
2Randomization

Now that we have established some basic ideas about online algorithms and compet-
itive analysis, we introduce the concept of randomized online computation. Here,
we basically allow an online algorithm to “flip a coin” from time to time and to
continue its computation based on the outcome. The algorithms we studied so far
were deterministic; this means that their actions were completely determined by the
instance they were given. To distinguish these two different kinds of algorithms, we
will now speak of deterministic online algorithms and randomized online algorithms.
The output computed by a randomized online algorithm is not fully determined by
the instance anymore, but there are different possible outputs, and therefore also
different output qualities, when dealing with the same input. For a fixed input, we
thus study the expected quality of a given randomized online algorithm. We again
study worst-case inputs that are constructed by an adversary; the adversary model
we use is called an oblivious adversary. Such an adversary is weak in the sense that
it does not have any information about the random decisions made by the online
algorithm.

We start by formally defining this model, and then continue by making some
important observations on how to think about these algorithms. After that, we
study randomized online algorithms for paging. An important result is that we can
obtain an output that is exponentially better (in expectation) when computing using
randomness instead of computing deterministically. Next, we learn a very central
technique, known as Yao’s principle, that allows us to prove lower bounds on the
solution quality of randomized online algorithms by arguing about deterministic ones.
First, we prove the statement for the special case where we have both a finite number
of “coin tosses” and a finite class of instances; then, we generalize the results for an
infinite setting. After that, we elaborate some interesting connections between online
algorithms and two-person zero-sum games. Using what we have learned so far, we
show a lower bound on the solution quality of randomized online algorithms for paging
that asymptotically matches the preceding upper bound. Furthermore, as we are
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Chapter 2. Randomization

particularly interested in the number of random bits a randomized online algorithm
has to use, we study so-called barely random algorithms, that is, algorithms that only
use a constant number of random bits to create their output, independent of the
input length. Last, we investigate deterministic and randomized online algorithms
for a very generic online minimization problem that is encountered in many practical
situations, namely the famous ski rental problem.

2.1 Introduction
The results of the previous chapter foreshadow the dilemma we are facing when com-
puting online and considering worst-case instances; deterministic online algorithms
may perform very poorly. Also, we have seen a possible way out by giving algorithms
more power, for instance, by allowing resource augmentation or lookahead. However,
for the latter idea, it turned out that it does not really help for paging with respect
to competitive analysis. Of course, one might ask how realistic it is to perform
such a worst-case analysis the way we do, or whether it is not sufficient to design
algorithms that perform well for most instances. However, we want guarantees in
the following sense. Our worst-case instances may seem artificial from a practical
point of view, but maybe they are actually very natural for certain environments. In
such a situation, there may exist a few hard inputs that always cause a given online
algorithm to fail, although it performs a lot better on all other instances. The way
we measure the solution quality of algorithms, such an algorithm is considered bad.
In other words, we do not want that there are some instances of the given problem
that always cause an online algorithm to perform poorly; even if our feeling is that
these inputs do not occur very often.

However, in a randomized setting, it is acceptable if we design online algorithms for
which we can guarantee that, for every given input, they perform well “on average.”
With this in mind, we use the following approach to enable online algorithms to
obtain a higher output quality, that is, to overcome the drawback of not knowing
the future, at least to some extent. We allow the online algorithm at hand to base
its computations on randomness. So far, the output of a fixed algorithm was fully
determined by its strategy and the input, which is why we call such algorithms
deterministic online algorithms. We may think of randomized online algorithms as
online algorithms that toss a coin from time to time and use the outcome of this
coin flip to produce the output.

Formally, we need to introduce a random source which the algorithm may use;
we neglect the potential difficulties of obtaining truly random numbers and simply
suppose we have access to “real” randomness. In accordance with the model of Turing
machines, we suppose that the random bits are read from a tape in a sequential
manner. More precisely, the algorithm has access to a tape that is of unbounded
length and that has an infinite binary string 𝜓 written on it. Each bit of 𝜓 is either
1 or 0 with a probability of 1/2 each. Let us give a formal definition.
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2.1. Introduction

Definition 2.1 (Randomized Online Algorithm). Let Π be an online
problem and let 𝐼 = (𝑥1, 𝑥2, . . . , 𝑥𝑛) be an input of Π. A randomized on-
line algorithm Rand for Π computes the output Rand𝜓(𝐼) = (𝑦1, 𝑦2, . . . , 𝑦𝑛),
where 𝑦𝑖 depends on 𝜓, 𝑥1, 𝑥2, . . . , 𝑥𝑖 and 𝑦1, 𝑦2, . . . , 𝑦𝑖−1; 𝜓 denotes a binary
string, where every bit is chosen with probability 1/2 to be either 0 or 1, and
each choice is independent of all other bits.

So the output created by randomized online algorithms does not simply depend
on the input, but also on 𝜓. In other words, for a fixed randomized online algorithm
and a fixed input, there may be different outputs. Of course, this needs to be
reflected in the way we measure the solution quality of such an algorithm and we
cannot simply apply Definition 1.6. To this end, cost(Rand(𝐼)) (gain(Rand(𝐼)),
respectively) is now a random variable that corresponds to the cost (gain, respectively)
of Rand on 𝐼. We measure the solution quality of a randomized online algorithm by
comparing its expected cost (expected gain, respectively), that is, E[cost(Rand(𝐼))]
(E[gain(Rand(𝐼))], respectively), to that of an optimal offline solution for 𝐼. It is
important to note that the optimal cost (gain, respectively) is a fixed value and not
a random variable in this setting. Also, we are still interested in worst-case analysis
when it comes to the input. This means that we do not consider a probability
distribution over the inputs, but over contents of the random tape 𝜓. A randomized
online algorithm is consistent for an online problem if it computes a feasible solution
for every 𝜓 and every input. In the remainder of this book, we omit 𝜓 for the sake
of an easier notation. These ideas are formalized in the following definition.

Definition 2.2 (Expected Competitive Ratio). Let Π be an online prob-
lem, let Rand be a consistent randomized online algorithm for Π, and let Opt
be an optimal offline algorithm for Π. For 𝑐 ≥ 1, Rand is 𝑐-competitive in
expectation for Π if there is a non-negative constant 𝛼 such that, for every
instance 𝐼 ∈ ℐ,

gain(Opt(𝐼)) ≤ 𝑐 · E[gain(Rand(𝐼))] + 𝛼

if Π is a maximization problem, or

E[cost(Rand(𝐼))] ≤ 𝑐 · cost(Opt(𝐼)) + 𝛼

if Π is a minimization problem. If these inequalities hold with 𝛼 = 0, we call
Rand strictly 𝑐-competitive in expectation. The expected competitive ratio of
Rand is defined as

𝑐Rand := inf{𝑐 ≥ 1 | Rand is 𝑐-competitive in expectation for Π} .

If the expected competitive ratio of Rand is constant and the best that is
achievable, we call Rand strongly 𝑐Rand-competitive in expectation.
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Chapter 2. Randomization

When proving lower bounds on the non-strict expected competitive ratio of some
competitive randomized online algorithm, we can proceed analogously to deterministic
online algorithms, that is, as we did in Theorems 1.2 and 1.3. More precisely, we
again construct a set ℐ = {𝐼1, 𝐼2, . . .} of instances and make sure that

lim
𝑖→∞

cost(Opt(𝐼𝑖)) = ∞

when dealing with a minimization problem, and

lim
𝑖→∞

gain(Opt(𝐼𝑖)) = ∞

when speaking about a maximization problem. All the other remarks we made in
Section 1.2 about 𝛼 can also be immediately transferred to the randomized setting.

For sure, one can easily think of alternative approaches to measure the solution
quality of a randomized online algorithm; for instance, we could look at the com-
petitive ratio that is achieved with some certain probability (which we will do in
Section 2.7). Asking for an online algorithm to perform well in expectation is justified
by the following reasoning.

• As mentioned above, if we consider a deterministic online algorithm Alg to
be bad, there are infinitely many inputs for which Alg always produces some
output of low quality, for instance, with large cost, compared to an optimal
solution.

• For a good randomized online algorithm Rand, we require that it performs
well on average. It may very well be the case that Rand produces a bad
output for some instances, but only for some random decisions it makes. If the
expected competitive ratio is small, however, we may hope that this does not
happen too often for a fixed instance, or, if it does happen often, that Rand
performs very well for the remaining random decisions. Thus, there are no
hard instances that always cause Rand to fail, but, on each instance, Rand
only fails sometimes. Of course, this “sometimes” comes in different flavors.

Similarly to deterministic online algorithms, we introduce an adversary that
constructs the input in a malicious way. In accordance with the two points above,
this adversary does not foresee the random decisions that are made by the algorithm;
such an adversary is called an oblivious adversary. It knows all deterministic steps
a given randomized online algorithm Rand makes. Thus, the adversary is aware
of when Rand reads random bits, how many of them are used, and what is done
depending on their values; but it has no clue about what these values will be. In
the deterministic setting, we could think of the adversary as preparing the input
in advance or as “reacting” to the algorithm’s concrete answers. Here, we have to
be more careful, because the adversary is not allowed to base the requests on the
answers of the randomized online algorithm as they may depend on the values of
the random bits; thus, the input has to be constructed in advance.
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Three′
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Figure 2.1. The randomized online algorithm Three′.

A very important point which we need to consider when studying randomized
online algorithms is the number of random decisions they make. An immediate
problem is that we cannot always give an upper bound on the number of random
bits used with absolute certainty. As an example, consider the simple randomized
online algorithm Three that does not get any input and only picks a number
1, 2, or 3 uniformly at random, that is, each with probability 1/3. How do we
achieve this? Well, as Three is a randomized online algorithm, it may read two bits
from its random tape and simply map the outcome to “1,” “2,” or “3.” Thus, as a
straightforward implementation, Three outputs

0 0 . . . → “1,” 0 1 . . . → “2,” and 1 0 . . . → “3”

and all these decisions are made with probability 1/4 as the bits on Three’s random
tape are 0 or 1 with probability 1/2 each. Obviously, this is not sufficient, because
every outcome is supposed to have a probability of 1/3. In other words, what do we
do if the two random bits are both 1? Clearly, we cannot map this event to any of
the three outputs; actually, there only seems to be one meaningful option. If this
case occurs, we read the next two bits from the random tape and follow the same
strategy as above.

Then, however, the outcome might again be that both bits are 1. In this case,
Three has to read another two bits, which happens with probability 1/16, and so
on. In general, the probability that we still do not have a result after 𝑛 tries is 1/4𝑛,
which means that it tends to 0 exponentially fast; still, this does not suffice to say
that Three terminates with absolute certainty after 𝑛 tries.

As a matter of fact, it is easy to see that we can never give any guarantee in such
a case. For a contradiction, suppose there is a natural number 𝑛′ such that there is
a randomized algorithm Three′ that uses 𝑛′ random bits and outputs “1,” “2,” or
“3” uniformly at random and with absolute certainty. Three′ also does not get any
input and therefore its behavior is fully determined by the values of the first 𝑛′ bits
on its random tape. This means that Three′ may act in at most 2𝑛′ ways. If there
are three outcomes and each is supposed to be chosen with the same probability, it
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Chapter 2. Randomization

must be possible to distribute these outputs evenly among the 2𝑛′ possible values of
the random string. Clearly, this is not possible as no power of two is divisible by 3;
this idea is sketched in Figure 2.1.

As we will see in Exercise 2.1, it also does not help to increase the alphabet size
of the random tape of Three′ as we would run into the same problems. So if we
want to be really exact, we even need to model such a simple randomized algorithm
as Three′ as an infinitely branching tree, because, as Figure 2.1 suggests, if we only
have a finite number of leaves, we cannot label them accurately.

Exercise 2.1. Suppose we change the model of randomized online algorithms such that
the random tape does not contain bits, but symbols from an alphabet Σ with |Σ| = 𝜎.
Prove a result similar to the one for Three′.

This behavior contradicts our notion as computer scientists of algorithms. As
mentioned before, algorithms are those Turing machines that always halt, but here
we are dealing with algorithms for which we cannot guarantee that they do. A
possible way to cope with this problem is to analyze how many random bits we
need in expectation; then we can apply Markov’s inequality to derive a bound on
the probability of taking 𝑡 times as long, which is 1/𝑡. We can thus bound the
number of random bits from above such that the probability that the considered
randomized online algorithm uses more bits is very small. Then we will ignore this
last uncertainty in a similar way that we ignore the probability of some hardware
error during computation. Alternatively, we might be satisfied if the probabilities
deviate very slightly from the ideal ones we assume theoretically. In what follows,
we therefore assume that every randomized online algorithm that reads a finite input
only uses a finite number of random bits.

To prove both lower and upper bounds on the expected competitive ratio of
randomized online algorithms, we will often take the following point of view. Let
𝑏 : N → N be a function that gives the maximum number of random binary decisions
(figuratively speaking, the “coin tosses”) of some given randomized online algorithm
Rand for a given input length. As we have just discussed, for any natural number
𝑛, 𝑏(𝑛) is well defined, that is, 𝑏(𝑛) is some natural number as well. Therefore, we
may say that Rand behaves in at most 2𝑏(𝑛) different ways when reading some fixed
input of length 𝑛. If we know Rand, we can compute 𝑏(𝑛) for every 𝑛. Furthermore,
for every given instance of length 𝑛, we can simply simulate Rand for every possible
random string of length 𝑏(𝑛), and thus study the behavior of the deterministic online
algorithms we get as a consequence. The following observation is based on this
idea and allows us to treat a randomized online algorithm as a set of deterministic
algorithms.
Observation 2.1. Every randomized online algorithm Rand that uses at most
𝑏(𝑛) random bits for inputs of length 𝑛 can be viewed as a set strat(Rand, 𝑛) =
{𝐴1, 𝐴2, . . . , 𝐴ℓ(𝑛)} of ℓ(𝑛) ≤ 2𝑏(𝑛) (not necessarily distinct) deterministic online
algorithms on inputs of length 𝑛, from which Rand randomly chooses one.
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Figure 2.2. Schematic view of a randomized algorithm.

This point of view is shown schematically in Figure 2.2. To emphasize the context,
we always write the names of deterministic strategies from the set strat(Rand, 𝑛)
in italic letters. The probability distribution, on which Rand is based, is arbitrary;
however, it must be possible to implement it with 𝑏(𝑛) random bits. We make
another observation to again allow for an easier analysis. To this end, we note that
every deterministic strategy is chosen with a probability that is a multiple of 1/2𝑏(𝑛).
Now let 𝑎 ∈ {1, 2, . . . , 2𝑏(𝑛)}; instead of choosing a deterministic algorithm with a
probability of 𝑎/2𝑏(𝑛), we can just choose 𝑎 identical deterministic algorithms with a
probability of 1/2𝑏(𝑛) each. This leads to the following observation.

Observation 2.2. Every randomized online algorithm Rand that uses at most
𝑏(𝑛) random bits for inputs of length 𝑛 can be viewed as a set strat(Rand, 𝑛) =
{𝐴1, 𝐴2, . . . , 𝐴2𝑏(𝑛)} of 2𝑏(𝑛) (not necessarily distinct) deterministic online algorithms
on inputs of length 𝑛, from which Rand chooses one uniformly at random with
probability 1/2𝑏(𝑛).

Exercise 2.2. In Observation 2.2, we speak about “at most 𝑏(𝑛) random bits.” But this
means that the randomized online algorithm Rand may also use fewer bits. Don’t we have
to incorporate this fact? If so, the behavior of Rand can be different for all binary strings
up to a length of 𝑏(𝑛). As a consequence, there would be

𝑏(𝑛)∑︁
𝑖=0

2𝑖 = 2𝑏(𝑛)+1 − 1

possibilities and not just 2𝑏(𝑛). Argue why our reasoning is nevertheless correct, and why it
is wrong to treat Rand as a set of 2𝑏(𝑛)+1 − 1 deterministic algorithms.

Note that the point of view taken in Observations 2.1 and 2.2 is somewhat easier
to see when speaking about offline algorithms instead of online algorithms. If we
use the model of Turing machines, we can just modify a given randomized Turing
machine RTM to another randomized Turing machine RTM′ in the following way.
At the very beginning, RTM′ computes 𝑏(𝑛) and copies 𝑏(𝑛) bits from its random
tape to an additional working tape. After that, RTM′ works exactly like RTM while
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using its working tape the same way as RTM uses its random tape whereas RTM′

does not access its random tape anymore. In this case, no action was taken before
the random bits were copied, and clearly a deterministic strategy is drawn randomly
from a set of deterministic strategies.1 For online algorithms, we cannot use such
a constructive argument since the algorithm itself simply cannot compute 𝑏(𝑛) at
the beginning (because 𝑛 is not known in advance). However, we can compute
this number when analyzing the algorithm, and this is all that is needed in this
case. Moreover, there are randomized algorithms that make a constant number
(with respect to the input length) of random decisions (so-called barely random
algorithms, which we will consider shortly). These algorithms can indeed read all
random bits before starting the computation. For such a randomized algorithm
Rand that reads at most 𝑏 random bits, we simply define the set of deterministic
strategies by strat(Rand) = {𝐴1, 𝐴2, . . . , 𝐴2𝑏}.

