Chapter 2
Parametric Generalized R-norm Fuzzy
Information and Divergence Measures

This chapter deals with two new generalized R-norm fuzzy entropy measures
and some of their interesting properties. In addition, we propose two new gener-
alized R-norm fuzzy divergence measures. In order to check the validity of pro-
posed measures, their essential properties are studied.

Entropy is very important for measuring uncertain information first introduced
by Shannon [14] to measure the uncertain degree of the randomness in a probability
distribution. Let X is a discrete random variable with probability distribution P =

(p1,p2,- - -, Py) in an experiment. The information contained in this experiment is
given by
n
H(P) = - ZPilOgPi (2.1)
i=1

which is the well-known Shannon [14] entropy.

Fuzziness, a feature of uncertainty, is found in our verbal communication, in our
judgment and in the way we process information. The fuzzy entropy is one of
important digital features of fuzzy sets and occupies an important place in system
model and system design. It is an important concept for measuring fuzzy infor-
mation. Fuzziness, an element of uncertainty, results from the lack of sharp dif-
ference of being or not being a member of the set. A measure of fuzziness used and
citied in literature is called the fuzzy entropy, first mentioned by Zadeh [15]. It has
wide applications in the area of image processing, pattern recognition, speech
recognition, decision-making, etc.

In Sect. 2.1 we review the definition of fuzzy information measure, R-norm
fuzzy measures of information and there generalization existing in the literature.
Two new parametric generalizations of R-norm measure of fuzzy information are
defined and the essential properties are proved to check their authenticity in
Sect. 2.2. In order to make a comparison between the proposed generalized R-norm
measures of fuzzy information with one existing R-norm fuzzy information
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measure, a numerical example is given in Sect. 2.3. In Sect. 2.4 we review some
existing R-norm fuzzy measures of divergence. Section 2.5 introduces and validates
two new parametric generalized R-norm fuzzy divergence measures. Some of
interesting properties of these two proposed fuzzy divergence measures are estab-
lished and proved in Sect. 2.6. A relation between the new generalized R-norm
measures of fuzzy information and divergence is established in Sect. 2.7. The
concluding remarks are drawn in the last section.

2.1 Generalized R-norm Fuzzy Information Measures

We begin by reviewing the definition of fuzzy information measure, R-norm fuzzy
measures of information and their generalization existing in the literature. De Luca
and Termini [4] introduced the measure of fuzzy entropy corresponding to Shannon
[14] entropy given in Eq. 2.1 as

n

H(A) = — Z (14 (xi) Tog pq (i) + (1 — pp (x2)) log (1 — piy (x7))] (2:2)

i=1

satisfying the following essential properties:

(P1) H(A) is minimum if and only if A is a crisp set, i.e.
Us(x;)=0or1forall x;:i=1,2,...n

(P2) H(A) is maximum if and only if A is most fuzzy set, i.e.
Us(x;) =05 forallx;:i=1,2,...n

(P3) H(A)>H(A*), where A* is sharpened version of A.

(P4) H(A) = H(A), where A is the complement of A.

Later on Bhandari and Pal [2] defined the following exponential fuzzy entropy
corresponding to Pal and Pal [13] exponential entropy as

1 - — iy (x; X;
3 [ralet D 4 (1= et —1] - @23)

M) = e 0 4

Boekee and Lubbe [3] defined and studied R-norm information measure, which
has been mentioned by Arimoto [1] as an example of a generalized class of
information measures of the distribution P for R € R as given by

. R>0,R# 1L (2.4)

Hy(P) = 2 [l ~Oo
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The R-norm information measure (2.4) is a real function A, — R, defined on A,
(Set of all nary probability distributions which satisfies the condition p; >0,i =

1,2,3,...,nand > p; = 1) where n >2 and R is the set of real numbers.
i=1
The most interesting property of this measure is that when R — 1, R-norm
information measure (2.4) approaches to Shannon’s entropy (2.1) and in case
R — o0, HR(P) — (1 —maxp;), i =1,2,...,n.
Analogous to measure (2.4) Hooda [5] proposed the following R-norm fuzzy
measure of information

Hel) = 55 [0 )+ (- )] RG>0 21 @29)

Further, from the significant studies it is noted that Hooda and Bajaj [6] and
Hooda and Jain [7] provide the generalization of R-norm fuzzy information mea-
sure (2.5) corresponding to generalized R-norm information measures proposed by
Hooda and Ram [8] and Hooda and Sharma [9] respectively.

