Chapter 2
Existence and Uniqueness for the Cauchy
Problem

In this chapter, we will present some results concerning the existence, uniqueness and
dependence on data of the solutions to the Cauchy problem for ODEs and systems of
ODEs. From a mathematical point of view, this is a fundamental issue in the theory
of differential equations. If we view a differential equation as a mathematical model
of a physical theory, the existence of solutions to the Cauchy problem represents one
of the first means of testing the validity of the model and, ultimately, of the physical
theory. An existence result highlights the states and the minimal physical parameters
that determine the evolution of a process and, often having a constructive character,
it leads to numerical procedures for approximating the solutions. Basic references
for this chapter are [1, 6,9, 11, 18].

2.1 Existence and Uniqueness for First-Order ODEs

We begin by investigating the existence and uniqueness of solutions to a Cauchy
problem in a special case, namely that of the scalar ODE (1.2) defined in a rectangle
centered at (7, xo) € R?. In other words, we consider the Cauchy problem

x'= f(t,x), x(10) = xo, 2.1)
where f is a real-valued function defined in the domain
A={@t,x)eRY |t—t]<a, |x—x|<b} (2.2)

The central existence result for problem (2.1) is stated in our next theorem.

© Springer International Publishing Switzerland 2016 29
V. Barbu, Differential Equations, Springer Undergraduate Mathematics Series,
DOI 10.1007/978-3-319-45261-6_2


http://dx.doi.org/10.1007/978-3-319-45261-6_1

30 2 Existence and Uniqueness for the Cauchy Problem

Theorem 2.1 Assume that the following hold:

(1) The function f is continuous on A.
(ii) The function f satisfies the Lipschitz condition in the variable x, that is, there
exists an L > 0 such that

| f@t,x) = f@t, )| < Llx —yl, V(t,%), (1,y) € A. (2.3)

Then there exists a unique solution x = x(t) to the Cauchy problem (2.1) defined on
the interval |t — ty| < 6, where

6 := mi b M = 2.4
= mln(a,ﬁ), = sup |f(z,x)|. 2.4)

(t,x)eA

Proof We begin by observing that problem (2.1) is equivalent to the integral equation

x(t):x0+/ f(s,x(s))ds. (2.5)

fo

Indeed, if the continuous function x(¢) satisfies (2.5) on an interval I, then it is
clearly a C'-function and satisfies the initial condition x(fy) = xo. The equality
xX'(t)y=f (t, x(t)) is then an immediate consequence of the Fundamental Theo-
rem of Calculus. Conversely, any solution of (2.1) is also a solution of (2.5). Hence,
to prove the theorem it suffices to show that (2.5) has a unique continuous solution
on the interval [ := [ty — 0, t9 + I].

We will rely on the method of successive approximations used by many mathe-
maticians, starting with Newton, to solve algebraic and transcendental equations. For
the problem at hand, this method was successfully pioneered by E. Picard (1856—
1941).

Consider the sequence of functions x,, : I — R, n =0, 1, ..., defined iteratively
as follows

xo(t) = xo, YVt €1,

! (2.6)
X1 (1) = X0 +/ f(s,x,(s))ds, Ytel, Yy7n=0,1,....
4]
It is easy to see that the functions x, are continuous and, moreover,
|x,(t) — x| M6 <b, Yrel, n=12,.... (2.7)

This proves that the sequence {x, },>¢ is well defined. We will prove that this sequence
converges uniformly to a solution of (2.5). Using (2.6) and the Lipschitz condition
(2.3), we deduce that
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| X0 (1) = x01 (D) | 5/ | £(5,xa1(8)) — F(5, xa2(s))|ds

. (2.8)
<L [ 301 = 20205 s
fo
Iterating (2.8) and using (2.7), we have
MLnfl . ML"71§"
| X0 (0) = X0 () | < ———t = to]" < ————, ¥n, Viel (2.9)
n! n!

Observe that the sequence {x,},>¢ is uniformly convergent on / if and only if the

telescopic series
D (a0 = x4 (1))

n>1

is uniformly convergent on this interval. The uniform convergence of this series
follows from (2.9) by invoking Weierstrass’ M -test: the above series is majorized by
the convergent numerical series

ML 6"
Z nl

n>1

Hence the limit
x(t) = lim x,(¢)
n— o0

exists uniformly on the interval /. The function x(¢) is continuous, and from the
uniform continuity of the function f (¢, x) we deduce that

f(rx@) = lim f(1,x,0)).

uniformly in ¢ € /. We can pass to the limit in the integral that appears in (2.6) and
we deduce that

x(t)=x0+/ f(s,x(s))ds, Vtel (2.10)

to

In other words, x(¢) is a solution of (2.5).
To prove the uniqueness, we argue by contradiction and assume that x(¢), y(¢)
are two solutions of (2.5) on I. Thus

<L , Vel

/ F(5.x(9) = £ (5. y(9))ds

to

|x(t) —y(0)| = / |x(s) — y(s)|ds

Using Gronwall’s Lemma 1.1 with ¢ =0 and ¢ = L, we deduce x(t) = y(¢),
vVt e 1. (]
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Remark 2.1 In particular, the Lipschitz condition (2.3) is satisfied if the function f
has a partial derivative g—f that is continuous on the rectangle A, or more generally,
that is bounded on this rectangle.

Remark 2.2 'We note that Theorem 2.1 is a local existence and uniqueness result
for the Cauchy problem (2.1), that is the existence and uniqueness was proved on
an interval [ty — §, tp + ] which is smaller than the interval [ty — a, fy + a] of the
definition for the functions t — f (¢, x).

2.2 Existence and Uniqueness for Systems of First-Order
ODEs

Consider the differential system
-xl‘/zﬁ(tv-xl?‘-'5xn)a i=15""n’ (2‘11)
together with the initial conditions

xi(t))=x2, i=1,...,n, (2.12)

where the functions f; are defined on a parallelepiped
A=A{(t,x1,...,x) eR™ |t —to| <a, |xi =x)| <b, i=1,...,n}.

(2.13)
Theorem 2.1 generalizes to differential systems of type (2.11).

Theorem 2.2 Assume that the following hold:

(i) The functions f; are continuous on A foranyi =1, ..., n.
(i) The functions f; are Lipschitz in x = (x, ..., X,) on A, that is, there exists an
L > 0 such that

| fitoxr o x) = fit, yin o ya) | < L omax |xg — yil, (2.14)
1<k<n
foranyi=1,...,nandany (t,x1,...,%,), (t, Y1,...,Yn) € A.
Then there exists a unique solution x; = p;(t), i = 1, ..., n, of the Cauchy problem

(2.11) and (2.12) defined on the interval
. b
I :=[ty—96,tg+ 6], 6 :=min (a,ﬁ), (2.15)

where M := max{ | f;(t, x)|; (t,x) €A, i=1,....n}.
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Proof The proof of Theorem 2.2 is based on an argument very similar to the one
used in the proof of Theorem 2.1. For this reason, we will only highlight the main
steps.

We observe that the Cauchy problem (2.11) and (2.12) is equivalent to the system
of integral equations

x; (1) :x?+/ ﬁ(s,xl(s),...,xn(s) )ds, i=1,...,n. (2.16)

a

To construct a solution to this system, we again use successive approximations

t
k 0 k—1 k—1 .
x; () =x"+ (s, x $)y .o X, ())ds,i=1,...,n, k>1,
N 0! '.Af( ) (s)) .17

x?(s)zx?, i=1,...,n.

Arguing as in the proof of Theorem 2.1, we deduce that the functions
t > x¥(t) are well defined and continuous on the interval /. An elementary argument
based on the Lipschitz condition yields the following counterpart of (2.9)

. MLk—l(Sk
max [xf (1)] <

—, Vk > .
max o , Vk>1, tel

Invoking as before the Weierstrass M -test, we deduce that the limits
@i(t) = lim x{(1), 1<i<n,
k—o00

exist and are uniform on /. Letting k — oo in (2.17), we deduce that (¢y, .. ., @)
is a solution of system (2.16), and thus also a solution of the Cauchy problem (2.11)
and (2.12).

The uniqueness follows from Gronwall’s Lemma (Lemma 1.1) via an argument
similar to the one in the proof of Theorem 2.1. O

Both the statement and the proof of the existence and uniqueness theorem for
systems do not seem to display meaningful differences when compared to the scalar
case. Once we adopt the vector notation, we will see that there are not even formal
differences between these two cases.

Consider the vector space R" of vectors x = (x, ..., x,) equipped with the norm
(see Appendix A)

lx| ;== max |x;|], x = (x1,...,x,). (2.18)
1<i<n

On the space R" equipped with the above (or any other) norm, we can develop a
differential and integral calculus similar to the familiar one involving scalar functions.
Given an interval I, we define a vector-valued function x : I — R of the form

x() = (x1(0), ..., x. (1)),
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where x;(¢) are scalar functions defined on /. The function x : I — R” is called
continuous if all its components {x;(t); i = 1, ..., n} are continuous. The function
x is called differentiable at t, if all its components x; have this property. The derivative
of x(¢) at the point ¢, denoted by x'(¢), is the vector

X' (1) = (x] (@), ..., x,(1)).

We can define the integral of the vector function in a similar fashion. More precisely,

b b b
/ x(t)dt = (/ xl(t)dt,...,/ x,,(t)dt) e R".

The sequence {x"} of vector-valued functions
xV: I —-R' v=0,1,2,...,

is said to converge uniformly (respectively pointwisely) tox : I — R" as v — oo if
each component sequence has these properties. The space of continuous functions
x : I — R" is denoted by C(/; R").

All the above notions have an equivalent formulation involving the norm || — || of
the space R”; see Appendix A. For example, the continuity of x : I — R" atty € 1
is equivalent to

zhf% llx(@) — x(t0)ll = 0.

The derivative, integral and the concept of convergence can be defined along similar
lines.

Returning to the differential system (2.11), observe that, if we denote by x () the
vector-valued function

x(1) = (x1(1), ..., x, (1))
and by f : A — R” the function
f(t,x) = (fl(tvx)v "'7fl‘l(tvx))a

then we can rewrite (2.11) as
x'= f(t, x), (2.19)

while the initial condition (2.12) becomes
x(to) = x° = (x), ..., x0). (2.20)

In vector notation, Theorem 2.2 can be rephrased as follows.



2.2 Existence and Uniqueness for Systems of First-Order ODEs 35

Theorem 2.3 Assume that the following hold:

(1) The function f : A — R" is continuous.
(ii) The function f is Lipschitz in the variable x on A.

Then there exists a unique solution x = @(t) of the system (2.19) satisfying the initial
condition (2.20) and defined on the interval

b
I :=[tg— 6, 1t9+ 61, 5:=min(a,ﬁ), M = sup | f(t,x)].