Before we proceed to design randomized online algorithms for the paging problem,
let us make some general statements. In Definition 2.2, we did not speak about
optimal randomized online algorithms. In principle, there does not seem to be any
immediate reason why we did not. So this would be a randomized online algorithm
that, for every choice of random bits, produces an optimal solution for every input.
However, if such an algorithm exists, we can immediately make an even stronger
statement.

Theorem 2.1. If, for some online problem Π, there is an optimal randomized online
algorithm, then there also is an optimal deterministic online algorithm for Π.

Proof. Suppose that Rand is an optimal randomized online for Π. Now suppose
we simply design a deterministic online algorithm Alg that, whenever Rand reads
a bit from its random tape, assumes that this bit is, without loss of generality, 1.
Since Rand is optimal, it also has to be optimal in this (admittedly rather unlikely)
case of “random” choices. Therefore, Alg is also optimal; moreover, we note that,
for any fixed input length 𝑛, Alg is one of the strategies in strat(Rand, 𝑛). �

As a consequence, if we show that there is no optimal deterministic online algorithm
for some online problem, we can conclude that there also is no optimal randomized one.
It is very important to note that the above argument only holds for optimality, and
that there is no analogous argument for 1-competitive randomized online algorithms.

Example 2.1. Consider the following online minimization problem, for which we
have an almost optimal randomized online algorithm, but for which any deterministic
online algorithm is very bad. Let 𝜀 > 0 be arbitrary but fixed such that 1/𝜀 ∈ N+.
The input 𝐼 = (𝑥1, 𝑥2, . . . , 𝑥𝑛) starts with a request 𝑥1 = 𝑛, where 𝑛 is a multiple of
1/𝜀, and we have 𝑛 ≫ 1/𝜀. Every online algorithm has to give an answer 𝑦1 when
reading 𝑥1 such that 1 ≤ 𝑦1 ≤ 𝑛. The second request is 𝑥2 with 1 ≤ 𝑥2 ≤ 𝑛. If
1Note that computing 𝑏(𝑛) may increase the running time. Another issue is that such a construction
does not necessarily work if the memory RTM uses is bounded.
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𝑦1 = 𝑥2, the algorithm has to pay a penalty of 1 in time step 𝑇2 and every subsequent
time step that is a multiple of 1/𝜀, independent of its further answers. If, however,
𝑦1 ̸= 𝑥2, the algorithm only pays 1 in total. Therefore, Opt always has cost 1; both
the cost and the competitive ratio of any deterministic online algorithm are exactly
𝜀𝑛.

Conversely, we can easily design a randomized online algorithm Rand that gives
an answer 𝑦1 with 1 ≤ 𝑦1 ≤ 𝑛 after the first request uniformly at random, that is,
every value is given as an answer with probability 1/𝑛. The expected cost of Rand
is therefore

1
𝑛

· 𝜀𝑛+
(︂

1 − 1
𝑛

)︂
· 1 ≤ 1 + 𝜀 .

It directly follows that Rand is 1-competitive in expectation according to Defini-
tion 2.2 for 𝛼 = 𝜀. ♢

Of course, our argument only works because the input length 𝑛 is revealed to the
algorithm in the first time step.

Note that there is a natural restriction on how much randomization can help in
an online setting that we do not encounter in offline problems. When we deal with
randomized offline algorithms, we can make use of the principle of amplification. The
idea is to run a randomized algorithm multiple times on the same input to increase
the probability of obtaining a correct answer for some decision problem. Let us stick
to offline problems for a second and consider an easy example.

Example 2.2. In Section 1.1, we briefly discussed the decision problem of determin-
ing whether a given number is prime. The Solovay-Strassen algorithm SoSt answers
this question with “yes” or “no” as follows. If the input 𝐼 is prime, the correct
output “yes” is given with probability 1; if the input is composite, however, the
correct output is given with probability at least 1/2. This is, of course, unsatisfying.
If the output is “no,” 𝐼 must be composite; if the output is “yes,” however, it may
very well be the case that 𝐼 is also composite.

Then again, we have an additional promise, namely SoSt only gives the wrong
answer “yes” with a probability of at most 1/2 if 𝐼 is composite. Now suppose we
run SoSt 𝑡 times on the same input. The probability that 𝐼 is composite and “yes”
is still given as an answer all 𝑡 times is at most 1/2𝑡. On the other hand, if during
these 𝑡 runs, an answer “no” is observed once, we know that 𝐼 is composite.

Hence, a correct answer is given with probability at least 1 − 1/2𝑡 if 𝐼 is composite,
and with probability 1 if 𝐼 is prime. For any 𝜀 > 0, we can choose the number 𝑡 of
runs of SoSt such that

1 − 1
2𝑡 > 1 − 𝜀 .

To this end, it suffices to set

𝑡 :=
⌊︂

log2

(︂
1
𝜀

)︂⌋︂
+ 1
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to only allow an arbitrarily small (constant) error in the worst case. ♢

When dealing with approximation algorithms for optimization problems, there
is no simple “yes” or “no” and thus no right or wrong answer. Similarly to the
expected competitive ratio of online algorithms, here, the expected approximation
ratio is taken as a measurement. The nice thing is that through amplification a
statement about some solution quality that is obtained in expectation also allows
for a statement about which solution quality is obtained with an arbitrarily large
(constant) probability. Suppose we are given a randomized offline 𝑟-approximation
algorithm Rand for, say, a minimization problem Π. For any instance 𝐼 of Π, let
𝑑𝐼 := 𝑟 · cost(Opt(𝐼)) where Opt(𝐼) is an optimal solution for 𝐼. Then, we have

E[cost(Rand(𝐼))] ≤ 𝑑𝐼 ,

for every 𝐼. For any given 𝛿 > 0, we can bound the probability that Rand has a
cost that is a factor of 1 + 𝛿 larger than 𝑑𝐼 by

Pr[cost(Rand(𝐼)) ≥ (1 + 𝛿) · 𝑑𝐼 ] ≤ 1
1 + 𝛿

due to Markov’s inequality. If we again run Rand 𝑡 times and choose the solution
with minimum cost at the end, we can bound the probability that the result has a
cost that is at least (1 + 𝛿) · 𝑑𝐼 in all 𝑡 iterations by

Pr[cost(Rand(𝐼)) ≥ (1 + 𝛿) · 𝑑𝐼 in all 𝑡 tries] ≤
(︂

1
1 + 𝛿

)︂𝑡
,

and we note that this upper bound does not depend on 𝑑𝐼 . As in Example 2.2, we
can choose the number of runs 𝑡 of Rand such that

1 −
(︂

1
1 + 𝛿

)︂𝑡
> 1 − 𝜀 .

A possible value is

𝑡 :=
⌊︂

log 1
1+𝛿

(︂
1
𝜀

)︂⌋︂
+ 1 .

In online computation, the technique of amplification unfortunately cannot be
applied as online algorithms only have one shot to compute the output. Thus, a
plain statement about the expected competitive ratio cannot be used in general to
argue about the probabilities to compute a good or bad solution; for such statements
we have to take a closer look.

2.2 A Randomized Online Algorithm for Paging
So far, we have learned that deterministic online algorithms are 𝑘-competitive at
best for the paging problem. A general strategy to really obtain such a competitive
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ratio is that followed by marking algorithms. These algorithms only differ in the
way unmarked pages are replaced. In this section, we design a randomized marking
algorithm RMark, which follows this concept and replaces the unmarked pages
uniformly at random; the idea is shown in Algorithm 2.1.

mark all pages in the cache; // First page fault starts new phase
for every request 𝑥 do

if 𝑥 is in the cache
if 𝑥 is unmarked

mark 𝑥;
output “0”;

else
if there is no unmarked page

unmark all pages in the cache; // Start new phase
𝑝 := randomly chosen page among all unmarked cached pages;
remove 𝑝 and insert 𝑥 at the old position of 𝑝;
mark 𝑥;
output “𝑝”;

end

Algorithm 2.1. Randomized online algorithm RMark for paging.

Our hope is that no oblivious adversary can force RMark to create an output
that is too bad, because which pages reside in the cache at some given point in
time partly depends on random decisions. For any 𝑚 ∈ N+, let 𝐻𝑚 denote the 𝑚th
harmonic number, defined as

𝐻𝑚 := 1 + 1
2 + 1

3 + . . .+ 1
𝑚

=
𝑚∑︁
𝑖=1

1
𝑖
,

which we need to prove the following theorem.

Theorem 2.2. RMark is strictly 2𝐻𝑘-competitive in expectation for paging.

Proof. Let 𝐼 denote the given input, and let there be 𝑁 phases (defined by the
𝑘-phase partition by both RMark and Definition 1.8) in total. Note that the phases
only depend on 𝐼 and not on the random decisions of RMark. Recall that, before
the first request is processed, RMark marks all pages in its cache; thus, the first
page fault starts a new phase. For now, assume that all phases are complete.

Let us analyze a single phase 𝑃𝑗 with 1 ≤ 𝑗 ≤ 𝑁 . In this phase, exactly 𝑘
distinct pages are requested; without loss of generality, we assume that no page is
requested more than once during 𝑃𝑗 . We call all pages that are already in the cache
of RMark at the beginning of 𝑃𝑗 “old.” Conversely, pages that are not old and
that are requested during 𝑃𝑗 are called “new.” For every new page, an unmarked
old page is removed from the cache. Since new pages cause page faults anyway, it is
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certainly a best strategy for the adversary to first request new pages and then old
ones to increase the probability that some of the latter were removed before. Thus,
we assume such an adversary for our analysis. Let 𝑙𝑗 denote the number of new pages
that are requested during 𝑃𝑗 , leading to 𝑙𝑗 page faults made by RMark. Since 𝑃𝑗
is complete, after the first 𝑙𝑗 requests, there are 𝑘− 𝑙𝑗 unmarked old pages requested
during 𝑃𝑗 , and each one is in the cache of RMark with a certain probability.

Consider the request for the first old page. In total, there are 𝑘 unmarked old
pages, some of which are still in the cache and some of which are removed at this
point. More precisely, at the (𝑙𝑗 + 1)th time step of 𝑃𝑗 , in which the first old page is
requested, 𝑘 − 𝑙𝑗 old pages have not yet been removed. Therefore, the probability
that the page that is requested is still in the cache is

𝑘 − 𝑙𝑗
𝑘

.

After that, there are 𝑘 − 1 unmarked old pages and 𝑘 − 𝑙𝑗 − 1 unmarked old pages
that have not yet been removed from the cache. The probability that the page that
is requested in the (𝑙𝑗 + 2)th time step is still in the cache is therefore

𝑘 − 𝑙𝑗 − 1
𝑘 − 1 ,

and in general we get that the 𝑖th requested old page is still in the cache of RMark
with a probability of

𝑘 − 𝑙𝑗 − (𝑖− 1)
𝑘 − (𝑖− 1) .

Conversely, this page is not in the cache with a probability of

1 − 𝑘 − 𝑙𝑗 − (𝑖− 1)
𝑘 − (𝑖− 1) = 𝑙𝑗

𝑘 − (𝑖− 1) ,

which then also denotes the probability that RMark has cost 1 in the corresponding
time step. Together with the cost 𝑙𝑗 for the new pages which are requested at the
beginning of 𝑃𝑗 , we obtain a total expected cost for this phase of

𝑙𝑗 +
𝑘−𝑙𝑗∑︁
𝑖=1

𝑙𝑗
𝑘 − (𝑖− 1) = 𝑙𝑗 + 𝑙𝑗

(︂
1
𝑘

+ 1
𝑘 − 1 + . . .+ 1

𝑙𝑗 + 1

)︂
= 𝑙𝑗 + 𝑙𝑗

(︂
1
𝑘

+ 1
𝑘 − 1 + . . .+ 1⏟  ⏞  

𝐻𝑘

−
(︂

1
𝑙𝑗

+ 1
𝑙𝑗 − 1 + . . .+ 1⏟  ⏞  

𝐻𝑙𝑗

)︂)︂

= 𝑙𝑗(𝐻𝑘 −𝐻𝑙𝑗 + 1)
≤ 𝑙𝑗𝐻𝑘 .

(since 𝑙𝑗 ≥ 1 and thus 𝐻𝑙𝑗 ≥ 1 (every phase starts with a new page))
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Now let cost(RMark(𝑃𝑗)) denote a random variable that is equal to the cost of
RMark in phase 𝑃𝑗 . Due to linearity of expectation, the total cost of RMark is

E[cost(RMark(𝐼))] = E

⎡⎣ 𝑁∑︁
𝑗=1

cost(RMark(𝑃𝑗))

⎤⎦
=

𝑁∑︁
𝑗=1

E[cost(RMark(𝑃𝑗))]

≤
𝑁∑︁
𝑗=1

𝐻𝑘𝑙𝑗 .

Next, we need to compute a lower bound on the cost of an optimal algorithm Opt.
If we consider two consecutive phases 𝑃𝑗−1 and 𝑃𝑗 , at least 𝑘 + 𝑙𝑗 distinct pages
were requested. Hence, Opt has to make at least 𝑙𝑗 page faults in these two phases.
We can partition the phases in two different ways, either starting with phase 𝑃1 or
𝑃2, that is, we obtain

𝑃1, 𝑃2⏟  ⏞  
𝑙2 faults

, 𝑃3, 𝑃4⏟  ⏞  
𝑙4 faults

, 𝑃5, . . . or 𝑃1, 𝑃2, 𝑃3⏟  ⏞  
𝑙3 faults

, 𝑃4, 𝑃5⏟  ⏞  
𝑙5 faults

, . . . .

Moreover, note that Opt causes 𝑙1 page faults in 𝑃1 since both RMark and Opt
start with the same cache content. We get

cost(Opt(𝐼)) ≥
⌊𝑁/2⌋∑︁
𝑗=1

𝑙2𝑗 and cost(Opt(𝐼)) ≥
⌈𝑁/2⌉∑︁
𝑗=1

𝑙2𝑗−1

and therefore

cost(Opt(𝐼)) ≥ max

⎧⎨⎩
⌊𝑁/2⌋∑︁
𝑗=1

𝑙2𝑗 ,

⌈𝑁/2⌉∑︁
𝑗=1

𝑙2𝑗−1

⎫⎬⎭
≥ 1

2

⎛⎝⌊𝑁/2⌋∑︁
𝑗=1

𝑙2𝑗 +
⌈𝑁/2⌉∑︁
𝑗=1

𝑙2𝑗−1

⎞⎠
=

𝑁∑︁
𝑗=1

1
2 𝑙𝑗 .

Consequently, we obtain an upper bound on the strict expected competitive ratio
of RMark of

𝑁∑︁
𝑗=1

𝐻𝑘𝑙𝑗

⧸︃
𝑁∑︁
𝑗=1

1
2 𝑙𝑗 = 𝐻𝑘

𝑁∑︁
𝑗=1

𝑙𝑗

⧸︃
1
2

𝑁∑︁
𝑗=1

𝑙𝑗 = 2𝐻𝑘 .

43



Chapter 2. Randomization

𝑘

2𝐻𝑘

5 10 15 20 25

10

20

1
1

Cache size 𝑘

(E
xp

ec
te

d)
co

m
pe

ti
ti

ve
ra

ti
o

Figure 2.3. Comparison of the reachable competitive ratios of deterministic (solid) and
randomized (dotted) online algorithms for paging.

To finish the proof, let us discuss the case where the last phase 𝑃𝑁 is not complete.
This means that, during 𝑃𝑁 , there are 𝑙𝑁 ≥ 1 new pages requested and fewer than
𝑘 − 𝑙𝑁 old pages. For the lower bound on cost(Opt(𝐼)), nothing changes since it
only incorporates the new pages of 𝑃𝑁 . On the other hand, our upper bound on
cost(RMark(𝑃𝑁 )) decreases. �

To better understand how much randomization helps us for paging, we note that

𝐻𝑚 =
𝑚∑︁
𝑖=1

1
𝑖

≤ 1 +
∫︁ 𝑚

1

1
𝑖

d𝑖 = ln𝑚+ 1 ∈ 𝒪(log𝑚) .

To sum up, we showed that no deterministic online algorithm is better than
𝑘-competitive, but there is a randomized online algorithm, which is 𝒪(log 𝑘)-
competitive in expectation; see Figure 2.3. Hence, randomization allows for an
exponential improvement of the asymptotic output quality in expectation.

In Section 2.5, we will show that, asymptotically, this is the best we can hope for
when considering randomized online algorithms. However, before we show a lower
bound on the expected competitive ratio of any randomized online algorithm for
paging, we introduce a very general technique which often allows us to easily prove
such bounds.

2.3 Yao’s Principle
In this section, we study a connection between randomized and deterministic online
algorithms. More precisely, the theorems below allow us to derive lower bounds on
the expected competitive ratio of randomized online algorithms from bounds on the
solution quality of deterministic online algorithms. It is of course not sufficient to
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show that all deterministic strategies are bad for a given problem. In general, we
can prove such a claim using different worst-case instances. However, since these
deterministic algorithms may perform well for many other instances, there still might
be a “good” randomized online algorithm that chooses between them (basically, that
is the point of randomized computation). We have to show something stronger;
namely, we have to take into account all possible randomized online algorithms,
that is, all distributions over all deterministic online algorithms, and for any of
these distributions, we have to find a hard instance. Obviously, this can be very
challenging since we generally do not know anything about these distributions. Yao’s
principle offers a way to significantly simplify this task. It essentially says that it
is sufficient to show that, for a fixed probability distribution over some instances,
all deterministic strategies give bad results. Intuitively speaking, we will show that
we can use a distribution over instances to derive statements for distributions over
deterministic online strategies. Surprisingly, we are allowed to pick one distribution
over instances and obtain a bound on all distributions over deterministic algorithms.

