Chapter 2
Infinite-Dimensional Monte Carlo
Integration

2.1 Introduction

In mathematics, Monte Carlo integration is a technique for numerical integration
using random numbers and a a particular Monte Carlo method numerically com-
putes the Riemann integral. Whereas other algorithms usually evaluate the integrand
at a regular grid, Monte Carlo randomly chooses points at which the integrand is
evaluated. This method is particularly useful for higher-dimensional integrals. There
are different methods to perform a Monte Carlo integration, such as uniform sam-
pling, stratified sampling, and importance sampling. In this chapter we describe a
certain technique for numerical calculation of infinite-dimensional integrals by using
methods of the theory of uniform distribution modulo (u.d.mod) 1. Development of
this theory for one-dimensional Riemann integrals was begun by Hermann Weyl’s
[W] celebrated theorem.

Theorem 2.1.1 ([KN], Theorem 1.1, p. 2) The sequence (x,)nen Of real numbers is
u.d. mod 1 if and only if for every real-valued continuous function f defined on the
closed unit interval I = [0, 1] we have

N
lim w :/Tf(x)dx, @2.1.1)

N—oo

where {-} denotes the fractional part of the real number.

Main corollaries of this theorem were used successfully in Diophantine approxi-
mations and have applications to Monte Carlo integration (see, e.g., [H1, H2, KN]).
During the last decades the methods of the theory of uniform distribution modulo one
have been intensively used in various branches of mathematics as diverse as number
theory, probability theory, mathematical statistics, functional analysis, topological
algebra, and so on.
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In [P2], the concept of increasing families of finite subsets uniformly distributed
in infinite-dimensional rectangles has been introduced and a certain infinite general-
ization of the Theorem 2.1.1 has been obtained as follows.

Theorem 2.1.2 ([P2], Theorem 3.5, p. 339) Let (Yy,)nen be an of [0, 1]°. Then
(Y)nen is uniformly distributed in the infinite-dimensional rectangle [0, 11°° if and
only if for every Riemann integrable function f on [0, 1]1*° the following equality

. Zer f(y)
1 —_— = di 2.1.2
lim S22 /[o,um F)dAx) 2.12)

holds true, where A denotes the infinite-dimensional “Lebesgue measure” [B1].

The purpose of the present chapter is to consider some corollaries and applications
of Theorem 2.1.2. More precisely, we elaborate Monte Carlo integration for real-
valued functions of infinitely many variables.

This chapter is organized as follows.

In Sect. 2.2, in terms of the “Lebesgue measure” 4 [B1], we consider concepts of
the uniform distribution and Riemann integrability in infinite-dimensional rectangles
in R* and prove infinite-dimensional versions of Lebesgue’s [N] and Weyl’s [W]
famous results, respectively. In this section we show that if (a,(Lk)),,eN is an infinite
sequence of different integer numbers for every k € N, then a set of all sequences
(X1 )keny in R for which a sequence of increasing sets (Y, ((xx)ren))nen is not 4
uniformly distributed on the [,y [ax, bx]), where

Y, ((Xt)ken) = H((U {< OC Oxe > (b — a))) + @) x H {ar}

keN\{L,...,n}

and 4 is the “Lebesgue measure” constructed by R. Baker in 1991, and is of 4 measure
zero, and hence shy in R*°.

In Sect.2.3, a Monte Carlo algorithm for estimating the value of infinite-
dimensional Riemann integrals over infinite-dimensional rectangles in R is
described. Furthermore, we introduce Riemann integrability for real-valued func-
tions with respect to product measures in R* and give some sufficient conditions
under which a real-valued function of infinitely many real variables is Riemann inte-
grable. We describe a Monte Carlo algorithm for computing infinite-dimensional
Riemann integrals for such functions.

In Sect. 2.4, we consider some interesting applications of Monte Carlo algorithms
for computing infinite-dimensional Riemann integrals described in Sect.2.3.
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2.2 Uniformly Distributed Sequences of an Increasing
Family of Finite Sets in Infinite-Dimensional Rectangles

Definition 2.2.1 A bounded sequence sy, 57, 53, ... of real numbers is said to be
equidistributed or uniformly distributed on an interval [a, b] if for any subinterval
[c, d] of the [a, b] we have

. #({s1,82,835, ..., N[e,d])  d—c
lim = ,
n—00 n b—a

where # denotes a counting measure.

Remark 2.2.1 Fora < ¢ < d < b, let ][c, d][ denote a subinterval of the [a, b]
that has one of the following forms [c, d], [c, d[, ]c, d[ or ]c, d]. Then it is obvious
to show that a bounded sequence s1, 53, 53, . . . of real numbers is equidistributed or
uniformly distributed on an interval [a, b] iff, for any subinterval][c, d][ of the [a, b],
we have

#({s1, 82,83, ..., s }Nle, dl))  d—c

lim = .
n—oo n b—a

Definition 2.2.2 (Weyl [W]) The sequence s1, 52, 53, . .. is said to be equidistributed
modulo 1 or uniformly distributed modulo 1 if the sequence (s, — [s,])nen of the frac-
tional parts of the (s,),en’s is equidistributed (equivalently, uniformly distributed)
in the interval [0, 1].

Example 2.2.1 ([KN], Exercise 1.12, p. 16) The sequence of all multiples of an
irrational o

0,a,2a,3a,...
is uniformly distributed modulo 1.
Example 2.2.2 ([KN], Exercise 1.13, p. 16) The sequence

001012 0 k—1
1272’33’37 kT
is uniformly distributed modulo 1.

Example 2.2.3 The sequence of all multiples of an irrational o by successive prime
numbers

20, 30, S, T, 1a, ...

is equidistributed modulo 1. This is a famous theorem of analytic number theory,
proved by I. M. Vinogradov in 1935 (see [V]).
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Agreement In the sequel, unlike N. Bourbaki’s well-known notion, under N we
understand a set {1, 2, ...}.

Remark 2.2.2 If (sy)ken is uniformly distributed modulo 1, then ((sx — [s¢]) (b —
a) + a)iey is uniformly distributed in an interval [a, b).

The following assertion contains an interesting application of uniformly distrib-
uted sequences for a calculation of Riemann integrals.

Lemma 2.2.1 (Weyl [W]) The following two conditions are equivalent.
(i) (an)nen is equidistributed modulo 1.
(ii) for every Riemann integrable function f on [0, 1]

.1«
n]lpgo n ; flaj = /[0,1] /(0.

