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ie{m+1,...,n} can be written as a K-linear combination of the elements
of B. Thus it is given by a polynomial expression of the residue classes of
X1yeees Xm-

Now we consider the polynomial ring P’ = K[x1, ..., x;] and the ideal I’
in P’ obtained by substituting x;,+1, ..., X, by their expressions in xi, ..., Xp,.
We have P’/I' = P/I and the residue classes of (T1, ..., T;) are a K-basis
of P’/I'. Hence we can run Algorithm 6.2.20 for this setting and compute the
first m coordinates of every point in Zk (I). Finally, fori =m +1,...,n, we
use the expressions of x; in terms of xy, ..., x,, to compute the remaining coor-
dinates of the points in Zk (I).

In the next example we show how one can apply this remark in practice.

Example 6.2.24 Let K = Q, let P = K[x1, x2], and let I be the ideal of P defined
as [ = (x; — x% +xy—1, xg — 8). If we calculate the reduced DegRevLex-Grobner
basis of I, we get G = (xl2 —3x1 — 9xp + 18, x1x3 + x1 — 9,x§ —x1—x2+ 1).
Hence B = (1, x1, x2) is a K-basis of R = P /I which satisfies the hypothesis of
Algorithm 6.2.20.

On the other hand, the reduced Lex-Grobner basis of I is G'=(x1 — x% +x3—1,
xg — 8). Therefore B’ = (1, x», x%) is also a K-basis of R = P/I. The indetermi-
nate x| is missing, but we have the equality x; + [ = x% —x2+1+1in R. We
run Algorithm 6.2.20 with P’ = K[x;] and I’ = (xg — 8) and get the K-rational
zero (ap) of I, where ap = 2. Now we calculate the corresponding xi-value from
ay = a% —ap+ 1 = 3 and conclude that Z% (1) consists of one point (a1, a;), namely
the point (a1, a2) = (2, 3).

6.3 Solving Polynomial Systems over Finite Fields

1 didn’t say that I didn’t say it.

1 said that I didn’t say that I said it.
I want to make that very clear.
(George Romney)

In this section we start to look for solutions of polynomial systems which aren’t
there. Are we looking for a black cat in a dark cellar which isn’t there? Not if we
are working over a finite field. In this case we can easily extend the field to a larger
finite field and find the solutions there. In order to make this process very clear, we
have to tread carefully.

As a first step, let us reconsider the meaning of the symbol [, for a finite field
with ¢ elements. Here ¢ = p° is a power of a prime number p and ¢ > 0. But how
exactly do the elements of F, look like when e > 1? Didn’t we say at the begin-
ning of Sect. 5.2 that [, is an isomorphism class? So, in order to construct a field
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in which we can find our desired solutions, we have to construct a representative
of IF,, i.e., a presentation using generators and relations. Any two representatives
are isomorphic, because every field with g elements is a splitting field of the poly-
nomial z¢ — z in F,[z] (see Definition 6.3.14), and it is known that splitting fields
are unique up to isomorphism (see for instance [21], Proposition 2.7). If we are ac-
tually given two representatives of IF;, how do we find such an isomorphism? Can
we calculate all isomorphisms?

The first subsection deals with this question. Since we are assuming that the
polynomial system is given over a finite field K having g elements, we are looking
for finite extension fields of K. Thus, in Theorem 6.3.4, we compute all K -algebra
isomorphisms between finite extension fields of K. An immediate application is
then the possibility to determine all K -automorphisms of a finite extension field L
of K. Recall that the set of these K -automorphisms is the Galois group of L/K and
that it is known that this is a cyclic group of order dimg (L) which is generated by
the g-Frobenius automorphism of L.

How can we apply these algorithms to solving polynomial systems? First of all,
for a polynomial system defined by polynomials fi,..., fi, € K[x1,...,x,], we
can compute the maximal components of the ideal I = (f, ..., f;,) using the meth-
ods presented in Chap. 5. Hence the problem of solving the given system is reduced
to the problem of solving a polynomial system whose associated ideal is a maximal
ideal M of P = K[xq, ..., xu].

The next step is the central idea: cloning! Since L = P /901 is an extension field
of K, should we try to find the solutions there? Not exactly. It is better to produce
a clone L’ of this field and find the coordinates of the zeros of the ideal 9 in the
clone L' = P'/9V, where P’ = K[y1, ..., yn]. Then we know already one solution,
namely (y1, ..., ¥,). And now the power of the Frobenius automorphism kicks in:
all other solutions are nothing but coordinatewise powers of this given solution.
There is one disadvantage that could spoil the fun, namely that we may have to
bring high powers to their normal form. For this task we offer a good approach via
Algorithm 6.3.16.

A second way of using an isomorphism P /9t = L’ is studied in the third subsec-
tion, where we assume that we know a univariate representation of L', for instance,
because L’ is represented in our computer algebra system via a built-in polyno-
mial f(y) suchthat L’ = K[y]/{f(y)). Finally, the last subsection suggests the iter-
ative approach to split one generator of 91 at a time. This may be a viable alternative
if the K-vector space dimension of P /901 is very large. The iterative approach will
also turn out to be useful for solving polynomial systems over Q in the last section.

As we said before, and we never repeat ourselves, the algorithms in this section
are rather tricky. We want to make it very clear that we tried to make them very
clear. Don’t say that we didn’t say it!

Drawing on my fine command of language,
1 said nothing.
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6.3.A Computing Isomorphisms of Finite Fields

I have just changed my diet.
The cookies are now to the left of the laptop.

In the following we approach the problem of solving polynomial systems over a
finite field from a rather general point of view. As we mentioned above, to find the
solutions we may have to extend the base field and to perform certain calculations
over the extended field. How should we represent this field extension?

Nowadays many computer algebra systems have efficient implementations of fi-
nite fields available. Can we make our algorithms somehow feed on their speed?
Clearly, the representative of IF, in your favourite computer algebra system may
differ from the representative obtained from the polynomial system. Hence we have
to change the representative. But how do you do that? Is it as easy as putting the
cookie jar on the other side of the laptop? Or do we have to keep some cookies
inside the computer?

Let us do a hop, step and jump. The first part of this subsection provides a
quick hop through some material about isomorphisms of affine algebras which ex-
tends [15], Sect. 3.6. Then we step into the calculation of all [F,-isomorphisms
between two representatives of I 4. This includes the calculation of all I -auto-
morphisms of F,. Finally, a third jump brings us to a small cookie reward, namely
an algorithm for computing the primitive elements of an extension of a finite field
which have the same minimal polynomial.

Come to the dark side, we have cookies!

In the following we let K be a field, let P = K[xy,...,x,], let I be an ideal
in P,let P = K[y1, ..., ym] be another polynomial ring, let I’ be an ideal in P’,
and let ¢ : P/I —> P’/I’ be a K-algebra homomorphism. Our goal is to extend
some results of [15], Sect. 3.6. In particular, we shall characterize when ¢ is an
isomorphism. The next lemma provides some background for maps between poly-
nomial rings. In the following arguments we use [15], Sect. 3.6. We note that J has
a different meaning here.

Lemma 6.3.1 In the above setting, assume that @ : P —> P’ is the K -algebra
homomorphism which is given by @ (x;) = f; with f; € P' fori =1,...,n.Let Q be
thering Q = K[x1,..., X0, Y1, ..., Ym] and J the ideal J = (x1 — f1,...,Xn — fu)
in Q.

(a) The map ® induces a K -algebra homomorphism ¢ : P/I — P’/I' ifand only

ifIQCI'QO+J.

For the following claims, assume that the map @ induces a K -algebra homomor-
phismo: P/I — P'/I'.

(b) Themap ¢ : P/I —> P’/I isinjective if and only ifwe have I = (I'Q+ J)N P.
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(c) The map ¢ : P/I —> P'/I' is surjective if and only if there exist polynomials
gl ..., 8&m € P such that for the ideal J' = (y\ — g1, ..., Ym — &n) in Q we
have J' C I'Q + J. In this case we have ¢(g;) =y; fori =1,...,m.

(d) Assume that the map ¢ : P/I —> P'/I’ is surjective. Let g1, ...,gn € P be
polynomials such that ¢(g;) = y; fori =1,...,m,and let W : P' —> P be the
K -algebra homomorphism defined by y; +— g;. Then ¥ induces a K -algebra
homomorphism r : P'/I' — P /I such that ¢ o =idp/ /.

Proof First we prove (a). Notice that [15], Proposition 3.6.1 yields the relation
ge€g(fi,..., fn) + J for every g € P. If we have IQ C I'Q + J, then this
shows g(fi1,..., fu) € I'Q + J for every g € I. Now we substitute x; —> f; for
i=1,...,n here and get g(f1,..., fu) € I'. Hence the map ¢ is well-defined.
Conversely, assume that ¢ is well-defined. This means that every g € I satisfies
g(f1,..., fu) € I'. Therefore we get IQ C I'Q + J.