Kumar [11] generalized the measure (2.4) and gave R-norm measure of infor-
mation of order « which is

Hi(P) = & 1—<§n:p?>k; 0<a<1,R(>0)#1.  (2.6)
i=1

R— o

In addition, Kumar and Choudhary [12] generalized the measure (2.4) and gave
the R-norm information measure of degree m as

1
" R—m—|-1 n . R-m+1
=S (e
i=1 :

R—m+1>0,R#m, Rm>O0(#1).

2.2 New Parametric Generalized R-norm Fuzzy
Information Measures

Let A be the fuzzy set defined in a universe of discourse X = {x;, xa,...,%,}
having the membership values u,(x;), i = 1,2,...,n. Corresponding to measures
given by Kumar [11] (2.6) and Kumar and Choudhary [12] (2.7), the following
generalized R-norm fuzzy information measures are proposed as follows:
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3

Hy) = S 1= (it + 0= Y i oot r(>0) 21

R_“izl

(2.8)

" R-—m+1 . 1 T
Hp) =" IS 1 () + (1= )
i=1

R—m+1>0,R#m, Rm>0(+#1).

(2.9)

Theorem 2.1 The generalized R-norm fuzzy information measures H3(A) and
H}(A) are valid measures of fuzzy information.

Proof P1 (Sharpness): The measures (2.8) and (2.9) clearly satisfy the property
P1, i.e. H3(A) = 0 and H}(A) = 0 if and only if A is non-fuzzy set or crisp set.

P2 (Maximality): To verify that the proposed measure (2.8) is concave; the
values of H}(A) are computed first for a fixed value of R and different values of a,
second for a fixed value of o and different values of R.

Case 1: Let us assume a particular value of R = 0.5 and different values of «.
The computed values of H(A) using (2.8) with different values of o are given in
Table 2.1 which show the concavity of Hj(A) with respect to o.

A glance at Fig. 2.1 more precisely shows the concave behaviour of Hj(A) with
respect to «.

Case 2: Let us assume a particular value of o = 0.7 and different values of
R. The computed values of H%(A) for o = 0.7 using (2.8) and different values of
R are given in Table 2.2.

Table 2.2 and Fig. 2.2 clearly depict the concavity of Hj(A) with respect to
R using (2.8).

Thus Hj(A) is a concave function with respect to o and R and its maximum
value exists at i (x;) = 0.5.

Now to verify that the proposed measure HY' (A) in (2.9) is concave; the values
of HY(A) first for a fixed value of R and different values of m, second for a fixed
value of m and different values of R are computed.

Case 1: Let us assume a particular value of R = 0.5 and different values of
m. The computed values of Hjy(A) using (2.9) with different values of m are given
in Table 2.3 and Fig. 2.3 which depict the concavity of Hj (A) using (2.9) with
respect to m.

Case 2: Let us assume a particular value of m = 0.7 and different values of
R. The computed values of H}/(A) for m = 0.7 using (2.9) and different values of
R are given in Table 2.4.

It may be seen from the results presented in Table 2.4 and Fig. 2.4 that beha-
viour of H}(A) with respect to R is concave.



27

2.2 New Parametric Generalized R-norm Fuzzy Information Measures

0 90 80 $916°0 86L60 1 86,60 $916°0 80 90 0 (V)5iH 01
0 61€H°0 ¥219°0 YOTL0 L6LLO 886L°0 L6LLO YOTL0 ¥219°0 61EY°0 0 (V)[oH L0
0 SOLTO LEVFO 88550 #5790 TLY9'0 ¥$79°0 88550 LEVYO SOLTO 0 (V)soH )
0 SS1T0 7€8€°0 ¥505°0 70850 €509°0 20850 ¥50S°0 TE8€°0 SS1Z0 0 (V)¢oH €0
0 0STT'0 86¥C°0 STLEO TISH0 6LILO TIst0 STLEO 86470 0SZ1'0 0 (V)roH 10
I 60 80 Lo 90 S0 70 €0 z0 10 0 (¥ 0

% JO SaN[eA JUAIJIP I0J pue ¢'() = Y I0f (V)Y Jo sonfea JuarofIq ['Z dqeL



28 2 Parametric Generalized R-norm Fuzzy Information ...
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of H}(A) with respect to o
1
08
5“ — ) ]
==
C0s| £ S eTHERTSN L e 03
o
8 -=--04
S o4
T ’ —_—07
02 [ W w1

0 0.2 0.4 0.6 0.8 1 1.2
Different Values of a

Thus H}(A) is a concave function with respect to m and R and its maximum
value exists at iy (x;) = 0.5.

Hence the measures (2.8) and (2.9) satisfy the property P2.