(t,x)eA

In this formulation, Theorem 2.3 can be proved by following word for word the
proof of Theorem 2.1, with one obvious exception: where appropriate, we need to
replace the absolute value | — | with the norm || — ||. In the sequel, we will systema-
tically use the vector notation when working with systems of differential equations.

2.3 Existence and Uniqueness for Higher Order ODEs

Consider the differential equation of order n,
x™ =g, x,x', ..., x"D), (2.21)
together with the Cauchy condition (see Sect. 1.1)
x(tg) = x3, x'(to) =x), ..., x" V(tg) =x°_, (2.22)

where (9, xJ, x%, ..., x? ) € R"*!is fixed and the function g satisfies the following

conditions.

(I) The function g is defined and continuous on the set
A={tx,....,x) R Jt—t] <a, |x;—x{ | <b, Vi=1,...n}
(IT) There exists an L > 0 such that
lg(z,x) — g, y)| = Lllx — yl, Y, x), (,y) € A. (2.23)

Theorem 2.4 Assume that conditions (1) and (Il) above hold. Then the Cauchy
problem (2.21) and (2.22) admits a unique solution on the interval

b
I:=1[ty—96,1+3], 0:=min (a, M)
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where
M := sup max{ lg(t, x), [x2], ..., |xn] }
(t,x)eA

Proof As explained before (see (1.10) and (1.11)), using the substitutions

o 7 . (n—1)
X=X, Xo=X,...,X,:=X ,

the differential equation (2.21) reduces to the system of ODEs

Xp=x2
Xy =x3
(2.24)
x}; = g(t’ X], s 7xn)7
while the Cauchy condition becomes
xi(to) = x|, Vi=1,...,n. (2.25)
In view of (I) and (II), Theorem 2.4 becomes a special case of Theorem 2.2. [l

2.4 Peano’s Existence Theorem

We will prove an existence result for the Cauchy problem due to G. Peano (1858-
1932). Roughly speaking, it states that the continuity of f alone suffices to guarantee
that the Cauchy problem (2.11) and (2.12) has a solution in a neighborhood of the
initial point. Beyond its theoretical significance, this result will offer us the opportu-
nity to discuss another important technique for investigating and approximating the
solutions of an ODE. We are talking about the polygonal method, due essentially to
L. Euler (1707-1783).

Theorem 2.5 Let f : A — R”" be a continuous function defined on
A={@x)eR™ |t -1l <a, |x—xll <b}.

Then the Cauchy problem (2.11) and (2.12) admits at least one solution on the
interval

b
I :=1[ty—9,1ty+ 6], 5::min(a,ﬁ), M := sup | f(t,x)].

(t,x)eA

Proof We will prove the existence on the interval [fg, fp + J].
The existence on [fy — §, t] follows by a similar argument.
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Fix € > 0. Since f is uniformly continuous on A, there exists an n(¢) > 0 such
that

If(t,x)— f(s, nl <e,
for any (¢, x), (s, y) € A such that
[t —sl =n), llx—yll =n).

Consider the uniform subdivision fy < t; < -+ < ty¢) = fp + 0, wWhere t; = fo +
jhe,for j =0,..., N(¢), and N(¢) is chosen large enough so that

0 . n(e)
h. = m < min (77(8), 7) . (2.26)

We consider the polygonal line, that is, the piecewise linear function ¢, : [fo, f) +
§] — R"*! defined by

p-(1) = ch,(tj) + - tj)f(t» @g(tj)), tp <t =<ty .27
(pg(to) = Xo. :
Notice that if t € [#y, to + J], then
llp-(t) —xoll < M5 < b.

Thus (¢, . (1)) € A, Vt € [ty, 1o + ], so that equalities (2.27) are consistent. Equa-
lities (2.27) also imply the estimates

e () —@. () < M|t —s|, Vi, x € [to, to + ). (2.28)
In particular, inequality (2.28) shows that the family of functions (¢,).~¢ is uni-
formly bounded and equicontinuous on the interval [#y, t) + d]. Arzela’s theorem (see
Appendix A.3) shows that there exist a continuous function ¢ : [f, tp + ] — R”

and a subsequence (¢, ), €, \ 0, such that

lim . (t) = ¢(t) uniformly on [, 7o + 6]. (2.29)
V—00

We will prove that () is a solution of the Cauchy problem (2.11) and (2.12).
With this goal in mind, we consider the sequence of functions

@) — f(, 1)), t#tY
gy = | PO O O) 030
0, t=t}, j=0,1,...,N(),
where tj’f ,j=0,1,..., N(&,), are the nodes of the subdivision corresponding to ,,.

Equality (2.27) implies that
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. (1) = f(f, 905,/0}/)), Vi elt], 1],
and thus, invoking (2.26), we deduce that
g, I <&y, Vi€ lto, 1o+ 3] (2.31)

On the other hand, the function g.,, though discontinuous, is Riemann integrable
on [fy, ty + d] since its set of discontinuity points, {t}’ }o<j<N(e.), 1s finite. Integrating
both sides of (2.30), we get

<p5y(t)=xo~|-/ f(s,gosy(s))ds+/ g=,(8)ds, Vt €ty to+6]. (2.32)

Iy fo

Since f is continuous on A and . converge uniformly on [z, fp + 6], we have
lim f(s, . (s)) = f(s,¢(s)) uniformly ins € [fo, 1o + 6].
V— 00

Invoking (2.31), we can pass to the limit in (2.32) and we obtain the equality
t
() = xo+ / £ (s, 0(s))ds.
o

In other words, the function ¢(¢) is a solution of the Cauchy problem (2.11) and
(2.12). This completes the proof of Theorem 2.5. [

An alternative proof. Consider a sequence f,: A — R”" of continuously differen-
tiable functions such that

[fe(t,x) = f.@, I < Lellx —yll, ¥V (@, x),(,y) €A, (2.33)
}irr(l) | f-(t,x) — f(t,x)|| =0, uniformly on A. (2.34)

An example of such an approximation f, of f is

3

1 —
fo(tx) = —n/ £t 90 (x—y) dy. ¥ (t.x) € A,
[y: ly—xoll<b] €

where p : R” — R is a differentiable function such that fRn p(x)dx =1, p(x) =
0 for ||x|| > 1.) Then, by Theorem 2.3, the Cauchy problem

dx
I () = f.(t,x(@)), t €ty =10,1+0), (2.35)

x(to) = xo,
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has a unique solution x. on the interval [ty — d, #p + §). By (2.34) and (2.39), it
follows that

d
Haxg(z) <C, Vte[ty—0,tc0+0d], Ye> D0,

where C is independent of €. This implies that the family of functions {x.} is uni-
formly bounded and equicontinuous on [#y — J, fy + d] and so, by Arzela’s theorem,
there is a subsequence {x.,} which is uniformly convergent for {¢,} — 0 to a con-
tinuous function x : [ty — 4, tp + J]. Then, by (2.35), it follows that

x(1) =x0+/ f(s,x(s))ds, Vit el[ty—0,t)+ 0]

and so x is a solution to the Cauchy problem (2.11) and (2.12).

Remark 2.3 (Nonuniqueness in the Cauchy problem) We cannot deduce the unique-
ness of the solution from the above proof since the family (¢.)..o may contain
several uniform convergent subsequences, each with its own limit. In general, assum-
ing only the continuity of f, we cannot expect uniqueness in the Cauchy problem.
One example of nonuniqueness is offered by the Cauchy problem

X =x3, x(0)=0. (2.36)

This equation has an obvious solution x (¢) = 0, V¢. On the other hand, as easily seen,

the function ,
()
- ) t Z 07
pt)=1\3

is also a solution of (2.36).

Remark 2.4 (Numerical approximations) If, in Theorem 2.5, we assume that f =
f(t, x) is Lipschitz in x, then according to Theorem 2.3 the Cauchy problem (2.19)—
(2.20) has a unique solution. Thus, necessarily,

li\rj(l) @.(t) = @(t) uniformly on [ty — &, tp + J], (2.37)
€

because any sequence of the family (¢.).-¢ contains a subsequence that converges
uniformly to (). Thus, the above procedure leads to a numerical approximation
scheme for the solution of the Cauchy problem (2.19)—(2.20), or equivalently (2.11)
and (2.12). If h is fixed, h = £, and

tj:=to+jh, j=0,1,...,N,
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then we compute the approximations of the values of () at the nodes #; using
(2.27), that is,

soj+1=<pj+hf(tj,gaj), j=0,1,...,N—1. (2.38)
The iterative formulae (2.38) are known in numerical analysis as the Euler scheme

and they form the basis of an important class of numerical methods for solving the
Cauchy problem. Equalities (2.38) are also known as difference equations.

2.5 Global Existence and Uniqueness

We consider the system of differential equations described in vector notation by
x'= f(t, x), (2.39)

where the function f : £2 — R” is continuous on the open subset 2 C R"*!. Addi-
tionally, we will assume that f is locally Lipschitz in x on 2, that is, for any compact
set K C £2, there exists an Lg > 0 such that

I f@x)= f@, Il < Lkgllx —yll, V(& x), @y €K. (2.40)
If A, B C R™, then the distance between them is defined by
dist(A, B) =inf{la —b|; ac A, beB}.
Itis useful to remark that, if K is acompact subset of §2, then the distance dist(K, 052)
from K to the boundary 02 of §2 is strictly positive. Indeed, suppose that (x,) is a

sequence in K and (y,) is a sequence in 052 such that

lim ||x, — y, || = dist(K, 0£2). (2.41)
V—>00

Since K is compact, the sequence (x,) is bounded. Using (2.41), we deduce that the
sequence (y,,) is also bounded. The Bolzano—Weierstrass theorem now implies that
there exist subsequences (x,,) and (y,, ) converging to x and respectively y,. Since
both K and 052 are closed, we deduce that xy € K, y, € 02, and

o = yoll = lim llxy, — 3, | = dist(K, 0%2).

Since K N 082 = @, we conclude that dist(K, 0£2) > 0.
Returning to the differential system (2.39), consider (#y, xo) € §2 and a paral-
lelepiped A C §2 of the form
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A=Ay ={@,x)eR" |t—1nl<a, llx—xoll<b}.

(Since £2 is open, A, C §2 if a and b are sufficiently small.)

Applying Theorem 2.3 to system (2.39) restricted to A, we deduce the existence
and uniqueness of a solution x = ¢(¢) satisfying the initial condition ¢ (f)) = x¢
and defined on an interval [t) — 9§, fy + J], where

b
5=min(a,ﬁ), M= sup 0.

(t,x)eA
In other words, we have the following local existence result.

