Chapter 2
Ergodicity for Functional Stochastic
Equations Without Dissipativity

Dealing with diffusions with “pure delay” in which both the drift and the diffusion
coefficients depend only on the arguments with delays, most of the existing results
are not applicable. This chapter uses variation-of-constants formulae to overcome
the difficulties due to the lack of the information at the current time, and establishes
existence and uniqueness of invariant measures for functional stochastic equations
that need not satisfy dissipative conditions. The functional stochastic equations con-
sidered in this chapter cover FSDEs of neutral type, FSPDEs driven by cylindri-
cal Wiener processes, and FSDEs driven by Lévy processes without finite second
moments. Sections 2.1-2.3 and 2.5 of this chapter are mainly based on the results
in [13].

2.1 Introduction

One of the main approaches in the literature to date is to incorporate certain dissipa-
tivity to establish existence of invariant measures for functional stochastic equations.
The dissipativity is normally assured by imposing conditions of the current time with
certain decay conditions. Such an idea has been used extensively. For instance, uti-
lizing the remote method (i.e., the dissipative method), Bao et al. [12] treated several
classes of functional stochastic equations; applying an exponential-type estimate,
Bo-Yuan [21] investigated stochastic differential delay equations (SDDEs) driven
by Poisson jump processes; adopting the Arzela—Ascoli tightness characterization,
Es-Sarhir et al. [54] and Kinnally-Williams [79] considered FSDEs with super-linear
drift terms and positivity constraints, respectively. Nevertheless, the existing litera-
ture is unable to deal with the following seemingly simple linear SDDE on the real
line R,

dX()=—-X(@t—Ddt +oX(t — DHAW(r), X, =4, 2.1
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where 0 € R and (W(¢)),>0 is a real-valued standard Brownian motion. Observe
that it is impossible to choose constants 4; > 4, > 0 such that

—2xy+0°y? < —ix*+Ay?, Vax,yeR 2.2)
holds even for some ¢ € R sufficiently small. Indeed, if (2.2) holds, then

1\2 1
/11518(%4‘;) ——, x#0, (2.3)

where f := 1, — o2 > 0. It is readily seen that (2.3) no longer holds provided
that —2 < )‘—( < 0. That is, (2.1) does not obey a dissipative condition. Therefore,
the techniques used in [12, 21, 54, 79] are not applicable to (2.1). We remark that
the main problem is due to the lack of the information at the current time, so no
dissipative conditions can be used.

In the well-known work [153], Yorke treated deterministic systems with pure
delays. His work has stimulated much of the subsequent work resulting in a vast
literature on the pure delay equations in the deterministic setup; see also Wu et al.
[144] for a substantial extension to systems with Markov switching. Our consid-
eration in this chapter is a generalization of the model in [153] in which both the
drift and diffusion coefficients may involve only retarded elements. The right-hand
sides of such differential equations may not involve information on the current time.
Consequently, it is impossible to use any dissipative conditions.

In this chapter, we aim to obtain existence and uniqueness of invariant measures
for several classes of functional stochastic equations, which include (2.1) as a spe-
cial case. The crucial point is that we focus on functional stochastic systems without
satisfying dissipative conditions. To overcome the difficulties, we use the variation-
of-constants formulae, which have been applied successfully in [5, 60, 95, 119].
More precisely, [5] examined the exact almost sure growth rate of the running maxi-
mum of solutions for affine FSDEs, whereas in [60] and [95], the authors considered
stationary solutions (see Remark 2.7) for finite-dimensional and infinite-dimensional
retarded Ornstein—Uhlenbeck (O-U) processes, respectively. It is also worth point-
ing out that the variation-of-constants formula together with the semi-martingale
characteristics has been utilized to study existence of invariant measures for a class
of FSDEs driven by jump processes [119], which do not include (2.1), however.

The remainder of this chapter is organized as follows. Section 2.2 is devoted
to existence and uniqueness of invariant measures for semi-linear FSDEs driven
by Brownian motions using the Arzela—Ascoli type tightness characterization.
Sections 2.3 and 2.4 extend the main result derived in Section 2.2 to FSDEs of neutral
type and FSPDEs driven by cylindrical Wiener processes, respectively. Section 2.5
focuses on existence and uniqueness of invariant measures for semi-linear FSDEs
driven by Lévy processes, which need not have finite second moments. The key is
to use the variation-of-constants formula together with the tightness criterion due to
Kurtz [55].
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2.2 Ergodicity for FSDEs Driven by Brownian Motions

Let 4 be an R" ® R"-valued finite signed measure on [—z,0]; that is,
n= (ﬂi_/)1<i’j<n, where each y;; is a finite signed measure on [—7, 0]. Consider the
following semi-linear FSDE

dX (1) = (/[ O],u(dQ)X(t—l—G))dt Fo(X)AW(@), >0, Xo=¢  (2.4)

Herein, o : 4 — R" @ R™ satisfies (H2) in Chapter 1. By virtue of [99, Theorem
2.2, p. 150], (2.4) admits a unique strong solution (X (¢; ¢)),~_, with the initial data
Xo = ¢ € €. In what follows, we often write X (z) and X, in lieu of X (¢; ¢) and
X, (), respectively, for notational simplicity.

Let C be the set of all complex numbers and Re(z) the real part of z € C. Set

v, :=sup{Re(1): 1 €C, A, (1) =0}. (2.5)

Herein,

AR = det(ﬂm —/[ ) e“#(ds)),

where det(A) denotes the determinant of A € R” ® R", and I,,.,, € R" ® R" is the
unitary matrix. A, (4) = 0 is called the characteristic equation associated with the
deterministic counterpart of (2.4) (i.e., ¢ = 0,,, therein, where 0,,,, is the n x m
Zero matrix).

In particular, when u = Ady with A € R" ® R" and dy being the Dirac delta
measure at the point 0, equation (2.4) reduces to the semi-linear FSDE:

dX () = AX(t)dt + o (X))dW (), t >0, Xo=¢,

and v, is the largest real part of eigenvalues of A. Suppose that (/7(¢)),>0 solves the
following R" ® R"-valued equation

dr() = ( /[ | w(dO) I (1 +9))dt (2.6)

with the initial data I"(0) = I,x,, ' (6) = 0,,«, for 8 € [—z, 0). For more properties
of I', please refer to Theorem B.3. The following lemma provides a variation-of-
constants formula for (2.4).

