
Chapter 2
Spaces Lp; 1 � p � 1

In this chapter we study the class of Lp spaces, 1 � p � 1, which is one of the most
important classes of symmetric spaces. We begin with the Hölder and Minkowski
inequalities and prove that Lp is a symmetric space for all 1 � p � 1. In the case
1 � p < 1, we show that Lp is separable and describe its dual.

2.1 Hölder’s and Minkowski’s Inequalities

We continue to study the spaces Lp introduced at the end of Chapter 1. Our first goal
is to prove that .Lp; k � kLp/ is a complete normed space, i.e. , a Banach space.

We begin with two basic inequalities.

Proposition 2.1.1. 1. Let p � 1, a > 0, and b > 0. Then

.a C b/p � 2p�1.ap C bp/: (2.1.1)

2. (Young’s inequality) Let p; q > 1, a > 0, and b > 0. If
1

p
C 1

q
D 1, then

ab � ap

p
C bq

q
: (2.1.2)

Equality is achieved if and only if a D bq�1 or b D ap�1.

Proof. 1. Since the function ˚.x/ D xp is convex on .0;1/ for p � 1, it follows
that

�

a C b

2

�p

� ap C bp

2

for all a > 0, b > 0 (Fig. 2.1).
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Fig. 2.1 Inequality
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as areas

This implies

.a C b/p � 2p�1.ap C bq/;

for all a > 0 and b > 0.
2. Since .p � 1/.q � 1/ D 1, the functions y D xp�1 and x D xq�1 are mutually

inverse. Consider their graphs (Fig. 2.2).
We have

S1 D
x
Z

0

up�1du D xp

p
; S2 D

y
Z

0

vq�1du D yq

q
;

and

xy � S1 C S2 D xp

p
C yq

q
:

ut
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Theorem 2.1.2. Let 1 � p; q � 1 and
1

p
C 1

q
D 1.

1. (Hölder’s inequality) Let f 2 Lp, g 2 Lq. Then fg 2 L1 and

kfgkL1 � kf kLp � kgkLq : (2.1.3)

Equality is achieved if and only if ˛jf jp D ˇjgjq for some ˛ � 0, ˇ � 0.
2. (Minkowski’s inequality) If f ; g 2 Lp, 1 � p � 1, then

kf C gkLp � kf kLp C kgkLp : (2.1.4)

Proof. 1. The inequality (2.1.3) clearly holds if kf kLp or kgkLq is equal to 0 or 1.
Thus we may assume that 0 < kf kLp < 1 and 0 < kgkLq < 1.

If p D 1, q D 1, then

kfgkL1 D
1
Z

0

jfgjdm D
1
Z

0

jf j jgjdm � kgkL1

1
Z

0

jf jdm D kf kL1 � kgkL1
:

Let 1 < p; q < 1. By putting in Young’s inequality (2.1.2),

a D jf .x/j
kf kLp

; b D jg.x/j
kgkLq

;

we obtain

jf .x/j
kf kLp

� jg.x/j
kgkLq

� 1

p

 

jf .x/j
kf kLp

!p

C 1

q

 

jg.x/j
kgkLq

!q

; x 2 Œ0;1/;

and hence

1
Z

0

jf .x/g.x/j dx

kf kLp � kgkLq

� 1

p

1
Z

0

 

jf .x/j
kf kLp

!p

dx C 1

q

1
Z

0

 

jg.x/j
kgkLq

!q

dx D 1

p
C 1

q
D 1;

i.e.,

kfgkL1 D
1
Z

0

jf .x/g.x/j dx � kf kLp � kgkLq :

2. For values p D 1 and p D 1, the inequality (2.1.4) is obvious.
Let 1 < p < 1. Then

1
Z

0

jf C gjpdm �
1
Z

0

jf j jf C gjp�1dm C
1
Z

0

jgj jf C gjp�1dm: (2.1.5)
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If f ; g 2 Lp, then by setting in (2.1.1) a D jf j and b D jgj, we have

jf C gjp � 2p�1.jf jp C jgjp/;

which in turn implies .f C g/p 2 L1.
Taking into account the equality .p � 1/q D p, we obtain

.jf C gjp�1/q D jf C gj.p�1/q D jf C gjp 2 L1;

i.e., jf C gjp�1 2 Lq. Now we apply Hölder’s inequality (2.1.3) to the functions
jf j 2 Lp and jf C gjp�1 2 Lq:

1
Z

0

jf j jf C gjp�1dm � kf kLp � k jf C gjp�1 kLq D kf kLp

0

@

1
Z

0

jf C gj.p�1/qdm

1

A

1
q

D kf kLp

0

@

1
Z

0

jf C gjpdm

1

A

1
q

D kf kLp � �kf C gkLp

�
p
q :

In a similar way, for jgj 2 Lp and jf C gjp�1 2 Lq, we have

1
Z

0

jgj jf C gjp�1dm � kgkLp � �kf C gkLp

�
p
q :

