Chapter 2
SpacesL,, 1 <p < o0

In this chapter we study the class of L, spaces, 1 < p < oo, which is one of the most
important classes of symmetric spaces. We begin with the Holder and Minkowski
inequalities and prove that L, is a symmetric space for all 1 < p < oo. In the case
1 < p < oo, we show that L, is separable and describe its dual.

2.1 Holder’s and Minkowski’s Inequalities

We continue to study the spaces L, introduced at the end of Chapter 1. Our first goal
is to prove that (L, || - [|r,,) is a complete normed space, i.e. , a Banach space.
We begin with two basic inequalities.

Proposition 2.1.1. . Letp > 1,a > 0, and b > 0. Then

(a + b)Y <27 (a” + bP). (2.1.1)

1 1
2. (Young’s inequality) Letp,qg > 1,a > 0,and b > 0. If — + — = 1, then
P q

a’ b
ab < — + —. (2.1.2)
p q

Equality is achieved if and only ifa = b or b = a" .

Proof. 1. Since the function @(x) = x” is convex on (0, o0) for p > 1, it follows
that

a+b ”<ap+bp
2 - 2

foralla > 0, b > 0 (Fig.2.1).
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Fig. 2.1 Inequality
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Fig. 2.2 The functions — and — as areas
p

This implies
(a+b)y <277(d" + b7,

foralla > 0and b > 0.

2. Since (p — 1)(¢ — 1) = 1, the functions y = x¥*~! and x = x9~! are mutually
inverse. Consider their graphs (Fig. 2.2).

We have
X xp y q
S| = /up_ldu =—, 5= /vq_ldu = y_
)4 q
0 0
and
Pyl
xySSl+S2=—+;.
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1 1
Theorem 2.1.2. Letl <p,g<ooand - + - = 1.
P q

1. (Holder’s inequality) Let f € L,,, g € L,. Then fg € L, and

gl < [IFlx, - gL, (2.1.3)

Equality is achieved if and only if a|f|P = B|g|? for some a > 0, B > 0.
2. (Minkowski’s inequality) If f,g € L,, 1 < p < oo, then

If +glle, < IIFlle, + llglw,- (2.1.4)

Proof. 1. The inequality (2.1.3) clearly holds if [|f||r, or [|g|[L, is equal to 0 or co.
Thus we may assume that 0 < [|f||r,, < oo and 0 < |[g]|r, < oo.
Ifp =1, g = oo, then

o0 [o.¢] o0
Vil = / fildm = / 1 lgldm < lglio [ Fldm = 11 - 18 llme.
0 0 0

Let 1 < p, g < co. By putting in Young’s inequality (2.1.2),

_ @l _ sl
iy, el
we obtain
F@l 1g@l _ 1 (@1 1 (ls@l)’
— — , O’ ,
i, Tsle, — p<|an,,) +q<||g||Lt,) xel0.00)
and hence
[ F@e@ldae 1 (oY 1 [l 1o
DO < o dx + ~ S+ =1,
J |V||Lp-||g||Lq5p0/<|an,,) ”qO/(HgHLq) A
ie.,

Ifglle, = / [f)g)ldx < I, - gl -

2. For values p = 1 and p = oo, the inequality (2.1.4) is obvious.
Let 1 < p < oco. Then

o0 o0 o0
/[f+g|l’dm5/lfllf+g|”“dm+/|g|[f+g|”—1dm. (2.1.5)
0 0 0



20 2 SpacesL,, 1 <p < o0
If f, g € L,, then by setting in (2.1.1) a = |f| and b = |g|, we have

If +glP <277 (F1P + 1gl").

which in turn implies (f + g)? € L.
Taking into account the equality (p — 1)g = p, we obtain

(If +8l )" = If + "™V = |f + gI" € Ly,

ie, |f + glP~! € L,. Now we apply Holder’s inequality (2.1.3) to the functions
Ifl € L, and |f + gP~' € L:

1
q

e o0
J 1+l tam < Wl U+ P = Wl { [ 1+l
0 0

1

= [Ifll, /V+g|”dm = IIfllx, - (If + gL,
0

P
4 .
In a similar way, for |g| € L, and |[f + g’ € L,, we have

o0

P
/ g If + gl"~"dm < Jgllx,, - (If + gllr,,)* -
0

By combining these two inequalities with (2.1.5), we obtain

Y]