Lemma 2.1 Equation (2.4) admits a unique strong solution (X (t; £))i>—., which
can be represented by
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0
X(1:) = F(E0) + / 1 (d0) /9 [+ 6 — $)E(s)ds

[—7,0]
12
+/ It —s)o(X;(&)dw(s), t>0. 2.7
0
Proof Lett > 0 be fixed. By the chain rule, it follows that
d(I'(t — )X () =d(I'(t — )X (s)+ ['(t —s)dX(s), se€][0,1].
Integrating from O to ¢, we deduce from (2.4) and (2.6) that
X(@t) — I'(1)¢(0)
t
- —/ (/ L)t —s +9))X(s)ds
0 “J[-7,0]

+/0t ra —s)(/[ir’O],u(dG)X(s-i-@))ds +/0, It = s)o (X,)dW(s)
:—/ ,u(d())/t]"(t—s—i-H)X(s)ds
[—17,0] 0

0
+/[T,O]”(d9)/;+ F(t_S+6)X(S)ds+/otF(t—s)a(Xs)dW(s)

t

0
/ ,u(d@)/ Ir't—s+60)X(s)ds — / 1(d@) I'(t—s+6)X(s)ds
[—7,0] [ [—7,0]

t+6

+ /OI 't —s)o(Xs)dW(s)

0 t
/ ,u(d@)/ (460 —s)(s)ds +/ 't —s)o(X)dW(s),
[—7,0] [4 0

where in the second step we have used substitution, and in the last two steps utilized
additive property of integral together with the observation " (0) = I,x,, I'(0) =
0,x,,0 € [—1,0). Thus, (2.7) follows.

Remark 2.2 Withregard to the variation-of-constants formula for semi-linear FSDEs
driven by a general semi-martingale, we refer to Reif3 et al. [118]. While, in Lemma
2.1, we provide an alternative proof for the variation-of-constants formula (2.7) to
make the content self-contained.

In what follows, we assume v, < 0. By Theorem B.3, for any 4 € (0, —v,,),
there exists a constant ¢; > 0 such that

1T < cie™, t>—1, 2.8)
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where || I"(¢)]| denotes the operator norm of the matrix /7(f) € R"” ® R". We remark
that the optimal constant ¢ is increasing for A € (0, —v,,). If, in particular, u = Ady
for a symmetric n x n-matrix A, (2.8) holds with ¢; = 1 and 4 € (0, —v,]. In
general, see Theorem B.5 in the Appendix B.2 for an upper bound of c; .

The following lemma plays a crucial role in obtaining the long-term behavior of
segment process (X;(£))=o-

Lemma 2.3 Let (u(t));>0 be an R" @ R -valued predictable process. Then, for any
p>landt >0,

(IE’/[ I(t —s)u(s)dW(S)‘zp)l/p <pQ2p— 1)/r(]E||F(t — $)u(s) | )7 ds
0 0

provided that the integral on the right-hand side is finite for each t > 0.

Proof Observe that this estimate cannot be obtained directly from [36, Lemma 7.7,
p. 174] due to the fact that fot I (t — s)u(s)dW (s) is not a martingale. Nevertheless,
some ideas of the aforementioned reference can be used. To make it self-contained,
we provide an outline of the proof. Let

M) = /Or 't —s)u(s)dW(s), rel[0,1).

In what follows, we let r € [0, ¢). By 1t6’s formula and then Holder’s inequality, it
follows that

EIM(r)[** < pQp — 1)/0 E(M PPN = s)u(s)llzs)ds

< p@p—1) sup (BIM(s)P") =7 / BTG = )12 ds.
0

0<s<r

Hence, one has

sup EIM ()" < p@2p—1) sup E|M(s)])*~"/" / B 1 (=s)uls)l75)""ds
0

0<s<r 0<s<r

owing to the fact that sup,,_, (E[M(s)[*’)?*~D/7 is nondecreasing w.r.t. . This
further implies that

sup EIM ) < p2p—1) [ EIT - s)us)|2)Pds
0

0<s<r

=p@p=1 /0 EI7G = $)us) )" " ds.

Consequently, the desired assertion follows by taking r 1 ¢.
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The lemma below gives some sufficient conditions to guarantee that (2.4) admits
a unique invariant measure.

Lemma 2.4 Letv, < 0 and assume further that (H2) holds with A3 > 0 such that
cﬁh(l +e**" p([—1,0])) < Afor i € (0, —vy,), where c; > 0 is introduced in (2.8).
Then there exist p > 1 and ' > 0 such that

sugEnXt(f)nig ST+ €%, (2.9)
1>
and

ENX (&) — X (M2 S e ""1IE = nl%. (2.10)

Proof Owing to
223(1 + ¥ p([—7,00) < Afor 4 € (0, —v,),
we can choose x, p > 1 and € > 0 such that
Bee(p) :=pQ2p — (1 + )P as(1 4+ p((—7,0]) < 1. (2.11)
In what follows, we fix , p > 1 and ¢ > 0 such that (2.11) holds. Then there exists
aconstant y > 1 such that (@ + b + ¢)?? < ka®” + y (b*? + c*P) witha, b, c > 0.

Thus, by the elementary inequality (@ + b)? < a® + b’ fora,b > 0and 0 € (0, 1),
it follows from (2.7) and (2.8) that

EIXOPN) <760, + 7' {Ir 02O
0
+(/ ﬂ(da)/ F(t~|—9—s)§(s)ds‘2} 2.12)
[—7,0] 0
<ce ¢S + 6P 0,(1),
where

0,(1) = (E‘ /01 - s)a(Xs)dW(s)‘zp)l/p.

Seta(p) := p(2p — 1)c? ;. Applying Lemma 2.3 with u(s) = o (X,), followed by
using (2.8), we derive from (H2) that

6, <a(p) [ ey (B(1xX@P + /[

—1,0]

<a(p) /Ole“(’s){c + 1+ 8)(E(|X(S)|2 +/

[~7,0

X (s + 0)|2v(d0))p) 1/2p}2ds
X6+ 9)|2v(d6)))p)l/p}ds

<a(p) /0 l e et (14 o) (EIX )P
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n / E|X (s + ) |2")1/1’v(d9)) }ds
[—7,0]

t
5 C(/ e*Zi(l‘*S)dS +672).t||¢:”c2>0)
0

+2a(p)(1 + £)(1 + & p([—1,0])) / D E[X (5)127) 7 ds
0

where in the first step we have used Minkovskii’s inequality [99, p. 5], and in the
second step utilized the elementary inequality: (a 4+ b)?> < (1 + 0)a® + (1 + (%)bz
with § = . Inserting the previous estimate on @ ,(¢) into (2.12) yields that

t 1
82).1(E|X(t)|2[7)1/17 < Cg(/ eZMdS + ||§||§O) +2ﬂk’é(p)/ eZisGE'X(s)'Z[?)l/PdS’
0 0

where f, .(p) > 0 1is defined in (2.11). Thus, by Gronwall’s inequality, we have

t
S EXOP < e [ st IR
0
t N
2ot [ ([ s je) s
0 0

Hence, by interchanging the order of integral, we obtain that
t N
EIXOPH? <1+ €015 +/ / e 724171 g2Pee (P)1=9) gy 4

