2

Operators on Bochner spaces

One of the central questions in the analysis of Banach space-valued functions
is the so-called LP-extension problem: Given a bounded linear operator T’
defined on L”(S), when does the prescription

Teolx)(fer)=Tfex

define a bounded linear operator T ® Ix on LP(S;X)? In Section 2.1 we
shall see that this happens in a variety of situations, for instance when X
is a Hilbert space or when the operator T is positivity preserving. On the
other hand, a necessary condition for the boundedness of T'® Ix for every
Banach space X is that T' be dominated by a positive operator. This spells
trouble for operators T whose boundedness on L?(S) depends on cancellation
properties, such as the Fourier transform, the Hilbert transform and more
general Calderén-Zygmund operators in harmonic analysis, as well as the
It6 isometry in stochastic analysis. Towards the end of Section 2.1 we shall
demonstrate that these operators provide counterexamples to the general LP-
extension problem. It will be a major theme in the following chapters to
identify, for specific operators T, such as the ones just mentioned, the precise
classes of Banach spaces X which have the property that T'® Ix is bounded.

In some situations the boundedness question for operators on LP(S;X)
can be treated in full generality. One such situation is considered in Sec-
tion 2.2, where we present vector-valued versions of the classical interpolation
theorems of Riesz—Thorin and Marcinkiewicz, with special attention to the
constants involved in the latter case. We also include a self-contained pre-
sentation of complex and real interpolation of the spaces LP(S; X). The next
section, Section 2.3, is concerned with the vector-valued versions of some clas-
sical results in real analysis such as the Hardy-Littlewood maximal function
and the Lebesgue differentiation theorem.

The remainder of the chapter is devoted to three topics which can be
read quite independently, although the results will be used frequently in later
chapters and in the future volumes. They provide some first illustrations of the

© Springer International Publishing AG 2016 67
T. Hytonen et al., Analysis in Banach Spaces, Ergebnisse der Mathematik

und ihrer Grenzgebiete. 3. Folge / A Series of Modern Surveys

in Mathematics 63, DOI 10.1007/978-3-319-48520-1_2



68 2 Operators on Bochner spaces

methods developed so far. In Section 2.5 we study differentiability properties
of X-valued functions and develop some elements of vector-valued Sobolev
spaces and their fractional counterparts.

We continue with a discussion of the vector-valued Fourier transform in
Section 2.4. The failure of the Fourier—Plancherel theorem in Bochner spaces
L?(R?; X) for all Banach spaces X not isomorphic to a Hilbert space naturally
leads to the notion of Fourier type, which is studied in some detail. We also
include a brief discussion of vector-valued Schwartz functions and tempered
distributions.

In the final section, Section 2.6, we study vector-valued conditional expec-
tations. These are not only of interest in probability theory and stochastic
analysis, but also in harmonic analysis, where they appear as averaging op-
erators in approximation schemes; this fact serves as a motivation for setting
up the theory in the o-finite framework.

2.1 The LP-extension problem

A central issue in Banach space-valued analysis is the following extension
problem. Let (S, <7, 1) be a measure space and suppose that a bounded linear
operator T' on LP(S) is given. Let Ix denote the identity operator on X. We
may define a linear operator T ® Ix on LP(S) ® X by the formula

TeIx)(fez)=Tf®=.

We leave it to the reader to check that this operator is well defined. For 1 < p <
00, LP(S)® X is dense in LP(S; X) and it makes sense to ask whether T'® I'x
extends to a bounded operator on LP(S; X). More generally, the analogous
question may be posed for operators acting between two different LP-spaces.
Even for p = 2 such a bounded extension generally do not exist without
additional assumptions on T or X. In fact, a large part of these volumes is
concerned with identifying situations where bounded extensions do exist.

We begin with an extension result for operators T : L'(S;) — LP(Ss),
which holds for arbitrary Banach spaces X. Its proof is an exercise in using
the triangle inequality:

Proposition 2.1.1. Let 1 < p < oo, let T : L*(S1) — LP(S3) be a bounded
linear operator, and let X be a Banach space. Then T ® Ix extends uniquely
to a bounded operator from L'(S1; X) to LP(S2; X) and we have

1T ® Ix|| = [T}l

Proof. For pq-simple functions of the form ZnN:1 14, ®x, with the sets A4,, €
o/ disjoint and of finite pu;-measure, the triangle inequality gives

N N
H ;TlAn @ LP(S2;X) s Z HTlA" ® x”HLP(Sz;X)

n=1
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N
= Z 1T1a4,

n=1

N
<ITIY I,z sy lzal

n=1

Lo(s2) lznll

N
= |17l Z HlAn ®x”HL1(Sl;X)

n=1

sl Z 14, @2

This proves the boundedness of T'® Ix along with the estimate |7 ® Ix|| <
IT]]. The reverse estimate holds trivially.

