Ellipse Fitting

Abstract

Extracting elliptic edges from images and fitting ellipse equations to them is
one of the most fundamental tasks of computer vision. This is because circular
objects, which are very common in daily scenes, are projected as ellipses in
images. We can even compute their 3D positions from the fitted ellipse equations,
which along with other applications are discussed in Chap.9. In this chapter, we
present computational procedures for accurately fitting an ellipse to extracted
edge points by considering the statistical properties of image noise. The approach
is classified into algebraic and geometric. The algebraic approach includes least
squares, iterative reweight, the Taubin method, renormalization, HyperLS, and
hyper-renormalization; the geometric approach includes FNS, geometric distance
minimization, and hyper-accurate correction. We then describe the ellipse-specific
method of Fitzgibbon et al. and the random sampling technique for avoiding
hyperbolas, which may occur when the input information is insufficient. The
RANSAC procedure is also discussed for removing nonelliptic arcs from the
extracted edge point sequence.

2.1 Representation of Ellipses

An ellipse observed in an image is described in terms of a quadratic polynomial
equation in the form

Ax? 4 2Bxy + Cy> + 2 fo(Dx + Ey) + f¢F =0, 2.1

where fy is a constant for adjusting the scale. Theoretically, we can let it be 1, but
for finite-length numerical computation it should be chosen that x/ fo and y/fo have
approximately the order of 1; this increases the numerical accuracy, avoiding the loss
of significant digits. In view of this, we take the origin of the image xy coordinate

© Springer International Publishing AG 2016 1
K. Kanatani et al., Guide to 3D Vision Computation, Advances in Computer
Vision and Pattern Recognition, DOI 10.1007/978-3-319-48493-8_2


http://dx.doi.org/10.1007/978-3-319-48493-8_9

12 2 Ellipse Fitting

system at the center of the image, rather than the upper-left corner as is customarily
done, and take fy to be the length of the side of a square that we assume to contain the
ellipse to be extracted. For example, if we assume there is an ellipse in a 600 x 600
pixel region, we let fy = 600. Because Eq.(2.1) has scale indeterminacy (i.e., the
same ellipse is represented if A, B, C, D, E, and F were multiplied by a common
nonzero constant), we normalize them to

A2+ B>+ C*+ D>+ E>+F>=1. (2.2)

If we define the 6D vectors
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Equation (2.2) can be written as
(,0) =0, (2.4)

where and hereafter we denote the inner product of vectors a and b by (a, b). The
vector @ in Eq.(2.4) has scale indeterminacy, and the normalization of Eq.(2.2) is
equivalent to vector normalization ||@] = 1 to the unit norm.

2.2 Least-Squares Approach

Fitting an ellipse in the form of Eq. (2.1) to a sequence of points (x1, y1), ..., (XN, YN)
in the presence of noise (Fig.2.1) is to find A, B, C, D, E, and F such that
AX2 4 2Bxgyy + Cy2 +2fo(Dxy + Eyg) + fEF~0, a=1,...,N. (2.5)

If we write &, for the value of § of Eq. (2.3) for x = x4 and y = yp, Eq.(2.5) can be
equivalently written as

£4.0)~0, a=1,...,N. (2.6)

Our task is to compute such a unit vector 6. The simplest and most naive method is
the following least squares (LS).

Procedure 2.1 (Least squares)

1. Compute the 6 x 6 matrix

1 N
_ T
M=~ ;:1 6] 2.7
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Fig.2.1 Fitting an ellipse to
a noisy point sequence

2. Solve the eigenvalue problem
Mo = 20, (2.8)

and return the unit eigenvector @ for the smallest eigenvalue A.

Comments This is a straightforward generalization of line fitting to a point sequence
(= Problem 2.1); we minimize the sum of squares
J I < 2 1 o Te £T
= 2 0= D 078.E,0=(6.M6) (2.9)
a=1 a=1

subjectto [|@|| = 1. Asis well known in linear algebra, the minimum of this quadratic
form in @ is given by the unit eigenvector 6 of M for the smallest eigenvalue. Equation
(2.9) is often called the algebraic distance (although it does not have the dimension of
square length), and Procedure 2.1 is also known as algebraic distance minimization. It
is sometimes called DLT (direct linear transformation). Inasmuch as the computation
is very easy and the solution is immediately obtained, this method has been widely
used. However, when the input point sequence covers only a small part of the ellipse
circumference, it often produces a small and flat ellipse very different from the true
shape (we show such examples in Sect.2.8). Still, this is a prototype of all existing
ellipse-fitting algorithms. How this can be improved has been a major motivation of
many researchers.