Remark 2.2.3 Letsy, 52, 53, ... be uniformly distributed in an interval [a, b]. Setting
Y, = {s1,52,53,...,8,} forn € N, the (¥,,),ey Will be an increasing sequence of
finite subsets of the [a, b] such that, for any subinterval [c, d] of the [a, b], the
following equality

. #Y,N e, d)]) d—rc
lim =
n—00 #(Yn) b—a

will be valid.
Remark 2.2.3 gives rise to the following definition.

Definition 2.2.3 An increasing sequence (Y,),cy of finite subsets of the [a, b] is
said to be equidistributed or uniformly distributed in an interval [a, b] if, for any
subinterval [c, d] of the [a, b], we have

#(Y,N[c,d) d—-c

lim = .
n—00 #(Yn) b—a

Definition 2.2.4 Let [],_y[ax, bx] € Z. A set U is called an elementary rectangle
in the [,y lax, bi] if it admits the representation:

U = H][Ck,dk][x H lax, Di],

k=1 keN\(L,...,m)

where ay < cp <dy < biforl <k <m.



2.2 Uniformly Distributed Sequences of an Increasing Family ... 23

It is obvious that

WUy =[] =) x [] G —av.
k=1 k=m+1

for the elementary rectangle U'.

Definition 2.2.5 An increasing sequence (Y,),cy of finite subsets of the infinite-
dimensional rectangle er wlak, bx] € Z is said to be uniformly distributed in the
11 wen L@k, bi] if for every elementary rectangle U in the er wlax, bi[ we have

g FENU) AU)
oo #(V,) A Teewla iD)

Theorem 2.2.1 ([P2], Theorem 3.1, p. 4) Let [ [, ylax, bx] € Z. Let (x,(,"))neN be
uniformly distributed in the interval [ay, b ] for k € N. We set

n

vo=[Ju_xx [ &

k=1 keN\(1,...,n}
Then (Y,)nen is uniformly distributed in the rectangle [ |, ylax, bil.

Proof Let U be an elementary rectangle in the Hk enlai, bel.
Because (x,(,k))ne ~ is uniformly distributed in the interval [ay, by] for k € N, we
get

i #({xl(k), Xék), o xNNer, didl)  di — <
im =

n—00 n bk — dg '

Therefore we have

m k k
i FOOU) H#({xf L x)nlle, didD

_— m
n—00 #(Yn) n—00 n

B lﬂ[ e U7 10N D
= mm

k=] n—o0 n
mod — (U

~T12 % _ ) . 2.2.1)
iop b —ak A Teenlax, bel)

The theorem is proved.

Remark 2.2.4 In the context of Theorem 2.2.1, it is natural to ask whether there
exists an increasing sequence of finite subsets (¥},), <y such that
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. #Y,N0) 2(U)
lim =
n—o00 #(Yn) j‘(HkEN [ak3 bk])

for every infinite-dimensional rectangle U = er N Xk C er ~lax, brl, where, for
each k € N, X is a finite sum of pairwise disjoint intervals in [ay, b].

Let us show that the answer to this question is no.

Indeed, assume the contrary and let (Y,),cy be such an increasing sequence of
finite subsets in [ [,y [ax, bi[. Then we have

UnenYn = {(Xi(k))ieN :k e N}

Fork € N, we set X, = [ax, by] \x,ﬁk). Then, it is clear that
/1( I Xk) = /1( [ e bk])
keN keN

and

#(V N [ ren X0)

=0
#(Yy)
for k € N, which follows
tim PO en X0y Adlen X0
n—00 #(Yn) A(erN[ak, bk])

Definition 2.2.6 Let Hk enlar, bl € Z. A family of pairwise disjoint elementary
rectangles 7 = (Uy)1<k<n Of the [], enlax, bi] is called the Riemann partition of the

[Tienlar, bl if Ui<k<, U = [Tenlar, bil.

Definition 2.2.7 Let t = (Uy)1<k<n be the Riemann partition of the [], enlar, bil.
Let £(Pr;(Uy)) be alength of the ith projection Pr;(Uy) of the Uy fori € N. We set

~ L(Pri(Uy))
d(Uy) = %\; 20(1 4+ L(Priy(Uy))’

It is obvious that d(Uy) is a diameter of the elementary rectangle Uy for k € N with
respect to the Tikhonov metric p defined as

lxe — il

P )ken, Vkken) = Z m

keN

for (xp)ken, (Vk)ken € R



2.2 Uniformly Distributed Sequences of an Increasing Family ... 25
A number d(7), defined by
d(r) = max{d(Uy) : 1 <k <n}

is called the mesh or norm of the Riemann partition 7.

Definition 2.2.8 Let7; = (Ul.(l))lf,-fn and 7, = (U_]@)lS j<m be Riemann partitions
of the [ [,y lax, bx]. We say that 7, < 7y iff

Definition 2.2.9 Let f be a real-valued bounded function defined on the
[Ticylai, bil. Let © = (Uk)1<k<n be the Riemann partition of the [[,.y[ax, bkl
and (#)1<k<, be a sample such that, for each &, #; € Uy. Then

(i) A sum >}_, f(t%)A(Uy) is called the Riemann sum of the f* with respect to
Riemann partition 7 = (Uy) <<, together with sample (# )1 <x<-

(i) A sum S, = >}, MiA(Uy) is called the upper Darboux sum with respect to
Riemann partition 7, where M) = SUP, .y, fx)A <k <n).

(iii) A sum s, = ZZZI miA(Uy) is called the lower Darboux sum with respect to
Riemann partition 7, where my = infcy, f(x)(1 <k <n).

Definition 2.2.10 Let f be a real-valued bounded function defined on Hi enlai, bil.
We say that the f is Riemann integrable on [ [, [a;, b;]if there exists a real number
s such that for every positive real number ¢ there exists a real number 6 > 0 such
that, for every Riemann partition (Uy)i<k<n Of the [ [,y [ax, bx] with d(z) < 6 and
for every sample ()1 <k<n, We have

| D" F)AU) —s| <.
k=1

The number s is called the Riemann integral and is denoted by

(R) Jf()di(x).

