Chapter 2
Basic Number Theory

2.1 The Ring of Integers

The theory of numbers is concerned with the properties of the integers, that is, the
class of whole numbers and zero, 0, 1, 2, . ... We will denote the class of integers
by Z. The positive integers, 1, 2, 3, ... are called the natural numbers, which we
will denote by N. We will assume that the reader is familiar with the basic arithmetic
properties of Z and in this section we will look at the abstract algebraic properties
of the integers and what makes Z unique as an algebraic structure.

Recall that a ring R is a set with two binary operations, addition, denoted by +,
and multiplication denoted by - or just by juxtaposition, defined on it satisfying the
following six axioms:

1. Addition is commutative: a + b = b + a for each pair a, b in R.

2. Addition is associative: a + (b +¢) = (a + b) + c fora, b, c € R.

3. There exists an additive identity, denoted by 0, such that a + 0 = a for each
a € R.

4. Foreach a € R there exists an additive inverse denoted —a, such thata + (—a) =

0.

. Multiplication is associative: a(bc) = (ab)c for a, b, c € R.

6. Multiplication is distributive over addition: a(b + c¢) = ab + ac and (b + c)a =
ba + ca fora, b, c € R.

91

If in addition R satisfies
7. Multiplication is commutative: ab = ba for each pair a, b in R
then R is a commutative ring, while if R satisfies

8. There exists a multiplicative identity denoted by 1 (not equal to 0) such that
a-1=1-a=aforeachain R

then R is a ring with an identity. A commutative ring with identity satisfies 1
through 8.
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8 2 Basic Number Theory

A field K is a commutative ring with an identity in which every nonzero element
has a multiplicative inverse, that is, for each a € K with a # 0 there exists an
element b € K such that ab = ba = 1. In this case the set K* = K\{0} forms an
abelian group with respect to the multiplication in K. K* is called the multiplicative
group of K.

A ring can be considered as the most basic algebraic structure in which addition,
subtraction, and multiplication can be done. In any ring the equation x + b = ¢
can always be solved. Further a field can be considered as the most basic algebraic
structure in which addition, subtraction, multiplication, and division can be done.
Hence in any field, the equation ax + b = ¢ with a # 0 can always be solved.

Combining this definition with our knowledge of Z we get that

Lemma 2.1.1 The integers 7 form a commutative ring with identity.

There are many examples of such rings (see Exercises), so to define Z uniquely
we must introduce certain other properties. If two nonzero integers are multiplied
together then the result is nonzero. This is not always true in a ring. For example,
consider the set of functions defined on the interval [0, 1]. Under ordinary multipli-
cation and addition, these form a ring (see Exercises) with the zero element being
the function which is identically zero. Now let f(x) be zero on [0, %] and nonzero
elsewhere and let g(x) be zero on [%, 0] and nonzero elsewhere. Then f(x)-g(x) =0
but neither is the zero function. We define an integral domain to be a commutative
ring R with an identity and with the property that if ab = 0 with a,b € R then
either a = 0 or b = 0. Two nonzero elements which multiply together to get zero
are called zero divisors and hence an integral domain is a commutative ring with an
identity and no zero divisors. Therefore, Z is an integral domain.

The integers are also ordered, that is, we can compare any two integers. We abstract
this idea in the following manner. We say that an integral domain D is an ordered
integral domain if there exists a distinguished set D™, called the set of positive
elements, with the properties that

(1) The set D is closed under addition and multiplication.
(2) If x € D then exactly one of the following is true

(a) x=0
(b) x € DT
(c) —x € DT,

In any ordered integral domain D we can order the elements in the standard way.
If x, y € D thenx < y means that (y — x) € D*. With this ordering D" can clearly
be identified with those x € D such that x > 0. We then get

Lemma 2.1.2 If D is an ordered integral domain then

(I)x <yandy < zimplyx < z.
(2) If x, y € D then exactly one of the following holds:

X=yorx <yory<x.
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We thus have that the integers are an ordered integral domain. Their uniqueness
as such a structure depends on two additional properties of Z which are equivalent.

The Inductive Property Let S be a subset of the natural numbers N. Suppose
1 € S and S has the property that ifn € S then (n + 1) € S. Then S = N.

The Well-Ordering Property Let S be a nonempty subset of the natural numbers
N. Then S has a least element.

Lemma 2.1.3 The inductive property is equivalent to the well-ordering property.

Proof To prove this we must assume first the inductive property and show that the
well-ordering property holds and then vice versa. Suppose the inductive property
holds and let S be a nonempty subset of N. We must show that S has a least element.
Let T be the set

T={xeN;x <s,Vs € S}.

Now 1 € T since S C N. If whenever x € T it would follow that (x + 1) € T then
by the inductive property 7 = N but then S would be empty contradicting that S is
nonempty. Therefore, there exists an a witha € T and (a + 1) ¢ T. We claim that
a is the least element of S. Now a < s foralls € Ssincea € T.If a ¢ S then
every s € S would also satisfy (a + 1) < s. This would imply that (@ + 1) € T
a contradiction. Therefore, a € S and a < s for all s € S and hence a is the least
element. Therefore, the inductive property implies the well-ordering property.
Conversely, suppose that the well-ordering property holds and suppose 1 € S and
whenever n € § it follows that (n + 1) € S. We must show that S = N. If § # N
then N\ § is a nonempty subset of N. Therefore, it must have a least element . Hence
(n—1) € S.Butthen (n — 1)+ 1 = n € S, also which is a contradiction. Therefore,
N\S is empty and S = N. (]

The inductive property is of course the basis for inductive proofs which play a
big role in the theory of numbers. To remind the reader, in an inductive proof we
want to prove statements P (n) which depend on positive integers. In the induction
we show that P (1) is true, then show that the truth of P(n 4 1) depends upon the
truth of P(n). From the inductive property P(n) is then true for all positive integers
n. We give an example which has an ancient history in number theory.

Example 2.1.1 Show that 1 +2 4 ---4+n = M

(9]0}
2

Here for n = 1 we have 1 = = 1. So its true for n = 1. Assume that the

statement is true for n = k, that is

_k(k+1)

1424 4k
+24-+ 5

and considern = k + 1.

k(k+1) k+Dk+2)

1424 k4 k+1) = (1424 +h) +k+1) = +k+1) = 5




10 2 Basic Number Theory

1 +2 1+42+3 1+2+3+4

Fig. 2.1 Triangular Numbers

Hence the statement is true for n = k 4+ 1 and hence true by induction for all n € N.
The series of integers

,L142=3,14243=6,14+24+3+4=10,...

are called the triangular numbers since they are the sums of dots placed in triangular
form as in Figure 2.1. These numbers were studied by the Pythagoreans in Greece in
500 B.C.

The inductive property is enough to characterize the integers among ordered
integral domains up to isomorphism. Recall that if R and S are rings, a function
f : R — §is a homomorphism if it satisfies:

L. f(ri+r) = f(r1)+ f(r2) forr;,rn € R,
2. f(rirp)) = f(r1) f(rp) forry, r, € R.

If f is also a bijection, then f is an isomorphism, and R and S are isomorphic.
Isomorphic algebraic structures are essentially algebraically the same. We have the
following theorem.

Theorem 2.1.1 Let R be an ordered integral domain which satisfies the inductive
property (replacing N by the set of positive elements in R). Then R is isomorphic
to 7.

We outline a proof in the exercises.

2.2 Divisibility, Primes, and Composites

The starting point for the theory of numbers is divisibility.

Definition 2.2.1 Ifa, b are integers we say that a divides b, or that a is a factor or
divisor of b, if there exists an integer q such that b = aq. We denote this by alb. b
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is then a multiple of a. If b > 1 is an integer whose only factors are 1, b then b
is a prime, otherwise b > 1 is composite.

The following properties of divisibility are straightforward consequences of the
definition:

Theorem 2.2.1 (1) alb = albc for any integer c.
(2) alb and b|c imply a|c.
(3) alb and a|c imply that a|(bx + cy) for any integers x, y.
(4) alb and bla imply that a = £b.
(5)Ifalbanda > 0,b > O thena < b.
(6) a|b if and only if ca|cb for any integer ¢ # 0.
(7) al0 for all a € Z and O|a only for a = 0.
(8) al £ 1 only fora = £1.
(9) ay|by and ay|b, imply that aja;|b1b;.

Proof We prove (2) and leave the remaining parts to the exercises.
Suppose a|b and b|c. Then there exist x, y such that b = ax and ¢ = by. But then
¢ = axy = a(xy) and therefore a|c. (Il

If b, c, x, y are integers then an integer bx + cy is called a linear combination of
b, c. Thus part (3) of Theorem?2.2.1 says that if a is a common divisor of b, ¢ then
a divides any linear combination of b and c.

Further, note that if » > 1 is a composite then there exists x > 0 and y > 0 such
that b = xy and from part (5) we musthave | <x <b,1 <y <b.

In ordinary arithmetic, given a, b we can always attempt to divide a into b. The
next theorem, called the division algorithm, says that if a > 0 either a will divide
b or the remainder of the division of b by a will be less than a.

Theorem 2.2.2 (Division Algorithm) Given integers a, b with a > 0 then there
exist unique integers q and r such that b = qa +r where eitherr = 0or0 <r < a.

One may think of ¢ and r as the quotient and remainder, respectively, when
dividing b by a.

Proof Given a, b with a > 0 consider the set
S={b—-qga=>0;,qcZ)}.

If b > Othen b + a > 0 and the sum is in S. If » < O then there exists a g > 0 with
—ga < b. Then b 4+ ga > 0 and is in S. Therefore, in either case S is nonempty.
Hence S is a nonempty subset of NU {0} and therefore has a least element . If » # 0
we must show that 0 < r < a. Suppose r > a, then r = a + x with x > 0 and
x <rsincea >0.Thenb —ga =r =a+x = b — (q + 1)a = x. This means
that x € S. Since x < r this contradicts the minimality of r which is a contradiction.
Therefore, if r 7 0 it follows that 0 < r < a.
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The only thing left is to show the uniqueness of ¢ and r. Suppose b = qia + ry
also. By the construction above r; must also be the minimal element of S. Hence
ri<randr <r;sor =r;. Now

b—ga=b—-—qa = (q1—q)a=0

but since a > 0 it follows that g; — g = 0 so thatg = ¢. ]

The next ideas that are necessary are the concepts of greatest common divisor
and least common multiple.

Definition 2.2.2 Given nonzero integers a, b their greatest common divisor or
GCD d > 0is a positive integer which is a common divisor, that is, d|a and d|b, and
if dy is any other common divisor then dy|d. We denote the greatest common divisor

of a, b by either gcd(a, b) or (a, b).

The next result says that given any nonzero integers they do have a greatest
common divisor and it is unique.

Theorem 2.2.3 Given nonzero integers a, b their GCD exists, is unique, and can be
characterized as the least positive linear combination of a and b.

Proof Given nonzero a, b consider the set
S={ax+by>0;x,y €7}

Now a? 4+ b> > 050 S is a nonempty subset of N and hence has a least element
d > 0. We show that d is the GCD.

First, we must show that d is a common divisor. Now d = ax + by and is the least
such positive linear combination. By the division algorithm a = gd + r with 0 <
r <d.Supposer #0.Thenr =a—qd =a—q(ax+by) = (1—gx)a—qby > 0.
Hence r is a positive linear combination of @ and b and therefore is in S. But then
r < d contradicting the minimality of d in S. It follows that r = 0 and so a = gd
and d|a. An identical argument shows that d|b and so d is a common divisor of a
and b. Let d| be any other common divisor of @ and b. Then d,; divides any linear
combination of @ and b and so d |d. Therefore, d is the GCD of a and b.

Finally, we must show that d is unique. Suppose d; is another GCD of a and
b. Then d; > 0 and d; is a common divisor of a, b. Then d,|d since d is a GCD.
Identically d|d; since d, is a GCD. Therefore, d = +d, and then d = d, since they
are both positive. (]

We note that as a consequence of Theorem 2.2.3 that if a, b, k are nonzero integers
then the equation ax +by = k has integer solutions x, y if and only if (a, b) divides k.