2.3 Noise and Covariance Matrices

The reason for the poor accuracy of Procedure 2.1 is that the properties of image
noise are not considered; for accurate fitting, we need to take the statistical properties
of noise into consideration. Suppose the data x, and y,, are disturbed from their true
values X, and y, by Ax, and Ay,, and write

Xo = Xo + AXq, Yo = Yo t+ AYa- (2.10)
Substituting this into &, we obtain

Ea =£a+A1§a+AZEaa 2.11)
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where £, is the value of &, for x, = X, and y, = y, and A£,, and A&, are,
respectively, the first-order noise terms (i.e., linear expressions in Ax, and Ay,)
and the second-order noise terms (i.e., quadratic expressions in Axy, and Ayy).
Specifically, they are

2Xq AXg Axé
2Ax0 Yo + 2X0 Ayq 2Axa?)’a
_ 2Ya Ay _ Ayg
AISQ( - 2f0AXa ’ Azs(x - 0 . (212)
ZfOAya 0
0 0

Regarding the noise terms Ax, and Ay, as random variables, we define the covari-
ance matrix of § , by
VIE,] = E[A1E, Ak ], 2.13)

where E[-] denotes the expectation over the noise distribution, and T denotes
the vector transpose. We assume that Ax, and Ay, are subject to an independent
Gaussian distribution of mean 0 and standard deviation o. Thus

E[Axy] = E[Ay,] =0, E[Ax2] = E[Ay2] =02, E[AxqAy,] =0. (2.14)

Substituting Eq. (2.12) and using this relationship, we obtain the covariance matrix
of Eq.(2.13) in the form
¥ %aYe O foka 0 0
%%ﬁ+ﬁ%%h%h%0
_ .2 _ 0 Xedo Vo O foJuO
VI§,] =0 Wlé,], Volé,]1 =4 fofe fota O 20 0] (2.15)

0  foXa fo¥a O f3 O
0 0 0 0 0 0

All the elements of V[§,] have the multiple o2, therefore we factor it out and call
Vol ] the normalized covariance matrix. We also call the standard deviation o the
noise level. The diagonal elements of the covariance matrix V[§ ] indicate the noise
susceptibility of each component of the vector &, and the off-diagonal elements
measure the correlation between its components.

The covariance matrix of Eq. (2.13) is defined in terms of the first-order noise term
A€, alone. It is known that incorporation of the second-order term A&, will have
little influence over the final results. This is because A&, is very small as compared
with A& ,. Note that the elements of Vp[&,] in Eq.(2.15) contain true values x, and
v« They are replaced by their observed values x, and y, in actual computation. It
is known that this replacement has practically no effect on the final results.
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2.4 Algebraic Methods
2.4.1 Iterative Reweight

The following iterative reweight is an old and well-known method.

Procedure 2.2 (Iterative reweight)

1. Let0p=0and Wy =1, =1,...,N.
2. Compute the 6 x 6 matrix

N
M= > Wk, 8] @.16)
a=1

3. Solve the eigenvalue problem
Mo = A0, (2.17)

and compute the unit eigenvector @ for the smallest eigenvalue A.
4. If @ =~ 6 up to sign, return @ and stop. Else, update
1

Wo o ——
0. VolE,10)

0o < 0, (2.18)

and go back to Step 2.

Comments As is well known in linear algebra, computing the unit eigenvector for
the smallest eigenvalue of a symmetric matrix M is equivalent to computing the unit
vector @ that minimizes the quadratic form (6, M@). Because

1 & 1 & -
O.M8) = @, (1 D Wakoba )0) = - D Wal®. £,670) = - D Walke. )2,
a=1 a=1 a=1 (2‘19)

we minimize the sum of squares (§,,, 0)? weighted by W, . This is commonly known
as weighted least squares. According to statistics, the weights W,, are optimal if they
are inversely proportional to the variance of each term, being small for uncertain terms
and large for certain terms. Inasmuch as (¢, 0) = (éa, 0)+(A1E,.0)+ (A€,,0)
and (éa, 0) = 0, the variance is given from Egs. (2.13) and (2.15) by

E[(§,,0)°1 = E[(0, A18,218,0)] = (0, E[A1E,A1E,10) = 028, Vol§,10),
(2.20)

omitting higher-order noise terms. Thus we should let W, = 1/(8, Vo[&,16), but
0 is not known yet. Therefore we instead use the weights W, determined in the
preceding iteration to compute 6 and update the weights as in Eq.(2.18). Let us
call the solution # computed in the initial iteration the initial solution. Initially,
we set W, = 1, therefore Eq.(2.19) implies that we are starting from the least-
squares solution. The phrase “up to sign” in Step 4 reflects the fact that eigenvectors
have sign indeterminacy; we align @ and 6 by reversing the sign § <— —6 when
0,600) <O.
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2.4.2 Renormalization and the Taubin Method

It has been well known that the accuracy of least squares and iterative reweight is
rather low with large bias when the input elliptic arc is short; they tend to fit a smaller
ellipse than expected. The following renormalization was introduced to reduce the
bias.

Procedure 2.3 (Renormalization)

1. Let@p=0and Wy, =1, =1,..., N.
2. Compute the 6 x 6 matrices

N N
_ 1 T _ 1
M= 5 ; Weboby. N=- ; Wo Vol€, 1. 221)

3. Solve the generalized eigenvalue problem
Mo = ANG, (2.22)

and compute the unit generalized eigenvector @ for the generalized eigenvalue A
of the smallest absolute value.
4. If @ =~ 6 up to sign, return @ and stop. Else, update
W 1
& T v, re e 9
Y6, Vol,10)

and go back to Step 2.