2.3.1 Finite Problems
In this subsection, we take a first step by proving a restricted version of the claim;
more specifically, we assume that both the number of different instances of the given
problem Π and the number of different deterministic algorithms that are consistent
for Π are finite; we call such problems finite online problems. In this context, by
“deterministic algorithms” we mean generic algorithms; that is, two algorithms that
produce the same output for every instance are considered to be the same algorithm.
The adversary chooses the instances according to a probability distribution PrAdv
over a finite set ℐ of size 𝜇 of instances while the given randomized online algorithm
implements a probability distribution PrRand over strat(Rand). We denote the
expected values with respect to PrAdv or PrRand by EAdv or ERand, respectively.
To have a notation that is consistent with that for deterministic algorithms, we
write EAdv[cost(Alg(ℐ))] when we analyze the expected cost of Alg with respect to
PrAdv for online minimization problems; likewise, we write EAdv[gain(Alg(ℐ))] for
online maximization problems. Let 𝐴1, 𝐴2, . . . , 𝐴ℓ denote all deterministic strategies
that are consistent for Π; without loss of generality, we consider an online algorithm
Rand with strat(Rand) = {𝐴1, 𝐴2, . . . , 𝐴ℓ}.

Note that, since there is only a finite number of instances, any deterministic
online algorithm for Π is 1-competitive since we can choose the additive constant
𝛼 from Definition 1.6 such that it is equal to the worst possible cost (best possible
gain, respectively) over all algorithms and instances from ℐ; this has to be a fixed
constant (assuming that there are no infinite costs or gains, which is true for all
problems considered in this book). As a consequence, we will assume that 𝛼 is 0 in
the following statements, that is, we consider strict competitiveness.

We start by proving two claims in terms of minimizing some cost; combining them
yields Yao’s theorem for finite minimization problems.
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Lemma 2.1. Let Π be a finite online minimization problem, and let ℐ = {𝐼1, 𝐼2,
. . . , 𝐼𝜇} be a set of instances of Π; let PrAdv be a probability distribution over ℐ. If
there is some constant 𝑐 ≥ 1 such that, for every deterministic online algorithm Alg,
we have

EAdv[cost(Alg(ℐ))] ≥ 𝑐 · EAdv[cost(Opt(ℐ))] ,

then, for every randomized online algorithm Rand, there is an instance 𝐼 ∈ ℐ such
that

ERand[cost(Rand(𝐼))] ≥ 𝑐 · cost(Opt(𝐼)) .

Proof. Following Observations 2.1 and 2.2, Rand can be seen as a probability
distribution PrRand, according to which one deterministic algorithm is chosen from a
finite set strat(Rand). Now let us fix some arbitrary probability distribution PrAdv
over ℐ, such that every instance 𝐼 ∈ ℐ gets chosen with probability PrAdv[𝐼]. We
can then compute the expected cost of every deterministic online algorithm 𝐴𝑗 with
respect to PrAdv as

EAdv[cost(𝐴𝑗(ℐ))] =
𝜇∑︁
𝑖=1

PrAdv[𝐼𝑖] · cost(𝐴𝑗(𝐼𝑖)) . (2.1)

The expected cost of Rand with respect to PrAdv is

EAdv[ERand[cost(Rand(ℐ))]]

=
𝜇∑︁
𝑖=1

PrAdv[𝐼𝑖] · ERand[cost(Rand(𝐼𝑖))]

=
𝜇∑︁
𝑖=1

⎛⎝PrAdv[𝐼𝑖]
ℓ∑︁
𝑗=1

PrRand[𝐴𝑗 ] · cost(𝐴𝑗(𝐼𝑖))

⎞⎠
=

𝜇∑︁
𝑖=1

⎛⎝ ℓ∑︁
𝑗=1

PrAdv[𝐼𝑖] · PrRand[𝐴𝑗 ] · cost(𝐴𝑗(𝐼𝑖))

⎞⎠
=

ℓ∑︁
𝑗=1

(︃
𝜇∑︁
𝑖=1

PrAdv[𝐼𝑖] · PrRand[𝐴𝑗 ] · cost(𝐴𝑗(𝐼𝑖))
)︃

(by changing the order of summation)

=
ℓ∑︁
𝑗=1

(︃
PrRand[𝐴𝑗 ]

𝜇∑︁
𝑖=1

PrAdv[𝐼𝑖] · cost(𝐴𝑗(𝐼𝑖))
)︃

=
ℓ∑︁
𝑗=1

PrRand[𝐴𝑗 ] · EAdv[cost(𝐴𝑗(ℐ))] . (2.2)

(due to (2.1))
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Now suppose that every deterministic online algorithm has an expected cost that
is at least 𝑐 times larger than the expected optimal cost. Then we obtain

EAdv[ERand[cost(Rand(ℐ))]] =
ℓ∑︁
𝑗=1

PrRand[𝐴𝑗 ] · EAdv[cost(𝐴𝑗(ℐ))]

≥
ℓ∑︁
𝑗=1

PrRand[𝐴𝑗 ] · 𝑐 · EAdv[cost(Opt(ℐ))]

= 𝑐 · EAdv[cost(Opt(ℐ))] . (2.3)
(since the sum of all probabilities is 1)

At this point, we are not done yet as we considered a probability distribution over
the set of inputs; this corresponds to a randomized adversary and this conflicts with
our model where the adversary chooses one particular instance. However, we can
easily “derandomize” the adversary by observing that (2.3) implies that there is a
particular instance 𝐼 ∈ ℐ such that

ERand[cost(Rand(𝐼))] ≥ 𝑐 · cost(Opt(𝐼)) .
To see this, assume the contrary; that is, for every instance 𝐼𝑖 ∈ ℐ with 1 ≤
𝑖 ≤ 𝜇, we have ERand[cost(Rand(𝐼𝑖))] < 𝑐 · cost(Opt(𝐼𝑖)). Then it follows that
PrAdv[𝐼𝑖] · ERand[cost(Rand(𝐼𝑖))] < 𝑐 · PrAdv[𝐼𝑖] · cost(Opt(𝐼𝑖)), for every 𝑖, and
hence

𝜇∑︁
𝑖=1

PrAdv[𝐼𝑖] · ERand[cost(Rand(𝐼𝑖))] < 𝑐

𝜇∑︁
𝑖=1

PrAdv[𝐼𝑖] · cost(Opt(𝐼𝑖)) ,

which is equivalent to
EAdv[ERand[cost(Rand(ℐ))]] < 𝑐 · EAdv[cost(Opt(ℐ))] ,

and therefore directly contradicts (2.3). As a consequence, it follows that there must
be at least one instance 𝐼 ∈ ℐ such that

ERand[cost(Rand(𝐼))]
cost(Opt(𝐼)) ≥ 𝑐 ,

which gives the claimed lower bound on Rand’s strict expected competitive ratio.�

Lemma 2.1 makes a statement on the ratio of the expected cost of online algorithms
to the expected optimal cost. This does not immediately allow us to speak about
the expectation of the ratio of the costs. Let Alg be some arbitrary deterministic
online algorithm for some online problem, and suppose we are given some probability
distribution PrAdv over a set ℐ of inputs of this problem. Note that, in general, we
have

EAdv[cost(Alg(ℐ))]
EAdv[cost(Opt(ℐ))] ̸= EAdv

[︂
cost(Alg(ℐ))
cost(Opt(ℐ))

]︂
.

With little effort, however, we now prove the following lemma similarly to Lemma 2.1.
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Lemma 2.2. Let Π be a finite online minimization problem, and let ℐ and PrAdv be
as described above. If there is some constant 𝑐 ≥ 1 such that, for every deterministic
online algorithm Alg, we have

EAdv

[︂
cost(Alg(ℐ))
cost(Opt(ℐ))

]︂
≥ 𝑐 ,

then, for every randomized online algorithm Rand, there is an instance 𝐼 ∈ ℐ such
that

ERand[cost(Rand(𝐼))] ≥ 𝑐 · cost(Opt(𝐼)) .

Proof. Let us consider a randomized online algorithm Rand that implements a
probability distribution PrRand over a finite set strat(Rand) of deterministic online
algorithms. Suppose that, for every deterministic online algorithm 𝐴𝑗 , we have

EAdv

[︂
cost(𝐴𝑗(ℐ))

cost(Opt(ℐ))

]︂
≥ 𝑐 . (2.4)

According to the definition of the expected value EAdv, we further have

EAdv

[︂
cost(𝐴𝑗(ℐ))

cost(Opt(ℐ))

]︂
=

𝜇∑︁
𝑖=1

PrAdv[𝐼𝑖] · cost(𝐴𝑗(𝐼𝑖))
cost(Opt(𝐼𝑖))

. (2.5)

Likewise, for Rand we get

EAdv

[︂
ERand[cost(Rand(ℐ))]

cost(Opt(ℐ))

]︂
= EAdv

[︃∑︀ℓ
𝑗=1 PrRand[𝐴𝑗 ] · cost(𝐴𝑗(ℐ))

cost(Opt(ℐ))

]︃

=
𝜇∑︁
𝑖=1

(︃
PrAdv[𝐼𝑖] ·

∑︀ℓ
𝑗=1 PrRand[𝐴𝑗 ] · cost(𝐴𝑗(𝐼𝑖))

cost(Opt(𝐼𝑖))

)︃

=
𝜇∑︁
𝑖=1

⎛⎝PrAdv[𝐼𝑖]
ℓ∑︁
𝑗=1

PrRand[𝐴𝑗 ] · cost(𝐴𝑗(𝐼𝑖))
cost(Opt(𝐼𝑖))

⎞⎠
=

𝜇∑︁
𝑖=1

⎛⎝ ℓ∑︁
𝑗=1

PrAdv[𝐼𝑖] · PrRand[𝐴𝑗 ] · cost(𝐴𝑗(𝐼𝑖))
cost(Opt(𝐼𝑖))

⎞⎠
=

ℓ∑︁
𝑗=1

(︃
PrRand[𝐴𝑗 ]

𝜇∑︁
𝑖=1

PrAdv[𝐼𝑖] · cost(𝐴𝑗(𝐼𝑖))
cost(Opt(𝐼𝑖))

)︃
.

(by again changing the order of summation)
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In the last line, we can plug in (2.5), which yields

EAdv

[︂
ERand[cost(Rand(ℐ))]

cost(Opt(ℐ))

]︂
=

ℓ∑︁
𝑗=1

PrRand[𝐴𝑗 ] · EAdv

[︂
cost(𝐴𝑗(ℐ))

cost(Opt(ℐ))

]︂
and, due to (2.4), it follows that

EAdv

[︂
ERand[cost(Rand(ℐ))]

cost(Opt(ℐ))

]︂
≥

ℓ∑︁
𝑗=1

PrRand[𝐴𝑗 ] · 𝑐 = 𝑐 .

As before (in the proof of Lemma 2.1), from the definition of the expected value
EAdv, we can immediately conclude that there is an instance 𝐼 ∈ ℐ such that

ERand[cost(Rand(𝐼))]
cost(Opt(𝐼)) ≥ 𝑐

as we claimed. �

Combining Lemmata 2.1 and 2.2 results in Yao’s principle for finite online minimiza-
tion problems. Recall that 𝐴1, 𝐴2, . . . , 𝐴ℓ are all the deterministic online algorithms
for Π, and that every randomized online algorithm for Π can be thought of as
choosing between these algorithms.
Theorem 2.3 (Yao’s Principle for Finite Min. Problems). Let Π be a finite
online minimization problem, and let ℐ, PrAdv, and PrRand be as described above. If
there is some constant 𝑐 ≥ 1 such that

max
{︂

min𝑗(EAdv[cost(𝐴𝑗(ℐ))])
EAdv[cost(Opt(ℐ))] , min

𝑗

(︂
EAdv

[︂
cost(𝐴𝑗(ℐ))

cost(Opt(ℐ))

]︂)︂}︂
≥ 𝑐 ,

then, for every randomized online algorithm Rand for Π, there is an instance 𝐼 ∈ ℐ,
such that

ERand[cost(Rand(𝐼))] ≥ 𝑐 · cost(Opt(𝐼)) . �

Obviously, we would like to have a similar statement for online maximization
problems. This is indeed possible; we leave the proof of the following statement as
an exercise for the reader.
Theorem 2.4 (Yao’s Principle for Finite Max. Problems). Let Π be a finite
online maximization problem, and let ℐ, PrAdv, and PrRand be as described above. If
there is some constant 𝑐 ≥ 1 such that

max
{︃

EAdv[gain(Opt(ℐ))]
max𝑗(EAdv[gain(𝐴𝑗(ℐ))]) , min

𝑗

(︃(︂
EAdv

[︂
gain(𝐴𝑗(ℐ))

gain(Opt(ℐ))

]︂)︂−1
)︃}︃

≥ 𝑐 ,

then, for every randomized online algorithm Rand for Π, there is an instance 𝐼 ∈ ℐ
such that

gain(Opt(𝐼)) ≥ 𝑐 · ERand[gain(Rand(𝐼))] .
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Exercise 2.3. Prove Theorem 2.4.
Hint. For the second argument of the maximum function, consider the reciprocal of the
strict competitive ratio as a measurement.

2.3.2 Infinite Problems
So far, our proofs only work if both strat(Rand) and ℐ are finite. Indeed, if we
assume they are infinitely large, we run into some problems. In this case, it is not
justified anymore to ignore the additive constant 𝛼 when computing a bound on the
competitive ratio of the given online algorithms. This means that we now do not
speak about the strict competitive ratio, and therefore we cannot simply show that
there is one hard instance, but we have to prove the existence of infinitely many.
Second, the expected values cannot necessarily be expressed as finite sums anymore.
However, for many online problems, the number of instances of a given length is
finite (or at least we can use finite subsets of instances of a given length for our
lower-bound argument); for instance, for paging, for a fixed 𝑛, there is just a finite
number of different sequences that request one of 𝑚 pages in every time step, namely
𝑚𝑛. The number of possible answers to a given request is usually also finite, and
thus, for a fixed 𝑛, there is also a finite number of generic algorithms. We again
assume that strat(Rand, 𝑛) consists of all such algorithms. This way, we are able
to apply Yao’s principle for finite problems from the last subsection, yet implicitly
define an infinite set of instances ℐ and speak about an infinite set of algorithms.
Moreover, if we can prove that the expected gain (when considering maximization
problems) or the expected cost (when considering minimization problems) of an
optimal offline algorithm tends to infinity, we can cover the case that 𝛼 is positive;
this is basically the same idea as used for Theorems 1.2 and 1.3. Subsequently,
ℐ1, ℐ2, . . . denote infinitely many finite sets of instances of the given problem such
that all instances in ℐ𝑖 have the same length, and, for every 𝐼 ∈ ℐ𝑖 and 𝐼 ′ ∈ ℐ𝑖+1,
we have |𝐼| < |𝐼 ′|. Furthermore, for every input length 𝑛 considered, there is only a
finite number of deterministic online algorithms 𝐴1, 𝐴2, . . . , 𝐴ℓ(𝑛). The adversary
chooses the instances from ℐ𝑖 according to a probability distribution PrAdv,𝑖; the
expected value is denoted by EAdv,𝑖. Now suppose we can construct ℐ1, ℐ2, . . . as
above for an online minimization problem Π and show that

max
{︂

min𝑗(EAdv,𝑖[cost(𝐴𝑗(ℐ𝑖))])
EAdv,𝑖[cost(Opt(ℐ𝑖))]

, min
𝑗

(︂
EAdv,𝑖

[︂
cost(𝐴𝑗(ℐ𝑖))

cost(Opt(ℐ𝑖))

]︂)︂}︂
≥ 𝑐 , (2.6)

for every 𝑖 ∈ N+. Applying either Lemma 2.1 or Lemma 2.2, there is an infinite set
ℐ = {𝐼1, 𝐼2, . . .} with 𝐼𝑖 ∈ ℐ𝑖 and |𝐼𝑖| < |𝐼𝑖+1| such that

ERand[cost(Rand(𝐼𝑖))]
cost(Opt(𝐼𝑖))

≥ 𝑐 .

If 𝑐 = 𝑐(𝑛) is an unbounded increasing function, then, by the same reasoning as
for the deterministic case (see Section 1.2), Rand cannot be 𝑐′-competitive for any
𝑐′ with 𝑐′(𝑛) ∈ 𝑜(𝑐(𝑛)).
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But what happens if 𝑐 is constant? Suppose we can also show

lim
𝑖→∞

cost(Opt(𝐼𝑖)) = ∞ ,

for any choice of 𝐼𝑖 ∈ ℐ𝑖. This implies that no randomized online algorithm for Π
is (𝑐− 𝜀)-competitive in expectation, for any 𝜀 > 0; the arguments are exactly the
same as in the proof of Theorem 1.2.

Analogous statements can easily be made for infinite maximization problems,
which is left as an exercise for the reader. Next, we formulate an infinite version of
Yao’s principle where we bound from below the expected cost of an optimal offline
algorithm. However, the proof (which uses a contradiction) only works for the first
argument of the max-expression of (2.6).