P3 (Resolution): Since Hj3(A) and Hy (A) are increasing functions of p,(x;) in
the range [0,0.5) and decreasing function in the range (0.5, 1], therefore

e (6) < ua () = H(A") < H3(4)in[0,0.5)
and iy (v) > pa (xp) = HA(A") > H3(A)in (0.5, 1]

Taking the above equations together, it comes
Hy(A") < Hg(A).

Similarly, Hy (A*) <HE(A).

P4 (Symmetry): From the definition of H3%(A) and Hj(A) and with
tiz(x;) =1 — py(x;), it is obvious that H3(A) = Hx(A) and Hy (A) = Hy (A).

Hence in view of the definition of fuzzy information measure of De Luca and
Temini [4] provided in Sect. 2.1, H3(A) and H}(A) are valid measures of fuzzy
information. The measure (2.8) can be called as the generalized o — R -norm fuzzy
information measure and measure (2.9) as the generalized R-norm fuzzy informa-
tion measure of type R and degree m.

Limiting and Particular Cases:

(i) When o =1 and m = 1, (2.8) and (2.9) reduce to Hg(A) in (2.5).
(i) Whena=1,m=1and R — 1, (2.8) and (2.9) reduce to H(A) in (2.2).
(iii)) When oo =1, m =1 and R — oo, (2.8) and (2.9) reduce to

n

Z [T —max{py(x:), 1 — py (i)}

i=1
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Fig. 2.2 Concave behaviour 12
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Theorem 2.2 For A,B € FS(X), H;(AUB) + H3(ANB) = H}(A) + H}(B).
Proof Let us consider the sets
X = {x/x € X, uy(x) > ()} (2.10)
Xo ={x/x €X, up(x:) <pp(xi)} (2.11)

where pu,(x;) and pg(x;) be the fuzzy membership functions of A and
B respectively.

H(AUB) —Z (1= (s + (1 = rausle) B
o[- (1 () + (1 — g ()] (2.12)
R 50— o) + (1 = gl
HHAND) = 2205 1= o) + (1 )
o[- () + (1 = g )] (2.13)
RSl ) + (1 G

Adding Eqgs. 2.12 and 2.13 gives

HA(AUB) + HAXANB) = HA(A) + H(B).
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Fig. 2.3 Concave behaviour 1
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Hence, 2.2 holds.
In particular,
For A € FS(X), A € FS(X) where A is the complement of fuzzy set A, it gets

H2(A) = HA(A) = HX(AUA) = HA(ANA) (2.14)

Theorem 2.3 For A € FS(X), H'(AUB) + HY(ANB) = H!(A) + H"(B).

Proof Clearly the result can be proved on similar lines as in Theorem 2.2.
In particular,
For A € FS(X), A € FS(X) where A is the complement of fuzzy set A, it gets

HR(A) = Hy(A) = HY (AUA) = Hy (ANA). (2.15)

2.3 Numerical Example

Example Let A = {(x;, u,(x;))/x; € X} be a fuzzy set in the universe of discourse
X = {x1, x2, ..., %, }. For any real number n, from the operation of power of a fuzzy
set:

A" = {(x, [ (6)]") /2 € X}
Let us assume a standard fuzzy set A on X = {xy, x2,...,x,} defined as:

A=(02,0.3,0.2,0.4,0.5)
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Fig. 2.4 Concave behaviour 1.4
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By taking into consideration the characterization of linguistic variables, A is
considered as “LARGE” on X. Using the above operation:

Al/2 may be treated as “More or less LARGE”;
A% may be treated as “Very LARGE”;

A3 may be treated as “Quite very LARGE”;
A*  may be treated as “Very very LARGE”

Next these fuzzy sets are used to compare the above proposed fuzzy entropy
measures with one of R-norm fuzzy entropy measure provided in Eq. 2.5. From the
point of logical consideration, it may be mentioned that the entropies of fuzzy sets
are required to follow the following order pattern:

Hg(A'?) > Hg(A) > Hg(A?) > Hg(A®) > Hg(A%). (2.16)

The calculated numerical values of existing fuzzy information measure Hy for
these cases are given in Table 2.5.

For any particular value of « = 0.7 and different values of R, the calculated
numerical values of the proposed measure Hy are presented in Table 2.6.

Table 2.7 provides the calculated numerical values of the proposed measure Hy,
for any particular value of m = 0.7 and different values of R.