0o < 0, (2.23)

Comments As is well known in linear algebra, solving the generalized eigenvalue
problem of Eq.(2.22) for symmetric matrices M and N is equivalent to computing
the unit vector @ that minimizes the quadratic form (6, M@) subject to the constraint
(8, N@) = constant. Initially W, = 1, therefore the first iteration minimizes the
sum of squares Z(]XVII (€, 0)? subject to (6, (Zélv:l Vo [Ea])O) = constant. This is
known as the Taubin method for ellipse fitting (< Problem 2.2). Standard numerical
tools for solving the generalized eigenvalue problem in the form of Eq. (2.22) assume
that N is positive definite, but Eq. (2.15) implies that the sixth column and the sixth
row of the matrix Vp[&,] all consist of zero, therefore N is not positive definite.
However, Eq.(2.22) is equivalently written as

No = %M(). (2.24)

If the data contain noise, the matrix M is positive definite, therefore we can apply
a standard numerical tool to compute the unit generalized eigenvector 6 for the
generalized eigenvalue 1/A of the largest absolute value. The matrix M is not positive
definite only when there is no noise. We need not consider that case in practice,
but if M happens to have eigenvalue 0, which implies that the data are exact, the
corresponding unit eigenvector # gives the true solution.
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2.4.3 Hyper-Renormalization and HyperLS

According to experiments, the accuracy of the Taubin method is higher than least
squares and iterative reweight, and renormalization has even higher accuracy. The
accuracy can be further improved by the following hyper-renormalization.

Procedure 2.4 (Hyper-renormalization)

1. Letdg=0and W, =1, =1,...,N.
2. Compute the 6 x 6 matrices

N
1

M= —>> W,& &, 2.25
N;:l Euke (225)

N
N = > W Vol + 2718, T1)

a=1

1 N
— 5 2 Wa (B M58 Vol ] + 27 VolEaIM5 £,£01) . (226)
a=1

where .7[ - ] is the symmetrization (.#[A] = (A 4+ AT)/2), and e is the vector
e=(1,0,1,0,0,0)". (2.27)
The matrix My is the pseudoinverse of M of truncated rank 5.
3. Solve the generalized eigenvalue problem
Mo = ANG, (2.28)
and compute the unit generalized eigenvector @ for the generalized eigenvalue A
of the smallest absolute value.
4. If @ = 6 up to sign, return @ and stop. Else, update

1
0o <6, (2.29)

Wo o —
0. VolE,10)

and go back to Step 2.
Comments The vector e is defined in such a way that E[A2€,] = o2e for the

second-order noise term Az, in Eq.(2.12). The pseudoinverse My of truncated
rank is computed by

1 1
My = —6:8] +---+—058., (2.30)

M1 Hs
where ) > - - - > ug are the eigenvalues of M, and 01, . . . , 6 are the corresponding
eigenvectors (note that mg and ¢ are not used). The derivation of Eq. (2.26) is given

in Chap. 14.

The matrix N in Eq.(2.26) is not positive definite, but we can use a standard
numerical tool by rewriting Eq. (2.28) in the form of Eq.(2.24) and computing the
unit generalized eigenvector for the generalized eigenvalue 1/A of the largest absolute
value. The initial solution minimizes the sum of squares Z(]xvzl (&,.,0)? subject to
the constraint (#, N@) = constant for the matrix N obtained by letting Wy, = 1 in
Eq.(2.26). This corresponds to the method called HyperLS (— Problem 2.3).
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2.4.4 Summary of Algebraic Methods

We have seen that all the above methods compute the @ that satisfies
Mo = ANG, (2.31)

where the matrices M and N are defined from the data and contain the unknown 6.
Different choices of them lead to different methods:

1
~ Z £.8 ;{F ) (least squares, Taubin, HyperLS)
M =
z fa §a (iterative reweight, renormalization, hyper-renormalization)
(0 Vol ga]o)
(2.32)
I (identity), (least squares, iterative reweight)
N
1
- Z Volée ), (Taubin)
Vi
Z 0lEq ] (renormalization)
1 (0, Vol§410),
v Z (Vol&al +27184¢T1)
a=1
N =

N
1
= 173 2 ((Bar M5 E)VolEa] + 2.7 [Vol&a M5 6 1).
a=1

(HyperLS)
N

1 | | ]
N;m(w[&auzy[eae ])

N

1 1 _ ) _

3 2 vt gy (G M€ Voleal + 2.7 TVolE, M5 €0 1)
a=1"" o

(hyper-renormalization)

(2.33)

For least squares, Taubin, and HyperLS, the matrices M and N do not contain the
unknown @, thus Eq. (2.31) is a generalized eigenvalue problem that can be directly
solved without iterations. For other methods (iterative reweight, renormalization,
and hyper-renormalization), the unknown @ is contained in the denominators in the
expressions of M and N. We let the part that contains 6 be 1/ W,, compute W,
using the value of @ obtained in the preceding iteration, and solve the generalized
eigenvalue problem in the form of Eq.(2.31). We then use the resulting 6 to update
W, and repeat this process.