0 Jo

t

+ER e / e P9 g
oo

0

t t

ST+ + / e / e P9 gsdy (2.13)

0 u

t
+ EN15 e / 2P (P)1=5) 4g
0
o o 1

where in the last step we have used S, .(p) < 4 due to (2.11). Next, applying
Holder’s inequality for integrals with respect to time and B-D—-G’s inequality for the
term involving martingale, we deduce from (H2) and (2.13) that
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t

t
P
BIX I SEXG -0 + [ BXOP+E( [ 100 sd)
=2t t

t
ST+EX(@—1)* +/ E|X (s)|*ds (2.14)
t—2t1

2
ST+, =1

Similarly,

E( sup IX(t)IZ”) ST+ EN2. (2.15)

0<t<t

As aresult, (2.9) follows from (2.14) and (2.15) immediately.

Next, we show (2.10). Let @ (1) = X (¢,¢) — X (¢, ) for notational simplicity.
Using the elementary inequality (1.21), followed by utilizing Holder’s inequality for
the time integrals and It6’s isometry for the term involving martingale, we obtain
that

ElO @)

0
= PO - a0+ [ w@) [ 1640 -9 - goas]
o 0

[—7,0]
4 +a) /0 EI 7' — $)(0 (X)) — 0 (Xs () s
L P

t 2
+(1+a)c§z3/ e*”~<’*f>(|@(s)| +/ |@(s+0)|p(d0)) ds
0 [—7,0]

l+a 2 2 L i—s) 2
S — e =l 420+ )i [ (10
0

+ p([—1,0]) 166 +0)p(0))ds
[—7,0]

t
S PIE Ik +26@) [ e PIBIOG) s,
0
where B(a) := (1 + a)c?A3(1 + e***p([—1,0])). So we arrive at

t
B0 S callé —nll% + 2,3(06)/ I E|O (5)|*ds.
0

Since ¢223(1 + ¢**"p([—7,0])) < 4, we can choose & > 0 such that f(a) < A
holds. Thus, Gronwall’s inequality leads to

ElO@)* S e 24 Pee —p|2,.
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Finally, (2.10) follows by carrying out the argument for deriving (2.14).

Theorem 2.5 Assume that the assumptions of Lemma 2.4 hold. Then, (2.4) has a
unique invariant measure «, which is exponentially mixing.

Proof The proof on existence of an invariant measure is facilitated by use of the
classical Arzela—Ascoli theorem [20, Theorem 8.3, p. 56]. For any integer ¢ > 1, set

1 q
o= - /0 B, &, )dr,

where P(z, &, -) is the Markovian transition kernel of X, (¢). By virtue of the Krylov—
Bogoliubov theorem (see, e.g., [37, Theorem 3.1.1, p. 21]), to establish the existence
of an invariant measure, it is sufficient to verify that (z,(-))4>1 is relatively compact.
Note that the phase space ¢ for the segment process (X, (¢)),»o is a complete sep-
arable metric space under the uniform metric || - || (see, e.g., [20, p. 220]). Taking
[20, Theorem 6.2, p. 37] into consideration, we need only prove that (u,(-))g>1 is
tight. Moreover, by virtue of [20, Theorem 8.2, p. 55], it suffices to verify that

limsup p4(p € € : w1 0)(p,6) =€) =0 (2.16)
00 4>1

for any ¢ > 0, where w(_; 0;(¢, J), the modulus of continuity of ¢, is defined by

w[—7,01(@, ) = sup lp(s) — ()], 0> 0.

|s—t|<d,s,te[—7,0]
Noting that

1(1,9) : = sup IX (u) — X (v)]

t<v<u<t+7,0<u—0=<o

< sup // ,u(d@)X(s—i—H)‘ds
t<v<u<t+7,0<u—v<dJo [—7,0]
+ sup

/ o (X)W ()|
t<v<u<t+t,0<u—v<0 )

= Il(t95)+[2(t95)5 t>r,

one has
P(I(1,0) = &) = P(11(2,0) = €/2) + P(L2(1, 6) = ¢/2).
Next, by virtue of Chebyshev’s inequality and (2.9),

P(I,(1,0) > &/2) S e *EL(t,0)* < EIX, |2 + Ell X4 12)0% S % (2.17)
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On the other hand, for p > 1 satisfying (2.11) and arbitrary 0 < s < ¢, by Lemma
[99, Theorem 7.1, p. 39], together with (H2) and (2.9), it follows that

E

t 2 t
/a(x,)dW(r) pg(t—s)l’—‘/ [1+supE||xu||§g]dr§(t—s)ﬂ.

u>0

This, combined with the Kolmogorov tightness criterion (see, e.g., [77, Problem 4.11,
p- 64]), implies that
lai&} supP(I(¢,9) = ¢/2) = 0. (2.18)

t>1

Consequently, (2.16) follows from (2.17), (2.18), and

2 1 [
Ue(p € € wi—r0)(p,0) > &) < il + —/ P (t,0) > e)dt, t>r1.
q q

T

With (2.10) in hand, the uniqueness of invariant measure and its mixing property can
be proved by following the steps 2 and 3 of the proof for Theorem 1.5.

Remark 2.6 Under dissipative conditions, by the Arzela—Ascoli tightness charac-
terization, Es-Sarhir et al. [54] and Kinnally-Williams [79] exploited existence of
invariant measures for FSDEs with super-linear drift terms and positivity constraints,
respectively. Applying the It formula, they gave the uniform boundedness for higher
moments of the segment processes, which plays a key role in analyzing the diffu-
sion terms by the Kolmogrov tightness criterion. However, (2.4) need not satisfy any
dissipative conditions, and therefore the techniques adopted in [54, 79] no longer
work. In this section, adopting the variation-of-constants formula and utilizing the
Arzela—Ascoli tightness characterization, we provide verifiable criterion to capture
a unique invariant measure for a class of semi-linear FSDEs.