L1(S1;X)

Slightly more involved is the following extension result, which nevertheless
covers many interesting examples.

Proposition 2.1.2. Let 1 < p < oo and let X be isomorphic to a closed
subspace of a quotient of a space LP(S’). Then every bounded operator T on
L?(S) has a bounded extension T ® Ix to LP(S; X), with

1T ® Ix|l2wes:x) = 1Tl2wr(s))
if the isomorphism is isometric.

Examples of closed subspaces of L?(0,1) include:

o (2 if1<p<oo;
e /(1 ifp<qg<2;
L10,1),if p<g<2.

In each of these three examples it is possible to find isometric copies of these
spaces inside LP(0, 1). We will show how to find these for £? in Subsection 2.1.h
and refer to the Notes and Example 2.2.8 for the other two cases.

Proof of Proposition 2.1.2. We prove the proposition in three steps.

Step 1 —Let X C LP(S’) be a closed subspace and z,, € X, g, € LP(S) for
n=1,...,N. Since these functions, as well as T'g,, € L?(.S), are supported on
o-finite subsets of S’ or S, we can use Fubini’s theorem to estimate the action
of T Ix on f = EnNzlgnQ@xn:

L)

Lr(S)

N
I & 1) sy = [ |2 Tn @)
n=1

N
p
SN PICEEC ol
T f 3500 0] g 006 = IV
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Step 2 — Let X ~ LP(S")/Z, where Z is a closed subspace of LP(S'),
and let qz : LP(S’) — LP(S’)/Z be the quotient mapping. The mapping
Irr(sy ® qz is bounded (with |[Irr(s) @ qz|| = |lgz||) and T ® I1r(g1y/7z =
(Ir(sy ® qz) o (T ® Ix). This gives the extendability to quotients of L”(S’)
with an obvious estimate in terms of the norms of ¢z and the isomorphism
constant of X ~ LP(S")/Z).

Step 8 — The case where X is isomorphic to a closed subspace of a quotient
of LP(S’) follows trivially from Step 2 (with again an obvious estimate for the
norm of the extension). O

2.1.a Boundedness of T'® Ix for positive operators T

We proceed with an extension result for positive operators T' (these are oper-
ators satisfying T'f > 0 for all f > 0).

Theorem 2.1.3. 1 < p; < o0 and 1 < pg < 00, let T : LP1(Sy) — LP2(S3) be
a bounded linear operator, and let X be a Banach space. If T is positive, then
T®Ix extends uniquely to a bounded operator from LP*(Sy; X) to LP2(Sy; X)
and we have

IT® Ix || = |7

Proof. Let f € LP*(S1) ® X be a up-simple function, say f = 25:1 14, @z,
with the sets A, € &4 disjoint. The positivity of T' implies that [T1,4, | =
N
Z TlAn X Ty

T1,4, and
(/ p2d )1/172
Lr2(s5x)  \Jg, P M2
N P2 1/p2
< ([ (S mialie)” an)
S2 “p=1
N
P2 1/p2
= (/ (TZ]'AH an) dM2>
Sz n=1
N
= [7>> 14zl
n=1

N
<IN 32 1l
n=1

N
H(T®IX) Z 14, @y
n=1

LP2 (S2)

LP1 (Sl)

N
= 71| Y 14, ® 20

n=1

LP1(51:X)

with obvious modifications for ps = co. Since the p;1-simple functions are dense
in LP1(Sy; X), this proves that T ® I has a unique extension to a bounded
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operator from LP'(Sy; X) to LP2(Se; X) of norm ||T ® Ix|| < ||T]|. Equality
|IT ® Ix]|| = ||T is obtained by considering functions f of the form g ® x with
g € LP1(S1) and z € X of norm one. O

In order to discuss possible analogues of this theorem for p; = oo we introduce
the following terminology. A function f : S — X will be called a countably-
valued p-simple function if f can be written in the form f = Zn>1 14,2y
with the sets A,, € & disjoint and of finite p-measure.