Theorem 2.5 (Yao’s Principle for Infinite Min. Problems). Let Π be an on-
line minimization problem, and let ℐ1, ℐ2, . . . and PrAdv,𝑖 be as described above. If
there is some constant 𝑐 ≥ 1 such that

(i) min𝑗(EAdv,𝑖[cost(𝐴𝑗(ℐ𝑖))])
EAdv,𝑖[cost(Opt(ℐ𝑖))]

≥ 𝑐, for every 𝑖 ∈ N+, and

(ii) lim
𝑖→∞

EAdv,𝑖[cost(Opt(ℐ𝑖))] = ∞,

then there is no randomized online algorithm for Π that is (𝑐 − 𝜀)-competitive in
expectation, for any 𝜀 > 0.

Proof. For a contradiction, suppose that both conditions (i) and (ii) are true, but
there still is a randomized online algorithm Rand that is (𝑐 − 𝜀)-competitive in
expectation for Π, where 𝜀 > 0. In particular, there is a constant 𝛼 such that, for
every 𝑖 ∈ N+ and every instance 𝐼 ∈ ℐ𝑖, we have that

ERand[cost(Rand(𝐼))] ≤ (𝑐− 𝜀) · cost(Opt(𝐼)) + 𝛼 .

Since this inequality holds for any 𝐼 ∈ ℐ𝑖, we can immediately speak about the
expected value with respect to PrAdv,𝑖, yielding

EAdv,𝑖[ERand[cost(Rand(ℐ𝑖))]] ≤ (𝑐− 𝜀) · EAdv,𝑖[cost(Opt(ℐ𝑖))] + 𝛼 . (2.7)

The same calculations as in the proof of Lemma 2.1 (more precisely, (2.2)) yield

EAdv,𝑖[ERand[cost(Rand(ℐ𝑖))]] =
ℓ∑︁
𝑗=1

PrRand[𝐴𝑗 ] · EAdv,𝑖[cost(𝐴𝑗(ℐ𝑖))]

= ERand[EAdv,𝑖[cost(Rand(ℐ𝑖))]] ,

and thus it follows that

ERand[EAdv,𝑖[cost(Rand(ℐ𝑖))]] ≤ (𝑐− 𝜀) · EAdv,𝑖[cost(Opt(ℐ𝑖))] + 𝛼 (2.8)
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has to be satisfied.
Since PrAdv,𝑖 is fixed, there is a “best” random choice for Rand, that is,

min
𝑗

(EAdv,𝑖[cost(𝐴𝑗(ℐ𝑖))]) ≤ ERand[EAdv,𝑖[cost(Rand(ℐ𝑖))]] . (2.9)

The following steps are essentially the same as in the proof of Theorem 1.2. With
(2.8) and (2.9), we get

min
𝑗

(EAdv,𝑖[cost(𝐴𝑗(ℐ𝑖))]) ≤ (𝑐− 𝜀) · EAdv,𝑖[cost(Opt(ℐ𝑖))] + 𝛼 ,

which is equivalent to (assuming that the expected optimal cost is not zero)

min𝑗(EAdv,𝑖[cost(𝐴𝑗(ℐ𝑖))])
EAdv,𝑖[cost(Opt(ℐ𝑖))]

− 𝛼

EAdv,𝑖[cost(Opt(ℐ𝑖))]
≤ 𝑐− 𝜀 . (2.10)

Due to (i), the first term of (2.10) is at least 𝑐. Additionally, (ii) implies that there
are infinitely many sets of instances such that the second term of (2.10) is smaller
than 𝜀. Thus, for infinitely many ℐ𝑖, we get a contradiction. �

The proof of the complementing statement for infinite maximization problems is
also left as an exercise.

Theorem 2.6 (Yao’s Principle for Infinite Max. Problems). Let Π be an on-
line maximization problem, and let ℐ1, ℐ2, . . . and PrAdv,𝑖 be as described above. If
there is some constant 𝑐 ≥ 1 such that

(i) EAdv,𝑖[gain(Opt(ℐ𝑖))]
max𝑗(EAdv,𝑖[gain(𝐴𝑗(ℐ𝑖))])

≥ 𝑐, for every 𝑖 ∈ N+, and

(ii) lim
𝑖→∞

EAdv,𝑖[gain(Opt(ℐ𝑖))] = ∞,

then there is no randomized online algorithm for Π that is (𝑐 − 𝜀)-competitive in
expectation, for any 𝜀 > 0.

Exercise 2.4. For online maximization problems, we can make observations similar to
those preceding Theorem 2.5. Discuss them.

Exercise 2.5. Prove Theorem 2.6.

⋆2.3.3 Unbounded Problems
In this subsection, we even go a step further and allow infinitely many sets of
infinitely many instances and consistent algorithms. We even allow uncountably
many instances and algorithms in each set, although this is somewhat “too general”
as there is only a countable number of algorithms (to have an easier notation, we
still speak of the 𝑗th algorithm 𝐴𝑗 also in this case). As already mentioned in the
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previous subsection, in contrast to the finite case, the expected values may have
to be expressed as infinite sums; even worse, we may be dealing with continuous
random variables, whose expected values are given by integrals rather than sums.
To study such a setting, we use the following variation of Tonelli’s theorem, which
we state without a proof; it will allow us to prove the “unbounded version” of Yao’s
principle by changing the order of taking the expectation (which so far simply meant
to change the order of summation).

Theorem 2.7 (Tonelli’s Theorem). Let 𝒳 and 𝒴 be probability spaces, and let
𝑓 : 𝒳 × 𝒴 → R+ be a non-negative measurable function. Then, we have∫︁

𝒴

(︂∫︁
𝒳
𝑓(𝑥, 𝑦) d𝑥

)︂
d𝑦 =

∫︁
𝒳

(︂∫︁
𝒴
𝑓(𝑥, 𝑦) d𝑦

)︂
d𝑥 . �

Since we are speaking about infinite sets, in the following we need to replace the
maximum and minimum functions by supremum and infimum functions, respectively.
Unlike in the previous two subsections, we use the limit inferior or limit superior of
the fractions.

Moreover, we prove a more general claim by not grouping instances by their
lengths, but by any suitable parameter. Consider (countably) infinitely many sets
ℐ1, ℐ2, . . . of instances of an online minimization problem Π; each ℐ𝑖 may be of (even
uncountably) infinite size. As always, let PrAdv,𝑖 be a probability distribution over
ℐ𝑖. The following proof is obtained by slightly modifying that of Theorem 2.5.

Theorem 2.8 (Yao’s Principle for Unbounded Min. Problems). Let Π be
an online minimization problem, and let ℐ1, ℐ2, . . . and PrAdv,𝑖 be as described above.
If there is some constant 𝑐 ≥ 1 such that

(i) lim inf
𝑖→∞

(︂
inf𝑗(EAdv,𝑖[cost(𝐴𝑗(ℐ𝑖))])
EAdv,𝑖[cost(Opt(ℐ𝑖))]

)︂
≥ 𝑐 and

(ii) lim sup
𝑖→∞

(EAdv,𝑖[cost(Opt(ℐ𝑖))]) = ∞ ,

then there is no randomized online algorithm for Π that is (𝑐 − 𝜀)-competitive in
expectation, for any 𝜀 > 0.

Proof. For a contradiction, suppose that both conditions (i) and (ii) are true, but
there still is a randomized online algorithm Rand that is (𝑐 − 𝜀)-competitive in
expectation for Π, where 𝜀 > 0. By the same arguments as in the proof of Theorem 2.5,
we get

EAdv,𝑖[ERand[cost(Rand(ℐ𝑖))]] ≤ (𝑐− 𝜀) · EAdv,𝑖[cost(Opt(ℐ𝑖))] + 𝛼 ,

and, together with Theorem 2.7 (the cost and the probabilities are always non-
negative and measurable), it follows that

ERand[EAdv,𝑖[cost(Rand(ℐ𝑖))]] ≤ (𝑐− 𝜀) · EAdv,𝑖[cost(Opt(ℐ𝑖))] + 𝛼 . (2.11)
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Again using the same arguments as in the proof of Theorem 2.5 gives (assuming
that the expected optimal cost is not zero)

inf𝑗(EAdv,𝑖[cost(𝐴𝑗(ℐ𝑖))])
EAdv,𝑖[cost(Opt(ℐ𝑖))]

− 𝛼

EAdv,𝑖[cost(Opt(ℐ𝑖))]
≤ 𝑐− 𝜀 . (2.12)

As a consequence of (i), there is an 𝑖0 such that the first term of (2.12) is larger
than 𝑐, for any 𝑖 ≥ 𝑖0. Additionally, (ii) implies that there is an infinite increasing
sequence 𝑖1, 𝑖2, . . ., where 𝑖1 ≥ 𝑖0, such that

lim
𝑙→∞

(︂
𝛼

EAdv,𝑖𝑙 [cost(Opt(ℐ𝑖𝑙))]

)︂
= 0 .

Thus, for infinitely many ℐ𝑖, we get a contradiction. �

One possible way to apply Theorem 2.8 is to define the sets to contain instances of
the same length; however, we will use another partitioning of instances in Section 2.5,
where we use Yao’s principle to obtain a lower bound on the expected competitive
ratio of every randomized online algorithm for paging.

Note that, for the last step of our argumentation in the proof above, we needed
the fact that (i) speaks about the limit inferior. If, instead, we had used the limit
superior (which is a weaker assumption), we could not argue the same way. In this
case, we only know that the first term of (2.12) is larger than 𝑐 for infinitely many
𝑖 and the second one tends to 0 for a sequence of infinitely many 𝑖; however, the
intersection of these two sets of input lengths is not necessarily infinite.

For maximization problems, we can prove an analogous statement. We again leave
the proof to the reader.

Theorem 2.9 (Yao’s Principle for Unbounded Max. Problems). Let Π be
an online maximization problem, and let ℐ1, ℐ2, . . . and PrAdv,𝑖 be as described above.
If there is some constant 𝑐 ≥ 1 such that

(i) lim inf
𝑖→∞

(︂
EAdv,𝑖[gain(Opt(ℐ𝑖))]

sup𝑗(EAdv,𝑖[gain(𝐴𝑗(ℐ𝑖))])

)︂
≥ 𝑐 and

(ii) lim sup
𝑖→∞

(EAdv,𝑖[gain(Opt(ℐ𝑖))]) = ∞ ,

then there is no randomized online algorithm for Π that is (𝑐 − 𝜀)-competitive in
expectation, for any 𝜀 > 0.

Exercise 2.6. Prove Theorem 2.9.

Before we apply Yao’s principle, we will have a look at the game between a
randomized online algorithm and the adversary from a different perspective. Our
main reason to do this is to present an alternative proof of Yao’s principle for finite
minimization problems.
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2.4 Another Point of View: Game Theory
Again, we consider a randomized online algorithm Rand and an adversary that
tries to force Rand into creating an output that is as bad as possible compared to
an optimal solution. Throughout this section, we will only consider finite online
minimization problems; let Π be such a problem. Rand makes 𝑏 ∈ N+ binary
random decisions and, according to Observation 2.1, therefore picks one out of
ℓ deterministic algorithms 𝐴1, 𝐴1, . . . , 𝐴ℓ from a set strat(Rand), where ℓ ≤ 2𝑏.
Conversely, the adversary can choose an arbitrary input 𝐼1, 𝐼2, . . . , 𝐼𝜇 from a set ℐ,
which Rand then has to work on. We assume that ℓ and 𝜇 are arbitrarily large, but
finite. For the same reasons as in Subsection 2.3.1, we thus assume that the additive
constant 𝛼 is 0.

In what follows, we call 𝐴1, 𝐴2, . . . , 𝐴ℓ the strategies of Rand and 𝐼1, 𝐼2, . . . , 𝐼𝜇
the strategies of the adversary. Moreover, for all 𝑖 and 𝑗 with 1 ≤ 𝑖 ≤ 𝜇 and 1 ≤ 𝑗 ≤ ℓ,
we define the strict performance 𝑐𝑖,𝑗 of 𝐴𝑗 on 𝐼𝑖 as

𝑐𝑖,𝑗 := cost(𝐴𝑗(𝐼𝑖))
cost(Opt(𝐼𝑖))

,

where Opt(𝐼𝑖) is an optimal solution for 𝐼𝑖. With these values, we can construct the
following matrix ℳ.

𝐴1 𝐴2 𝐴3 . . .
𝐼1 𝑐1,1 𝑐1,2 𝑐1,3 . . .
𝐼2 𝑐2,1 𝑐2,2 𝑐2,3
𝐼3 𝑐3,1 𝑐3,2 𝑐3,3
...

... . . .

For the moment, let us stick to the deterministic case, that is, Rand chooses one
strategy with probability 1. We may think of Rand and the adversary as two players
in a game. Rand chooses a column 𝑗 from ℳ, which corresponds to a strategy 𝐴𝑗 ,
and the adversary chooses a row 𝑖 corresponding to an input 𝐼𝑖. In particular, Rand
wants to choose 𝑗 such that, whatever row 𝑖 is chosen by the adversary, the value
𝑐𝑖,𝑗 is as small as possible. Equivalently, we may say that Rand wants to maximize
the value −𝑐𝑖,𝑗 . Conversely, the adversary obviously wants to maximize the value
𝑐𝑖,𝑗 . We call 𝑐𝑖,𝑗 and −𝑐𝑖,𝑗 the payoff of the adversary or Rand, respectively. Since,
for a fixed column and row, Rand has a payoff which is exactly the negated payoff
of the adversary, we call this game a zero-sum game; more specifically, as there are
two players involved, such a game is called a two-person zero-sum game. In what
follows, we say that Rand wants to minimize the adversary’s payoff, which is, as
just noted, the same as if Rand wants to maximize its own payoff, but yields a more
intuitive point of view for our investigations.

We call the adversary the row player and Rand the column player, and we may
assume that both players know the set of strategies of the opponent and therefore ℳ.
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Example 2.3. Suppose the players have two strategies each, and consider the
following matrix ℳ1.

𝐴1 𝐴2
𝐼1 1 2
𝐼2 2 1

The players now study all possible courses and payoffs according to ℳ1, and then
pick a best strategy based on their investigations, and we assume that they both
have to reveal the chosen strategy at the same time. However, it turns out that one
of them would always want to change its strategy. Suppose, for instance, that both
have chosen their first strategy, that is, 𝐴1 and 𝐼1. In this case, the adversary has
a payoff of 𝑐1,1 = 1 and Rand has a payoff of −1. Since the adversary knows the
matrix ℳ1, it wants to change its strategy to 𝐼2 instead. In this case, Rand has a
payoff of −𝑐1,2 = −2, which is why it wants to change its strategy to 𝐴2. If it does
this, the adversary has an incentive to again change its strategy, and we see that we
go round in circles; no matter which strategies are chosen, one player always has
an advantage if it changes its strategy. We can illustrate this situation as follows,
where the arrows point to the maximum values of the columns and the minimum
values of the rows.

𝐴1 𝐴2
𝐼1
𝐼2 ♢

Let us give a different example that leads to a completely different situation.

Example 2.4. Consider the following matrix ℳ2.
𝐴1 𝐴2 𝐴3 𝐴4

𝐼1 7 2 3 1
𝐼2 1 4 5 4
𝐼3 10 9 6 9
𝐼4 6 3 2 11
𝐼5 12 1 2 5

In this example, there is a pair of strategies which, if chosen, lead to a situation in
which neither of the players has an incentive to change its strategy, given that the
other player sticks to its strategy. Specifically, this is the case if Rand chooses 𝐴3
and the adversary chooses 𝐼3; for all other choices, at least one player would want to
change its strategy, as the following illustration shows.

𝐴1 𝐴2 𝐴3 𝐴4
𝐼1
𝐼2
𝐼3
𝐼4
𝐼5
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In such a case, we say that the game is at an equilibrium, and we call 𝑐3,3 the value
of the game. We observe the following two facts.

1. If Rand chooses the strategy 𝐴3, it can be sure that the adversary’s payoff
is not larger than 6; for instance, if Rand chose 𝐴1 instead, the payoff of the
adversary could be significantly larger, namely 12.

2. Conversely, if the adversary chooses the strategy 𝐼3, it can be sure that its
payoff is at least 6. If it chose 𝐼5, its payoff could be a lot smaller, namely 1.

It follows that, in the above case, we can describe the strategies of both players that
lead to an equilibrium as follows.

• Rand chooses its strategy 𝐴𝑗* such that the maximum value over all entries
in this column is as small as possible, that is,

𝑗* = arg min
𝑗

{max
𝑖

{𝑐𝑖,𝑗}} ,

and we set
𝑣Rand := max

𝑖
{𝑐𝑖,𝑗*} .

• On the other hand, the adversary chooses its strategy 𝐼𝑖* such that the minimum
entry over the columns in this row is as large as possible, that is,

𝑖* = arg max
𝑖

{min
𝑗

{𝑐𝑖,𝑗}} ,

and we set
𝑣Adv := min

𝑗
{𝑐𝑖*,𝑗} .

