Chapter 4
Sequences and Series of Functions

4.1 Uniform Convergence of Sequences of Functions

Suppose that f, : T — R,n e N, S C T.

Definition 4.1 We say that the sequence { f; },cn converges pointwise, i.e., at each
point, to a function f defined on § if

lim f,(t) = f(t) forall e S.

We often write lim,,_, », f, = f pointwise on S or f, — f pointwise on S.

Example 4.2 Let T = {1 : n € N} U {0}. Consider
fr@®) =1t", tel0,1].

We have
0 for te]0,1)
lim f,(¢t) = lim t" =
n—oQ n—oQ

1 for t=1.

If
0 for re]0,1)

f@) =
1 for t =1,
then f,, — f pointwise on [0, 1].

Example 4.3 Let T = 2MNo_If

L)y =t(1+e™),
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240 4 Sequences and Series of Functions

then
lim f,(t) = lim t(l ~|—e*’”) =t.
n—0oQ n—0oQ

If we set f(¢r) =t, then f, — f pointwise on T.

Example 4.4 If f,(t) = 2£L, then

n+t2?
. . n+l1
nan;o fn(t) o n]Ln;o n—+ t2 =1

If f(t) =1,t € T, then f, — f pointwise on T.

fll(l) ’ J (l) [

Prove that f, — f pointwise on T.

Definition 4.6 We say that the sequence { f,},en converges uniformly on S to a
function f defined on S if for every ¢ > 0, there exists N € N such that

|fu(@®) — f(t)] <e forall n> N andall ¢ e€S.
Example 4.7 Let T = {1 : n € N} U {0}. Consider
@ =1t", 0<t<a, O0<a<l.

Note that
lim f,(t) = lim " =0 forall re T\ {1}.
n—oo n—o00

Let ¢ > 0 be arbitrarily chosen. We choose N € N such that

1
N> 8¢

loga’

N

Hence, a” < ¢. Then, for every n > N, we have

a"<adV <e

and
[i" — 0| =t"<d" <e.

Therefore, f,, — 0 uniformly on [0, a].

Example 4.8 Let T = 2", Consider
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1
L) =/t2 + .
n

If we take f(¢r) =t and let ¢ > 0 be arbitrarily chosen, then

/ 1
24— _
‘ t+n2 t

‘(,/t“rniz—t) (1/t2+ni2+t)‘
JPE+ S+t

2yl

n?

JPE+ S+t

|fu(®) = (D)

IA

S| =

If we take N = % then, for every n > N, we have

1

<_
N

=¢ and |f,(t) — f(t)] <e forany teT.

S| =

Hence, { f, },en is uniformly convergent to f on T.
Example 4.9 Let T = {1 : n € N} U {0}. Consider

nt
()= ———, teT.
fn (@) PR

If f(¢r) = 0O, then f, — f pointwise on T. Assume that {f,},cn is uniformly
convergent to f on T. We take 0 < ¢ < % Then there exists N = N (¢) such that
for every n > N, we have

|fu(®)| <& forany reT.

In particular, whenn > N and t = % we get
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1
f n\

n
which is a contradiction because f, (%) = % Therefore, { f,,},cn 18 not uniformly
convergent to f on T.

Exercise 4.10 Let T = {% :neN } U {0}. Check if the following sequences are
uniformly convergent on T.

L ful) = e,
2. fut) = m,
3.0 fult) = 55

Solution 1. uniformly convergent to 0 on T,
2. uniformly convergent to O on T,
3. not uniformly convergent to 0 on T.

Theorem 4.11 [f {f,},cn converges pointwise to f on D C T, then {f,},cn con-
verges uniformly to f on D if and only if

nlggosuglfn(t)—f(t)l =0. (4.1)

Proof 1. Suppose that {f,},cy converges uniformly to f on D. Then, for every
& > 0, there exists N = N(¢) so that n > N implies

|fn(t) — f(t)| <e forany ¢t e D.

Hence,
sup | f,(t) — f(t)| <& forany n > N.

teD

2. Suppose that { f,,},cy converges pointwise to f on D and (4.1) holds.Then, for
every ¢ > 0, there exists N = N(¢) so that n > N implies

sup |f;1(t) - f(t)| < E.
teD
Hence, for any n > N, we have

| fu(t) — f(t)] <& forany t € D.