According to experiments, HyperLS has accuracy comparable to renormalization,
and hyper-renormalization has even higher accuracy. Because the iteration starts from
the HyperLS solution, the convergence is very fast; usually, three to four iterations
are sufficient.
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2.5 Geometric Methods
2.5.1 Geometric Distance and Sampson Error

Geometric fitting refers to computing an ellipse such that the sum of squares of
the distance of observed points (x4, yy) to the ellipse is minimized (Fig.2.2). Let
(Xa» Yo) be the point on the ellipse closest to (x4, Yo )- Let d, be the distance between
them. Geometric fitting computes the ellipse that minimizes

N N
S=~ > (o = 5o + O = 50)?) = > (2.34)
N N
a=1 a=1

This is called the geometric distance (although this has the dimension of square
length, this term is widely used). It is also sometimes called the reprojection error.
If we identify (X, yo) with the true position of the datapoint (x4, y4), we see from
Eq. (2.10) that Eq. (2.34) can alsobe writtenas S = (1/N) fov:l (Axg—i—Ayg), where
weregard Axy, and Ay, as unknown variables rather than stochastic quantities. When
point (xy, yo) is close to the ellipse, the square distance dé can be written (except

for high-order terms in Ax, and Ay,) as follows (< Problem 2.4).

(£,.0)*

42 = — )2 —5) e 7 2.35
o (Xxg — X¢)" + (Yo — Vo) ®. Vo[Sa]f)) ( )
Hence, the geometric distance in Eq. (2.34) can be approximated by
N 2
1 (4.0
J=— —_—, (2.36)
N § (6. Vol£,10)

This is known as the Sampson error.

2.5.2 FNS

A well-known method to minimize the Sampson error of Eq.(2.36) is the FNS
(Fundamental Numerical Scheme):

Fig.2.2 We fit an ellipse
such that the geometric
distance (i.e., the average of
the square distance of each
point to the ellipse) is
minimized

o, Yo) <o
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Procedure 2.5 (FNS)

1. Letd =0p=0and Wy =1, =1,..., N.
2. Compute the 6 x 6 matrices

N N
1 1
M= > Wak k. L= ¥ D Wik, 0)*VolE,l. (2.37)
a=1 a=1
3. Compute the 6 x 6 matrix
X=M-L. (2.38)
4. Solve the eigenvalue problem
X0 =10, (2.39)

and compute the unit eigenvector @ for the smallest eigenvalue A.
5. If @ =~ 0 up to sign, return @ and stop. Else, update

1

Wo o ——
0, VolE19)

0y < 0, (2.40)
and go back to Step 2.

Comments This scheme solves Vg J = 0 for the Sampson error J, where Vg J is
the gradient of J, that is, the vector whose ith component is 9./ /96;. Differentiating
Eq.(2.36), we obtain the following expression (— Problem 2.5(1)).

VoJ =2(M —L)8 = 2X8. (2.41)

Here, M, L, and X are the matrices given by Eqs. (2.37) and (2.38). It can be shown
that A = 0 after the iterations have converged (< Problem 2.5(2)). Thus from
Eq.(2.41) we obtain the value  that satisfies Vg J = 0. Because we start with § = 0,
the matrix L in Eq.(2.37) is initially O, therefore Eq.(2.39) reduces to M0 = A8.
This means that the FNS iterations start from the least squares solution.

2.5.3 Geometric Distance Minimization

Once we have computed @ by the above FNS, we can iteratively modify it such that
it strictly minimizes the geometric distance of Eq. (2.34). To be specific, we modify
the data & ,, using the current solution #, and minimize a modified Sampson error to
obtain a new solution #. After a few iterations, the Sampson error coincides with the
geometric distance. The procedure is as follows.

Procedure 2.6 (Geometric distance minimization)

1. Let Jo = oo (a sufficiently large number), Xy = Xo, Yo = Vu, and Xy = o = 0,
a=1,...,N. )

2. Compute the normalized covariance matrix Vo[, ] obtained by replacing x, and
Vo in the definition of Vp[&,] in Eq. (2.15) by X, and yq, respectively.

3. Compute the following modified data &,.
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X2+ 2R4 Ky
Egﬁ?a% + YaXa + XaYa)
k j\)o( + 25’0(&0( 2 42
Sa = | 2ot + 50) ' (242
2f0(Va + Ya)
2
fo
4. Compute the value 6 that minimizes the following modified Sampson error.
N

«_ 1 . 0)°
T = — e (2.43)
N ; 0, Vol&,10)

5. Update x, and y, as follows.

. « X
()f“) LN (zl 22 Z“ ) 5o |- (2.44)
Ya) (0. Volé,10) \026365) | ¢

6. Update %, and y, as follows.

>

Xg < Xg — Xa, Yo < Yo — Ya- (2.45)

7. Compute
Z(x +72). (2.46)
If J* = Jy, return 6 and stop. Else, let Jo <— J*, and go back to Step 2.

Comments Because Xy = Xy, Yo = Yo, and X, = J, = 0 in the initial iteration, the
value &7 of Eq.(2.42) is the same as &,,. Therefore the modified Simpson error J* in
Eq.(2.43) is the same as the function J in Eq.(2.36), and the value @ that minimizes
J is computed initially. Now, we can rewrite Eq. (2.34) in the form