Remark 2.7 Under dissipative conditions, It6-Nisio [72] discussed existence of sta-
tionary solutions for FSDEs. According to [72, Theorem 3], we deduce from (2.9) that
(2.4), without satisfying a dissipative condition, has a stationary solution. A solution
(X (?));>—. of (2.4) is strong stationary, or simply stationary, if the finite-dimensional
distributions are invariant under time translation, i.e.,

PIX(t+t)eli, k=1,....n)=P(X(t) eI}, k=1,...,n)

forallt > 0,f;, > —7 and [}, € AB(R"). For stationary solutions of retarded O-U
processes in Hilbert spaces, we refer to, for instance, [96]. It is worth pointing out
that the stationary solutions discussed for example, in [72, 96] are related to the
solution process (X (t));>—.. Whereas the invariant measure in our case involves the
segment process (X;),o. Before concluding this section, we give examples to show
the validity of Theorem 2.5.
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Example 2.8 Consider a semi-linear SDDE

dX(@)=—-X@t—-—Ddt +o(X(t — 1)dW(), Xo=<¢€F. (2.19)
In this case, 7 = —1 and u(-) = —J_; (). It is readily seen that the corresponding
characteristic equation is )

A4+e*=0. (2.20)
A simple calculation using MATLAB yields that the unique root of (2.20) is
A~ —0.3181 4+ 1.3372i.

So, one has v, ~ —0.3181. Thus, by Theorem 2.5, we deduce that (2.19) possesses
a unique invariant measure 7 € ?(¢’) whenever the Lipschitz constant L of ¢ such
that ¢2L%(1 + ¢**) < A for 1 € (0,0.3181). Note that (2.19) does not satisfy a

dissipative condition even though the Lipschitz constant of ¢ is sufficiently small
since it is impossible to choose constants A; > A, > 0 such that

—2(x1 —x2)(1 = y2) + o (y) — o ()* < —Ailxr — x> + Aalyr — yaf
holds for any x;, x5, y;, y» € R.

Example 2.9 Consider a semi-linear SDDE
dX (@) ={aX@®)+bX(t — D}dt +0 (Xt —1)dW (), Xo=<e¥, (2.21)

where a < 0,6 € Rand ¢ : R — R is Lipschitz. For this case, u(-) = ady(-) +
bd_1(-). Note that the associated characteristic equation is

J—a—bet =0. (2.22)
By [90, Theorem 1], all the roots of (2.22) have negative real parts if and only if
a<b< —a. (2.23)

Then, from Theorem 2.5, (2.21) admits a unique invariant measure 7 € (%)
provided that the Lipschitz constant L of ¢ is sufficiently small.

2.3 Ergodicity for FSDEs of Neutral Type

In this section, we proceed to generalize Theorem 2.5 to an FSDE of neutral type in
the form
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d(X(t) - / p(de)X(z+9)) - ( / ,u(dG)X(t—FH))dH—adW(t) (2.24)
[—7,0] [—7,0]

with the initial value Xy = & € €, where p, ¢ are R” ® R"-valued finite signed
measure on [—7,0], 0 € R" @ R™.

To begin, we give an overview of the variation-of-constants formula for linear
functional differential equations of neutral type. By [65, Theorem 1.1, p. 256], the
following linear functional differential equation of neutral type

d(Y(t) — /Hmp(de)m +9)) - (/I A +9))dt (2.25)

with the initial data ¢ € ¢ has a unique solution (Y (; £));>_.. Let
v, =sup{Re(1): 1 €C, A, (1) =0},

where
Ay (l) = det(/l (I,,X,, - / e”p(d@)) - / e ,u(d@)), JeC.
[—7,0] [—7,0]

The fundamental solution or resolvent of (2.25) is the unique continuous function
I :[0,00) — R" @ R” satisfying

d(F(t) —/[TO]p(dH)F(t +9)) - (/[ Ha@re +e))dz

with the initial data 7" (0) = I,x, and I"(0) = 0,,«, for @ € [—z, 0). It plays a role
analogous to the fundamental system in linear ordinary differential equations and the
Green function in partial differential equations. If v, , < 0, according to Theorem
B .4, there exists 4 € (0, —v,_,) such that

I @) < cie™ (2.26)

for some constant ¢; > 0. By (B.6) and the variation-of-constants formula [6, The-
orem 1], the solution of (2.24) can be represented explicitly as
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X(t:8) = Y(t: &) + /0 It — $)odW(s)

— I (0)E0) — / ()T (i + 0)E(0)

[—=7,0]

0

+ /[_t’o]ﬂ(dﬁ) /H T(t+0 —s5)E(s)ds (2.27)
0 t

" /[_,,O]P(dﬁ) /9 (e =5 +0) (s)ds + /0 It~ 5)adW(s)

for any & € Wl’z([—r,O];R”) (the Sobolev space consisting of functions
f : [-7,0] — R” such that f(-) and its distributional derivative f’(-) belong
to L*([—7, 0]; R")). For more properties of I, refer to Theorem B.4.

Remark 2.10 For more details on the variation-of-constants formula of linear func-
tional differential equations of neutral type, we refer the readers to, e.g., [6, 46, 65]
for finite-dimensional case, and [95, 111, 145] for infinite-dimensional setting.

Let [lIplll = sup; <<, /lejsrl ||ij||%/ar’ where || pkjllvar is the total variation

of ;.

Theorem 2.11 Letv, , < O0and |||plll < 1/2. Then (2.24) has a unique invariant
measure 1 € P (€), which is exponentially mixing.

Proof In view of the argument in the proof of Theorem 2.5, to complete the proof
of Theorem 2.1.1, it is sufficient to show that

supE[| X, ()5, < o0, p>2.

t>0

and that
ElIX, (&) — X, (I S e

for some a > 0.
There exists a function ¢ : R +— R such that

e $(x) >0forall x € R;

e ¢ € G (R);

° ngzS(x)dx =1,

where C3°(R) denotes the collection of C* functions f : R = R with compact

support; see, for instance, [56]. For any 0 > 0, let ¢s5(x) = 6‘k¢(;c—‘) be the standard
mollifier. Let &5 be the convolution of & and ¢s, i.e.,

50) = (& % 65)(0) = /R O — $)ps(s)ds = /R £(5)d5(0 — )ds,
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where we set (@) = 0, for 8 € (—o0, —7) U (0, 00). It is easy to see that &5 €

Cy°(R). Moreover, ¢ — ¢ uniformly on compact subsets of R. So ¢ is mollified by
convolution with ¢s. Observe that

EIIX, ()2 < EIX,(©&) — X&)% + EIX &),
and that

ElIX, (&) — X, ()% S EIXA(E) — X E)IZ +EIX () — X (1) 1%
+EIX (&) — X (o)1

By a straightforward calculation, one has
lim B[ X, (£) = X, (&)l5 = Hm E[ X, (1) — X, (1) 15, = 0.

