Chapter 2
The Poisson Integral

This chapter deals with harmonic Hardy spaces h”, 1 < p < 00, in the unit disk D.
We review the Poisson and Poisson-Stieltjes integrals, the nontangential limits, and
the maximal functions.

Since this chapter is intended as a preparation for the study of Hardy spaces H”,
0 < p < oo, of analytic functions in ID, which is our main purpose, our presentation
is somewhat brief. In some cases proofs are omitted. For the missing proofs and other
information the reader is referred to the classical sources such as [1-3], or [4].

The reader should be aware that much of the material presented in this chapter
and in the following one extends to more general settings (see [5-10]).

2.1 The Poisson Integral of a Continuous Function

The Disk Automorphisms. We first introduce a class of simple maps which is
extremely useful in function theory: the group of disk automorphisms.

By a disk automorphism we shall mean a bijective holomorphic map of D onto
itself. These transformations form a group with respect to the composition of map-
pings, called the authomorphism group and denoted by Aut (D).

For an arbitrary pointa € D, the following special Mobius transformation defined
by

pua) = =, zeD,
1 —az
is readily verified to be a disk automorphism which exchanges the points 0 and a. It
is not difficult to verify the standard properties:

1—laf? (1 —la»)(1 = z1»)
/ 2
==, 11— )I° = — 2.1
R T |2a(2)] T @.1)
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16 2 The Poisson Integral

The second formula readily shows that ¢, maps the disk into itself.

Moreover, ¢, is an involution in the sense that ¢, (¢, (z)) = z for all z in the disk.
This property immediately tells us that ¢, maps D onto itself.

As is well known, every disk automorphism can be represented in the form (z) =
€', (z), for some a € R and some a € D.

Green’s Formula. We first state the following variant of Green’s theorem; see
[11, Chapter 1].

Theorem 2.A (Green’s formula) [f Q2 is a finitely connected domain in the plane,
bounded by analytic Jordan curves, then

ov Oou 5 =
/(uAv —vAu)dm =/ (u(z)—(z) — v(z)—(z)) ldz|, u,ve C (),
Q oQ on on

9

n is the outer normal derivative.

where

In particular, if F is a C? function on Dg(0), taking # = 1 and v = F we obtain

d ( 1 [ " 1
— —/ F(rée )d@) = — AF(z)dm(z). 2.2)
dV 0

2w 2nr lzl<r

Now if we integrate (2.2), we obtain

r 2m r
/ i (i/ F(pei(’)dg) dp :/ (L/ AF(Z)dm(Z)) dp
o dp \2m Jy o \27p Jiz1<p

and consequently by using Fubini’s theorem, we find that

27

1 A
— F(re'’ydo — F(0)
27'(' 0

1 " dp
2—/ AF(Z)dm(z)/ XD,(0)(2) —

T Jp 0 p (2.3)
r

| dm(z),

— AF(z)log
27T |z|<r |Z

where 0 < r < R.
Harmonic Functions. For a complex-valued function u, defined on a domain
Q ¢ C and of class C? there, its Laplacian is defined in the usual way:

Pu  Ou A 0%u N )
Au_ﬁ+87y_ 9207 where z =x +1iy.
A function u is said to be harmonic in Q2 if Au = 0 in Q.
The space h(D) N C (D) of all functions harmonic on I) and continuous on I, will
be denoted by 2C. The norm on AC is defined by [ullcc = [ullnc = sup,ep [u(2)].
It should be noted that every function u € hC has the mean value property:
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2T
u(0)=L / u(e'®y de. (2.4)
27 Jo

™

This is an easy consequence of (2.3).

The Poisson Kernel and Integral Formula. By applying (2.4) to the function
u o, € hC,where ¢, is a disk automorphism as introduced at the beginning of this
chapter, we get

1 2w )
u(@) = - /0 u(pa(e”)) do.

Now we introduce the substitution e’ = o, (¢'?) (equivalently, ¢! = ¢, (e'")). Since
1—Jal?

di = 4(#, we have

|1 —aeit|?

2 _ 2
u(a):L / 1 =lal (€' dt. (2.5)
0

- u
27 leit — al?
This is the Poisson integral formula. The function

1 —|al?