Claim (b) follows immediately from (a) and [15], Proposition 3.6.2. In part (c),
if the map ¢ is surjective, then [15], Proposition 3.6.6.d shows that polyno-
mials gi,...,gm € P with y; — g; € I'Q + J exist. Conversely, suppose that
such polynomials g1, ..., gn € P exist, and let o be an elimination ordering for
1.+ ym) on T(x1,..., %4, Y1, ..., Ym). Then the normal form NF, ;o4 ;(yi)
equals NF, ;704 s(gi) and g; € P implies that also the latter normal form is in P.
Consequently, we have y; + I’ € Im(g) by [15], Proposition 3.6.6.a.

Finally, claim (d) follows from (c), since (¢ o ¥)(¥;) = ¢(g;) = y; for all
i=1,...,m. O

Based on this lemma, we can characterize isomorphisms of finitely generated
K -algebras as follows.

Proposition 6.3.2 (Isomorphisms of Affine K -Algebras)

Let K be a field, let P be the polynomial ring P = K|[x1,...,x,], let I C P be
an ideal, let P' = K|[y1,...,yml, and let I' C P’ be an ideal. Moreover, given
floeoos fun € P, let ®: P —> P’ be the K-algebra homomorphism defined by
D(xj)=fi fori=1,...,n, and let J be the ideal J = (x1 — f1,...,Xn — fu)

in Q=KI[x1,..., X0, Y1y Yml-

Furthermore, let g, ...,gn be polynomials in P, let ¥ : P/ —> P be the
K-algebra homomorphism defined by W(y;) = g; for j=1,....,m, and let
J' =1 —81,--»Ym — &n) C Q. Then the following conditions are equivalent.

(a) The homomorphisms @ and ¥ defined above induce K -algebra isomorphisms
@:P/I —> P'/I' and : P'/1' —> P/I which are inverse to each other.
(b) We have the equality IQ +J' =1'Q + J.

Proof First we show (a) = (b). By parts (a) and (c) of the lemma, we have the
inclusion I Q + J' C I'Q + J. The converse inclusion follows by interchanging the
roles of @ and ¥.

Now we prove (b) = (a). By part (a) of the lemma, the maps ¢ and i are well-
defined. Since the inclusion I € (I Q + J') N P clearly holds, and since the inclusion
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(IQ 4+ J)N P C I can be shown using the same arguments as in the proof of
part (a) of the lemma, we have I = (I Q + J') N P. Then the hypothesis implies the
equality I = (I'Q + J) N P, and part (b) of the lemma shows that ¢ is injective.
From part (c) of the lemma we get that ¢ is surjective. Hence ¢ is an isomorphism.
By interchanging the roles of @ and ¥, it follows that also v is an isomorphism.
Finally, we note that part (d) of the lemma yields that ¥ is inverse to ¢. O

In the following we apply this proposition to compute all isomorphisms between
two representatives of a finite field IF, with ¢ = p® for some prime number p and
e > 0. In field theory it is shown that the group of all automorphisms of I, is a
cyclic group of order e generated by the Frobenius homomorphism. Since we are
interested in I, -isomorphisms between fields having g? elements, we generalize
this result as follows.

Lemma 6.3.3 Let K be a field having q elements, and let L and L' be two repre-
sentatives of F a for some d > 0. Then there exist exactly d distinct isomorphisms
of K-algebras ¢; : L —> L' withi € {1,...,d}.

Proof Let a € L be a generator of the cyclic group L* = L \ {0}. Consequently,
the K-algebra homomorphism K[x] — L defined by x +— a is surjective. Hence
there exists an irreducible polynomial f € K[x] such that ¢ : K[x]/(f) —> L is
an isomorphism. Similarly, we find an isomorphism 1 : K[y]/{(g) —> L’ for some
irreducible polynomial g € K[y].

Now we consider the L’-algebra R = L’[x]/fL’[x]. Since f is irreducible
and L’ is a perfect field, the polynomial f is squarefree in L'[x] (see [15], Propo-
sition 3.9.7.d). Hence R is a reduced ring. From a? =a we get the relation
qu —x € fK[x] € fL'[x], and hence )Eqd = x in R. Consequently, every heR
satisfies i_ﬂd =h. By Theorem 5.2.4.c, it follows that the zero ideal of R is the in-
tersection of d linear maximal ideals. Hence fL’[x] is the intersection of d linear
maximal ideals in L'[x]. They correspond to d distinct zeros by, ..., by of fin L'.
For i € {1,...,d}, the K-algebra homomorphism ¢; : K[x]/(f) — K[y1l/(g)
given by X — 5~ 1(b;) is well-defined. Since both fields have the same number of
elements, the map ¢; is bijective. Thus we have found d distinct K -algebra iso-
morphisms between L and L’. The fact that these are all K -algebra isomorphisms
follows from the observation that a well-defined map ¢; has to map x to a zero of f
in K[yl/(g)=L". O

Now we are ready to state and prove the main theorem of this subsection.

Theorem 6.3.4 (Isomorphisms between Representatives of ]qu)

Let p be a prime number, let ¢ = p°, let K be a field with q elements, and let d > 0.
Assume that we are given two representatives of F,a, namely L = P /9 with a
maximal ideal M of P = K[xy, ...,x,] and L' = P’/ with a maximal ideal I
of PP=KI[y1,..., yml.
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(@) Inthe ring Q = K[X1,...,Xn, Y1, --» Ym], the ideal MQ + MM Q is a radical
ideal. It has a primary decomposition of the form MO + M Q =M N--- NNy
with maximal ideals 90; .

(b) There exists polynomials f;j € P’ and gix € P with i € {1,...,d}, with
jef{l,....n},andwithk € {1,...,m} such that,fori =1, ...,d, the ideal M;
in (a) is given by

M =M QO+ (X1 — fils ooy Xin — fin) =MO + (Y1 — &ils---s Ym — &im)

In particular, the primary decomposition of the ideal 9L’ [x1, ..., x,] is given
d

by ML [x1, ..., xx] = () {x1 — f“, B f,-,,), and an analogous formula
i=1
holds for MUL[y1, ..., yml.

(¢c) Fori=1,...,d,let ®; : P —> P’ be the K -algebra homomorphism defined by
®i(xj) = fijfor j=1,...,n, and let ¥; : P' —> P be the K -algebra homo-
morphism defined by W; (yy) = gix fork =1, ...,m. Then, fori =1, ...,d, the
maps ®; and V; induce K-algebra isomorphisms ¢; : P/ — P’/ and
Y POV — P /9N which are inverse to each other.

(d) The isomorphisms @1, ..., pq constructed in (c) are all isomorphisms between
P/ and P' /9.

Proof To prove (a), we first show that 9TQ + M'Q is a radical ideal. This
is equivalent to the claim that 91L'[x1, ..., x,] is a radical ideal. The minimal
polynomials of the elements Xi,...,X, in P/91 are squarefree. Thus we have
ged(uy, (2), ux (z)") =1 for i = 1,...,n. By Proposition 1.2.3, these polynomi-
als coincide with the minimal polynomials of the residue classes xi,..., X, in
L'lx1, ..., X, ]/9ML'[x1, ..., x,]. Since they are coprime to their derivatives and L’
is a perfect field, they are squarefree polynomials by [15], Proposition 3.7.9.d.
Hence Seidenberg’s Lemma (see [15], Proposition 3.7.15) implies the claim.

Next we prove that TQ + 9V O has exactly d maximal components of the form
described in (b). By the lemma, we know that there are exactly d K -algebra isomor-
phisms ¢; : P/9t —> P//OW . Fori=1,...,dand j=1,...,n,let ¢;(x;) = fij
with fi; € P’. Then Proposition 6.3.2 shows that ItQ + 9V Q is contained in
M =0 + (x1 — fit,...,xn — fin) fori =1,...,d. The ideals 9M; are max-
imal ideals of Q, because Q/9; = P’/ is a field.

Translating this to L'[x1, ..., x,], we see that 9L'[x1, ..., x,] is contained
in d distinct linear maximal ideals. Now we use the Chinese Remainder Theo-
rem 2.2.1 and dimy/(L'[xy, ..., x,1/9ML'[x1, ..., x,]) = dimg (P/9N) = d to con-
clude that these are all maximal components of 9L [x, ..., x,], and hence that the
ideals 9y, ..., M, are all maximal components of MO + M’ Q.