Lemma 2.1.4. The bounded countably-valued p-simple functions are dense in

L>(S; X).

Proof. Fix an arbitrary f € L>°(S; X). Since f is essentially separably valued,
we may assume that X is separable. Also, by Proposition 1.1.15, we may
assume that p is o-finite. Let (A(”))n>1 be an exhaustion by disjoint sets of
finite p-measure.

Fix ¢ > 0 and let (z,)n,>1 be a dense sequence in X; we may assume
without loss of generality that x; # xy, if j # k. For each s € S let n(s) be the
first index n > 1 such that || f(s) —xzy|| < e.For N > 1 put Ay := {n(s) = N}.
These sets are disjoint, and upon picking a strongly measurable representative
of f, from

N—-1

Av={lIlf —anll <e}n (Y {If ~zall > e} € &
n=1

we see that g(s) = >, ns1laynaem ® oy is a countably-valued p-simple
function. Clearly, g is bounded and satisfies || f — gljco < €. O

Suppose now that T': L>°(S;) — L?(S2) is a bounded linear operator, where
1<p< oo, and let f € L>°(Sy; X) be a countably-valued p-simple function,
say [ = Zn21 14, ® z, with the sets A,, € &/ disjoint and of finite measure.
By a slight abuse of notation one might try to define

(TelIx)f:= ZT]‘An ® Tny.

n>1
However, as the next example shows, this is not well defined in general.

Ezample 2.1.5. Let S; = N, Sy = {0}, and X = K. Identifying L>°(S;) and
LP({0}) with £ and K, respectively, consider the bounded positive operator
T:/¢>* — K, Tz := Lim z, where Lim is a Banach limit. The constant function

1 can be represented as a pointwise convergent sum ) 1,3, but

T1=1#0=>) Tlg,.
neN
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Lemma 2.1.6. Let (g,)n>1 be a sequence of non-negative functions in L>(.S)
such that Zn>1gn converges almost everywhere to a function G € L*(S5).
Let (x5,)>1 be a bounded sequence in X. Then Zn>1 Gn QT converges almost
everywhere to a function F' € L>(S; X) and we have F' =737, | gn ®@ T, with
convergence in the 7(L>(S; X), L*(S; X*))-topology.

Proof. Let My, Ms > 0 be such that ||z,|| < M; and 0 < G < M, almost
everywhere. Then for almost all s € S,

> llgn()anll < My >~ gn(s) < My Mp.

n>1 n>1

Therefore, for almost all s € S, the sum F(s) := Zn>1 gn(8)x, converges in
X and HF”LOO(S;X) < MlMQ.
To prove the second assertion let h € L(S; X*). Then

limsup‘< Z gn @ Tp, h hmsup/ Z gn(S)|R(S)|| dpe(s)]|zn]]

k—oo 1 i1 k1

<M11imsup/ Z gn(S)IR(s)|| du(s) =

k—oco n=k+1

by the dominated convergence theorem. O

Theorem 2.1.7. Let (S1, 9, 1) and (Sa, 94, u2) be o-finite measure spaces,
let 1 < p,q < oo satisfy %—Fé =1, and let T : L*°(S1) — L(S2) be a bounded
operator which is the adjoint of a bounded operator from LP(S3) to L(Si)
and which is assumed to be positive if 1 < p < oo. Then the extension T ® Ix
to countably-valued p-simple functions is well defined and extends uniquely to
a bounded operator from L™ (S1; X) to L1(S2; X) and we have

1T ® Ix[| = IT1]-

Proof. By assumption, T' = V* for some bounded operator V from LP(Ss)
to LY(Sy). Clearly, V is positive if T is, and therefore by Theorem 2.1.3 (if
1 < p € o) and Proposition 2.1.1 (if p = 1) the operator V & Ix+ has a
unique extension to a bounded operator from LP(So; X*) to L'(Sy; X*). For
k = 1,2, the spaces L*°(Sg; X) are isometrically contained as closed subspaces
in (L'(Sk; X*))* in a natural way. Under these identifications, we claim that
the adjoint operator U := (V ® Ix«)* maps L*°(S1; X) into L(Ss; X). This
restricted operator extends T ® Ix.