The proof is complete. O

Example 4.12 Let T = 2N, £,(t) = n_+t7 and f(tr) = 0, ¢t € T. We have that
fn — f pointwise on T. Also,

— 0 as n — oo.

1
su n(l) — )] = su =
tdl;lﬂ() f @l T e
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Hence, using Theorem 4.11, it follows that { f,,},,cy converges uniformly to f on T.

Example 4.13 Let T = N, £,(t) = m”il, f(@) =1,t € T. We have that f, — 1
pointwise on T. Also,

(0 — f()] = ‘# - 1‘

sup | f,(t) — f(2)| = sup
teT ter Nt +1

= — 0 as n — oo.
n—+1

Hence, using Theorem 4.11, it follows that { f;, },,eny converges uniformly to f on T.

Example 4.14 Let T = Z. We will investigate for uniform convergence of the se-
quence {fn(t) = 1t yon Dy = (—4,4) and D, = [1, 00). Let f(¢) = 1. Note

-+ e
that f, — f pointwise on Z. Moreover,

n+1 1 —¢2
Ifn(t)—f(t)|=’n+t2 —1': —|.
1. If t € Dy, then
1— 2
a) = FO) = 5 =1 8(0),

—(c)+0n+13)— (1 —1)(o@)+1)

A —

g0 = (n+@+1?) (n+12)
_ @+ Dh@er+D
e+ D))+ 1Y)
<0 if r>0,

oy = PO FD@ ) — (A=) +1)

(n+ @ —172) (n+1?)
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(n+ 12t —1)
(n+@—1D?) (n+1?)

>0 if r<0.

1-1?

o has a maximum at ¢t = 0. Note that

Therefore, the function

1—1¢2 1
5 =——>0 as n— oo.
n+t-li=0 n

Hence, using Theorem 4.11, it follows that { f,, },cy converges uniformly to f on
D;.
2. Ift € Dy, then
? —

0 = )] = =

Assume that { f,, },en converges uniformly to f on D;. Then, for0 < ¢ < %, there
exists N = N(¢g) sothatn > N implies

2 -1
n+t2

< ¢ forany t e D;.

Wetaket =n +2 € D,. Then

n+22-1 1
—<_7
n+m+2)?% 2

SO
n2+4n+3 1
—
2n2+4n+4 2
SO
n2+4n+3<n2+2n+2,
SO

2n+1<0,

which is a contradiction. Therefore, { f,,},en does not converge uniformly to f
on D,.

Exercise 4.15 Let

1 N
T={0jUu{-: neN}lu2M,
n

Using Theorem 4.11, investigate the sequence
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n+t
{fn(t) = nt + 1 ]nEN

for uniform convergence on D; = [0, 1] and D, = 2No,

Solution The sequence is not uniformly convergent on Dy, and it is uniformly con-
vergent on D;.

Theorem 4.16 If the function sequence { f,},en IS pointwise convergent to f on
D C T, then { f,}nen is uniformly convergent to f on D if and only if for an arbitrary
sequence {t,}pen, t, € D, we have

lim (fu(t) = £(6)) =0. 42)

Proof 1. Necessity. Suppose that {f,},cy is uniformly convergent on D. Then,
using Theorem 4.11, we have

sup | f,(t) — f(t)] > 0 as n — oo.

teD

Hence, for any sequence {#,},cn, , € D, we have

[ fu (@) — f@)] < suglfn(t) —f@®|—0 as n— oo,

i.e., (4.2) holds.

2. Sufficiency. Assume that for any sequence {#,},en, #, € D, (4.2) holds and the
sequence { f,},eny does not converge uniformly to f on D. Hence, there exists
&o > 0 such that for any N > 0, there existn > N and ¢ € D so that

[fn(@) — f(D)] = €.
For Ny =1, there exist n; > 1 and #,,, € D such that
| fon, () = f (ta))] = &0.
For N, = ny, there exist ny > n; and t,, € D such that
[ fnr (tny) — [ (tn))] = €0,
and so on. Thus, we get a sequence {f,,, }xen, fn, € D, such that
| fo (tn,) — [ (tn)] = €0,

which leads to a contradiction due to (4.2).
The proof is complete. O
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Example 4.17 Consider f,(1) = nt(1 — )" on D = {1 : n € N} U {0}. We have
that { f,},en is pointwise convergent to O on D. Suppose that { f, },en i uniformly
convergent to 0 on D. Then, applying Theorem 4.16 for 1, = % we have

()2 e

which is a contradiction. Therefore, { f,,},cn 1s not uniformly convergent to 0 on D.