To prove (c), let J; = (x1 — fi1, ..., Xn — fin) and J/ = (y1 — i1, - -, Ym — &im)
in Q fori =1,...,d. Then the equalities in (b) yield J; + ' Q = J/ + MQ, and
the claim follows from Proposition 6.3.2. Finally, we note that claim (d) follows
from (c) and the lemma. O
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When we translate this theorem to a result about a tuple of endomorphisms of a
finite dimensional vector space, we obtain the following corollary about simultane-
ous diagonalizability after a suitable base field extension.

Corollary 6.3.5 Let K be a finite field, let V be a finite-dimensional K -vector
space, let ® = (¢1, ..., @y) be a tuple of pairwise commuting endomorphisms of V,
and let % = K[y, ..., ¢n] be the commuting family they generate. We assume that
Relp (D) is a maximal ideal in P = K[x1, ..., x,] and let d = dimg (P /Relp (®)).

Then we introduce new indeterminates yi, ..., ym, we let P’ = K[y, ..., ym],
and let M’ be a maximal ideal in P’ such that dimg (L) =d for L' = P'/9.
Finally, we let @1 = ((p1)r/5 ..., (@n)1’), Where (@;) is the extension of ¢; to
Vo=V QgL fori=1,...,n,andwe let F;/ be the commuting family generated
by ®@y:. Then the family ¥/ is simultaneously diagonalizable.

Proof Using M = Relp (@), the proof follows by combining claim (b) of the theo-
rem and Proposition 2.6.1.g. g

Next we turn the theorem into an algorithm for computing all I, -isomorphisms
between two finite fields having ¢ elements.

Algorithm 6.3.6 (Computing All Isomorphisms of Finite Fields)
In the setting of Theorem 6.3.4, consider the following sequence of instruc-
tions.

(1) Form the ring Q = K[x1,...,%Xn, Y1, ..., Ym]| and compute the primary
decomposition of the ideal MQ +M' Q. Let My, ..., My be the resulting
maximal ideals.

(2) Choose a term ordering o on T (x1, ..., Xn, Y1, - .-, Ym) Which is an elimi-
nation ordering for (y1, ..., ym). Fori € {1, ..., d}, compute the reduced
o -Grobner basis G; of M; and write G; = H; U{y1 — gi1, ..., Ym — &im)}
with H; C P and gix € P.

(3) Choose a term ordering o' on T(x1,...,%Xn, Y1,...,Ym) Which is an
elimination ordering for (xi,...,x,). For every index i € {1,...,d},
compute the reduced o'-Grébner basis G| of the ideal M; and write
G;=H/U{x1 — fi1,..., Xy — fin} with H C P and f;; € P'.

(4) Return the pairs ((fi1,---, fin), (i1, ---»8&im)), Wherei =1,....d.

This is an algorithm which computes d pairs of tuples of polynomials. Each
pair defines two isomorphisms ¢; : P/9 —> P’/ such that X j — f;;j and
Y P/ — P /9N such that y — gix which are inverse to each other.

Let us see some examples which illustrate this algorithm.

Example 6.3.7 Let K = Fq;, and let L = K[x]/(f (x)) be the field with ¢ = 101*
elements defined by f(x) = x* + 41x> — 36x2 + 39x — 12. In order to compute
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the four K-algebra automorphisms of the field L, we create an isomorphic copy
L' = K[yl/{f(y)) of L and use Algorithm 6.3.6 to compute the distinct isomor-
phisms ¢; : L —> L’. (In Sect. 6.3.B the field L’ will be called a clone of L.) Let us
follow the steps of the algorithm.

(1) First we form Q = K[x, y] and compute the primary decomposition of the ideal
= (f(x), f(y))in Q. The resultis I = N1 NN NNz N N4, where

My =(f(),x—)

= (f(y), x —34y> —20y* + 3y + 41)
=(f (), x —4y> —47y% +29y +35)
=(f (), x +38y> —34y? — 31y — 35)

(2) We choose an elimination ordering o for y and compute the reduced o -Grobner
basis of the ideals 9J1;. We get

),y +38x% —34x? — 31x — 35)
f(x),y —4x> — 47x* +29x + 35)

=(
=(
=(
= (f(x), y — 34x> = 20x2 + 3x + 41)

(3) Next we choose an elimination ordering o’ for x and compute the reduced
o’-Grébner bases of the ideals 91;. We get the generators given in Step (1).

(4) The algorithm returns the four pairs (v, x), (34y3 +20y? — 3y — 41, —38x3 +
34x? + 31x + 35), (4y> + 47y> — 29y — 35, 4x> + 47x% — 29x — 35), and
(—=38y3 +34y2 4+ 31y + 35, 34x3 + 20x2 — 3x — 41).

Altogether, it follows that there are four isomorphisms between P/t and P’ /9,
the second one of which is given by ¥ > 343> +205% —3y —41 and j — —38x> +
3432 + 31x + 35, etc. For instance, the second of four automorphisms of L is given
by ¥ > 34%3 +20x2 — 3% — 41, and its inverse is X — —38%° 4 34%% 4+ 31x + 35.

In our second example we find five isomorphisms.

Example 6.3.8 We let K =F7; and let L = P/{f(x)), where P = K[x] and
fx) = x4+ 2x* + 7x3 — 9x? — x + 16 € K[x]. Furthermore, we use the ring
L' = P’/(g(y)), where P’ = K[y] and g(y) = y° — 23y* + 17y — 21. Since both
f(x) and g(y) are irreducible of degree five, the fields L and L’ are isomorphic.
They both represent F5;s. Let us compute all K-isomorphisms between L and L’
using the algorithm.
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(1) In the ring Q = K[x, y] we consider the ideal I = (f(x), g(y)) and compute
its primary decomposition. We get I = 9t N Ny, N N3 NNy N D5 where

g, x +22y* —21y% 4+ 19y? +23y+21)

=(
(e, x +13y* —4y* —17y* =29y - 7)
(8. x —17y* —10y* + 35y + 6)

(

My =(g(»), x — 8y* + 26y +19y* — 30y — 23)

Ms =(g(y), x —27y* +16y° — 11y> +y +35)

(2) Next we compute the reduced Grobner basis of the ideals Iy, ..., M5 with
respect to an elimination ordering for y and get

),y —20x* — 8x% + 14x% + 6x —27)

fx),y —35x* —20x% — 8x? 4 32x — 27)

F0),y —29x* +25x% — 16x% — 4x — 16)

=(
<
(f(x),y—x4+3x3+29x2—x— 11)
<
=(

G0,y + 14x* — 19x% — 33x — 13)

(3) The reduced Grobner bases of the ideals 91y, ..., M5 with respect to an elimi-
nation ordering for x are the systems of generators given in Step (1).
(4) Altogether, the algorithm returns the five tuples

(—22y* + 21y — 19y% — 23y — 21,20x* + 8x% — 14x? — 6x +27)
( 13y* +4y3 +17y% 429y + 7, 35x* 4 20x3 + 8x2 32x—|—27)
(17y% + 10y* — 35y — 6,x* — 3x —29x% + x + 11)

(8y* — 26y —19y? + 30y +23,29x* — 25x% + 16x* + 4x + 16)

(27y* — 16y® + 11y* — y — 5, —14x* + 19x? + 33x + 13)

which define the five isomorphisms ¢; : L —> L’ together with their inverses
¥ L' — L.

In the last part of this subsection we apply the preceding algorithm to the fol-
lowing problem. Suppose we are given a finite field K and a finite field extension
K € L. What are the primitive elements for K € L (see Definition 3.4.3) which
share the same minimal polynomial? The next proposition provides the basic link
between primitive elements and irreducible polynomials.

Proposition 6.3.9 Let K be a finite field with q elements, let K C L be a finite field
extension, and let dimg (L) = d. We denote the set of primitive elements for K C L
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by Primg (L) and the set of monic irreducible polynomials of degree d in K[z] by
Irrx (d). Then the map o : Primg (L) — Irrx (d) given by a — w4 (2) is surjective
and d-to-1.

Proof To show that « is surjective, we first note that, for f € Irrgx (d), the field
K[x]/{f(x)) is a d-dimensional K -vector space, and therefore has g? elements.
Hence this field is isomorphic to L and f(z) is the minimal polynomial of the ele-
ment corresponding to x.

Now we fix a polynomial f(z) € Irrg (d) and let a € L be a primitive element
for K € L such that pu,(z) = f(z). Then we have L = K[a] = K[x]/{uq(x)).
Therefore the map ¢, : L — K|[z]/(f(2)) defined by a > z is an isomorphism
of K-algebras. By Theorem 6.3.4, there are exactly d such isomorphisms and the
proof is complete. U

The following algorithm is an application of Algorithm 6.3.6 to the setting of this
proposition. Notice that Proposition 5.3.10 provides a similar algorithm. However,
since there we do not assume that K is finite, we may get fewer than d elements
sharing a minimal polynomial (see for instance Example 5.3.11).