As we have just seen, we have

𝑣Adv = 𝑣Rand = 𝑐3,3

in this example. If 𝑖* and 𝑗* are played, neither player can obtain a larger payoff by
changing its strategy (given that the other one does not change its strategy). ♢

As Example 2.4 suggests, the value of the game can always be computed as above
if the given game has an equilibrium. However, as Example 2.3 shows, this does not
hold in general, although the values 𝑣Rand and 𝑣Adv always exist; we merely know
that

𝑣Adv ≤ 𝑣Rand

is always true. Let us give one last example.

Example 2.5. Consider the following matrix ℳ3.

𝐴1 𝐴2 𝐴3 𝐴4
𝐼1 6 5 8 4
𝐼2 7 6 2 7
𝐼3 1 3 3 2
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We can illustrate ℳ3 as follows.
𝐴1 𝐴2 𝐴3 𝐴4

𝐼1
𝐼2
𝐼3

Suppose both players act according to the principle from Example 2.4. Rand can
guarantee that the payoff of the adversary is at most 6 by playing 𝐴2. Obviously, for
the adversary it would then be best to choose the strategy 𝐼2. However, in this case,
Rand would want to change its strategy and play 𝐴3 instead. On the other hand,
by choosing the strategy 𝐼1, the adversary can always guarantee that its payoff is
at least 4. In this case, Rand would want to choose 𝐴4 and the adversary has an
incentive to change its strategy. As a consequence, the game is not at an equilibrium
if the strategies 𝐼1 and 𝐴2 are chosen. ♢

Such a procedure does not seem very promising for analyzing deterministic al-
gorithms, but this is not what we want anyway.2 We want to speak about ran-
domized online algorithms and, in what follows, let us also assume that the ad-
versary chooses a strategy at random. If we transfer this model to our game, we
are dealing with the following situation. Rand uses a probability distribution
PrRand : strat(Rand) → [0, 1] over the columns of a given matrix ℳ. We denote
the probability PrRand[𝐴𝑗 ] that Rand chooses the strategy 𝐴𝑗 by 𝑞Rand,𝑗 ; the se-
quence 𝑞Rand = (𝑞Rand,1, 𝑞Rand,2, . . . , 𝑞Rand,ℓ) is called the mixed strategy of Rand.
Conversely, the adversary uses a probability distribution PrAdv : ℐ → [0, 1] over the
rows of ℳ. The probability PrAdv[𝐼𝑖] that the adversary chooses the strategy 𝐼𝑖
is denoted by 𝑞Adv,𝑖; the sequence 𝑞Adv = (𝑞Adv,1, 𝑞Adv,2, . . . , 𝑞Adv,𝜇) is called the
mixed strategy of the adversary. To distinguish these strategies from the deter-
ministic setting above, we call the former strategies pure strategies. Since we are
now dealing with a randomized setting, the payoff is modeled by a random variable
𝐶 : ℐ × strat(Rand) → R+, which has an expected value of

E[𝐶] :=
𝜇∑︁
𝑖=1

ℓ∑︁
𝑗=1

𝑞Adv,𝑖 · 𝑐𝑖,𝑗 · 𝑞Rand,𝑗 = 𝑞ᵀAdv · ℳ · 𝑞Rand .

Obviously, Rand wants to minimize this expected value by choosing its probability
distribution accordingly, and conversely, the adversary wants to maximize it. But
what do concrete choices for the two players look like? We can argue as we did
previously for deterministic strategies.

• Rand knows ℳ and further knows that the adversary wants to choose its
mixed strategy 𝑞Adv such that E[𝐶] is maximized for the given choice of 𝑞Rand.
Thus, Rand can choose a strategy 𝑞*

Rand such that
𝑞*

Rand = arg min
𝑞Rand

{max
𝑞Adv

{𝑞ᵀAdv · ℳ · 𝑞Rand}} .

2If we consider a purely deterministic setting, the problem of Examples 2.3 and 2.5 does not appear
anyway since the algorithm is fixed first, and the adversary chooses its strategy afterwards.
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Therefore, the adversary has a payoff of at most
𝑣Rand := max

𝑞Adv
{𝑞ᵀAdv · ℳ · 𝑞*

Rand} .

• Conversely, the adversary can choose a mixed strategy 𝑞*
Adv such that

𝑞*
Adv = arg max

𝑞Adv
{min
𝑞Rand

{𝑞ᵀAdv · ℳ · 𝑞Rand}} .

This means that it can guarantee a payoff of at least
𝑣Adv := min

𝑞Rand
{𝑞*

Adv
ᵀ · ℳ · 𝑞Rand} .

As with deterministic strategies, it is easy to see that we have 𝑣Adv ≤ 𝑣Rand, but
here, this holds with equality even if there is no equilibrium in pure strategies. The
following theorem is one of the most important results from game theory and states
that 𝑣Adv = 𝑣Rand. We will not prove it here.

Theorem 2.10 (Minimax Theorem). For every two-person zero-sum game with
finite strategies, we have

min
𝑞Rand

{max
𝑞Adv

{𝑞ᵀAdv · ℳ · 𝑞Rand}} = max
𝑞Adv

{min
𝑞Rand

{𝑞ᵀAdv · ℳ · 𝑞Rand}} . �

The minimax theorem states that, for any two-person zero-sum game, there is an
equilibrium in mixed strategies 𝑞*

Adv and 𝑞*
Rand that are defined as above. Let us

now go back to online algorithms and see what this implies.
We note that if one of the two mixed strategies 𝑞Adv or 𝑞Rand is fixed, the respective

other player can maximize its payoff by choosing a deterministic strategy. Suppose
that the strategy 𝑞Rand is fixed; this corresponds to the situation we are dealing with
in the context of randomized online algorithms, because the adversary chooses a
deterministic strategy while knowing the probability distribution with which Rand
chooses its deterministic strategies. Then

ℳ · 𝑞Rand =

⎛⎜⎝𝑐1,1 . . . 𝑐1,ℓ
... . . . ...

𝑐𝜇,1 . . . 𝑐𝜇,ℓ

⎞⎟⎠ ·

⎛⎜⎝𝑞Rand,1
...

𝑞Rand,ℓ

⎞⎟⎠ =

⎛⎜⎝𝑐1
...
𝑐𝜇

⎞⎟⎠ ,

which means that the adversary can choose its strategy as a unit vector in which
exactly that distinct entry is non-zero, for which the corresponding entry of the
vector (𝑐1, 𝑐2, . . . , 𝑐𝜇)ᵀ is as large as possible, to maximize its payoff

(︀
𝑞Adv,1, . . . , 𝑞Adv,𝜇

)︀
·

⎛⎜⎝𝑐
′
1
...
𝑐′
𝜇

⎞⎟⎠ .

Analogously, we can argue the other way around. If we combine this fact with
Theorem 2.10, we obtain the following lemma, where 𝑒𝑖 with 1 ≤ 𝑖 ≤ 𝜇 (𝑒𝑗 with
1 ≤ 𝑗 ≤ ℓ, respectively) denotes the corresponding unit vector for which the 𝑖th (𝑗th,
respectively) entry is 1 and all other entries are 0.
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Lemma 2.3 (Loomis’ Lemma). For every two-person zero-sum game with finite
strategies, we have

min
𝑞Rand

{max
𝑖

{𝑒ᵀ𝑖 · ℳ · 𝑞Rand}} = max
𝑞Adv

{min
𝑗

{𝑞ᵀAdv · ℳ · 𝑒𝑗}} . �

Since, for every fixed mixed strategy 𝑞′
Adv for the adversary,

max
𝑞Adv

{min
𝑗

{𝑞ᵀAdv · ℳ · 𝑒𝑗}} ≥ 𝑞′ᵀ
Adv · min

𝑗
{ℳ · 𝑒𝑗} ,

we can, using the minimax theorem (or rather Loomis’ lemma), conclude that, for
every 𝑞′

Adv,

min
𝑞Rand

{max
𝑖

{𝑒ᵀ𝑖 · ℳ · 𝑞Rand}} ≥ 𝑞′ᵀ
Adv · min

𝑗
{ℳ · 𝑒𝑗} .

Now let 𝑞*
Rand be a best mixed strategy for Rand; then we have

max
𝑖

{𝑒ᵀ𝑖 · ℳ · 𝑞*
Rand} ≥ 𝑞′ᵀ

Adv · min
𝑗

{ℳ · 𝑒𝑗} .

If we take a closer look, we observe that this inequality is exactly Yao’s principle,
which we introduced in Section 2.3. The statement is that, for a best randomized
online algorithm (namely 𝑞*

Rand), there is an input (namely 𝑒ᵀ𝑖 ) such that the expected
performance is at least as large as that of a best deterministic online algorithm
(namely 𝑒𝑗 , which induces minimum cost) on an arbitrary but fixed distribution over
inputs (namely 𝑞′ᵀ

Adv).

2.5 A Lower Bound for Randomized Online
Algorithms for Paging

Theorem 2.2 states that the randomized online algorithm RMark for paging obtains
an expected competitive ratio of at most 2𝐻𝑘. The next question is whether this is
all we can do when allowing randomized computations. The following result gives
the answer; as a matter of fact, the bound on the competitive ratio of RMark is
only a multiplicative constant of 2 away from a bound on what a randomized online
algorithm can achieve at best. To prove the claim, we make use of Yao’s principle,
which we introduced in Section 2.3.

Theorem 2.11. No randomized online algorithm for paging is better than 𝐻𝑘-
competitive in expectation.

Proof. As in the proof of Theorem 1.5, it is sufficient to assume that there are only
𝑚 = 𝑘 + 1 pages in total. We construct instances of the following form.

• In the first time step, page 𝑝𝑘+1 is requested; by definition, it is not in the
cache of any algorithm.
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• In every subsequent time step, an arbitrary page is requested other than the
one that was requested right before; each of these 𝑘 pages is requested with
probability 1/𝑘.

We now show that every deterministic online algorithm has a large expected cost
compared to an optimal solution on these instances. Applying Yao’s principle, we can
then derive a lower bound on the expected competitive ratio of a best randomized
online algorithm for paging.

Let Alg be some deterministic online algorithm for paging; without loss of
generality (see Exercises 1.5 and 1.6), we restrict ourselves to demand paging
algorithms. Thus, Alg has exactly 𝑘 pages in its cache in every time step. In other
words, every page that is requested in some time step is not in the cache with a
probability of 1/𝑘 (an exception is, of course, the first time step).

We subdivide the input into phases; the number of phases is denoted by 𝑁 . This
is done similarly to Definition 1.8; however, the phases are now stochastic. By ℐ𝑁
we denote the set of all instances that contain 𝑁 complete phases. Phase 𝑃1 starts
with time step 𝑇1 and ends after time step 𝑇𝑟, where 𝑟 is chosen such that in time
step 𝑇𝑟+1 all of the 𝑘+ 1 different pages were requested. After that, phase 𝑃2, which
is defined analogously, begins, etc. 𝑃𝑁 ends right after time step 𝑇𝑛−1, which means
that there is one more request after the last phase ends. We observe that ℐ𝑁 is well
defined and contains infinitely many instances (of infinitely many lengths). However,
there are instances that are not contained in any set.

Recall that, in every time step (except for 𝑇1), Alg causes a page fault with
probability 1/𝑘. This is true for every instance in ℐ𝑁 , because the probability of
reaching the 𝑁th phase starting with any sufficiently short prefix and continuing
by requesting pages as described is 1. Now let EAdv,𝑁 [cost(Alg(𝑃𝑗))] denote the
expected cost of Alg in phase 𝑃𝑗 , and let |𝑃𝑗 | denote the expected length of 𝑃𝑗 with
1 ≤ 𝑗 ≤ 𝑁 . Then we obtain

EAdv,𝑁 [cost(Alg(𝑃𝑗))] ≥ |𝑃𝑗 | · 1
𝑘
. (2.13)

Conversely, there is an optimal algorithm Opt that does not make more than one
page fault in every single phase plus one additional page fault in 𝑇𝑛; in phase 𝑃1,
Opt causes a page fault in time step 𝑇1 and it replaces the page that is requested at
the beginning of phase 𝑃2, and so on (in 𝑃𝑁 , it replaces the page that is requested
in 𝑇𝑛). As a result, we have

EAdv,𝑁 [cost(Opt(𝑃𝑗))] = 1 , (2.14)

for every phase 𝑃𝑗 with 1 ≤ 𝑗 ≤ 𝑁 .
The key point is to compute the expected length of a single phase; recall that all

phases are complete. Phase 𝑃𝑗 ends when the next page that will be requested is the
first occurrence of the (𝑘+ 1)th different page since the beginning of phase 𝑃𝑗 . Thus,
we have to compute how long it takes in expectation until all pages 𝑝1, 𝑝2, . . . , 𝑝𝑘+1
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have been requested (a combinatorial problem, which is closely related to the well-
known coupon collector’s problem); the expected number of time steps of phase 𝑃𝑗
is this number minus 1. To this end, let 𝑋𝑖, for any 𝑖 with 1 ≤ 𝑖 ≤ 𝑘 + 1, denote a
random variable that counts the number of steps that pass until the 𝑖th page gets
requested after 𝑖− 1 different pages were already requested (within 𝑃𝑗).

Let us first consider the corresponding probability 𝑞𝑖 that the 𝑖th new page is
requested when in the preceding time steps of 𝑃𝑗 already 𝑖− 1 different pages were
requested. Clearly, 𝑞1 = 1 and, since in the second time step of 𝑃𝑗 the first page is
not requested again, also 𝑞2 = 1; furthermore, 𝑞3 = (𝑘 − 1)/𝑘, 𝑞4 = (𝑘 − 2)/𝑘, etc.
In general, we have

𝑞𝑖 = 𝑘 − (𝑖− 2)
𝑘

, (2.15)

for 2 ≤ 𝑖 ≤ 𝑘 + 1. This is true for every phase including 𝑃1. Now we can compute
the expected value of 𝑋𝑖 as follows. Suppose the (𝑖− 1)th page was just requested,
and now we count the time steps that are needed until the 𝑖th new page is requested.
The probability that this takes 𝑡 time steps is 𝑞𝑖 · (1 − 𝑞𝑖)𝑡−1; in other words, for
𝑡− 1 steps, a page is requested that was already requested before, and then, in the
𝑡th step, a page is requested that was not requested yet. We get

EAdv,𝑁 [𝑋𝑖] =
∞∑︁
𝑡=1

𝑡 · 𝑞𝑖 · (1 − 𝑞𝑖)𝑡−1

=
∞∑︁
𝑡=0

(𝑡+ 1) · 𝑞𝑖 · (1 − 𝑞𝑖)𝑡

=
∞∑︁
𝑡=0

𝑡 · 𝑞𝑖 · (1 − 𝑞𝑖)𝑡 +
∞∑︁
𝑡=0

𝑞𝑖 · (1 − 𝑞𝑖)𝑡

(since none of the summands are negative)

= (1 − 𝑞𝑖) ·
∞∑︁
𝑡=1

𝑡 · 𝑞𝑖 · (1 − 𝑞𝑖)𝑡−1 + 𝑞𝑖 ·
∞∑︁
𝑡=0

(1 − 𝑞𝑖)𝑡

(since the first part is 0 for 𝑡 = 0)

= (1 − 𝑞𝑖) · EAdv,𝑁 [𝑋𝑖] + 𝑞𝑖
1 − (1 − 𝑞𝑖)

,

(using the closed form of the geometric series)

and therefore

EAdv,𝑁 [𝑋𝑖] = 1
𝑞𝑖
. (2.16)
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Now let 𝑋 = 𝑋1 +𝑋2 + . . .+𝑋𝑘+1 denote a random variable that counts all time
steps until 𝑘 + 1 different pages were requested since the beginning of 𝑃𝑗 . Then, we
have

EAdv,𝑁 [𝑋] = EAdv,𝑁 [𝑋1 +𝑋2 + . . .+𝑋𝑘+1]
= EAdv,𝑁 [𝑋1] + EAdv,𝑁 [𝑋2] + . . .+ EAdv,𝑁 [𝑋𝑘+1]

(by linearity of expectation)

= 1 + 1
𝑞2

+ . . .+ 1
𝑞𝑘+1

(as a consequence of (2.16))

= 1 +
𝑘+1∑︁
𝑖=2

1
𝑞𝑖

= 1 +
𝑘+1∑︁
𝑖=2

𝑘

𝑘 − (𝑖− 2)

(due to (2.15))

= 1 + 𝑘 ·
𝑘+1∑︁
𝑖=2

1
𝑘 − (𝑖− 2)

= 1 + 𝑘 ·
𝑘∑︁
𝑖=1

1
𝑘 − (𝑖− 1)

= 1 + 𝑘 ·
𝑘∑︁
𝑖=1

1
𝑖

= 1 + 𝑘 ·𝐻𝑘 ,

and thus 𝑃𝑗 ends after an expected number of 𝑘𝐻𝑘 steps. It is important to note
that the above arguments are also true for the first and the last phase.

