear on this list,
maybe many times, and all tuples from the list will belong to this set.

Described above was a rather specific way of listing elements of Diophantine
sets. For an arbitrary set to be listable no restriction is imposed on the method
for generating its elements, the only requirement is that this should be done by an
algorithm. For example, it is evident that the set of prime numbers is listable: it is
easy to write a program that would print 2, 3, 5, . . ..

Thus, computability theory imposed an obstacle for a set to be Diophantine: if a
set is not listable, it cannot be Diophantine. Martin Davis conjectured that this is the
only obstacle.

Martin Davis conjecture. Every listable set is Diophantine.

I find that this was a rather daring conjecture because it has many corollaries,
some of them quite striking.

For example, Martin Davis conjecture implied the existence of a one-parameter
Diophantine equation

P(a, x1, x2, . . . , xn) = 0 (2.4)

having a solution if and only if a is a prime number. Hilary Putnam noticed in [47]
that the same would be true for the equation

(x0 + 1)(1 − P2(x0, x1, x2, . . . , xn)) − 1 = a. (2.5)

In other words, the set of all prime numbers should be exactly the set of all non-
negative values of the polynomial from the left-hand side of (2.5) assumed for all
natural values of x0, . . . , xn . Number-theorists did not believe in such a possibility.

Some other consequences of Davis conjecture will be presented below. Of course,
the undecidability of Hilbert’s tenth problem is among of them. This is due to the
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classical fundamental result, the existence of listable sets of natural numbers for
which there is no algorithm for recognizing, given a natural number a, whether it
belongs to the set or not.

Davis conjecture is much stronger than what would be sufficient for proving
the undecidability of Hilbert’s tenth problem. Namely, it would suffice to find for
any particular undecidable setM some representation similar to (2.2) with P being
replaced by any functionwhich becomes a polynomial in x1, . . . , xn after substituting
numerical values for a1, . . . , am . For example, we could allow parameters to appear
in the exponents as it was done by Anatolyi Ivanovich Mal’tsev in [27].

2.2.2 The First Step to the Proof

Martin Davis had not much informal evidence in support of his conjecture. Slight
support came from the following result announced in [3] and proved in [4–6].

Theorem (Martin Davis). For every listable setM there exists a polynomial Q with
integer coefficients such that

〈a1, . . . , am〉 ∈ M ⇐⇒
∃z∀y≤z∃x1 . . . xn

[
Q(a1, . . . , am, x1, x2, . . . , xn, y, z) = 0

]
. (2.6)

Representation of type (2.6) became known as Davis normal form. They can be
considered as an improvement of Kurt Gödel’s technique [15] of arithmetization.
This technique allowed him to represent any listable set by an arithmetical formula
containing, possibly, many universal quantifiers. If all of them are bounded than
such an arithmetical formula defines a listable set, and this can be used as another
definition of them (this is the content of Theorem 2.7 fromMartin Davis dissertation
[4]).

2.2.3 A Milestone

In 1959MartinDavis andHilary Putnam [13]managed to eliminate the single univer-
sal quantifier fromDavis normal form but this was not yet a proof of Davis conjecture
for two reasons.

First, they were forced to consider a broader class of exponential Diophantine
equations. They are equations of the form

EL(a1, . . . , am, x1, . . . , xn) = ER(a1, . . . , am, x1, . . . , xn) (2.7)
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where EL and ER are exponential polynomials, that is expression constructed by
traditional rules from the variables and particular positive integers by addition, mul-
tiplication and exponentiation.

Second, the proof given byMartin Davis and Hilary Putnamwas conditional: they
assumed that for every k there exist an arithmetical progression of length k consisting
of different prime numbers. In 1959 this hypothesis was considered plausible but it
was proved by Ben Green and Terence Green only in 2004 [16]. Thus all what Davis
and Putnam needed was to wait for 45 years!

Luckily, they had not to wait for so long. Julia Robinson [49] was able to modify
the construction of Davis–Putnam and get an unconditional proof. In 1961 Martin
Davis, Hilary Putnam, and Julia Robinson published a joint paper [14] with the
following seminal result.

