
Chapter 2
On the Use of Analytical Methods
in Electromagnetic Compatibility
and Magnetohydrodynamics

Silvestar Šesnić and Dragan Poljak

Abstract The paper deals with the use of analytical methods for solving various
integro-differential equations in electromagnetic compatibility, with the emphasis
on the frequency and time domain solutions of the thin wire configurations buried
in a lossy ground. Solutions in the frequency domain are carried out via certain
mathematical manipulations with the current function appearing in corresponding
integral equations. On the other hand, analytical solutions in the time domain are
undertaken using the Laplace transform and Cauchy residue theorem. Obtained ana-
lytical results are compared to those calculated using the numerical solution of the
frequency domain Pocklington equation, where applicable. Also, an overview of
analytical solutions to the Grad–Shafranov equation for tokamak plasma is given.

Keywords Electromagnetic compatibility ·Thin wire analysis · Integro-differential
equations · Analytical methods · Magnetohydrodynamics

2.1 Introduction

The electromagnetic field coupling to thin wire scatterers can be treated either in
frequency (FD) or time domain (TD) [18]. The principal advantage of the frequency
domain approach is relative simplicity of both the formulation and the selected numer-
ical treatment. However, time domain modeling ensures better physical insight, accu-
rate modeling of highly resonant structures, possibility of calculating only early time
period and easier implementation of nonlinearities [12, 21].
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The formulation of the problem in thin wire analysis (FD or TD) is usually based
on some variants of integral or integro-differential equation (Hallén or Pocklington
type), respectively. Numerical modeling is widely used for solving various complex
problems. On the other hand, analytical solution can be obtained when dealing with
canonical problems, using a carefully chosen set of approximations [10, 26]. The
advantage of analytical solutions over numerical ones is the ability to “follow up”
the procedure with the complete control of adopted approximations. In this way, the
insight into the physical characteristics of the problem is ensured, which is, when
using numerical methods, rather complex task. Also, analytical solutions are readily
implemented for benchmark purposes, as well as some fast engineering estimation
of phenomena.

Valuable contributions in the area of analytical solutions of integral equations in
electromagnetics are given by R.W.P. King et al. [9, 10]. S. Tkachenko derives the
analytical solution for the current induced along the wire above perfectly conducting
(PEC) ground using the transmission line modeling (TLM) for LF excitations [25].
On the other hand, time domain analytical modeling is not investigated to a greater
extent and papers on the subject are rather scarce. A. Hoorfar and D. Chang give the
solution for transient response of thin wire in free space using singularity expansion
method [8]. R. Velazquez and D. Mukhedar derive analytical solution for the cur-
rent induced along a grounding electrode, based on the TL model [27]. Analytical
solutions in time domain have been reported by the authors in [20–22].

Analytical solutions pertaining to the mathematical model of fusion plasma, given
by the set of magnetohydrodynamic (MHD) equations provide a satisfactory descrip-
tion of macroscopic plasma behavior. Combining MHD equations with Maxwell’s
equations of classical electrodynamics yields nonlinear second order differential
equation known as Grad–Shafranov equation (GSE) [1]. Analytical solutions of the
GSE are very useful for theoretical studies of plasma equilibrium, transport and MHD
stability [28].

2.2 Thin Wire Models in Antenna Theory

2.2.1 Frequency Domain Formulation

Horizontal, perfectly conducting wire of length L and radius a, embedded in a lossy
medium at depthd and excited by a plane wave is considered, as shown in Fig. 2.1. The
medium is characterized with electric permittivity ε and conductivity σ . Dimensions
of the structure satisfy the thin-wire approximation [12].

The current induced along the wire is governed by the inhomogeneous Pocklington
integro-differential equation [17]

− 1

j4πωεeff

(
∂2

∂x2
− γ 2

)∫ L

0
I
(
x′) g (x, x′) dx′ = Ex (ω) , (2.1)
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Fig. 2.1 Horizontal straight thin wire buried in a lossy medium

where I
(
x′) denotes current distribution along the wire. Complex permittivity of the

medium is defined as
εeff = εrε0 − j

σ

ω
, (2.2)

where εr and σ represent relative electric permittivity and conductivity, respectively.
Green’s function g