If (a, b) = 1 then we say that a, b are relatively prime or coprime. It follows
that a and b are relatively prime if and only if 1 is expressible as a linear combination
of a and b. We need the following three results:
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Lemma 2.2.1 Ifd = (a, b) then a = ayd and b = b\d with (a1, b;) = 1.

Proof 1If d = (a, b) then d|a and d|b. Hence a = a,d and b = b;d. We have
d =ax + by =ajdx + b\dy.
Dividing both sides of the equation by d we obtain
Il =ax +byy.

Therefore, (a;, b)) = 1. O
Lemma 2.2.2 For any integer c we have that (a, b) = (a, b + ac).

Proof Suppose (a, b) = d and (a, b + ac) = d;. Now d is the least positive linear
combination of a and b. Suppose d = ax +by. d; is alinear combination of a, b+ac
so that

di =ar + (b+ac)s = a(cs +r) + bs.

Hence d, is also a linear combination of a and b and therefore d; > d. On the other
hand, d;|a and d;|(b 4 ac) and so d;|b. Therefore, d;|d so d; < d. Combining these
we must have d; = d. O

From this we easily see that (a, b) = a if a, b are nonzero integers with a|b.
The next result, called the Euclidean algorithm, provides a technique for both
finding the GCD of two integers and expressing the GCD as a linear combinations.

Theorem 2.2.4 (The Euclidean Algorithm) Given integers b and a > 0 witha { b
form the repeated divisions

b=qa+r,0<r<a

a=qr+n,0<rn<n

Fpn—2 = 4nln—1 +rn’0 <Fp <Tp-1
Fn—1 =dqn+1"n-

The last nonzero remainder r, is the GCD of a, b. Further r, can be expressed as a
linear combination of a and b by successively eliminating the r;’s in the intermediate
equations.

Proof In taking the successive divisions as outlined in the statement of the theorem
each remainder r; gets strictly smaller and still nonnegative. Hence it must finally
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end with a zero remainder. Therefore, there is a last nonzero remainder r,,. We must
show that this is the GCD.
Now from Lemma?2.2.2, the GCD satisfies

(a,b) = (a,b—qa) = (a,r) = (ri,a —qar1) = (r1, r2).
Continuing in this manner we have then that (a, b) = (r,—1, r,) = r, since r,, divides

rn—1. This shows that r,, is the GCD.
To express r, as a linear combination of @ and b notice first that

'n =TFp—2 —qnln—1.
Substituting this in the immediately preceding division we get
Fn =Tn—2 = qn(ra—3 — gn-1rn—2) = (1 + guqu—1)rn—2 — qnrn—3.

Doing this successively, we ultimately express r,, as a linear combination of a and
b. O

EXAMPLE 2.2.1 Find the GCD of 270 and 2412 and express it as a linear
combination of 270 and 2412.
We apply the Euclidean algorithm
2412 = (8)(270) + 252
270 = (1)(252) + 18
252 = (14)(18)
Therefore, the last nonzero remainder is 18 which is the GCD. We now must express
18 as a linear combination of 270 and 2412.
From the first equation
252 = 2412 — (8)(270)
which gives in the second equation

270 = (2412 — (8)(270)) + 18 = 18 = (—1)(2412) + (9)(270)

which is the desired linear combination.

Now suppose that d = (a, b) where a, b € Z and a # 0,b # 0. Then we note
that given one integer solution of the equation

ax+by=d

we can easily obtain all solutions.
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Suppose without loss of generality that d = 1, that is, a, b are relatively prime. If
not we can divide through by d > 1. Suppose that x;, y; and x;, y, are two integer
solutions of the equation ax + by = 1, that is,

ax; +by =1
ax, +by, = 1.

Then
a(x; — x2) = —b(y1 — y2).

Since (a, b) = 1 we get from Lemma2.2.3 that b|(x; — x») and hence x, = x| + bt
for some ¢ € Z. Substituting back into the equations, we then get

axi + by; = a(xy + bt) + by, =— by, = abt + by;.
Therefore, y, = y; — at. Hence all solutions are given by
Xo = X1 + bt
Y2=y1—at
for some t € Z.

The final idea of this section is that of a least common multiple.

Definition 2.2.3 Given nonzero integers a, b their least common multiple or LCM
m > 0 is an positive integer which is a common multiple, that is, a|lm and blm, and
if my is any other common multiple then m|m,. We denote the least common multiple
of a, b by either lcm(a, b) or [a, b].

As for GCD’s given any nonzero integers they do have a least common multiple
and it is unique. First, we need the following result known as Euclid’s Lemma. In
the next section, we will use a special case of this applied to primes. We note that
this special case is traditionally also called Euclid’s lemma.

Lemma 2.2.3 (Euclid’s Lemma) Suppose albc and (a, b) = 1, then a|c.

Proof Suppose (a, b) = 1 then 1 is expressible as a linear combination of a and b.
That is,
ax + by = 1.

Multiply by ¢, so that
acx + bcy = c.

Now ala and albc so a divides the linear combination acx + bcy and
hence a|c. ([
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Theorem 2.2.5 Given nonzero integers a, b their LCM exists and is unique. Further
we have

(a, b)la, b] = ab.

Proof Letd = (a,b) and let m = |%|. We show that m is the LCM. Now a =
aid,b = b;d with (a;,b;) = 1. Then m = a;b\d. Since a = a;d, m = bja so
a|m. Identically, b|m so m is a common multiple. Now let m; be another common
multiple so that m; = ax = by. We then get

aidx = bidy = ajx =byy = ai|byy.
But (a;, b1) = 1 so from Lemma2.2.3 a;|y. Hence y = a,z. It follows then that
my = bid(a1z) = a1brdz = mz

and hence m|m . Therefore, m is an LCM.

The uniqueness follows in the same manner as the uniqueness of GCD’s. Suppose
m is another LCM, then m|m; and m|m so m = 4m; and since they are both
positive m = m. (]

EXAMPLE 2.2.2 Find the LCM of 270 and 2412.
From Example 2.2.1, we found that (270, 2412) = 18. Therefore,

(270)(2412) ~ (270)(2412)

[270, 2412] = _
(270, 2412) 18

= 36180.

2.3 The Fundamental Theorem of Arithmetic

In this section, we prove the fundamental theorem of arithmetic which is really the
most basic number theoretic result. This result says that any integer n > 1 can be
decomposed into prime factors in essentially a unique manner. First, we show that
there always exists such a decomposition into prime factors.

Lemma 2.3.1 Any integer n > 1 can be expressed as a product of primes, perhaps
with only one factor.

Proof The proof is by induction. n = 2 is prime so its true at the lowest level.
Suppose that every integer 2 < k < n can be decomposed into prime factors, we
must show that n then also has a prime factorization.

If n is prime then we are done. Suppose then that n is composite. Hence n = mm;
with 1 <m| < n,1 < m; < n. By the inductive hypothesis both m; and m, can be
expressed as products of primes. Therefore, n can also use the primes from m; and
m,, completing the proof. (]
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Before we continue to the fundamental theorem, we mention that this result can be
used to prove that the set of primes is infinite. The proof we give goes back to Euclid
and is quite straightforward. In the next chapter, we will present a whole collection
of proofs, some quite complicated also show that the primes are an infinite set. Each
of these other proofs will shed more light however on the nature of the integers.

Theorem 2.3.1 There are infinitely many primes.

Proof Suppose that there are only finitely many primes py, ..., p,. Each of these is
positive so we can form the positive integer

N=pip2--pat+1l

From Lemma2.3.1, N has a prime decomposition. In particular, there is a prime p
which divides N. Then

pl(pip2---pn+ 1.

Since the only primes are assumed py, p», ..., p, it follows that p = p; for some
i=1,...,n. Butthen p|pip>--- pi--- pn so p cannot divide p; --- p, + 1 which
is a contradiction. Therefore, p is not one of the given primes showing that the list
of primes must be endless. (]

A variation of Euclid’s argument gives the following proof of Theorem?2.3.1.
Suppose there are only finitely many primes py, ..., p,. Certainly n > 2. Let P =
{p1, ..., pn}. Divide P into two disjoint nonempty subsets P;, P,. Now consider the
number m = ¢, + g, where g; is a product of primes from P; and g; is a product of
primes from P;. Let p be a prime divisor of m. Since p € P it follows that p divides
either g; or g, but not both. But then p does not divide m a contradiction. Therefore,
p is not one of the given primes and the number of primes must be infinite.

Although there are infinitely many primes, a glance at the list of primes, shows
that they appear to become scarcer as the integers get larger. If we let

7 (x) = number of primes < x

a basic question is what is the asymptotic behavior of this function. This question
is the basis of the prime number theorem which will be discussed in Chapter4.
However, it is easy to show that there are arbitrarily large spaces or gaps within the
set of primes.

Theorem 2.3.2 Given any positive integer k there exists k consecutive composite
integers.

Proof Consider the sequence
k+DI'+2,k+D!+3, ..., k+ D! +k+ 1.

Suppose 7 is an integer with 2 < n < k + 1. Then n|((k 4+ 1)! + n). Hence each of
the integers in the above sequence is composite. O
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To show the uniqueness of the prime decomposition we need Euclid’s Lemma,
from the previous section, applied to primes.

Lemma 2.3.2 (Euclid’s Lemma) If p is a prime and p|ab then pla or p|b.

Proof Suppose plab. If p does not divide a then clearly a and p must be relatively
prime, that is, (a, p) = 1. Then from Lemma?2.2.3, p|b. |

We now state and prove the fundamental theorem of arithmetic.

Theorem 2.3.3 (The Fundamental Theorem of Arithmetic) Given any integer
n # 0 there is a factorization

n=cpip2--- Pk

where ¢ = £1 and py, ..., p, are primes. Further this factorization is unique up to
the ordering of the factors.

Proof We assume thatn > 1. If n < —1 we use ¢ = —1 and the proof is the same.
We define the product of no primes, that is, when & = 0, to be 1. Then the statement
certainly holds for n = 1 with k = 0. Now suppose n > 1. From Lemma?2.3.1, n
has a prime decomposition

n:plpz...pm_

‘We must show that this is unique up to the ordering of the factors. Suppose then that
n has another such factorization n = ¢q,q3 - - - gx with the ¢; all prime. We must show
that m = k and that the primes are the same. Now we have

n=pip2---Pm=4q1" - Ygk

Assume that k > m. Then it follows that p;|qiq - - - gx. From Lemma?2.3.2, then
we must have that p;|g; for some i. But ¢; is prime and p; > 1 so it follows that
p1 = q;. Therefore, we can eliminate p; and ¢; from both sides of the factorization
to obtain

P2 Pm =41 qi—19i+1 " Gk-

Continuing in this manner, we can eliminate all the p; from the left side of the
factorization to obtain
l=gi - -qi, witht =k —m

Ifg;,, ..., g;, were primes this would be impossible. Therefore, m = k and each prime
p; was included in the primes gy, . . . , ¢, and vice versa. Therefore, the factorizations
differ only in the order of the factors, proving the theorem. (I

For any positive integer n > 1 we can combine all the same primes to write

n=p"py*--pitwith py < py <--- < pr.
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This is called the standard prime decomposition. Note that given any two positive
integers a, b we can always write the prime decomposition with the same primes by
allowing a zero exponent.

There are several easy consequences of the fundamental theorem.

Theorem 2.3.4 Let a, b be positive integers > 1. Suppose
a = pf] “ee p]ik
b=pl... p[k

where we include zero exponents for noncommon primes. Then

(a,b) = pllﬂin(el,fl) . piznin(ez,fz) . p]r(nin(ek,f)()

[a,b] = pllmm(el’f]) . p;mlx(@z,fz) . pzulx(ekvfk)

Corollary 2.3.1 Let a, b be positive integers > 1, then (a, b)[a, b] = ab.

We leave the proofs to the exercises but give an example.

EXAMPLE 2.3.1 Find the standard prime decompositions of 270 and 2412 and
use them to find the GCD and LCM.