Algorithm 6.3.10 (Primitive Elements Sharing a Minimal Polynomial)

In the setting of the proposition, let L = P /0t with P = K[xy, ..., x,] and
a maximal ideal N in P, and let f(z) € Irrg (d). Consider the following se-
quence of instructions.

(1) Compute the primary decomposition 9ty N --- N My of the ideal
M+ (f(2) in K[x1, ..., xn,2].

(2) Choose a term ordering o on T(xy,...,X,,z) which is an elimination
ordering for z and compute the reduced o -Grobner bases G1, ..., Gg of
the maximal ideals My, ..., My, respectively.

3) Fori=1,...,d,letgy,...,gaq € P besuchthat z— g; is contained in G;.
(4) Return the polynomials g1, ..., g4.

This is an algorithm which computes polynomials g1, ..., gq in P such that
the residue classes g1, ..., 8gq in L = P /9 are precisely those primitive ele-
ments of L whose minimal polynomial is f(z).

The final example in this subsection provides an explicit application of the pre-
ceding algorithm.

Example 6.3.11 Let K =7, let P = K[x1, x2], and let 91 be the ideal given by
M = (xl2 +x1+ l,xg + 11xp + 1). Then 91 is a maximal ideal of P and L = P/
is a field with dimg (L) = 6. The minimal polynomial of the element x| + x5 € L is
f(z) = 204327 +287% — 1823 +21z2 4 127 — 21, and this polynomial is irreducible.
Hence the field K[z]/(f(z)) is isomorphic to L.



6.3 Solving Polynomial Systems over Finite Fields 279

Our goal is to find all primitive elements of the field L whose minimal polyno-
mial is f(z). To this end, we apply the above algorithm. The primary decomposition
of the ideal 9N Q + (f(2)) in Q = K[x1, x2, z] is M1 N --- N Mg, where

My =

+{z—x1 —x2)
My=M+(z+x1 —x2+1)

Z+x1 +9x%—33x2—

M+ 4)
9314_sm+(z—x1 +9x3 —33x, - 5)
M+ (z +x1 — 9x3 + 34x2 + 6)
)

9ﬁ6=9ﬁ+(z—x1 9x2+34x2—|—5

Hence there are six elements in L whose minimal polynomial is f(z), namely
X+ X, X + X — 1, =% — 953 4+ 33%2 + 4, ¥ — 953 + 335, +5, —X; +9%7 —
34%, — 6, and X| + 9%3 — 34%, — 5.

6.3.B Solving over Finite Fields via Cloning

The following is an example of a clone.
The following is an example of a clone.

In this subsection we introduce a powerful technique: cloning. In science, cloning
refers to the development of offspring that are genetically identical to their parent.
Although it is sometimes viewed controversially, according to Wikipedia, cloning is
a natural form of reproduction that has allowed life forms to spread for more than
50 thousand years. It is the reproduction method used by many bacteria, plants, and
fungi. Can it also be used in computational algebra? Will it help this book to spread
for more than 50 thousand years?

Let us continue to use the notation introduced before. In particular, let K be a
finite field with ¢ elements, where ¢ = p° for some prime number p and e > 0, let
P =K|[x1,...,x,], let 91 be a maximal ideal of P, and let L = P /9. In order to
find the solutions of the polynomial system given by a set of generators of 9, we
have to enlarge K suitably. In the following we investigate a straightforward method
to do this. It is based on a construction that is our way of introducing the technique
of cloning into this book.

Definition 6.3.12 Let y,..., y, be new indeterminates, let P’ = K[y{,..., yal,
and let M’ be the maximal ideal of P’ which is obtained by applying the substitution
X1 Y1, ..., Xy > Yy to the polynomials in 9.

(a) The ideal 99V is called the clone of the ideal 9 in P’.
(b) The field L' = P’ /97 is called a clone of the field L = P /9.
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Recall that in Theorem 6.3.4 we showed that a zero of 91 in an extension field
L' =P/ /M of L= P/, where P' = K[y, ..., ym] and D is a maximal ideal
of P/, corresponds uniquely to a linear maximal component of ML [xy, ..., x,].
The following proposition extends this result as follows: if we know one such zero,
we know them all, since the other ones can be obtained by applying powers of the
q-Frobenius automorphism of L.

Proposition 6.3.13 Let K be field with q elements, let P = K [x1, ..., x,], let M be
a maximal ideal of P, and let L = P /9. Furthermore, let P' = K[y, ..., ym], let
N’ be a maximal ideal of P', let L' = P'/9V, and let fi,..., fu € P' be poly-

nomials such that (x1 — f1,...,xn — fu) is one of the maximal components of
IML'[x1, ..., xn]. Then the set of all zeros of M in (L')" is given by

2o = (77, 7Y [i=0.....d—1)

Proof First we introduce further indeterminates f1, ..., #, and consider the poly-
nomial ring P” = K[z,...,t;]. Let 9" be the clone of 9 in P”, and let
L" = P"/9M". By Theorem 6.3.4, there exists an isomorphism of K -algebras
@ : L' —> L". Tt extends to an isomorphism ¢ : L'[x1,...,x,] —> L"[x1,..., x,]
of K-algebras which maps 9ML'[xy,...,x,] to IMML"[x],...,xy]. A tuple
(81,...,8n) is a zero of M in (L))" if and only if the tuple (¢(g1), ..., (&)
is a zero of 9 in (L”)", and the map ¢ commutes with the g-Frobenius automor-
phism ¢, . Therefore it suffices to prove the claim for the zeros of 9t in (L")".
Clearly, the tuple (71, ... ; ) isa zero of M in (L")". By applying ¢, repeatedly,
it follows that all tuples (t_ql, e, t_ff’) with 0 <i <d — 1 are zeros of M in (L")".
In view of Theorem 6.3.4, it remains to show that these tuples are pairwise distinct.
Assume that 0 < i < j <d — 1 satisfy (¢;(t_1), ey ¢;(t_n)) = (9] ({1), ..., 4 (In)).
Since ¢, is bijective, we get q&é_l (tr) =t for k=1, ...,n. Now the fact that the
residue classes 71, ..., 1, form a system of K-algebra generators of L” implies that

¢,§ 7i(§) =g for all g € L”. If we use a generator g of the multiplicative cyclic
group L” \ {0} here, the inequality j — 1 < d yields a contradiction to the fact that

the smallest power k such that qu =gisk=d. O

Clearly, this proposition can be applied to the setting where L' = P//9 is a
clone of L = P /1. We start by looking at the univariate case.

Definition 6.3.14 Let K be a field, and let K C L be a field extension.

(a) Given a polynomial f € K[x]\ K, we say that f splits in L if there exist ele-
ments ¢y, ..., cs € L such that we have f =LC(f)(x —c1)---(x —¢s) in L[x].

(b) If apolynomial f € K[x]\ K splitsin L asin (a), and if L = K(cy, ..., c5), We
say that L is a splitting field of K.

It is a standard result in Algebra that the splitting field of a polynomial exists
and is uniquely determined up to an isomorphism of K -algebras (see [21], Chap. 2).
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It is also known that, if K is a perfect field, the K-vector space dimension of the
splitting field L is the number of elements of Gal(L/K). The first observation is
that, by cloning it, we can split an irreducible polynomial over a finite field.

Proposition 6.3.15 (Splitting a Polynomial over a Finite Field)

Let K be a finite field with q elements, let f(x) € K[x] be a monic irreducible
polynomial of degree d > 1, and let L' = K[y]/9 be a clone of the field K[x]/IN,
where M = (f(x)) and M = (f(y)).

(a) The field L has g% elements.

(b) In L'[x] we have f(x) = (x — y)(x — y7)---(x — )_)qd_l), where y denotes the
residue class of y in L'. In particular, the field L' is a splitting field of f (x) and
the elements y, y4, ..., yq‘“ are the d roots of f(x) in L. ‘

(¢) Let I ={f(x), f(y)) C K[x, y]. Then the ideal ; = (f (y), x —yql) is a max-
imal ideal of K[x, y] for every i € {0, ...,d — 1}, and the primary decomposi-
tionof I is givenby [ =My N---NNy_1. _ _

(d) Leti €{0,...,d — 1}, and let gi(y) = NFgmr(_yql) be the normal form of yql
with respect to 9. Then we can substitute 37 with g;(7) in (b) and y?' with
gi(y) in (o).

Proof Claim (a) follows from the fact that dimg (L") = deg(f(y)) = d. Claim (b)
is a special case of Proposition 6.3.13. Then claim (c) follows from Theorem 6.3.4,
and claim (d) is a consequence of the observation that y?' and g;(y) have the same
residue class in L'. O

This proposition yields a direct method for computing the splitting field of an
irreducible polynomial over a finite field. Apparently, one drawback in part (d) is
that we have to compute the normal forms of big powers of polynomials. But there
is a remedy which is described in the following algorithm.