DPR-theorem. Every listable set M has an exponential Diophantine represen-
tation, i.e., a representation of the form

〈a1, . . . , am〉 ∈ M ⇐⇒
∃x1 . . . xn

[
EL(a1, . . . , am, x1, . . . , xn) = ER(a1, . . . , am, x1, . . . , xn)

]
(2.8)

where EL and ER are exponential polynomials.
The elimination of the universal quantifier from Davis normal form immediately

gave the undecidability of the counterpart of Hilbert’s tenth problem for the broader
class of exponential Diophantine equations.

2.2.4 The Last Step

The DPR-theorem was a milestone on the way to proving Davis conjecture. All
what remained to do was to prove a particular case of Davis conjecture, namely, to
show that exponentiation is Diophantine. Indeed, suppose that we found a particular
Diophantine equation

A(a, b, c, x1, . . . , xn) = 0 (2.9)

which for given values of the parameters a, b, and c has a solution in x1, …, xn if and
only if a = bc. Using several copies of such an equation, one can easily transform
an arbitrary exponential Diophantine equation into a genuine Diophantine equation
(with additional unknowns) such that either both equations have solutions or none
of them has.

In fact, Julia Robinson was tackling this problem from the beginning of the 1950s.
It is instructive to note that her interestwas originally stimulated byher teacher,Alfred
Tarski, who asked one to prove that the set of all powers of 2 is not Diophantine.
That is, the intuition of youngMartin Davis was opposite to the intuition of venerable
Alfred Tarski.
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Julia Robinson was not able to construct the required equation (2.9) but she found
[48, 50] a number of conditions sufficient for its existence. In particular she proved
that in order to construct such an A, it is sufficient to have an equation

B(a, b, x1, . . . , xm) = 0 (2.10)

which defines a relation J(a, b) with the following two properties:

• for any a and b, J(a, b) implies that a < bb;
• for any k, there exist a and b such that J(a, b) and a > bk .

Julia Robinson called a relation J with these two properties a relation of exponential
growth; Martin Davis named them Julia Robinson predicates.

In 1970 I [29] was able to construct the first example of a relation of exponential
growth, and it was the last link in the proof of Davis conjecture. Nowadays it is often
reffered to as

DPRM-theorem. Every listable set of m-tuples of natural numbers has a Dio-
phantine representation.

This theorem implies, in particular, the undecidability of Hilbert’s tenth problem:
There is no algorithm for deciding whether a given Diophantine equation has a
solution.

2.3 Further Modifications of Original Proofs

2.3.1 Pell Equation

My original construction of a Diophantine relation of exponential growth was based
on the study of Fibonacchi numbers defined by recurrent relations

ϕ0 = 0, ϕ1 = 1, ϕn+1 = ϕn + ϕn−1, (2.11)

while Julia Robinson worked with solutions of the following special kind of Pell
equation:

x2 − (a2 − 1)y2 = 1. (2.12)

Solutions of this equation 〈χ0, ψ0〉, 〈χ1, ψ1〉, …, 〈χn, ψn〉, … listed in the order of
growth, satisfy the recurrence relations

χ0 = 1, χ1 = a, χn+1 = 2aχn − χn−1, (2.13)

ψ0 = 0, ψ1 = 1, ψn+1 = 2aψn − ψn−1. (2.14)
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Sequences ϕ0, ϕ1, . . . and ψ0, ψ1, . . . have many similar properties, for exam-
ple, they grow up exponentially fast. Immediately after the acquaintance with my
construction for Fibonacci numbers, Martin Davis gave in [8] a Diophantine defini-
tion of the sequence of solutions of the Pell equation (2.12). The freedom in selection
of the value of the parameter a allowedMartin Davis to construct a Diophantine def-
inition (2.9) of the exponentiation directly, that is, without using the general method
proposed by Julia Robinson starting with an arbitrary Diophantine relation of expo-
nential growth. Today the use of the Pell equation for defining the exponentiation by
a Diophantine equation has become a standard.