(
x, x′) can be expressed as [14]

g
(
x, x′) = g0

(
x, x′)− Γref gi

(
x, x′) , (2.3)

where g0
(
x, x′) denotes the lossy medium Green’s function

g0
(
x, x′) = e−γR1

R1
, (2.4)

and gi
(
x, x′) is Green’s function according to the image theory

gi
(
x, x′) = e−γR2

R2
. (2.5)

Propagation constant of the medium is defined in the following way

γ =
√
jωμσ − ω2με, (2.6)

and distances R1 and R2 correspond to distances from the source and the image to
the observation point, respectively
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R1 =
√

(x − x′)2 + a2,

R2 =
√

(x − x′)2 + 4d2. (2.7)

Presence of the earth-air interface is taken into account via the reflection coefficient
within the Green’s function (2.3). The reflection coefficient can be taken in the form
of Fresnel coefficient [3, 5] or, as a simpler solution, from Modified Image Theory
(MIT) [23]. The Fresnel reflection coefficient is considered to be better approximation
of the Sommerfeld theory [11] and is defined as

Γ Fr
ref =

1
n cos θ −

√
1
n − sin2 θ

1
n cos θ +

√
1
n − sin2 θ

,

θ = arctg

∣∣x − x′∣∣
2d

, n = εeff

ε0
. (2.8)

On the other hand, the reflection coefficient that arises from MIT is defined as
follows [23]

Γ MIT
ref = −εeff − ε0

εeff + ε0
. (2.9)

The scattered voltage along the wire is defined as an integral of the vertical com-
ponent of the scattered electric field and the Generalized Telegrapher’s Equation for
spatial distribution of the scattered voltage is given as [16]

V sct (x) = − 1

j4πωεeff

∫ L

0

∂I
(
x′)

∂x′ g
(
x, x′) dx′, (2.10)

which can be easily determined, once the current distribution is known.

2.2.2 Time Domain Formulation

In the case of time domain formulation, the same configuration is considered as shown
in Fig. 2.1 [7]. Governing equation for the unknown transient current flowing along
the electrode is given in the form of time domain Pocklington integro-differential
equation [21]

−
(

∂2

∂x2 − μσ
∂

∂t
− με

∂2

∂t2

)
·
⎡
⎣ μ

4π

∫ L

0
I

(
x′, t − R

v

)
e
− 1

τg
R
v

R
dx′−

− μ

4π

∫ t

0

∫ L

0
Γ MIT
ref (τ ) I

(
x′, t − R∗

v
− τ

)
e
− 1

τg
R∗
v

R∗ dx′dτ

⎤
⎥⎦ =

(
με

∂

∂t
+ μσ

)
Etr
x (t) , (2.11)
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where I
(
x′, t − R

v

)
represents the unknown transient current. Detailed derivation

of (2.11) can be found in [21].
The distance from the source point in the wire axis to the observation point on

the wire surface is given by

R =
√

(x − x′)2 + a2, (2.12)

while the distance from the source point on the image wire, according to the image
theory is

R∗ =
√

(x − x′)2 + 4d2. (2.13)

Time constant and propagation velocity in the lossy medium are defined as fol-
lows [21]

τg = 2ε

σ
,

v = 1√
με

. (2.14)

The reflection coefficient arising from the Modified Image Theory is given by
inverse Laplace transform of (2.9) [23]

Γ MIT
ref (t) = −

[
τ1

τ2
δ (t) + 1

τ2

(
1 − τ1

τ2

)
e− t

τ2

]
, (2.15)

where

τ1 = ε0 (εr − 1)

σ
,

τ2 = ε0 (εr + 1)

σ
. (2.16)

Reflection coefficient (2.15) represents the simplest characterization of the earth-
air interface, taking into account only medium properties. However, an extensive
investigation of this coefficient applied to thin wires in two-media configuration has
been carried out in [15].
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2.3 Frequency Domain Applications of Analytical Methods

2.3.1 Horizontal Wire Below Ground

To solve the Pocklington equation (2.1) analytically, the integral on the left-hand
side of (2.1) can be written in the following manner [20]:

∫ L

0
I
(
x′) g (x, x′) dx′ = I(x)

∫ L

0
g
(
x, x′) dx′ +

∫ L

0

[
I(x′) − I(x)

]
g
(
x, x′) dx′. (2.17)