By combining these two inequalities with (2.1.5), we obtain

kf C gkp
Lp

D
1
Z

0

jf C gjpdm � .kf kLp C kgkLp/ � �kf C gkLp

�
p
q :

Since p � p

q
D 1, we obtain also (2.1.4). ut

Minkowski’s inequality is just the triangle inequality in the space Lp. The
equality

kcf kLp D jcj � kf kLp ; c 2 R; f 2 Lp;

also holds, and kf kLp D 0 if and only if f D 0.
Thus, for 1 � p � 1, .Lp; k � kLp/ is a normed space.
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2.2 Completeness of Lp

Let 1 � p < 1 and ffng be a fundamental sequence in Lp, i.e.,

lim
n;m!1 kfn � fmkLp D 0:

By passing, if necessary, to a subsequence, we may assume that

f0 D 0; kfk � fk�1kLp <
1

2k
; k D 1; 2; : : : : (2.2.1)

We show that the sequence ffng converges almost everywhere to a function f 2 Lp

and

lim
n!1 kfn � f kLp D 0:

To prove this, consider the series
1
P

kD1
.fk � fk�1/, which has partial sums fn D

n
P

kD1
.fk � fk�1/, and set

gn D
n
X

kD1
jfk � fk�1j and g D

1
X

kD1
jfk � fk�1j:

Then gn " g.1 The integrals

1
Z

0

gp
ndm D kgnkp

Lp

are uniformly bounded, since by Minkowski’s inequality (2.1.4),

kgnkLp
�

n
X

kD1
kfk � fk�1kLp �

n
X

kD1

1

2k
� 1:

Since gp
n " gp, Levi’s theorem implies that the function gp is integrable (and hence

finite almost everywhere) and

1 � lim
n!1

1
Z

0

gp
ndm D

1
Z

0

gpdm D kgkp
Lp
;

i.e., g 2 Lp.

1From now on, we shall use the notation gn " g if fgng is increasing and g D sup
n

gn almost

everywhere.
In a similar way, gn # g means that fgng is decreasing and g D inf

n
gn almost everywhere.
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Since

1
X

kD1
jfk.x/ � fk�1.x/j D g.x/ < 1

for almost all x 2 Œ0;1/, the original series
1
P

kD1
.fk � fk�1/ converges almost

everywhere to a function f . Then fn D
n
P

kD1
.fk � fk�1/ also tends to f almost

everywhere. Finally,

kf kp
Lp

D
1
Z

0

jf jpdm �
1
Z

0

gpdm D kgkp
Lp
< 1;

i.e., f 2 Lp, and by (2.2.1), we have

kf � fnkLp �
1
X

kDnC1
kfk � fk�1kLp �

1
X

kDnC1

1

2k
D 1

2n
! 0; n ! 1:

Hence, Lp, 1 � p < 1, is a Banach space.
For p D 1, convergence in L1 is essentially uniform convergence. This means

that

kfn � f kL1
! 0; n ! 1;

if and only if there exists a set N of measure 0 such that fn.x/ ! f .x/ uniformly on
R

C n N.
This implies in turn the completeness of the space L1. Indeed, if ffng is a

fundamental sequence in L1, then it is a uniformly fundamental sequence on R
CnN

for a suitable set N of measure 0,

lim
m;n!1 sup

x2RCnN

jfm.x/ � fn.x/j D 0:

Hence fn.x/ ! f .x/ on R
C n N for a function f 2 L1 and k fn � f kL1

! 0;

n ! 1.
Thus, for all p 2 Œ1;1�, .Lp; k � kLp/ is a Banach space.
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2.3 Separability of Lp, 1 � p < 1

Denote by F1 the set of all simple2 integrable functions, and by F0 the set of all
simple functions with bounded support. Functions from F1 have the form

f D
n
X

iD0
ai � 1Ai ; ai 2 R; mAi < 1;

and if f 2 F0, the sets Ai are bounded, i.e., there exists a > 0 such that Ai � Œ0; a�
for all i.

Theorem 2.3.1. Let 1 � p < 1. Then

1. F0 is dense in Lp in norm k � kLp .
2. Lp is separable.

Proof. 1. Let 0 � f 2 Lp. Consider step functions f .n/ that approximate the
function f from below. Let

f .n/.x/ D i � 1
2n

; if
i � 1
2n

� f .x/ <
i

2n
; i 2 N;

and

fn D min.n; f .n// � 1Œ0;n�:

Then fn 2 F0 and

kf � fnkp
Lp

D
1
Z

0

jf � fnjpdm �
Z

ff �ng
f pdm C

1
Z

n

f pdm C n

2n
: (2.3.1)

Since

1
Z

0

f pdm < 1, the right side of (2.3.1) tends to 0 as n ! 1, and hence

kf � fnkLp ! 0; n ! 1:

For arbitrary functions f 2 Lp, we can use the decomposition

f D f C � f �; f C D max.f ; 0/; f � D � min.f ; 0/;

reducing to the case f � 0.