Recall that we found the GCD and LCM of these numbers in the previous section
using the Euclidean algorithm. We note that in general it is very difficult as the size
gets larger to determine the actual prime decomposition or even whether it is a prime
or not. We will discuss primality testing in Chapter 5.

To find the prime decomposition we factor and then continue refactoring until
there are only prime factors.

270 = 27)(10) =3%-2.5=2-3%.5
which is the standard prime decomposition of 270.
2412 =4-603=4-3-201=4-3-3.-67=22.3%.67
which is the standard prime decomposition of 2412. Hence we have
270 =2-3%.5.67°
2412 =2%.32.5°.67

= (a,b)=2-32.52.67"=2.32=18
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and
[a,b] =2%-3%.5.67 =36180.

Note that the fundamental theorem of arithmetic can be extended to the rational

numbers. Suppose r = 3 witha > 0, b # 0 is a positive rational. Then

pel ...pek
= Jl'l kfk =p?7fl“'plik7fk'
p] ...pl‘(

Therefore, any positive rational has a standard prime decomposition

pll---pl wherety, ..., 1 are integers.
So, for example,
15
—=3.5.72%
49

This has the following interesting consequence.

Lemma 2.3.3 [f a is an integer which is not a perfect nth power then the nth root
of a is irrational.

Proof This result says, for example, that if an integer is not a perfect square then its
square root is irrational. The fact that the square root of 2 is irrational was known to
the Greeks.

Suppose b is an integer with standard prime decomposition

b=p . pit.
Then
b = p;tel L. pzek

and this must be the standard prime decomposition for b". It follows that an integer
a is an nth power if and only if it has a standard prime decomposition
a = i e Ji ith - £ /
=g q;" with n| f; for every i.
Suppose a is not an nth power then
a=q'q
where n does not divide f; for some i. Taking the nth root
alln = g g i g

q q
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But f;/n is not an integer so a'/” cannot be rational by the extension of fundamental
theorem to rationals. O

While induction and least well-ordering characterize the integers, unique factor-
ization into primes does not. We close this section with a brief further discussion of
unique factorization.

The concept of divisor and factor can be extended to any ring. a|b is a ring R
if there is a ¢ € R with b = ac. We will restrict ourselves to integral domains. A
unit in an integral domain is an element e with a multiplicative inverse. This means
that there is an element e¢; in R with ee; = 1. Thus the only units in Z are 1. Two
elements r, r; of an integral domain are associates if » = er; for some unit e. A
prime in a general integral domain is an element whose only divisors are associates
of itself or units. With these definitions, we can talk about factorization into primes.

We say that an integral domain D is a unique factorization domain or UFD if
for each d € D then either d = 0, d is a unit or d has a factorization into primes
which is unique up to ordering and unit factors. This means that if

r=pi-Pm=4q1" "4k

then m = k and each p; is an associate of some ¢;.

The fundamental theorem of arithmetic in more general algebraic language says
that the integers Z are a unique factorization domain. However, they are far from
being the only one. In the exercises, we outline a proof of the following.

Theorem 2.3.5 Let F be a field and F|[x] the ring of polynomials in one variable
over F. Then F[x]is a UFD.

This theorem is actually a special case of something even more general. An integral
domain D is called a Euclidean domain if there exists a function N : D\{0} —
N U {0} satisfying:

Foreach a,b € D, a # 0 there exists ¢, r € D such that
b=aq +randeitherr =0orr #0and N(r) < N(a).

Theorem 2.3.6 Any Euclidean domain is a UFD.

The proof of this essentially mimics the proof for the integers. See the exercises.

The Gaussian integers Z[i] are the complex numbers a + bi where a, b are
integers.

Lemma 2.3.4 The integer Z, the Gaussian integers Z[i], and the ring of polynomials
F[x] over a field F are all Euclidean domains.

Corollary 2.3.2 Z[i] and F[x] with F, a field, are UFDs.

Proofs of these results will be given in Chapter 6.
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2.4 Congruences and Modular Arithmetic

Gauss based much of his number theoretical investigations around the theory of
congruences. As we will see a congruence is just a statement about divisibility put
into a more formal framework. In this section and the remainder of the chapter, we
will consider congruences and in particular the solution of polynomial congruences.
First, we give the basic definitions and properties.

2.4.1 Basic Theory of Congruences

Definition 2.4.1 Suppose m is a positive integer. If x, y are integers such that m|(x —
y) we say that x is congruent to y modulo m and denote this by x = y mod m. If
m does not divide x — y then x and y are incongruent modulo m.

If x = y mod m then y is called a residue of x modulo m. Given x € Z the set
of integers {y € Z; x = y mod m} is called the residue class for x modulo m. We
denote this by [x]. Notice that x = 0 mod m is equivalent to m|x. We first show that
the residue classes partition Z, that is, each integer falls in one and only one residue
class.

Theorem 2.4.1 Givenm > 0 then congruence modulo m is an equivalence relation
on the integers. Therefore, the residue classes partition the integers.

Proof Recall that a relation ~ on a set S is an equivalence relation if it is reflexive,
thatis, s ~ s forall s € §; symmetric, thatis, if s; ~ s, then s, ~ s1; and transitive,
that is, if 51 ~ s, and s, ~ s3 then s; ~ s3. If ~ is an equivalence relation then the
equivalence classes [s] = {s; € S; s; ~ s} partition S.

Consider = mod m on Z. Given x € Z,x —x = 0 = 0-m so m|(x — x) and
x = x mod m. Therefore, = mod m is reflexive.

Suppose x = y mod m then m|(x —y) = x —y = am for some a € Z. Then
y—x = —amsom|(y — x) and y = x mod m. Therefore, = mod m is symmetric.

Finally suppose x = y mod m and y = z mod m. Then x — y = aym and
y—z=am.Butthenx —z=x —y)+ (y —2) = aym + aom = (a; + ax)m.
Therefore, m|(x — z) and x = z mod m. Therefore, = mod m is transitive and the
theorem is proved. ([

Hence given m > 0 every integer falls into one and only one residue class. We
now show that there are exactly m residue classes modulo m.

Theorem 2.4.2 Given m > 0 there exist exactly m residue classes. In particular,
(0L [11, ..., [m — 1]

gives a complete set of residue classes.
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Proof We show that given x € Z, x must be congruent modulo m to one of
0,1,2,...,m— 1. Further none of these are congruent modulo m. As a consequence

[OL [11, ..., [m —1]

give a complete set of residue classes modulo m and hence there are m of them.
To see these assertions suppose x € Z. By the division algorithm, we have

x=gm-+rwhere0) <r <m

This implies that = x — gm or in terms of congruences that x = r mod m.
Therefore, x is congruent to one of the sets {0, 1,2, ...,m — 1}.

Suppose 0 < r; < r, < m. Thenm t r, —ry so ry and r; are incongruent modulo
m. Therefore, every integer is congruent to one and only one of 0, 1, ..., m — 1, and
hence [0], [1], ..., [m — 1] give a complete set of residue classes modulo m. O

There are many sets of complete residue classes modulo m. In particular, a set
of m integers xi, xa, . .., x,, will comprise a complete residue system modulo m if
x; # x; mod m unless i = j. Given one complete residue system, it is easy to get
another.

Lemma 2.4.1 If {xy,...,x,} form a complete residue system modulo m and
(a,m) =1 then {ax,, ..., ax,} also comprise a complete residue system.

Proof Suppose ax; = ax; mod m. Then m|a(x; — x;). Since (a, m) = 1 then by
Euclid’s lemma m|(x; — x;) and hence x; = x; mod m. U

Finally, we will need the following:
Lemma 2.4.2 Ifx = y mod m then (x, m) = (y, m).

Proof Suppose x —y = am then any common divisor of x and m is also a common
divisor of y. From this the result is immediate. 0

2.4.2 The Ring of Integers Mod N

Perhaps the easiest way to handle results on congruences is to place them in the
framework of abstract algebra. To do this we construct, for each n > 0 a ring, called
the ring of integers modulo n. We will follow this approach. However we note, that
although this approach simplifies and clarifies many of the proofs, historically purely
number theoretical proofs were given. Often these purely number theoretical proofs
inspired the algebraic proofs.
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To construct this ring, we first need the following:

Lemma 2.4.3 Ifa = b mod n and c = d mod n then

l. a+c=b+dmodn
2. ac =bd modn

Proof Supposea =bmodn andc =d modnthena —b =¢gnandc —d = qn
for some integers g, g». This implies that (a + ¢) — (b + d) = (g1 + g2)n or that
n|((a + c¢) — (b + d)). Therefore, a + ¢ = b + d mod n.

We leave the proof of (2) to the exercises. (]

We now define operations on the set of residue classes.

Definition 2.4.2 Consider a complete residue system x1, . .., x, modulo n. On the
set of residue classes [x1], ..., [x,] define

L [x]+ [x;] =[x +x;]
20 [xilx;] = [xix;]

Theorem 2.4.3 Given a positive integer n > 0, the set of residue classes forms a
commutative ring with an identity under the operations defined in Definition2.4.2.
This is called the ring of integers modulo n and is denoted by Z,. The zero element
is [0] and the identity element is [1].

Proof Notice that from Lemma?2.4.3, it follows that these operations are well-defined
on the set of residue classes, that is, if we take two different representatives for a
residue class, the operations are still the same.

To show Z, is a commutative ring with an identity we must show that it satisfies,
relative to the defined operations, all the ring properties. Basically, Z,, inherits these
properties from Z. We show commutativity of addition and leave the other properties
to the exercises.

Suppose [a], [P] € Z,. Then

l[a] + [b] = [a + D] = [b +a] = [b] + [a]

where [a + b] = [b + a] since addition is commutative in Z. O

This theorem is actually a special case of a general result in abstract algebra. In
the ring of integers Z the set of multiples of an integer n forms an ideal (see [A] for
terminology) which is usually denoted nZ. The ring Z, is the quotient ring of Z
modulo the ideal nZ, thatis, Z/nZ = 7Z,.

We usually consider Z,, as consisting of 0, 1, ..., n — 1 with addition and multi-
plication modulo n. When there is no confusion we will denote the element [a] in
Zy, just as a. Below we give the addition and multiplication table modulo 5, that is,
in Zs.
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EXAMPLE 2.4.2.1 Addition and Multiplication Tables for Zs

+ 01234 .01234
001234 000000
112340 101234
223401 202413
334012 303142
440123 404321

Notice, for example, that modulo 5,3 -4 = 12 = 2 mod 5 so thatin Zs, 3 -4 = 2.
Similarly,44+2=6=1mod5soinZs,4+2 = 1.

The question arises as to when the commutative ring Z,, is an integral domain and
when is Z, a field. The answer is when 7 is a prime and only when 7 is a prime.

Theorem 2.4.4 (1) Z, is an integral domain if and only if n is a prime.
(2) Zy, is a field if and only if n is a prime.

Proof Since Z, is acommutative ring with an identity for any » it will be an integral
domain if and only if it has no zero divisors.
Suppose first that n is a prime and suppose that ab = 0 in Z,,. Then in Z we have

ab=0modn = nlab.
Since n is prime, by Euclid’s lemma n|a or n|b. In terms of congruences then
a=0modn = a=0inZ,orb=0modn = b=0inZ%Z,

Therefore, Z, is an integral domain if n is prime.
Suppose 7n is not prime. Then n = mm, with 1 < m; < n,1 < m, < n. Then
n{my,n{m,but n|mm,. Translating this into Z,, we have

mimy = 0but my; # 0 and m, # 0.

Therefore, Z, is not an integral domain if 7 is not prime. These prove part (1).

Since a field is an integral domain, Z, cannot be a field unless » is prime. To
complete part (2), we must show that if n is prime then Z, is a field. Suppose n is
prime, since Z, is a commutative ring with identity to show that its a field we must
show that each nonzero element has a multiplicative inverse.

Suppose a € Z,,a # 0. Then in Z we have n t a and hence since n is prime
(a,n) = 1. Therefore, in Z there exists x, y such that ax + ny = 1. In terms of
congruences this says that

ax =1 modn

orin Z,,
ax = 1.