Py = P() = —
a(e ) (9) |€’6—a|2

is called the Poisson kernel for the point a € D. Note that Pyt (0) = P,.io (1).
It is also useful to note that, as a special case of (2.5), we get

27

1
— P,(t)dt =1, zeD. (2.6)
2w 0

Solution to the Dirichlet Problem. It is well known that the Poisson integral can
be used to solve explicitly the Dirichlet problem with continuous boundary data for
the disk ID. We recall the precise statement and include a proof.

Theorem 2.1.1 Let ¢ be continuous on T and define u (the Poisson integral of )
on D by

27
u(z) = Plel(z) := % / P.(0)p(e)dO forz eD
0

and u(z) = ¢(z) for z € T. Then u is continuous on D and harmonic in .
Proof Notice that the Poisson kernel P,(6) also has the form

el 4z

P.(0) = Re 7
etV —z

’

so that, for ¢'? fixed, P, () is a harmonic function of z € . Hence the function u is
harmonic in D.
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To prove thatu € C (D), fix a point ¢'? on the unit circle and € > 0. Choose § > 0
so that [p(e") — p(e'?)| < e whenever |t — 0| < 6. For z € I, using (2.6) and some
obvious estimates, we have

) 1 [ ) )
lu(z) —u(e'”)| = ‘Z /0 P.(1)(p(e™) — p(e'?))dt|

1 . .
<5 P.(1)]p(e") — () |dt +
™ J)t—01<6
1 . )
P.()]p(e™) — p(e)|dt

27 Jii—o1>5
max,ir |o(e'")
<e+ w P.(t)dt.
u |t—0|>6
The last term tends to O when z — €'’ proving that u is continuous at ¢'’. O

As was shown above, (2.5) holds for functions u € hC. Therefore the solution of
the Dirichlet problem for the unit disk given in Theorem 2.1.1 is unique.

Theorem 2.1.1 and the maximum principle for harmonic functions (see
Proposition 3.2.3 for a more general statement) yield the following:

Theorem 2.1.2 The Poisson integral acts as an isometric isomorphism from C (T)
onto hC.

As is usual, by C(T) we denote the space of all continuous functions on T equipped
with the standard norm:

l¢lloo := li@llcery = max [p(§)].
EeT

2.2 Borel Measures and the Space h!

2.2.1 The Poisson Integral of a Measure

For ¢'? fixed, P, (0) is a harmonic function of z € D, hence the function defined by

27
Plul(z) = % / P.(O)u(e) do 2.7)
0

is harmonic in D whenever u € L' (T).

Since P, (#) is also continuous function of €, we obtain a harmonic function from
(2.7) if we replace u(e'’)df by a complex measure d.(e'?) on T. This function, the
Poisson integral of the measure 1, will be written as follows
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_ L i0 i0
Plpl(z) = P (e™) dp(e™). (2.8)
2T T

Let M (T) denote the space of all complex Borel measures on T, with the norm
given by ||u|l = ﬁ| 1|(T). Here, as before, |uu| denotes the total variation of the
measure /4 (see [12, Chapter 6]).

Recall that M (T) becomes a Banach space when equipped with the total variation
norm. By the Riesz representation theorem, if we identify . € M (T) with the linear
functional A, on C(T) given by A, (f) = # fT f dp, then M (T) is isometrically
isomorphic to the dual space of C(T). We write C(T) = M(T).

Proposition 2.2.1 The Poisson integral is an injective linear operator from M (T)
into h(D).

Proof Obviously the Poisson integral is a linear operator on M (T). To prove the
injectivity assume P[u] = 0. If ¢ is continuous on T, then Fubini’s theorem and
identity P,.i:(0) = P,,o(t) give

/ pdp = }1311— / ( / ﬂ reie(t)¢(€”)dl) dp(e')

= lim / (;5(6”) / P (0)d (e’ dt
= hn} / de)Pp)(re'ydt = 0.

Thus, [ ¢dp = 0 for all continuous ¢ and the Riesz representation theorem gives
w=0. O

2.2.2 The Banach-Alaoglu Theorem

The Weak-* Topology. We recall briefly the concept of weak-* topology. Let X be
a Banach space and X’ its (complex) dual space, that is, the space of all continuous
linear functionals on X. Obviously, X’ is equipped with the natural norm induced by
the norms of functionals. In addition to this metric topology on X’, it is often also
useful or necessary to consider a weaker topology.