The numerical values given in Table 2.5 reveal that the R-norm fuzzy entropy
measure Hg(A) satisfies Eq. 2.16. The results presented in Tables 2.6 and 2.7

Table 2.5 Numerical values of the R-norm fuzzy entropy measure Hg

Hp A1/2 A A2 A3 A

R=0.1 328.9041 258.0100 179.0883 118.0176 79.5181
R=05 4.8587 4.4963 2.9554 1.8314 1.1392
R=09 4.4643 3.1244 1.7781 0.9322 0.4897
R=2 2.7415 2.3220 1.0367 0.4409 0.1940
R=5 2.3658 1.8854 0.7242 0.2900 0.1242
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Table 2.6 Numerical values of the R-norm fuzzy entropy measure H}

35

Hy Al A A A3 A4
R=0.1 51.2045 47.8754 33.5312 22.6947 15.6592
R=05 3.8610 3.5240 2.1409 1.2058 0.6798
R=109 3.0597 3.3325 1.3683 0.5984 0.3062
R=2 2.5640 2.1088 0.8703 0.3548 0.1527
R=5 2.2744 1.7958 0.6744 0.2698 0.1156
Table 2.7 Numerical values of R-norm fuzzy entropy measure Hy

HY! Al2 A A? A3 A*
R=0.1 5.9352 5.5234 3.7551 2.4330 1.5886
R=05 3.6502 3.3124 1.9470 1.0613 0.5777
R=09 3.1255 2.7618 1.4353 0.6890 0.3335
R=2 2.6660 2.2309 0.9625 0.4010 0.1743
R=5 2.3492 1.8684 0.7144 0.2859 0.1225

clarify that the proposed new generalized R-norm fuzzy entropy measures Hj(A)
and HY(A) satisfy the same:

H{(AY?) > Hy(A) > Hy(A%) > Hy(A%) > Hy(A")

and HJ (AY?) > Hp(A) > HY (A%) > HI(A%) > HI'(AY).

(2.17)

(2.18)

Thus, the behaviour of new generalized R-norm fuzzy entropy measures H3(A)

and Hy (A) is also consistent for the structured linguistic variables. Table 2.8 and
Fig. 2.5 display a declining trend in the numerical values of three entropy measures
corresponding to the logical order of fuzzy sets.

Figure 2.5 clearly depicts the similarity between the proposed entropy measures
and the existing one. An inequality among two proposed measures of fuzzy
information and the existing one may also be seen from Fig. 2.5. That is:
Hp>H; > Hy.

Table 2.8 Calculated R=05 HR H;é Hlnil
numerical values of proposed (Existing) (Proposed) (Proposed)
fuzzy entropy measures and 72 185 ol 6502
existing one A .8587 3.8610 3.650

A 4.4963 3.5240 3.3124

A? 2.9554 2.1409 1.9470

A3 1.8314 1.2058 1.0613

A% 1.1392 0.6798 0.5777
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6
5
4

------ HR
3

— = HR
3 HRm
1

AlR2 A A2 A3 A4

Fig. 2.5 Comparison of numerical values of Hg, H} and HY

2.4 Generalized Measures of R-norm Fuzzy Divergence

As mentioned in Chap. 1, in the recent years, many authors have introduced various
measures of divergence for probability distributions and their corresponding di-
vergence measures between fuzzy sets.

Hooda and Sharma [9] introduced the R-norm measure of divergence between

the probability distribution P = (py,p2,...,p,) and O = (q1,42, - - -, q,) given by

1

Dg(P,Q) = (Zpk - R>2—1 :R>0,R+#1. (2.19)

It is noticed that when R — 1, the measure (2.19) reduces to Kullback and
Leibler [10] divergence measure

n p
= Zpi log=
i=1 qi

Analogous to the measure (2.19), Hooda and Bajaj [6] defined the R-norm fuzzy
divergence measure for fuzzy sets A and B as

(A B) = 5 [ )+ (1 = ()01 = ) 1

R(>0)#1.
(2.20)
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and the corresponding R-norm fuzzy symmetric divergence measure as

Jr(A, B) = Ix(A, B) + Iz(B, A) (2.21)

2.5 Two New Generalized R-norm Fuzzy Divergence
Measures

We now propose the parametric generalized R-norm fuzzy divergence mea-
sures corresponding to the measures (2.8) and (2.9) for fuzzy sets A and
B of universe of discourse X = {x;, x2,...,x,} having the membership values

o (i), pp(xi),i=1,2,...,n, as

R

A B) = > [ iy )+ (1 — ()

0<ax<1, R(>0)#1.

R
1

==
|
—_

(1 — p(x))' %

and

Rom+1<~ | 1" ) ()
Rom 3]+ 0w (1 = )" -1
R—m+1>0,R#mR m>0(#1).