Therefore, a has an inverse in Z, and hence 7Z,, is a field. O
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The proof of the last theorem actually indicates a method to find the multiplicative

inverse of an element modulo a prime. Suppose n is a prime and a # 0 in Z,. Use

the Euclidean algorithm in Z to express 1 as a linear combination of a and n, that is,
ax +ny =1.

The residue class for x will be the multiplicative inverse of a.

EXAMPLE 2.4.2.2 Find 67! in Zy;.
Using the Euclidean algorithm

11=1-6+5
6=1-5+1
= 1=6—-(1-5=6—-(1-(11-1-6) = 1=2-6—-1-11.
Therefore, the inverse of 6 modulo 11 is 2, that is, in Z;;, 6" = 2.
EXAMPLE 2.4.2.3 Solve the linear equation
6x+3=1

in Z]] .
Using purely formal field algebra, the solution is

x=6"(1-3).
In Z;; we have
1-3=-2=9and6'=2 = x=2-9=18="7.
Therefore, the solution in Z;; is x = 7. A quick check shows that
6-74+3=424+3=45=1inZy.
A linear equation in Zy; is called a linear congruence modulo 11. We will discuss
solutions of such congruences in Section2.5.

The fact that Z,, is a field for p a prime leads to the following nice result known
as Wilson’s theorem.

Theorem 2.4.5 (Wilson’s Theorem) If p is a prime then

(p—D!'=—1mod p.
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Proof Now (p—1)! = (p—1)(p—2)---1.SinceZ,isafieldeachx € {1,2,..., p—
1} has a multiplicative inverse modulo p. Further suppose x = x~! in Z,,. Then

x? = 1 which implies (x — 1)(x + 1) = 0 in Z, and hence either x = 1 or
x = —1 since Z,, is an integral domain. Therefore, in Z, only 1, —1 are their own
multiplicative inverses. Further —1 = p — 1 since p — 1 = —1 mod p.

Hence in the product (p—1)(p—2) - - - 1 considered in the field Z, each element is
paired up with its distinct multiplicative inverse except 1 and p—1. Further the product
of each with its inverse is 1. Therefore, in Z, we have (p —1)(p —2)--- 1 = p—1.
Written as a congruence then

(p—D!'=p—-1=—1mod p.

O
The converse of Wilson’s theorem is also true, that is, if (n — 1)! = —1 mod n,
then n must be a prime.
Theorem 2.4.6 Ifn > 1 is a natural number and
(n—D!'=—1modn
then n is a prime.
Proof Suppose (n — 1)! = —1 mod n. If n were composite then n = mk with

l<m<n—landl < k <n—1.Ifm # kthenbothm and k are included in (n—1)!.
It follows that (n — 1)! is divisible by n so that (n — 1)! = 0 mod n contradicting the

assertion that (n — 1)! = —1 mod n. If m = k # 2 then (n — 1)! = 0 mod m which
is not congruent to — 1 mod m. Therefore, n must be prime. If m = k = 2thenn = 4
and (n — 1)! = 6 which is not congruent to —1 mod 4. U

2.4.3 Units and the Euler Phi Function

In afield F every nonzero element has a multiplicative inverse. If R is a commutative
ring with an identity, not necessarily a field, then a unit is any element with a
multiplicative inverse. In this case its inverse is also a unit. For example, in the
integers Z the only units are £ 1. The set of units in a commutative ring with identity
form an abelian group under ring multiplication called the unit group of R. Recall
that a group G is a set with one operation which is associative, has an identity for that
operation, and such that each element has an inverse with respect to this operation.
If the operation is also commutative then G is an abelian group.

Lemma 2.4.4 If R is a commutative ring with an identity then the set of units in R
Sform an abelian group under ring multiplication. This is called the unit group of R
denoted U (R).
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Proof The commutativity and associativity of U (R) follow from the ring properties.
The identity of U (R) is the multiplicative identity of R while the ring multiplicative
inverse for each unit is the group inverse. We must show that U (R) is closed under
ring multiplication. If @ € R is a unit we denote its multiplicative inverse by a~!.

Now suppose a, b € U(R). Then a~!, b=! exist. It follows that

(ab)(b~'a™) =abb a ' =aa”' =1.
Hence ab has an inverse, namely b~'a~! (=a~'h~! in a commutative ring) and hence
ab is also a unit. Therefore, U (R) is closed under ring multiplication. (]

The proof of Theorem 2.4.4 actually provides a method to classify the units in any
Zy.

Lemma 2.4.5 a € 7Z, is a unit if and only if (a, n) = 1.

Proof Suppose (a, n) = 1. Then there exists x, y € Z such that ax + ny = 1. This
implies that ax = 1 mod n which in turn implies that ax = 1 in Z,, and therefore a
is a unit.

Conversely, suppose a is a unit in Z,,. Then there is an x € Z, withax = 1. In
terms of congruence then

ax=1modn — nfax—-1) — ax—1=ny — ax —ny=1.

Therefore, 1 is a linear combination of a and » and so (a, n) = 1. O

If a is a unit in Z,, then a linear equation
ax+b=c

can always be solved with a unique solution given by x = a~'(c — b). Determining
this solution is the same technique as in Z, with p a prime. If a is not a unit the
situation is more complicated. We will consider this case in Section2.5.

EXAMPLE 2.4.3.1

Solve 5x +4 = 2 in Zg.

Since (5, 6) = 1, 5isaunitin Zg. Therefore,x = 57 '(2—4).Now2—4 = -2 =4
in Zg. Further 5= —1s05 ! = —17! = —1. Then we have

x=5"'2-4H=—14=-4=2
Thus the unique solution in Zg is x = 2.

Since an element a is a unit in Z, if and only if (a,n) = 1 it follows that the
number of units in Z, is equal to the number of positive integers less than or equal
to n and relatively prime to n. This number is given by the Euler Phi Function, our
first look at a number theoretical function.
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Definition 2.4.3 Foranyn > 0,

¢ (n) = number of integers less than or equal to n and relatively prime to n.

EXAMPLE 2.4.3.2
¢(6) = 2 since among 1, 2, 3,4, 5, 6 only 1, 5 are relatively prime to 6.

The following is immediate from our characterization of units:

Lemma 2.4.6 The number of units in Z,, which is the order of the unit group U (Z,,),
is ¢ (n).

Definition 2.4.4 Givenn > 0areduced residue system modulo n is a set of integers
X1, ..., Xg Such that each x; is relatively prime to n, x; # x; mod n unlessi = j and
if (x,n) = 1 for some integer x then x = x; mod n for some i.

Hence areduced residue system is a complete collection of representatives of those
residue classes of integers relatively prime to n. Hence it is a complete collection of
units (up to congruence modulo n) in Z,,. It follows that any reduced residue system
modulo n has ¢ (n) elements.

EXAMPLE 2.4.3.3
A reduced residue system modulo 6 would be {1, 5}.

We now develop a formula for ¢ (n). Asis the theme of this book, we first determine
aformula for prime powers and then paste back together via the fundamental theorem
of arithmetic.

Lemma 2.4.7 For any prime p and m > 0,
m m m—1 m 1
o(P")=p" —p =p(1—;)-

Proof Recall that if 1 < a < p then either a = p or (a, p) = 1. It follows that
the positive integers less than p” which are not relatively prime to p™ are precisely
the multiples of p, that is, p,2p,3p, ..., p"~'p. All other positive a < p™ are
relatively prime to p™. Hence the number of positive integers less than p™ and
relatively prime to p™ is

Lemma 2.4.8 If (a,b) = 1 then ¢ (ab) = ¢ (a)¢ (b).

Proof Let R, = {x1,..., Xy} be a reduced residue system modulo a, R, =
{y1, ..., Yo} be areduced residue system modulo b, and let
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S={ay+bxjii=1,....60).j=1,....¢))}

We claim that S is a reduced residue system modulo ab. Since S has ¢ (a)p (b)
elements it will follow that ¢ (ab) = ¢ (a)¢p (b).

To show that S is a reduced residue system modulo ab we must show three things:
first, each x € S is relatively prime to ab; second, the elements of S are distinct; and
finally, given any integer n with (n, ab) = 1 then n = s mod ab for some s € S.

Let x = ay; + bx;. Then since (x;,a) = 1 and (a,b) = 1 it follows that
(x,a) = 1. Analogously, (x, b) = 1. Since x is relatively prime to both @ and b we
have (x, ab) = 1. This shows that each element of S is relatively prime to ab.

Next suppose that

ay; + bx; = ayx + bx; mod ab.

Then
ab|((ay; + bx;) — (ayx + bx;)) = ay; = ay, mod b.

Since (a,b) = 1 it follows that y; = y; mod b. But then y; = y; since Ry is a
reduced residue system. Similarly, x; = x;. This shows that the elements of S are
distinct modulo ab.
Finally, suppose (n, ab) = 1. Since (a, b) = 1 there exist x, y with ax + by = 1.
Then
anx + bny = n.

Since (x, b) = 1 and (n, b) = 1 it follows that (nx, b) = 1. Therefore, there is an
s; with nx = s; + tb. In the same manner (ny,a) = 1 and so there is an r; with
ny =r; +ua. Then
a(si +tb) +b(rj +ua) =n = n=as; +br; + (t +u)ab
= n = as; + br; mod ab
and we are done. (Il
We now give the general formula for ¢ (n).

Theorem 2.4.7 Suppose n = p|' --- p;* then
¢m) = (pi' — pI NPT —ps D (o = p T =[] = 1/p).

Proof From the previous lemma, we have

() = d(P{HP(PS) - P (pH)

21—1 61(71

= =P - p T (- pih
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=pi(A=1/p)---ptA=1/p)=pi"---p-A=1/p)---A—1/ps)

=n[]a—1/pn.

EXAMPLE 2.4.3.4
Determine ¢ (126). Now

126 =2-32.7 = ¢(126) = ¢(2)p (3> (7) = (1)(3> — 3)(6) = 36.

Hence there are 36 units in Z .

An interesting result with many generalizations which we will look at later is the
following.

Theorem 2.4.8 Forn > 1 and ford > 1

> ¢ =n.

d|n

Proof Asbefore we first prove the theorem for prime powers and then paste together
via the fundamental theorem of arithmetic.
Suppose that n = p¢ for p a prime. Then the divisors of n are 1, p, p2, ..., p¢,so

S 6@ = $D)+P(P)+d(PH) +-- -+ (p) = L+ (p— D+ (p* = p) -+ (p* = p* ).
d|n

Notice that this sum telescopes, thatis, 1 + (p — 1) = p, p+ (p*> — p) = p* and
so on. Hence the sum is just p¢ and the result is proved for n a prime power.

We now do an induction on the number of distinct prime factors of n. The above
argument shows that the result is true if # has only one distinct prime factor. Assume
that the result is true whenever an integer has less than k distinct prime factors
and suppose n = p|'--- p;* has k distinct prime factors. Then n = p°c where
p = pi1,e = e and ¢ has fewer than k distinct prime factors. By the inductive

hypothesis,
D b =c.
d|c
Since (¢, p) = 1 the divisors of n are all of the form p“d; where d;|c and
a=0,1,...,e. It follows that
D) =D ¢+ D ¢pd) + -+ > $(pdy)
din dilc di|c di|c

Since (d;, p*) = 1 for any divisor of c this sum equals
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=D ¢+ D d(P)) +--+ D d(pIP(dy)

dilc dilc dylc

=D 6@+ (P—DD ¢@d)+ -+ —pHD o)

e e dle
=c+(p—Dc+ @P*=p)c+-+(p°—pHe
As in the case of prime powers this sum telescopes giving a final result
= p‘c=n.

O

EXAMPLE 2.4.3.5
Consider n = 10. The divisors are 1,2, 5, 10. Then ¢ (1) = 1,¢(2) = 1, ¢ (5) =
4, ¢(10) = 4. Then

(D) +2)+¢B5) +¢(10)=1+1+44+4=10.