The integral on the left hand side can be approximated by the first term on the
right hand side of (2.17), thus neglecting the second integral. Furthermore, the char-
acteristic integral term over the Green function is evaluated analytically. For the case
of an imperfectly conducting ground the appropriate analytical integration of the first
integral on the right hand side of (2.17) gives [25]

∫ L

0
g
(
x, x′) dx′ = ψ = 2

(
ln

L

a
− Γ MIT

ref ln
L

2d

)
, (2.18)

where reflection coefficient is given with (2.9).
After performing some mathematical manipulations, the analytical solution (2.1)

can be obtained in the closed form and is given by

I (x, ω) = 4πej
a
v ω

jωμΨ (ω)
Eexc
x (ω)

[
1 − cosh

(
γ
(
L
2 − x

))
cosh

(
γ L

2

)
]

. (2.19)

Figures 2.2 and 2.3 are related to horizontal wire of length L, radius a = 0.01 m,
buried at depth d = 2.5 m in a lossy ground and illuminated by the plane wave of nor-
mal incidence transmitted into the ground with amplitudeE0 = 1 V/m at the interface
between two media. Absolute value of spatial current distribution for lines L = 5 m
and L = 10 m. The operating frequency of f = 50 MHz is shown. The conductivity

Fig. 2.2 Absolute value of
current distribution along the
single wire buried in a
ground, L = 5 m
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Fig. 2.3 Absolute value of
current distribution along the
single wire buried in a
ground, L = 10 m

of the ground is σ = 0.01 S/m and permittivity is εr = 10. The agreement between
results obtained via different methods (analytical and numerical) is satisfactory.

2.3.2 Horizontal Grounding Electrode

When horizontal grounding electrode is considered, (2.1) can be written as a homo-
geneous equation, since source function is incorporated through the boundary con-
dition [20]

− 1

j4πωεeff

(
∂2

∂x2
− γ 2

)∫ L

0
I
(
x′) g (x, x′) dx′ = 0. (2.20)

Now, the similar approach as in the case of horizontal wire can be adopted
and (2.20) can be written as

− 1

j4πωεeff

(
∂2

∂x2
− γ 2

)
I (x)

∫ L

0
g
(
x, x′) dx′ = 0. (2.21)

Integral in (2.21) can be readily calculated as given in [20]

∫ L

0
g
(
x, x′) dx′ = 2

(
ln

L

a
− Γref ln

L

2d

)
= Ψ. (2.22)

Now, the homogeneous Pocklington equation (2.21) simplifies into

(
∂2

∂x2
− γ 2

)
I (x) = 0. (2.23)

Equation (2.23) is readily solved and the solution is given with

I (x) = Ig
sinh

[
γ (L − x)

]
sinh (γL)

. (2.24)
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The expression for scattered voltage can be obtained substituting (2.24) into (2.10),
which yields

V sct (x) = γ Ig
j4πωεeff sinh (γL)

∫ L

0
cosh

[
γ (L − x)

]
g
(
x, x′) dx′. (2.25)

Integral in (2.25) is computed by means of standard numerical integration.
In Fig. 2.4, the current distribution along the electrode L = 10 m, buried at d =

0.3 m, with ground properties σ = 0.01 S/m and εr = 10 at the operating frequency
f = 10 MHz. The waveforms obtained via different approaches are very similar.

Figure 2.5 shows the results for transient impedance of an electrode of L = 10 m,
buried in a ground of conductivity σ = 1 mS/m for 1/10μs lightning pulse. It can be
seen that the agreement between analytical and numerical results is very good, except
for the early time response where discrepancy of around 10 % can be observed.

Fig. 2.4 Absolute value of a
current distribution along the
horizontal electrode

Fig. 2.5 Transient
impedance of the grounding
electrode
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2.4 Time Domain Applications of Analytical Methods

2.4.1 Horizontal Wire Below Ground

To obtain analytical solution of (2.11), the integral operator is simplified, using
addition and subtraction technique

∫ L

0
I

(
x′, t − R

v

)
e− 1

τg
R
v

R
dx′ = I

(
x, t − a

v

) ∫ L

0

e− 1
τg

R
v

R
dx′. (2.26)

This approximation has proven to be valid in papers by Tijhuis et al. [4, 24]. Next
step in solving the differential equation (2.11) is to apply the Laplace transform and
obtain the following equation

(μεs + μσ)Etr
x (s) = − μ

4π

(
∂2

∂x2
− μσ s − μεs2

)
·

·I (x, s) e− a
v s

⎡
⎣∫ L

0

e− 1
τg

R
v

R
dx′ − Γ MIT

ref (s)
∫ L

0

e− 1
τg

R∗
v

R∗ dx′
⎤
⎦ . (2.27)

Integrals in (2.27) can be solved analytically as follows [25]

Ψ (s) =
∫ L

0

e− 1
τg

R
v

R
dx′ − Γ MIT

ref (s)
∫ L

0

e− 1
τg

R∗
v

R∗ dx′= 2

(
ln

L

a
+ sτ1 + 1

sτ2 + 1
ln

L

2d

)
.