Theorem 2.6 Let 2 C R"*! be an open set and assume that the function f =
f@t,x): 2 — R" is continuous and locally Lipschitz as a function of x. Then for
any (ty, xo) € §2 there exists a unique solution x(t) = x(t; ty, xo) of (2.39) defined
on a neighborhood of ty and satisfying the initial condition

x(t; lo,x0)|,:,0=xo-

‘We must emphasize the local character of the above result. As mentioned earlier
in Remark 2.2, both the existence and the uniqueness of the Cauchy problem take
place in a neighborhood of the initial moment #y. However, we expect the uniqueness
to have a global nature, that is, if two solutions x = x(¢) and y = y(¢) of (2.39) are
equal at a point 7y, then they should coincide on the common interval of existence.
(Their equality on a neighborhood of 7y follows from the local uniqueness result.)

The next theorem, which is known in the literature as the global uniqueness
theorem, states that global uniqueness holds under the assumptions of Theorem 2.6.

Theorem 2.7 Assume that f : 2 — R” satisfies the assumptions in Theorem 2.6.
If x, y are two solutions of (2.39) defined on the open intervals I and J, respectively,
and if x (ty) = y(ty) for some ty € I N J, then x(t) = y(t),Vt € I N J.

Proof Let(t), 1) =1 N J.Wewill prove thatx (¢t) = y(¢),Vt € [y, t,). The equality
to the left of #; is proved in a similar fashion. Let

T :={7¢€lto,); x(t)=y(); Vi€l 1]}

Then 7 # ¢ and we set T := sup 7. We claim that T = 1,.

To prove the claim, we argue by contradiction. Assume that 7 < t,. Then x(¢) =
y(1), Vt € [ty, T], and since x(¢) and y(¢) are both solutions of (2.39), we deduce
from Theorem 2.6 that there exists a € > 0 such that x(¢) = y(¢), Vt € [T, T + €].
This contradicts the maximality of 7 and concludes the proof of the theorem. [

Remark 2.5 If the function f : 2 — R” is of class C*~! on the domain £2, then,
obviously, the local solution of system (2.39) is of class C* on the interval it is
defined. Moreover, if f is real analytic on 2, that is, it is C*°, and the Taylor series
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of f at any point (fy, xg) € £2 converges to f in a neighborhood of that point, then
any solution x of (2.39) is also real analytic.
This follows by direct computation from equations (2.39), and, using the fact that

a real function g = g(xy, ..., Xx,) defined on a domain D of R™ is real analytic if
and only if, for any compact set K C D and any positive integer k, there exists a
positive constant M (k) such that for any multi-index o = («y, ..., Q) € Z’go we
have ol
o f(x

IO | ar(ja)) el Y = (... x) € K.

(9.x, Ce ax,:
where

lal i=ap + -+, al =l a!

A solution x = () of (2.39) defined on the interval I = [a, b] is called
extendible if there exists a solution 1 (¢) of (2.39) defined on an interval J 2 [
such that ¢p = 1) on 1. The solution ¢ is called right-extendible if there exists b’ > b
and a solution %) of (2.39), defined on [a, b'], such that ¢» = ¢ on [a, b]. The notion
of left-extendible solutions is defined analogously. A solution that is not extendible is
called saturated. In other words, a solution ¢ defined on an interval [ is saturated if
I is its maximal domain of existence. Similarly, a solution that is not right-extendible
(respectively left-extendible) is called right-saturated (respectively left-saturated).

Theorem 2.6 implies that a maximal interval on which a saturated solution is
defined must be an open interval. If a solution ¢ is right-saturated, then the interval
on which it is defined is open on the right. Similarly, if a solution ¢ is left-saturated,
then the interval on which it is defined is open on the left.

Indeed, if ¢ : [a, b) — R" is a solution of (2.39) defined on an interval that is not
open on the left, then Theorem 2.6 implies that there exists a solution () defined
on an interval [a — §, a + ¢] satisfying the initial condition @ (a) = (a). The local
uniqueness theorem implies that = ¢ on [a, a 4 §] and thus the function

_ e, tela b,
Pl = {470(0, tela—o,al,

isasolutionof (2.39) on[a — d, b) thatextends ¢, showing that ¢ is not left-saturated.
As an illustration, consider the ODE

X =x241,
with the initial condition x (zy) = x¢. This is a separable ODE and we find that
x(t) = tan(7 — 1o + arctan xo ).

It follows that, on the right, the maximal existence interval is

[to, to + % — arctan xg), while on the left, the maximal existence interval is (fy — % —
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arctan xg, fo]. Thus, the saturated solution 1is defined on the interval
(to — 5 — arctan xo, fp + 5 — arctan xo).

Our next result characterizes the right-saturated solutions. In the remainder of
this section, we will assume that 2 C R**! is an open subsetand f : 2 — R"isa

continuous map that is also locally Lipschitz in the variable x € R".
Theorem 2.8 Let ¢ : [fy, ;) — R" be a solution to system (2.39). Then the follow-
ing are equivalent.

(1) The solution  is right-extendible.
(i) The graph of ¢,

r={@ o) telon)}

is contained in a compact subset of 2.

Proof (i) = (ii). Assume that ¢ is right-extendible. Thus, there exists a solution
(1) of (2.39) defined on an interval [#y, t; + J), § > 0, and such that

PY(t) = (), Vtelh, ).

In particular, it follows that I" is contained in I, the graph of the restriction of ¥ to
[#o, t;]. Now, observe that I" is a compact subset of §2 because it is the image of the
compact interval [fy, #;] via the continuous map ¢ — (¢, ¥ (1)).

(ii) = (i) Assume that I C K, where K is a compact subset of £2. We will prove that
() can be extended to a solution of (2.39) on an interval of the form [z, t; 4 J],
for some § > 0.

Since ¢ (¢) is a solution, we have

(1) =<p(to)+/ f(s.@(s))ds, Vi€l ).

to

We deduce that

o) — )| < < Mglt —1'|, Vit €1, 1),

[ 1G5 0) Jas

where Mg := sup; yyex | f (s, x)||. Cauchy’s characterization of convergence now
shows that ¢(¢) has a (finite) limit as ¢ 7 #; and we set

p(h) = ,h}ﬂ ().

We have thus extended ¢ to a continuous function on [#, #;] that we continue to
denote by ¢. The continuity of f implies that

@0 = 0) = lim (1) = lim f(1. 0(0) = [l o). (242)
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On the other hand, according to Theorem 2.6, there exists a solution v/ (¢) of (2.39)
defined on an interval [t; — §, t; + ¢] and satisfying the initial condition ¥ (#;) =
(). Consider the function

B(t) = @), telh nl,
P(t), te(t,t+0]

Obviously,

Pt +0) =9 (1) = ft. 1) = [t 0t) 2 @t - 0).

This proves that  is C!, and satisfies the differential equation (2.39). Clearly, @
extends ¢ to the right. (]

The next result shows that any solution can be extended to a saturated solution.

Theorem 2.9 Any solution ¢ of (2.39) admits a unique extension to a saturated
solution.

Proof The uniqueness is a consequence of Theorem 2.7 on global uniqueness. To
prove the extendibility to a saturated solution, we will limit ourselves to proving the
extendibility to a right-saturated solution.

We denote by A the set of all solutions %) of (2.39) that extend ¢ to the right. The
set A is totally ordered by the inclusion of the domains of definition of the solutions
1) and, as such, the set A has an upper bound, @. This is a right-saturated solution
of (2.39). (]

We will next investigate the behavior of the saturated solutions of (2.39) in a
neighborhood of the boundary 02 of the domain £2 where (2.39) is defined. For
simplicity, we only discuss the case of right-saturated solutions. The case of left-
saturated solutions is identical.

Theorem 2.10 Let () be a right-saturated solution of (2.39) defined on the interval
[to, T). Then any limit pointast /7 T of the graph

r={@e0); n=<t<T}

is either the point at infinity of R**', or a point on 02.

Proof The theorem states that, if (7,) is a sequence in [fy, T') such that the limit
lim,_, oo (7, (7)) exists, then
(1) either T = o0,
(i) orT < 00,lim,_, [[¢(T,)[ = oo,
(iii) orT < oo, x* =lim,_, o ¢(7,) € R"and (T, x*) € 952.
We argue by contradiction. Assume that all three options are violated. Since (i), (ii)
do not hold, we deduce that T < oo and that the limit lim,_, o, ¢(7,,) exists and is
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Fig. 2.1 The behavior of a

right-saturated solution T A

\/

a point x* € R”. Since (iii) is also violated, we deduce that (T, x*) € §2. Thus, for
r > 0 sufficiently small, the closed ball

S={@.x)eR"™; 1 -T|<r, |Ix—x*|=<r}

is contained in §2; see Fig.2.1.
If n := dist(S, 0£2) > 0, we deduce that for any (so, y,) € S the parallelepiped

.
a={exneR™ i—wl =3 lk-yl=7) @)
is contained in the compact subset of 2,

K ={@xer: |t—T|5r+g, IIx—x*||§r+g}.

(See Fig.2.1.) We set

0= min[ﬂ, T },

M := sup | f( x)l.

(t,x)ekK

Appealing to the existence and uniqueness theorem (Theorem 2.3), where A is
defined in (2.43), it follows that, for any (so, y,) € S, there exists a unique solu-
tion y, (@) of (2.39) defined on the interval [so — 6, s0 + 0] and satisfying the
initial condition ¥ (sp) = y,.

Fix v sufficiently large so that

0
(7, (1)) € § and |7, = T| = 5,

and define y, := p(7,),
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~ p(1), Ip <1 =T,
p(t) =
Yoy, O, T, <t =T, +0.

Then @(¢) is a solution of (2.39) defined on the interval [ty, 7, + d]. This inter-
val strictly contains the interval [y, T] and @ = ¢ on [ty, T). This contradicts our
assumption that ¢ is a right-saturated solution, and completes the proof of Theorem
2.10. |

Theorem 2.11 Let 2 =R"! and (t) be a right-saturated solution of (2.39)
defined on [0, T). Then only the following two options are possible:

(i) either T = oo,

(i) orT < ooand lim; »7 [(2)]| = oo.

Proof From Theorem 2.10 it follows that any limit point as /' T on the graph I
of ¢ is the point at infinity. If 7 < oo, then necessarily

li = 0. O
tlfrr; @)l = oo

Theorems 2.10 and 2.11 are useful in determining the maximal existence interval
of asolution. Loosely speaking, Theorem 2.11 states that a solution ¢ is either defined
on the whole positive semi-axis, or it “blows up” in finite time. This phenomenon is
commonly referred to as the finite-time blowup phenomenon.