By Lemma 2.1.4 it suffices to show that for any countably-valued p-simple
function f € L*°(Sy; X) one has U f € L9(Ss; X). Fix such a function, say f =
Zn>1 14, x, with (A4,),>1 a sequence of disjoint sets in &7 of finite measure,

and let (z,)n,>1 be a bounded sequence in X. Let f, = Zk 1a, ® x,

n=1
be the corresponding partial sums. Then f;, — f almost everywhere in X
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and, by Lemma 2.1.6, in the weak* topology of L'(S1; X*)*. Since U, being
an adjoint operator, is weak*-continuous, it follows that Ufy — Uf in the
weak*-topology of LP(S1; X*)*. On the other hand, Uf, € L7(S2; X) and
Uf, = 22:1 T(14,)® . Note that T(14, ) > 0 and, almost everywhere,

N

N
Y T(14,)=T) 1a, <T(1).
n=1

n=1

This implies that the sum > -, T(14,) converges almost everywhere and
it limit is in L9(S2). Again from Lemma 2.1.6, we obtain the convergence

limg 0o Ufr = F both almost everywhere and in the weak*-topology of
LP(S1; X*)*, where F' = 7 - T(1a,) ® . Therefore, Uf = F and the
result follows. O

2.1.b Boundedness of T' ® Iy for Hilbert spaces H

For Hilbert spaces H, no positivity requirement on 7' is needed for the LP-
boundedness of T'® I. Historically this result, proved in the 1930’s by Paley,
Marcinkiewicz, and Zygmund, provided one of the first instances of the use
of Gaussian methods in functional analysis. While a systematic treatment of
such techniques will be postponed to Volume II, we here provide an elementary
introduction sufficient for the present needs.

Gaussian random variables

Let us first introduce the relevant terminology. A random variable is a mea-
surable scalar-valued function defined on a probability space (£2,P). The
Lebesgue integral of an integrable random variable is called its ezpectation
and is denoted by

E¢ := / &dP.
[0
Random variables £1,&s,... are said to be independent if for all N > 1 and
all Borel subsets By, ..., By we have

N N
P( ({6 € Bu}) = [] P € B.}).
n=1 n=1

If (&,)_; is a finite sequence of independent integrable random variables with
values in K, then their product Hﬁ;l &, is integrable and we have E Hi:;l & =
N
Hn:l ]Egn'
A random variable « is called centred Gaussian with variance o2 > 0 if its
distribution is given by

1
O /B exp(—12/202) dt

V2
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(for all Borel sets B C R, when K = R), respectively

1
P(y € B) = ﬁ/l_}exp(—\z|2/c72)dz

(for all Borel sets B C C, when K = C). In both cases, v is called standard
Gaussian if 02 = 1.

It is easy to check that centred Gaussian random variables belong to LP({2)
for all 1 < p < oo; in the real case their LP-norms can be calculated explicitly
as

1 —22/202 2p/20'p
Il = <55 [ lale 2 de = Z LM+ /D, (2)

where I'(z) = [ t* te~"dt is the Euler gamma function.

We say that (v,)n>1 is a Gaussian sequence if it consists of indepen-
dent standard Gaussian random variables, defined on some probability space
(£2,P). It follows that

P((y1,...,yn) € B) = (Qﬂljv/z/lgexp(—|t|2/202)dt (2.2)

for all Borel set B C RY, when K = R. If Q € Z(R") is an orthogonal
transformation, then

1
P(Q(71,...,Yn) € B) = W/cg*3exp(_|t|2/202)dt7

and this agrees with the right hand side of (2.2) by a change of variables. This
shows that Q(v1,...,7vn), having the same joint distribution as the original
(71,--.,7n) is another sequence of independent standard real Gaussian vari-
ables. In particular, for a, € R with 25:1 a? =1, we find that 25:1 anYn
is another standard Gaussian variable.

Analogous results with a similar proofs are valid for complex Gaussian
sequences and unitary transformations U € .Z(CY) and numbers a,, € Cy
with SN Jan)? = 1.

A simple consequence of these invariance considerations is the following
result mentioned after Proposition 2.1.2.