Algorithm 6.3.16 (Computing Big Powers over Finite Fields)

Let K be a finite field with q elements, let f(y) be a monic irreducible polyno-
mial of degree d > 1 in K[y], let ' = (f(y)), and let L = K[y]/9'. Given
g(y) € K[y], we write NFon (g(y)) = coyO 4+ .-+ cd_lyd_l with ¢; € K.
Furthermore, let o € N.

(1) Let B be the K-basis B = (1,5¥,...,59~") of L'. Compute the matrix
Mp(¢g) representing the q-Frobenius endomorphism ¢ of L' in this ba-
SIS.

2) Let v € K4 be the column vector v = (co, c1, . . ., cq—1)". Calculate the
column vector w = M (¢y)* - v.

(3) Return the polynomial (1,y, ..., ya=h .

This is an algorithm which computes NFgy: (g (y)qa).
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Proof Since the vector v contains the coordinates of the residue class of NFgy/ (g(y))
in L’ with respect to the basis B, the column vector w contains the coordinates of
the residue class of NFg;n/(g(y)qa). From this the claim follows. [l

Let us add a few remarks about the efficiency of this algorithm.

Remark 6.3.17 The calculation of Mp(¢,)* - v=Mp (¢q)""1 - (Mp(¢y) - v) re-
quires at most « matrix-vector products which are computationally less costly than
matrix products. Similarly, we can improve the algorithm by noting that it suffices

to compute log, («) powers Mp (¢q)2’ and at most log, (o) matrix-vector products
of some of these powers with v.

It is time to see Proposition 6.3.15 and Algorithm 6.3.16 in action.

Example 6.3.18 Let K =g, let the monic irreducible polynomial f(x) € K[x]
be given by f(x) =x* +41x3 —36x% +39x — 12, and let L' = K[y]/(f(y)) be a
clone of L = K[x]/{f(x)).

(a) By Proposition 6.3.15.b, we get f(x) = (x — y)(x — ') (x — y101 )(x — _101 )
in L'[x].

(b) Another representation of the zeros of f can be found by combining Proposi-
tion 6.3.15.d with Algorithm 6.3.16. We get

FO) = —3) - (x =345 — 2057 + 35 +41) - (x — 45> — 4757 + 295 + 35)
-(x +385° — 345% — 315 — 35)
(c) A third way to compute the roots of f(x) in L is to use the primary decom-

position of the ideal I = (f(x), f(y)) C K[x, y] and Proposition 6.3.15.c. We
obtain the decomposition I = 9t N MW N N3 N N4 where

f().x—y)

FO),x —34y* —20y% + 3y +41)
F), x —4y> —47y? +29y + 35)
(), x +38y° —34y% — 31y — 35)

={
={
={
={

In other words, the roots of f(x) in L’ are the residue classes of the polynomi-
als y, 34y3 +20y% — 3y — 41, 4y +47y% — 29y — 35, and —38y> + 34y2 +
31y +35.

Now we treat the case where the maximal ideal )T is not necessarily principal.
The next proposition follows by combining Theorem 6.3.4 and Proposition 6.3.13
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in the case where the field L’ is a clone of L. Notice that we always know one zero
of M in (L))", namely the clone (¥, ..., yn) of the tuple (¥1, ..., X,).

Proposition 6.3.19 Let K be a finite field with q elements, let P = K[xy, ..., x,],
let M be a maximal ideal in P, let L = P/, and let d = dimg (L). We introduce
new indeterminates y\, ..., yn, let P’ = K[y, ..., ynl, denote the clone of M in P’
by OV, and let L' = P'/9N be the clone of L. Then we have

2 ={G7....50)[i=0.....d—1)

The formula given in this proposition contains some polynomials of potentially
very high degrees. When we combine this formula with Algorithm 6.3.16, we get
the following algorithm.

Algorithm 6.3.20 (Solving over Finite Fields via Cloning)
In the setting of the proposition, consider the following instructions.

(1) Introduce new indeterminates yy, ..., yn, let P' = K[y1, ..., yul, let M
be the clone of M in P’, and let L' = P'/9N.
(2) For every i €{0,...,d — 1}, use Algorithm 6.3.16 to compute the tuple

(NFoy (y;]l ), ..., NFoy (ygl ). Then return the set of all these tuples.

This is an algorithm which computes a set of n-tuples of polynomials
in K[y1,...,yn] which are in normal form with respect to ' and whose
residue classes in (L')" are the distinct zeros of M.

The following remark provides a variant of this algorithm which relies on the
computation of a primary decomposition instead of Algorithm 6.3.16.

Remark 6.3.21 Suppose we are in the setting of the algorithm. Another version
of Step (2) is obtained by computing the primary decomposition of 91Q + 9 Q in
O=K|[x1,...,%Xn, Y1,-.., yn] and using an elimination ordering o for (xy, ..., x;)
onT(xy,..., X, y1,..., Yn) inorder to write the reduced o -Grobner bases G; of the
primary components in the form G; = H; U {x; — fi1, ..., Xy — fin} with H; C P’
and f;; € P’. Then the residue classes of the tuples (fiq, ..., fin) in (L')" are the
zeros of 1 by Theorem 6.3.4 and Algorithm 6.3.6.

Notice that the output of this variant is the same set of tuples of polynomials as
the output of the algorithm above, since the set H; contains a reduced Grobner basis
of M.

The following example illustrates the preceding algorithm. Later we will see that,
if the maximal ideal 901 is given via a triangular set of generators, we can get an even
simpler representation of its zeros (see Example 6.3.29).
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Example 6.3.22 Let K = Fy, let P = K[x1, x2, x3], and let M = (f1, />, f3),
where f| = xl2 +x1+1, o= xg 4+ x1, and fz = x32 + x3 + x1. Using the meth-
ods of Chap. 5, we can check that 97 is a maximal ideal in P. Hence L = P /901 is
a finite field. Our goal is to enlarge the field K such that we find the zeros of 91 in
the larger field.

(a) According to Proposition 6.3.19, we form the ring P’ = K[yj, y2, y3], the clone
M’ of M and the clone L' = P’/9M of the field L = P/IN. Since the field K
has ¢ =2 elements and d = dimg (L) =2 -3 - 2 = 12, the zeros of 9 in (L3
are (32,53, 52 ) fori =0,..., 11.

(b) Another way of writing these triples uses Algorithm 6.3.20. With the help of
Algorithm 6.3.16, we compute the necessary normal forms and get the following

representations:
1. ¥2. ¥3), O1+1L Y2 y1+y3). 1 vy, y3+1),
D141 y1y3+y3, yitystD, 1 yiya+y2,v3), 141, y1v3, y3+ 1),
01, y2, y3+1), 141 2, yitystD), (1, 12, 3),

U1+ L yy3+y3. v14+33). - O yiva+y2. y3+ D, 0141, yi1y3, yitysH)

A further example in which the generators of 91 are not in triangular form is
given as follows.

Example 6.3.23 Over the field K = [F7, let us consider the system of polynomial
equations defined by

fi =x} —2x1 +3,

f~2=x12x§+2x12—2x2—1

To solve it, we let P = K[x1, x] and 91 = (fl, fz). To check that 9] is a maximal
ideal in P, we first check that 901 is a zero-dimensional ideal. Then we apply Algo-
rithm 5.3.12. The minimal polynomial of X in P/9Nis uz, (z) = z* — 2z + 3 which
is irreducible in K[z]. Thus we let K; = K[xl]/(x‘l1 — 2x1 + 3). Next we compute
the minimal polynomial of X in Ki[x2]/90K[x2]. It is given by the polynomial
15y, K, (2) =22 4 (2] + 3%} + 3)z + X — 2%} and is irreducible in K/ [z].

Consequently, the preimage of the ideal (i3, k, (x2)) in K [x1, x2], i.e., the ideal
(x} = 2x1 4+ 3,x3 + (2x] + 3x7 4+ 3)x2 + x7 — 2x?) is a maximal ideal contained
in 2, and hence equal to 2. Thus we have a triangular set of generators of 9, and
we get d = dimg (P/901) = 12.