The weak-* topology is the weakest topology on X’ such that for each x € X the
function ¢, : X’ — C, defined by ¢, (F) = F(x), is continuous. This means that a
sequence {F,}, in X’ converges weak-* to F' if and only if

lim F,(x) = F(x), forallx € X.
n—o00

The Banach-Alaoglu Theorem. A basic result in this context is the Banach-
Alaoglu theorem which says that the closed unit ball in X’ is weak-* compact. In
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other words, for each sequence of linear functionals {F,,},, on X for which || F, || < 1
for all n € N, there exists a linear functional F on X with ||F|| < 1 and such that
some subsequence {F), }; converges pointwise to F:

lim F, (x) = F(x), forallx e X.
k—o00

A concrete situation where this result is frequently used is the following. If {1},
is a sequence of positive Borel measures on the compact topological space K and
1 (K) < 1 for all m € N then there exists a finite measure ;1 and a subsequence
{#4n, }x such that

lim/fdunk:/ fdu, forall f e C(K).
K K

k— 00

Here C(K), as is usual, denotes the space of all continuous functions on the compact
set K, equipped with the supremum (maximum) norm.

Also, in the context of Riemann-Stieltjes integrals of functions of bounded vari-
ation over a finite closed interval [a, b], the special case of the Banach-Alaoglu
theorem is known as the Helly selection theorem; see [2, Chapter 1].

2.2.3 The Riesz-Herglotz Theorem

Harmonic Hardy Spaces. The harmonic Hardy space h?, 0 < p < 00, is defined
as

h? = {u e h(D) : |lull, = sup My(r,u) < oo]

O<r<l

21
M, (r, 1) = (% / |u<re”’>|"d9)
0

is the integral mean of order p as defined in Sect. 1.1. In the case p = oo, the right-
hand side of the above equality is to be interpreted as the supremum:

where
1/p

My (r,u) = sup |u(rei9)|.

Oe[—m, 7]

The Riesz-Herglotz Representation. The Poisson integral of a measure p €
M (T) belongs to h'! because || P[]l < |||l This is easily deduced from the fact
that

1 27
—/ P.()do =1, zeD.
2 0
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The converse is true as well. Every function belonging to &' is equal to the Poisson
integral of some (unique) measure. A more precise statement is as follows. (The
result is often also called the Herglotz representation formula.)

Theorem 2.2.2 (Riesz-Herglotz) The Poisson integral acts as an isometric isomor-
phism from M(T) onto h'.

Proof First we show that the transformation j > P[x] maps M (T) onto A'.
Suppose u € h'. By the assumption, the family { u, : r € [0, 1)} is norm-bounded
in L'(T), and the family of measures d i, (¢'?) = u(re'?)df is bounded in M (T),
which is the dual of a separable space C (T). Now, we can apply the Banach-Alaoglu
theorem to conclude that there exists a sequence r, — 1 such that y,, converges in
the weak-* topology to some p € M (T). Next, we show that u = P[u].
Fix a € D. Since the functions z — u(r;z) are harmonic in D, we have

1 2 )
u(rja) = %/ Pa(H)u(rje’g)dH, for each j. (2.9)
0

Now let j — oo. By continuity, the left-hand side of (2.9) converges to u(a). On the
other hand, since P,(-) € C(T), the right-hand side of (2.9) converges to P[u](a).
Therefore, u(a) = P[u](a), and thus u = P[u].

Because of the weak convergence we have

el < liminf || | = lminf (w1 < llull,
J J

which together with the inequality ||u|l; = || P[p]lli < ||p]l implies that |ul|l; =
1P Ll = il U

If du(e'?) = ¢(e'?)df with ¢ € L'(T), then ||u|| = [|¢]| .1 (1), which means in
particular that M (T) contains an isometric copy of L'(T).

2.2.4 The Poisson-Stieltjes Integral

Instead of dealing with measures, it is sometimes more convenient to work with
functions of bounded variations. Due to lack of space we cannot review here the
functions of bounded variations and the concept of the Riemann-Stieltjes integral.
For the functions of bounded variation, we refer the reader to [12, Chapter 8] or [13,
Chapter 5] and for the Riemann-Stieltjes integral to [14, Chapter 6], for example.
Let BV]a, b] denote the set of functions of bounded variation on [a, b]. The
Poisson-Stieltjes integral of a function v € BV [—m, 7] is defined as the (harmonic)

function _

. 1
PS[y1(re'?) = Z/ P(r,0 — t)dv(1).

—T
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Here, P(r, 1) := Poir(1) = (1 —r%)/(1 — 2r cost + r?).