Proposition 2.1.8. Let {2 be a probability space supporting a Gaussian se-
quence (Yn)n>1, and let p € [1,00). Then LP(£2) has an isometric copy of {2
as a closed subspace, and in fact this subspace may be realised as the closure
in LP(82) of all finite sums 3, <, anYn-

Proof. By the results just discussed, ||a| 3! > n>1an7n is a standard Gaussian
variable; hence

frng . 23
iy = ol (23)

e
n>1
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As a consequence, the mapping
H Z an'Yn
P n>1
establishes an isometric embedding of ¢? onto a closed subspace of LP(§2). O
Extension theorem for Hilbert spaces

We are now prepared for the main result of this subsection:

Theorem 2.1.9 (Paley—Marcinkiewicz—Zygmund). Let (Sy, 2, u1) and
(Sa, 9, 12) be measure spaces, let 1 < p1,pas < 00, and consider a bounded
linear operator T from LP(Sy) to LP2(Sy). Let H be a Hilbert space. Then
T®1y uniquely extends to a bounded operator from LP*(Sy; H) to LP2(Sq; H),
and its norm satisfies

ITI <T@ Il < Mp, . [T

My, = max { [l ).

71l

with

Proof. We begin with a simple reduction. Since boundedness of an operator
can be tested on sequences, and since each f € LP1(S)® H takes its values in
a finite-dimensional subspace of H, there is no loss of generality in assuming
H to be separable. Under this assumption H is isometrically isomorphic to
the Hilbert space G := G?(2) constructed in Proposition 2.1.8 as the closure
in L2(£2) of all random variables of the form Zgﬂ A Yn, With (Y )n>1 a given
sequence of independent standard Gaussian random variables.

It thus suffices to show that T® I is bounded with norm < My, ,,||T||. Let
f € LP1(S1; G) be arbitrary. Since (7,,)n>1 is an orthonormal basis for G, we
can write f =3 o, v fn with f,, = E(%,, f) (in the real case, the conjugation
is of course superfluous). It follows from (2.3) and Fubini’s theorem (in the
version of Corollary 1.2.23) that

(T @ Ia) fllr (szi0) = H Z% I ’

LP2(S;G
|| H = LP2(Sa;LP2(02))
- H,Ysz Z Tn fn LP2(§2;LP2(S2))

nz=1

< Il | 3 nfs

L2 (2;L71(51))

Now we consider two cases.
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If py < p1, then by Hoélder’s inequality we have E£P2/P1 < (RE)P2/Pr and
therefore

H Zvnfn

n>1

L])z( Lpl Sl)) H Z ’ynfn
- H T;%f”‘ LP1(S1;LP1(£2))

> nkn
n>1

This proves that |7'® Ig|| < [7llp, V]I, |1 7-
If po > pi1, then we can apply Mmkowski’s inequality with exponent
p2/p1 = 1 to obtain

H n%:l L2 (25071 (S1)) ;

LP1 (25L71(S1))

= lln = Vo I fllzer (51309

LP1(S1;G)

LP1(S1;LP2(82))
> Ynfn
n>1

Therefore, | T ® Ig|| < [|T]|- O

= [llp = [¥llp: 1F [ 2or (51500 -

Lr1(S1;G)

Extension results for complezifications of real Banach spaces

Incidentally, the proof technique just introduced also leads to a useful exten-
sion result in the context of complexification of a real Banach space X that
we now discuss. We recall from Appendix B.4 that X¢ is the space X x X
equipped with the complex scalar multiplication

(a+1ib)(x1,x2) := (axy — bxa, bry + axs),

which makes it a complex vector space. Instead of (xz1,23) we shall write
x1 + txo. There are various norms on the complexification of a Banach space
which turn it into a Banach space in such a way that if T': X — Y is a
bounded operator, then its complexification Tg(x; + ixe) := Txy + iTxo has
the same norm as X. One simple choice of such a norm has been discussed
in Appendix B.4. In the context of the LP-extension problem it is natural
to ask for a little more, viz. that if T is a bounded operator between two
LP spaces, then (T'® Ix)c, as a bounded operator the spaces LP(X¢), has
the same norm as T'® Ix. The following lemma describes a norm which has
exactly this property.

Lemma 2.1.10. Let X be a real Banach space and p € [1,00). Equipped with
the norm

: 1
21 + dza|| x v = T H (Elly1z1 + y2z2l%) /»

where v1,7v2 are independent real standard Gaussian random variables, X¢
becomes a complex Banach space, which we denote by X1P.
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Proof. All other properties are reasonably routine, except perhaps the com-
patibility of the norm with the scalar multiplication. Thus we need to check
that

||((L + Zb)({IJ1 + Z’LL'Q)”X‘SVP = |a + Zb|||{)31 + il‘g”xa,p.

We may assume that |a + ib] = 1. Then observe that

Y1(azy — bxa) + y2(bxr + axe) = (ay1 + by2)z1 + (—by1 + aye)wa.