To illustrate Theorem 2.11, we depict in Fig. 2.2 the graph of the saturated solution
of the Cauchy problem

X =x*=1, x(0)=2.

Its maximal existence interval on the rightis [0, T), T = %log 3.
In the following examples, we describe other applications of these theorems.

Example 2.1 Consider the scalar ODE

x' = f(x), (2.44)

Fig. 2.2 A finite-time x A
blowup

g

4
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where f : R" — R" is locally Lipschitz and satisfies
(x, f(x) <mlxll; +72, Vx €R", (2.45)

where v, 72 € R. (Here (—, —) is the Euclidean scalar product on R"” and || — || is
the Euclidean norm.) According to the existence and uniqueness theorem, for any
(to, Xo) € R? there exists a unique solution p(t) = x(¢; 1o, xo) of (2.44) satisfying
p(ty) = x¢ and defined on a maximal interval [#y, 7). We want to prove that under
the above assumptions we have 7' = oo.

To show this, we multiply scalarly both sides of (2.44) by ¢(¢). Using (2.45), we
deduce that

1d
Eallw(t)llﬁ = (1), ¢’ 1) = (f (@), o) < NleDOIIZ + 72, V1 € [t0, T),

and, therefore,

t
le@Ilz < le)llz +m / le()llz ds + T, Vi €[t T).
0
Then, by Gronwall’s lemma (Lemma 1.1), we get

@12 < (leto)llZ +7T)exp(nT), Vite©,T).

Thus, the solution ¢(¢) is bounded, and so there is no blowup, T = oo.
It should be noted that, in particular, condition (2.45) holds if f is globally Lip-
schitz on R”.

Example 2.2 Consider the Riccati equation
xX'=a(t)x +b(t)x* + c(1), (2.46)

where a, b, ¢ : [0, 00) — R are continuous functions. We associate with (2.46) the
Cauchy condition
x(to) = Xo, (2.47)

where #, = 0. We will prove the following result.

If xo > 0 and
bt) <0, c(@) =0, Vi =0,

then the Cauchy problem (2.46)—(2.47) admits a unique solution x = @(t) defined
on the semi-axis [ty, 00). Moreover, (t) > 0, Vt > tg.

We begin by proving the result under the stronger assumption

c(t) >0, Vit >0.
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Let ¢(¢) denote the right-saturated solution of (2.46) and (2.47). It is defined on a
maximal interval [fy, 7). We will first prove that

p(t) >0, Vteln,T). (2.48)

Note that, if xo = 0, then ¢'(ty) = c(tp) > 0, so p(¢) > 0 for ¢ in a small interval
[to, to + 0], 6 > 0. This reduces the problem to the case when the initial condi-
tion is positive. Assume, therefore, that xo > 0. There exists a maximal interval
[0, T1) C [to, T) on which (t) is nonnegative. Clearly, either 7\ = T, or T} < T
and ¢(T)) = 0. If T} < T, then arguing as above we can extend ¢ past 7 while
keeping it nonnegative. This contradicts the maximality of 7}, thus proving (2.48).

To prove that T = oo, we will rely on Theorem 2.11 and we will show that ()
cannot blow up in finite time. Using the equality

¢ (1) = a()p(t) + b(O)p) +c(t), Vi €lt,T)

and the inequalities b(7) < 0, ¢(¢) > 0, we deduce that

lp] = ¢(1) < ¢(t0) +/ C(S)ds+/ la(s)] [p(s)lds.

fo Iy

=:4(1)

We can invoke Gronwall’s lemma to conclude that
t t
o] < B() + / B(s)lats)] exp ( / |a<r>|dr) ds.
to N

The function in the right-hand-side of the above inequality is continuous on [#y, 00),
showing that ((¢) cannot blow up in finite time. Hence 7' = co.
To deal with the general case, when c(#) > 0, Vr > 0, we consider the equation

x'=a(t)x +b(0)x* +c(t) +e, (2.49)
where € > 0. According to the results proven so far, this equation has a unique
solution x.(¢; fy, xo) satisfying (2.47) and defined on [7, 00).

Denote by x(#; fy, xo) the right-saturated solution of (2.46) and (2.47), defined on

a maximal interval [#y, T). According to the forthcoming Theorem 2.15, we have

lir%xg(t; fo, X0) = x(t; ty, X0), Vt € [to, T).
eN

We conclude that x (¢; 7o, xo) > 0, V¢ € [ty, T'). Using Gronwall’s lemma as before,
we deduce that x (¢; ty, xo) cannot blow up in finite time, and thus 7 = oo.
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Example 2.3 Let A be areal n x n matrix and Q, X be two real symmetric, non-
negative definite n x n matrices. We recall that a symmetric n x n matrix S is called
nonnegative definite if

(Sv,v) >0, VveR",

where (—, —) denotes the canonical scalar product on R”. The symmetric matrix S
is called positive definite if

(Sv,v) > 0, Yo eR"\{0}.

We denote by A* the adjoint (transpose) of S and we consider the matrix differential
equation
X'()+A X))+ XA+ X1)* =0, (2.50)

together with the initial condition
X (t0) = Xo. (2.51)
By a solution of Eq. (2.50), we understand a matrix-valued map

X:I—>R", t— X)) = (x,-j(t))lﬁ’jgn
of class C' that satisfies (2.50) everywhere on I. Thus (2.50) is a system of ODEs
involving n? unknown functions. Whenn = 1, Eq. (2.50) reduces to (2.46). Equation
(2.50) is called the matrix-valued Riccati type equation and it plays an important role
in the theory of control systems with quadratic cost functions. In such problems, one
is interested in finding global solutions X (¢) of (2.50) such that X (7) is symmetric
and nonnegative definite for any 7. (See Eq. (5.114).)

Theorem 2.12 Under the above assumptions, the Cauchy problem (2.50) and (2.51)
admits a unique solution X = X (t) defined on the semi-axis [ty, 00). Moreover, X (t)
is symmetric and nonnegative definite for any t > t.

Proof From Theorem 2.3, we deduce the existence and uniqueness of a right-
saturated solution of this Cauchy problem defined on a maximal interval [#y, T).
Taking the adjoints of both sides of (2.50) and using the fact that X, and Q are sym-
metric matrices, we deduce that X*(¢) is also a solution of the same Cauchy problem
(2.50) and (2.51). This proves that X (t) = X*(¢), that is, X (¢) is symmetric for any
teft,T).

Let us prove that
(i) the matrix X (¢) is also nonnegative definite for any ¢z € [ty, T), and
(i) T = oo.

We distinguish two cases.

1. The matrix Q is positive definite. Recall that X (fy) = X is nonnegative definite.
We set
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T :=sup{r € [tr, T); X(t) =0, Vi€t 7}
We have to prove that 7" = T. If T’ < T, then X(T’) is nonnegative definite and

there exist sequences (#;) in (7', T) and (v;) in R" with the following properties

o limy oty = T'.

o |vglle =1, (X(tk)vk, v ) < 0, Vk, where || — || is the standard Euclidean norm
on R”.

e Jv* € R” such that v* = limy_, o vy, X(T)v* =0.

For each v € R", we define the functions
o, Yo ilto, T) > R, @u(t) = (X(Dv,v), () = (X(0)v, Av).

Since X () is symmetric, from (2.50) we see that o, (¢) satisfies the ODE

@(t) = =2, (1) — I X ()]l + (Qv, v). (2.52)

Moreover, we have
(Pv*(T/) = %*(T/) = 05

and
@ (T = (Qv*, v*) > 0. (2.53)

Using the mean value theorem, we deduce that for any k there exists an
s¢ € (T, t) such that

, ou, (1) — pu (T")
Pulo) = =5

We note that, by definition of 77, ¢, (T") > 0. Since ¢, (x) < 0, we deduce that
@, (s¢) > 0. Observing that

Jim i, (1) = lim (X'(s)vg, 06 ) = (X' (T)0", v*) = . (T),
we deduce that ¢/, (T") < 0.
This contradicts (2.53) and proves that X () > 0, Vt € [to, T).

According to Theorem 2.11, to prove that T = oo it suffices to show that for any
v € R” there exists a continuous function f; : [#p, 00) — R such that

(1) = f(1), Vreln,T).
Fix v € R". Using the Cauchy—Schwarz inequality (Lemma A.4),

[ = | (X(@)v, Av) | < [ X (D]l - [|Av] .
———— — —

=:y(1) =:Cy
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Using this in (2.52), we get
(1) = 2Cugu(1) = (95(1)* + (Qv, D)
and, therefore,
©o(1) = fo(t) := @u(to) + (1 — 1) (Qv, v)

+ [ (20un0) — (0,07,

4]

(2.54)

Vt € [ty, T). This proves that T = oo.

2. The matrix Q is only nonnegative definite. For any ¢ > 0, we set Q. := Q +
el,, where 1,, denotes the identity n x n matrix. Denote by X.(¢) the right-saturated
solution of the Cauchy problem

X' () + A X))+ XA+ X1 = Q.. X.(to) = Xo.

According to the previous considerations, X.(¢) is defined on [#, co) and it is non-
negative definite on this interval. Moreover, forany v € R”,any ¢ > Qand any ¢ > ¢,
we have .
(XD, v) < f7 (1) == (Xov, v) + (1 — 10)(Qv, )
t
[ (eso - a6r)ds s
o
Gp(@) = | X (@) v]le.
From Theorem 2.15, we deduce that

lim X.(¢) = X(¢), Vtelt,T).
e\0

If we now let ¢ — 01in (2.55), we deduce that
(XD, v) < fut) Vi€ lh, T),

where f, () is defined in (2.54). This implies that 7 = co. (Il

Example 2.4 (Dissipative systems of ODEs) As a final application, we consider
dissipative, autonomous differential systems, that is, systems of ordinary differential
equations of the form

x'= f(x), (2.56)

where f : R" — R” is a continuous map satisfying the dissipativity condition

(f@) — f(), x—y) <0, Vx,yeR", 2.57)
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where, as usual, (—, —) denotes the canonical Euclidean scalar product on R". We
associate with (2.56) the initial condition

x(ty) = xo, (2.58)

where (9, X¢) is a given point in R"*!,

Mathematical models of a large class of physical phenomena, such as diffusion,
lead to dissipative differential systems. In the case n = 1, the monotonicity condi-
tion (2.57) is equivalent to the requirement that f be monotonically nonincreasing.
For dissipative systems, we have the following interesting existence and uniqueness
result.

Theorem 2.13 If the continuous map f :R" — R" is dissipative, then for any
(to, x0) € R"*! the Cauchy problem (2.56) and (2.57) admits a unique solution
x = x(t; ty, xXo) defined on [ty, 00). Moreover, the map

S:[0,00) x R" — R", (t,x0) — S(t)xo :=x(t; 0, xp),

satisfies the following properties.