[Teenlar.bi]

Definition 2.2.11 A function f is called a step function on er wlak, bl if it can
be written as

f) =" e 2y, (),
k=1

where © = (Uy)i<k<n is any Riemann partition of the erN[ak, bil, ¢k € R for
1 <k < nand %2} is the indicator function of the A.
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Theorem 2.2.2 Let f be a continuous function on [ ], enlax, bl with respect to the
Tikhonov metric p. Then f is Riemann integrable on [ [,y lax, bi].

Proof Tt is obvious that, for every Riemann partition 7 = (U)j<x<, Of the
erN[ak, bi] and for every sample (#;)1<k<n, With #; € Uy (1 < k < n), we have

S = Zf(tk)/l(Uk) = Sr-

k=1

Note that if 7; and 7, are two Riemann partitions of the [[,.[ax, bx] such that
7, < 11, then

n

So, <85 < D f)AU) < S, <8
k=1

Let us show the validity of the condition
Ve)(e > 0— @r(Vo)d(z) <r —> S; — s, <¢)),

which yields that inf, S; = sup, s,.

Following Tikhonov’s theorem, the [, [ax, bx] is a compact set in the Polish
group R™ equipped with the Tikhonov metric p.

Following Cantor’s well-known result, the function f is uniformly continuous on
the erN[ak, by ]. Thus for ¢ > 0, there exists r > 0 such that

€
(Vx,y)(x,y € g[ak,bk]&p(X,y) <r—>|fx)—-fl= m)

Thus, for every Riemann partition 7 = (Uy)1<k<n, With d(7) < r we get

&

C T A Tewlars beD AU = ¢
s, < /I(erN[akaka X Z ( k) &

1<k<n

S

Thus, inf, S; = sup, s-.

Finally, setting 0 = r and s = inf, S,, we deduce that for every Riemann partition
(Ui)1<k<n of the [],cylax, bx] with d(z) < ¢ and for every sample (#;);<x<, With
t € Uy(1 < k < n), we have

DU X
k=1

This ends the proof of Theorem 2.2.2.



2.2 Uniformly Distributed Sequences of an Increasing Family ... 27

We have the following infinite-dimensional version of the Lebesgue theorem (see
[N], Lebesgue Theorem, p. 359).

Theorem 2.2.3 Let f be a bounded real-valued function on er vlak, byl € %.
Then f is Riemann integrable on [ [,y lax, bl if and only if f is A almost continuous

on [Irenlar, bel.

Proof (Necessity) Let f be a Riemann integrable function on er ylai, bl € Z.
Then, for every ¢ > 0 and u > 0, there exists a Riemann partition 7 = (Ug)1<k<n
such that

expu>8S —s; > z (M. — mp)A(Uy)

1<k<n

> > (M —m)AWU) = iy AUy, (2.2.1)

kel kel

where I} = {k : 1 <k < n & Uy contains at least one inner point p belonging to the
set £, }, where

E, = {x:xe H[ak,bk]&w(f,x) 2/4}

keN

and

o(f,x) = lim sup VICOENACHIN

920 4 eV (e, )N Tyeyla.bil

Here, for x € R*® and 0 > 0, V(x, d) is denoted by

Vix,0) = {y cy € [ law, bl &p(x, y) < 5}.
keN

Because, for k € I, p is an inner point of the Uy, there exists V (p, d(k, p)) such
that V(pa 5(k5 p)) C Uk.
Inasmuch as w(f, p) > u, we have

My —mp > M, —m, >o(f,p) > u,
where

M,= sup f(x), my= f(x).

inf
xeV(p,o(k,p)) xeV(p,otk.p))
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From (2.2.1), we get

e = > U).

kGI]

Other points of the E,, which are not inner points of elements of the partition 7,
may be placed on the boundary of elements of the 7, whose 4 measure is zero.
Thus, for 4 > 0, we have
€
ME) < D AU + AUk 0(UD) < o
kEl]

which yields that A(E,) = 0. Because a set E of all points of discontinuity of the f
admits the representation £ = U2 | E 1, we deduce that 1(E) = 0.

This ends Necessity.

Proof of the sufficiency. Let, for K € RY, us have |f(x)] < K whenever
X € erN[ak, bk]

Suppose that f is 4 almost continuous on er wlak, bil.

For ¢ > 0, let 1 be such a positive number that

4ﬂ1(]_[[ak, bk]) <.

keN

Because, for a set E of all points of discontinuity of the f on [ [, [ax, bx] we have
A(E) = 0, we easily claim that A(E,) = 0. Because E,, is closed in [],_y[ax, bcl,
we claim that £, is compact. Hence, for ¢ > 0, there exists a finite family of open
elementary rectangles in [ ], <nlax, bx] whose union covers E, such that

£
AU<k<nU —.
(Ui<k<nUk) < 4K

Finally, we have

[ Tiax. bl = UicizaUx U F,
keN

where F is a compact subset in er wla, bl.

It is obvious that, for every point x € F, we have w(f,x) < u. Because F
is compact, we can choose 6 > 0 such that for every x,x € F the condition
p(x,x) < dyields | f(x) — f(x)| < 24.

F is a finite union of elementary rectangles in [ [,y [ak, bx] (this follows from
the fact that the class of all elementary rectangles in erN[ak, by] is a ring),
therefore there exists a partition 7; = (Fj)2<i<m Of the F such that, for i with
2 < i < m, Fj is an elementary rectangle in [[,_y[ax, b] with d(F;) < 6. Then
T = {Uj<k<n Ui, F», ..., F,,} will be a Riemann partition of the erN[ak, by ] such
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that
Se —sc = (My = m)A(Ure=aU) + D (M; — mi)A(Fy)

1<i<m

+2ud([Jlae. b)) < =+ £ = .

<
- -2 2
keN

| ™

The theorem is proved.

Remark 2.2.5 Note that Theorem 2.2.2 can be considered as a simple consequence
of Theorem 2.2.3. Now, by using Theorem 2.2.3, one can extend the concept of the
Riemann integrability theory for functions defined in the topological vector space
R of all real-valued sequences equipped with Tikhonov topology.

In the sequel we need some important notions and well-known results from general
topology and measure theory.

Definition 2.2.12 A topological Hausdorff space X is called normal if given any
disjoint closed sets E and F, there are neighborhoods U of E and V of F that are
also disjoint.

Lemma 2.2.2 (Urysohn [Ur]) A topological space X is normal if and only if any two
disjoint closed sets can be separated by a function. That is, given disjoint closed sets
E and F, there is a continuous function f from X to [0, 1] such that the preimages
of 0 and 1 under f are E and F, respectively.