Example 4.18 Consider f,(t) = — on D = {}:n € N} U {0}. We have that
{ fu}nen is pointwise convergent to O on D. Assume that { f, },< is uniformly con-

vergent to 0 on D. Then, using Theorem 4.16 for ¢, = %, we have

which is a contradiction. Therefore, { f; },<n 1s not uniformly convergent to 0 on D.

Example 4.19 Consider f,(1) =1 —(1—1t>)"on D = {% in € N} U {0}. We have
that { f,, }sen 1s pointwise convergent to 1 on D. Assume that { f,},cn is uniformly
convergent to 1 on D. Then, using Theorem 4.16 for 7, = 1, we have

ne

1 l n
fn(_>—1=—(1——2) 7L>O,
n n

which is a contradiction. Therefore, { f;},cn is not uniformly convergent to 1 on D.

Exercise 4.20 Consider f, (1) = 322 on D = {1 : n € N}U{0}. Using Theorem

4.16, prove that { f,,},,en is not uniformly convergent to 0 on D.

Theorem 4.21 Let D C T. If f, : D — R, n € N, are rd-continuous and { f, }nen
is uniformly convergent to f : D — R on D, then f is rd-continuous on D and

b b
/f(t)At: lim/ fu () At

for every [a, b] C D.

Proof Since { f, },<n is uniformly convergent to f on D, for any given & > 0, there
exists M € N such that

[ @) — f(O)] < g forall € D.

First, assume #y € D is left-dense. Because f), is rd-continuous on D, there exists
6 > 0 such that
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! " & ! "
@) — fu()] < 3 forany 1, 1" € (1o — 4, 19).
Ift, — t,,n — oo, n € N, then there exists N € N such that m,n > N imply
Im, In € (t() - 8, tO) and
&
|fM(tn) - fM(tm)l < § (43)

Hence, for m, n > N, we have

|f(tn) - f(tm)| :|fM(tn) - f(tn) - fM(tn) - fM(tm) + fM(tm) - f(tm)|

SlfM(tn) - f(tn)| + |fM(tn) - fM(tm)|

+ [ (tw) — f (tm)] (4.4)
e & &
37373

=¢.

Hence, the left-sided limit of f in 7y exists and is finite. Second, assume that 7y € D
is right-dense. Then f, is continuous in f#y. Thus, there exists N € N such that
m,n > N imply t,,,t, € (to — 8, to + &) and (4.3) holds. Therefore, (4.4) holds and
f is continuous in #y. Thus, f is rd-continuous on D. Hence, f is integrable on every
[a,b] C D. Forevery n > M, we have

b b
/ fn(l)At—/ f0)Ar

b
/ (fu(0) = f(1) At

< /b 20— Fl At
<0-a),
3
which completes the proof. O
Theorem 4.22 Suppose that the function sequence

{fulnew, fu:la,b] > R, neN,

satisfies the following conditions.

1. fu, n €N, is differentiable on [a, b], and its derivative an is rd-continuous on

[a, b],
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2. f, converges pointwise to f on [a, b],
3. {an}neN is uniformly convergent to g on [a, b].

Then f is differentiable on [a, b] and
f2@0) = g(t) forany t €a,b].

Proof By Theorem 4.21, we have that g is rd-continuous on [a, b]. Therefore, g is
integrable on [a, b]. Hence, using Theorem 4.21, we get

t t
/ g()As = lim [ f2(s)As
a n— o0 a

Tim (fu(®) = fu(@))

f@)— f(a) forany t € [a,b].