SO0)xg =x9, Vxp € Rn, (2.59)
S(t 4+ $)x0 = S(1)S(s)x0, Vxo€R", 1,5 >0, (2.60)
IS(1)x0 — SO Yolle < X0 — polles V=0, xo,yy € R". (2.61)

Proof According to Peano’s theorem, for any (7y, xo) € R” there exists a solution
x = (t) to the Cauchy problem (2.56) and (2.57) defined on a maximal interval
[0, T). To prove its uniqueness, we argue by contradiction and assume that this
Cauchy problem admits another solution x = @(¢). On their common domain of
existence [7y, t1), the functions ¢ and ¢ satisfy the differential system

(e)—2®) = fle®) = f(PW)). (2.62)

Taking the scalar product of both sides of (2.62) with ¢(t) — p(¢), we get

1d ~ 2 Lemma A.6 = ’ =~
3ale0 =0 (w0 -20). e -0)
- - (2.57)
= (f(@®))— f(B®), @) —p(t)) =< 0, V€t t).
Thus
) — DIz < llpte) — @to)llg, VYt € [to, t1). (2.64)

This proves that ¢o = @ on [, t1) since @(ty) = (ty).
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To prove that ¢ is defined on the entire semi-axis [#y, 0c0) we first prove that it is
bounded on [#y, T'). To achieve this, we take the scalar product of

P = flp@®)
with ¢(#) and we deduce that

1d -

57 lP®Ie = (f (@), ¢()
= (f(p®) — £0), (1)) + (£(0), p())
2N Ole - loDlle. V1 € [0, T).

Integrating this inequality on [#, ] and setting u(¢) := || (#)]le; C = || f(0)|le, We
deduce that | | .
Eu(z)2 < E||x0||§ +C/ u(s)ds, Vt € lt, T).

fo

From Proposition 1.2 we deduce that

le@lle = u(®) < llxolle + 1.f O)le(r —10), V1 € [1o, T). (2.65)

Since we have not assumed that the function f is locally Lipschitz, we cannot
invoke Theorems 2.10 or 2.11 directly. However, inequality (2.65) implies in a similar
fashion the equality 7 = oo. Here are the details.

We argue by contradiction and we assume that 7 < oo. Inequality (2.65) implies
that there exists an increasing sequence (#;) and v € R” such that

lim# =7, lim (%) =v.
k—o00 k—o00

According to the facts established so far, there exists a solution 1) of (2.56) defined
on [T — §, T + 9] and satisfying the initial condition ¥ (7T") = v.
On the interval [T — §, T') we have

P =) = fle@®) = f(P@)).

Taking the scalar product of this equality with ¢ () — 1) () and using the dissipativity
condition (2.57), we deduce as before that

1d

— 2 J—
2dtllcp(t) YOl <0, VeelT -46,T).

Hence
o) —p@le < ) —Yllz, Vi e [T — 3, ].
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Since limy_ o ||o(tr) — Y (t)]le = 0, we conclude that ¢ = on [T — 6, T). In
other words, 1 is a proper extension of the solution ¢. This contradicts the maximality
of the interval [#y, T'). Thus T = oo.

To prove (2.60), we observe that both functions

Y1(1) =S +5)xo and y,(r) = S()S(s)xo

satisfy equations (2.56) and have identical values at ¢ = 0. The uniqueness of the
Cauchy problems for (2.56) now implies that y, () = y,(¢), Vt > 0.
Inequality (2.61) now follows from (2.64) where @(1) = x(z; 0, y,). ([l

Remark 2.6 A family of maps S(¢) : R" — R”, r > 0, satisfying (2.59), (2.60),
(2.61) is called a continuous semigroup of contractions on the space R". The function
f :R" = R" is called the generator of the semigroups S(t).

2.6 Continuous Dependence on Initial Conditions
and Parameters

We now return to the differential system (2.39) defined on the open subset £2 C R**!,
We will assume as in the previous section that the function f : 2 — R”" is continuous
in the variables (¢, x), and locally Lipschitz in the variable x. Theorem 2.6 shows
that for any (#y, xo) € §2 there exists a unique solution x = x(¢; fy, xo) of system
(2.39) that satisfies the initial condition x (ty) = x¢. The solution x (¢; 9, Xo), which
we will assume to be saturated, is defined on an interval typically dependent on the
point (9, x¢). For simplicity, we will assume the initial moment 7, to be fixed.

It is reasonable to expect that, as v varies in a neighborhood of x, the correspon-
ding solution x (¢; ty, v) will not stray too far from the solution x (¢; #o, x¢). The next
theorem confirms that this is the case, in a rather precise form. To state this result,
let us denote by B(x, n7) the ball of center x( and radius 7 in R", that is,

B(xo,m) :={veR" [v—xoll <n}

Theorem 2.14 (Continuous dependence on initial data) Let [ty, T') be the maximal
interval of existence on the right of the solutions x(t; ty, xo) of (2.39). Then, for
any T' € [ty, T), there exists an ) = n(T’) > 0 such that, for any v € S(x, 1), the
solution x (t; ty, v) is defined on the interval [ty, T']. Moreover, the correspondence

B(xo,m) 3 v > x(1; 1o, v) € C([to, T'; R")

is a continuous map from the ball S(x, n) to the space C ([to, T']; R" ) of continuous
maps from [ty, T'] to R". In other words, for any sequence (v;) in B(xq, n) that
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Fig. 2.3 Isolating a compact A
portion of an integral curve

convergestov € B(xg, n), the sequence of functions x (t; ty, vi) converges uniformly
on [ty, T'] to x(t; to, v).

Proof Fix T’ € [tg, T). The restriction to [y, T'] of x(¢; to, Xo) is continuous and,
therefore, the graph of this restriction is compact. We can find an open set £2” whose
closure £2’ is compact and contained in £2 and such that

{(t.x(t:10,x0)); to <t <T'} C 2/, dist(22,082) =:6 > 0. (2.66)

We denote by K the compact subset of §2 defined by (see Fig.2.3)

K = {(t,x) e 2. dist((1,x), Q') < g } (2.67)

For any (fy, v) € £2/, there exists a maximal T e (to, T'] such that the solution
x(t; ty, v) exists for all 1 € [19, T] and {(t x(t;t9,0)); tHh <t < T} C K. On the
interval [ty, T'], we have the equality

x(t; ty, Xo) — x(t; 1y, v) = / (f(s,x(s; f0,x0)) — f (s, x (s to, v)))ds

to

Because the graphs of x(s; fy, X¢) and x(s; #, v) over [#y, T'] are contained in the
compact set K, the locally Lipschitz assumption implies that there exists a constant
Lk > 0 such that

t
|x(: 10, x0) — x(t: 10, ©) | < llxo — v]| +L1</ | x(s; 0, x0) — x(s5 19, v) | ds.
o

Gronwall’s lemma now implies
| (t: 10, x0) — x(t: 19, v) || < ¥ |xg — v|l, Vi € [ty, T]. (2.68)

We can now prove that, given T € [t, T), there exists an 7 = n(T") > 0 such that,
for any v € B(x¢, 1),
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(a) the solution x (¢; ty, v) is defined on [#y, T’], and
(b) the graph of this solution is contained in K.

We argue by contradiction. We can find a sequence (v;) ;> in R" such that

o [[xo—v;| < %, Vj >1,and

e the maximal closed interval [1o, 7], with the property that the graph of x (¢; 19, v;)
is contained in K, is a subinterval of the half-open interval [ty, T").

Using (2.68), we deduce that

elx =)
x5 10, x0) = x(t5 10, v)) || < , Vo<t <Tj. (2.69)
Thus, if
Selx=10)
. delxtmm
J = 4 )

then the distance between the graph of x(¢; 9, v;) and the graph of x (¢; #, xo) over

[t0, Tjlis < %. Conditions (2.66) and (2.67) imply that

IR

dist((r, x (13 10, v;)), OK) > 7. Vit € [10, T;].

We conclude that the function x (¢; o, v;) can be extended slightly to the right of 7;
as a solution of (2.39) so that its graph continues to be inside K. This violates the
maximality of 7;. This proves the existence of 7(T") with the postulated properties
(a) and (b) above.

Consider now two solutions x(¢; ty, u), x(t; ty, v), where u, v € B(xo, n(T’)).
For t € [ty, T'], we have

x(t:to,u) —x(t;tg, V) =u —v +/ (f(s, x(s;t0,w)) — f (s, x(s: 0, v)))ds.

Using the local Lipschitz condition, we deduce as before that

t
lx(t; 10, u) — x(5 to, V)| < flu — vl + Lk/ llx (s: 2o, w) — x(s3 tg, v)||ds
1

' (2.70)

and, invoking Gronwall’s lemma again, we obtain
(25 10, w) — x (25 10, V)| < "< |uw — v||, V¥t € [10, T. 2.71)
The last inequality proves the continuity of the mapping v + x(t; #, v) on the ball
B(x¢, n(T’)). This completes the proof of Theorem 2.14. [l

Let us now consider the special case when system (2.39) is autonomous, that is,
the map f is independent of 7.
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More precisely, we assume that f : R” — R” is a locally Lipschitz function. One
should think of f as a vector field on R”".
For any y € R", we set
SHu :=x(t;0,u),

where x (¢; 0, u) is the unique saturated solution of the system
x'= fx), (2.72)
satisfying the initial condition x (0) = u. Theorem 2.14 shows that for any xo € R”
there exists a 7 > 0 and a neighborhood Uy = B(x(, 1) of x( such that S(¢)u is well
defined for any u € Uy and any |¢t| < T. Moreover, the resulting maps
Uysur> Su ¢ R"
are continuous for any |¢| < T. From the local existence and uniqueness theorem,

we deduce that the family of maps S(¢) : Uy — R"*, —T <t < T, has the following
properties

SO)u =u, Vu € Uy, (2.73)
St +s)u=St)S)u, Vs, t € [-T, T] (2.74)
such that |t +s| < T, S(s)u € Uy, ’
lirré Stu =u, Yu € U. (2.75)
—

The family of applications {S(#)};j<r is called the local flow or the continuous local
one-parameter group generated by the vector field f : R” — R”.From the definition
of S(t), we deduce that

1
fu) = }%?(S(t)u — u), Yu € Uy. (2.76)

Consider now the differential system
x'=f@t,x, ), e ACR", (2.77)

where f : 2 x A — R"is a continuous function, £2 is an open subset of R**!, and
A is an open subset of R"”. Additionally, we will assume that f is locally Lipschitz
in (x, A) on £2 x A.In other words, for any compact sets K; C £2 and K, C A there
exists a positive constant L such that

If @ x, N — @y, wll < L(Ix = yll + 1A = pll),

(2.78)
V(t,x)a(ta)’)EKl, AaMEKZ-
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Above, we denoted by the same symbol the norms || — || on R™ and R".