2.4.4 Fermat’s Little Theorem and the Order of an Element

For any positive integer n the unit group U (Z,) is a finite abelian group. Recall that
in any group G each element g € G generates a cyclic subgroup consisting of all the
distinct powers of g. If this cyclic subgroup is finite of order m then m is called the
order of the element g. Equivalently, the order of an element g € G can be described
as the least positive power m such that ¢” = 1. If no such power exists then g has
infinite order. We denote the order of the group G by |G| and the order of g € G by
|g|. If the whole group G is finite then each element clearly has finite order. We will
apply these ideas to the unit group U (Z,,) but first we recall some further facts about
finite groups.

Theorem 2.4.9 (Lagrange’s Theorem) Suppose G is a finite group of order n. Then
the order of any subgroup divides n. In particular, the order of any element divides
the order of the group.

If ¢ € G with |G| = n then from Lagrange’s theorem above there is an m with
¢" = 1 and m|n. Hence n = mk and so ¢" = ¢"* = (¢")* = 1¥ = 1. Hence in any
finite group, we have the following:

Corollary 2.4.1 If G is a finite group of order n and g € G then g" = 1.

Theorem 2.4.10 Let G be a finite abelian group with |G| = n then
1. if g1, g2 € G with |gi| = a, |g2| = b then (g1 g2)!™@P =1,
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2. ifg1, 90 € Gwith|gi| =a, |g2| = b and (a, b) =1 then |g1 92| = ab,
3. ifn=pi'p5---pl is the prime factorization of n then

G=H1XH2X~-~XHk

where |H;| = p;".

The third part of the last theorem is part of the Fundamental Theorem for
Finitely Generated Abelian Groups which plays the same role in abelian group
theory as the fundamental theorem of arithmetic does in number theory.

With these facts in hand, consider a unit a € Z,. Then a € U(Z,) and hence a
has a multiplicative order, that is, there is an integer m with @™ = 1in Z,. In terms
of congruences this means that a™ = 1 mod n. If @ € Z, is not a unit then there
cannot exist a power m > 1 such that a” = 1 mod n for if such an m existed then
a™ ! would be an inverse for a.

Lemma 2.4.9 Given n > 0 then for an integer a there exists an integer m such that
a™ = 1 mod n if and only if (a, n) = 1 or equivalently a is a unit in Z,.

Definition 2.4.5 [f (a,n) = 1 then the order of a modulo n is the least positive
power m such that a™ = 1 mod n. We will write order (a) or alternatively | < a > |
or |a| for the order of a. Equivalently, the order of a is the order of a considered as
an element of the unit group U (Zy,).

Since the order of U(Z,) = ¢ (n) we immediately get that the order of any element
modulo n must divide ¢ (n).

Lemma 2.4.10 [f (a, n) = 1 then order(a)|¢ (n).

Applying Corollary2.4.1 to the unit group U(Z,) we get the following result,
known as Euler’s theorem.

Theorem 2.4.11 (Euler’s Theorem) If (a, n) = 1 then
a®™ = 1 mod n.

If n = p a prime then any integer a # 0 mod p is a unit in Z,. Further ¢ (p) =
p — 1, and hence we obtain the next corollary which is called Fermat’s theorem.
(This is often called Fermat’s Little theorem to distinguish it from the result on
xn + yn — Zn-)

Corollary 2.4.2 If p is a prime and p { a then
a’ ' = 1mod p.

If (a, n) = 1 and the order of a is exactly ¢ (n) then a is called a primitive root
modulo 7. In this case, the unit group is cyclic with a as a generator. Forn = p a
prime there is always a primitive root.
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Theorem 2.4.12 For a prime p there is always an element a of order ¢ (p) = p—1,
that is, a primitive root. Equivalently, the unit group of 7, is always cyclic.

Proof Since every nonzero element in Z ), is a unit, the unit group U (Z),) is precisely
the multiplicative group of the field Z,. The fact that U (Z,) is cyclic follows from
the following more general result whose proof is also given. ]

Theorem 2.4.13 Let F be a field. Then any finite subgroup of the multiplicative
group of F must be cyclic.

Proof Suppose G C F is a finite multiplicative subgroup of the multiplicative group
of F. Suppose |G| = n. As has been our general mode of approaching results we
will prove it for n a power of a prime and then paste the result together via the
fundamental theorem of arithmetic.

Suppose n = p* for some k. Then the order of any element in G is p* witha < k.
Suppose the maximal order is p' with ¢ < k. Then the lcm of the orders is p’. It
follows that for every g € G we have g” = 1. Therefore, every g € G is a root of
the polynomial equation

1

xP —1=0.

However, over a field a polynomial cannot have more roots than its degree. Since G
has n = p* elements and p’ < p*, this is a contradiction. Therefore, the maximal
order must be p¥ = n. Therefore, G has an element of order n = p* and hence this
element generates G and G must be cyclic.

We now do an induction on the number of distinct prime factors in n = |G]|.
The above argument handles the case where there is only one distinct prime factor.
Assume the result is true if the order of G has less than k distinct prime factors.
Suppose n = pi'---p*. Then n = p®c where ¢ has less than k distinct prime
factors. Since G is a finite abelian group with

IG|=n=p‘c = G=H x K with |H| = p*, |K| = c.

By the inductive hypothesis, H and K are both cyclic so H has an element £ of order
p¢ and K has an element k of order c. Since (p°, ¢) = 1 the element ik has order
p¢c = n completing the proof. (]

EXAMPLE 2.4.4.1 Determine a primitive root modulo 7.

This is equivalent to finding a generator for the multiplicative group of Z;. The
nonzero elements are 1, 2, 3,4, 5, 6 and we are looking for an element of order 6.

The table below list these elements and their orders

x 123456
x| 136362

Therefore, there are two primitive roots 3 and 5 modulo 7. To see how these were
determined powers were taken modulo 7 until a value of 1 was obtained. For example,
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37=9=2,3=2.3=6,3"'=3.6=18=4,3=3.4=12=5,

3=3.5=15=1

EXAMPLE 2.4.4.2 Show that there is no primitive root modulo 15.

The units in Z5 are {1, 2,4, 7, 8, 11, 13, 14}. Since ¢ (15) = 8 we must show that
there is no element of order 8. The table below gives the units and their respective
orders.

x 124781113 14
x| 142442 4 2

Therefore, there is no element of order 8.

Modulo a prime, there is always a primitive root but other integers can have
primitive roots also. The fundamental result describing when an integer will have a
primitive root is the following. We outline the proof in the exercises.

Theorem 2.4.14 An integer n will have a primitive root modulo n if and only if
n=2,4,p2p"

where p is a prime.

The order of an element, especially Fermat’s theorem, provides a method for
primality testing. Primality testing refers to determining for a given integer n
whether it is prime or not. The simplest primality test is the following. If n were
composite then n = mm, with 1 < m| < n, 1 < m, < n. Atleast one of these fac-
tors must be < /n. Therefore, check all the integers less than or equal to the i/n. If
none of these divides n then n is prime. This can be improved using the fundamental
theorem of arithmetic. If n has a divisor < /n then it has a prime divisor < /n. It
follows that in the above divisibility check, only the primes < /n need be checked.

While this method always works it is often impractical for large n and other
methods must be employed to see if a number is prime. By Fermat’s theorem, if n
were prime and a < n then ¢"~! = 1 mod n. If a number a is found where this is
not true then a cannot be prime. We give a trivial example.

EXAMPLE 2.4.4.3 Determine if 77 is prime.
If 77 were prime then 27 = 1 mod 77. Now

276 — 238'2 — 438.

Now we do computations mod 77
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P=64=-13 = 4°=169=15 = 42=225=71=—6
= 40 = (=6 =216 =—-62 = 4% =42(—62) = —992 = —68 # I.
Therefore, 77 is not prime.

This method can determine if a number # is not prime however it cannot determine
if it is prime. There are numbers n for which a"~' = 1 modn is true for all (a, n) = 1
but n is not prime. These are called pseudoprimes. We will discuss primality testing
further and in more detail in Chapter5.

2.4.5 On Cyclic Groups

In the previous sections, we used some material from abstract algebra to prove results
in number theory. Here we briefly reverse the procedure to use some number theory
to develop and prove other ideas from algebra. After we do this we will turn the
tables back again and use this algebra to give another proof of Theorem2.4.8 on the
Euler phi function.

Recall that a cyclic group G is a group with a a single generator say g. We denote
a cyclic group G with generator g by < g >. The group G then consists of all the
powers of g, thatis, G = {1, g*!, %2, ...}.If G is finite of order n then ¢" = 1 and
n is the least positive integer x such that g* = 1. It is then clear that if ¢" = 1 for
some power it must follow that m = 0 mod n, and if g = ¢/ then k = [ mod n.

Let H = (Z,, +) denote the additive subgroup of Z,. Then H is cyclic of order
n with generator 1. If G = < g > is also cyclic of order n then since multiplication
of group elements is done via addition of exponents, it is fairly straightforward that
the homomorphism f : G — (Z,, +) given by g — 1 is actually an isomorphism
(see the exercises). Further if G = < g > is cyclic of infinite order then g — 1 gives
an isomorphism from G to the additive group of Z.

Lemma 2.4.11 (1) If G is a finite cyclic group of order n then G is isomorphic to
(Zy, +). In particular all finite cyclic groups of a given order are isomorphic.
(2) If G is an infinite cyclic group then G is isomorphic to (Z, +).

Cyclic groups are abelian and hence their subgroups are also abelian. However
as an almost direct consequence of the division algorithm, we get that any subgroup
of a cyclic group must be cyclic.

Lemma 2.4.12 Let G be a cyclic group. Then any subgroup of G is also cyclic.

Proof Suppose G = < g > and H C G is a subgroup. Since G consists of powers
of g, H also consists of certain powers of g. Let k be the least positive integer such
that g* € H. We show that H = < ¢ >, that is, H is the cyclic subgroup generated
by gX. This is clearly equivalent to showing that every & € H must be a power of g*.
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Suppose ¢' € H. We may assume that + > 0 and that 7 > k since k is the least
positive integer such that g* € H.Ift < 0 work with —¢. By the division algorithm,
we then have

t=qgk+rwithr =00r0 <r <k.

Ifr #0then0 <7 <kandr =t —k.Hence ¢ = ¢ ¥ = g'g7*. Now ¢’ € H and
g* € H and since H is a subgroup it follows that ¢’ ¥ € H. But then ¢ € H which
is a contradiction since 0 < r < k and k is the least power of g in H. Therefore,
r = 0 and t = gk. We then have

g =g = (")
completing the proof. O

Each element of a cyclic group G generates its own cyclic subgroup. The question
is when does this cyclic subgroup coincide with all of G. In particular, which powers
g are generators of G. The answer is purely number theoretic.

Lemma 2.4.13 (1) Let G = < g > be a finite cyclic group of order n. Then g* with
k > 0 is a generator of G if and only if (k,n) = 1, that is, k and n are relatively
prime.

(2)If G = < g > is an infinite cyclic group then g, g~

are the only generators.
Proof Suppose first that G = < g > is finite cyclic of order n and suppose that
(k,n) = 1. Then there exists integers x, y such that kx 4+ ny = 1. It follows then
that
g= gl — gkarny — gkxgny — (gk)x (gn)y.
But ¢" = 150 (¢")” = 1 and therefore
9=(""

Therefore, g is a power of g¢ and hence every power of g is also a power of g*. The
whole group g then consists of powers of ¢* and hence ¢* is a generator for G.

Conversely, suppose that ¢* is also a generator for G. Then there exists a power
x such that g = (¢¥)* = ¢**. Hence kx = 1 mod n and so k is a unit mod n which
implies from the last section that (k, n) = 1.

Suppose next that G = < g > is infinite cyclic. Then there is no power of g which
is the identity. Suppose ¢* is also a generator with k > 1. Then there exists a power
x such that g = (¢*)* = ¢g**. But this implies that ¢**~! = 1 contradicting that no
power of g is the identity. Hence k = 1. [

Recall that ¢(n) denotes the number of positive integers less than n which are
relatively prime to n. This is then the number of generators of a cyclic group of
order n.
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Corollary 2.4.3 Let G be a finite cyclic group of order n. Then there are ¢(n)
generators for G.