From (2.13), it follows that the expected cost of Alg in 𝑃𝑗 is at least

EAdv,𝑁 [cost(Alg(𝑃𝑗))] ≥ 𝐻𝑘 . (2.17)

As Alg is any deterministic online algorithm for paging, from (2.14) and (2.17)
together with the fact that Opt causes a page fault in 𝑇𝑛, we obtain

inf𝑗(EAdv,𝑁 [cost(𝐴𝑗(ℐ𝑁 ))])
EAdv,𝑁 [cost(Opt(ℐ𝑁 ))] ≥

∑︀𝑁
𝑗=1 𝐻𝑘

1 +
∑︀𝑁
𝑗=1 1

= 𝑁𝐻𝑘

𝑁 + 1 ,

and since

lim inf
𝑁→∞

(︂
𝑁𝐻𝑘

𝑁 + 1

)︂
= 𝐻𝑘 ,
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it follows that (i) of Theorem 2.8 is satisfied. Moreover, note that the expected cost
of Opt increases with 𝑁 , that is,

lim sup
𝑁→∞

(EAdv,𝑁 [cost(Opt(ℐ𝑁 ))]) = ∞ ,

which means that also (ii) of Theorem 2.8 is true. Therefore, we can apply Yao’s prin-
ciple and conclude that no randomized online algorithm has an expected competitive
ratio better than 𝐻𝑘. �

⋆2.6 A Barely Random Algorithm for Paging
We now have gained some insight into the paging problem. In particular, we know
that there is a randomized online algorithm that is exponentially better than all
deterministic ones. If we take a closer look, we also realize that the algorithms
we have dealt with so far are clearly efficient (in terms of their time complexity).
Now we ask how much randomization we need to be this good. The randomized
marking algorithm RMark that we discussed in Section 2.2 obviously uses a number
of random bits that increases with the input length 𝑛. In this section, we show that
this is not necessary; we only need a constant number (with respect to 𝑛) of random
bits to obtain (asymptotically) the same competitive ratio. To this end, we design a
so-called barely random algorithm RMarkBarely that chooses randomly between
some deterministic marking algorithms. Formally, we have

strat(RMarkBarely) = {Mark1,Mark2, . . . ,Mark2𝑏} ,

where the online algorithms Mark𝑖 with 1 ≤ 𝑖 ≤ 2𝑏 are marking algorithms that
replace unmarked pages in the cache in such a way that if a page is requested, this
page is in the cache for a large number of them. Let us first try to explain the idea
with an example.

Example 2.6. Suppose we read two random bits and thus pick one out of four
algorithms Mark1, Mark2, Mark3, and Mark4. Moreover, suppose the cache has a
size of 7 and is initialized with the pages 𝑝1, 𝑝2, . . . , 𝑝7 such that we are facing the
situation

𝑝1 𝑝2 𝑝3 𝑝4 𝑝5 𝑝6 𝑝7

at the beginning. All algorithms memorize these pages in this order. Now, the page
𝑝8 is requested, which is not in the cache. Then Mark𝑖 replaces 𝑝𝑖 with 𝑝8, which
leads to the following situation; we color marked pages gray.

Mark1 : 𝑝8 𝑝2 𝑝3 𝑝4 𝑝5 𝑝6 𝑝7

Mark2 : 𝑝1 𝑝8 𝑝3 𝑝4 𝑝5 𝑝6 𝑝7

Mark3 : 𝑝1 𝑝2 𝑝8 𝑝4 𝑝5 𝑝6 𝑝7
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Mark4 : 𝑝1 𝑝2 𝑝3 𝑝8 𝑝5 𝑝6 𝑝7

If the page 𝑝9 is requested next, all algorithms remove the next page according to
the above order of the pages that were in the cache initially, which leads to

Mark1 : 𝑝8 𝑝9 𝑝3 𝑝4 𝑝5 𝑝6 𝑝7

Mark2 : 𝑝1 𝑝8 𝑝9 𝑝4 𝑝5 𝑝6 𝑝7

Mark3 : 𝑝1 𝑝2 𝑝8 𝑝9 𝑝5 𝑝6 𝑝7

Mark4 : 𝑝1 𝑝2 𝑝3 𝑝8 𝑝9 𝑝6 𝑝7

as a result.
The idea is that if, for instance, the page 𝑝2 is now requested, this page has only

been removed from the cache by some algorithms; in this case Mark1 and Mark2. If
one of these four algorithms is chosen uniformly at random, the page 𝑝2 is still in the
cache with a probability of 1/2. However, we run into problems if we continue with
this strategy. It can happen that some algorithms act identically after some time
step. Suppose the “old” page 𝑝1 is requested. Then we get the following situation.

Mark1 : 𝑝8 𝑝9 𝑝1 𝑝4 𝑝5 𝑝6 𝑝7

Mark2 : 𝑝1 𝑝8 𝑝9 𝑝4 𝑝5 𝑝6 𝑝7

Mark3 : 𝑝1 𝑝2 𝑝8 𝑝9 𝑝5 𝑝6 𝑝7

Mark4 : 𝑝1 𝑝2 𝑝3 𝑝8 𝑝9 𝑝6 𝑝7

We note that the algorithms Mark1 and Mark2 now have the same marked and
unmarked pages in their caches. From this point on, these two algorithms behave the
same until the end of the current phase. Clearly, we want to avoid such situations
whenever possible. A way out is to make sure that Mark1 does not remove the page
𝑝3, but some other page which no other algorithm removed so far; an example is 𝑝7,
which leads to the following result.

Mark1 : 𝑝8 𝑝9 𝑝3 𝑝4 𝑝5 𝑝6 𝑝1

Mark2 : 𝑝1 𝑝8 𝑝9 𝑝4 𝑝5 𝑝6 𝑝7

Mark3 : 𝑝1 𝑝2 𝑝8 𝑝9 𝑝5 𝑝6 𝑝7

Mark4 : 𝑝1 𝑝2 𝑝3 𝑝8 𝑝9 𝑝6 𝑝7
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Suppose page 𝑝3 is requested next. Again, if all algorithms follow our original
idea, two algorithms have the same cache content afterwards; this time these are
Mark3 and Mark4, and the cache contents look as follows.

Mark1 : 𝑝8 𝑝9 𝑝3 𝑝4 𝑝5 𝑝6 𝑝1

Mark2 : 𝑝1 𝑝8 𝑝9 𝑝3 𝑝5 𝑝6 𝑝7

Mark3 : 𝑝1 𝑝2 𝑝8 𝑝9 𝑝3 𝑝6 𝑝7

Mark4 : 𝑝1 𝑝2 𝑝3 𝑝8 𝑝9 𝑝6 𝑝7

This problem can also be fixed by making Mark3 remove the page 𝑝6 instead of 𝑝5;
as a consequence, we get the following situation.

Mark1 : 𝑝8 𝑝9 𝑝3 𝑝4 𝑝5 𝑝6 𝑝1

Mark2 : 𝑝1 𝑝8 𝑝9 𝑝3 𝑝5 𝑝6 𝑝7

Mark3 : 𝑝1 𝑝2 𝑝8 𝑝9 𝑝5 𝑝3 𝑝7

Mark4 : 𝑝1 𝑝2 𝑝3 𝑝8 𝑝9 𝑝6 𝑝7

So far, so good, but now we encounter a point where we cannot use this strategy
again. The problem is that there is no page left to remove from the cache that was
not yet removed by any algorithm. ♢

To analyze RMarkBarely, we again consider the 𝑘-phase partition of the input
according to Definition 1.8. Moreover, we use the notion of “old” and “new” pages
as in the proof of Theorem 2.2, where we showed that RMark is 2𝐻𝑘-competitive
in expectation. Now suppose that, at the beginning, three new pages are requested.
Every algorithm from strat(RMarkBarely) removes pages using the principle from
Example 2.6. Afterwards, every algorithm is assigned a sequence of three removed
unmarked old pages; for instance, Mark3 used (𝑝3, 𝑝4, 𝑝5). This is done by ordering
the pages that are in the cache at the beginning in some way (for instance, by their
indices) and make every algorithm replace a unique subsequence as long as this
is possible; see Figure 2.4. As the computation continues, we want to ensure that
these subsequences stay unique for every algorithm, such that no two of them act
identically. Since marked pages do not get evicted in the current phase, they need
to be removed from these subsequences.

If a new page is requested in some time step, the subsequences are extended by
one page, which means that this unmarked old page is removed to load the new page
into the cache. However, if an unmarked old page 𝑝 is requested, the situation is
more complex. After this request, 𝑝 is not unmarked anymore and therefore has to
be removed from every subsequence including it. Algorithms that already removed
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Mark1

Mark2

Mark3

Mark4

𝑝1, 𝑝2, 𝑝3, 𝑝4, 𝑝5, 𝑝6, 𝑝7, 𝑝8, . . .

Figure 2.4. The pages that are in the cache at the beginning of a phase and the first
two pages that are replaced by the deterministic strategies RMarkBarely chooses from.

𝑝 are now not allowed to remove the page 𝑝′ that would be next according to the
ordering. As we have seen in Example 2.6, we could not guarantee that all algorithms
act differently afterwards. Instead, these algorithms use a page 𝑝′′ which, so far, is
in the cache of all algorithms, that is, it was not removed yet by any algorithm. We
will soon investigate under what circumstances such a page exists, but for now just
assume that it does. Then, we add 𝑝′′ to all subsequences of all algorithms that do
not have 𝑝 in their caches, which means that in their caches 𝑝′′ is replaced by 𝑝.

Example 2.7. We now take a closer look at the situation described in Example 2.6.
The subsequence (𝑝1, 𝑝2) was assigned to Mark1 and (𝑝2, 𝑝3) was assigned to Mark2
after the first two requests 𝑝8 and 𝑝9. If 𝑝1 is requested after that, the subsequence
of Mark2 is unchanged, since it has 𝑝1 in its cache, and simply needs to mark it. The
situation is different for Mark1; here, 𝑝1 is removed from the subsequence since the
page is now marked. If now the page 𝑝3 is removed to load 𝑝1, both subsequences
are (𝑝2, 𝑝3). Thus, Mark1 removes the unmarked page 𝑝7 instead, which leads to
a subsequence (𝑝2, 𝑝7). Consequently, the two algorithms have different unmarked
pages in their caches after this request. ♢

In general, after this strategy is repeated for some number of times, we will
get to a point where we do not have any free (that is, unmarked old) pages left,
and the adversary can force some of the algorithms to have the same marked and
unmarked pages in their caches. RMarkBarely therefore works in rounds in which
it partitions the algorithms into groups. In every round, two algorithms from different
groups replace different pages. The idea is that the unavoidable problem of some
algorithms acting the same from some point on is somewhat “controlled” by building
these groups. Note that RMarkBarely must simulate all deterministic algorithms
Mark1,Mark2, . . . ,Mark2𝑏 at once in order to know how the randomly chosen one
replaces pages.

Exercise 2.7. The instance in Example 2.6 is (𝑝8, 𝑝9, 𝑝1, 𝑝3). It is easy to see that, after a
fifth page is requested, the deterministic algorithms can still choose pages in their caches to
replace such that all caches stay pairwise different.

For 𝑏 = 2 and 𝑘 = 7, give an instance of length 5 such that the last request forces two
algorithms from strat(RMarkBarely) to have the same cache content afterwards.
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Now that we have a rough idea about how the algorithm works, in what follows,
we prove that RMarkBarely is indeed asymptotically as good as RMark. To this
end, we formalize the ideas we just discussed, and describe the algorithm’s behavior
in more detail.

Theorem 2.12. RMarkBarely uses 𝑏 random bits, where 2𝑏 < 𝑘, and is strictly(︂
3𝑏+ 2(𝑘 + 1)

2𝑏

)︂
-competitive

in expectation for paging.

Proof. Consider the deterministic algorithms Mark1,Mark2, . . . ,Mark2𝑏 and the 𝑘-
phase partition as given by Definition 1.8. The algorithms follow different strategies
to remove unmarked pages. However, the set of marked pages is the same for every
algorithm at any point in time, and thus all algorithms have the same pages in their
caches at the beginning of any phase.

Let there be 𝑁 phases in total, let 𝑃𝑗 with 1 ≤ 𝑗 ≤ 𝑁 be an arbitrary phase, and
let us denote pages by “new” and “old” as in the proof of Theorem 2.2; that is, all
pages that are in the cache at the beginning of 𝑃𝑗 are called old, and all pages that
are not old and that are requested during 𝑃𝑗 are called new. Moreover, we ignore
all requests to pages that were already requested during 𝑃𝑗 since they do not cause
page faults for any of the considered marking algorithms. Recall that, during any
phase, at least one new page is requested. For the sake of a simple notation, we
assume that 𝑃𝑗 consists of 𝑘 requests 𝑥1, 𝑥2, . . . , 𝑥𝑘 to unmarked old or new pages.
These 𝑘 requests are now processed in 𝑏+ 1 rounds that are defined as follows.

• Round 𝑅0 starts with request 𝑥1 and takes until request 𝑥𝑘−2𝑏+1 is processed.
• For 𝑧 ≥ 1, round 𝑅𝑧 consists of the 2𝑏/2𝑧 requests 𝑥𝑘−2𝑏−(𝑧−1)+2 to 𝑥𝑘−2𝑏−𝑧+1.

In every round, the 2𝑏 algorithms are divided into 2𝑏/2𝑧 groups 𝒢1,𝒢2, . . . ,𝒢2𝑏−𝑧

each of size 2𝑧. In round 𝑅0, every such group consists of one unique algorithm, that
is, 𝒢𝑖 = {Mark𝑖}. At the beginning of round 𝑅𝑧 with 𝑧 ≥ 1, the two groups 𝒢𝑖 and
𝒢𝑖+2𝑏−𝑧 are merged into a single group 𝒢𝑖; for instance, if there are eight algorithms
in total, 𝒢1 and 𝒢5 are merged to 𝒢1, 𝒢2 and 𝒢6 are merged to 𝒢2, and so on, right
before round 𝑅1.

Now consider a request 𝑥𝑡+1 processed in round 𝑅𝑧, and denote the number of
new pages that are requested during 𝑥1, 𝑥2, . . . , 𝑥𝑡 by 𝑙𝑡. Then there are 𝑡− 𝑙𝑡 old
pages that were requested before and that are already marked in this time step.
Conversely, there are

𝑘 − 𝑡+ 𝑙𝑡 (2.18)

unmarked old pages, and, for every algorithm, some of them are in the cache and
some are not. We denote these pages by 𝑝1, 𝑝2, . . . , 𝑝𝑘−𝑡+𝑙𝑡 , and set

𝑆𝑡 := (𝑝1, 𝑝2, . . . , 𝑝𝑘−𝑡+𝑙𝑡) .

68



2.6. A Barely Random Algorithm for Paging

In other words, 𝑆𝑡 is a sequence of old pages that remain unmarked until the 𝑡th
time step of 𝑃𝑗 ; right before the first time step of 𝑃𝑗 , these are all pages that are in
the cache at the beginning of this phase.

As already stated, every group 𝒢𝑖 replaces pages following a certain strategy. More
specifically, in the 𝑡th time step of 𝑃𝑗 , every 𝒢𝑖 is assigned a set of 𝑙𝑡 unmarked old
pages (determined by the ordering that is given by 𝑆𝑡). This set is

𝐸𝑖,𝑡 := {𝑝𝑖, 𝑝𝑖+1, . . . , 𝑝𝑖+𝑙𝑡−1} ,

for 𝑙𝑡 ≥ 1 and 𝐸𝑖,𝑡 = ∅ for 𝑙𝑡 = 0. Algorithms in 𝒢𝑖 only replace pages in their caches
that are in this set in the corresponding time step. Note that every unmarked old
page is in at most 𝑙𝑡 different sets 𝐸𝑖,𝑡 since |𝐸𝑖,𝑡| = 𝑙𝑡 and by the construction of the
sets. We first have to show that there are always enough unmarked old pages. By
the definition of the sets 𝐸𝑖,𝑡 with 1 ≤ 𝑖 ≤ 2𝑏/2𝑧, the unmarked old pages assigned
to groups are

𝑝1, 𝑝2, . . . , 𝑝2𝑏/2𝑧+𝑙𝑡−1 ,

which amounts to 2𝑏/2𝑧 + 𝑙𝑡 − 1 pages. As noted in (2.18), there are 𝑘 − 𝑡 + 𝑙𝑡
unmarked old pages in total. Thus, there are

(𝑘 − 𝑡+ 𝑙𝑡) −
(︂

2𝑏
2𝑧 + 𝑙𝑡 − 1

)︂
= 𝑘 − 𝑡− 2𝑏

2𝑧 + 1 (2.19)

unmarked old pages left. Next, we bound 𝑡 from above. To this end, recall that round
𝑅𝑧 with 𝑧 ≥ 0 of 𝑃𝑗 ends after the (𝑘 − 2𝑏−𝑧 + 1)th time step of 𝑃𝑗 . Consequently,
we have

𝑡+ 1 ≤ 𝑘 − 2𝑏
2𝑧 + 1 . (2.20)

From (2.19) and (2.20), it follows that the number of pages that are left is at least

𝑘 −
(︂
𝑘 − 2𝑏

2𝑧

)︂
− 2𝑏

2𝑧 + 1 = 1 , (2.21)

and thus the sets 𝐸𝑖,𝑡 are well defined.
Now we describe how the sequences 𝑆𝑡 are modified. As we assume that only

unmarked pages are requested, we can simply distinguish the following two cases.