For any (79, xo) € £2, and )\ € A, the system (2.77) admits a unique solution
x = x(t; ty, X9, A) satisfying the initial condition x (fp) = x(. Loosely speaking, our
next result states that the correspondence A — x(—; fy, Xo, A) is continuous.

Theorem 2.15 (Continuous dependence on parameters) Fix a point (ty, Xo, Ag) €
2 x A. Let [ty, T) be the maximal interval of existence on the right of the solution
x(t; tg, X0, Xo). Then, for any T' € [to, T), there exists an n = n(T’) > 0 such that
forany A € B(\g, ) the solution x (t; ty, Xg, A\) is defined on [ty, T']. Moreover, the
application

B()\o, n) > A x(—; 19, X0, A\) € C([to, T/], Rn)

is continuous.
Proof The above result is a special case of Theorem 2.14 on the continuous depen-
dence on initial data.
Indeed, if we denote by z the (n + m)-dimensional vector (x, \) € R"*™ and we
define
Fi2xA—-R*™ f,x, )= (f(tx,M1,0)eR" xR",
then system (2.77) can be rewritten as
() = f(t.20), (2.79)
while the initial condition becomes
z(t) = zo := (X0, A). (2.80)
We have thus reduced the problem to investigating the dependence of the solutions

z(t) of (2.79) on the initial data. Our assumptions on f show that } satisfies the
assumptions of Theorem 2.14. (]

2.7 Differential Inclusions

One of the possible extensions of the concept of a differential equation is to consider
instead of the function f : £2 C R s R” a set-valued, or multi-valued map

F:2 — 2%,

where we recall that for any set S we denote by 25 the collection of its subsets. In
this case, system (2.39) becomes a differential inclusion

x'(t) € Ft,x(1)), t € 1, (2.81)
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to which we associate the initial condition

x(tg) = xo. (2.82)
In general, we cannot expect the existence of a continuously differentiable solution

of the Cauchy problem (2.81) and (2.82). Consider, for example, the differential
inclusion

X' € Signx, (2.83)
where Sign : R — 2" is given by
-1, x <0,
Sign(x) =1[—1,1], x =0,
1, x > 0.

Note that, if x; > 0, then the function

t—1to+xo, t=—x0+ 1o,
x(t) =
0, r < —Xxo+ 1y,

is the unique solution of (2.83) on R\ {fy — xo}. However, it is not a C'-function
since its derivative has a discontinuity at ty — xo. Thus, the above function is not a
solution in the sense we have adopted so far.

This simple example suggests the need to extend the concept of solution.

Definition 2.1 The function x : [#y, T] — R” is called a Carathéodory solution of
the differential inclusion (2.81) if the following hold.

(i) The function x () is absolutely continuous on [z, T].
(i) There exists a negligible set N C [fo, T'] such that, for any 7 € [to, T] \ N, the
function x(¢) is differentiable at ¢t and x'(¢) € F (¢, x(¢)).

According to Lebesgue’s theorem (see e.g. [12, Sect. 33]), an absolutely conti-
nuous function x : [ty, T] — R” is almost everywhere differentiable on the interval
[to, T].

Differential inclusions naturally appear in the modern theory of variational cal-
culus and of control systems. An important source of differential inclusion is repre-
sented by differential equations with a discontinuous right-hand side. More precisely,
if f = f(¢, x) is discontinuous in x, then the Cauchy problem (2.1) does not have
a Carathéodory solution, but this might happen if we extend f to a multi-valued
mapping (¢, x) — F (¢, x). (This happens for Eq. (2.83), where the discontinuous
function \i_l was extended to Sign x.) In this section, we will investigate a special
class of differential inclusions known as evolution variational inequalities. They were
introduced in mathematics, in a more general context, by G. Stampacchia (1922—
1978) and J.L. Lions (1928-2001). To state and solve such problems, we need to
make a brief digression into (finite-dimensional) convex analysis.
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Recall that a subset C C R”" is convex if
1-tx+tyeC, Vx,yeC, Vte|0,1].

Geometrically, this means that for any two points in C the line segment connecting
them is entirely contained in C. Given a closed convex set C C R" and xy € C, we
set

Nc(xg) := {w eR"; (w,y—x9) <0, VyeC } (2.84)

The set N¢c(xg) is a closed convex cone called the (outer) normal cone of C at the
point x( € C. We extend N¢ to a multi-valued map N¢ : R — 2R by setting

Nc(x) =0, Vx e R"\ C.

Example 2.5 (a) If C is a convex domain in R"” with smooth boundary and x is a
point on the boundary, then N¢(x() is the cone spanned by the unit outer normal to
OC at x. If x is in the interior of C, then N¢(x() = {0}.

(b) If C C R” is a vector subspace, then for any x € C we have N¢(x) = C L, the
orthogonal complement of C in R".

To any closed convex set C C R” there corresponds a projection
Pc:R'"—= C

that associates to each x € R” the pointin C closest to x with respect to the Euclidean
distance. The next result makes this precise.

Lemma 2.1 Let C be a closed convex subset of R". Then the following hold.
(a) For any x € R" there exists a unique point y € C such that

lx — ylle = dist(x, C) := inf ||[x — z]|. (2.85)
zeC

We denote by Pc(x) this unique point in C, and we will refer to the resulting map
Pc : R" — C as the orthogonal projection onto C.

(b) The map Pc : R" — C satisfies the following properties:

X — Pcx € N¢ (ch), that is,

(2.86)
(x — Pcx,y— Pcx) <0, Vx eR", yeC.

[Pcx — Pezlle < [lx — ylle, Vx,z €R" (2.87)

Proof (a) There exists a sequence (y,) in C such that

1
dist(x, C) < ||lx — y,|le < dist(x, C) + —. (2.88)
12
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The sequence (y,) is obviously bounded and thus it has a convergent subsequence
(y,,)- Its limit y is a point in C since C is closed. Moreover, inequalities (2.88) imply
that

x — ylle = dist(x, C).

This completes the proof of the existence part of (a).
Let us prove the uniqueness statement. Let y,, y, € C such that

X = yille = lIx — y,lle = dist(x, C).

Since C is convex, we deduce that
1
Yo i= 5()’1 +y2) € C.

From the triangle inequality we deduce that

dist(x, C) < [lx — yplle

1
= 5 (Ix = 31l + 11x = yale)
= dist(x, C).
Hence
I = yolle = 1% = yille = ¥ = yalle = dist(x, C). (2:89)

One the other hand, we have the parallelogram identity

!
= (112 +1212). vy.ze R

e

B
oo

! +
z(y 2)

If in the above equality welety = x — y,,z2 = x — y,, then we conclude from (2.89)
that

Iy, — y2l2 =0.

This completes the proof of the uniqueness.
(b) To prove (2.86), we start with the defining inequality

2 2
lx — Pexll; < llx —ylI°, VyeC.
Consider now the function

fy 10,11 =R, fy () = lx — y,II> — llx — Pcx|lZ,



62 2 Existence and Uniqueness for the Cauchy Problem

where
yi={0—=1t)Pcx +1ty= Pc(x)+1(y — Pcx).

We have fy(t) > 0,Vt > 0 and f,(0) = 0. Thus
f,(0) > 0.
Observing that

fy(®) = |l(x = Pcx) — t(y — Pcx)|l; — llx — Pcx|;
2
=t*|y — Pex|e —2t(x — Pcx, y — Pcx),

we deduce that
f30)=—=2(x — Pcx, y— Pcx) 20, VyeC.

This proves (2.86).
To prove (2.87), let z € R" and set

u:=x— Pex, v:i=z— Pcz, w:= Pcz— Pcx.
From (2.86) we deduce that
u € Nc(Pcx), v e Ne(Pcz),
so that (u, w) < 0 < (v, w) and thus
(w,u —w) <0. (2.90)
On the other hand, we have x — z = u — w — v, so that

2 2
lx —zllg = I(u —v) — w|
2 2
= [wllg + llu — vl —2(w, u — w)
(2.90) 5
> Jwll
2
= | Pex - ez
O

Suppose that K is a closed convex subset of R”. Fix real numbers 7y < T, a
continuous function g : [fo, T] — R”" and a (globally) Lipschitz map f : R" — R".
We want to investigate the differential inclusion
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x'(t) € f(x()) +g@t) — Nx(x(0)), ae. t € (1, T)

291
x(t9) = xp. ( )

This differential inclusion can be rewritten as an evolution variational inequality
x(t)e K, Vtel0,T], (2.92)
(x’(t) — f(x(t)) —gt),y— x(t)) >0, ae.t € (), T), VyeK, (2.93)
x(ty) = xo. (2.94)

Theorem 2.16 Suppose that xo € K and g : [ty, T] — R" is a continuously diffe-
rentiable function. Then the initial value problem (2.91) admits a unique Carathéodory
solution x : [ty, T] — R". Moreover,

X' (1) = fx(0)+g(t) — Pyeway(f (x (@) +g(1)), ae t € (1o, T). (2.95)

Proof For simplicity, we denote by P the orthogonal projection Pk onto K defined
in Lemma 2.1. Define the map

I':R" - R", I'x=Px—x.

Note that —I'x € Ng(Px) and ||[I'x|le = dist(x, K). Moreover, I is dissipative,
that is,
(Fx—Fy,x—y)gO, Vx,y e R". (2.96)

Indeed,
(rx—ryx—y)=(Px—Py,x—y)—lx—yl
(2.87)
<|IPx—Pylle-llx —ylle — lx —yI2 < 0.

We will obtain the solution of (2.91) as the limit of the solutions {x.}.. of the
approximative Cauchy problem

1
x (1) = f(x-(0)) + gt) + _Tx),

x:(f) = xo.

(2.97)

For any € > 0, the map F. : R" — R", F.(x) = f(x) + él"x is Lipschitz. Hence,
the Cauchy problem (2.97) has a unique right-saturated solution x.(¢) defined on
an interval [ty, 7). Since F; is globally Lipschitz, it follows that x. is defined over
[0, T]. (See Example 2.1.)

Taking the scalar product of (2.97) with x.(¢) — x(, and observing that I"xo = 0,
X € K, we deduce from (2.96) that
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1d
5 llxc(t) = xollg < (f(xo(0) + 9(1), x-(t) — x0)

2dt
< fxe@®) = fxo)lle - l1xe — xolle
+ (Ilf xo)lle + 1g@lle) - 1x= — Xolle.