(2.28)
Now, relation (2.27) can be written as

∂2I (x, s)

∂x2
− γ 2I (x, s) = − 4π

μsΨ (s)
e

a
v sγ 2Etr

x (s) . (2.29)

The solution of (2.29) can be readily obtained, prescribing the boundary conditions
at the wire ends

I (0, s) = 0,

I (L, s) = 0. (2.30)

The solution of (2.29) is written as

I (x, s) = 4πe
a
v s

μsΨ (s)
Etr
x (s)

[
1 − cosh

(
γ
(
L
2 − x

))
cosh

(
γ L

2

)
]

. (2.31)
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To obtain the solution for the current distribution in time domain, inverse Laplace
transform has to be performed featuring the Cauchy residue theorem [19]

f (t) = lim
y→∞

1

j2π

∫ x+jy

x−jy
etsF (s) ds =

n∑
k=1

Res (sk) . (2.32)

Calculating all the residues of the function (2.31) and undertaking the inverse
transform as in (2.32), the following expression is obtained

I (x, t) = 4π

μ

⎧⎨
⎩
R (sΨ )

[
1 − cosh(γΨ ( L

2 −x))
cosh(γΨ

L
2 )

]
e(t+

a
v )sΨ −

− π
μεL2

∑∞
n=1

2n−1

±
√

b2−4cns1,2nΨ(s1,2n)
sin (2n−1)πx

L e(t+
a
v )s1,2n

⎫⎬
⎭ , (2.33)

where coefficients R (sΨ ) and sΨ represent physical properties of the system

R (sΨ ) = 1

2 ln L
2d

sΨ
sΨ τ2+1

(
τ1 − τ2

sΨ τ1+1
sΨ τ2+1

) , sΨ = − ln L
a + ln L

2d

τ1 ln L
a + τ2 ln L

2d

. (2.34)

Furthermore, other coefficients in relation (2.33) are given as follows

γΨ =
√

με
(
s2
Ψ + bsΨ

)
,

s1,2n = 1

2

(
−b ±

√
b2 − 4cn

)
,

b = σ

ε
, cn = (2n − 1)2 π2

μεL2
, n = 1, 2, 3, ... . (2.35)

Expression (2.33) represents the space-time distribution of the current along the
straight wire buried in a lossy medium excited by an impulse excitation.

Furthermore, the response to an arbitrary excitation can be obtained performing
the corresponding convolution. The excitation function is plane wave in the form of
double exponential electromagnetic pulse tangential to the wire [16]

Ex (t) = E0
(
e−αt − e−βt

)
. (2.36)

In Fig. 2.6, transient current at the center of the straight wire with L = 1 m, d =
30 cm, σ = 10 mS/m is shown. Relatively good agreement between the results is
achieved for a short wire and higher conductivity of a medium.

Figure 2.7 shows the transient current induced at the center of straight longer wires
buried in a lossy medium with σ = 1 mS/m. For a 10 m–long wire the agreement
between the results is rather satisfactorily.
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Fig. 2.6 Transient current at
the center of the straight
wire, L = 1 m, d = 30 cm,
σ = 10 m S/m
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Fig. 2.7 Transient current at
the center of the straight
wire, L = 10 m, d = 4 m,
σ = 1 m S/m

2.4.2 Horizontal Grounding Electrode

Homogeneous variant of integro-differential equation (2.11), representing the gov-
erning equation for grounding electrode can be solved analytically, as it has been
reported recently by the authors in [22]. The governing equation (2.11) is simplified
using (2.26). Now (2.11) can be written as follows

∂2I (x, s)

∂x2
− γ 2I (x, s) = 0. (2.37)
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Prescribing the boundary conditions at the wire ends