So, to finish the proof we need only show that

sup E[| X, (&) 15, <00, p>2. (2.28)
t>0

and
ElIX, (&) — X, (na)l% S e (2.29)

for some o > 0. Observe that &, #; € Cg°(R). With (2.27) in hand, (2.29) can be
done by carrying out the arguments to derive (2.10), while (2.28) can be finished by
following the argument to deduce (2.9).

Remark 2.12 In fact, Theorem 2.11 can be generalized to the case of FSDEs of
neutral type with multiplicative noises by following the main line of argument for
Theorem 2.5. However, to avoid complicated calculations, in this section we focus
only on the additive noise case.

Example 2.13 Consider an SDDE of neutral type
1
d(X(t) X - 1)) — _X(t — D)dr + 0dW (), Xo=F, (2.30)

where a € R and (W (7)),>0 is a real-valued Brownian motion defined on the filtered
probability space (2, .%, (%);>0, P). The characteristic equation associated with
the deterministic counterpart of (2.30) is

A (1 n %)e*ﬂ —0, 1eC. 2.31)
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Using MATLAB, we can obtain that the unique root of (2.31)is 1 &~ —2.313474269.
Then, by Theorem 2.1.1 we deduce that (2.30) has a unique invariant measure, which
is exponentially mixing.

2.4 Ergodicity for FSPDEs Driven by Cylindrical Wiener
Processes

In this section, we are concerned with ergodicity for a range of FSPDEs. First,
we introduce some notation. Let (H, (-, )y, || - lg) and (K, (-, )k, || - ||x) be real
separable Hilbert spaces. Let Q € .Z(K) be symmetric and nonnegative so that there
exists a nonnegative and symmetric element Q% € Z(K) such that Q% o Q% =0
(see, e.g., [117, Theorem VI.9]). Let the trace of Q be finite, i.e., trace(Q) < oo.
Then, Q7 € Zus(K) due to Q2% = trace(Q), and S o Q7 € Lys(K, H) for
any S € Z(K, H). Let Ky = Q% (K), which is a separable Hilbert space with the
inner product given by (ug, vg)o = (Q’%uo, Q’%U())K for ugp, vy € K (see, e.g.,
[113, Proposition C.0.3, p. 145]), where Q‘% is the pseudoinverse of Q% in the case
that Q is not one-to-one. Let Lg = Zus(Ky, H). According to [113, Proposition
C.0.3 (i), p. 145], (Q%ek)kzl is an orthonormal basis of (Ko, (-, -)o, || - [lo) if (ex)r>1
is an orthonormal basis of (KerQ?)*. Thus, ISlg =180 Q7 || s foreach S € LY.
In this section, we focus on an FSPDE on (H, (-, -}y, || - ||z) in the form

dX (1) ={AX () + O(X,)}dt + 0dW (), t >0, Xo=¢ € F. (2.32)
Herein, (A, Z(A)) is a self-adjoint operator on H generating a compact

Co-semigroup (e'?),=o such that |[e'4| < e~* for some a > 0, the linear oper-
ator @ : ¥ — H is given by

() = /[ W@)60). 4 <.

where 4 : [—7,0] — Z(H) is of bounded variation, ¢ € LY, and (W (t)),»¢ is
a K-valued Q-Wiener process under (2, .%, (%);>0, P). By [11, Theorem A.1],
(2.32) has a unique mild solution (X (¢)),>_. satisfying

t t
X (1) = e"¢(0) + / A (X,)ds + / TGdW(s), t>0. (2.33)
0 0

Consider the following deterministic evolution equation

dY (1) = {AY (1) + ©(¥,)}dr, >0, Yo=C¢. (2.34)
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According to [145, Theorem 1.1, p. 37], equation (2.34) has a unique mild solution
(Y (t; &))s>—, with the initial data Yy = & such that

Y@f):emd®4i/xﬁﬂM¢KK@»m,t>0 (2.35)
0

holds. Let (I7())>0 solve the .Z (H)-valued evolution equation
dr(t)y ={Ar' () + o(})}dr, t>0 (2.36)

with the initial value 7"(0) = I, the identical operator on H, and I'() = O for
0 € [—7,0), where O stands for the null operator on H. By the Laplace transform
approach, the mild solution Y (¢; &) to (2.34) can be written explicitly as

Y(1;¢) = F(t)§(0)+/0t Tt —$)®(E )ds, 120,

where ? : [—7,00) — H is the right extension of ¢ defined by
ZO)=¢0), 0el-1,01 and E(0)=0, 6 € (0,00);
see, for instance, [93, Theorem 3.2] & [111, Theorem 2.2]. Set

oo := sup{Re(4) : 1 € C, there exists an x € Z(A) \ {0} such that
(A1 — A — ®(*))x =0},

where (¢ x)(0) = ¢*’x,0 € [—7,0].

Theorem 2.14 Assume that (A, Z(A)) is a self-adjoint operator on H generating a
compact Co-semigroup (e'*),>o such that ||e'*|| < e=*' for some . > 0 and ag < 0,
and suppose further trace(Q) < oo and o € L(z). Then, (2.32) admits a unique
invariant measure i, which is exponentially mixing.

Proof Toshow existence of an invariant measure, we adopt the stability-in-distribution
approach (see, e.g., [14] & [155]). To complete the proof, it is sufficient to verify that

(P1) sup,.q E[ X, (&)||1%, < oo forany ¢ € U;
(P2) 1im,; 00 B[ X, (&) — X, ()13, = 0 forany &, 7 € U,

in which U is a bounded subset of ¢’. In what follows, we intend to show that (P1)
and (P2) are fulfilled, respectively, for (2.32). By [93, Proposition 4.1], the unique
mild solution X (¢; ¢) with the initial value Xy = & can be represented explicitly by
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X =Y+ [ 1= 9aawe)
0
= I'(t)¢(0) —|—/t r —s)d)(_g“)s)ds +/ r'—s)edw(s). (.37
0 0

Moreover, for any A € (0, —ay), by virtue of [94, Lemma 2.1] there exists ¢, > 0
such that
17O < cie™. (2.38)

This, together with (2.37) and It6’s isometry, gives that

ENX @ O < IE1 + / trace(I ()0 Qo I'(5)")ds
0
< eI + /0 17()o O 1Py sds (2.39)
S IEI2, + 12, /0 17 (s)1ds
ST+ N1