I+ gll, = [ 1+ sPam = (Wl + gl - (1 + ¢lh, )
0

Since p— £ = 1, we obtain also (2.1.4). O
q

Minkowski’s inequality is just the triangle inequality in the space L,. The
equality

lefll, = lel - Iflle,. ¢ €R, felky,

also holds, and [|f||r,, = 0 if and only if f = 0.
Thus, for 1 < p < oo, (L, | - [I,,) is a normed space.
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2.2 Completeness of L,

Let 1 <p < oo and {f,} be a fundamental sequence in L,, i.e.,

lim ”fn _fm”L,, =0.

n,m—0oQ

By passing, if necessary, to a subsequence, we may assume that

1
fo= 0. M =fimrlln, < 5 k=1.2..... 2.2.1)

We show that the sequence {f, } converges almost everywhere to a function f € L,
and

tim [, /|1, = 0.
n o0

o0
To prove this, consider the series Y_ (fy — fi—1), which has partial sums f, =

k=1
n

> (fx — fi—1), and set

k=1
n o0
g =Y lfi—ficr| and g =" lfi —ficil.
k=1 k=1

Then g, 1 g.! The integrals
00
[ dham = e,
0
are uniformly bounded, since by Minkowski’s inequality (2.1.4),

n

‘ 1
Ignlly, = Z Ifi = fietllL, < Z 7 = 1.
k=1

k=1
Since g# 1 g”, Levi’s theorem implies that the function g” is integrable (and hence
finite almost everywhere) and

oo

o0
1= tim [ gt = [ ¢dn =gl
n—o00 p

0 0

ie,geL,.

'From now on, we shall use the notation g, 1 g if {g,} is increasing and ¢ = sup g, almost
n

everywhere.
In a similar way, g, J g means that {g,} is decreasing and g = inf g, almost everywhere.
n
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Since

D 1) —fis ()] = g(x) < o0

k=1

o0
for almost all x € [0,00), the original series Y (fy — fi—1) converges almost
k=1

n
everywhere to a function f. Then f, = > (fi — fi—1) also tends to f almost

k=1
everywhere. Finally,

o0

o0
Wi, = [ rdm < [ ¢am =gk, < oc.
0

0

i, f € Ly, and by (2.2.1), we have

o0 o0
1 1
If = fall, < E e = fierllL, < E %= 0, n — oo.
k=n+1 k=n+1

Hence, L, 1 < p < o0, is a Banach space.
For p = o0, convergence in L, is essentially uniform convergence. This means
that

lfr = fllLee = 0. n— o0,

if and only if there exists a set N of measure O such that f,,(x) — f(x) uniformly on
R\ N.

This implies in turn the completeness of the space L. Indeed, if {f,} is a
fundamental sequence in Lo, then it is a uniformly fundamental sequence on R\ N
for a suitable set N of measure 0,

lim  sup |fu(x) —fu(x)| = 0.

MO0 eRH\N

Hence f,(x) — f(x) on R* \ N for a function f € Loo and || f, — f |lL, — O,
n— oo.
Thus, for all p € [1, o0], (L, || - [I,,) is a Banach space.
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2.3 Separability of L,, 1 <p < o0

Denote by F; the set of all simple? integrable functions, and by Fy the set of all
simple functions with bounded support. Functions from F; have the form

n
f=E ai-lAi,aieR, mA,»<oo,
i=0

and if f € Fy, the sets A; are bounded, i.e., there exists a > 0 such that A; C [0, a]
for all i.

Theorem 2.3.1. Let 1 < p < oco. Then

1. ¥y is dense in L, in norm | - ||,
2. L, is separable.

Proof. 1. Let 0 < f € L,. Consider step functions f™ that approximate the
function f from below. Let

L
T

i

O =

— —1 i

< —, i €N,
on on —f(x)<2n !
and

fr = min(n, £ - 1o 4.

Then f, € Fy and

If =fully, = / |f = ful?dm < f dem+/dem+ 21 (2.3.1)
0 {f=n} n

o
Since /f”dm < 00, the right side of (2.3.1) tends to 0 as n — oo, and hence

0
If = full, = 0, n— oo.
For arbitrary functions f* € L,,, we can use the decomposition
= =f7 ff = max(£.0), f~ = —min(f,0),

reducing to the case f > 0.