The left-hand side of the above formula is differentiable, so the right-hand side is
also differentiable, and this leads to

fA(t) =g@t) forall 1€ [a,b),

completing the proof. O

Theorem 4.23 (Dini Theorem) Assume that the function sequence { f,}nen, fn :
[a, b] — R, converges pointwise to the function f on [a, b]. If the conditions

1. fu, n €N, are rd-continuous on [a, b],
2. f is rd-continuous on [a, b],
3. forany givent € [a, b], { f,(t)}nen is monotone with respect ton € N

hold, then { f,},en is uniformly convergent to f on [a, b].

Proof Suppose that the sequence { f, },,cn is not uniformly convergent to f on [a, b].
Then there exists &g > 0 such that for any given N € N, thereexistn > N,t € [a, b],
implying

|fn(@) — f()] = €. (4.5)

For N = 1, there exist n; > 1, t; € [a, b], such that

[ fu, (01) — f(tD)] = &o.

For N = ny, there exist n, > ny, t, € [a, b], such that

and so on. For N = ny there exist nyy; > ng, tr+1 € [a, b], such that
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[ friar Ger1) — f (Ger1)| = €o-
Hence, we obtain a point sequence {f; };cn, #x € [a, b]. This sequence has a convergent
subsequence. Let {#, };cny be a convergent subsequence of the sequence {#}ren and

ty, = & as| — oo. We have that £ € [a, b]. Because f,,(§) — f(§) asn — oo, for
the above ¢, there exists N € N such that

1fv @) — FE)] < %‘)

Suppose that & is left-dense and right-scattered. Then, for the above sequence {#, };en,
ty, < &and f;, — & as] — oo. Thus, for gy > 0, as above, there exists L € N such
that / > L implies

1§ — 15| < 0.

Since fy and f are rd-continuous on [a, b], we have that

|(Fnt) — (1) — (fw &) — FED] < %0
Hence,

| Fw ) — Ft)] < %‘) +Ifu(E) — FE)]

€0 €0
<3273
= £0-

Suppose that £ is not left-dense and right-scattered. Then £ is a point of continuity
of fy and f.Because #;, — &,] — oo, there exists L; € Nsuchthat/ > L; implies

[ (i) — f ()] < &o.
By using the monotonicity condition, we get
| fn(t) — F ) = 1 fn () — f )] < g0

with n > N, > max{L, L}. So when n is sufficiently large, n; > N and [ >
max{L, L} are satisfied. Thus,

|fnk,(lk1) — fw)| < eo,

which contradicts to (4.5). This completes the proof. O
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4.2 Uniform Convergence of Series of Functions

Let f, : T — R, n € N. We consider the infinite series
o0
pIRAGE (4.6)
n=1

Definition 4.24 If the numerical series Zf;l fa(t0), to € T, is convergent, then f
is called a point of convergence of the function series (4.6). The set D of all points
of convergence of the series (4.6) is called its domain of convergence. If a domain
of convergence of a function series is not empty, then the function series is called
pointwise convergent on its domain of convergence. We define the sum function

F=3> f.onD.
Definition 4.25 The function

F,(0) = i) + @0 +---+ fu®), neN,

is called the partial sum or, more precisely, the nth partial sum of the function series
(4.6).

Definition 4.26 If the partial sum sequence {F,},cy of the function series (4.6)
is uniformly convergent to F' on D, then we term that the function series (4.6) is
uniformly convergent to F on D.

Example 4.27 Let
1
T:(—I,O]U[—: neN\{l}],
n

where (—1, 0] is the real-valued interval. Consider the series

Z F1 (4.7)

Note that the series (4.7) is pointwise convergent on T to F (1) = ]L_[ Moreover,

S e
Fa) =217 = 5
=1

and

1
F@) — F,(t) = — = .
@ @ 1—1¢ 1—1t¢ 1—1t

Assume that the series (4.7) is uniformly convergent to F on T. Take ¢ > 0 arbitrarily.
Then there exists N € N such that n > N implies
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lJ’l
‘ <¢ forall teT.
1—1
If t € [0, 1), then
tﬂ
— 00 as t— 1
1—1t
and
t" -1
sup >
e, 1 —1
Therefore,
t”
sup 40 as n — oo.
refo,ny 1 — 1t

Hence, the series (4.7) is not uniformly convergent to F on T.