2.3.2 Eliminating Bounded Universal Quantifier

In [13] the necessity to workwith long arithmetical progressions consisting of primes
only was due to the usage of a version of Gödel’s technique for coding arbitrary long
sequences of natural numbers via the Chinese Remainder Theorem. Julia Robinson
has managed to replace such progressions by arithmetical progressions composed of
pairwise relatively prime numbers having arbitrary large prime factors. Much later,
in 1972, using a multiplicative version of Dirichlet principle, I [30] made further
modification allowing one to work just with arithmetical progressions of arbitrary
big relatively prime numbers.

In [37, Sect. 6.3] I introduced a quite different technique for eliminating bounded
universal quantifier based on replacing ∀y≤z by

∑z
y=0 with a suitable summand

allowing one to find a closed form for the corresponding sum.

2.3.3 Existential Arithmetization

The method for constructing the Davis normal form (2.6) presented in [5] starts
with a representation of the set M by an arithmetical formula in prenex form with
any number of bounded universal quantifiers constructed, for example, by Gödel’s
technique. Two tools are repeatedly applied to such a formula, one tool allowing us to
glue two consecutive existential or universal quantifiers, and the other tool giving the
possibility to change the order of consecutive universal and existential quantifiers.
The footnote on page 36 in [5] tells us that the idea of this construction belongs to
an unknown referee of the paper.

Nevertheless, the main theorem from [5] does belong to Martin Davis, but his
original proof presented in [4] was quite different. Namely, for the initial represen-
tation of listable sets he used normal systems introduced by his teacher Post. Thanks
to the great simplicity of the normal systems Martin Davis was able to arithmetize
them in a very economical way using only one bounded universal quantifier.

While Martin Davis remarks in the same footnote that the proof presented in the
paper is shorter that his original proof, the latter was very appealing to me: now that
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we know that there is no need to use bounded universal quantifiers at all, could not we
perform completely existential arithmetizing, thus avoiding universal quantifiers?

Finally I was able to give such a quite different proof of the DPR-theorem based
on arithmetization of the work of Turing machines [33]. In [37] I presented another
way of simulating Turing machines by means of exponential Diophantine equations.
Peter van Emde Boas proposed in [59] yet another, rather different way of doing it.
However, James P. Jones and I found [22] that so called register machines are even
more suitable for existential arithmetization; several versions of such “visual proof”
are given in [23, 24, 35, 39].

The “advantage” of register machines over Turing machines for constructing Dio-
phantine representations is due to the fact that the former operate directly with inte-
gers. However, register machines are not such a “classical” tool as Turing machines
are. Esteemed partial recursive function have both properties: on the one hand they
are defined on natural numbers, on the other hand, they are quite “classical”. In [38]
I used exponential Diophantine equations for simulating partial recursive function
thus giving yet another proof of the DPR-theorem.

My paper [41] presents a unifying technique allowing one to eliminate bounded
universal quantifier and simulate by means of exponential Diophantine equations
Turingmachines, registermachines, and partial recursive functions in the same “alge-
braic” style.

Thus today we have quite a few very different proofs of the celebrated DPR-
theorem. In contrast, it is a bit strange that no radically new techniques were found
for transforming exponential Diophantine equations into genuine Diophantine ones:
all known proofs in fact are minor variations of the construction presented by
Martin Davis in [8] (Maxim Vsemirnov [60] made a generalization from (2.11)
and (2.14) to some recurrent sequences of orders 3 and 4 but this gives no advantage
for constructing Diophantine representations).

2.4 Improvements

2.4.1 Single-Fold Representations

I [32] was also able to improve the DPR-theorem in another direction, namely, to
show the existence of a single-fold exponential Diophantine representation for every
listable set, that is, a representation of the form (2.8) inwhich the values of x1, . . . , xn ,
if they exist, are uniquely determined by the values of a1, . . . , am .

However, the two improvements to the DPR-theorem—to the DPRM-theorem
and to single-fold representations—have not been so far combined, that is, the ques-
tion about the existence of single-fold Diophantine representations for all listable
sets still remains open. This is so because all today known methods of constructing
Diophantine representation (2.9) are based on the study of behavior of sequences
like (2.11) and (2.14) taken some modulo; clearly, this behavior is periodic and
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as a consequence each known Diophantine representation of exponentiation is
infinite-fold—as soon as the corresponding equation (2.9) has a solution, it has
infinitely many of them.