S _Z((xa+(xa_xa)_xa) + Oa + O — Ya) — Ya) )

a=l1

2

==

N
> (G + Fa = %)+ G + T = 5)?), (2.47)

o=

—

where

Xo = Xo — Xa, Yo = Yo — Ja- (2.48)
In the next iteration step, we regard the corrected values (X, ) as the input data and
minimize Eq. (2.47). Let ()%a, f)a) be the solution. If we ignore high-order small terms
in Xy — Xy and y, — yo and rewrite Eq. (2.47), we obtain the modified Sampson error
J* in Eq.(2.43) (— Problem 2.6). We minimize this, regard (Xa, o) s (Ra, Ju),
and repeat the same process. Because the current (X, y,) are the best approximation
to (Xy, Yo )s Eq.(2.48) implies that )Eozl + iozl is the corresponding approximation of
(¥¢ — Xa)?> + (Jo — Ya)?. Therefore we use Eq.(2.46) to evaluate the geometric
distance S. The ignored higher-order terms decrease after each iteration, therefore we
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obtain in the end the value @ that minimizes the geometric distance S, and Eq. (2.46)
coincides with S. According to experiments, however, the correction of 8 by this
procedure is very small: the three or four significant digits are unchanged in typical
problems. Therefore the corrected ellipse is indistinguishable from the original one
when displayed or plotted. Thus, we can practically identify FNS with a method to
minimize the geometric distance.

2.5.4 Hyper-Accurate Correction

The geometric method, whether it is geometric distance minimization or Sampson
error minimization, is known to have small statistical bias, which means that the
expectation E [0] of the computed solution 6 does not completely agree with the true
value 8. We express the computed solution 0 in the form

0=0+270+20+..., (2.49)

where A0 is the kth-order term in the noise components Ax, and Ay,. Inasmuch as
A0 is a linear expression in Ax, and Ay, we have E[A10] = 0. However, E[A,0]
# 0 in general. If we are able to evaluate E[A,0] in an explicit form by doing error
analysis, it is expected that the subtraction

0=0— E[A0] (2.50)

will yield higher accuracy than 9, and its expectation is E [0] =6 + O(c*), where
o is the noise level. Note that A3 is a third-order expression in Ax, and Ay, and
hence E[A30] = 0. The operation of increasing the accuracy by subtracting E[A26]
is called hyper-accurate correction. The actual procedure is as follows.

Procedure 2.7 (Hyper-accurate correction)

1. Compute @ by FNS (Procedure 2.5).
2. Estimate o2 in the form

A2 (05 Mo)
0" = ———,
1-5/N
where M is the value of the matrix M in Eq.(2.37) after the FNS iterations have

converged.
3. Compute the correction term

(2.51)

A2 "2
A0 =__M ZW (e.0)8, + 3 M; sz(sa,M Vol&,10)&,,

a=1

(2.52)
where W,, is the value of W, in Eq. (2.40) after the FNS iterations have converged,
and e is the vector in Eq. (2.27). The matrix My is the pseudoinverse of truncated
rank 5 given by Eq.(2.30).

4. Correct 0 into
0 <~ N[0 — A0], (2.53)

where .4[ - ] denotes normalization to unit norm (.#'[a] = a/||a]|).



2.5 Geometric Methods 23

Comments The derivation of Eqs. (2.51) and (2.52) is given in Chap. 15. According
to experiments, the accuracy of FNS and geometric distance minimization is higher
than renormalization but lower than hyper-renormalization. It is known, however,
that after this hyper-accurate correction the accuracy improves and is comparable to
hyper-renormalization.

2.6 Ellipse-Specific Methods
2.6.1 Ellipse Condition

Equation (2.1) does not necessarily represent an ellipse; depending on the coeffi-
cients, it can represent a hyperbola or a parabola. In special cases, it may degenerate
into two lines, or (x, y) may not satisfy the equation. It is easy to show that Eq. (2.1)
represents an ellipse when

AC — B> >0. (2.54)

We discuss this in Chap. 9. Usually, an ellipse is obtained when Eq.(2.1) is fit to a
point sequence obtained from an ellipse, but we may obtain a hyperbola when the
point sequence is very short in the presence of large noise; a parabola results only
when the solution exactly satisfies AC — B = 0, but this possibility can be excluded
in real numerical computation using noisy data. If a hyperbola results, we can ignore
it in practice, inasmuch as it indicates that the data do not have sufficient information
to define an ellipse. From a theoretical interest, however, schemes to force the fit to
be an ellipse have also been studied.

2.6.2 Method of Fitzgibbon et al.

A well-known method for fitting only ellipses is the following method of
Fitzgibbon et al.

Procedure 2.8 (Method of Fitzgibbon et al.)