Hence, if L denotes the Lipschitz constant of f, we have

1d 1
5 =0 = xoll; < Lllx-(t) — xollf + §(||f(x0)||e +lglle)’

1 2
+ 3 lxo(0) = xoll.
We set 5
M= sup (If@ole+1g®le) s L' =2L+1,
tety,T]
and we get
d
Jlee() = xollg < Lllx=(r) = xollg + M.
Gronwall’s lemma now yields the following e-independent upper bound

(1) — xol2 < Me" = Vit € [1), T]. (2.98)

Using (2.97), we deduce that

d
E(xs(t +h)—x.(1)) = fx(t +h) = fx(0) + gt +h) —g(t)
1
—i—g(Fxg(t +h)—T'x.(1)).
Let & > 0. Taking the scalar product with x.(t + h) — x.(¢) of both sides of the

above equality and using the dissipativity of I", we deduce that for any ¢ € [y, T']
we have

1d
Eallxa(t +h) —x. O < (fxe@t+h) — fx(), x(t +h) —x.(1))
+(g@+h) —g@), x.(t + h) — x(1))

1
< Ll +0) =201 + 5 (I96 + 1) = g0 + .t + ) = x012).

so that, setting again L’ = 2L + 1, we obtain by integration
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t
lx-(t 4+ h) —x-Dll; < llx-00) — xollz + / lg(s + h) — g(s)lleds
[
, 0
+L'/ lx<(s + h) — x(s)[13ds,
to

forall t € [ty, T — h]. Since g is a C'-function, there exists a Cy > 0 such that
lg(s +h) —g@s)lle = Coh, Vit €[ty, T —h].
Hence, Vt € [ty, T — h], we have
It +h) = x()13 < llx-(h) = xolle + C3h*(T — to)

+L / et 4+ h) x(s)zds.
fo
Using Gronwall’s lemma once again, we deduce that
-+ h) = %112 = (1x-00) = Xolle + CIRA(T = 1)) e~
(2;8) (MeL,h + Céhz(T _ to))eL’(z—to).
Thus, for some constant C; > 0, independent of € and h, we have
lx-(t +h) —x(t)lle < Cih, Vtelt, T —h].

Thus
||x;(t)|| <Cy, Vtrel0,T]. (2.99)

From the equality
t
x.(1) —x.(s) = / x_(r)dt

we find that
lx-(t) —x-()le < Cilt —s|, Vi,s €10, T]. (2.100)

This shows that the family {x.}.~o is uniformly bounded and equicontinuous on
[0, T]. Arzela’s theorem now implies that there exists a subsequence (for simplicity,
denoted by ¢) and a continuous function x : [fy, T] — R” such that x.(¢) converges
uniformly to x(¢) on [#y, T] as e — 0.

Passing to the limit in (2.100), we deduce that the limit function x(¢) is Lip-
schitz on [fy, T]. In particular, x () is absolutely continuous and almost everywhere
differentiable on this interval. From (2.97) and (2.99), it follows that there exists a
constant C, > 0, independent of e, such that
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dist(x-(7), K) = [[I"'xc()lle < Cae, V1 € [10, T].
This proves that dist(x(¢), K) = 0, V¢, thatis, x(¢r) € K, Vt € [ty, T'].
We can now prove inequality (2.93). To do this, we fix a point  where the function

x is differentiable (we saw that this happens for almost any ¢ € [y, T']). From (2.97)
and (2.86), we deduce that for almost all s € [7y, T] and any z € K we have

%%nxg(s) —zlI7 < (fx=(s) + g(s), x-(s) —z).

Integrating from ¢ to ¢t + h, we deduce that
1 2 2
E(”xs(t +h) —zll; — lIx-() — zlle)
t+h
5/ (f (xe(s)) +g(s), x-(s) — 2)ds, Vz € K.
t
Now, let us observe that, for any u, v € R", we have
1 2 2
E(Ilu +oll; — lv[g) = (, v).
Using this inequality withu = x.(t + h) — x.(t), v = x.(t) — z, we get
1

(x-(t+h) —x.(t), x-(t) —z) < E( lx-(t +h) —zllg — lx-(t) — zlI7)

S| =

1 t+h
< E/ (f(eo(5)) + g(s). x.(5) —2)ds. Vz € K.

Letting € — 0, we find

1 rtth
= E /t (f(x(s)) +g(.§'), x(S) _z)dS, VZ c K.

1

ﬁ(x(t +h) —x(t), x(t) —z)
Finally, letting & — 0, we obtain

(¥'() = f(x(®) =g, x(1) —2) <0, VzeK.

This is precisely (2.93).

The uniqueness of the solution now follows easily. Suppose that x, y are solutions
of (2.69)—(2.94). We obtain from (2.93) that

(x'(1) = f(x(0) = g(0), x(1) = y(1)) <0,

(Y@ = fy@®) —g@), y) —x(1)) <0,
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so that
(') = y'(0) = (fx@®) = fFy®)), x(1) —y@®)) <0

which finally implies
1d 5 5
EE”x(t) —YOllg = Lllx(@®) — y@llg,

for almost all ¢ € [ty, T']. Integrating and using the fact that ¢ — ||x(¢) — y(t)||§ is
Lipschitz, we deduce that

Ix() — yOI2 < 2L / () — y(o)I2ds.

Gronwall’s lemma now implies x () = y(¢), V¢. We have one last thing left to prove,
namely, (2.95). Let us observe that (2.91) implies

d
gx(t +5)— f(x(t+s) —gt+s) e —Ng(x(t+s))
for almost all ¢, s. On the other hand, using (2.84), we deduce that
(u —v,x(t+s)— x(s)) >0, Yu e Ng(x(t+5)), ve Ngx(@)).

Hence
1d , g d -
S ollxE+s) —x )12 = (ax(t +s), x(t+s) x(t))

< (—v+ fxE+9))+g@+s), x@+s5)—x@1)),

Vv € Nk (x(1)). Integrating with respect to s on [0, /], we deduce that

1 h

Flx@+ 1) - x| < / (—v+ fx(t+5)+ gt +5),x(t+5)—x(t))ds

0
h
< / [—v+ fx@+5)+gE+s)le lx@+s)—x@)|eds.
0
Using Proposition 1.2, we conclude that
h
lx(t+h) —x(0)]le < /0 | —v+ fx(+9)+ g +s)lleds, Yh, Yve Ng(x(1)).

Dividing by & > 0 and letting &7 — 0, we deduce that

Ix'@lle < I —v+ fx(@®) +gOlle. Yv € Ng(x(1)).
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This means that f (x (7)) + g(t) — x’(¢) is the pointin Ng (x (¢)) closestto f(x(2)) +
g(t). This is precisely the statement (2.95). O

Remark 2.7 If the solution ¢(#) of the Cauchy problem

o' =fle)+g. Vieln Tl o) = xo, (2.101)

stays in K for all ¢ € [ty, T'], then ¢ coincides with the unique solution x(¢) of
(2.92)-(2.94).

Indeed, if we subtract (2.101) from (2.91) and we take the scalar product with
x(t) — (1), then we obtain the inequality

1
S e = eDIF < Lllx (@) — @), V€ lto, T1.

Gronwall’s lemma now implies x = (.

Example 2.6 Consider a particle of unit mass that is moving in a planar domain
K C R? under the influence of a homogeneous force field F(¢). We assume that K
is convex; see Fig.2.4.

If we denote by g(¢) an antiderivative of F(¢), and by x(¢) the position of the
particle at time 7, then, intuitively, the motion ought to be governed by the differential
equations

x'(t) =g@), if x(t) eintK

/ . (2.102)
x'(t) =gt) — Pyxapg(®), if x(t) € 0K,
where N (x(¢)) is the half-line starting at x(¢), normal to 0K and pointing towards
the exterior of K; see Fig.2.4. (If 0K is not smooth, then Nk (x(¢)) is a cone pointed
at x(¢).) Thus x (¢) is the solution of the evolution variational inequation

x(t) e K, Yt >0,
x'(t) € g(t) — N(x(t)), Vvt > 0.

F(t)
N(x(1))

Fig. 2.4 Motion of a particle confined to a convex region
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Theorem 2.16 confirms that the motion of the particle is indeed the one described
above. Moreover, the proof of Theorem 2.16 offers a way of approximating its tra-
jectory.

Example 2.7 Let us have another look at the radioactive disintegration model we
discussed in Sect. 1.3.1. If x(¢) denotes the quantity of radioactive material, then the
evolution of this quantity is governed by the ODE

x'(t) = —ax(t) + g(t), (2.103)

where g(t) denotes the amount of radioactive material that is added or extracted per
unit of time at time ¢. Clearly, x(¢) is a solution of (2.103) only for those ¢ such that
x(t) > 0. That is why it is more appropriate to assume that x satisfies the following
equations
x(t) >0, Vt >0,
x'(t) = —ax(t) +g@t), Vt € E, (2.104)
x'(t) = max{g(t), 0}, Vt € [0, 00) \ E,,

where the set
Ec:={t>=0; x(t)>0}

is also one of the unknowns in the above problem. This is a so-called “free boundary”
problem. Let us observe that (2.104) is equivalent to the variational inequality (2.93)
with

K::{xeR; sz}.

More precisely, (2.104) is equivalent to
(x/(t)—i—ax(t)—g(t))- (x(t)—y) <0, VyeKk, (2.105)

for almost all > 0.
In formulation (2.105), the set E, has disappeared, but we have to pay a price,
namely, the new equation is a differential inclusion.

Example 2.8 Consider a factory consisting of n production units, each generating
only one type of output. We denote by x;(¢) the size of the output of unit i at time
t, by c;(¢) the demand for the product i at time ¢, and by p; (¢) the rate at which the
output i is produced. The demands and stocks define, respectively, the vector-valued
maps

ci (1) x1 (1)

c(t) = : , x(t) = : ,
¢ (1) X, (1)

and we will assume that the demand vector depends linearly on the stock vector, that
is,
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c(t) =Cx(t)+d@),

where C is an n X n matrix, and d : [0, T] — R”" is a differentiable map. For i =
1,...,n, define
E,:={te[0,T]: x(1)>0}.

Obviously, the functions x; satisfy the following equations

x;(t) >0, Vt € [0, T],
xX{() = pit) — (Cx (1)), — di(1), t € Ey,, (2.106)
x/(1) — pi(t) + (Cx(1)), +d;(t) = 0, Vi € [0, T]\ E,,.

We can now see that the solutions of the variational problem (2.92) and (2.93) with

fx)=—-Cx, g(t)=p@)—d),

and
K:{xeR"; x; >0, Vi:l,...,n},

are also solutions of (2.106).