Now we want to solve 9 via cloning. We introduce two new indeterminates y;
and y;, we let P/ = K[y, y2], we let 9 be the clone of M in P/, and we let
L' = P'/9 be the clone of L = P /9. Then the set of zeros of M in (L)? is

{(yi]l , ygl) |i=0,...,11}. When we compute the corresponding normal forms via
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Algorithm 6.3.16, we get the following representations:

01, y2)

(=3y7 =3y + 1. Y3433y + 39153 +3y3 +3y7 = 3yiym+ 3 + 332 - 3)

(=27 =297 = 2y1 +3, 3y7y3 = 2] — 2133 =293 + 3y =2y + 33 +3)

(—2y? + 2y12 —3y1+3, —2y12y§ + 2y§ + yf - 3y12yz + 2y1y% - 2y§’ - y]2 =3y1y2+3y1 —2y2)
01, —33y3 = vy =y = yim =3y =iy — v+ 2 433 - 3)
(=3y} =3y + 1. Y33 4297 +3y2ys +2y1 3 — 293 = 3y% — yiy2 + y2)

(=297 =27 = 2y1+3, y}v3 =38 — ] +3vPv2 + 20103 +293 + 357 — 33 + 251 + 30 +3)
(—Zy? + 2y12 —3y1+3, 2y12y§ - y§ - nyyz + 3y1y§ + 2y§’ - 2y12 - 2y§ +2y1+2y+2)

O1. YIV3+ 34y + v v +3y193 + 357 — yiva +¥5 — 291 +3y2 +3)
(=3y7 =3y + 1. 3292+ 33 43y =3y ¥+ 2y =2y — 1)

(—2,»’13 - 2y12 =2y +3, 3y12y§ + y§ + 3y? - 3y12yz + y]2 +2y1y2=2y1—=»+1D

(=2y3 +207 = 3y1 +3. —yF =y —297y0 + 29193 + 3y + 3y 32 +2y5 +2y1 —2)

6.3.C Solving over Finite Fields via Univariate Representations

Patience is something you admire
in the driver behind you,
but not in the one ahead.

(Bill McClashen)

As before, we let K be a field with ¢ = p° elements, where p is a prime and
e>0,let P =K|[xq,...,x,], and let M be a maximal ideal in P whose zeros we
want to compute in a suitably chosen extension field of K.

Suppose we are using a method based on Theorem 6.3.4, and for every calcula-
tion, we are impatiently awaiting it to finish. Can we speed up and pass the obstacles
before us? If the computer algebra system we are using has a fast implementation of
finite fields, it knows an irreducible polynomial f(y) of degree d in K[y], namely
the defining polynomial of the built-in representative of F 4. Using the univariate
representation L' = K[y]/{f(y)), we can solve the system quickly, as the follow-
ing algorithm shows. An added advantage is that, after we finish the calculation, we
have the solutions represented via the built-in field representative and can use them
for further computations without delay.

Algorithm 6.3.24 (Solving via a Univariate Representation)

Let K be a finite field with q elements, let P = K[x1, ..., x,], let I be a max-
imal ideal of P, let L = P /M, let d = dimg (L), let f(y) € K[y] be a monic
irreducible polynomial of degree d, and let L' = K[y]/{f(y)). Consider the
following sequence of instructions.
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(1) Compute a triangular set {gi(x1), g2(x1,x2),...,8n(X1,...,x2)} of
generators of M (e.g., use Algorithm 5.3.12). Then for i = 1,...,n,
let d; = deg(g;).

(2) Let So be the set consisting of the empty tuple.

(3) Fori=1,...,n, perform the following steps. Then return S,, and stop.

(4) Let S; = @. For every tuple (h1(y),...,hi—1(¥)) in S;j_1, perform the
following steps.

(5) Substitute x1 +— h1(y), ..., xi—1+— hi—1(y) in g1, ..., g and get poly-
nomials g1(y), ..., &—1(y) € K[y] as well as g;(x;,y) € K[x;, y].

(6) In the ring Q = K|x;, yl, calculate the primary decomposition of the
ideal I; = (f(y),81(3), ..., &-1(y), & (xi,y)) and get p;(y) € K[yl
such that

Li=(f(y).xi —p1M)N---N{f). xi — pa,(y))

(7) For j=1,...,d;, append the tuple (h1(y), ..., hi—1(y), pj(y)) to ;.

This is an algorithm which computes a set of d tuples S,, whose residue classes
in (L")" are precisely the zeros of .

Proof By Theorem 6.3.4 and Algorithm 6.3.6, the primary decomposition of the
ideal I; has the indicated form. Moreover, if we let 91; = (g1, ..., gi), then the
homomorphism K [x1, ..., x;]/9; —> L’ givenby Xy > hi () fork=1,...,i—1
and x; = p;(y) is an injective K -algebra homomorphism. Thus the tuples in S;
represent zeros of the ideal 9t; in (L')'. In particular, the final tuple S, represents
zeros of 9t in (L')". The construction shows that the tuples in S, represent dj - - - d,
pairwise isomorphisms P /90t —> L’, and hence pairwise distinct zeros of M. 0O

Notice that this algorithm requires chiefly factorizations of univariate polynomi-
als over the field L’ = K[y]/{f(y)). This special type of primary decompositions
may be faster to determine than the general one (see Algorithm 5.3.8). Let us see a
case in point.

Example 6.3.25 Let K = Fyg, let P = K[x1, x2], let 9t be the maximal ideal
of P generated by the triangular set {x% —2x1 — l,xg — x% — x1xp — 12}, and
let L = P/M. We calculate dimg (L) = 6. Now assume that we know the monic
irreducible polynomial f(y) = y® —y — 1 in K[y]. Then the field L’ = K[y]/9%,
where we let M = (f(y)), satisfies dimg (L’) = 6, and thus (L") contains the six

zeros of 9.

(a) First we compute these six zeros by applying Theorem 6.3.4 directly. In the
ring Q = K[x1, x2, y], we calculate the primary decomposition of the ideal
MO + M’ Q and get six maximal components Ny, ..., Ng. We represent these
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ideas 91; by their reduced Grobner bases with respect to an elimination ordering
for (x1, x2). The result is

My = M Q-+{x1 + 19y° —45y* —35y% +9y2 + 21y,
X2 43y° +2y* — 12y% — 19y% 422y + 14)
My = M Q-+{x1 + 19y° —45y* —35y% +9y2 + 21y,
x2 +29y° +42y* 4+ 38y° + 44y% + 31)
My = M Q-+{x1 + 19y° —45y* —35y% + 9y + 21y,
X2 —32y° — ddy* — 26y — 252 + 48y — 41)
My = M Q-+H{x1 — 19y° +45y* +35y% —9y> — 21y — 2,
xo —46y° —23y* —22y% —31y% + 14y + 38)
Ms =M Q+{x1 — 19y° +45y* +35y — 9y* — 21y — 2,
x2 +40y° + 6y* —41y* + 6y)
Mo = M Q+{x1 — 19y° +45y* +35y — 9y* — 21y — 2,
X2 + 6y + 17y* +22y% — 2952 — 20y — 39)

(b) Now we solve the polynomial system defined by the generators of 91 using
Algorithm 6.3.24. Let us follows its steps.

(1) The generators g1(x1) = x12 —2x1—1land g2(x1,x2) = xg —x% —x1xp—12

of 91 form already a triangular set.

(6) The primary decomposition of the ideal 11 = (f(y), g1(x1)) is of the form
I = (f),x1 — p1() N {(f (), x1 — pa(y)) where pi(y) = —19y° +
45y* 435y —9y2 21y and pa(y) = 19y° —45y* —35y3 +9y2 421y +2.

(7) Hence we let S; = {(p1(y)), (p2(y)}-

(5) For i =2 and hi(y) = p1(y), the substitution x| — pi(y) yields the
polynomial g;(x3,y) = xg — x% + 19y5xz — 45y4x2 — 35y3x2 + 9y2x2 +
21yxy —12.

(6) The primary decomposition of the ideal (f(y), g2(x2,y)) is of the form
I>1 N I N I3 where

by =(f(),x2 +3y° +2y* — 12y> — 19y + 22y + 14)
I = (f (), x2 +29y° +42y* 4+ 38y% + 44y + 31y + 26)
I =(f(y), x2 — 32y° — 44y* — 26y> — 25y? + 48y — 41)
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(7) Hence we let $2 = {(p1(¥), q1(), (P1(¥), q2()), (p1(¥), q3(y))}, where
q1(y) = =3y =2y + 12y +19y% = 22y — 14, g2(y) = —29)y° —42y* —
38y3 —44y? —31y — 26, and g3 (y) = 32y° +44y* +26y> + 25y — 48y +
41.

(5) For i =2 and hy(y) = pa2(y), the substitution x; + p>(y) yields the
polynomial g5(x2, y) = x3 — x5 — 19y%x + 45y*xs + 35y%x2 — 9yxs —
21yxy —2xp — 12.