Case 1. Suppose 𝑥𝑡+1 is a new page. In this case, we set 𝑆𝑡+1 = 𝑆𝑡 (note that both
𝑡 and 𝑙𝑡 increase by one). Moreover, we add another element to all sets, that is,
𝐸𝑖,𝑡+1 = 𝐸𝑖,𝑡 ∪ {𝑝𝑖+𝑙𝑡}. This simply means that the page 𝑝𝑖+𝑙𝑡 gets replaced by
𝑥𝑡+1 in the caches of the corresponding algorithms, which is always possible due
to (2.21).
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Case 2. Now suppose 𝑥𝑡+1 is an unmarked old page. Then 𝑥𝑡+1 is removed from 𝑆𝑡
and replaced by some other page that is so far not assigned to any group.
Due to (2.21), there is at least one page that can take the place of 𝑥𝑡+1. Further-
more, since every unmarked old page is in at most 𝑙𝑡 sets 𝐸𝑖,𝑡, at most 𝑙𝑡 sets
𝐸𝑖,𝑡+1 are different from 𝐸𝑖,𝑡.

We have just shown how the sets 𝐸𝑖,𝑡, which are used to keep track of which pages
are replaced when a page fault occurs, are created and maintained. Now let Mark𝑞
with 1 ≤ 𝑞 ≤ 2𝑏 be some algorithm from a group 𝒢𝑖, and let 𝑥𝑡+1 be a request that
causes a page fault. Then Mark𝑞 loads this page into the cache by replacing a page
from 𝐸𝑖,𝑡+1. We show that such a page always exists. Mark𝑞 has 𝑘 − 𝑡 unmarked
old pages in its cache so far. By definition, there are 𝑙𝑡+1 unmarked old pages in the
set 𝐸𝑖,𝑡+1. In total (see (2.18)), after 𝑥𝑡+1 is processed, there are 𝑘 + 𝑙𝑡+1 − (𝑡+ 1)
unmarked old pages. Consequently, there are only 𝑘 − 𝑡 − 1 unmarked old pages
that are not in 𝐸𝑖,𝑡+1, and hence the cache of Mark𝑞 must contain at least one page
from 𝐸𝑖,𝑡+1. The algorithms are therefore consistent for paging, that is, they always
produce a feasible output.

It remains to bound the expected number of page faults that are caused by
RMarkBarely. This is done by bounding the average number of page faults made
by the algorithms Mark𝑞. We begin with the total number of page faults of all
algorithms combined. To this end, let 𝑙′𝑗 denote the number of new pages that are
requested during phase 𝑃𝑗 .

• Every new page that is requested obviously causes one page fault for every
algorithm, which sums up to

𝑙′𝑗2𝑏 (2.22)

page faults in total.
• It gets a little more tricky for unmarked old pages that are requested. As we

have seen above, such a request 𝑥𝑡+1 forces the algorithms of at most 𝑙𝑡 ≤ 𝑙′𝑗
groups to cause a page fault. Round 𝑅0 consists of 𝑘 − 2𝑏 + 1 time steps,
and since every group includes one single algorithm, this leads to at most
𝑙′𝑗(𝑘 − 2𝑏 + 1) page faults. In round 𝑅𝑧 with 𝑧 ≥ 1, every group consists of 2𝑧
algorithms and 𝑅𝑧 consists of at most 2𝑏/2𝑧 time steps; for each such round,
at most 𝑙′𝑗 groups are affected by this page fault. Since there are 𝑏 such rounds
in total, we get a maximum number of page faults of

𝑙′𝑗
2𝑏
2𝑧 2𝑧 𝑏 .

All in all, the number of page faults in phase 𝑃𝑗 due to unmarked old pages
sums up to at most

𝑙′𝑗(𝑘 − 2𝑏 + 1) + 𝑙′𝑗 2𝑏 𝑏 . (2.23)
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• Last, we bound the number of page faults that are due to the merging of groups.
When the algorithms from group 𝒢𝑖+2𝑏−𝑧 with 1 ≤ 𝑖 ≤ 2𝑏/2𝑧 are added to the
ones from 𝒢𝑖, we assume that, afterwards, they only replace pages according
to the strategy of 𝒢𝑖. However, it may be the case that the former algorithms
replaced unmarked old pages that are still in the caches of the algorithms
from group 𝒢𝑖. For the sake of an easier analysis, we thus assume that the
algorithms from 𝒢𝑖+2𝑏−𝑧 simply load the corresponding unmarked old pages
into their caches without marking them; after that, all algorithms from 𝒢𝑖
are assigned the same group 𝐸𝑖,𝑡. For any affected algorithm, this causes an
additional cost of at most 𝑙𝑡 ≤ 𝑙′𝑗 . Every merging, independent of both the
preceding and succeeding round, affects exactly half of the algorithms, that is,
2𝑏−1 many; this happens exactly 𝑏 times. Therefore, in the sum, this causes at
most another

𝑙′𝑗2𝑏−1𝑏 (2.24)

page faults.

As a direct consequence of (2.22) to (2.24), all algorithms in strat(RMarkBarely)
together have at most a cost of

𝑙′𝑗2𝑏 + 𝑙′𝑗(𝑘 − 2𝑏 + 1) + 𝑙′𝑗2𝑏𝑏+ 𝑙′𝑗2𝑏−1𝑏 = 𝑙′𝑗

(︂
𝑘 + 1 + 3

2 2𝑏 𝑏
)︂

in each phase. This leads to an average cost of

𝑙′𝑗

(︂
𝑘 + 1

2𝑏 + 3
2 𝑏

)︂
of a single algorithm per phase. Finally, as in the proof of Theorem 2.2, we can sum
over all 𝑁 phases and argue that Opt has to make at least

𝑁∑︁
𝑗=1

1
2 𝑙

′
𝑗

page faults in total; furthermore, we can assume that all phases are complete. With
this, we can bound the strict expected competitive ratio of RMarkBarely from
above by

3𝑏+ 2(𝑘 + 1)
2𝑏

as we claimed. �

Now we can use Theorem 2.12 with 𝑏 = ⌊log2 𝑘⌋−1. It follows that RMarkBarely
obtains a strict expected competitive ratio of at most

3⌊log2 𝑘⌋ − 3 + 2(𝑘 + 1)
2⌊log2 𝑘⌋−1 = 3 log2 𝑘 + 𝒪(1) ∈ 𝒪(log 𝑘) .
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Let us briefly interpret these results. No deterministic online algorithm can be
better than 𝑘-competitive. However, this can be improved exponentially by picking a
strategy uniformly at random from a set of constantly many ones. Such phenomena
motivate the study of advice complexity, which we will introduce in the next chapter
and which will subsequently accompany us throughout this book.

⋆2.7 Bounds with Probability Tending to One
So far, we always measured the quality of randomized online algorithms by means of
the expected competitive ratio. In Section 2.1, we mentioned that, for offline problems,
one is usually more interested in the concrete probabilities with which “good” or
“bad” output is created. For a broad class of offline algorithms, statements about
the expected value allow for statements about the concrete probability of success by
using the amplification technique. For online algorithms, this argumentation does
not work in general since they cannot repeat their computation.

However, for some online algorithms for paging, we can make statements that
speak about the concrete probabilities of creating a good output. As for offline
optimization problems, “good” means that the gain or cost of the computed solution
is very close to the expected gain or cost. A desirable result would be that the
probability that this happens is large. But what does “large” mean in this context?
Preferably, it means “not constant,” and we would be happy if the probability tends
to 1, for instance, with increasing input length. In the following, we show that such
a statement is not possible in general by using the fact that any input of length 𝑛
can be extended to an input of length 𝑑𝑛 by repeating every request 𝑑 times. The
following theorem only speaks about strict competitiveness; a general statement is
given in Exercise 2.8.

Theorem 2.13. Let 𝑓 : N → R+ be some unbounded increasing function. There is
no randomized online algorithm for paging that is strictly 𝑐-competitive for inputs of
length 𝑛 with a probability of 1 − 1/𝑓(𝑛), where 𝑐 < 𝑘.

Proof. Let 𝑐 < 𝑘, and suppose there is some 𝑛0 ∈ N+ such that there is a randomized
online algorithm Rand that, for any instance 𝐼 of paging with |𝐼| = 𝑛 ≥ 𝑛0 is strictly
𝑐-competitive with a probability of 1 − 1/𝑓(𝑛), for some function 𝑓 that tends to
infinity with growing 𝑛. Without loss of generality, we assume that Rand is a
demand paging algorithm (see Exercises 1.5 and 1.6).

Now let 𝑛′ ≥ 𝑛0 be an arbitrary natural number that is a large multiple of 𝑘 such
that

1
𝑘𝑘−1 >

1
𝑓(𝑛′) . (2.25)

We design a randomized online algorithm Rand′ that has a strict performance
of 𝑐 with a probability of 1 − 1/𝑓(𝑛′) on inputs of length 𝑘. To this end, Rand′
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simulates Rand on an input that is obtained by repeating every request 𝑛′/𝑘 times.
By definition, Rand has a strict performance of 𝑐 on this input with a probability
of 1 − 1/𝑓(𝑛′). Since Rand′ replaces the same pages as Rand, Rand′ also has a
strict performance of 𝑐 on the original instance of length 𝑘 with a probability of
1 − 1/𝑓(𝑛′).

Next, we show that the existence of Rand′ and thus Rand leads to a contradiction.
Again, let there be 𝑘 + 1 pages in total. Now consider the following instance 𝐼 ′ of
paging of length 𝑘. First, the page 𝑝𝑘+1 is requested, and then some sequence of
𝑘− 1 pages such that the same page is never requested in two consecutive time steps.
We already know that there is an optimal solution for 𝐼 ′ that only makes a page
fault in the first time step.

Now consider the solution of Rand′ for 𝐼 ′. In every time step in which the
algorithm causes a page fault, Rand′ randomly chooses a page to replace in its cache.
There is always a page that is chosen with probability at least 1/𝑘, and the advesary
requests this page in the next time step. Thus, there is a sequence 𝑝𝑖1 , 𝑝𝑖2 , . . . , 𝑝𝑖𝑘−1

of “bad” choices that causes Rand′ to have cost 𝑘. In the first time step, Rand′

chooses the bad page (that is, the page that is requested right after that) with
probability at least 1/𝑘; with probability at least 1/𝑘2, it chooses the bad pages in
the first and the second time step, and so on. Clearly, the probability that it chooses
the bad sequence is at least 1/𝑘𝑘−1. Thus, Rand′ has a strict performance of 𝑘 on 𝐼 ′

with at least this probability; but together with (2.25), this immediately contradicts
our assumption that Rand′ has a strict performance of 𝑐 on 𝐼 ′ with a probability
of 1 − 1/𝑓(𝑛′). As a consequence, Rand′ cannot be strictly 𝑐-competitive with a
probability of 1 − 1/𝑓(𝑛) for inputs of length 𝑛; thus, Rand cannot exist. �

Exercise 2.8.⋆ For Theorem 2.13, we assume that Rand is strictly 𝑐-competitive with
the given probability, and from this conclude that Rand′ cannot be strictly 𝑐-competitive
with this probability on short instances. Prove this result for the case that the additive
constant 𝛼 from Definition 2.2 is allowed to be positive.
Hint. Consider an input length that depends on 𝛼.

A consequence of Theorem 2.13 (and Exercise 2.8) is that we cannot hope for
a randomized online algorithm that is better than (strictly) 𝑘-competitive with a
probability that tends to 1 with growing 𝑛. As we know that there are deterministic
online algorithms that reach this bound, this seems disappointing. Then again, the
instances we used in the proof of this theorem appeared to be rather artificial, as
they basically consist of a linear number of requests for the same page, and the
optimal cost is always one. For paging, instances are of interest for which also the
cost of an optimal solution grows with the input length.

In what follows, we therefore measure the probability of being as good as the
expected value in the number 𝑁 of phases according to the 𝑘-phase partition from
Definition 1.8. Our goal is to again study the randomized marking algorithm RMark,
which was introduced in Section 2.2, and to show that it achieves a competitive
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ratio that is close to its expected value 2𝐻𝑘 with a probability that tends to 1 as
𝑁 increases. To prove this claim, we need the following technical lemma, which we
state without a proof. Let exp: R → R+ be the natural exponential function, that
is, exp(𝑥) = e𝑥 where e = 2.718 . . . is Euler’s number.

Lemma 2.4 (Hoeffding’s Inequality). Let 𝑋1, 𝑋2, . . . , 𝑋𝑁 be independent ran-
dom variables such that 𝑎𝑖 ≤ 𝑋𝑖 − E[𝑋𝑖] ≤ 𝑏𝑖, for all 𝑖 with 1 ≤ 𝑖 ≤ 𝑁 . Then

Pr
[︃
𝑁∑︁
𝑖=1

(𝑋𝑖 − E[𝑋𝑖]) ≥ 𝑡

]︃
≤ exp

(︃
− 2𝑡2∑︀𝑁

𝑖=1(𝑏𝑖 − 𝑎𝑖)2

)︃
,

for any 𝑡 > 0. �

To prove the following theorem, we treat the cost of single phases as random
variables. Note that the number of phases does not simply increase with the input
length.

Theorem 2.14. Let 𝜀 > 0. The probability that the competitive ratio of RMark is
at least 2𝐻𝑘 + 𝜀 tends to 0 as the number of phases tends to infinity.

Proof. Let 𝐼 be any instance of paging, and let RMark be the randomized marking
algorithm defined in Section 2.2; we consider the 𝑘-phase partition according to
Definition 1.8. As in the proofs of Theorems 2.2 and 2.11, for any phase 𝑃𝑖, we
denote the cost of RMark on 𝐼 during 𝑃𝑖 by cost(RMark(𝑃𝑖)) and set

𝐶𝑖 := cost(RMark(𝑃𝑖)) ,

for every 𝑖 with 1 ≤ 𝑖 ≤ 𝑁 , to get an easier notation. Consequently, we have

cost(RMark(𝐼)) =
𝑁∑︁
𝑖=1

𝐶𝑖 . (2.26)

Note that the 𝐶𝑖 are independent random variables since the cache content at the
beginning and the end of any phase does not depend on the random decisions
made in any of the previous phases; indeed, it only depends on 𝐼, which is chosen
deterministically.

Since at most 𝑘 different pages are requested in one phase, we can trivially bound
every random variable 𝐶𝑖 by

0 ≤ 𝐶𝑖 ≤ 𝑘 ,

and thus

−E[𝐶𝑖]⏟  ⏞  
𝑎𝑖

≤ 𝐶𝑖 − E[𝐶𝑖] ≤ 𝑘 − E[𝐶𝑖]⏟  ⏞  
𝑏𝑖

. (2.27)
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Theorem 2.2 states that RMark is strictly 2𝐻𝑘-competitive in expectation, which
means that

E[cost(RMark(𝐼))] ≤ 2𝐻𝑘 · cost(Opt(𝐼)) . (2.28)

Now we are interested in the probability that the cost of RMark is at least (2𝐻𝑘 +
𝜀) · cost(Opt(𝐼)), for any 𝜀 > 0. Using (2.28), (2.26), and linearity of expectation in
this order, we obtain

Pr[cost(RMark(𝐼)) ≥ (2𝐻𝑘 + 𝜀) · cost(Opt(𝐼))]

≤ Pr
[︂
cost(RMark(𝐼)) ≥ (2𝐻𝑘 + 𝜀) · E[cost(RMark(𝐼))]

2𝐻𝑘

]︂
= Pr

[︂
cost(RMark(𝐼))−E[cost(RMark(𝐼))] ≥ 𝜀 · E[cost(RMark(𝐼))]

2𝐻𝑘

]︂
= Pr

[︃
𝑁∑︁
𝑖=1

𝐶𝑖 − E

[︃
𝑁∑︁
𝑖=1

𝐶𝑖

]︃
≥ 𝜀 · E[cost(RMark(𝐼))]

2𝐻𝑘

]︃

= Pr
[︃
𝑁∑︁
𝑖=1

(𝐶𝑖 − E[𝐶𝑖]) ≥ 𝜀 · E[cost(RMark(𝐼))]
2𝐻𝑘

]︃
.

We now apply Hoeffding’s inequality and obtain

Pr
[︃
𝑁∑︁
𝑖=1

(𝐶𝑖 − E[𝐶𝑖]) ≥ 𝜀 · E[cost(RMark(𝐼))]
2𝐻𝑘

]︃

≤ exp
(︃

− (𝜀 · E[cost(RMark(𝐼))])2

2𝐻2
𝑘

∑︀𝑁
𝑖=1(𝑏𝑖 − 𝑎𝑖)2

)︃
.

Recall that every phase contains at least one request for a new page. Thus, RMark
makes at least one page fault per phase, and we have

E[cost(RMark(𝐼))] ≥ 𝑁 .

Moreover, due to (2.27), we have

𝑁∑︁
𝑖=1

(𝑏𝑖 − 𝑎𝑖)2 = 𝑁𝑘2 .

With this, we finally get

Pr
[︃
𝑁∑︁
𝑖=1

(𝐶𝑖 − E[𝐶𝑖]) ≥ 𝜀 · E[cost(RMark(𝐼))]
2𝐻𝑘

]︃
≤ exp

(︂
− 𝜀2

2𝐻2
𝑘𝑘

2𝑁

)︂
.
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Since both 𝜀 and 𝑘 are constant, this upper bound is monotonically decreasing
in the number of phases 𝑁 . To conclude, the probability that the actual cost of
RMark on 𝐼 is at most (2𝐻𝑘 + 𝜀) · cost(Opt(𝐼)) is at least

1 − 1
eΩ(𝑁) ,

which tends to 1 as we claimed. �

Unfortunately, this approach does not work in general. The proof of Theorem 2.14
only works since we have independent phases induced by RMark.