It is convenient to recall that every function of bounded variation is a difference
of two increasing functions. In view of the well-known connection between Borel
measures and functions of bounded variation, it can be deduced from the Riesz-
Herglotz theorem that a function u € (D) belongs to i' if and only if u is equal to
the Poisson-Stieltjes integral of a function v € BV [—m, 7] and a positive harmonic
function in D is equal to the Poisson-Stieltjes integral of an increasing function in
BV|[—m, 7.

2.3 The Poisson Integral, L?(T), and h? Spaces
When1l < p < o0

2.3.1 The Poisson Integral of a Function

A slight modification of Theorem 2.2.2 shows that the following is true:

Theorem 2.3.1 Let 1 < p < 0o. Then the Poisson integral acts as an isometric
isomorphism from L? (T) onto h?.

If p € C(T) and u = P[], we know that u, — ¢ in C(T) as r — 1. This fact and
Theorem 2.3.1 enable us to prove the following result about L”-convergence.

Proposition 2.3.2 Suppose 1 < p < oco. If ¢ € LP(T) and u = P[], then |u, —
ollp = 0,asr — 1.

Proof Inorderto simplify the notation, we shall often write || - ||, instead of || - || L»(T).
Fix € > 0 and choose ¢ € C(T) with ||¢ — ¢, < ¢. Setting v = P[¢], we have

lur —&llp < Ny —vrllp + lor = @l + 1l — 2l

Now u, — v, = Ply — ¢],, hence |u, —v,||, < ¢e. Note also that [|v, — @], <
v, — @lloo- Thus, lu, — @, < [l — @lloo + 2¢. Since ¢ € C(T), we have [Jv, —
Olloo = 0,asr — 1.Itfollows thatlim sup,_, | [lu, — ¢|l, < 2¢. Since ¢ is arbitrary,
we have [[u, — @[, — 0 as desired. O

2.3.2 Weak-* Convergence Properties of the Poisson Integral

Proposition 2.3.2 fails when p = oo. In fact, for ¢ € L*°(T) and u = P[], we have
lu, — ©lloc = 0,asr — 1, if and only if ¢ € C(T), as can be easily verified.

In the case when ;o € M(T) andu = P[], one might ask whether the L' functions
u, always converge to 1 in M (T). Here the answer is negative as well. Since L' (T) isa
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closed subspace of M (T), u, — pin u(T) precisely when p is absolutely continuous
with respect to o.

The following result is a substitute for Proposition 2.3.2 in the two cases mentioned
above.

Proposition 2.3.3 The Poisson integrals have the following weak-* convergence
properties:

(1) ifupe M(T) andu = Plu), then u, — p weak-* in M(T) asr — 1.
(i) ifp € L™(T) and u = P[], then u, — o weak-* in L*°(T) asr — 1.

Proof (i) Recall that C(T)" = M(T). Suppose p € M(T), u = P[u], and v €
C(T). To prove (i), we need to show

lim vurdaz/vdu.
T T

r—1

Working with [, vu,do, we have

/wmm/wg/mwwwww
T T T

z//RMW@M@M@
TJT
:/TP[U](rn)dM(U)-

Because v € C(T), P[v](rn) — v(n) uniformly on T as r — 1. This proves (7).
(ii) The proof of (ii) is similar. Use the duality L' (T)" = L>(T). O

2.4 The Maximal Function of a Measure on T

2.4.1 The Maximal Function of a Measure on T

The maximal function of a complex measure p € M(T) is the function My : T +—
[0, oc] defined by

i6
M,U/(eiﬂ) = sup M’
6>0 26

where Q(e'?, 0) = {e'" € T : |t — 0] < §}. Note that My = M |pl.

Foreach fixed§ > 0, the above quotient is easily seen to be alower semicontinuous
function of ¢’’. Hence M is lower semicontinuous.

The operator M which maps i to My is called the Hardy-Littlewood maximal
0[)6}"61[07‘.
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Theorem 2.4.1 If n € M(T) then
m((Mp > t}) < Ct Y ull, foreveryt>D0. (2.10)

The notation used on the left-hand side of (2.10) replaces the more cumbersome
expression m({e'? € T : (M) (e'?) > t}). We shall often simplify the notation in
this way.