IF(A,B) =

I

(2.23)

Theorem 2.4 The generalized R-norm fuzzy divergence measures I}(A,B) and
I} (A, B) defined in Eqgs. 2.22 and 2.23 are valid measures of fuzzy divergence.

Proof 1t is clear from the definitions of measures If(A, B) and I} (A, B) in (2.22)
and (2.23), respectively, that

(i) I%(A,B)>0 and I'"(A,B) >0,

(ii) the equality holds if u,(x;) = pp(x:), Vi=1,2,...,n.
(ili) We now prove the convexity of measure I}(A, B).

n n
Let us assume that > p, (x;) = a1, Y. up(xi) = 4.

i=1 i=1
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The measure [3(A, B) in (2.22) can be written as
1A B) =1 Z [ Gy )+ (1= pa ()™ (1 = g () =) =1

where 1) = & and (6; =% > 0) £ 1.
Then two cases arise.
Case 1: R<«
In this case we have 1; <0, 0; <1.

) () "

., (2.24)
or > i (o), (i) <o By
Similarly,
D= () (1 = () ™ < (=) (= ) (2.25)

i=1

Adding Egs. 2.24 and 2.25

Zn: (uf‘( DI () + (1= () (1 = uB(xi))l—(Sl)

< (B + (=) (0= ) ) (226)

1A B) =1 (o B0 (1 = )" (= 1) = )

Case 2: R > «
In this case we have 1; > 0, d; > 1.

[Z (mﬁ)(" (1) “‘”11 >0

1-6
Zu"‘ R

(2.27)
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Similarly,

S0 - i) (1~ ge) 2 - (- ) (228)

i=1

Adding Egs. 2.27 and 2.28

> (ocflﬁi*o‘ +(n—a)(n— /31)1*51) (2.29)
II%(AvB) =1 (af‘ﬂ{ﬂs‘ +(n— Otl)él (n— ﬁl)1*51 _ n)

Now letf(fxl) = [(a‘;lﬁ}*él + (I’l _ 061)61(71 _ ﬁl)lfﬁl . n)

So that we have

e I

f(on) =161(8; — 1) [ﬁll <;l)612+ n—lﬁl (Z:;‘)élzl >0 (231)

So this shows that f () is a convex function of o; whose minimum value exists

when 7t = 7= i.e. at a; = f3; and is equal to zero. So that f (1) > 0 and vanishes

only when oy = f;.

Hence in view of the definition of fuzzy divergence measure of Bhandari and Pal
[2] provided in Sect. 1.3 of Chap. 1, I}(A, B) is a valid measure of R-norm fuzzy
divergence of order o and consequently it establishes the validity of J:(A,B) =
IZ(A, B) + I(B, A) as measure of R-norm symmetric divergence of order o between
fuzzy sets A and B.

We now prove the convexity of measure I} (A, B).

Let us assume that EuA(x,) = o, Zug(x,) = p,.

The measure [} (A, B) in (2.23) can be written as
FR(8) = 0 Y [0 ™)+ (1= )01 o)) = 1

where 1, =& and (6, =R—m+1) > 0) # 1.
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Then two cases arise.
Case : R—m+1<1
In this case we have 1, <0, 6, <1.

50 )

; (2.32)
or 3 6 (a5 ) <o 1
i=1

Similarly,
D00 )1 ) S =) - ) )
Adding Egs. 2.32 and 2.33
S (1 (=) + (1 = ) (1 = g )~

i=1

< (2B (1= 2) (1= ) ) (234)

IZ(A,B) =1 (aizﬂé‘éz +(n—m)2(n—B) - n)

Case2: R—m+1>1
In this case we have 1, > 0, 6, > 1.

508 ) e

] (2.35)
or Y (i) () = o5 By
i=1

Similarly,

n

D= () (1 = ()™ = (1= )™ (n = o) (2.36)

i=1
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Adding Egs. 2.35 and 2.36

S (1 (o) (x) 4 (1 = x0)* (1 — o))
> (Oﬂzﬁé_% +(n—w)%(n-— ,82)“52) (2.37)
I (A, B) = fz( By 4 (n— o) (n— By) ' - n)

Now let g(az) = [2< ﬁl ‘)2 ( az)&z(n o ﬁ2)17&2 B n)
So that we have

g () =1 léz (ﬁ2>521_52 (Z — ZYI] (2.38)

1 v%] 022 1 n — oy 022
g (062) = 1‘252(52 — 1) [ﬁz (ﬁ_2> + P [32 (n — ﬂ2> ‘| >0 (239)

So this shows that g(o;) is a convex function of o, whose minimum value exists

when ;‘52 = ;2, i.e. at oy = f3, and is equal to zero. So that g(az) > 0 and vanishes

only when oy = f,.