Recall that [le’4|| < e~* for some o > 0. Next, for any ¢t > 7 observe from (2.33)
and (2.39) that

E[X (t; )II%
S 2
SEIIX(t—r;é)H?,HE( sup /e(s_”)AGD(Xu)duHH)
—T<s<t t—1

/ e“TAG AW (u)
-t

+E( sup

t—7<s<t

:) (2.40)

2r 1/r
+))

t s
<14 / E|®(X,)|%du + (]E( sup / S04 G AW (1)
t t—T<s<t t—1

-7

ST €)%,

where in the second step we have utilized the Holder inequality with » > 1 for the
time integral and in the last step used [36, Proposition 7.3, p. 184] for the stochastic
convolution. Hence, (P1) follows. Hereinafter, we intend to verify (P2). From (2.37),
one has

X=X ) = F(f)(é(o)—ﬂ(O))Jr/o r(—s)(@( ) -7 ,)ds. (241)

Moreover, for any + > t by the notions of ? and _r]), we derive from Holder’s
inequality that
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|/ re-9@@ ) - o7 s

T 2 t 2
<| / ra—@@ ) - o7 i +| / I =)@ )~ o7 s
0 H T H
< t - — 2
S ITE= - 10(E ) = 0 )il ds
SeH)E =i,
which, combining (2.38) with (2.41), yields that
IX(t:8) — Xt mlF S e ™IE—nlk, = -
So one has
IX(t+0;8) =Xt +0; %y S e e -yl S e lIE—nl%, 6 el—1,0]

Thus we arrive at

12, (2.42)

EIX(t; &) — Xt s S e IIE— 7

Consequently, (P2) holds.
Example 2.15 Consider the following SPDE with memory

%u(t,x) = Au(t,x) +bu(t —7,x)+ c(x)W(t), t>0, xel0,7],
u(t,0)=u(t,zr)=0, t >0, (2.43)
u(t,x) =¢(t,x), tel[-1,0], xel0,x],

where b € R, ¢(-), (¢, -) € L*([0, w]), and (W (t)),=0 is a scalar Brownian motion.
Let A = A be the Laplacian. Note that the characteristic equation associated with
the deterministic counterpart of (2.43) is

(A —A—be " x =0, xe2(A)\{0}. (2.44)
Since the eigenvalues of A is —n?, the eigenvalue of (2.44) satisfies
A4+n—be =0, n=1,2.... (2.45)

By [90, Theorem 1], all the roots of (2.45) with each fixed n > 1 have negative real
parts if and only if

—n? <b<n’

So (2.43) admits a unique invariant measure whenever —1 < b < 1.

In what follows, we consider the case Q = I sothattrace(Q) = oo, i.e., (W(¢));>0
is a cylindrical Wiener process.
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Theorem 2.16 Assume that (A, Z(A)) is a self-adjoint operator on H generating a
compact Cy-semigroup (e’A),Z() such that ||e'*| < e~* for some a > 0 and ay < O.
Suppose further that

t
sup( / s*2“||esA||i,Sds) < 0, (2.46)
>0 0
and .
sup( / trace(I'(s)o Qa*F(s)*)ds) < . (2.47)
>0 0

Then, (2.32) admits a unique invariant measure @, which is exponentially mixing.

Proof Theorem 2.16 can be proved by a slight modification of the argument for
Theorem 2.14. To complete the proof, we still need to verify (P1) and (P2), respec-
tively. Due to (2.47), we obtain from the first display of (2.39) that

EIX (05 ST+ IEN%. (2.48)

From the second inequality of (2.40), we deduce from (2.48) and [36, Proposition
7.9, p. 196] that

t
mwm@&§1+wm+/’f%Mﬂgm
t—1
<14 1I€1%.

As aresult, (P1) follows. Also, (P2) holds as (2.42) shows.

2.5 Ergodicity for FSDEs Driven by Jump Processes

In the previous sections, we obtained existence and uniqueness of invariant measures
for functional stochastic equations with continuous sample paths. In this section, we
consider the case of FSDEs driven by jump processes. The discontinuity of the
sample path makes the problem more difficult to deal with. Although the variation-
of-constants approach can still be used, the verification of the tightness cannot be
done as in the case of continuous sample paths. To overcome the difficulty, we use the
Kurtz tightness criterion (see Lemma 2.17 below) to treat the underlying problem.

We start with some terminologies and notation. Let (Z(¢)),>0 be an n-dimensional
Lévy process defined on the stochastic basis (2, .7, (%;);>0, P). For each t > 0,
Z(¢) is infinitely divisible by virtue of [3, Proposition 1.3.1, p. 40]. By the Lévy-
Khintchine formula (see, e.g., [3, Theorem 1.2.14, p. 28]), ¥ (¢), the symbol or
characteristic exponent of Z(z), admits the form
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1 .
P(Q) =i(b,<) — 51, AC) +/ ('S — 1 —i(, 21} (da),

R —{0}

in which b € R", A € R" ® R" is positive definite and symmetric, and 7z (-) is the
Lévy measure, i.e., a o -finite measure on R” — {0} such that

/ (A Az (dz) < oo.
R*—{0}

The lemma below is concerned with Kurtz’s criterion on tightness of laws on 2.
Lemma 2.17 ([55, Theorem 8.6, p. 137-138]) For each t > 0, let Y'(:) €
D([0, t]; R") and assume that

lim limsupP( sup |Y'(s)| > Kl) =0foreachT <,

Ki—o0 500 (Ogng
and, for0 <u <dandv <T,

EAY (u+0) —Y' @) AL} <Ey(,0)
(ljirr(l) limsupEy (¢, 0) = 0,

1—00

where E! denotes the conditional expectation with respect to F!, the minimal

o -algebra that measures (Y'(s))o<s<p. Then (L (Y'(s)),s € [0, t]),>0 is tight in
D([0, z]; R").
Consider a retarded O-U process driven by a Lévy process with the Lévy triple
(0,0, 7) in the form
dX (1) = ( / 1 (dO)X (¢ + 9))dt +odZ(t), Xo=¢ €, (2.49)
[—7,0]

where u(+) is an R” @ R"-valued finite signed measure on [—7, 0], and 0 € R" @ R".
Hereinafter, v, € R is defined as in (2.5). The main result in this section is presented
as follows:

Theorem 2.18 Let v, < 0 and assume further that

/ |zl (dz) < oo. (2.50)
lz]>1

Then, (2.49) has a unique invariant measure u € Z(9).