Example 4.28 Let T = Z. Consider the series

& 1)1 1
>

By the Leibniz criterion, we have that this series is pointwise convergent on T.
Moreover,

1
sup [F, (1) — F(t)] < sup 5———
teT e 2 +n+1
1
< — 0 as n — ooc.
n+1

Therefore, the considered series is uniformly convergent on T.

Theorem 4.29 (Cauchy Criterion for Uniform Convergence of a Function Series)
The function series Z;’c’:l fn converges uniformly on D if and only if for any given
g > 0, there exists N € N such that

[ for1 @) + -+ fu(@O] < € (4.8)

for all m, n € N satisfying m > n and every pointt € D.

Proof 1. Necessity. Suppose that the function series > - f, converges uniformly
on D and its sum function is F. Then, for any given ¢ > 0, there exists N € N
such that n > N implies

<§ forall ¢t e D.

F(t) =D fiel®)
k=1
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Hence, forallm > n > N and all t € D, we have

|fur1 @) 4+ fu®] = D ) = D fild)
k=1 k=1

=D K0 =F@®) =D ful) + F()

k=1 k=1

IA

+

F(t) =D fild)

k=1

> filty = F()

k=1

+

NSNS
NSHS)

2. Sufficiency. Suppose that for any given ¢ > 0, there exists N € N such that
(4.8) holds for allm > n > N and all t € D. Fix ty € D. Then the numerical
series Z;’;l [ (to) satisfies the Cauchy criterion for convergence of a numerical
series. Thus, the numerical series ZZO:I [ (1) is convergent. Because ) € D was
arbitrarily chosen, we conclude that the series >~ | f, is pointwise convergent
on D. Let F be its sum function. Choose n for

PNACEDINAG
k=1

k=1

<§ forall reT.

If m — oo, then we get

n

F(t) =Y fi(6)
k=1

§§<8 forall ¢t € D.

Therefore, > - | fx converges uniformly to F on D.
This completes the proof. O

Corollary 4.30 (Necessary Condition for Uniform Convergence of a Function Se-
ries) A necessary condition for the series > -, f, to converge uniformly on D is
that f, — O uniformly on D as n — oo.

Example 4.31 Let T = {L ‘ne N} U {0}. Consider the series

\/7'
Z l t3k.

Thus,
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3n

13 3 13 I
z (L+ 3k (L+ 83t T (1 4 3)nt2 (1 + £3)3n

k=n+1
3nt3
> —
(1 + l3)3”
Lete = (%.ForanyN e N, we choose m =3n,n > N,and t, = E'/Lﬁ € T, so that

3n

Z t3 37’1%
(1 + )k = (1+l)3n

k=n+1 n
_ 3
N
3
> 5=

Then, using Theorem 4.29, we conclude that the considered series is nonuniformly
convergent on T.

Theorem 4.32 (Weierstraf M -Test for Uniform Convergence of a Function Series)
Suppose that every term f, of the function series > - | f, satisfies

| fu(®)| <a, forall n e N andall t € D,

. . o0 . . . oo
and the numerical series )~ a, is convergent. Then the function series >, fu
is uniformly convergent on D.

Proof Since the numerical series .~ | a is convergent, for any ¢ > 0, there exists
N € Nsuchthatm > n > N imply

Ap1 + Apyo + - -+ apy < €.

Hence,

IA

> 1)

k=n+1

m
fzak

k=n+1

> R

k=n+1

< €.

Then, using Theorem 4.29, we conclude that > | f, is uniformly convergent on
D. O
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Example 4.33 LetT =P, = U,fio[3k, 3k + 1]. Consider the series

2

n=1

We have f,(t) = 1+t;5r4 and

fu®) <

Since Z;’; ! % is convergent, by Theorem 4.32, we conclude that the considered
n2

series is uniformly convergent on T.

Example 4.34 Let T = [-3,0] U {1 :n € N}, where [3, 0] is the real-valued
interval. Consider the series

i (t + 1) sin’(nt)
nvn+1 '

n=1

2
Here, f,(t) = —(’J’;)S%l(”’) . We have

(t + 1) sin’(nr)
na/n 4+ 1

|t + 1] sin*(nr)

N na/n+1

[t| + 1

n

|fn(O] =

< ———— forall reT.
n

vn+1
4
Vn+1

Since Z;’;l - ij is convergent, by Theorem 4.32, we conclude that the considered

series is uniformly convergent on T.