1. Compute the 6 x 6 matrices

0 01000

N 0-20000

1 T 1 00000
M=328ba N=|05 40000 (2.53)

= 0 00000

0 00000

2. Solve the generalized eigenvalue problem

Mo = AN9, (2.56)

and return the unit generalized eigenvector @ for the generalized eigenvalue A of
the smallest absolute value.
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Comments This is an algebraic method, minimizing the algebraic distance fov: 1
&, 0)2 subject to AC — B? = 1 such that Eq.(2.54) is satisfied. The matrix N
in Eq.(2.56) is not positive definite, as in the case of renormalization and hyper-
renormalization, therefore we rewrite Eq.(2.56) in the form of Eq.(2.24) and use
a standard numerical tool to compute the unit eigenvector @ for the generalized
eigenvalue 1/A of the largest absolute value.

2.6.3 Method of Random Sampling

One way always to end up with an ellipse is first to do ellipse fitting without consid-
ering the ellipse condition (e.g., by hyper-renormalization) and modify the result to
an ellipse if it is not an ellipse. A simple and effective method is the use of random
sampling: we randomly sample five points from the input sequence, fit an ellipse to
them, and repeat this many times to find the best ellipse. The actual procedure is as
follows.

Procedure 2.9 (Random sampling)

1. Fit an ellipse without considering the ellipse condition. If the solution @ satisfies
0165 — 63 > 0, (2.57)

return it as the final result.

2. Else, randomly select five points from the input sequence. Let &, ..., &5 be the
corresponding vectors of the form of Eq. (2.3).

3. Compute the unit eigenvector 6 of the following matrix for the smallest eigen-
value.

5
Ms=> &.8q. (2.58)
a=1

4. If that @ does not satisfy Eq.(2.57), discard it and select a new set of five points
randomly for fitting an ellipse.

5. If @ satisfies Eq.(2.57), store it as a candidate. Also, evaluate the corresponding
Sampson error J of Eq. (2.36), and store its value.

6. Repeat this process many times, and return the value # whose Sampson error J
is the smallest.

Comments In Step 2, we select five integers over [1, N] by sampling from a uniform
distribution; overlapped values are discarded. Step 3 computes the ellipse passing
through the given five points. We may solve the simultaneous linear equations in
A, B, ..., F obtained by substituting the point coordinates to Eq. (2.1); the solution
is determined up to scale, which is then normalized. However, using least squares
as shown above is easier to program; we compute the unit eigenvector of the matrix
M in the first row of Eq.(2.32). The coefficient 1/N is omitted in the above matrix
Ms, but the computed eigenvectors are the same. In Step 4, we judge whether the
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solution is an ellipse. Theoretically, any selected five points may define a hyperbola,
for example, when all the points are on a hyperbola. We ignore such an extreme case.
In Step 5, if the evaluated J is larger than the stored J, we go directly on to the next
sampling without storing 6 and J. We stop the sampling if the current value of J is
not updated consecutively after a fixed number of iterations.

In practice, however, if a standard method returns a hyperbola, it forces the solution
to be an ellipse by an ellipse-specific method such as the method of Fitzgibbon et al.
and random sampling does not have much meaning, as shown in the example below.

2.7 Outlier Removal

For fitting an ellipse to real image data, we must first extract a sequence of edge points
from an elliptic arc. However, edge segments obtained by an edge detection filter may
not belong to the same ellipse; some may be parts of other object boundaries. We call
points of such segments outliers; those coming from the ellipse under consideration
are called inliers. Note that we are not talking about random dispersions of edge
pixels due to image processing inaccuracy, although such pixels, if they exist, are
also called outliers. Our main concern is the parts of the extracted edge sequence
that do not belong to the ellipse in which we are interested.

Methods that are not sensitive to the existence of outliers are said to be robust. The
general idea of robust fitting is to find an ellipse such that the number of points close
to it is as large as possible. Then those points that are not close to it are removed as
outliers. A typical such method is RANSAC. The procedure is as follows.

Procedure 2.10 (RANSAC)

1. Randomly select five points from the input sequence. Let &, ..., &5 be their vector
representations in the form of Eq. (2.3).
2. Compute the unit eigenvector @ of the matrix

5
Ms =D £,E]. (2.59)
a=1

for the smallest eigenvalue, and store it as a candidate.
3. Let n be the number of points in the input sequence that satisfy

2
(E > 0) < d2,
0. Vol£10)
where & is the vector representation of the point in the sequence in the form of
Eq.(2.3), Vp[£€] is the normalized covariance matrix defined by Eq.(2.15), and d
is a threshold for admissible deviation from the fitted ellipse; for example, d = 2
(pixels). Store that n.
4. Select a new set of five points from the input sequence, and do the same. Repeat
this many times, and return from among the stored candidate ellipses the one for
which # is the largest.

(2.60)
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Comments The random sampling in Step 1 is done in the same way as in Sect.2.6.3.
Step 2 computes the ellipse that passes through the five points. In Step 3, we are
measuring the distance of the points from the ellipse by Eq. (2.35). As in Sect.2.6.3,
we can go directly on to the next sampling if the count # is smaller than the stored
count, and we can stop if the current value of n is not updated over a fixed number
of samplings. In the end, those pixels that do not satisfy Eq.(2.60) for the chosen
ellipse are removed as outliers.