Hence in view of the definition of fuzzy divergence measure of Bhandari and Pal
[2] provided in Sect. 1.3 of Chap. 1, I}(A, B) is a valid measure of R-norm fuzzy
divergence of type R and degree m and consequently it establishes the validity of
J"(A,B) =I"(A,B) +I'"(B,A) as measure of R-norm symmetric divergence of
type R and degree m between fuzzy sets A and B.

Limiting and Particular Cases:

(i) when o — 1, m — 1, measures (2.22) and (2.23) reduce to Iz(A, B) .
(i) when o« — 1, m — 1 with R =1, measures (2.22) and (2.23) reduce to
Bhandari and Pal [2] fuzzy divergence measure /(A, B).

2.6 Properties of New Generalized R-norm Fuzzy
Divergence Measures

The proposed generalized R-norm fuzzy divergence measures (2.22) and (2.23)
satisfy the following properties.

Theorem 2.5 For fuzzy sets A and B

(a) IX(AUB,C)<IA(A,C)+1I%(B,C) and I} (AUB,C) <I}(A,C) + I (B, C).
(b) IX(ANB,C)<ILA,C)+I%(B,C) and IM(ANB,C) <I'(A,C)+I1(B,C).
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Proof 2.5(a) Applying Egs. 2.10 and 2.11
Let us consider the expression

(A, C)+I}(B,C) — It(AUB, C)

Now, let us consider the expression

17(A,C)+ I}(B,C) — I}(AUB, C)

:R;T,il;[{ww SOME () + (1= g () (1= )y 1
+R;T;1§1;[{u’* G () (1 i) (L )y 1
-2 ’”“;{{uﬁuﬁ“ DRE 1 (0) (1= Baup))* " (1 = () s — 1
LS [l ™ ) (1= o)™ (1 = ) e 1]
X
S T )+ (1 = g () (1 = ) Y7 — 1] >0,
X2

Hence, 2.5(a) holds.
Similarly, 2.5(b) can also be proved.

Theorem 2.6 For fuzzy sets A and B

(a) IZ(AUB,C)+ILANB,C) = I%(A,C) +I%(B, C).
(b) I"(AUB,C)+I"(ANB,C) = I"(A,C) +I"(B,C).
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Proof 2.6(a) Applying Egs. 2.10 and 2.11 we get

IZ(AUB, C)
- le oc.i {(MiUB(X’)“lC_e(xi) +(1 = MAUB(xi))L;(l — () )R - J
= > [(aCome () + (1 = ()1 = e ) = 1]
37 [0 ) + (1 = a1 = ) 1]
(2.40)
IZ(ANB,C)
Rfaéi[“émﬁﬂwé?n>+0—wmman»%1—ndm»l%?—4
= > [ ) + (1 =y 51 = me ) 5 = 1
£ 7 0 o )+ (1 = ()50 = ) 5~ 1]
X2
(2.41)

On adding Eqgs. 2.40 and 2.41 we get the result.
Hence, 2.6(a) holds.
2.6(b)
IF(AUB,C)
Rema1<a | L e ()

— —m —m —
Rem 3L (= s ()™ 0 = e () e — 1

_R R {uﬁf’"ﬂ(xi),ulé*mﬂ(x,-)
_ﬁ; I +(1 _ﬂA(Xi))R7'1I+1(1 _'uvc(xi))Rfm+l}ﬁx+l_ 1
Remtl {H§7m+l(xi)ﬂ§7m+l(xi)
Bom S L+ 0= ()™ (1= e ) et — 1

(2.42)
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IMANB,C)
R m+1 & Hﬁmrgﬂ(xt)/v‘g mﬂ(xi)
[ +UMmem“mewm“FhJ
Rem+1 {MR m+1(xl)uke m+1(xi)
- Rem %;[ + (1= ) * (L = () HJ
R—m+1 Ll e ()
T

R—m +u—me%“a—me%“Fﬁ—J

i=1

(2.43)

On adding Eqgs. 2.42 and 2.43 we get the result.
Hence, 2.6(b) holds.