Proof For each integer g > 1, set

1 re
ha) =~ /0 B(t, &, ),
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where P(z, &, ) is the Markovian transition kernel of X, (). If (Z(X:(¢)))r>. is
tight under the Skorohod metric dg, for any ¢ > 0 there exists a compact subset
U € #(2) such that

P(X,(() e U) <1 —¢ and hence p,(U) <1—e.

Thus (14 (-))4>1 is tight. Recall that (X;(¢));>0 is Markovian by Theorem B.2 (see
also [119, Proposition 3.3]) and eventually Feller due to [119, Proposition 3.5], i.e.,
forall r > 7, P, maps Cp(2) into itself. As a consequence, the Krylov—Bogoliubov
theorem (see, e.g., [37, Theorem 3.1.1, p. 21]) implies that (2.49) has an invariant
measure 7 € (D).

Fort > 0 and I € Z(R" — {0}), define the Poisson random measure generated
by Z(t) by

N I)= D 1(AZ(s)),

s€(0,1]

where AZ(t) := Z(t) — Z(t—) for any ¢t > 0, and the compensated Poisson random
measure by B
N, I'Y=N¢, I')—tx(l).

By the Lévy-It6 decomposition (see, e.g., [3,Theorem 2.4.16, p. 108]), one gets

Z(t):/ zﬁ(r,dz)—f-/ ZN (1, dz). (2.51)
lz|=1

|z|>1

By the variation-of-constants formula (see, e.g., Gushchin—Kiichler [60]), the solu-
tion of (2.49) can be written explicitly as

0
X(t:) = F(E0) + / 4 (d0) /6 [+ 6 — $)E(s)ds

[=7,0]

+ /t It —s)odZ(s), (2.52)
0

where (I7(t)),>_. is the fundamental solution of (2.6). Substituting (2.51) into (2.52)
leads to

0
X(1:8) = F(E0) + /[ @) / [+ s — w)éu)du

Ay

— AT ! . d
+/o /ﬂﬁf(t S)cer(ds,dz)+/0 /|Z|>1F(t s)ozN(ds, dz)

4
= Z[,(l‘)
j=1
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By (2.8), it is easy to see that

SUEE(HI(IN + L0 S 1<l

By virtue of the Holder inequality, the Itd isometry, and (2.8), we have
1/2 ' 2. )2
sup I 130)| < 6"l | sup / 10— s)Pas) < oo,
>0 0

where
B = |z|*7 (dz) < oo (2.53)

lz|=1

with 7 (-) being the Lévy measure. Also, by (2.8) it follows from (2.50) that

t
supE|14(1)| < |lo]| Izln(dz) sup / 7 —S)IIdS) < 00.
=0 |z|> =0 NJo
Hence we arrive at
supE|X (t; &)] < oo. (2.54)
ZZO

For any ¢t > 7, we derive from (2.51) and (2.54) that

EIIXf(é‘)IlooSIEIX(t—r;f)|+/ E]/[ i

/ /Z|<10ZN(dt dz)‘)
/ /Z|>lazN(du dz)‘) (2.55)

/ /IZ|<1<7ZN(du dz)))

+zllo| |z]7 (dz),

[z|>1

sup

t T<s<t

sup

f T<s<t

§C+]E sup

—T<s<t

where in the last step we have used that, by [3, Theorem 2.3.8, p. 91],

/ /|z|>10ZN(du dz) = ||a||IE/ /|Z|>1 |z|N (du, dz)

= IIGIIT/ |z|7 (dz). (2.56)
|z|>1

sup
T T<s<t
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Next, by B-D-G’s inequality [116, Theorem 48, p. 193] and Jensen’s inequality, one

finds that
s - t
| [ eifenan) siene [ [ v
t—1 Jz|<1 1—t Jz|=1
t
Sllall/ﬂﬁl// |z]2N (du, dz) (2.57)
t—t J|z|<1

< lellyp,

where in the last step we have utilized [3, Theorem 2.3.8, p. 91], and f > 0 was
given in (2.53). Consequently, (2.55) and (2.57) yield that

E( sup

t—T<s<t

sup E[l X, (&) oo < 0. (2.58)

t>0

Set
Es() = E(Lg}), s > 0.

For 6 € [—7,0) and 6 € [0, ], where 6 > 0 is an arbitrary constant such that
0+6e[—1,0],(2.49) and (2.51) lead to

E0lX (0 +0) — X,0)] =E0lX(t+60+0)— X(t+0)]
t+60+0
5/ IEHH{(/ 1 (dO)X (s + )
t [—7,0]

+0

+/ ozN(ds, dz)+/ azN(ds,dZ)’}.
lzI=1 [z[>1

It follows that there is a yo(, J) satisfying
il X (1 +0 +0) = X(t +0)] < Ergy0(t, ).

Taking expectation, following the arguments to derive (2.56) and (2.58), respectively,
and taking lim sup,_, ,, followed by lim;_,(, we obtain from (2.54) that

(lsirr(l) lim sup Eyq(t, 0) = 0. (2.59)

—00

In view of Lemma 2.17 and the time shift r — ¢ — 7, we conclude from (2.58)
and (2.59) that (X, (&), is tight under the Skorohod metric dg. Consequently, the
solution of (2.49) enjoys an invariant measure.

Next, from (2.8) and (2.52), we get that
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EIIX,©) = X, ()l
=5( sup |r@+0)E0) - 1)

—7<0<0

+ /[r 0] 1 (du) /MO I't+0+u—s)<¢es) — W(s))dsl)

—1
Se NS —nlloo, =1

This yields that

lim [|P(, &, ) — Pz, n, -)llvar
1—>00

= lim sup [Ep(X: (<)) — Ep(X, ()| =0, (2.60)
Tl jp=!

where || ”Lip is the Lipschitz constant of ¢ w.r.t. the Skorohod metric dg. If 1/(+) €
P (2) is also an invariant measure, then, by the invariance, one has

= p'llvar < /@ . 1Pz, &, ) = P, 7, ) lIvarp (d) p' (dn). (2.61)

Thus, the uniqueness of invariant measure follows by taking + — oo in (2.61) and
utilizing (2.60).

Remark 2.19 From (2.50),[E|Z(¢)| < oo forall¢ > 0 because of [3, Theorem 2.5.2,
p- 132]. (2.49) incorporates retarded O—U processes driven by symmetric a-stable
processes with 1 < a < 2, which have finite pth moment for p € (0, a), and subor-
dinate Brownian motions Wy, i.e., W(¢) is a standard Brownian motion and S(t)
is an a/2-stable subordination (i.e., a real-valued Lévy process with nondecreasing
sample paths). For more details on stable distributions and subordinators, we refer
to Applebaum [3, p. 33-62].