By Lagrange’s theorem (Theorem2.4.9) for any finite group the order of a sub-
group divides the order of a group, thatis, if |G| = n and |H| = d with H a subgroup
of G then d|n. However, the converse in general is not true, that is, if |G| = n and
d|n there need not be a subgroup of order d. Further if there is a subgroup of order
d there may or may not be other subgroups of order d. For a finite cyclic group G of
order n however there is for each d|n a unique subgroup of order d.

Theorem 2.4.15 Let G be a finite cyclic group of order n. Then for each d|n with
d > 1 there exists a unique subgroup H of order d.

Proof Let G = < g > and |G| = n. Suppose d|n, then n = kd. Consider the
element g*. Then (¢¥)¢ = g*¢ = ¢" = 1. Furtherif 0 < ¢ < d then 0 < kt < kd
so kt # 0 mod n and hence ¢ = (¢g*)" # 1. Therefore, d is the least power of ¢
which is the identity and hence g* has order d and generates a cyclic subgroup of
order d. We must show that this is unique.

Suppose H = < ¢' > is another cyclic subgroup of order d (recall that all
subgroups of G are also cyclic). We may assume that ¢ > 0 and we show that ¢’ is a
power of g¢ and hence the subgroups coincide. The proof is essentially the same as
the proof of Lemma?2.4.12.

Since H has order d we have ¢g'¢ = 1 which implies that td = 0 mod n. Since
n = kd it follows that r > k. Apply the division algorithm

t=qk+rwithO) <r <k.
Ifr #0then0 <r < kandr =t — gk. Then
r=t—qgk =— rd =td — gkd =0 mod n.

Hence n|rd which is impossible since rd < kd = n. Therefore, r = 0 and t = gk.
From this

g =g = (gH".
Therefore, g’ is a power of g and H = < ¢~ >. O
We now use this result to give an alternate proof of Theorem 2.4.8.

Theorem 2.4.16 Forn > 1 and ford > 1

> ¢ =n.

din

Proof Consider a cyclic group G of order n. For each d|n, d > 1 there is a unique
cyclic subgroup H of order d. H then has ¢(d) generators. Each element in G
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generates its own cyclic subgroup Hj, say of order d and hence must be included in
the ¢ (d) generators of H;. Therefore,

Z ¢ (d) = sum of the numbers of generators of the cyclic subgroups of G.
din

But this must be the whole group and hence this sum is 7. [

2.5 The Solution of Polynomial Congruences Modulo m

We are interested in solving polynomial congruences mod m. That is, solving poly-
nomial equations
f(x) =0 mod m

where f(x) is a nonzero polynomial with coefficients in Z,,, the ring of integers
modulo m. Typical examples might be

4x> +3x —2=0mod 12 or4x +5 = 0 mod 7.

Of course the solution of such congruences is given in terms of residue classes for
if x = y mod m then f(x) = f(y) mod m. Hence if x is a solution to a polynomial
congruence then so is every integer congruent to its modulo m.

As has been our general procedure, we will reduce the solution of polynomial
congruences to the solution modulo primes and then try to paste general solutions
back together via the fundamental theorem of arithmetic. Suppose then that m has
the prime factorization m = p{' p5* - - - p;* and that x is a solution of f(x) = 0 mod

m. Then x is also a solution of f(x) = 0 mod pf" fori =1, ..., k. Then for each
i =1,...,k there is a y; with xo = y; mod p{". Conversely, suppose we are given
yi with f(y;) = 0mod p{" fori =1, ..., k then there is a technique based on what

is called the Chinese remainder theorem, which we will discuss shortly, to piece
these y; together to get a solution x¢ of f(x) = 0 mod m.

As afirst step, we will describe the solution of linear congruences and the Chinese
remainder theorem and then move on to higher degree congruences.

2.5.1 Linear Congruences and the Chinese Remainder
Theorem

A linear congruence is of the form ax 4+ b = 0 mod m where a # 0 mod m. In this
section, we will consider solutions of linear congruences.
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Before proceeding further, we note that solving a polynomial congruence
f(x) =0 mod m
is essentially equivalent to solving a polynomial equation

fx)=0

in the modular ring Z,,. The solutions of the congruence are precisely the congruence
classes modulo m.
For example, the congruence

2x =4 mod 5

is equivalent to the equation
2x =4

in Zs. The unique solutionin Zs is x = 2, so that the solution of the congruence isx =
2 mod 5. We will move freely between the two approaches to solving congruences,
using = for congruence mod m and = for equality in Z,,.

Now we consider the linear congruence ax + b = 0 mod m where a is noncon-
gruent to 0 mod m. For m = p, p a prime, the solution is immediate and it is unique.
Since Z,, is a field and a # 0 the element a has an inverse. Therefore, the solution
inZ, is

x=a '(-=b)

and any solution xo must be of the form xo = a~'(—b) mod p.

EXAMPLE 2.5.1.1 Solve 3x +4 = 0 mod 7.

From the formal field properties, the solution is x = 37! - (=4). In Z; we have
—4 = 3 and since 3 - 5 = 1 mod 7 it follows that 3~! = 5. Therefore, the solution is
x=5-3=15=1mod7.

Essentially the same method works if m is not prime but (a, m) = 1. In this case a
is a unit in Z,, and the unique solution is x = a~'(—b). Consider the same equation
as in Example 2.5.1.1 but modulo 8§, that is

3x+4=0mod8 = x=3"-(—4) mod 8.

However, modulo 8 wehave —4 = 4and3~! = 3sothesolutionisx = 4.3 =12 =4
mod 8.

If (a,m) # 1 the situation becomes more complicated. We have the follow-
ing theorem which describes the solutions and provides a technique for finding all
solutions.
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Theorem 2.5.1 Consider ax + b = 0 mod m with (a,m) = d > 1. Then the
congruence is solvable if and only if d|b. In this case there are exactly d solutions
that are given by

tm
x=xo+—,t=0,1,...,d -1
d
where x is any solution of the reduced equation

b
C—lx 4+ — =0 mod ﬂ
d d d
Proof Letd = (a, m). If xq is a solution then b = —axp mod m or b = —axy + tm
for some ¢. Therefore, d|b. Hence if d does not divide b there is no solution.
Suppose then that d|b. Then (5, %) = 1 and the reduced congruence

a +b 0 dm
—x+—-=0mod —
d d d

has a unique solution (mod %) say xo. But then xo is also a solution mod m of the
original congruence. Any integer x congruent to xo modulo % and hence of the form
X =xo+ ’7”‘ is also a solution to the reduced congruence. However only d of these are
incongruent modulo . Itis easy to check thateach of x = x4+, =0,1,...,d—1
are incongruent modulo m. O

The problem of solving a linear congruence is then reduced to finding a single
solution of a congruence of the form ax = b mod m with (a, m) = 1. The solution
is then x = a~'b where a~! is the inverse of @ mod m. As explained in Section2.4.3
this can be found using the Euclidean algorithm.

EXAMPLE 2.5.1.2 Solve 26x + 81 = 0 mod 245

We apply the Euclidean algorithm to both determine if (26, 245) = 1 and if so to
find the inverse of 26 mod 245

245 = (9)(26) + 11
26 =(2)(11) +4
11=02)4)+3
4=(1)3) +1.

Therefore, (245, 26) = 1. Working backward, we express 1 as a linear combination
of 26 and 245

I=4-(1)3) =4-(11-2)4)) = @ —)(11) = --- = (66)(26) — (7)(245)
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Hence modulo 245 we have 66 - 26 = 1 and 26! = 66. Therefore, the solution is

x = (26" (=81) = x = (66)(164) = 10824 = 44 mod 245.

EXAMPLE 2.5.1.3 Solve 78x + 243 = 0 mod 735.
Using the Euclidean algorithm, we find that (78, 735) = 3 and 3|243. The reduced
congruence is

78 243 735
?x—l-— =OmodT = 26x 4 81 = 0 mod 245.

From the previous example, the solution to the reduced congruence is xo = 44
with d = 3. The solutions then mod 735 would be

tm 735t
xo+7,t=0,1,...,d—1 > x=44+T’t=071’2

= x = 44, 289, 534 mod 735

The methods above provide techniques for solving linear congruences. Systems
of linear congruences are handled by the next result which is called the Chinese
remainder theorem.

Theorem 2.5.2 (Chinese Remainder Theorem) Suppose that m, my, ..., my are k
positive integers that are relatively prime in pairs. If ay, . . ., a; are any integers then
the simultaneous congruences

x=a,modm;,i =1,...,k

have a common solution which is unique modulo mymy - - - my.

Proof The proof we give not only provides a verification but also provides a technique
for finding the common solution.
Let m = mmy---my. Since the m; are relatively prime in pairs we have

" m;) = 1. Therefore, there is a solution x; to the reduced congruence

m;’

m
—x; = 1 mod m;.
i
Further for x; we clearly have

B =0modm; ifi # j.
m;
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Now let
k

m
Xo = E —X;d;.
m;

i=1 !

We claim that x is a solution to the simultaneous congruences and that it is unique
modulo m.
Now

sincex -+x; = 0 mod m; if i # j. It follows then that

m
X0 = —X;da; modm,- =aj modmj
J

since mﬂjx ;7 = 1 mod m;. Therefore, xo is a common solution. We must show the
uniqueness part.

If x; is another common solution then x; = xo mod m; fori = 1, ..., k. There-
fore, x; = x¢y mod m.

We note that if the integers m; are not relatively prime in pairs there may be no
solution to the simultaneous congruences. O

EXAMPLE 2.5.1.4 Solve the simultaneous congruences

x =6mod 13
x =9 mod 45
x = 12mod 17.

Here m; =13, my =45, m3 = 17som = 13 - 45 - 17. We first solve
(17)45)x=1mod 13 =— x =6
(13)(17)x =1mod45 = x =11
(13)(45)x =1mod 17 = x =5.

To see how these solutions are found let us look at the second one:

(13)(17) = 1 mod 45 = 221x = I mod 45 —> 41x = 1 mod 45
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since 221 = 41 mod 45. We now use the Euclidean algorithm;
45=1-4144,41=10-4+1 = 1= (11@1) — (10)45) = 41! = 11 mod 45.
Therefore using these solutions, the common solution is

13.45. 17(6)(6) L1345, 17(11)(9) L1345, 17(5)(12)
Xg = ———— e — =
0 13 45 17

= xo = 27540 4 21879 + 35100 = 84519 = 4959 mod 9945
= xo = 4959.

The Chinese Remainder can also be used to piece together the solution of a single
linear congruence.

EXAMPLE 2.5.1.5 Solve 5x + 7 = 0 mod 468.
Now (468, 5) = 1 so the solution is x = 57! (—7) mod 468. The prime decompo-
sition of 468 = 223213. Therefore, the solution can be considered as the simultaneous
solution of
x=5"(=7)mod2?> = x=1mod4
x=5"-7)mod3’> = x=4mod9
x=5"(=7)mod 13 = x =9 mod 13.

Letting m; = 4, my = 9, m3 = 13, and m = 468, then as before we first solve
@A3)x =1mod4 — x =1mod4
@(13)x=1mod9 — x =4 mod9
@O%)x =1mod 13 = x =4 mod 13

The common solution is

xo = (DA3)M)(1) + DHA)H @D + (9 (9)(4) = 10201 mod 468
= xo9 = 373.
In the previous sections, we noted that for any natural number n, the additive group

of Z,, and the group of units of Z,, are finite abelian groups. As an easy consequence
of the Chinese remainder theorem, we have the following result.

Theorem 2.5.3 For any natural number m let (Z,,, +) denote the additive group of
Zyy and let U (Z,,) be the group of units of Z,. Let n = nn, - - - ny be a factorization
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of n with pairwise relatively prime factors. Then
(Zns +) = L, +) X Liny, +) X -+ X Ly, +)
U(Z,) =U(Zy) x - x U(Zy,).

We leave the proof to the exercises.