Single-fold representations have important applications (one of them is given in
Sect. 2.6.2), and for this reason Martin Davis paper [7] titled “One equation to rule
them all” remains of interest. The equation from the title is

9(u2 + 7v2)2 − 7(r2 + 7s2)2 = 2, (2.15)

and it has a trivial solution u = r = 1, v = s = 0. Martin Davis proved that if this
is the only solution, then some Diophantine relation has exponential growth. His
expectations were broken by Oskar Herrman [17] who established the existence of
another solution. The equation attracted interest of other researches, Daniel Shanks
[53] was first in writing down two solutions explicitly and later he and Samuel S.
Wagstaff, Jr. [54] found 48 more solutions.

The discovery of non-trivial solutions did not spoil Martin Davis approach com-
pletely. It fact, it can be shown that if (2.15) has only finitely many solutions then
every listable set has a single-fold Diophantine representation.

2.4.2 Representations with a Small Number of Quantifiers

The existence of universal listable sets together with the DPRM-theorem implies
that we can bound the number of unknowns in a Diophantine representation (2.3)
of an arbitrary listable set M ; today’s record n = 9 was obtained by me [34] (a
detailed proof is presented in [19]). Accordingly, Hilbert’s tenth problem remains
undecidable even if we restrict ourselves to equations in 9 unknowns.

With present techniques, in order to get results for even smaller number of vari-
ables, one has to broaden the class of admissible formulas.

For example, for the DPR-theorem 3 unknowns are sufficient; originally this
was proved in [36], and even for single-fold representations. Later this result was
improved in [20, 21] to representations of the form

〈a1, . . . , am〉 ∈ M ⇐⇒
∃x1x2

[
EL(a1, . . . , am, x1, x2) ≤ ER(a1, . . . , am, x1, x2)

]
(2.16)

where exponential polynomials EL and ER are constructed by using unary expo-
nentiation 2c only (rather than general binary exponentiation bc). Harry R. Levitz
proved in [26] that this result cannot be further improved to single unknown.

Soon after Martin Davis introduction of the normal form (2.6), Raphael Robinson
[51] gave a rather different proof and showed that one can always take n = 4. In the
same paper he gave another representation with 6 quantified variables, namely,
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〈a1, . . . , am〉 ∈ M ⇐⇒
∃z1z2∀y≤B(a1,...,am ,z1,z2)∃x1x2x3

[
Q(a1, . . . , am, x1, x2, x3, y, z1, z2) = 0

]
.

(2.17)

Much later, exploiting the power of the DPRM-theorem, he [52] improved the
bound for Davis normal form (2.6) to n = 3 and showed that x3 can be dropped from
(2.17). Both of these results were further improved: in [31] to n = 2, in (2.6) and in
[42] both x2 and x3 were dropped from (2.17).

More interesting is the possibility to replace the bounded universal quantifier in
(2.6) and (2.17) by finite conjunction. For example, it was shown in [31] that every
listable set has a representation of the form

〈a1, . . . , am〉 ∈ M

⇐⇒ ∃z1z2&l
y=1∃x1x2

[
Qy(a1, . . . , am, x1, x2, z1, z2) = 0

]
(2.18)

where l is a fixed number and Q1, . . . , Ql are polynomials with integer coefficients.
Clearly, the right-hand side of (2.18) can be rewritten as a system of Diophantine
equations in 2l + 2 unknowns. While this quantity is high, each single equation has
only 4 unknowns. This implies, for example, the following. Consider the class D2, 2

of Diophantine sets that can be defined by formulas of the form

〈x1, x2〉 ∈ M ⇐⇒ ∃z1z2
[
Q(x1, x2, z1, z2) = 0

]
. (2.19)

Clearly, we cannot decide whether a given intersection of finitely many sets from
classD2, 2 is empty or not. Informally, this means that among sets of pairs of natural
numbers defined by Diophantine equations with just 2 unknowns there are sets with
complicated structure having no “transparent” description.