(6) The primary decomposition of (f(y), &;(x2, y)) is I31 N I32 N I33 where

L1 =(f (), xo —46y° —23y* — 22y — 31y% + 14y + 38)
Iso = (£ (), x2 +40y° + 6y* — 412 + 6y)
I3 =(f(y), x2 4 6y° + 17y* +22y° = 29y* — 20y - 3)

(7) Now we append the three pairs (p2(y),q(»)), (p2(y),q5(y)), and
(P2(3), g5 () to Sa, where g} () = 46y° +23y*+22y3 +31y% — 14y + 38,
g5 (y) = —40y> — 6y* +41y? — 6y, and q5(y) = —6y> — 17y* —22y3 +
29y% 420y + 3.

(3) The algorithm returns the set S> consisting of six pairs.

Altogether, we find the six zeros of 9% in L’ which are put into S, in the two
iterations of Step (7) for i =2, and these six zeros correspond to the six linear
maximal ideals found in (a).

Now we use Algorithm 6.3.24 to solve a system of polynomial equations over
the field IF5.

Example 6.3.26 Let K =TI, and let us consider the system of polynomial equa-
tions defined by

fi=xf+x1+1,
fr=x3+x+1

Let P = K[xy, x2], and let 9T = (fi, f2). Since both f| and f, are irreducible
over K, it follows that 91 is a zero-dimensional radical ideal. By calculating the
primary decomposition of 1, we see that 91 is a maximal ideal, and that the field
L = P /M satisfies dimg (L) = 6.

Furthermore, we assume that we are given the monic irreducible polynomial
f(») =y%4+y 4+ 1in K[y]. Then also the ideal MM’ = (f(y)) is maximal in the
ring P’ = K[y], and the field L' = P’/9M is isomorphic to L. Again we use this
information to find the zeros of 9 in (L") in two ways.
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(a) First we follow the method suggested by Theorem 6.3.4. We compute the pri-
mary decomposition of the ideal M Q + M’ Q in the ring Q = K[x1, x2, y] and
get the result QO + MM Q =M N --- N Mg, where

(y +y+ L+ Yy 3y L+ 97 +y)
<y +y+Lxi+Y +y 4y 4y, m+yt+y 41
=04+ y+ 1L+ + ¥+ +y+ L+ y +y24+y+1)
£m4—<y +y+1,X1+y5+y4+y3+y+1,x2+y4+y3+1)
=0 +y+1, x1+y +y +y +y, x4y 4y 4y+1)
ims—(y +y+Lx+Y+y 4y 4y, m+y 4y 4y)

Fori =1,...,6, the given generators form a o-Grobner basis of the maximal
ideal 91; for every elimination ordering o for (xi, x2) on T(x{, x», y). Hence
the zeros of M in the field L' = K[y]/(f(y)) are given by the six pairs

G+ +P+I+LP 77+, F+7+7 4557+ P+ D
G+ LF P 5+ D, G+ P 5+ L3 5
G+ +F 457+ +5+D, G+ PP+

(b) Next we solve the given polynomial system using Algorithm 6.3.24. The pri-
mary decomposition of the ideal 11 = (f(y), x% +x1+1)is

=00 +y+ 1,0+ +y* 3+ 900 +y+ L +y  +y* + 3 +y+1)

Thus the set Sy consists of (y° 4+ y*+y3 +y)and (> +y* +y3 +y +1).
For each of these elements, the substitution into f> yields the same result,
because f> does not involve x1. A more thorough treatment of this case will be
given in Proposition 6.3.32. So, in both iterations of the loop in Steps (4)—(7),
we calculate the primary decomposition of 1o = ( f(y), x% + x + 1) and get

L= +y+ L+ +y+y) 0 +y+Lx+y +y2+y+1)
N +y+Ln+y +y +1)

Therefore the set S is obtained by appending each of the three polynomials
v +y2+y, y*+y*+y+1,and y* + y3 + 1 to each of the two tuples in ;.
Altogether, we find the same six pairs as in (a).

Doing 170 km/h, I passed that slowcoach.
Then I had to wait for half an hour

until he administered me first aid.
(Harald Grill)
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6.3.D Solving over Finite Fields via Recursion

To define recursion, we must first define recursion.

In the setting of the preceding subsection, suppose that we do not know an ir-
reducible univariate polynomial of degree d over K. Can we still imitate Algo-
rithm 6.3.24 and recursively split the task of computing a potentially huge primary
decomposition into smaller ones? To answer this question, we first have to define
which kind of recursion we look for.

Let K be a finite field having g elements, let P = K[x1, ..., x,], and suppose
that the polynomials defining the given system form a triangular set of a maximal
ideal 91 in P. Then we can split the first polynomial in a suitable extension field
of K and work recursively over this field with the maximal ideal defined by sub-
stituting the various values of x| in the other generators of 9J1. In the next section,
when we try to solve polynomial systems over the rational numbers, this kind of
recursive approach will become important.

Our first observation is that some of the powers needed to write down the zeros
in Proposition 6.3.19 can be reduced substantially if we know a triangular set of
generators of 91, as the next proposition shows.

Proposition 6.3.27 Let K be a finite field with q elements, let P = K[x1, ..., x,],
let M be a maximal ideal of P, and let L = P /M. Furthermore, assume that
we have a triangular set {f1(x1), f2(x1,Xx2),..., fu(X1,...,x0)} Of generators
of M, and let di = deg, (fi) for i =1,...,n. After introducing new indetermi-
nates yi, ..., yu, let P’ =K|[y1, ..., yal, let M be the clone of M in P, and let
L' = P’/ be the clone of L. Then we have

2o = {7 ... 5" ) e (L) |0<a; <di — 1 and
Bi = ay +d1(x2+~-—|—(d]~~~d,~,1)ocif0ri=1,...,n}

Proof Fori =0,...,n,welet P/ = K[yi, ...,y let M. be the clone of the ideal
M; = (fi(x1),..., fi(x1,...,x;)) in P/, and let L} = P//9,. Here M; =M N P,
is a maximal ideal, and hence L; is a subfield of L’. Notice that the number of
elements of L] is g9

Now we prove the proposition by induction on i. For i = 1, it follows from

Proposition 6.3.15.b that the zeros of the ideal 9; in L} are given by )71! with

j=0,...,dy — 1. To prove the induction step, we let (y?ﬁ‘ b Vi ’] ) be a zero
of M;_1 in (L;fl)"_l. We substitute this zero for (xq, ..., x;_1) in the polynomial
fi(x1,...,x;) and get an irreducible polynomial g; (x;) in L;_l[xi].

To find the zeros of this polynomial, we use Proposition 6.3.13. Notice that,
in view of the orders of the fields L/l, e L; |» the given zero of IM;—1 is equal
to (yql 1,...,&? ll 'Y. Now the fact that (J1,...,¥;) is a zero of M; in the

field L; and a B;_;-fold application of the Frobenius homomorphism show that
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_gbhi-1 _gfi-1_ . .o_gfi-r .
6% N ) is a zero of 9;. Hence one zero of g; (x;) is y; . Since the

field L;_l has d - - -d;—1 elements, Proposition 6.3.13 implies that the other zeros
_gBi—1+d1di_q;

of g;(x;) are yl.q with 1 <o; <d; — 1. Since 8; = i1 +di ---di—1;,
the induction step follows. When we reach i = n, the proof is complete. U

For practical computations, it is usually preferable that the output of an algorithm
is in normal form, if it consists of residue classes. Thus the preceding proposition
yields the following algorithm.

Algorithm 6.3.28 (Solving over [, via Recursion)

Let K be a finite field with q elements, let P = K[x1, ..., x,], let 0t be a max-
imal ideal of P, let L = P /N, and let d = dimg (L). Consider the following
sequence of instructions.

(1) Compute a triangular set { f1(x1), fo(x1,%2), -, fa(x1, ..., x,)} of gen-
erators of M (e.g., use Algorithm 5.3.12), and let d; = deg, (fi) for

i=1,...,n.
(2) Let So =1{(@,0)}. Fori =1, ..., n, perform the following steps.
(3) Let S; = @. Introduce a new indeterminate y;, and in K[y, ..., y;] define

the ideal M, = (f1(y1), ..., fiV1, ..., yi)).
(4) For every pair (Gi_1, Bi—1) in Si—1, perform the following step.
(5) For every j €{0,...,d; — 1}, let B; = Bi—1 +d;---di—1j, compute
Bi
the normal form h(yi,...,y;) = NF&m; (ylg ), append this polynomial
to Gi_ to get a tuple G;, and put the pair (G;, B;) into S;.

This is an algorithm which computes a set S, of tuples of polynomials
in K[y1, ..., yu]l whose residue classes in (L')" are precisely the zeros of M,
where L' = K[yy, ..., yul/9 is the clone of L.