Remark 2.8 Theorem 2.16 extends to differential inclusions of the form

x'(t)e f(x@)+ ox(@)) +g(t), ae.te(0,7), 2.107)

x(0) = xo,
where f : R" — R” is Lipschitz and ¢ : D € R* — 2*" is a maximal dissipative
mapping, that is,

(V1 — v, U1 —up) <0, Yv; € o(u;), i = 1,2,

and the range of the map u — u + A@(u) is all of R” for A > 0. The method of proof
is essentially the same as that of Theorem 2.16. Namely, one approximates (2.107)
by
x' (1) = f(x(@®) + o (x(@) +g), t € (0, T),
(1) = f(x (1) + ¢=(x(1)) + g(2) 0,7) (2.108)
x(0) = xo,
where ¢. is the Lipschitz mapping é((l —ep)'x—x),e>0,x eR".
Then, one obtains the solution to (2.107) as x(¢) = 1in(1) x.(t), where x. €
E—>

C'([0, T]; R") is the solution to (2.108). We refer to [2] for details and more
general results. We note, however, that this result applies to the Cauchy problem
with discontinuous monotone functions ¢. For instance, if ¢ is discontinuous in x°

then one fills the jump at x° by redefining ¢ as
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- o(x) for x # x°,
Px) = [ lim ¢(y) forx = x°.
y—x0

Clearly, ¢ is maximal dissipative.
Problems

2.1 Find the maximal interval of existence for the solution of the Cauchy problem

X =—xT4r+1,
x(0) =1,

and then find the first three Picard iterations of this problem.

2.2 Consider the Cauchy problem

X' = f(t.x),
x(to) = xo, (to, X0) € 2 C R?, (2.109)

where the function f is continuous in (¢, x) and locally Lipschitz in x. Prove that
if xo > 0 and f(¢,0) > O for any ¢ > 1y, then the saturated solution x (7; #o, xo) is
nonnegative for any ¢ > 1y in the existence interval.

2.3 Consider the system
x'=f(t, x),

x(t()) = Xy, tO = 0’

where the function f : [0, c0) x R" — RR" is continuous in (z, x), locally Lipschitz
in x and satisfies the condition

(f(t,x),Px) <0, Vi >0, x eR", (2.110)

where P is a real, symmetric and positive definite n x n matrix. Prove that any
right-saturated solution of the system is defined on the semi-axis [#y, 00).

Hint. Imitate the argument used in the proof of Theorem 2.12. Another approach is
to replace the scalar product of R” by

(u,v) = (u, Pv), Yu,v € R",

and argue as in the proof of Theorem 2.13.
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2.4 Consider the Cauchy problem
X' tax+ f(x") =0, x(t) =x0, x'(to) = x1, (2.111)

where a is a positive constant, and f : R — R is a locally Lipschitz function satis-
fying
yf(») =0, VyeR

Prove that any right-saturated solution of (2.111) is defined on the semi-axis [#, 00).

Hint. Multiplying (2.111) by x" we deduce
li|x’(t)|2 +alx’®))? <0, Vi >t
2dt = =

Conclude that the functions x () and x’(¢) are bounded and then use Theorem 2.11.

2.5 In the anisotropic theory of relativity due to V.G. Boltyanski, the propagation of
light in a neighborhood of a mass m located at the origin of R? is described by the
equation
/ my
x'=— 3x—i—u(t), (2.112)
lxlle

where  is a positive constant, u : [0, 00) — R is a continuous and hounded func-
tion, that is,
AC > 0; Ju@®lle =C, Vi =0,

and x(¢) € R is the location of the photon at time . Prove that there exists anr > 0
such that all the trajectories of (2.112), which start at = 0 in the ball

B, :={x eR’ |xlle<r}

will stay inside the ball as long as they are defined. (Such a ball is called a black hole
in astrophysics.)

Hint. Take the scalar product of (2.112) with x () to obtain the differential inequality
1d
2dt

my
llx (@) le

my

2 _
lxll; = llx(®)]le

+ (u(®), x(t)) < — + Cllx@)le-

Use this differential inequality to obtain an upper estimate for ||x(7)]e.

2.6 (Wintner’s extendibility test) Prove that, if the continuous function f =
f(t,x) : R xR — Rislocally Lipschitz in x and satisfies the inequality

|f@ 0 < pdxD, Y@, x) € R xR, (2.113)

where p : (0, 00) — (0, co) satisfies
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/oo T _ .. (2.114)
o p(r)

then all the solutions of x’ = f (¢, x) are defined on the whole axis R.

Hint. According to Theorem 2.11, it suffices to show that all the solutions of x’ =
f(t, x) are bounded. To prove this, we conclude from (2.113) that

X0 gy
/x0 w(r)

2.7 Prove that the saturated solution of the Cauchy problem

< |t —1nl, Vi,

and then invoke (2.114).

2
X' =e ™ 412,

20 =1, (2.115)

is defined on the interval [0, §]. Use Euler’s method with step size h = 10 to find
an approximation of this solution at the nodes t; = jh, j =1,...,50.

2.8 Let f:R — R be a continuous and nonincreasing function. Consider the
Cauchy problem
x'(t) = f(x), Vt=0,

0 = xo. (2.116)

According to Theorem 2.13, this problem has a unique solution x () which exists on
[0, 00).

(a) Prove that, for any A > 0, the function
I1-Af:R>R, x> x—-Af(x),
is bijective. For any integer n > 0, we set

A=A =A=AH""o- o @=AH"".

n

(b) Prove that x(¢) is given by the formula

o]

t —n
x(t) = lim (11 - —f) xo, V1> 0. (2.117)
n— n

Hint. Fixt > 0,n > 0, set

t
h, == —
n
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and define iteratively

n_

n
X — X

By

=(-3) = ()
xP=(1--f X, =(1--f X0. (2.118)
n n

Let x™ : [0, t] — R be the unique continuous function which is linear on each of the
intervals [(i — 1)h,,, ih,] and satisfies

X{ = Xo, =f@&h, i=1,...n,

that is,

x"(ih,) =x!', Yi=0,...,n.

Argue as in the proof of Peano’s theorem to show that x” converges uniformly to x
on [0, t] as n — oo. Equality (2.117) now follows from (2.118).

2.9 Consider the Cauchy problem

X' =fx), t>0

£ = X0 (2.119)

where f : R — Ris acontinuous nonincreasing function. Let x = () be a solution
of (2.119). Prove that, if the set

F:={yeR; f(y»=0}

is nonempty, then the following hold.

(i) The function ¢ — |x'(¢)| is nonincreasing on [0, co).
(i) lim, o X' (1) = 0.
(iii) There exists an xo, € F such that lim;_, oo x(¢) = Xoo.

Hint. Since f is nonincreasing we have

| =

(Xt 4+ 1) —x(0) = (&'t + 1) — ') (x(t +h) — x(1))
= (f&x(+h) — fx@)(x@ +h) —x@) <0.

R —
N

t

Hence, forany 7 > 0 and #, > #; > 0, we have
|x(t+h) —x(t) | < |x(t1+h) —x(@0) ]

This proves (i). To prove (ii) multiply both sides of (2.119) by x(¢) — yo, where
yo € F. Conclude, similarly, that
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d
(v - )’ <0,

showing thatlim,_, o (x () — yo)? exists. Next multiply the equation by x’(¢) to obtain

/ ' (9)Pds = g(x(©)) — g(xo),
0

where ¢ is an antiderivative of f. We deduce that

o0
/ Ix"(1)|?dt < o0,
0

which when combined with (i) yields (ii). Next, pick a subsequence #, — oo such
that x(z,) — yo. From (i) and (ii), it follows that yy € F. You can now conclude that

lim x(z) = yo.
t—>00
2.10 Prove that the conclusions of Problem 2.9 remain true for the system

x' = f(x),

x(0) = xo,

where f : R" — R” is a dissipative and continuous mapping of the form f = Vg,
where g : R"” — Ris of class C!' and g > 0.

Hint. One proceeds as above by taking into account that

d
Eg(x(t)) = (x'(1), f(x(1))), Yt = 0.
2.11 Consider the system

x'=fx) -+ fo
x(0) = xo,

where f : R" — R” is continuous and dissipative, A > 0 and f, xo € R". Prove
that

(a) lim;_, o x (¢) exists (call this limit x ),
(b) lim; o, x'(t) = 0,
(C) )\xoo - f(xoo) = f()-

Hint. For each & > 0, one has

1 d
5 g e +m = x(OIZ + Mx(t +h) —x@®)|2 <0,
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which implies that (a) holds and that
Ix'@)lle < e [x'(0)]le. V2= 0.

2.12 Prove that (2.117) remains true for solutions x to the Cauchy problem (2.116),
where f : R" — R” is continuous and dissipative.

Hint. By Problem 2.11(c), the function 1 — A f : R* — R” is bijective and the Euler
scheme (2.38) is equivalent to

: —i
x! = (]l % f) xo fort e (ihg, (i + Dhy).
Then, by the convergence of this scheme, one obtains
A\
x(t) = lim (]l — —) Xo, Vt>0.
k— 00 k

2.13 Consider the equation x’ = f(z, x), where f : R> — R is a function conti-
nuous in (¢, x) and locally Lipschitz in x, and satisfies the growth constraint

| ft, )| < a@®lx], V(. x) eR?,

/OO a(t)dt < oo.

fo

where

(a) Prove that any solution of the equation has finite limit as t — oo.
(b) Prove that if, additionally, f satisfies the Lipschitz condition

| ft.x) = ft.y) | <a®lx—yl, VteR, x,yeR,

then there exists a bijective correspondence between the initial values of the solutions
and their limits at oo.

Hint. Use Theorem 2.11 as in Example 2.1.

2.14 Prove that the maximal existence interval of the Cauchy problem

x' = ax?®+ 12,

2(0) = xo. (2.120)
(a is a positive constant) is bounded from above. Compare this with the situation
encountered in Example 2.2.
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Hint. Let xo > 0 and [0, T') be the maximal interval of definition on the right. Then,
on this interval,

(t; 0, x0) > x0 + A ! < ! t
; 9 p— _’ RN — - - a .
. o o 37 x(t; 0, xp) X0

Hence, T = (axy)~".
2.15 Consider the Volterra integral equation
t
x(1) = g(1) +/ S (s, x(s))ds, t€la,b],
where g € C([a, b]; R"), f :la,b] x R* — R" is continuous and
If(s,x) = f(s, »Il < Lllx — yll, Vs € [a, b], x € R".

Prove that there is a unique solution x € C([a, b]; R").

Hint. One proceeds as in the proofs of Theorems 2.1 and 2.4 by the method of
successive approximations

Xny1(2) = g(t) +/ f (s, xn(s))ds, t €la,bl,
0

and proving that {x,} is uniformly convergent.
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