2.8 Examples

Figure 2.3a shows edges extracted from an image that contains a circular object. An
ellipse is fitted to the 160 edge points indicated there, and Fig.2.3b shows ellipses
obtained using various methods superimposed on the original image, where the
occluded part is artificially composed for visual ease. We can see that least squares
and iterative reweight produce much smaller ellipses than the true shape. All other
fits are very close to the true shape, and the geometric distance minimization gives
the best fit in this example.

Figure2.4a is another edge image of a scene with a circular object. An ellipse
is fitted to the 140 edge points indicated there, using different methods. Figure2.4b
shows the resulting fits. In this case, hyper-renormalization returns a hyperbola, and
the method of Fitzgibbon et al. fits a small and flat ellipse. As an alternative ellipse-
specific method, Szpak et al. minimized the Sampson error of Eq.(2.36) with a
penalty term such that it diverges to infinity as the solution approaches a hyperbola.
In this case, their method fits a large ellipse close to the hyperbola. The random
sampling fit is somewhat in between, but it is still not very close to the true shape.
In general, if a standard method returns a hyperbola, it indicates data insufficiency

Fig. 2.3 a An edge image of a scene with a circular object. An ellipse is fitted to the 160 edge
points indicated. b Fitted ellipses superimposed on the original image. The occluded part is arti-
ficially composed for visual ease: (1) least squares, (2) iterative reweight, (3) Taubin method, (4)
renormalization, (5) HyperLS, (6) hyper-renormalization, (7) FN, and (8) FNS with hyper-accurate
correction
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(a) (b)

Fig. 2.4 a An edge image of a scene with a circular object. An ellipse is fitted to the 140 edge
points indicated. b Fitted ellipses superimposed on the original image. (1) Fitzgibbon et al., (2)
hyper-renormalization, (3) Szpak et al., (4) random sampling

N
N

-
O <

Fig.2.5 Upper row: input edge segments. Lower row: ellipses fitted by RANSAC

for ellipse fitting. Hence, although ellipse-specific methods have theoretical interest,
they are not suitable for practical applications.

The upper row of Fig.2.5 shows examples of edge segments that do not entirely
consist of elliptic arcs. Regarding those nonelliptic parts as outliers, we fit an ellipse
to inlier arcs, using RANSAC. The lower row of Fig. 2.5 depicts fitted ellipses. We
see that the segments that constitute an ellipse are automatically selected.

2.9 Supplemental Note

The description in this chapter is rather sketchy. For a more comprehensive descrip-
tion, see the authors’ book [17], where detailed numerical experiments for accuracy
comparison of different methods are also shown. The renormalization method was
proposed by Kanatani in [5], and details are discussed in [6]. The Taubin method was
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(a) (b)

0 = 0
0

DI

Fig.2.6 a The matrix M controls the covariance of . b The matrix N controls the bias of 0

proposed in [28], but his derivation was heuristic without considering the statistical
properties of image noise in terms of the covariance matrix. However, the procedure
can be interpreted as described in this chapter. The HyperLS method was proposed by
the author’s group in [11,12,24], which was later extended to hyper-renormalization
in [9,10].

The fact that all known algebraic methods can be generalized in the form of
Eq.(2.31) was pointed out in [10]. Because noise is assumed to occur randomly, the
noisy data are random variables having probability distributions. Therefore the value
0 computed from them is also a random variable and has its probability distribution,
and the choice of the matrices M and N affects the probability distribution of the
computed #. According to the detailed error analysis in [10], the choice of M controls
the covariance of @ (Fig.2.6a), whereas the choice of N controls its bias (Fig.2.6b).
If we choose M to be the second row of Eq.(2.32), we can show that the covariance
matrix of @ attains the theoretical accuracy bound called the KCR (Kanatani-Cramer-
Rao) lower bound (this is discussed in Chap. 16) except for O (0’4) terms. If we choose
N to be the fifth row of Eq. (2.33), we can show that the bias of @ is 0 except for O (o)
terms (this is discussed in Chap. 14). Hence, the accuracy of hyper-renormalization
cannot be improved any further except for higher-order terms of o. In this sense,
hyper-renormalization is theoretically optimal. It has also been shown in [16] that
the Sampson error minimization with hyper-accurate correction has theoretically the
same order of accuracy (this is discussed in Chap. 15). For detailed performance
comparison of various ellipse fitting methods, see [17].

The FNS scheme for minimizing the Sampson error was introduced by Chojnacki
et al. [1]. They called Eq. (2.36) the ALM (approximated maximum likelihood), but
later the term “Sampson error” came to be used widely. This name originates from
Sampson [26] who studied ellipse fitting in early days. The minimization scheme
that Sampson used is essentially the iterative reweight (Procedure 2.2), but it does not
strictly minimize Eq. (2.36), because the numerator part and the denominator part are
updated separately. In Step 4 of Procedure 2.5, we can compute the unit eigenvector
for the eigenvalue of the smallest absolute value, but it was experimentally found
by Chojnacki et al. [1] and the authors’ group [13] that the iterations converge
faster using the smallest eigenvalue. There exists an alternative iterative scheme
closely resembling FNS called HEIV (heteroscedastic errors-in-variables) [18,21];
the computed solution is the same as FNS. The general strategy of minimizing the
geometric distance by repeating Sampson error minimization was presented by the
authors in [15], and its use for ellipse fitting was presented in [14].