Since @ := <_ab2

pair of independent standard Gaussian random variables, and thus

is an orthogonal matrix, it follows that Q (zl) is also a
2

El[(av1 + by2)z1 4 (=by1 + aye)za|ls = Ellvi21 + yoza -
This gives the asserted norm identity. O

Remark 2.1.11. For X = R, we have |Jz1 + izo||grr = (27 + 23)'/? for all
p € [1,00). Indeed, if the right side is one, then z1y; br:l?g’)’g is another standard
Gaussian random variable so that (E|yiz; + 7y222|?)? = 71|y, and the
general case follows from this by scaling. Thus R” coincides with C with its
usual norm.

Proposition 2.1.12. Let X and Y be real Banach spaces, let p € [1,00),
and let (S1, 9, p1) and (Sa, oo, ua) be o-finite measure spaces. Given T €
ZL(LP(S1;X), LP(S2;Y)), define the operator Tc by

Te(f +ig) :=Tf+iTg  Y(f+ig) € LP(S1; X2P).
Then Te € L(LP(Sy; X2P), LP(Sa; YIP)) and

”TC||$(LP(Sl;Xg”)),LP(Sz;YCW’p)) = ||T||$(LP(51;X),LP(Sz;Y))~

Proof. Observe that Jf := f 410 identifies LP(S1; X) isometrically as a (real-
linear) subspace of L?(Sy; X2'?). Since TeJJ = JT, it is immediate that || T¢| >
||IT"||. The converse direction is a consequence of the following computation
using only definitions and Fubini’s theorem. Let (2 be the probability space
supporting the random variables vy; and 7. Then

V1T (f +ig)ll Lo (saivery = IMTf + 72Tl o (55510 (2,
=T f + 29Dl Le(@;1r(525v))
STl f + 29l e (2520 (51:%))
= [Tl f + 29l e (51:L0(2:x))
= V1T f + gl e (s, x77)-
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Corollary 2.1.13. Let X be a real Banach space, let p € [1,00), and let
(S1, %, u1) and (Sa, 9, ua) be o-finite measure spaces. Suppose the op-
erator T € Z(LP(S1;R), LP(S2;R)) has a bounded extension T ® Ix €
L(LP(S1;X),LP(S2; X)). Then Te € L (LP(51;C), LP(S2;C)) has a bounded
extension

Te ® Ixyo € L(LP(S1; X2P), LP(S2; X2T))

of the same norm as T ® Ix.

Here T¢ is the complex extension of T" given by Proposition 2.1.12 in the case
that X =Y =R.

Proof. Recall that, as sets, X¥ = X¢. It is a routine exercise to verify that
L7(81;C) © Xe = (L(S1;R) ® X)

where Y¢ is the complexification of the real vector space Y for various choices
of Y above; and, moreover, that

Te®Ix. = (T'® Ix)c

as operators on the algebraic tensor product above. But the latter opera-
tor has a bounded extension in Z(LP(S1; X2"), LP(S2; X)) by Proposi-
tion 2.1.12 (applied to T'® Ix in place of T'), of the same norm as T ® Ix €
L(LP(Sy; X&P), LP(S2; X)), and hence, by the identity, so has Te ® Ix..
d

Remark 2.1.14. Both Proposition 2.1.12 and Corollary 2.1.13 remain valid
with each LP(Sy; Z), Z € {R,C, X, X"} replaced by its subspace
LB(S1;Z) := {f e LP(S1;72): / fdu = O}
S1

in the case that (S, 24, 1) is a finite measure space. It is easily verified that
the same proofs apply in this situation, noting that a product space-valued
function has mean zero if and only if both its component have.

2.1.c Counterexamples

We now turn to some basic explicit examples of operators whose vector-valued
extensions may fail to be bounded. The first such example goes back to the
very beginning days of the theory of the Bochner integral and was published
in 1933 by Bochner, in the same year in which he introduced his integral.