2 A function is simple if it is a measurable step function with finitely many values.



24 2 SpacesL,, 1 <p < o0

2. LetA € %, mA < oo, and ¢ > 0. Then there exists an open set G such that
m(A A G) < e. The set G has the form

o0
G= U(ai’bi)’ 0 <aq < b[, lz 1.
i=1

Since mG < oo, we can find n large enough that m(G A G,) < &, where
G, = U\, (a;, bj). We additionally may assume that @; and b; are rational
numbers.

Consider the subset F©' C F consisting of all functions g of the form

n
g= cilp
i=0

with rational c;, a;, and b;.
Since for every pair A, B € .%,,, we have

mA AB) <e= |[1a—1plL, < glr,

the countable set F is dense in Fy, and hence in L, by part 1 of the proposition.
a

2.4 Duality

Let X be a symmetric space and X* the dual Banach space. The space X* consists
of all linear continuous (bounded) functionals # : X — R equipped with the norm

lullx= = sup{lu()] : Ifx = 1} < oo.

1 1
Let1 <p,qg < ocoand — + — = 1. For g € L, we define a linear functional u, on
P q

L, by setting
oo
ug(f) = /fgdm, feL,.
0

1 1
Theorem 2.4.1. Let1 < p,q < ocoand — + — = 1. Then u, € L;: forall g € Ly,
P

q
and the mapping

. *
vilysg—>u el

is an isometric isomorphism of Ly into the dual space Ly of the space L. If
1 <p < oo, then v(Ly) = L7, and for p = oo, the embedding v(L;) C L% is
strict.



2.4 Duality 25

1 1

Proof. Let1 < p,q < 0o, — + — = 1. Holder’s inequality (2.1.3) implies that the
P q

functional u, is continuous and

g ()] = / fedm| < Ifll, lg]l...
0

ie.,
llugliey: < llglL, - (2.4.1)

Suppose that u € L;. Since 14 € L, for mA < oo, the equality (A) = u(14)
defines a set function

wiA— ud) =u(ly), AeF,, mA<oo. (2.4.2)
For every finite segment [0, n], the restriction of u to the o-algebra
FIn(0,n) ={A e %, :AC[0,n]}
is a o-additive set function, which is absolutely continuous with respect to the

measure m. The Radon—Nikodym theorem states the existence of a unique function
h,, integrable on [0, n] such that

n() = /h,,dm, A C0,n], A€ %, (2.4.3)
A
o0
Since Rt = 0,n), we obtain a unique measurable function g such that
q

n=1

glog = hnforalln =1,2,... and

u(ly) = p(A) = / gdm (2.4.4)
A

for all A € .7, with m(A) < oo.
The linearity of the functional u yields that

u(f) = /fgdm =u,(f), f €Fo. (2.4.5)
0

We choose now a sequence g, € Fy such that g, 1 |g|. Such a sequence can be
constructed by setting

gn = min(n, g") - Ljo,,
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where foralli =1,2,...,

i—-1  i—1

™) (y) =
grw) = —-.

i
< < —.
< lsWl < 3

We define now
fo=(g)? " -sign(g), n=1,2,....
Then f, € Fy and

o0 o
) = [ fgdm = [ giam = eI,
0 0
On the other hand,
u(fn) = lulley fall, -
where |f; |7 = g\~ = g4, by the equality (¢ — 1)p = .
This implies
%) 1/p
Wil = { [ stam) = sl
0
and
lallf, < lually lgall”.
ie.,

lignllL, = lullLs.

Thus, g7 1 |g|? and
00
[ stam < ;.
0
By Levi’s theorem,

o0
lim gde:/|g|‘1dm§ lul?..
‘D
0 0

ie, g€ Lyand gL, < [lullrs.
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The functional u, coincides with u € L;‘ on Fy, and Fy is dense in L,. Hence
Ug = U.

The equality v(Loo) = L] and the fact that the embedding v(L;) C LY is strict
will be shown later in Examples 7.1.1 and 7.1.2. O

Corollary 2.4.2. The spaces Ly, are reflexive for 1 < p < oo.
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