I (0, s) = Ig (s) ,

I (L, s) = 0, (2.38)

the solution of (2.37) is readily obtained in the form

I (x, s) = Ig (s)
sinh

[
γ (L − x)

]
sinh (γL)

. (2.39)

To obtain the solution for the current distribution in the time domain, inverse
Laplace transform is performed and Cauchy residue theorem is applied [19] using
(2.32). Having determined the residues of (2.39), the time domain counterpart is
given

I (x, t) = 2π

μεL2

∞∑
n=1

(−1)n−1 n

±√b2 − 4cn
sin

nπ (L − x)

L
ets1,2n , (2.40)

where corresponding coefficients are

s1,2n = 1

2

(
−b ±

√
b2 − 4cn

)
,

b = σ

ε
, cn = n2π2

μεL2
, n = 1, 2, 3, ... . (2.41)

Equation (2.40) represents an analytical expression for the space-time distribution
of the current flowing along the grounding electrode excited by an equivalent current
source in the form of the Dirac pulse. On the other hand, one of the functions most
frequently used to represent the lightning current is the double exponential pulse,
given with [13]

Ig (t) = I0
(
e−αt − e−βt

)
. (2.42)

Analytical convolution is undertaken with (2.40) and (2.42), to obtain the expres-
sion for the current flowing along the electrode

I (x, t) = 2π I0
μεL2

∞∑
n=1

(−1)n−1 n

±√b2 − 4cn
sin

nπ (L − x)

L
·

·
(
es1,2nt − e−αt

s1,2n + α
− es1,2nt − e−βt

s1,2n + β

)
. (2.43)
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Fig. 2.8 Transient current at
the center of the grounding
electrode, 0.1/1μs pulse
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Fig. 2.9 Transient current at
the center of the grounding
electrode, 1/10μs pulse
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Equation (2.43) represents the expression for the space-time distribution of the
current flowing along the electrode due to a double exponential current source exci-
tation.

Analytical results for the transient current induced at the center of the electrode
are calculated with (2.43) and are compared to the results obtained via numerical
approach. The results shown in Fig. 2.8 are calculated for the grounding electrode
with L = 10 m, buried in a lossy ground with the conductivity σ = 1 mS/m. The
agreement between the results is very good.

The results shown in Fig. 2.9 are related to calculations performed for electric
properties of the ground σ = 0.833 mS/m and εr = 9. It is worth emphasizing that
low ground conductivity is considered. The electrode is buried at depth d = 0.5 m.
Length of the grounding electrode is L = 200 m. The agreement between analytical
and numerical results for the current induced at the center of the electrodes is very
good, especially for the longer electrode.
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2.5 Some Analytical Solutions to the Grad–Shafranov
Equation

Grad–Shafranov equation describing the plasma equilibrium is given as [28]

∂2ψ

∂r2
− 1

r

∂ψ

∂r
+ ∂2ψ

∂z2
= −f

df

dψ
− μ0r

2 dP

dψ
. (2.44)

Various analytical solutions of GSE have been derived so far [6]. The analytical
solutions are essential in describing various parameters that are involved in real
tokamak scenarios as they are well suited for benchmarking various numerical codes.
In this section, four different analytical solutions will be presented, with a short
overview of their derivation as well as the emphasis to their applications.

2.5.1 Solution of the Homogeneous Equation

In order to obtain any solution corresponding to the realistic source functions that
appear on the right-hand side of (2.44), it is necessary to define possible solutions of
the homogeneous equation given by

∂2ψ

∂r2
− 1

r

∂ψ

∂r
+ ∂2ψ

∂z2
= 0. (2.45)

Solution of (2.45) can be obtained by variable separation and is given with

ψ0 (r, z) = (c1rJ1 (kr) + c2rY1 (kr))
(
c3e

kz + c4e
−kz
)
. (2.46)

On the other hand, the solutions can also be based on the series expansion [28]

ψ0 =
∑

n=0,2,...

fn (r) zn. (2.47)

One of the possible solutions satisfying these conditions and suitable for further
implementation is [28]

ψ0 (r, z) = c1 + c2r
2 + c3

(
r4 − 4r2z2

)+ c4
(
r2 ln r − z2

)
. (2.48)
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2.5.2 The Solov’ev Equilibrium

The Solov’ev equilibrium is the simplest usable solution to the inhomogeneous
GSE [6]. It has been widely used in studies of plasma equilibrium, transport and
MHD stability analysis.