In the above cited results the variables range over natural numbers; for the case of
integer-valued variables corresponding results are at present somewhat weaker (in
terms of the number of unknowns).

2.5 “Positive Aspects of a Negative Solution”

The title of this section reproduces part of the title of [12], the joint paper of Martin
Davis, Julia Robinson, and myself written for the Proceedings of Symposium on
Hilbert’s problems [2]. The undecidability of Hilbert’s tenth problem is just one of
the corollaries of the DPRM-theorem. Actually it can serve as bridge for transferring
ideas and results from Computability Theory to Number Theory; a few of such
applications are given below.
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2.5.1 Speeding Up Diophantine Equations

A simplest form of such transfer is as follows: take any theorem about listable sets
and replace them by Diophantine sets. For example, one can explicitly write down a
polynomial (2.5) with the set of its positive values being exactly the set of all prime
numbers; the supposed impossibility of such a definition of primes was considered
bymany number-theorists as an informal argument against Martin Davis Conjecture.

It is quite typical that the map “listable”→ “Diophantine” produces theorems not
conventional for Number Theory. For example, Martin Davis published in [10] the
following Diophantine counterpart of Manuel Blum’s [1] speed-up theorem.

Theorem For every general recursive function α(a,w) there are Diophantine equa-
tions

B(a, x1, . . . , xn) = 0, (2.20)

C(a, y1, . . . , ym) = 0 (2.21)

such that:

• for every value of a one and only one of these two equations has a solution;
• if equations

B ′(a, x ′
1, . . . , x

′
n′) = 0, (2.22)

C ′(a, y′
1, . . . , y

′
m ′) = 0 (2.23)

are solvable exactly for the same values of the parameter a as Eqs. (2.20) and
(2.21) respectively, then there is third pair of equations

B ′′(a, x ′′
1 , . . . , x

′′
n′′) = 0, (2.24)

C ′′(a, y′′
1 , . . . , y

′′
m ′′) = 0 (2.25)

such that:

– these equations are also solvable exactly for the same values of the parameter a
as Eqs. (2.20) and (2.21) respectively;

– for almost all a for every solution of equation (2.22) (Eq. (2.23)) there is solution
of equation (2.24) (respectively, Eq. (2.25)) such that

x ′
1 + · · · + x ′

m ′ > α(a, x ′′
1 + · · · + x ′′

m ′′) (2.26)

(or
y′
1 + · · · + y′

n′ > α(a, y′′
1 + · · · + y′′

n′′) (2.27)

respectively).
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This theorem in its full generality is about an arbitrary general recursive function;
replacing it by any particular (growing fast) function we obtain theorems which are
purely number-theoretical but quite non-standard for Number Theory.

2.5.2 Universal Equations

One of the fundamental notion in Computability Theory is that of universal Turing
machine or, equivalently, its counterpart universal listable set. Now the DPRM-
theorem brings the idea of such kind of universality into the realm of Diophantine
equations. Namely, for every fixed n, we can construct a particular Diophantine
equation

Un(k, a1, . . . , an, x1, x2, . . . , xm) = 0 (2.28)

which is universal in the following sense: solving an arbitrary Diophantine equation
with n parameters

D(a1, . . . , an, x1, x2, . . . ) = 0 (2.29)

is equivalent to solving the equation

Un(kD, a1, . . . , an, x1, x2, . . . , xm) = 0 (2.30)

resulting from the Eq. (2.28) by choosing a particular value kD for the first parameter,
that is, for this fixed value of k and for any choice of the values of the parameters
a1, . . . , am either both of the Eqs. (2.29) and (2.30) have a solution or neither of
them has any.

What is remarkable in this reduction of one equation to another is the following:
the degree and the number of unknowns of the Eq. (2.30) is fixed while the Eq. (2.29)
can have any number of unknowns and be of arbitrarily large degree. This implies
that hierarchies of Diophantine equations traditional for Number Theory (with 1, 2,
3, …unknowns; of degree 1, 2, 3,…) collapse at some level.