Remark 2.2.6 Because all compact Hausdorff spaces are normal, we deduce that
[Ticnlak, bl equipped with Tikhonov topology, is normal. By Urysohn’s lemma
we deduce that any two disjoint closed sets in er wlax, br] can be separated by a
function.

Definition 2.2.13 A Borel measure g, defined on a Hausdorff topological space X,
is called a Radon if

VY e BX) &0 < u(Y) <+o00 — u(Y) = sup u(K)).
K is compact in X

Lemma 2.2.3 (Ulam [Ul]) Every probability Borel measure defined on Polish metric
space is a Radon.

In the sequel we denote by <K(er ~lax, br]) aclass of all continuous (with respect
to Tikhonov topology) real-valued functions on [ | wen L@k, bil.
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Theorem 2.2.4 For HieN[ai, b;] € Z, let (Y,),en be an increasing family of its
finite subsets. Then (Yy,),en is uniformly distributed in the erN[ak, by] if and only
if for every f € € ([ [rcylak, bil) the equality

lim ZyEY" VAS)) _ (R) fHng[akabk] J(x)di(x)
n—oo #(Yy) A ([Tiewlai, bi1)

holds.

Proof Necessity. Let (Y,,),en be a uniformly distributed in the [, enlar, bi] and let
F(x) =21, ck Zy, (x) be a step function. Then we have

lim Zer,, 7o) — Iim Zer,, ZZL:I 2y, (¥)
n—00 #(Yn) T oo #(Yn)

= lim
n— 00 #(Yn)

m

S U NY,) _ iq i #UrNYy)
pan n—00 #(Yn)

I P U/ ML stann £ ()AA00)
5 Ck’l(HieN[ai, bil) A Tienlai, bil)

Now, let f € € ([[icnlax, b]). By Theorem 2.2.3 we deduce that f is Riemann
integrable. From the definition of the Riemann integral we deduce that, for every
positive &, there exist two step functions f; and f, on ]_[i enlai, bi] such that

fil) = f(0) = ()

and
® [ 0= A <o
[Tienlai.bil
Then we have

" /I_IieN[ai:bi] R0 = = (R)/]'[ Si(x)d(x)

ieN[ai»bi]

. 2yer, 1) . Der, FO)
= a(iEHN[ai,bi]) x Jim S < A(g[ai,biJ) xlim, o, S

< (Tt b) x T oo 2 20D iy 2o S200)

1 #(Y,) e #(Y,)
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gz(H[ai,bi]) x (R)/H} [ai’bi]fz(x)dxl(x) < (R)/Hb [ai’bi]f(x)di(x)—i—e.

ieN i

Zyey,, f(V)

The latter relation yields an existence of the limit lim,,_, oo w0 such that
lim Zer,, f(y) _ (R) ferN[ak,bk] f('x)dll(x)
n—00 #(Yn) i(HieN[aia bz])

This ends the proof of Necessity.

Sufficiency. Assume that (Y,).cy is an increasing sequence of subsets of the
[ Tienlax, bl such that for every f € €' ([1;cnlax, bil) the equality

lim Zyey,l VAS)) _ (R) ferN[ak,bk[ Jx)di(x)
n—oo #(Yy) ([ Tienlai, bil)

holds.
Let U be any elementary rectangle in [ [,y [ai, b;].
For ¢ > 0, by Ulam’s lemma we can choose such a compact set

F C H[ak,bk] \[Ulr,

keN

that A(([ [y lax, bil\ [Ulr)\ F) < %, where [U]r denotes completion of the set U
by Tikhonov topology in [,y [ak, bx]. Then, by Urysohn’s lemma we deduce that
there is a continuous function g, from [, .y [ax, bi] to [0, 1] such that the preimages
of 0 and 1 under g, are F and [U]y, respectively. Then, for x € erN[ak, by], we
have

2y (x) < ga(x)

and

(R) (82(x) — 2y (0))di(x) < %
erN[“k»bk]

where 2 is an indicator of the U defined on the [ ], envlax, bil.
Now let us consider a set [erN[ak, br] \ Ulr. Using Ulam’s lemma, we can
choose such a compact set

Fy C [ ]lae bl \ [H[dk, bl \ U]T

keN keN

that
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2((TTtae a0\ [ Tt b\ U] )\ R < .
keN

keN

Then, by Urysohn’s lemma we deduce that there is a continuous function g; from
[Ticnlak, bilto [0, 1] such that the preimages of 0 and 1 under g, are [[ [,y [ax, b\
Ulr and Fy, respectively. Then, for x € erN[ak, by ], we have

gi1(x) = 2y (x)

and

(R) (Zu(x) — g1(x))dA(x) <

Hng [ax,bi]

N | ™

Now, we deduce that for every elementary rectangle U in []; enlai, bi] there exist
two continuous functions g; and g, on the []; enlai, b;] such that

g1(x) < Zy(x) < ga(x)
and
® [ (o - i <
ienlaisbil
Then we have

(i) — ¢ < (R) / 1 (0)dA(x)

[Tienlaisbil

MUY -6 < (R)/

[Tienlaizbil

ey, 81() #(Y, NU)
(g[a,,b ]) x lim = #r) i(ieHN[ai,bi]) Xh_n_mTYn)

— #¥,NU) o 2yer, 820)
< A(g[ai,bi]) X iy oo < z(iEHN[ai,bi]) X lim —y#(Yn)

—® [ eWd=® [ a0 e =i0) v
ienlaisbil ienlaisbil
Because ¢ was taken as arbitrary, we deduce that

B(Y, N U)
(g[a,,b]) x lim S = 20).

This ends the proof of Theorem 2.2.4.
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Now by the scheme used in the proof of Theorem 2.2.4, one can get the validity
of an infinite-dimensional analogue of Lemma 2.2.1. In particular, the following
assertion is valid.

Theorem 2.2.5 For [|,.ylai, bi]l € %, let (Y,)nen be an increasing family of its
finite subsets. Then (Y,,),en is uniformly distributed in the [ |, ylax, b1 if and only
if for every Riemann integrable function f on [|,.ylak., bl the equality

li zyEYn f(y) _ (R) ferN[aksbk] f(x)dll(X)
s #(Y) A([Loylan bi)

holds.

Definition 2.2.14 (Weyl [W]) A sequence sy, 2, 3, . . . is said to be equidistributed
modulo 1 or uniformly distributed modulo 1 if the sequence (< s, >),eny of the
fractional parts of (s,),en’s is equidistributed (equivalently, uniformly distributed)
on the interval [0, 1].