Proof Fix u and ¢. Let K be a compact subset of the open set { My > t}. By the
definition of My and the compactness of K there are openarcs Q;, j =1,2,...,m
suchthat K C Uj.“zl Q; and |p(Q ;)| > tm(Q ;). Assume that the sequence m(Q ) is
decreasing. Let J| = Q. Let J, = Oy, where k is the smallest i for which Q; N J; =
#. Then let J3 = Q, where n is the smallest i > k such that Q; N (J; U J,) = 0.
Continuing this way we find a sequence J; of pairwise disjoint arcs on T such that
Ui Qi C U;J}, where, for each j, J7 is the arc “concentric” with J; and m(J}) =
3m(J;). It follows that

m(K) <D m(J}) <3t ul.
J

Now (2.10) follows by taking the supremum over all compact K C {Mpu > t}. O

2.4.2 Lorentz Spaces

Let LO(T, o) = L(T) be the space of complex-valued Lebesgue measurable func-
tions on T. For u € L°(T) and s > 0, we write \,(s) = c({£ € T : [u(€)| > s}) for
the distribution function and u*(s) = inf({r > 0: \,(¢) < s}) for the decreasing

rearrangement of |ul, each taken with respect to o. The Lorentz functional || - |, 4
is defined for u € L°(T) by

s ds\ 4
lullp.q = (/ [u*(S)Sl/p]q ?) for0 < g < oo
0

and
[l p.0o = suplu*(s)s'/?].
520

The corresponding Lorentz space is defined by

LP(T, o) = LPU(T) = {u € L°(T) : [|ull,, < o0}
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It is not difficult to show that the space L”-9(T) is separable if and only if g 7# oo.
The class of functions u € LO(T) satisfying lim,_o(u*(s)s'/?) =0 is a separable
closed subspace of L?-°°(T) which is denoted by Lg (T).

The cases of main interest are, of course, p = ¢ and ¢ = oo. Indeed, L”'?(T) is
nothing but L7 (T) and L?°*°(T) is the so-called weak-L? (T) space.

2.4.3 The Maximal Theorem

If f € L'(T, o) and t > 0, then the inequality o({ | | > t}) <t fll1(r) is obvi-
ous (and holds equally well for any positive measure in place of o).

Theorem 2.4.1 restricted to L' (T, o) can be restated by saying that the Hardy-
Littlewood maximal operator M maps L'(T) to L'*°(T). Since the operator M is
subadditive: M(f + g) < M f + Mg and since the inequality | M flloo < || flloo
is trivial, the following L? result is a consequence of the Marcinkiewicz interpolation
theorem [7, 15].

Theorem 2.4.2 (Maximal theorem) For 1 < p < oo there are constants C,, < 00

such that
2w

27
[(Mu(e'?)17do < c,,/ lu(e'®)|Pdo
0 0

foreveryu € LP(T).

2.5 Nontangential Maximal Function and Fatou’s Theorem

2.5.1 Nontangential Maximal Function

For ¢ € T and a > 1 we define the Stolz (nontangential) approach region of aper-
ture o ‘ ‘ a
T, (") = {Z eD: 2= < S =z } .

For any u : D — C, define the nontangential maximal function of u by

Mou(e®y = sup |u(z)l,

7€, (ei?)
and the radial maximal function of u is the function M, ,,u defined on T by

M, oqu(e’y = sup |u(re'”)|.
0<r<1
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Lemma 2.5.1 For each o > 1 there is a finite positive constant C,, such that the
inequality ' . '
Mo Plpul(e?) < CoMpu(e®), €’ e, (2.11)

holds for every complex measure i on T.

Proof Clearly, we can assume that § = 0. Choose re'® € I',(1). Then one can show
that |¢| < 2a(1 — ). We have

2r P[pl(re’®) = /

[o—g|<da(l—r)

P () dp(th) + / P () da(®)
da(l-r)<|p—o|<m/2
4 / P (0)dp(t).
w/2<|p—¢|

(2.12)
Denote the last three integral terms by [}, I; and /5 respectively. They can be estimated
separately. Since | P,.is (¢)| < 2/(1 — r), we obtain

2 2
< / Al ) < - / dlpal() < 28aMu(L).
— T Jpp—¢|<5a(1—r) — T Jppl<Ta(=r)

(2.13)
Next, for |t — ¢| > 7/2 we have P, () < 1 and therefore

3] < 2/ dlpl (@) < 2[pl(T) < 4rMp(l). (2.14)
[p—p|>7/2

In order to estimate I, we set S; = {1 : 27a(1 —r) < | — ¢| < 27 (1 — 1)}
and let N be the largest integer such that Sy intersects S = {¢ : |0 — ¢| < 7/2}.
Then we have I = 31, Js,ns Pree ()dp(3). Since