Example 4.35 Let T = Z. Consider the series

i cos(nt)
nt+1°

n=1

Here, f,(t) = °3§—<+”{> We have
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cos(nt)

| (D] = m

_ | cos(nt)]
n*+1

1
<
“nt41

Since Zn o +] is convergent, by Theorem 4.32, we conclude that the considered
series is umformly convergent on T.

Exercise 4.36 Using Theorem 4.32, prove that the following series are uniformly
convergent.

oo
Zn 1 n2 +nt+t2’ T= Z

[o.¢]
Zn 1 3"«/1+(2T T= N

Z;’lo]nlz sm , T = 3N,
> e T Z,

n=1 T+nZ°*

S “‘zxz”ﬂr:{; n € N} U (0},

> L T={l:neN}uUio).

AN

Theorem 4.37 (Abel Test) Let the function sequence { f,(t)},en be monotone for
each fixedt € D with respect to n and suppose that { f,,(t)},en is uniformly bounded
on D, ie.,

| fu(®)| <M forall t € D and n € N.

If the function series > - | g is uniformly convergent on D, then the function series
ZZOZl fn&n is uniformly convergent on T.

Proof Since Y . | g,(¢) is uniformly convergent on D, for any ¢ > 0, there exists
N € N such that

m

> &)

k=n+1

<é&

forallm > n > N and all t € D. By applying the Abel lemma, we obtain

m

> fngi

k=n+1

= e (| farr O]+ 2 fn (D]

<3Me

forallm > n > N andallz € D.Hence, by Theorem 4.29, it follows that Z,fil fr gk
is uniformly convergent on D. O
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Example 4.38 Consider the series > .-, en—,l on T = N. We have that the sequence
{e"” }neN is monotone for each fixed ¢+ € T with respect to n, and it is uniformly

bounded by 1 on T. Note that >, % is a convergent numerical series. Hence, using
Theorem 4.37, we conclude that the considered series is uniformly convergent on T.

Example 4.39 Let T = {1 : n € N} U {0}. Consider the series

o (_1)n—1tn
Sere,
— n(l+1t")

. —nt. . .
Note that the series > - | % is a convergent numerical series. Also, the sequence

{#ﬂt”}neN is monotone on T with respect to n and uniformly bounded by 1 on T.

Hence, by Theorem 4.37, it follows that the considered series is uniformly convergent
on T.

Exercise 4.40 Using the Abel test, prove that the series

i (=1)"/n
“— J/n+tloglog(l +24/n)

is uniformly convergent on T = N.

Theorem 4.41 (Dirichlet Test) Suppose that the function sequence { f,(t)},en is
monotone for eacht € D with respect to n and { f,, },en is uniformly convergent to 0
on D. In addition, assume that the partial sum sequence of > -, &, (t) is uniformly
bounded on D, i.e.,

> &)

k=1

<M forall t € D and n € N.

Then 0| fa&n is uniformly convergent on D.

Proof Since { f,,},en is uniformly convergent to 0 on D, for any given ¢ > 0, there
exists N € N such that n > N implies

| fu(t)| <& forall te D.

Moreover, for all m > n > N, we have
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D =D a®m =D &
k=1 k=1

k=n+1
m

< D a®|+
k=1

<2M.

Using the Abel lemma, we get

> AO®| < 2M (| (O] + 21 fu (D)

k=n+1

< 6Me.

Hence, using Theorem 4.29, it follows that >~ | f,g, is uniformly convergent on
D. O

Example 4.42 LetT =NyU {1 - % ‘n e N}. Consider the series

="
Zn+t2

‘We set !
fi)) = ——5. & =(-1)", teD, neN.

Then the sequence { f, (¢)},en is monotone for each r € D with respect to n, and it
is uniformly convergent to 0 on D. Moreover,

> &

k=1

<1 forall te D, neNlN.

Hence, utilizing the Dirichlet test, we conclude that the considered series is uniformly
convergent on D.