Lemma 2.2.4 Let [[,_ylax, bi]l € Z#. Let (x,gk)),,,keN be a double sequence of ele-
ments of [ [,y lax, brl. We set

n

ve=[lustn = [T &)

k=1 keN\{L,...,n}

Then (Y,)nen is uniformly distributed in the rectangle erN[ak, by if and only if
(X,(,k))neN is uniformly distributed on the interval [ay, b] for k € N.

Proof (Sufficiency) Because (Y,)nen is uniformly distributed in the rectangle

[Ticnylak, bil, for an  elementary rectangle U = Hf;ll [a;, bj]1x
Ile, d1Ix [ 1750, [ai, bi] with 1[c, d1[C [ax, by], we have
d—c A(U) _#Y,nU) . #W, L x®no)
= = lim —— = lim .
by —ar  A([lienlai, bil)  n—oo #(Y,) n—>00 n

The latter relation means that (x{©)),,c  is uniformly distributed on the interval [ax, by ]
fork € N.
Necessity. See Theorem 2.2.1.

Lemma 2.2.5 ([KN], Theorem 4.1, p. 42) Let (a,)nen be a sequence of differ-
ent integer numbers. Then a sequence of real numbers (a,X)en is u.d. mod 1 for
1y almost points of R.
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Definition 2.2.15 Following Brian R. Hunt, Tim Sauer, and James A. Yorke
(cf. [HSY]), a set X is called shy if it is a subset of a Borel set X’ for which
1(X"+v) = 0 for every v € B and some Borel probability measure x such that
#(K) = u(B) for some compact K.

Definition 2.2.16 A Borel measure x in V is called a generator (of shy sets) in V/,
if
VX)(E(X) =0 — X € S(V)),

where i denotes a usual completion of the Borel measure x.

Lemma 2.2.6 ([P4], Example 2.1, p. 242) “Lebesgue measure” [Bl] is a generator
of shy sets.

Theorem 2.2.6 Let (oc,(lk))nE ~ be an infinite sequence of different integer numbers
for every k € N. Then a set of all sequences (xi)ren in R* for which a sequence of
increasing sets (Y, (xi)xen))nen is not A u.d. on the [ |, ylax, bil, where

Yo ((x)ken) = H(u” d<aflx>Ge—ad) x  [] ta),

keN\(L,...,n}

is of A measure zero, where < - > denotes the fractal part of the number.

Proof For k € N, we denote D; by

Dy = {xi i xp € R& (< alVxi > (b — ap)) jen is 1y ud. on [ag, by}

By Lemma 2.2.4 we have that /(R \ Dy) =0fork € N.

We set D = [ [,y D« Itis clear that A(R* \ D) = 0. For (x¢)reny € D, we have
that (< a( )xk > (b — ax))jen is I u.d. on [ag, by] for every k € N. By Lemma
2.2.4 we clalm that (Y, ((xt)ken))nen is A u.d. on the [ ],y [ax, bi] for (xp)ken € D.
Inasmuch as A(R* \ D) = 0, Theorem 2.2.6 is proved.

Remark 2.2.7 Following Lemma 2.2.6, 4 is the generator of shy sets. The latter
relation means that every set of 4 measure zero is shy in R*. Following Theorem
2.2.6, we claim that a set of all sequences (x;);en in R* for which a sequence of
increasing sets (Y, ((x;)jen))nen is 4 u.d. on the [ ],y [ax, bi]) is the prevalent set.

2.3 Monte Carlo Algorithm for Estimating the Value
of Infinite-Dimensional Riemann Integrals

Now we give some basic definitions that help us define more precisely what we mean
by a Riemann integral with respect to product measure in R®. Then we give some
conditions for the existence of the Riemann integral with respect to product measure
in R* and go through a certain algorithm useful in computing this integral.
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Let (Fy)ren be a sequence of strictly increasing continuous distribution functions
on R. Let u; be a Borel probability measure in R defined by Fy for k € N. Let us
denote by [ ], &« the product of measures (z)ken.

For —00 < ¢ < d < +o0, let J[c, d][ denote a subinterval of the real axis
(=00, +00) which has one of the forms [c, d], [c, d[, ]c,d[ or ]Jc,d]. If c = —o0
and d # 400, then ][c, d][ denotes a subinterval of the real axis (—oo, +00) which
has one of the forms |c, d] or ]c, d]. Similarly, if ¢ # —oo and d = +o0, then ][c, d][
denotes a subinterval of the real axis (—oo, +00) which has one of the forms ]c, d[
or [c, d[. Finally, if c = —o0 and d = 400, then ][c, d][ denotes the whole real axis
(—o00, +00).

Definition 2.3.1 A set U* is called an elementary rectangle in R* if it admits the
following representation.

U* = [ Jilee, ded[xR¥ ), (2.3.1)
k=1
where —o0 < ¢; < dy < 4ooforl <k <m.

Definition 2.3.2 A family of pairwise disjoint elementary rectangles ¢ = (U}")1<k<n
in R* is called the Riemann partition of the R® if U, <<, U} = R™.

Definition 2.3.3 Let t* = (U)i<k<n be the Riemann partition of R* and
{4 (E_I(Pri(U,:‘))) the length of the preimage of the ith projection Pr; (U) of the
Uy under mapping F; fori € N. We set

. Ci(Fi(Pri(UY)))
TUD =2 St LR PR (232

ieN

It is obvious that d*(Uy’) is a diameter of the elementary rectangle U;" for k € N
with respect to metric p defined as

| Fi () — Fre(yio)l
261 + | F(x) — Fe (o)1)

p (ke Gken) = D (233)

keN
for (x)kens (Ve)ken € R,
Remark 2.3.1 Note that metrics p and pr are equivalent provided that
p((xi)kens (V)ken) =0

if and only if
pr((xken (Vidken) = 0.

Note also that both topologies induced by these metrics coincide.
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Definition 2.3.4 A number d*(7), defined by

d*(r) = max{d*(Uy) : 1 <k <n} (2.3.4)
is called the mesh or norm of the Riemann partition z* of the R*.