1—r2

Preio () = (1 =)+ 4rsin’() — ¢)/2

and sint > 2t/m for 0 <t < /2 (this is Jordan’s inequality from elementary
calculus) we have, for € §; N S,

1—r2 < 1—r2
(=124 16/m2[) — 6P ~ (1—r)? +22a2(1— )2’

Pre"” (¢) <

Hence

N
2 dlpl ()
| 1] gz ] —r/jms1+22ja2

Jj=2 S
2

‘= U =nU+2%0?) Jiycaa-ne+2)

< d|pl(¥)
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4a (202 42
<M (1)2 01‘(+22J;) (2.15)

and since the corresponding series converges, we get || < C, M pu(1). Now (2.11)
follows from (2.12), (2.13), (2.14) and (2.15). O

Theorem 2.5.2 Letu € h(D) and 1 < p < oo. Then the following statements are
equivalent:

(i) u € h?,

(i) M,qqu € LP(T),
(iii) Myu € LP(T), for some o > 1,
@iv) Myu € LP(T), for any o > 1.

Moreover, the norms ||ull,, | Myqqull, and |Myull, are equivalent.

Proof Fromthe above Lemma?2.5.1, Theorems 2.3.1 and 2.4.2 it follows that (i) —
(iv). The implications (iv) — (iii) =— (ii) = (i) are trivial since

lu@re'”)| < Mygqu(e’®) < Mau(e’), 0<r<1,0<60 <2m, a> 1.

The inequality (2.11), Theorems 2.2.2 and 2.4.1 together yield

Theorem 2.5.3 The operator M., o > 1, maps h' continuously into L>(T).

2.5.2 Nontangential Limits

A function u on D is said to have nontangential limit L at e’ ? € Tif, foreach a > 1,
u(z) — L as z — ¢'? within the set ', (¢'?). We write

(N, — limu)(e'?) = u* (") = L

Theorem 2.5.4 (Fatou’s theorem on nontangential limits) Let 1 < p < coandu €
h?. Then the nontangential limit (N, — lim u)(e'?y = u*(e'?) exists for almost all 0.

If1 < p < oo, then u(z) = Plu*(z), z € D. If p = 1, then u(z) is the Poisson
integral of a measure i € M(T), and yu is related to the boundary value u*(e'%) by
dp = u*do + dug, where d g is singular to Lebesgue measure.

Proof In view of Theorems 2.2.2 and 2.3.1, it suffices to prove the following two
statements. The first one deals with absolutely continuous measures: if u(z) =
P[¢](z), where ¢ € L'(T), then (N, — lim u)(e’) = ¢(e'?) for almost all e’ e T.
The second one deals with singular measures: if du is a complex measure on
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T singular with respect to the Lebesgue measure and if u(z) = P[u](z), then
(N, —limu)(e'’) =0aeonT.

Let us prove the first statement. Clearly, we can assume ¢ is real valued, and all
functions considered in the rest of the proof are real valued. For an integrable ¢ we
introduce

(QP) (") = (N, — limsupu)(e'?) — (N, — liminf u)(e’?),

where these upper and lower limits are taken with respect to Stolz regions I',, (¢’?) with
fixed aperture .. Note that for continuous ¢ the statement is true by Theorem 2.1.2.
Therefore, for any ¢ € C(T) we have Q¢ = Q(¢ — ¢). We also have

Q) (') < 2Mu(e’) < 2C,Mg(e').

Now, let us fix an ¢ > 0 and consider U. = {¢'? : (Q¢)(e'’) > &}. For any 7 >
0 there is a continuous function ¢ such that ||¢ — ¢|l; <n. Thus, U. = {'? :
Q(¢ — ¢)(€'’) > ¢} and by the previous estimates the last set is contained in
V. ={e! : M(¢ — ¢)(e'?) > £/(2C,,). Now Theorem 2.4.1 implies that m(U.) <
m(V;) < 2C,n/e. Since n > 0 is arbitrary, it follow that m(U.) = 0, since € > 0
is arbitrary, it follow that N, limits exist almost everywhere. It is easily seen that
(N, —limu)(e'?) = ¢(e'’) a.e. Indeed, we have lim,_, | u, = ¢ in L' norm, and this
gives the last assertion.