Theorem 2.7 For fuzzy sets A and B

(a) IF(AUB,ANB)+I}(ANB,AUB) = I}(A,B) + I}(B,A).
(b) IF(AUB,ANB)+IF(ANB,AUB) = I}(A,B) +1I}(B,A).
Proof 2.7(a) Applying Eqgs. 2.10 and 2.11 we get

I(AUB,ANB)

= S [ (s ) + (1 = raunC) (1 = arpe)) 5~ 1]
i=1

Now

IZ(ANB,AUB)

R
o

- zn: [(MEQB(X")”;L%B(XI') + (1= tarp ()" (1 = pyp(x) 2)F — 1}

R— o4
- le O‘;: [(M%(xi)”;g(xi) +(1- :uB(xi))g(l - #A(xi))l_g)% - 1}
+ le aZ [(lé(xi)ﬂ;;‘%(xi) +(1— #A(xi))lf(l _ MB(xi))l—{f)% _ 1}
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Adding Egs. 2.44 and 2.45 we get

I}(AUB,ANB) +I4(ANB,AUB)

:;2§1ﬁwwﬁmﬂﬂ—mwﬁuﬂme$—@
*Eg‘n@&m%ﬁm+ﬂ—%wﬁu—mm»vﬁ—@

= (A, B) + I{(B,A)

Hence, 2.7(a) holds.
2.7(b)

IY(AUB,ANB)

_R- m+1 n {0 ) ()
=1 [ — taup() (1 _:uAﬁB(xi))Rierl}m - 1]
_R- m+1 {R’““ YU ()
! [ 1—ummf"”%1—%a»Rm“Vmﬂ—1]
L R- m+1 p " ) ()
;{ <*wwM“HM—mwwm“vw—J
(2.46)
Now
IF(ANB,AUB)
_R- m+l n s ) T () ]
L (= gansla) (1 = () —
Romel " ) ()

(1 — pp( Xz))R7m+l(l — yA(xi))R7m+l}m _ 1]
|: R m+l(xl)MR m+l( i)

Umwwm“u@mwm“whj
(2.47)

X

Rm+1
Rmxz2
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Adding Egs. 2.46 and 2.47 we get

IY(AUB,ANB)+I§(ANB,AUB)

S e ol ) (= )0 = )y 1]
i=1

R—m+l - . m 7 —n e
S G )+ (1= o)) (1 = ) 1
i=1

=I5 (A, B) + I (B,A)

Hence, 2.7(b) holds.
Theorem 2.8 For fuzzy sets A and B

(a) I%(A,AUB)+I%(A,ANB) = I*(A, B);
I"(A,AUB) +I"(A,ANB) = I"'(A, B).

(b) IZ(B,AUB)+I%(B,ANB) = I%(B,A);
I"(B,AUB) +I"'(B,ANB) = I"'(B,A).

Proof 2.8(a) Applying Egs. 2.10 and 2.11 we get

I}(A, AUB)
“R- ; [ 1 (X #AuB (x)+ (1 — #A(xi))g(l _ #AUB(xi))17§)§ B 1}
=S [ )+ (1 = ()0 = )7 1]

R X
:RR 37 Wm0 + (1= ()1 = py())' 5 — 1]
(2.48)
Now
IL(A,ANB)
= le (XZ [(/é(x)ﬂg () + (1 — ,uA(x,))g(l — () «)§ _ 1}
tR- OCZ {(“i(x’)ﬂfl‘ig(xi) +(1- ,uA(x,))§(1 ,UA(xi))l “)% - 1}
- RI—e ocZ [(,u’ (i) * (i) + (1 = :“A(xt))%(l wp(xi)) “)§ - 1}
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Adding Egs. 2.48 and 2.49 we get

I}(A,AUB) +I}(A,ANB)
:Rfaéjki@ﬁ@ @)+U—#Amfﬁ—ﬂﬂﬂffﬁ—q
= S [ ) + (1= a0 = )7 1]
R "_ & R R
= > [ Gy () + (1= g () (1 = ag)) 5 — 1]
:I§(A,B)

2.8(b)

I%(B,AUB)
- le o :1 [(Hf;(x )“ALEB(XI) + (1= /‘B(xz))g(l Haup (X)) *)F — 1]
-5 4 [~ ) + (1 = () (1 = ua ()59 = 1]
S [y )+ (01— )1 ) 5= 1]
- le 24 M)A () + (1= gl (1 = o))" 5 = 1]
(2.50)
Now
I%(B,ANB)
- le » ‘" (ﬂ%(xl‘)ﬂ;%%g(xl‘) +(1 - uB(xi))g(l - ,uAmB(xi))l%)% _ 1}
:Rﬁa&&&m@?m+0—@mﬁuﬂﬁmy$_q
+ le (xz {(#RB(XJI‘AJ(XJ +(1 - ,uB(x,))g(l — p(x)) TR — 1}
R
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Adding Egs. 2.50 and 2.51 we get

Hence, 2.8(b) holds for I}(A, B) and similar result holds for I}'(A, B).
Theorem 2.9 For fuzzy sets A and B
(@) I%(A,B) = IX(A°, BY); I"(A, B) = II'(A°, B°).
(b) I%(A,B) = I%(A,B°); I"(A, B) = I'(A, B°).
(© I3(AB) + (A%, B) = (A, BY) + I3(A°, B;
IY(A,B) + I} (A°,B) = I} (A°, B) + I} (A°, B).