Definition 2.3.5 Let ¢f = (U;")1<<, and 75 = (U;?)1<; < be Riemann parti-
tions of the R*™. We say that 77 < 7;* iff

V) < j <m) — @)1 <io <n & U < UD)). (2.3.5)

Definition 2.3.6 A function f is called a step function on R* if it can be written as

fx) = ZCkXU;(X), (2.3.6)
=1

where t* = (U})1<k<x is any Riemann partition of the R™, ¢, € Rfor1 <k <n
and y 4 is the indicator function of the set A.

Definition 2.3.7 Let f be a real-valued bounded function defined on R*. Let 7* =
(U{)1<k<n be the Riemann partition of R* and (#)1<x<, be a sample such that, for
each k, tf € U;. Then

@) A sum D7, fE) [ Tien 1) (US) is called the Riemann sum of the f with
respect to the Riemann partition t* = (U}")1<<, together with sample (#)1<k<n-

(i) Asum Sp+ = > Mi(I1;en #0)(Uf) is called the upper Darboux sum with
respect to the Riemann partition 7*, where M, = SUP,eu; fx)A <k <n).

(i) Asums. = > mp([];en #i)(Uf) is called the lower Darboux sum with
respect to the Riemann partition 7*, where my = inf,cyy f(x)(1 <k < n).

Definition 2.3.8 Let f be a real-valued bounded function defined on R*. We say
that the f is Riemann integrable with respect to product measure [ [,y #; on R® if
there exists a real number s such that for every positive real number ¢ there exists a
real number 6 > 0 such that, for every Riemann partition (U;)1<x<, of the R with
d*(t*) < ¢ and for every sample (#;")1<x<,, we have

|Zf(r,j)(]_[ m)(u,j) —s| <e. (2.3.7)
k=1 ieN
The number s is called the Riemann integral of f over R* and is denoted by

(R) /R _fod (H u,-) (x). (238)

ieN
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In this section we present some conditions that help us determine whether the
Riemann integral of a certain function over R* exists.

Theorem 2.3.1 (Riemann necessary and sufficient condition for integrability). Con-
sider the bounded function f : R® — R. f is Riemann integrable in R* with respect
to product measure | |; . pi if and only if for arbitrary positive ¢ there is a Riemann
partition t* of R such that S;« — s+ < e.

The proof of Theorem 2.3.1 can be obtained by the standard scheme.

Example 2.3.1 Define u((x;)ren) = sin(xl_') for (x;)ren € (0, 1)*°. Then u is
bounded (by 1) and continuous on (0, 1)*°, but it is neither uniformly continuous nor
continuously extendable to [0, 1]*°.

In the context of Example 2.3.1 the following lemma is of some interest.

Lemma 2.3.1 Let f be any bounded and uniformly continuous function on (0, 1)*.
Then f has a unique continuous extension f to whole [0, 1]%°.

Proof Forany x € [0, 1]*, find a sequence (x,) € (0, 1)* such thatlim,_, o, x, = x.

Step 1. Because (x,),en is Cauchy, and f is uniformly continuous, we deduce
that (f (x,))nen is Cauchy.

Assume the contrary and that (f(x,))sen is not a Cauchy sequence. Then for
some ¢ > 0 and for each natural number m there are two natural numbers nim) > m
and ng") > m such that | f (x,m) = f(x,m)| > .

Let us consider a set {xn‘,'”) s Xy 11 E N}.

Because f is a uniformly continuous function on (0, 1)*, for ¢/2 there exists
0 > 0 such that if x,y € (0, 1)* and pr(x,y) < &/2 then |f(x) — f(y)| <
&/2. Inasmuch as (x,),en is a Cauchy sequence we can choose such m € N that
T (.xn(lm()), xn(?mm) <o.But|f (.xn(lm())) — f(xn(zmm)| > ¢ and we get the contradiction.

Step 2. Define f(x) = lim,_, o0 f (x).

Step 3. Let us show that this definition is independent of the choice of the sequence
(*n)nen.

Indeed, we have another sequence (y,),en of elements of (0, 1)* which tends to
x. Let us show that lim,,_, o, f(y,) = f(x). For ¢ > 0 there is n(¢) such that for
eachn > n(e) we get | f(x,) — f(x)] < &/2.

Because f is uniformly continuous on (0, 1)* for &/2 there is (g, f) > 0
such that if pr(w,z) < d(e, f) then |f(w) — f(2)] < &/2. Because (y,),en and
(xn)nen tend to x, for (e, f)/2 there exists a natural number n(d (e, f)) such that
pr(u, x) < (g, f)/2 and pr(x,,x) < (g, f)/2 for n > n(d(e, f)). Then for
n > n(d(e, f)) we get

Pr s Yn) < pr(n, X) + pr(x, ya) < (e, [)/2+ (e, [)/2=0d(e, ) (2.3.9)

which implies | f (x,) — f ()| < €/2.
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Then for n > max{n(e), n(3(c, f))} we get
L) = Ol =1F0) = fGn) + fn) = fFOn)l <
Lf) = fO)l+ 1) = fFOl S€/2+¢e/2=e. (2.3.10)

Note that f is an extension of f (i.e., it coincides with f on (0, 1)>) because of
Step 3.

Uniqueness holds because any continuous extension of f must satisfy the equality
of Step 2; that is, if g is another continuous extension of f, then for any (x,),eN as
above g(x) = lim,_, f(x,) = f(x). As for boundedness, it again follows from
Step 2. If | f(y)| < M for all y € (0, 1)®, then | f(x)| = lim,_ o | f(x,)| < M as
well.

Let f : R*® — R be a real-valued function. We set f(r),, : (0,1)* — R as

follows. f(£),n (()ken) = fF((F ' (xi))ken) if (xo)een € (0, D.
Now it is not hard to prove the following assertion.

Theorem 2.3.2 Let f be a real-valued bounded function on R* such that f(r,),x
admits the Riemann integrable (with respect to the infinite-dimensional “Lebesgue
measure” in [0, 1]°°) extension ?(E_)M from (0, 1) to whole [0, 1]1°°. Then f is
Riemann integrable w.r.t. the product measure ||, .\ i and the following equality,

(R) /Rx f(x)d(]_[ui)(x) = (R) /[Oﬂl]w o ©)dA(x), 2.3.11)

ieN
holds true.

Theorem 2.3.3 If f is a real-valued bounded uniformly continuous function on R®
then f is Riemann integrable w.r.. the product measure [ |;.y i and the following
equality,

(R) /Rx f)d (H ,Ui) (x) = (R) /[0,1]00 ?(,:,.)ieN (x)dA(x), (2.3.12)

ieN

holds true, where ?( F)ex 18 @ continuous extension of f(r,), from (0, 1)> to whole
[0, 1]*° defined by Lemma 2.3.1.