For the second statement we only sketch the proof. The role of continuous func-
tions is taken by measures supported on compact sets of Lebesgue measure zero;
regularity properties of measures allow us to approximate general singular measures
by compactly supported ones. After realizing that the statement is true for compactly
supported singular measures, the proof continues along the above lines. [

2.5.3 The Space hb, .. Atomic Decomposition

The space Al .., where 0 < p < oo, is defined as the subspace of 4” consisting of
all harmonic functions u € h(ID) for which |lu| p max = IMyaqtt||lLr(ry < 00.

From Theorem 2.5.2 it follows that if | < p < oo then h? = hb,,.. Note that if
0 < p < 1, then the inclusion b, C h” is proper.

By Theorem 2.3.1, the space L”(T) is isomorphic to the space h” = hP .« when-
ever 1 < p < oo.If 0 < p < 1, the space hb. turns out to be isomorphic to the
space H/ (T) which we define below.

Let0 < p < 1. A p-atomisafunctiona € L*°(T) supported onaninterval / C T
such that

@) llalleo < H17Y75
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(i) [T a(e")T(e")dt = Oforevery trigonometric polynomial 7 (e') of degree

at most N, — 1, where N, = [%]

A function ¢ is said to belong to the space H/,(T), 0 < p < 1, if there exist a
sequence {)\;} € €7 and a sequence {a;} of p—atoms such that

ple) =D Mar(e™). (2.16)

k=1

We write
00 1/p
ol 77z = inf (Z |Ak|f’) :
k=1

where the infimum is taken over all sequences {);} for which (2.16) holds.

Theorem 2.5.5 Suppose 0 < p < 1. If u € h(D), then u € hhuy if and only if u is
the Poisson integral of an p € H (T), i.e.,

u(z) = Plel(z), ze€D, forsomeyp € H:;(T).

Moreover, | My qqtt|lLr(ry = 0l g7 (m)-

2.6 Some Useful Practical Facts

e It can be shown that the closure in 4! of the set of all harmonic polynomials is the
set {Pp]: ¢ € L'(T)}.

e If u is the Poisson integral of a singular measure, then
27 )
ling)/ lu(re™)|Pdt =0 for0 < p < 1.
r— 0

This was shown by J.H. Shapiro [16], Proposition 2.5.

e In [17], D. Kalaj and M. Vuorinen proved the following analogue of the classical
Schwarz lemma:

If u is a real-valued function harmonic on D and |u(z)| < 1, for z € D, then

41— u(z)?
\Y < ——
Vu (@) 71—z

The constant 4/ is optimal.
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2.7 Historical and Bibliographical Notes

Fatou’s theorem was first proved in [18]. For further details, we refer the reader to
[2].

Theorem 2.5.5 is from [8].

Hoffman’s classical (although somewhat outdated) book [1] contains a treatment
of Fourier series, integral kernels, and Hardy spaces and a discussion of weak-*
topology.

2.8 Exercises

1. Show that the inclusion ih.x C h” is proper, whenever 0 < p < 1.

2. Prove that a real harmonic function in ID belongs to 4! if and only if it can be
written as the difference of two positive harmonic functions in D.

3. Prove that if a function u € h(D) is real-valued and positive, then u is the
Poisson integral of a finite positive measure.

4. Prove: Letu € h(D) be areal-valued function such that |u(z)| < 1,z € . Then

1_
Vu) < 20— '”ﬁ)', L eD.
— |

The assertion does not hold for complex-valued harmonic functions even if we replace
the number 2 by any other constant.
5. Let~y € BV|[0, 27]. Prove that

™

A 1 P
PS[y(re'?y = kP(r, 0 + ) + — a—(r, 0 — 1)y(t)dt
27 J_, Ot

=kP(r,0+m) + %P[fy](rem),

where

—2rsint

_ () —y(—7)
1 —2rcost +r2

2

k d op 1) = P(r 1)
an o (r,t) = (r, 1).

6. Prove that the Poisson kernel P(z) = P,(1) =
ties [19]:

(i) My(r.,Py=M,""(r,P), 0<r<1, 0<p<1land

1 —r, forO<p<1/2

\11_7‘;:2 has the following proper-

2
@iy My(r,P)y=~{ (1— r)(log ﬁ) , forp=1/2
1 —=rt/rt for p > 1/2.
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7. Let n € N. Prove the inequality

P 2

o "

<cC 1—r
= |1_reit|n+2

for some fixed constant C > O and all » € [0, 1) and ¢ € [0, 27].
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