2A function is simple if it is a measurable step function with finitely many values.
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2. Let A 2 Fm, mA < 1, and " > 0. Then there exists an open set G such that
m.A M G/ < ". The set G has the form

G D
1
[

iD1
.ai; bi/; 0 � ai < bi; i � 1:

Since mG < 1, we can find n large enough that m.G M Gn/ < "; where
Gn D Sn

iD1.ai; bi/. We additionally may assume that ai and bi are rational
numbers.
Consider the subset F.0/ � F0 consisting of all functions g of the form

g D
n
X

iD0
ci � 1Œai;bi�

with rational ci, ai, and bi.
Since for every pair A; B 2 Fm, we have

m.A M B/ < " H) k1A � 1BkLp � "1=p;

the countable set F.0/ is dense in F0, and hence in Lp by part 1 of the proposition.
ut

2.4 Duality

Let X be a symmetric space and X� the dual Banach space. The space X� consists
of all linear continuous (bounded) functionals u W X ! R equipped with the norm

kukX� D supfju.f /j W kf kX � 1g < 1:

Let 1 � p; q � 1 and
1

p
C 1

q
D 1. For g 2 Lq we define a linear functional ug on

Lp by setting

ug.f / D
1
Z

0

fgdm; f 2 Lp:

Theorem 2.4.1. Let 1 � p; q � 1 and
1

p
C 1

q
D 1. Then ug 2 L�

p for all g 2 Lq,

and the mapping

	 W Lq 3 g ! ug 2 L�
p

is an isometric isomorphism of Lq into the dual space L�
p of the space Lp. If

1 � p < 1, then 	.Lq/ D L�
p , and for p D 1, the embedding 	.L1/ � L�1 is

strict.
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Proof. Let 1 < p; q < 1,
1

p
C 1

q
D 1. Hölder’s inequality (2.1.3) implies that the

functional ug is continuous and

jug.f /j D
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1
Z

0

fgdm

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

� kf kLpkgkLq ;

i.e.,

kugkL�

p
� kgkLq : (2.4.1)

Suppose that u 2 L�
p . Since 1A 2 Lp for mA < 1, the equality 
.A/ D u.1A/

defines a set function


 W A ! 
.A/ D u.1A/; A 2 Fm; mA < 1: (2.4.2)

For every finite segment Œ0; n�, the restriction of 
 to the � -algebra

Fm.0; n/ D fA 2 Fm W A � Œ0; n�g

is a � -additive set function, which is absolutely continuous with respect to the
measure m. The Radon–Nikodym theorem states the existence of a unique function
hn integrable on Œ0; n� such that


.A/ D
Z

A

hndm; A � Œ0; n�; A 2 Fm: (2.4.3)

Since R
C D

1
S

nD1
Œ0; n/, we obtain a unique measurable function g such that

gjŒ0;n� D hn for all n D 1; 2; : : : and

u.1A/ D 
.A/ D
Z

A

gdm (2.4.4)

for all A 2 Fm with m.A/ < 1.
The linearity of the functional u yields that

u.f / D
1
Z

0

fgdm D ug.f /; f 2 F0: (2.4.5)

We choose now a sequence gn 2 F0 such that gn " jgj. Such a sequence can be
constructed by setting

gn D min.n; g.n// � 1Œ0;n�;
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where for all i D 1; 2; : : :,

g.n/.x/ D i � 1
2n

; if
i � 1
2n

� jg.x/j < i

2n
:

We define now

fn D .gn/
q�1 � sign.g/; n D 1; 2; : : : :

Then fn 2 F0 and

u.fn/ D
1
Z

0

fngdm D
1
Z

0

gq
ndm D kgnkq

Lq
:

On the other hand,

u.fn/ � kukL�

p
kfnkLp ;

where jfnjp D g.q�1/p
n D gq

n, by the equality .q � 1/p D q.
This implies

kfnkLp D
0

@

1
Z

0

gq
ndm

1

A

1=p

D kgnkq=p
Lq

and

kgnkq
Lq

� kukL�

p
kgnkq=p

Lq
;

i.e.,

kgnkLq � kukL�

p
:

Thus, gq
n " jgjq and

1
Z

0

gq
ndm � kukq

L�

p
:

By Levi’s theorem,

lim
n!1

1
Z

0

gq
ndm D

1
Z

0

jgjqdm � kukq
L�

p
;

i.e., g 2 Lq and kgkLq � kukL�

p
.
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The functional ug coincides with u 2 L�
p on F0, and F0 is dense in Lq. Hence

ug D u.
The equality 	.L1/ D L�

1 and the fact that the embedding 	.L1/ � L�1 is strict
will be shown later in Examples 7.1.1 and 7.1.2. ut
Corollary 2.4.2. The spaces Lp are reflexive for 1 < p < 1.
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