Example 4.43 Let T = {1 : n € N\ {1}} U {0}. Consider the series

i ( 1)11 1[”
Lo+ 2l

n=I

We set
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tn
1) = ., e =D""" teD, neN
hO =1 &0 =D n
Then
ful0) v
(1) <
1+t+"'+tn_l
ti‘l
<
nt"
=——0 as n— oo,
n

i.e., the sequence { f, },<n is uniformly convergent to O on T. Moreover,

ln+l "
< )
1+t+"'+[2n_1+t2n+1 1+[+[2+"'+t2n_1

i.e., the sequence { f;,(¢)},n is monotone for each ¢t € T with respect to n. Note that

> &)

k=1

<1 for teT, neN.

Hence, using the Dirichlet test, it follows that the considered series is uniformly
convergent on N.

Exercise 4.44 Let T = {1 : n € N} U {0}. Using the Dirichlet Test, prove that
i (_l)n71t2n
p_— 2n — 1

is uniformly convergent on T.

By Theorem 4.21, the following result is clear.

Theorem 4.45 If every term f, of the function series > .- | fy is rd-continuous and
Zzil [ is uniformly convergent to f on D, then f is rd-continuous and

b o0 b
/ f()At = Z/ Ff.() At for every [a,b] C D.
a n=174a

By Theorem 4.22, we obtain the following result.

Theorem 4.46 Suppose that the function series > -, f, satisfies

1. f, is differentiable and its derivative function f; is rd-continuous on [a, b],
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2. 322, fn converges pointwise to f on [a, b],
3. >0 f2 is uniformly convergent to g on [a, b].

Then f = > o2, fu is differentiable on [a, b] and f* = g forallt € [a, ].
By Theorem 4.23, we get the following result.

Theorem 4.47 (Dini Theorem) Assume that the function series > - | fy is pointwise
convergent to its sum function f on [a, b]. If the conditions

1. fu, n €N, are rd-continuous on [a, b],

2. f is rd-continuous on [a, b],

3. forany given't € [a, b), the function series > o fa(t) is either a positive term
series or a negative term series

hold, then "7~ | f, is uniformly convergent to f on [a, b].

4.3 Advanced Practical Problems

Problem 4.48 Let
fult) =12 (t +1 +e‘"2’2) . fO =41

Prove that f, — f pointwise on T.

Problem 4.49 Let T = 2", Check if the following sequences are uniformly con-
vergent on T.

1. fu(t) = ne™",

2. fu@®) = nte™""’,
1

3.4 = 24nt+1"

Solution 1. Uniformly convergent to O on T,
2. uniformly convergent to O on T,
3. uniformly convergent to O on T.

Problem 4.50 Let T = {0} U {1 : n € N} U2™. Using Theorem 4.11, investigate
the sequence

2
[fn(t) N n+t ]nGN

for uniform convergence on D; = [1, co) and D, = [0, 2].

Solution The sequence is not uniformly convergent on Dy, and it is uniformly con-
vergent on D.
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Problem 4.51 Consider f,(1) = 2 + 775522 — on D = {1 :n e N} U {0},
Using Theorem 4.16, prove that this sequence is not uniformly convergent to 2 on

D.

Problem 4.52 Using Theorem 4.32, prove that the following series are uniformly
convergent.

[} t _ »N
L. anl (1+nl)(l+(n+l)l‘)’T =2,
00 (mw—t)cos?(nt) _J1.
2. 20m e ,T={; :neN}juU{o},
o0
3. Zn:l arctan tlern3 ’ T=2,
0o 3 sin?(nt) —
4. Zn:l 241310 T=N,
o 1 _: 3 — 9N
5. >0y 3 sin ”'Z’Jr’l, T = 2MNo,
6. Zoo arctan(2n°t) T = N.

n=b YnTtn+r
Problem 4.53 Using the Abel test, prove that the series

=1
Z 2l‘lnl

n=1

is uniformly convergent on T = N.

Problem 4.54 LetT = {% :neN } U {0}. Using the Dirichlet test, prove that

5o
n2t2 +n

n=1

is uniformly convergent on T.

4.4 Notes and References

In this chapter, the concept of function series and sequences is extended to time scales.
Necessary and sufficient conditions and several criteria for uniform convergence of
function series and sequences are presented. Several analytical properties of function
series and function sequences on general time scales are given. All results in this
chapter are taken from Pang and Wang [36].
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