Proof Because f is bounded and uniformly continuous on R* with respect to metric
p we claim that f(z,),, is bounded and uniformly continuous on (0, 1)*° with respect
tometric py. By Lemma 2.3.1, we know that f(r,),. has a unique bounded continuous
extension 7(F[),<N on [0, 1]°°. By Theorem 2.3.2 we know that 7(F;),-6N is Riemann
integrable on [0, 1]*° w.r.t. A. This means that there exists a real number s such that
for every positive real number ¢ there exists a real number é > 0 such that for every
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Riemann partition (Ur)i<k<, of the [0, 1] with d(z) < J and for every sample
(tx)1<k<n» We have

| D F i @WAU) — 5| < & (2.3.13)
k=1

The latter relation implies that for every Riemann partition (Uy)i<x<, of the
[0, 1]°° withd(z) < Jand forevery sample ()<<, forwhich#, € U,N(0, 1)*(1 <
k < n), we have

| D firne @)AUN (0, 1)) — 5| <e. (2.3.14)
k=1

We have to show that s is a real number such that for every positive real number
g, 0 is a number such that for every Riemann partition * = (U})1<k<n of the R®
with d*(7*) < ¢ and for every sample (¢)1<k<, With#; € U (1 < k < n), we have

|Zf(t,f)(l_[,ui)(U:) —s| <e. (2.3.15)
k=1 ieN

We set F((xi)reN) = (Fi(xi))ren for (x)ren € R™.

If (Uf)i<k<n is a Riemann partition of R* with d*(z*) < 6, then 7 =

(U 1<k<n = (FU}))1<k<n Will be a Riemann partition of (0, 1)*° with d(r) < ¢
and (ty)1<k<n = (F(*#))1<k<,» Will sample from the partition 7 such that

| > f % (H ﬂ,-)(u,j)) —s| =D frra@AU) —s| <& (23.16)
k=1

ieN k=1

The latter relation means that

(R) /Rw f(x)d (H ,Lti)(x) =s. (2.3.17)

ieN

On the other hand we have that
(R) / i @)dA(x) = 5. (2.3.18)
[0,1]>

This ends the proof of the theorem.
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The following corollary shows us how the Riemann integral can be computed
with respect to the product measure in R*.

Corollary 2.3.1 Let f be a bounded uniformly continuous real-valued function on
R®. Let (Yy)nen be an increasing family of uniformly distributed finite subsets in
[0, 1]°°. Then the equality

(R) /Rm fx)d (H ﬂi)(x) _ i 2 a®) (2.3.19)

(N n—00 #(Yn)

holds true.

Proof By Theorem 2.3.3 we know that

(R) /Rx f(x)d (H ,Ui)(x) = (R) /[0,1]00 Lm0 A(x). (2.3.20)

ieN
By Theorem 2.2.5 we have

ZyéYn ?(Fi)ieN (y)

) (2.3.21)

(R) / i @)dA(x) = lim
[0,1]° n—00

This ends the proof of the corollary.

Remark 2.3.2 Let f be a bounded uniformly continuous real-valued function on
R®. Tt is not hard to show that there is an increasing family of uniformly distributed
finite subsets (Y,,),en in [0, 1]° such that ¥,, € (0, 1)* for each n € N. Then the
equality

,1 . .
® /R ) d(g#i) (0= tim 2 ienets ;‘((;F) ODiey) 30

holds true.

The following example can be considered as a certain application of the Remark
2.3.2 in mathematical analysis.

Example 2.3.2 The following equality

no i)
lim 2 iz el my 2kt - |
n—00 n" 14+ a

(2.3.23)

holds true for all irrational numbers @ and positive real numbers a.
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Let f : R® — R be defined by f((xi)ken) = X sen FE (i) /25,
Then

Fo(F! a
P ey = 3 IO 5 06

keN keN

for (yi)ren € (0, ).
Let @ be an arbitrary irrational number. Let ¥, = {{w}, {20},
({w}, {w}, . ..) for n € N. Then by virtue of Remark 2.3.2 we have

41

where a > 0.

(2.3.24)

..o {nol)t x

(R) /1;00 f(x)d (H ,Ll,)(x) = nlig.lo Z()'i)/eNEY,, f((F, (yl))lEN) _

ieN #(Y")

n o} fo}*
i il np (D=t T3+ 2o 5)
lim =
n— 00 n"

Z- . . n {ixw}*
lim £lh, i)l )t £ek=1 2t

n— 00 nn

On the other hand we have

Voo = i
®) [ s (]‘[ ﬂ,)m ® [ 35

ieN

1 1 1 1
S [ a0 = 3=
(0,11 keN

Finally, we get the identity:

no {ixo}”
. Z (1,02 ] n z = 1
lim (i1502,.0s0n)E{1,...,0} k=1 2k — )
n—00 nn 14+«

2.4 Applications to Statistics

(2.3.25)

(2.3.26)

(2.3.27)

In probability theory, there exist several different notions of convergence of
random variables. The convergence of sequences of random variables to some
limit random variable is an important concept in probability theory. Almost sure
convergence is called the strong law because random variables that converge strongly
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(almost surely) are guaranteed to converge weakly (in probability) and in distribution
(see, e.g., [Sh], Theorem 2, p. 272). Theorems that establish almost sure convergence
of such sequences to some limit random variable are called strong law type theo-
rems and they have interesting applications to statistics and stochastic processes.
The purpose of the present section is to establish the validity of essentially new and
interesting strong law type theorems in an infinite-dimensional case by using Monte
Carlo algorithms elaborated in Sect.2.3.

Theorem 2.4.1 Let (Q, F, P) be a probability space and (& )ren be a sequence
of independent real-valued random variables uniformly distributed on the interval
[0, 1] such that 0 < & (w) < 1. Let f : [0,1]° — R be a Riemann integrable
real-valued function. Then the equality:

P {w - lim z(il,iz ,,,,, in)e{l,...,n}" f(;til (C()), fiz (CO), RN} é’in (CO), 51 (CU), 51 (CU), <. ) _
n—0oQ nn
/ f(X)dfl(x)] =1 (2.4.1)
[0,1]>
holds true.