Exercise 2.9. In the proof of Theorem 2.14, we also made use of the fact that RMark is
strictly 2𝐻𝑘-competitive in expectation. Does the proof still work if we also assume that
the additive constant 𝛼 from Definition 2.2 is positive?

2.8 The Ski Rental Problem
In this section, we study a very simple online problem that is met in disguise in
various situations in everyday life, namely the ski rental problem. The idea is simple
and captures the dilemma we are facing when we need to decide whether it is cheaper
to rent some resource on demand again and again for small cost or to buy it at once,
without knowing how often we need to use it.

Suppose you want to go skiing for as long as possible, but you do not own any
skis. You have two choices. Either you rent skis for a small amount, say, EUR 1,
or you buy the skis for EUR 𝑘, where 𝑘 is some natural number larger than 1. To
simplify things, assume that the only thing that would prevent you from skiing is
the weather, so you are in excellent shape and highly motivated. The problem is,
however, that you only get a reliable weather forecast on the morning of the current
day. Thus, at the beginning of every day with good weather, you have to decide
whether you rent skis or buy them. In the latter case, you probably assume that
buying pays off later as you expect there will be many more days with good weather.
Let us model this situation as an online problem to see what can be achieved in
terms of competitive analysis.

Definition 2.3 (Ski Rental Problem). The ski rental problem is an online
minimization problem. An input consists of a sequence of 𝑛 requests, where
each request is either “good” or “bad,” and the 𝑖th request represents whether it
is possible to ski on the 𝑖th day. If the request is “bad,” the output is always
“⟨null⟩.” If the request is “good,” an online algorithm must either output “rent”
or “buy.” If an online algorithm answers “buy” in some time step, it can only
answer “⟨null⟩” in all subsequent time steps. Let 𝑘 ∈ N+ with 𝑘 ≥ 2; the cost of
an output is the number of “rent” answers, plus 𝑘 if there was a “buy” answer.
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Definition 2.3 implies that, for any online algorithm for the ski rental problem,
we simply need to specify what it does on days with good weather. Let us start
with deterministic strategies. First of all, we note that it is a bad strategy to never
buy the skis at all. If some algorithm never buys the skis no matter how many days
with good weather there are, an adversary can easily force it to have an unbounded
cost, namely 𝑛. But when should the skis be bought? To buy on the first day with
good weather also seems to be a bad idea, because then the adversary will make all
subsequent days have bad weather, and the online algorithm pays 𝑘 times as much
as is necessary.

Let us try another strategy, namely “break even.” This strategy is to rent the skis
for the first 𝑘 − 1 days with good weather and to buy them on the 𝑘th day with
good weather. It turns out that this is the best deterministic strategy we can follow
in such a situation; we denote the corresponding online algorithm by BreakEven.

Theorem 2.15. BreakEven is strictly (2 − 1/𝑘)-competitive for the ski rental
problem and no deterministic online algorithm is better than strictly (2 − 1/𝑘)-
competitive.

Proof. Let us first prove the lower bound. We consider an adversary that always
starts with a sequence of “good” requests, and possibly switches to “bad” at some
point; after such a switch, it never switches back to “good.” As we have just discussed,
never buying the skis is not a promising idea. So we simply distinguish between
three cases depending on when the skis are bought by some online algorithm Alg;
say, this happens on the 𝑖th day with good weather if such a day exists.

Case 1. Suppose 1 ≤ 𝑖 < 𝑘. The adversary constructs the input such that, after the
𝑖th day, all days have bad weather and therefore an optimal strategy rents the
skis for all 𝑖 days with good weather. We can immediately bound the competitive
ratio from below by

𝑘 + 𝑖− 1
𝑖

>
2𝑘 − 1
𝑘

in this case.
Case 2. Now suppose 𝑖 > 𝑘. Again, the adversary causes all days after the 𝑖th to

have bad weather. An optimal strategy in such a case is to buy the skis at the
first day with good weather. We get a bound of

𝑘 + 𝑖− 1
𝑘

>
2𝑘 − 1
𝑘

on the competitive ratio also in the second case.

So far, we have basically covered all algorithms that have a strategy which deviates
from that of BreakEven. Now we study what happens in this case. Of course, we
now consider an arbitrary adversary.

Case 3. So finally, suppose 𝑖 = 𝑘. If there are at least 𝑘 days of good weather, Alg
(more specifically, BreakEven) pays exactly 2𝑘 − 1. In this case, an optimal
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algorithm pays at least 𝑘, no matter whether the skis are rented or bought.
Therefore, the (strict) performance is

2𝑘 − 1
𝑘

= 2 − 1
𝑘
.

On the other hand, if there are fewer than 𝑘 days with good weather, Alg is even
optimal.

Summing up, no online algorithm can be better than strictly (2−1/𝑘)-competitive,
and only BreakEven achieves this competitive ratio. �

According to Definition 1.6, BreakEven is strongly strictly competitive. We
chose to formulate the claim in terms of strict competitiveness, because the cost 𝑘 of
buying the skis is a fixed parameter of the problem. Indeed, BreakEven’s cost is
never larger than 2𝑘 − 1 and therefore, for any 𝐼, if we plug

cost(BreakEven(𝐼)) ≤ 2𝑘 − 1, cost(Opt(𝐼)) ≥ 1, and 𝑐 = 1

into

cost(BreakEven(𝐼)) ≤ 𝑐 · cost(Opt(𝐼)) + 𝛼 ,

we get

2𝑘 − 1 ≤ 1 + 𝛼 .

Hence, for 𝛼 = 2(𝑘 − 1), BreakEven is 1-competitive. Although there do exist
online algorithms that are not competitive for the ski rental problem at all, it seems
to be the case that all somewhat “serious” online algorithms are 1-competitive, but
only for a value for 𝛼 that depends on 𝑘. As a consequence, the interesting case is to
consider strict competitiveness. As we have seen, we cannot be better than strictly
(2 − 1/𝑘)-competitive in a deterministic setting; with increasing 𝑘, this lower bound
tends to 2.

Exercise 2.10. Suppose the cost of buying skis is not a parameter known to any online
algorithm in advance, but is given with the first request; the subsequent requests are either
“good” or “bad” as defined in Definition 2.3. What follows for the non-strict competitive
ratio of BreakEven?

Now we ask how much randomization helps for ski rental. In Section 2.2, we
have seen that randomization allows for a rather drastic, namely exponential (with
respect to the cache size), improvement for paging. As BreakEven already has a
competitive ratio that is better than 2, the improvement for ski rental has to be
less significant. But does randomization help at all? From Theorem 2.1, we already
know that there is no such thing as an optimal randomized online algorithm for this
problem.
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In the following, we describe the randomized online algorithm RSki that chooses
deterministic strategies according to some probability distribution PrRSki. These
strategies are defined as follows; for every 𝑖 with 1 ≤ 𝑖 ≤ 𝑘, let Buy𝑖 be the
deterministic online algorithm that rents skis until day 𝑖− 1 of good weather and
buys them on the 𝑖th such day (if it exists). We set

strat(RSki) := {Buy1,Buy2, . . . ,Buy𝑘}

and define a probability distribution PrRSki : RSki → [0, 1] in what follows. To this
end, let

𝛿 := 𝑘

𝑘 − 1
and

𝛾 := 𝛿 − 1
𝛿𝑘 − 1 .

The probability that RSki chooses the strategy Buy𝑖 is given by

PrRSki[Buy𝑖] := 𝛾𝛿𝑖−1 .

We immediately verify that
𝑘∑︁
𝑖=1

PrRSki[Buy𝑖] =
𝑘∑︁
𝑖=1

𝛾𝛿𝑖−1 = 𝛾
𝑘−1∑︁
𝑖=0

𝛿𝑖 =
(︂
𝛿 − 1
𝛿𝑘 − 1

)︂(︂
𝛿𝑘 − 1
𝛿 − 1

)︂
= 1 ,

thus RSki is well defined. Now we compute an upper bound on its expected
competitive ratio.

Theorem 2.16. RSki is strictly(︂
𝛿𝑘

𝛿𝑘 − 1

)︂
-competitive

in expectation for the ski rental problem.

Proof. At first, we can apply two simplifications that allow us to ignore some instances
that might be created by the adversary.

1. Since every deterministic online algorithm from strat(RSki) buys the skis at
the latest on the 𝑘th day with good weather, we only need to consider inputs
that contain at most 𝑘 such days.

2. Moreover, we may neglect days with bad weather that lie between days with
good weather, because they do not change the achieved competitive ratio. This
is due to the fact that RSki’s behavior does not depend on them (and neither
does an optimal solution).
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In other words, we can assume that all instances consist of 𝑗 days with good weather
and after that, there are only days with bad weather for 1 ≤ 𝑗 ≤ 𝑘. For such
an instance, an optimal solution always has cost 𝑗. If there are 𝑗 days with good
weather, the online algorithm Buy𝑖 has cost 𝑖− 1 + 𝑘 if 𝑖 ≤ 𝑗; conversely, it has cost
𝑗 whenever 𝑖 > 𝑗.

Therefore, the expected cost of RSki on such an instance 𝐼, which has exactly 𝑗
days with good weather, is

E[cost(RSki(𝐼))]

=
𝑗∑︁
𝑖=1

(𝑖− 1 + 𝑘) · PrRSki[Buy𝑖] +
𝑘∑︁

𝑖=𝑗+1
𝑗 · PrRSki[Buy𝑖]

=
𝑗∑︁
𝑖=1

(𝑖− 1) · PrRSki[Buy𝑖] +
𝑗∑︁
𝑖=1

𝑘 · PrRSki[Buy𝑖] +
𝑘∑︁

𝑖=𝑗+1
𝑗 · PrRSki[Buy𝑖] .

By the definition of PrRSki, we get

E[cost(RSki(𝐼))] = 𝛾

𝑗∑︁
𝑖=1

(𝑖− 1)𝛿𝑖−1 + 𝛾𝑘

𝑗∑︁
𝑖=1

𝛿𝑖−1 + 𝛾𝑗

𝑘∑︁
𝑖=𝑗+1

𝛿𝑖−1

= 𝛾

𝑗−1∑︁
𝑖=0

𝑖𝛿𝑖 + 𝛾𝑘

𝑗−1∑︁
𝑖=0

𝛿𝑖 + 𝛾𝑗
𝑘−1∑︁
𝑖=𝑗

𝛿𝑖

= 𝛾

𝑗−1∑︁
𝑖=0

𝑖𝛿𝑖 + 𝛾𝑘

𝑗−1∑︁
𝑖=0

𝛿𝑖 + 𝛾𝑗
𝑘−1∑︁
𝑖=0

𝛿𝑖 − 𝛾𝑗

𝑗−1∑︁
𝑖=0

𝛿𝑖 .

We can now use the closed forms of these geometric series together with

𝛿 = 𝑘

𝑘 − 1 ⇐⇒ 𝑘 = 𝛿

𝛿 − 1 ,

and get

E[cost(RSki(𝐼))]

= 𝛾
(𝑗 − 1)𝛿𝑗+1 − 𝑗𝛿𝑗 + 𝛿

(𝛿 − 1)2 + 𝛾𝑘
𝛿𝑗 − 1
𝛿 − 1 + 𝛾𝑗

𝛿𝑘 − 1
𝛿 − 1 − 𝛾𝑗

𝛿𝑗 − 1
𝛿 − 1

= 𝛾

𝛿 − 1

(︂
(𝑗 − 1)𝛿𝑗+1 − 𝑗𝛿𝑗 + 𝛿

𝛿 − 1 + 𝑘(𝛿𝑗 − 1) + 𝑗(𝛿𝑘 − 𝛿𝑗)
)︂

= 𝛾

𝛿 − 1
(︀
𝑘(𝑗 − 1)𝛿𝑗 − 𝑘𝑗𝛿𝑗−1 + 𝑘 + 𝑘(𝛿𝑗 − 1) + 𝑗(𝛿𝑘 − 𝛿𝑗)

)︀
= 𝛾

𝛿 − 1
(︀
𝑗𝑘𝛿𝑗 − 𝑘𝑗𝛿𝑗−1 + 𝑗𝛿𝑘 − 𝑗𝛿𝑗

)︀
= 𝛾

𝛿 − 1

(︂
𝛿𝑗

(︂
𝑘 − 𝑘

𝛿
− 1

)︂
⏟  ⏞  

0

+ 𝛿𝑘
)︂
𝑗
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= 𝛿𝑘𝛾

𝛿 − 1 𝑗 .

We plug in cost(Opt(𝐼)) = 𝑗 and 𝛾 = (𝛿 − 1)/(𝛿𝑘 − 1), finally obtaining

E[cost(RSki(𝐼))] = 𝛿𝑘(𝛿 − 1)
(𝛿 − 1)(𝛿𝑘 − 1) · cost(Opt(𝐼))

= 𝛿𝑘

𝛿𝑘 − 1 · cost(Opt(𝐼))

as claimed. �

We are now interested in the asymptotic behavior of the expected competitive
ratio of RSki if 𝑘 tends to infinity. Thus, we consider

lim
𝑘→∞

𝛿𝑘 = lim
𝑘→∞

(︂
𝑘

𝑘 − 1

)︂𝑘
= e ,

where as before e = 2.718 . . . denotes Euler’s number, and obtain

lim
𝑘→∞

𝛿𝑘

𝛿𝑘 − 1 = e
e − 1 = 1.582 . . . .

So, under which conditions is RSki better in expectation than BreakEven? To
answer this question, we note that

𝛿𝑘

𝛿𝑘 − 1 < 2 − 1
𝑘

(2.29)

⇐⇒ 𝛿𝑘 <

(︂
2 − 1

𝑘

)︂
𝛿𝑘 − 2 + 1

𝑘

⇐⇒ −
(︂

1 + 1
𝑘

)︂
𝛿𝑘 < −

(︂
2 − 1

𝑘

)︂
⇐⇒

(︂
𝑘

𝑘 − 1

)︂𝑘
>

2𝑘 − 1
𝑘 + 1 ,

(by the definition of 𝛿)

which holds whenever(︂
𝑘

𝑘 − 1

)︂𝑘
≥ 2 . (2.30)

Since (2/(2 − 1))2 = 4 and (𝑘/(𝑘 − 1))𝑘 is monotonically decreasing and tends to
e for 𝑘 ≥ 2, (2.30) and thus (2.29) is true for any 𝑘 ≥ 2. We conclude that, already
for 𝑘 ≥ 2 (which is always satisfied since 𝑘 is a natural number larger than 1), the
randomized online algorithm RSki is better than any deterministic online algorithm;
see Figure 2.5.
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Figure 2.5. Comparison of the competitive ratios of BreakEven and RSki.

2.9 Historical and Bibliographical Notes
Introductions to randomized algorithms are given by, for instance, Hromkovič [81],
Mitzenmacher and Upfal [118], and Motwani and Raghavan [120]. Also the textbook
by Borodin and El-Yaniv [34] spends many chapters on randomized online algorithms.
Knuth and Yao [96] discuss how to generate random numbers using random bits and
remark “. . . we shall use the word ‘algorithm’ for such possibly infinite procedures,
although strictly speaking we should be calling them ‘computational methods’ since
algorithms are traditionally supposed to be finite in their worst case.”

The Solovay-Strassen algorithm was published in 1977 by Solovay and Strassen [133].
A comprehensive analysis is, for instance, given in the aforementioned book by
Hromkovič [81]. Note that this algorithm is a one-sided-error Monte Carlo algorithm
for the inverse problem of deciding whether a given number is composite.

Yao’s principle was first applied by Yao [145] in 1977. Since then, it was used for
a large number of different online problems. The formulation and proof presented in
this chapter follow the textbook by Borodin and El-Yaniv [34].

An introduction to game theory, including zero-sum games, is given by Straffin [136].
The minimax theorem is due to von Neumann [140]. Later, Nash [121] showed that all
games with a finite number of strategies have equilibria in mixed strategies (they are
therefore called Nash equilibria). Loomis’ lemma was proven in 1946 by Loomis [111].
The application of games to online algorithms is discussed in detail by Borodin and
El-Yaniv [35].

The randomized online algorithm RMark is from Fiat et al. [61]. The lower
bound for randomized paging algorithms is also due to Fiat et al. [61]; the proof
presented here is taken from Motwani and Raghavan [120]. Actually, the lower
bound of 𝐻𝑘 is not just asymptotically tight; McGeoch and Sleator [116] designed
a randomized paging algorithm that is 𝐻𝑘-competitive in expectation. The barely
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random algorithm RMarkBarely and its analysis are due to Böckenhauer et al. [30]
and Komm and Královič [101,102].

Hoeffding’s inequality was first proven by Hoeffding [77]. Komm et al. [100]
proved that if a given online problem satisfies some natural conditions, a similar
statement to Theorem 2.14 is possible. In this analysis, the random variables are not
independent, but form a bounded supermartingale. Instead of Hoeffding’s inequality,
the Azuma-Hoeffding inequality [12] is used to bound the cost of any randomized
online algorithm.

The upper bound of RSki for the ski rental problem (see Theorem 2.16) is due
to Karlin et al. [91], who also presented a matching lower bound. The presentation
given in Section 2.8 follows Krumke and Thielen [109].
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