Remark 2.20 In many applications, one often encounters the so-called jump diffu-
sion models, in which both Brownian type of noise and Lévy process appear. In view
of our results in Section 2.2 and the current section, in lieu of (2.4) or (2.49), we can
consider a process of the form

dX (1) = (/[ | ()X (1 + 0))dt o (X)AW (1) + 00dZ (1), Xo=¢ € D,

(2.62)
where o : 2 — R"” ® R” such that (H2) in Chapter 1 holds. Continue to use the
variation-of-constants formula. Comparing to the development in Theorem 2.18, we
need to deal with an additional martingale term in the verification of tightness. This
term can be easily handled using B-D—-G’s inequality. The results of Theorem 2.18
continue to hold.
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Remark 2.21 Examining the proof of Theorem 2.18, the technique employed therein
applies to (2.49) with the Lévy triple (0, A, 7) and an FSDE with jumps

dX (1) = ( /[ | 1£(dO)X (1 +9))dt Y o(X,)dZ(1), Xo=C¢€ P, (2.63)

where 0 : 2 — R" @ R” is uniformly bounded.

Nevertheless, if the Lévy process Z(¢) has a finite second moment, the uniform
boundedness of ¢ can indeed be removed as the following theorem shows. As we
mention above, v, € R below is defined in (2.5). We assume that there exists an
L > 0 such that

o) = oy = L(6O -y P + [

[—z,

O —vOL@) Coh

forany &, n € 2.

Theorem 2.22 Let v, < 0 and (2.64) hold for a sufficiently small L > 0, and
suppose further that

) :=/ 1z)?7 (dz) < oo. (2.65)
lz]>1

Then (2.63) has a unique invariant measure ©1 € 2 (D).
Proof By the variation-of-constants formula (see, e.g., [119, Theorem 3.1]), one has

0
X(t:8) = F(E0) + / u(d0) /9 (40 - $)E(s)ds

[71',0]
+ / (1 = 5)o (X, ()dZ(s),
0

where (I°(t));>—_. is the fundamental solution to (2.6). By (2.65), the Lévy-Itd decom-
position (see, e.g., [3, Theorem 2.4.16, p. 126]) gives that

Z(t) = At + W) +/ ZN(r,dz), A €eR". (2.66)
z#0

Thus, we have

0
X(1:8) = T()E0) + / @) /9 [t 40— $)E(s)ds

[—7,

t
+ / (- $)0 (Xs(©) Ads
JO

+ /0 "Ll = $)0 (Xs@)AW (5) + /0 t / T (X @) ds, a0
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According to (2.8), there exist ¢, 0 € (0, —Ag) with e + J € (0, —¢) such that
o0 o0 .
o= / EFNI(@)Pdr <00 fi= / X (1)|2dr < o0, (2.67)
0 0

and o
K= / XN I (0)])2dr < oo, (2.68)
0

where I7(r) denotes the derivative of I'(¢),and I'; (t) = ¢*' I'(t). Forany & € (0, — o)
such that (2.67) holds, it is easily seen that

FEIX (5 )17 < 511 T(0)EO0)) +
FUEXEOP = 5[l TOOR +| [

0
u(d«?)/ eI (t+ 60— s5)E(s)ds ’
7,0] 0

+E /t eI I (t —s5)o (X,(8)) Ads ’
0

t 2
+E /O 1L~ )0 (X, ENAW(s)|

! ~ 2
B[ [ era- ot @Rl
0 Jz#0
=:5{N @) + 12(1) + 13(1) + 74 () + T5(1)}.
By Holder’s inequality, we observe from (2.67) that

2

n(;):E’ / ECI (1 — 5)e™ o (X, (£)) Ads
0
< 4] /0 | I (s) 1 2ds /0 PSEllo (X, () [ 5ds
< ol 4] /0 PIE o (X, ()11 ds.

Next, by virtue of Fubini’s theorem and (2.68), it follows that
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2

Ti() = E| /0 [ {r+ /0 - Fi)du)e'o (X,)aW (5)
< 2] /0 o @naw )|

+2E

[ e riwe [ e enaw e

< 28] /O o (NI ) + 2 /0 o) /0 e o (X @)aw (o) du
<2 /0 I PR o (X, (6))]|35ds + 2k /0 t e~ /0 o e Ello (X, (&) |7 sdsdu
<2 /0 I PSR o (X (E)) |3 4ds + 2k /0 t /0 He*z‘”‘duez“ﬂillcf(X.s(é‘))ll"}mds
<2(1+x6") /0 l ¢ Ello (Xo(9))l17ds.

Similarly, we have

1500 < 25+ )1 +507) [ Bllr (XI5,

where f,9 > 0 are introduced in (2.53) and (2.65), respectively. Furthermore,
observe from (2.64) that

t
/ PIE o (X, ()] 5ds
0
t
< c(@® +IE15) + 21+ eNLA(1 + e* [lplly) / e“EIX (s; &)[*ds
0

for any &’ > 0. Therefore, we arrive at
FEIX (1 O < c(@ + IE12) + 10{al| 4] +2(1 + B +9)(1 +x57)

t
x (14 &)L2(1+ & pI) / R X (5: )[2ds.
0

So the Gronwall inequality leads to

supE[X (2, &> < 1+ 1115, (2.69)

>0

whenever L > 0 is sufficiently small. In the light of B-D-G’s inequality (see, e.g.,
[116, Theorem 48, p. 193]), besides (2.64), one derives from (2.66) and (2.69) that
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/S o (X, )dW(s)‘ )
/ / o (Xs_)zN(ds, dz)])
1=t Jz0

S1+(1+p +z9)/ Ello (X,)[135ds
I—1

ST4 &%, =7

EIX @)% S 1 +JE( sup

1—T=<s=<t

sup
t T<§=<t

Carrying out the argument to deduce (2.69), we can derive that
EIX(1:¢) = Xl S eI — nll%
for some A’ > 0. This, together with (2.64) and B-D-G’s inequality, yields that
EIX:(©) = X3 S e IS =l

Finally, the desired assertion follows by imitating the corresponding argument of
Theorem 2.18.

Remark 2.23 By a close scrutiny of the argument of Theorem 2.22, in fact, we can
provide an upper bound of the Lipschitz constant L > 0.
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