Proof 2.9(a)

IR (AC, Bc)
"R-uo :1 { e (x:) MB( () 4+ (1 = e (65 (1 — pae (7)) 5)F — 1}
: oclznl: [ ((1 = pp(x:)) 5(1 - ”B<xi))17§+M§(Xi)u};§(x,-))% B 1}
= I‘(A,B)
Now
A B

Roma 1 | L o ()

=R m

T = )* (L ) e
r —m—+1 —m—+1
_R—m—l—li {1 _HA(xi))R T _,“B(xi))R " (A, B)
= == R 5
R—m P I +MR m+l(xl_)'u§—m+l(xi)}m_ 1

Hence, 2.9(a) holds.
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2.9(b)
(A, B)
_RRa:l [ o)+ (1= )1 = pagl) 597 = 1] (2.52)
= > [((1 = )y ") iy () (1 = )5~ 1]
IR (A, BY)
:RRa:I [y ) (1= )1 = )]
= > [0 = e (1 = )iy S — 1]

i=1

From Egs. 2.52 and 2.53 we get I}(A°, B) = I%(A, B).
Hence, 2.9(b) holds for I}(A, B) and similar result holds for I}(A, B).
2.9(c) It obviously follows from 2.9(a) and 2.9(b).

2.7 Relation Between Proposed Generalized R-norm
Fuzzy Entropy and Divergence Measures

Theorem 2.10 For fuzzy sets A and B, the relation between Hj(A) and I(A, B) is

given by
G ) - [) (

Proof We know from Eq. 2.22 that

1A B) = 2> [ 0oy () + (1= )1 — o)) 59 1]
i=1

a(a ) = [mi(xi) (2) v met () 0 1]

From Eq. 2.8,
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le o Z [1 — () + (1 — uA(xi))'f)%]
¥ (2.55)

= HYA) = s = s 3 [0 + (1 = )

Hg(A) =

Using Eq. 2.55 in Eq. 2.54 we get

M@ED:(Q%k@i”mmyfwa

i) (7

Hence, 2.10 holds.
Theorem 2.11 For fuzzy sets A and B, the relation between Hyy (A) and Iy (A, B) is

given by
(o) -],

Proof We know from Eq. 2.23 that

Rem+ 1< | T )" )
1 1

_ —m —m 1
R—=m (1= ()T = () T
1 R—m+1
{'uﬁfm+ 1 (xi) <_>
2
1

R-m+1 .
Ha-mE) I (5) -

CR—m 1 (1) & [T )
R Q)?;[ +u—uxmf””w%hl

n(R—m+1)
R—m

R

1] R”f - (;>1TH,°§(A).

I§(A,B) =

i=

m 1 _R-m+1 1
dOLIE =

i=1

(2.56)

From Eq. 2.9



2.7 Relation Between Proposed Generalized R-norm ... 51

n

HI(A) = R — m+lz[ s m“(xz)+(l—ﬂA(x,))R m+1)R 1}

= Hy(A)
n(R—m+1) R-—m+1 - N
B (R—m - R—m [0 + (1 = pa )y

i=1

(2.57)

Using Eq. 2.57 in Eq. 2.56 we get

w(n]) - ) ] S
() =3 [ )]

Hence, 2.11 holds.

2.8 Concluding Remarks

In this chapter, we have proposed two new parametric generalizations of one of the
existing R-norm fuzzy information measures along with proof of their validity. It is
noted that the proposed generalized fuzzy measures of information are valid
measures which reduce to the known measure on substituting the particular values
of parameters. Some of the interesting properties of these measures have also been
studied. The similarity of proposed generalized measures of fuzzy information with
Hg(A) is proved using a numerical example. In addition, two new parametric
generalized R-norm fuzzy divergence measures are introduced along with the proof
of their validity. The interesting properties of these proposed generalized R-norm
fuzzy divergence measures are also established. Finally, the relation between the
proposed generalized R-norm fuzzy entropy and divergence measures are intro-
duced. In view of application, the proposed measures are more flexible.
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