2.5.2 Higher Degree Congruences

Now that we have handled linear congruences, we turn to the problem of solving
higher degree polynomial congruences

f(x)=0modm (2.5.3)
where f(x) is a nonconstant integral polynomial of degree k > 1. Suppose that
f@x)=ap+ax +---+ax"and g(x) = by +byx + - - + bx*

where a; = b; modm fori = 1,...,k. Then f(c) = g(c) mod m for any integer
¢ and hence the roots of f(x) modulo m are the same as those of g(x) modulo
m. Therefore, we may assume that in (2.5.2.1) the polynomial f(x) is actually a
polynomial with coefficients in Z,,.

As remarked earlier if m has the prime factorization m = p{'p5* - - - p;* and x
is a solution of f(x) = 0 mod m, then x; is also a solution of f(x) = 0 mod pf’
fori = 1,...,k. Then for each i = 1, ...,k there is y; with xp = y; mod p;".
Conversely, suppose we are given y; with f(y;) = 0 mod p;’ fori =1, ...,k then
the Chinese remainder theorem can be used to patch these y; together to get a solution
xo of f(x) =0 mod m. Specifically,

k
m
Xo = E = Zi)i
i=1 Fi

would give a solution where the z; are determined so that %zi = 1 mod plf’i.

EXAMPLE 2.5.2.1 Solve x2 4+ 7x + 4 = O mod 33.
Since 33 = 3 - 11 we consider x2 + 7x +4 = 0 mod 3 and x2 + 7x +4 mod 11.
First,

1 mod 3.

> 4+7x4+4=0mod3 = x>’+x+1=0mod3 = x

and this is the only solution. Notice that in Z3 we have (x + 2)2 = x2+ x + 1. Now
modulo 11 we have
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W4 TIx+4=0 = X —dx+4=0 = x—-2)>=0 = x =2

is the only solution. Therefore, a solution modulo 33 would be given by the solution
of the pair of congruences
x=1mod3

x =2mod 11.

Now lly = 1mod3 = y =2and3y = lmod1l = y = 4 so by the
Chinese remainder theorem the solution modulo 33 is

x = (11)2)(1) + (3)(4)(2) = 46 = 13 mod 33

Hence we have reduced the problem of solving polynomial congruences to the
problem of solving modulo prime powers. From the algorithm using the Chinese
remainder theorem, we can further give the total number of solutions. If f(x) is a
polynomial with coefficients in Z,, we let N y(m) denote the number of solutions of
f(x) =0 mod m. Then

Theorem 2.5.4 If m = p{'ps*---p* is the prime decomposition of m then
Ny(m) = Ny(p{)INs(p5) -~ Ny (ph).

The simplest case of solving modulo a prime power p* is of course when « = 1.
Then we are attempting to find solutions within Z . Recalling that if p is a prime then
7, is a field we can use certain basic properties of equations over fields to further
simplify the problem. First recalling that in a field, a polynomial of degree n can
have at most n distinct roots we get:

Theorem 2.5.5 The polynomial congruence f(x) = 0 mod p, p prime, has at most
k solutions if the degree of f(x) is k.

Recall that from Fermat’s theorem x” = x forany x € Z,. This implies that every
element of Z,, is aroot of the polynomial x” — x. Suppose that f (x) is a polynomial
of degree higher than p over Z,. Using the division algorithm for polynomials, we
then have

J(x) =gq@x)(x” —x) + g(x) where g(x) = 0 or deg(g(x)) < p.

Since every element of Z, is a solution of x” — x it follows that the solutions of
f(x) = 0 are precisely the solutions of g(x) = 0. Hence we can always reduce a
polynomial congruence modulo p to a congruence of degree less than p.

Theorem 2.5.6 If f(x) has degree higher than p, p prime, then there exists a poly-
nomial h(x) of degree less than p such that the solutions of f(x) = 0 mod p are
exactly the solutions of h(x) = 0 mod p.
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There is no general method to solve a polynomial congruence modulo a prime p.
However for degree 2 and p an odd prime the quadratic formula holds. First, some
more definitions.

Definition 2.5.1 If (a,m) = 1 and and x> = a mod m has a solution then a is
called a quadratic residue mod m. If x> = a mod m has no solution then a is a
quadratic nonresidue.

We will talk more about quadratic and nonquadratic residues in the next section.
However, modulo a prime, we get something special. x> —a is a quadratic polynomial
and hence in a field it can have at most two solutions. Therefore,

Lemma 2.5.1 Given (a, p) = 1 with p a prime. Suppose a is a quadratic residue
mod p and xg = a mod p. Then —x is the only other solution and if p is odd, x,
and —x are distinct.

If a is a quadratic residue mod p let «/a denote one of the two solutions to

x? = a mod p. We then obtain the quadratic formula modulo any odd prime.

Theorem 2.5.7 If p is an odd prime then the solutions to the quadratic congruence
ax? 4+ bx + ¢ = 0 mod p with a # 0 mod p, are given by

—b + Vb? —4ac
X=— "
2a

In particular, if b* — 4ac is a quadratic nonresidue mod p then ax* +bx +c¢ =0
has no solutions mod p.

Proof The development of the quadratic formula is solely dependent on the field
properties and so can be carried out purely symbolically in Z,. Suppose

b _
ax2+bx+c:0thenx2+—x:—c.
a a

Completing the square on the left side in the usual manner gives

L b PP e
X+t —=—-=
a 4a®> 44> a

where 4%22 is defined since 4 # 0 and a® # 0 in Z p (since p was odd). Then

b, b —4 b B4
€ Al P s S £ s
2a 4a? 2a 2a
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where the squareroot has the meaning described above. Finally,

_ —b+ Vb? —4ac

* 2a

EXAMPLE 2.5.2.2 Solve 3x% + 5x + 1 = 0 mod 7.
First, we divide through by 3. Since 3 -5 = 1in Z; then 37! = 5 and so

3x24+5x+1=0 = x> +25x+5=0 = x> +4x+5=0.
Applying the quadratic formula

4+ JT6-4(B)  3+J/—4 3+3
N 2 N 2 o2

X

Now 3 is a quadratic nonresidue mod 7 so the original congruence has no solutions
modulo 7.

For prime power moduli p* with « > 1 the general idea is to first find solutions
mod p, if possible, and then move, using the found solutions iteratively to solutions
mod p?, then solutions mod p?, and so on. There is an algorithm, to handle this
iterative procedure. We will not discuss this but refer the reader to [NZ] or [N] for
more on this.

2.6 Quadratic Reciprocity

We close this chapter on basic number theory with a discussion of a famous result
due originally to Gauss, called the law of quadratic reciprocity. There are now
dozens of proofs of this result in print and the result has far ranging implications
well beyond what might be expected. Further there are generalizations to algebraic
number theory as well as applications to problems involving sums of squares.

Recall from the last section that if x> = a mod n has a solution then « is called a
quadratic residue mod n.Ifn = p, an odd prime, then there are exactly two solutions
mod p. Suppose that p, g are distinct odd primes. Then p might be, or might not
be, a quadratic residue mod ¢g. Similarly ¢ might be, or might not be, a quadratic
residue mod p. At first glance, there might seem to be no relationship between these
two questions. Gauss discovered that there is a quite strong relationship and this is
the quadratic reciprocity law. In particular, if either of p or ¢ is congruent to 1 mod
4 then either both of x> = p mod g and x> = g mod p are solvable or both are
nonsolvable. If both p and ¢ are congruent to 3 mod 4 then one is solvable and the
other is not. Before we state the theorem precisely, we introduce some terminology
and machinery.



2.6 Quadratic Reciprocity 49

First, we give a criterion for an integer to be a quadratic residue modulo an odd
prime.

Lemma 2.6.1 If p is an odd prime and (a, p) = 1 then a is a quadratic residue mod
pifandonlyifa = = 1mod p. Ifais a quadratic nonresidue then a = —1 mod p.
Proof Suppose (a, p) = 1. We do the computations in the field Z . Since a # 0 then
from Fermat’s theorem ¢”~' = 1 in Z,. This implies that (a% - l)(ap%I +1)=0
in Z,. Since Z, is a field it has no zero divisors and this implies that either a't =1
ora’s = —1.Hence either a’> = 1 mod 2 ora’™ = —1mod p. We show that in
the former case and only in the former case is a a quadratic residue.
Suppose that x* = a has a solution say x¢ in Z,. Then

—1 p—1 _
a7 = (xg)l2 =x(§J -1

It follows further that if a EI = —1 there can be no solution.
Conversely, suppose a = = 1. Since the multiplicative group of Z p 18 cyclic (see

the last section) it follows that there is a g € Z, which generates this cyclic group
t(p=1) . g .
and a = ¢' for some 7. Hence g e However, the order of the multiplicative

group of Z, is p — 1 and therefore this implies that

tp—1

=0mod p — 1.
> mod p

Therefore, r must be even t = 2k. Hence a = ¢* = (¢¥)? and there is a solution to

X =a. O

To express the quadratic reciprocity law in a succinct manner, we introduce the
Legendre symbol.

Definition 2.6.1 If p is an odd prime and (a, p) = 1 then the Legendre symbol
(a/p) is defined by
1. (a/p) = lifa is a quadratic residue mod p.

2. (a/p) = —1ifa is a quadratic nonresidue mod p.

Thus the value of the Legendre symbol distinguishes quadratic residues from
quadratic nonresidues. The next lemma establishes the basic properties of (a/p).

Lemma 2.6.2 If p is an odd prime and (a, p) = (b, p) = 1 then
1. (@*/p) =1,
Ifa = bmod p then (a/p) = (b/p),

1

. (a/p) = a'T mod D,
. (ab/p) = (a/p)(/p).

AW N
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Proof Parts (1) and (2) are immediate form the definition of the Legendre symbol.
Part (3) is a direct consequence of Lemma?2.6.1.

p—1

To see part (4) notice that (ab)% —a b and use part (3). ([l

From part (4) of this last lemma, we see that to compute (a/p) we can use the
prime factorization of a and then restrict to (g/p) where ¢ is a prime distinct from
p. The quadratic reciprocity law will allow us to compute this for odd primes and
we will give a seperate result for (2/p). After proving the quadratic reciprocity law,
we will give examples on how to do this. We now give the theorem.

Theorem 2.6.1 (Law of Quadratic Reciprocity) If p, q are distinct odd primes then

(p/9)(a/p) = (~D)TD),

Alternatively if p, q are distinct odd primes then
(1) If at least one of p,q is congruent to 1 mod 4 then

x? =g mod p and x* = p mod q

are either both solvable or both unsolvable.
(2) If both p and q are congruent to 3 mod 4 then one of

x? =g mod p and x* = p mod q

is solvable and the other is unsolvable.

Proof The proof we give is based on two lemmas due to Gauss and then a nice
geometric argument due to Eisenstein.
Let p, g be distinct odd primes and set & = ”T_l Consider the set

R={-h,...,—2,—1,1,2,... h}.

This is reduced residue system mod p and hence every integer a relatively prime to
p, thatis, with (a, p) = 1, is congruent to exactly one element of R. Let

S=1{q,2q,...,hq}.

Since (p, g) = 1 any two elements of S are incongruent mod p and therefore each
element of S is congruent to exactly one element of R. We first need the following
lemma.

Lemma 2.6.3 If n is the number of elements of S congruent mod p to negative
elements of R then (q/p) = (—1)".

Proof (Lemma?2.6.3) Suppose ay, ..., a, are the negative elements of R congruent
to elements of S and by, ..., b, with m + n = h the positive elements congruent to
the remaining elements of S. The product of the elements of S is i!g" so
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hl'¢" =ay---ayb, --- b, mod p.

Since any two elements of S are incongruent modulo p we cannot have —a; =
b; for some i, j, for if so then a; + b; = 0 = mg + ng mod p which would

imply that p|(m 4 n)gq which is impossible since m, n < "’T_l Therefore, —ay, ...,
—ay, by, ..., b, give h distinct positive integers all less than or equal to 4. Hence
{—ai,...,—ay, b1,....bn}={1,..., h}.

It follows that
(=D"ay---apyby---by =h! = (=1)"h!g" = h! mod p.
However (4!, p) = 1 then
(—1)"¢" =1Tmod p = ¢" =¢"7 = (=1)" mod p.