http://dx.doi.org/10.1007/978-3-319-48493-8_16
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When the noise distribution is Gaussian, the geometric distance minimization is
equivalent to what is called in statistics maximum likelihood (ML; we discuss this in
Chap. 15). The fact that the solution has statistical bias has been pointed out by many
people. The bias originates from the fact that an ellipse is a convex curve: if a point on
the curve is randomly displaced, the probability of falling outside is larger than the
probability of falling inside. Given a datapoint, its closest point on the ellipse is the
foot of the perpendicular line from it to the ellipse, and the probability of on which
side its true position is more likely depends on the shape and the curvature of the
ellipse in the neighborhood. Okatani and Deguchi [22] analyzed this for removing the
bias. They also used a technique called the projected score to remove bias [23]. The
hyper-accurate correction described in this chapter was introduced by the authors in
[7,8,16].

The ellipse-specific method of Fitzgibbon et al. was published in [3]. The method
of Szpak et al. was presented in [27], and the method of random sampling was given
in [19]. For their detailed performance comparison, see [17].

The RANSAC technique for outlier removal was proposed by Fischler and Bolles
[2]. Its principle is to select randomly a minimum set of datapoints to fit a curve (or
any shape) many times, each time counting the number of datapoints nearby, and to
output the curve to which the largest number of datapoints is close. Hence, a small
number of datapoints are allowed to be far apart, and they are regarded as outliers.
Alternatively, instead of counting the number of points nearby, we may sort the square
distances of all the datapoints from the curve, evaluate the median, and output the
curve for which the median is the smallest. This is called LMedS (least median of
squares) [25]. This also ignores those datapoints far apart from the curve. Instead of
ignoring far apart points, we may use a distance function that does not penalize far
apart points very much. Such a method is generally called M-estimation, for which
various types of distance functions have been studied [4]. An alternative approach for
the same purpose is the use of the L ,-norm for p < 2, typically p = 1. These methods
make no distinction regarding whether the datapoints are continuously connected,
but techniques for classifying edge segments into elliptic and nonelliptic arcs have
also been studied [20].

Problems

2.1 Fitting a line in the form of n1x + nay + n3 fo = 0 to points (xy, yo), @ =

1,..., N, can be viewed as the problem of computing n, which can be normalized
to a unit vector, such that (n, §,) 0, =1, ..., N, where
Xo ni
Ey =Y |, m=[m|. (2.61)
Jo n3

(1) Write down the least-squares procedure for computing this.

(2) If the noise terms Ax, and Ay, are subject to a mutually independent Gaussian
distribution of mean 0 and variance o2, how is their covariance matrix VIE,]
defined?
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2.2 Specifically write down the procedure for the Taubin method as the computation
of the initial solution of Procedure 2.3.

2.3 Specifically write down the HyperLS procedure as the computation of the initial
solution of Procedure 2.4.

2.4 (1) Define the vector x and the symmetric matrix Q by

x/fo ABD
x=|y/fo], Q=|BCE]. (2.62)
1 DEF

Show that the ellipse equation of Eq. (2.1) is written in the form
(x,Qx) = 0. (2.63)

(2) Show that the square distance d§ of point (xy, y,) from the ellipse of
Eq. (2.63) is written, up to high-order small noise terms, in the form

2 f()2 (Xo, Qx,)?

di~ ————"—— 2.64
¢ 4 (Qxgy, PkQxy) (2.64)
where Py is the matrix defined by
100
Pk=(010]. (2.65)
000
(3) Show that in terms of the vectors & and 6 Eq. (2.64) is written as
,0)?
2 ~ (Ea ) (2.66)

« 70, VolEl10)

2.5 (1) Show that the derivative of Eq.(2.36) is given by Eq.(2.41).
(2) Show that the eigenvalue A in Eq.(2.39) is O after the FNS iterations have
converged.

2.6 (1) Show that for the ellipse given by Eq.(2.63), the point (X, ¥,) that min-
imizes Eq.(2.47) is written up to high-order terms in Xy — X, and 5 — Y, as

)%oz _f X ) (ﬁas Qﬁ‘;) + Z(Qﬁ(/x, ia) ABD )Eot o 67)
):701 B Yo 2(())20[7 Pka(a) BCE })‘((1) s .

where A, B, C, D, and E are the elements of the matrix Q in Eq. (2.62), and X,
and X, are defined as follows (the point (X4, Y4 ) is defined by Eq. (2.48)).

Xo/fo Xa/fo
ﬁoz = )A’oc/fO ) ia = )N’a/fO . (2-68)
1 0
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(2) Show that if we define the 9D vector & by Eq.(2.42), Eq.(2.67) can be
written in the form

; 2E5.0) (616,05 [
0)=C0)- w3 ) oo
o) \da) (8. VolE,10) \020365) |
where Vo[éa] is the normalized covariance matrix obtained by replacing
(%, y) in Eq.(2.15) by (£a, Ja)-

(3) Show that by replacing (xy, yo) in Eq.(2.34) by ()%a, ):10,), we can rewrite
the geometric distance S in the form of Eq. (2.43).
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