Not only number-theorists never anticipated universal Diophantine equations,
their possibility was incredible even for some logicians as it can be seen from the
review in Mathematical Reviews on the celebrated paper by Martin Davis, Hilary
Putnam, and Julia Robinson [14].

We can look at universal Diophantine equations as a purely number-theoretical
result inspired by Computability Theory. But do we really need the general notion
of listable sets for proving the existence of universal Diophantine equations or could
we construct such equations by purely number-theoretical tools? In my book [37] I
managed to prove the existence of universalDiophantine equations before proving the
DPRM-theorem; in [41] I introduced another purely number-theoretical construction
of universal Diophantine equations.
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2.5.3 Hilbert’s Eighth and Tenth Problems

The notion of listable set is very broad and can be found in a surprising variety of
contexts. Here is one such example.

Hilbert included into his 8th problem an outstanding conjecture, the famous Rie-
mann’s hypothesis. In its original formulation it is a statement about complex zeros
of Riemann’s zeta function which is the analytical continuation of the series

ζ(z) =
∞∑

n=1

1

nz
. (2.31)

Much as almost every great problem, Riemann’s hypothesis has many equivalent
restatements. Georg Kreisel [25] managed to reformulate it as an assertion about
the emptiness of a particular listable set (each element of this set would produce
a counterexample to the hypothesis). Respectively, we can construct a Diophantine
representation of this set and obtain a particular Diophantine equation

R(x0, . . . , xm) = 0 (2.32)

which has no solution if and only if the Riemann hypothesis is true.
It wasmy share towrite Sect. 2 of [12] devoted to reductions of Riemann’s hypoth-

esis and some other famous problems toDiophantine equations, but I failed to present
the equation whose unsolvability is equivalent to Riemann’s Hypothesis. Kreisel’s
main construction was very general, applicable to any analytical function, and some
details of how to transfer it to a Diophantine equation were cumbersome. Luckily,
HaroldN. Shapiro, a colleague ofMartinDavis, came to help and suggested a simpler
construction, specific to the zeta function, based on the relationship of Riemann’s
hypothesis and distribution of prime numbers, and the corresponding part of Sect. 2
from [12] was written by Martin Davis.

In [37] I present a reductions of Riemann’s hypothesis to Diophantine equations
that is a bit simpler that the construction in [12], the simplification was due to certain
new explicit constants related to distribution of primes that were obtained at that time
in Number Theory.

Thus, Riemann’s hypothesis can be viewed as a very particular case of Hilbert’s
tenth problem; such a relationship between it and Hilbert’s eighth problem was not
known before the DPRM-theorem was proved.

Hardly one can hope to prove or to disprove Riemann’s hypothesis by examining
a corresponding Diophantine equation. On the other hand, such a reduction gives
an informal “explanation” of why Hilbert’s tenth problem is undecidable: it would
be rather surprising if such a long-standing open problem could be solved by a
mechanical procedure required by Hilbert.
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2.6 Other Impossibilities

DPR-theorem and DPRM-theorem turned out to be very powerful tools for estab-
lishing that many other things cannot be done algorithmically. Only a few exam-
ples will be mentioned here, surveys of many others can be found, for example,
in [37, 40].

2.6.1 The Number of Solutions

In his tenth problem Hilbert demanded to find a method for deciding whether a given
Diophantine equation has a solution or not. But one can ask many other similar
questions, for example:

• is the number of solutions of a given Diophantine equation finite or infinite?
• is the number of solutions of a given Diophantine equation odd or even?
• is the number of solutions of a given Diophantine equation a prime number?

Martin Davis showed in [9] that Hilbert’s tenth problem can be reduced to the above
and analogous decision problems, and hence all of them are undecidable. Namely,
the following theorem holds.

Theorem (Martin Davis). LetN = {0, 1, 2, . . . ,∞} and letM be a proper subset
of N ; there is no algorithm for deciding, for given Diophantine equation, whether
the number of its solutions belongs to M or not.

Clearly, the case M = {0} is the original Hilbert’s tenth problem.