The source functions in Solov’ev equilibrium are linear in ψ and are given as [2]

P (ψ) = A

μ0
ψ, f 2 (ψ) = 2Bψ + F2

0 , (2.49)

with the corresponding solution

ψ (r, z) = ψ0 (r, z) − A

8
r4 − B

2
z2. (2.50)

Wide variety of plasma shapes can be generated using (2.50). However, the current
profile of this solution is restricted, since implementation of A and B allow choosing
only two plasma parameters.

2.5.3 The Herrnegger–Maschke Solutions

The solution to the GSE for a parabolic source functions was reported in [6]

P (ψ) = C

2μ0
ψ2, f 2 (ψ) = Dψ2 + F2

0 . (2.51)

The solution of (2.51) can be given in the form of Coulomb wave functions as [2]

ψ = α (F0 (η, x) + γG0 (η, x)) cos (kz) . (2.52)

As is the case for the Solov’ev equilibrium, the Herrnegger–Maschke solutions
have only two free parameters, namely C and D, which allow independent specifi-
cation of plasma current and pressure ratio.

2.5.4 Mc Carthy’s Solution

Innovative source functions were introduced by Mc Carthy in [6]. These source
functions are dissimilar in their nature and describes a linear dependence of pressure
and quadratic dependence of the current profile
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P (ψ) = S

μ0
ψ, f 2 (ψ) = Tψ2 + 2Uψ + F2

0 . (2.53)

Equation (2.53) can be solved by the separation of variables where the following
equations are obtained

∂2H (z)

∂z2
+ k2H (z) = 0, (2.54)

∂2G (r)

∂r2
− 1

r

∂G (r)

∂r
− (k2 − T

)
G (r) = 0. (2.55)

The solution for H (z) is readily obtained as

H (z) = c1e
jkz + c2e

−jkz, (2.56)

while the solution of (2.55) is given with

G (r) = rB1 (ar) , (2.57)

where B1 denotes the family of Bessel functions and parameter a satisfies the equa-
tion [6]

a2 = ± (T − k2
)
. (2.58)

More mathematical details on these families can be found in [6].
To obtain exact solution of (2.56) and (2.57) for various real scenarios, the numer-

ical solution of the free boundary problem (with a conventional equilibrium solver)
and subsequent projection of the numerically obtained solution onto the exact solu-
tions via a least squares fitting procedure is implemented [6]. The obtained solution
can be written in the form

ψ = c1 + c2r
2 + rJ1 (pr) (c3 + c4z) + c5 cos pz + c6 sin pz +
+r2 (c7 cos pz + c8 sin pz) + c9 cos p

√
r2 + z2 +

+c10 sin p
√
r2 + z2 + rJ1 (vr) (c11 cos qz + c12 sin qz) +

+rJ1 (qr) (c13 cos vz + c14 sin vz) +
+rY1 (vr) (c15 cos qz + c16 sin qz) +

+rY1 (qr) (c17 cos vz + c18 sin vz) , (2.59)

where corresponding vector of coefficients ci can be found in [6].
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Fig. 2.10 Exact GSE
solution for ASDEX
Upgrade discharge # 10 958,
t = 5.20 s

2.5.5 Computational Example

Computational example depicted in Fig. 2.10 corresponds to the results for
tokamak equilibrium obtained using analytical solution (2.59). The highest value
for the poloidal magnetic flux ψmax = 1.4 Tm2 is observed at the center of tokamak
plasma, as it is expected, while the final contour (called separatrix) defines the area
where the value of the magnetic flux is equal to zero.

2.6 Concluding Remarks

In the paper, some analytical methods for solving various integro-differential equa-
tionss in electromagnetic compatibility have been reviewed. Of particular interest
are thin wire configurations buried in a lossy medium. Both frequency and time
domain solutions are considered. Solutions in the frequency domain are obtained by
performing certain mathematical manipulations with the unknown current function.
On the other hand, solutions in the time domain are carried out using the Laplace
transform and Cauchy residue theorem. The trade-off between the presented methods
is given in this review paper, as well. Obtained analytical results are compared to
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those calculated by means of various numerical solutions, where applicable. Finally,
an overview of well-established and widely used analytical solutions of the Grad–
Shafranov equation is given and discussed.
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