From Lemma?2.6.2, we have

p—1

(g/p)=q*

mod p = (¢/p) = (—1)" mod p.
O

We are now going to count (g/p) in a different way. Let [x] denote the greatest
integer less than or equal to x. Notice thatifa, b € Zanda = gb+r withO <r < b
then [{] = g and so a = [;]b + r. Consider now the sum

h .

lq
M=,

i=1 p

M is called a Gauss sum. The next lemma ties this Gauss sum to (g/p).

Lemma 2.6.4 Let p, g be distinct odd primes and let M be defined as above. Then

(q/p) = (=DM.

Proof As explained above for each i we have
ig = [ﬂ]p—i—r,-,O <r <p.
p

Let R be as in Lemma?2.6.3. If ig is congruent to a negative element a; of R then
r; = p + a; while if ig is congruent to a positive element b; then r; = b;. Then
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h h . n m
Sig = pZ[%] +> @+ p+ > b
i=1 i=1 i=1 i=1

Further

i .
8

i=1

Let P = % and plugging back into our sum over {ig} we get

h n m
Ziq = Pg = pM+np+Za,~ +Zb,~.
i=1 i=1 i=1

However as we saw in the proof of Lemma2.6.3,
{(—ai.....=ay.bi.... by} ={1,....h} = =D a;+ > b =P.

Then

Pg=pM+np+P+2> a = Plg—1)=M+np+2> a.
i=1 i=1
Since g is odd ¢ — 1 = 0 mod 2 and hence if we take the last sum mod 2 we get that
M +n =0mod 2

which implies that M, n are both even or both odd. It follows that (—1)Y = (—1)".
From Lemma2.6.3 we have (¢/p) = (—1)" and hence (¢/p) = (—1)™ proving the
second lemma. O

We now interchange the roles of p and g. Let k = % and let N be the Gauss

sum for ¢,
Z[—]

Therefore from Lemma?2.6.4 applied to ¢, we have (p/q) = (—1)". Hence

(p/)(q/p) = (DY (=D = (=D"*N.

We will show that

1 og—1
M+ N =hk = (pT)(qT) 26.1
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Fig. 2.2 Geometric y
argument for Quadratic (pi2,q/2)
Reciprocity (0,972)
y=(plqx
(i, iglp)
: X
(0,0) i (p/2,0)

which will prove the quadratic reciprocity law.
To show (2.6.1) we will use a lovely geometric argument. Consider the lattice
points, that is, points with integer coordinates, within the rectangle with corners at

p P q q
(05 0)9 (E’ 0)7 (59 5)5 (05 5)

as pictured in Figure2.2.

Let T be the total number of lattice points within the rectangle. We will compute
T in two different ways. First, notice that 7 = hk since [5] = and [1] = k.

Now consider the number below the diagonal. Since the equation of the diagonal
isy = %x there are no lattice points on the diagonal. For an integer i, the vertical

line x = i hits the diagonal at the point (i, %i ) and hence the number of lattice points

along the line x = i and below the diagonal is [%q]. It follows that the total number
of lattice points below the diagonal is

h

Z[%J — M.

i=1

An analogous argument shows that the total number of lattice points above the
diagonal is N. Therefore, T = M + N. Hence

M+ N = hk

and the quadratic reciprocity law is proved.

Before giving some examples we note that by modifying slightly the proof of
Lemma?2.6.3 we get the following which allows us to compute (2/p) for any odd
prime p.
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Theorem 2.6.2 If p is an odd prime, then

1. (=1/p)= (=1’ and
2. 2/p)= (=D

Proof The first part (1) follows directly from Lemmas 2.6.1 and 2.6.2 takinga = —1.

For (2), although we assumed that ¢ was an odd prime in both Lemmas2.6.3 and
2.6.4 the construction of the sets R and S and the Gauss sum M only required that
(g, p) = 1. Now let ¢ = 2. Then from the definition of the Gauss sum M = O.

P

Hence 25 = n mod p. Then (2/p) = (~1)" = (=1)"¥ . O

With the quadratic reciprocity law and Theorem 2.6.2 it is relatively easy to com-
pute (a/p) for any a.

EXAMPLE 2.6.1 Determine (870/7).
The prime factorization of 870 is 870 =2 -3 -5 - 29. Then

870/7) = 2/D3/T)(S/T)29/T).

First,
Q=D ==D=1
(3/7) = —(7/3) since both are congruent to 3 mod 4
1/3)=1/3)=1 = 3/7)=-1
(5/7) = (7/5) since 5 = 1 mod 4
(7/5) = ©2/5) = (=1)5 = —1 = (5/7) = —1.
Finally,

29/ =1/7)=1.
Putting these all together
(870/7) = 2/DH3/D(5/1D29/T) = (H(=DH(=D(d) =1
and hence 870 is a quadratic residue mod 7.
This was just an illustration. For a small prime like 7 it would be easier to reduce

mod 7 and do it directly.

870 =2mod 7 = (870/7) = (2/7) = 1.
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2.7 Exercises

2.1 Verify that the following are rings. Indicate which are commutative and which
have identities. Which are integral domains?

(a) The set of rational numbers.

(b) The set of continuous functions on a closed interval [a, b] under ordinary
addition and multiplication of functions.

(c) The set of 2 x 2 matrices with integral entries.

(d) The set nZ consisting of all integers which are multiples of the fixed
integer n.

2.2 (a) Show that in an ordered ring nonzero squares must be positive. Conclude
that in an ordered ring with identity the multiplicative identity must be positive.

(b) Show that the complex numbers under the ordinary operations cannot be
ordered.

2.3 Show that any ordered ring must be infinite. (Hint: Suppose a > 0 then
a+a > 0,a+ a+ a > 0 and continue).

2.4 Prove by induction that there are 2" subsets of a finite set with n elements.

2.5 Prove that 12 +22 4 ... 4 p? = 200G,

2.6 Let R be an ordered integral domain which satisfies the inductive property.
Prove that R is isomorphic to Z.

(Hint: Let 1 be the multiplicative identity in R. Define 2-1 = 141 and inductively
n-1=m-—1)-141in R. Define

R={n-1€RnelZ)

andlet f : Z — Rby f(n) =n - 1. Show first that f is an isomorphism from Z to
R. Then use the inductive property in R to show that R is all of R.)

2.7 Prove the remaining parts of Theorem?2.2.1.

2.8 Find the GCD and LCM of the following pairs of integers and then express
the GCD as a linear combination

(a) 78 and 30,

(b) 175 and 35,

(c) 380 and 127.

2.9 Prove that if a = gb + r then (a, b) = (b, r).

2.10 Prove that if d = (a, b) then 7 and g are relatively prime.
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2.11 Show that if (a, b) = ¢ then (a2, b*) = 2. (Hint: The easiest method is to
use the fundamental theorem of arithmetic.)

2.12 Redo Problem 2.8 using the prime decomposition of each integer.

2.13 Show that an integer is divisible by 3 if and only if the sum of its digits (in
decimal expansion) is divisible by 3. (Hint: Write out the decimal expansion and take
everything modulo 3.)

2.14 Let F be afield and let F'[x] denote the ring of polynomials over F'. Prove that
if f(x), g(x) € F[x]with g(x) # 0then there exist unique polynomials g (x), r(x) €
F[x] such that

J @) =q()gx) +rx), r(x) =0ordeg(r(x)) < deg(g(x)).

This is the division algorithm for polynomials. (Hint: Model the proof on the proof
for the integers.)

2.15 Suppose p(x) is a polynomial over F and p(r) = 0. Show that p(x) =
(x — r)h(x) where h(x) is another polynomial of degree one less. (Use the division
algorithm.)

2.16 Let g(x), f(x) € F[x]. Then their greatest common divisor or GCD is the
monic polynomial d(x) (leading coefficient 1) such that d(x) divides both f(x) and
g(x) and if d;(x) is any other common divisor of g(x) and f(x) the d;(x) divides
d(x). Show that the GCD of two polynomials exists and is the monic polynomial of
least degree which can be expressed as a linear combination of f(x) and g(x). That
is,

d(x) = h(x) f(x) + k(x)g(x)

and d(x) has the least degree of any linear combination of this form. (Hint: Again
model the proof on the proof for the integers.)

2.17 Prove Euclid’s lemma for polynomials, that is, if d(x) divides f(x)g(x) and
(d(x), g(x)) = 1 then d(x) divides f(x).

2.18 A polynomial p(x) of positive degree over a field F is a prime polynomial
or irreducible polynomial if it cannot be expressed as a product of two polynomials
of positive degree over F. Prove that any nonconstant polynomial f(x) € F[x],
where F is a field can be decomposed as a product of prime polynomials. Further
this decomposition is unique except for ordering and unit factors. This is the unique
factorization theorem for polynomial rings over fields. (Hint: Again model the proof
on the proof of the fundamental theorem of arithmetic.)

2.19 Suppose p(x) is a polynomial over F and the degree of p(x) is n. Prove that
p(x) can have at most n distinct roots over F.
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2.20 Mimic the results in Problems 2.14 through 2.18 for general Euclidean
domains (see the definition on p. 21) and then use this to prove
Theorem?2.3.6.

2.21 Show that the Gaussian integers Z[i ] are Euclidean domain with N (a+bi) =
a® + b2. This shows that the Gaussian integers are a unique factorization domain.

2.22 Prove part (c) of Theorem?2.6.2: If a = b mod n and ¢ = d mod n then
ac = bd mod n.

2.23 Verity the remaining ring properties to show that for any positive integer n,
Z, is a commutative ring with an identity.

2.24 Find the multiplicative inverse if it exists
(a) of 13 in Z47,

(b) of 17 in Zzg,

(c) of 6in Zs.

2.25 Solve the linear congruences
(a)4x + 6 =2in Z7,

(b) 5x +9 =12 in Zy7,

(C) 3x + 18 =271in Z40.

2.26 Find ¢ (n) for

(@n =17,
(b) n = 526,
(c)n = 138.

2.27 Determine the units and write down the group table for the unit group U (Z,,)
for

(@) Z12,
(b) Zss.

2.28 Verify Theorem 2.4.8 for

(a) n = 26,
(b)n = 88.

2.29 Prove Theorem 2.5.3, that is, for any natural number m let (Z,,, 4+) denote the
additive group of Z,, and let U (Z,,) be the group of units of Z,,. Letn = nny - - - ny,
be a factorization of n with pairwise relatively prime factors. Then

(Zn, +) = (an +) X (an +) X X (ans +)

U(Zn) = U(an) X X U(an)
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2.30 Prove that if an integer is congruent to 2 modulo 3 then it must have a prime
factor congruent to 2 modulo 3.

2.31 Prove that if p is an odd prime then there exist positive integers x, y such
that p = x> — y2.

2.32 Prove that if bc is a perfect square for integers b, ¢ and (b, ¢) = 1 then both
b and c are perfect squares.

2.33 Determine a primitive root modulo 11.

2.34 We outline a proof of Theorem?2.4.14: An integer n will have a primitive
root modulo 7 if and only if
n=24, pk, 2pk

where p is a prime.

(a) Show that if (m,n) = 1 withm > 2,n > 2 then there is no primitive root
modulo mn.

(b) Show that there is no primitive root modulo 2* for k > 2.

(c) Prove that if p is an odd prime then there exists a primitive root @ mod p such
that a”~! is not congruent to 1 modulo p?. (Hint: Let a be a primitive root mod p.
Then a + p is also a primitive root. Show that either a or (a 4 p) satisfies the result.)

(d) Prove that there exists a primitive root modulo p* for any k > 2. (Hint: Let a
be the primitive root mod p from part (c). Then this is a primitive root mod p* for
any k > 2.)

(e) Prove that if a is a primitive root mod pk then, if @ is odd, a is also a primitive
root mod 2p¥. If a is even then a + p¥ is a primitive root modulo 2 p*.

2.35 Use the primality test based on Fermat’s theorem to show that 1053 is not
prime.

2.36 If m > 2 show that ¢ (m) is even.
2.37 Prove that ¢ (n?) = n¢ (n) for any positive integer n.

2.38 Prove that if n > 2 then

)

(m,n)=1,0<m<n

2.39 Prove that if n has k distinct odd factors then 2¥|¢ (n).
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