2.6.2 Non-effectivizable Estimates

Suppose that we have an equation

P(a, x1, . . . , xn) = 0, (2.33)

which for every value of the parameter a has at most finitely many solutions in
x1, . . . , xn . This fact can be expressed in two form:

• Equation (2.33) has at most ν(a) solutions;
• in every solution of (2.33) x1 < σ(a), …, xn < σ(a)

for suitable functions ν and σ .
From amathematical point of view these two statements are equivalent. However,

they are rather different computationally. Having σ(a) we can calculate ν(a) but not
vice versa. Number-theorists have foundmany classes of Diophantine equations with
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computable ν(a) for which they fail to compute σ(a). In such cases number-theorists
say that “the estimate of the size of solutions is non-effective”.

Now let us take someundecidable setM and construct an exponentialDiophantine
equation

EL(a, x1, x2, . . . , xn) = ER(a, x1, x2, . . . , xn) (2.34)

giving a single-fold representation forM . Clearly, Eq. (2.34) has the following two
properties:

• for every value of the parameter a, Eq. (2.34) has atmost one solution in x1, . . . , xn;
• for every effectively computable function σ there is a value of a for which the
Eq. (2.34) has a solution x1, . . . , xn such that max{x1, . . . , xn} > σ(a) (otherwise
we would be able to determine whether a belongs toM or not).

In other words, the boundedness of solutions of equation (2.34) cannot be
made effective in principle. This relationship between undecidability and non-
effectivizability is one of the main stimuli to improve the DPRM-theorem to single-
fold (or at least to finite-fold) representations and thus establish the existence of
non-effectivizable estimates for genuine Diophantine equations.

2.6.3 Solutions in Other Rings

Most likely, Hilbert expected a positive solution of his tenth problem. This would
allow us to recognize solvability of polynomial equations in many other rings, for
example, in the ring of algebraic integers from any finite extension of the field of
rational numbers, and in the ring of rational numbers. However, the obtained negative
solution of Hilbert’s tenth problem does not imply directly undecidability results
for other rings. Nevertheless, different researchers were able to reduce the Tenth
problem to solvability of equations in many classes of rings and thus establish the
undecidability of analogs of the Tenth problem for them (for survey see book [55]
or [56] in this volume).

Such reductions can be made by constructing a polynomial equation solvable in a
considered ring if and only if the parameter is a rational integer, or, more generally, by
constructing aDiophantine model of integers in that ring. Such an approach exploits
the mere undecidability of the original Hilbert’s tenth problem and does not require
any new ideas from Computability Theory. However, number-theorists foresee some
deep obstacles for the existence of such models for certain rings including, maybe
the most interesting, the ring Q of rational numbers.

Recently Martin Davis proposed in [11] a quite different approach based on the
existence of a special kind of undecidable sets constructed by Emil Post who named
them simple. A listable set S is called simple if its complement to the set N of all
natural numbers is infinite but contains no infinite listable set. In [43] Bjorn Poonen
proved the undecidability of a counterpart of Hilbert tenth problem for a ring U of
rational numbers denominators of which are allowed to contain “almost all” prime
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factors. His technique allows us to define a simple set S by a formula of the form

{a ∈ N | ∃x1 . . . xm
[
p(ya, x1, . . . , xm) = 0

]
(2.35)

where ya is a computable function of a, p is a polynomial, and x1, . . . , xm range
over ∼ U . When these variables are allowed to range over all rational numbers, the
same formula (2.35) defines some set Ŝp; clearly, S ⊆ Ŝp.

Martin Davis Conjecture [2010]. There is a Diophantine definition of a simple
set S for which N − Ŝp is infinite, so that Ŝp is undecidable.

Martin Davis wrote in [11]:

This conjecture implies the unsolvability of H10 [Hilbert’s tenth problem] over Q. The
conjecture seems plausible because although it is easy to construct simple sets, and there are
a number of ways to do so, and if the conjecture is false, then no matter how S is constructed,
and nomatter what Diophantine definition of S is provided, Ŝp differs fromN by only finitely
many elements. Because the additional primes permitted in denominators in the transition
from U to Q form a sparse set, this seems implausible.

Let us believe in the wisdom of the celebrated guru.
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