Proof Without loss of generality we can assume that
(Q,F, P) = ([0, 11, B([0, 1]°), £7°), (24.2)

where £ is the Lebesgue measure in (0, 1) and & ((w;);en) = @y foreachk € N and
(w)ien € [0, 1]°°. Let S be a set of all uniformly distributed sequences on (0, 1).
By Lemma 1.2.4 we know that ¢} (S) = 1; equivalently, 2(S) = 1, where 4 denotes
the infinite-dimensional “Lebesgue measure”. The latter relation means that

P{w : (& (®))ken is uniformly distributed on (0, 1)} = 1. (2.4.3)
We put
V(o) = (Uj_{& (@)D" x (i (@), &), ..) (2.4.4)
foreachn € N.
Note that if the sequence of real numbers (& (@))ien is uniformly distributed in

the interval [0, 1] then by Theorem 2.2.1, (Y, (w)),en Will be uniformly distributed
in the rectangle [0, 1] which according to Theorem 2.2.5 implies that

/ FOOdA) =
[0,1]%°
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lim ElnisinEll . (245)

n—o0 n"

But the set of all @ points for which the latter equality holds true contains the set
S for which P(S) = 1.
This ends the proof of the theorem.

As a simple consequence of Theorem 2.4.1, we get the validity of the strong law of
large numbers for a sequence of independent real-valued random variables uniformly
distributed on the interval [0, 1] as follows.

Corollary 2.4.1 Let (Q,F, P) be a probability space and (&)ren be a sequence
of independent real-valued random variables uniformly distributed on the interval
[0, 1] such that 0 < & (w) < 1. Then the condition

P [a)  lim 2= (@)
n

n—o00o

=1 /2] =1 (2.4.6)

holds true.

Proof Let f : [0, 1]* — R be defined by f(x1, x2,...) = x;. By Theorem 2.4.1
we have

P{w:/[o,l]w f(x)dAi(x) =

Z(il,iz,»»~,in)€{l n" f(é:il (CU), fiz (CU), L) éi,, (CU), 61 (CU), é:l (CU), . )

lim —/——=enlm e - } = 1.
n—oQ n
2.4.7)
Note that
/ f()di(x) =1/2 (2.4.8)
[0,1]>
and
lim 2 vininell.mp f G (@), & (@), ..., &, (@), S1(@), &1 (), .. ) _
n—o0 n}’l

lim
n— 00 n
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lim %:lé‘(w) = lim M

n—00 n n—00 n

(2.4.9)

This ends the proof of Corollary 2.4.1.

The next corollary also being a simple consequence of Theorem 2.4.1 gives inter-
esting but well-known information for statisticians regarding whether the value of
m-dimensional Riemann integrals over the m-dimensional rectangle [0, 1]” can be
estimated by using infinite samples.

Corollary 2.4.2 Let (QQ, F, P) be a probability space and (& )ren be a sequence
of independent real-valued random variables uniformly distributed on the interval
[0, 1] such that 0 < &(w) < 1. Let f : [0,1]" — R be a Riemann integrable
real-valued function. Then the equality

Plo: lim ————r— o
n— 00 nmn

fxr, oo, xp)dxy . ..dxy} =1 (2.4.10)
[0’1]717

holds true.

Proof For (xp)ren € [0, 11%° we put f((xp)ken) = f(x1, ..., x,). Without loss of
generality we can assume that

(Q,F, P) = ([0, 1], B([0, 1]%), £7°), (2.4.11)

where ¢ is the Lebesgue measure in (0, 1) and & ((®;);en) = oy foreachk € N and
(w)ien € [0, 1]°°. Let S be a set of all uniformly distributed sequences on (0, 1).
By Lemma 1.2.4 we know that P(S) = 1. The latter relation means that

P{w : (& (®))ken is uniformly distributed on the interval (0, 1)} = 1. (2.4.12)
We put
Yu(w) = (Vj_{ (@)D" x (i(@), &1 (@), .. ) (2.4.13)
foreachn € N.
Note that if (& (®))key is uniformly distributed on the interval (0, 1) then by

Theorem 2.2.1, (Y,,(w))nen Will be uniformly distributed in the rectangle [0, 1]°°,
which according to Theorem 2.2.5 implies that

Fxr, .. xp)dxy ... dxy, =/ f(x)di(x) =

[0,17m [0,1]%
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lim Z(il,iz ..... in)ell,..,n}" ?(éfil (C()), éiz (CU), ey éi,, (C()), 51 (CO), 51 (CO), .. ) _
n—o0 nn

..........

.....

lim
n—o0 n"

lim =lneetm) e - (2.4.14)

n— 00 nm

A set of all points w for which the latter equality holds true, contains the set S for
which P(S) = 1.
This ends the proof of Corollary 2.4.2.

Corollary 2.4.3 Let (QQ,F, P) be a probability space and (& )ren be a sequence
of independent real-valued random variables such that the distribution function Fy
defined by & is strictly increasing and continuous. Let f be a real-valued bounded
Sfunction on R* such that f(r,,., admits such an extension 7(,.—,,)1,EN from (0, 1)*
to whole [0, 11%° that ?(F, Yoy IS Riemann integrable with respect to the infinite-
dimensional Lebesgue measure /. in [0, 1]>°. Then f is Riemann integrable w.r.t.
product measure ||,y i and the condition

P {a) . hm z(i17i2 ,,,,, inell,..., njn f(gil(w)s sz(Q)), DRI gin ((U), 51 (a))s él (a))! .. ) _
n—oo nn
®) [ reoa (H ui) (x)] —1 2.4.15)
ieN
holds true.

Proof Without loss of generality we can assume that

(Q,F, P) = (ROO,B(R"O), Hﬂ,-), (2.4.16)

ieN

and & ((w;);en) = oy foreach k € N and (w;);eny € R™.
Let @ be an element of the Q such that (F (& (@))ren is a uniformly distrib-
uted sequence on (0, 1). Note that all such points @ constitute a set Dy for which

(I Tien #i) (Do) = 1.
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According to Theorem 2.3.2, f is Riemann integrable with respect to the product
measure [ [,y #i and the equality

(R) /R _f)d [Tw )= /[O,I]w T 5y (D) A(x) (2.4.17)

ieN

holds true. For v € Dy we have

® [ Ty i)
[0,1]%
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n—o00 n’l
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This ends the proof of Corollary 2.4.3.
Remark 2.4.1 Main results of Sect.2.3-2.4 were obtained in [P3].
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