Proof In view of the proposition, it suffices to note that y;’ " and NFay ( y? j) have
the same residue class in the field L} = K[yy, ..., y;]/9, and that L is a subfield
of L'. O

The following example shows that Proposition 6.3.27 allows us to reduce the
powers necessary in Proposition 6.3.19.

Example 6.3.29 In the setting of Example 6.3.22, notice that the given set of gen-
erators f] = xlz +x141, o= xg +x1,and f3 = x32 + x3 + x1 is a triangular set of
generators of the maximal ideal 90t in P = K [x], x2, x3]. Thus we can apply Propo-
sition 6.3.27 and get the following twelve zeros of 9 = (f1, f2, f3) in the clone
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L' = K[y, y2, y3]/9% of L = P/9N.

6 2 2 2 8
(1,32, ¥3), (yl,y2;y32 ), OLYF .Y, (Y3 ,yi ),
o1, y§3, y323), o1, y%g»)’%g ), 7, y§5, y%)g o7, y§§ y: )
OXv3 .92, Ry 08),  ORyE ), 623y

When we apply Algorithm 6.3.28 to this system, we get the representations of the
zeros of 91 given in Example 6.3.22.b.

Another way to perform the last step of Algorithm 6.3.28 is given in the following
version of the algorithm.

Algorithm 6.3.30 (Solving over I, via Recursive Factorizations)
In the preceding algorithm, replace Steps (4) and (S) by the following steps.

(4°) For every tuple G in S;_1, perform the following step.

(5°) Let L) = K[y1, ..., yil/9,. Substitute the entries of G for x1, ..., xi_1
in fi and get a polynomial fi(x;) in L;_,[x;]. Then compute the factor-
ization ]_‘l-(x,-) =(x; — hi1) - (x; — f_lid,-) with ]’_l,'j € L§ and represent l_z,-j
by a polynomial h;j in K[y1, ..., yil. For j =1, ...,d;, append the poly-
nomial h;j to G and put the resulting tuple into S;.

The result is an algorithm which computes a set Sy, of tuples of polynomials
in K[y1, ..., yn| whose residue classes in (L')" are precisely the zeros of M.

Proof Clearly, a zero (p1, ..., pp) of M in (L)" yields a zero G = (p1, ..., pi—1)
of M;_1 in (L;_l)"_1 and a zero p; of the polynomial ﬁ(xl-) in L;, where f,-(x,-)
is obtained by substituting G for (xq, ..., x;—1). Thus the zero (py, ..., p,) is com-
puted during the course of the algorithm. Conversely, it is clear that every tuple
(h1,...,h;)in S; yields a zero (hi, ..., h;) of M in (L')". This proves the correct-
ness of the algorithm. O

Comparing the last algorithm to Theorem 6.3.4, we see that it reduces the task of
finding the primary decomposition of a big ideal 21Q + 9" Q in a big polynomial
ring Q = K|[x1,...,Xn, Y1, ..., ym] to a number of univariate factorizations over
extension fields of K.

In the next example we apply several solving methods to the polynomial system
given in Example 6.3.23.

Example 6.3.31 Let K =7, and let us consider the system of polynomial equa-
tions defined by

f]:x?—2x1+3,

fz:x%x;+2x12—2x2—l
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Let P = K[x1, x2], let M = (fi, /), and let L = P/9N. In Example 6.3.23 we
checked that 97 is a maximal ideal in the ring P, noted that the field L satisfies
d = dimg (L) = 12, and found the twelve zeros of 91 in a suitable extension of L.
Here our goal is to find these zeros using different strategies.

(a) First we solve the task via Theorem 6.3.4. We have to form the polynomial ring
Q = K[x1,x2, ¥1, y2] and to compute the primary decomposition of the ideal
MO + M Q, where MM’ is the clone of M in P’ = K[y, y2]. In this way we
find again the 12 solutions listed in Example 6.3.23.

(b) Next we use Algorithm 6.3.28. We calculate a triangular set of generators of
the ideal 9t and get M = (f1(x1), fo(x1, x2)), where fi(x1) = fl(xl) and
fo(x1,x2) = x3 + 2x7x2 + 3x7x2 + 3x2 4 x7 — 2x7. Thus we have d| =4 and
d> = 3, and the zeros of M in (L/)2 are given by (j}iﬂ, %14»3) with 0 <« <3 and
0=<p=2

(c) Finally, we use Algorithm 6.3.30. For i = 1, we have to factorize the polynomial
filxy) = x? — 2x1 + 3 over the field L’1 = K[yl]/(yi‘ —2y1 + 3). We get

fixe) = (1 — ) (x1 + 357 4+ 351 — 1) (x1 +25; + 257 + 251 — 3)
-1 257 =257 +351 - 3)

Therefore, when we start with i = 2, we have S; = {(y1), (—Syf —3y1+1),
(=257 =257 = 2y1 +3), (=29} +2y{ = 3y1 +3)} and L} = K[n11/(/1(0)-
In the first iteration of Step (5’), we have to factorize the polynomial
(1, x2) = xg + 2)713x2 + 3&12xz +3x2+ )713 — 2)712, and we get three irreducible
factors, namely

X2 =y

X2 — FI93 — §3 — 57 — 192 — 35175 — 351 + 132 — 93 + 251 — 35— 3
=2-2 =4, =3 -2- = =2 =2 - = =2 = =

X0+ YV + Y, + ¥ Yy +3y1y, +3¥7 = yiy2 + ¥, —2y1 =3y +3

They correspond to the three zeros (1, ¥2), (31, ¥233 + ¥5 + V5 + y292 +
39153 +35] = 9132+ 55 =251 +352+3), and (1. =573 — 3 = 3} — iy2 —
39135 — 391 + F132 — 3 + 251 4352 = 3) of Min (L2,

In the next iteration of Step (5°), we factorize fz(—3)7f —3y1 + 1, xp), and
we get another three zeros of 9T, and so on. Altogether, we find again the 12
solutions listed in Example 6.3.23.

There is still one very nice situation in which we do not have to make any re-
cursive calls at all. It is described in the following proposition which takes care of
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maximal ideals generated by special triangular sets, namely triangular sets consist-
ing of univariate polynomials.

Proposition 6.3.32 (Solving Sequences of Univariate Polynomials)

Let K be a finite field with q elements, let P = K|[x1, ..., x,], and let 9N be a maxi-
mal ideal in P of the form M = (f1(x1), ..., fu(xn)), where f;(x;) € P. Moreover,
fori=1,...,n,letd; =deg(fi),andletd =[]}_, d;.

(a) For every subset {i1,...,ix} C{1,...,n}, the ideal {f; (xi)),..., fi,(xi,)) isa

maximal ideal in the polynomial ring K[x;, ..., x;.].
() Let{iy,...,ix} C{1,...,n},andlet j €{1,...,n}\{i1, ..., ik}. Then the image
of fi(xj)in (K[xip,...,x;, 1/{fi,(xi)s ..., fir i) [x] is irreducible.

(¢) Let P = K[y1,...,yul, let DV = {f1(31), f2002), ..., fu(yn)) be the clone
of Min P', and let L' = P’ /9N be a clone of P/IN. Then the ideal 9 has d
zeros in (L")", namely

2o = {7 .....5")|0<ij<dj—1forj=1.....n)

Proof Clearly, thering K [x;,, ..., x;, 1/{fi; (xi)), ..., fi (xi,)) is a zero-dimensional
affine K-algebra. It is an integral domain, since it is contained in the field P /9.
Consequently, it is a field by Corollary 2.2.6, and this proves (a).

Since claim (b) follows from (a), it remains to prove (c). By Proposition 6.3.13,
forevery j € {1, ..., n}, the residue classes )7?0, )7;!1 s y;?dj 1 are pairwise distinct
zeros of fj(x;)in K[y;1/(fj(y;)). Therefore they are distinct zeros of f;(x;) in the
larger field L’. Consequently, we have found d distinct zeros of 9% in (L')", and the
proof is complete. d

Let us reconsider Example 6.3.26.

Example 6.3.33 As in Example 6.3.26, we let K =5, let P = K[xy, x2], and
let M = (f1(x1), f2(x2)), where fi(x1) =x?+x;+ 1 and fo(x2) = x5 +x2 + 1.
Then 9 is a maximal ideal of P which satisfies the hypothesis of the proposi-
tion. Therefore, to find the zeros of 9, we let P’ = K[y, y2], let M be the clone
of Min P’, and let L’ = P’/M. By the proposition, the set of zeros of Mt in (L')?
is

2 =G, 32, (51, 32), G, 3% ), (52, 7). 5 7)., (52, 3%}

Using normal forms with respect to 9, we can also write this set of zeros as
21 OM)={(51.52). 51,59, 51,75 + 52), G1+1,72). G1+1,73), Gi1+1,55+52)}.
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