Ezxample 2.1.15 (Fourier transform). The Fourier transform

FE) = /R f@)e 2 s, e L'(R),
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is bounded from L!(R) to L (R). Also, by the Plancherel theorem (Theorem
2.4.9), its restriction to L'(R) N L%(R) extends to an isometry on L?(R) (the
so-called Fourier—Plancherel transform). Hence, by the Riesz—Thorin theorem
(Theorem 2.2.1 below), it interpolates to a bounded operator of norm < 1
from LP(R) to L? (R), for all p € [1,2] and 1% + i = 1; this result is known as
the Hausdorff-Young theorem. By an easy dilation argument one furthermore
shows that if .# extends to a bounded operator from LP(R) to L?(R), then
q=7"

Trivially, the Fourier transform extends to a bounded operator .% ® Ix :
LY(R; X) — L*°(R; X). Since the X-valued step functions with values are
dense in L'(R; X) and the Fourier transform of such functions belong to
Co(R; X), this extension actually maps L'(R; X) into Cp(R; X) (see Lemma
2.4.3). We will show here that the Fourier transform does not extend to a
bounded operator from LP(R; ") to L” (R;£") whenever 1 <7 < p < 2.

Let f € C.(R) be a non-zero function with support in the interval (0,1).
For N > 1 define the functions fy € C.(R;¢") by

N
fv=Y f(+n)@ens.

n=0

Then, by the disjointness of the supports of the functions f(- + n),

st = (- (3 e ) as)”
/Z'f (@) = N,

o

N
On the other hand, (% ® Ip) fn(€) = Z e?™E Z f(€) ® enq1 and therefore
n=0

17 & 1) il = ([ (S lemnesior)" ae)

0 n=1
1/r > T P 1/’ 1/ g
=NV 1FROP ) T = NYF s
with obvious modifications if p’ = co. Hence,

Ffllw
|>Nl_%” FllLe ()

3

I(F @ L)

LIl e (ry

Since we are assuming that r < p, this shows that % ® I;» does not extend
to a bounded operator from LP(R; ") to LP (R; (7).
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For 1 < p <2 and p’ <r < oo, the Fourier transform fails to extend to a
bounded operator from LP(R;¢") to v (R; ¢") as well. The proof runs along
similar lines, this time using the functions fx () = Y._, e 27k f(2) @ e, 1.

In the remaining parameter range 1 < p < 2 and p < r < p’ the Fourier
transform does extend to a bounded operator from L?(R; (") to L? (R; ¢"). In
this range the space L?(R; ¢") may be identified with the complex interpolation
space between L!(R;£) and L?(RR;¢?) for a suitable choice of exponent 1 <
ro < oo and therefore the result follows by complex interpolation (see Section
2.2). This state of affairs is often abbreviated by saying that ¢" has Fourier
type p. We will take up this issue in more detail in Section 2.4.

A similar result holds for the Fourier transform on the circle; see Example
2.7.4 in the Notes at the end of the chapter.

Ezxample 2.1.16 (Hilbert transform). It is a classical result of M. Riesz that
the Hilbert transform, given by the principle value integral

f()
r—y

1 o0
Hf(:r):PVf/ dy, x€R,

™ — 00
defines a bounded operator on LP(R) for all 1 < p < co. The importance of
this operator comes from the following identity, valid for f € LP(R) N L?(R):

F(Hf) (&) = —isgn(§)F f(S),

where .# is the Fourier-Plancherel transform. Thus, H is the LP-Fourier mul-
tiplier corresponding to the multiplier function m(§) = —isgn(§). A detailed
discussion of the Hilbert transform and Fourier multipliers will be undertaken
in Chapter 5. Presently, we will check that H does not extend to a bounded
operator on LP(R; /') for any 1 < p < oo.

Let 1 < p < oo be fixed and let f € LP(R;/') be given by fy =
25:1 1(n—1,n) ® en, with e, the nth unit vector in 01, Clearly

x|l Lo (riery = NP
On the other hand, from the straightforward identity

T b—

H1(a7b)(a:):%1og‘x:2’:%mg‘ux—_‘z, z e R\ {a,b},
we obtain
1< 1
(H®Igl)fN(x):Trn§:llog’1+x_nen, zeR\{L,...,N},

so that
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k=1 n=1
For x € (k,k+ 1),
k k 1
1 (1 )> 1 (1 )
;og Jrac— ;og Jrk—n—i—l
k
1 1 1
27 = 1 k)
2;1{771“ 5 log(k)

where we used that log(1 +y) > 3y for y € [0,1]. Therefore

N
1 1/p
I & L) Loy > 5= (D log? (k)
k=1

N

> o) > L (/2) P og(V/2).
k=[N/2]

=

i

This implies that |H @ Ipn|| > (27)~'271/Plog(N/2), and this lower bound
tends to oo as N — oo.

Analogous non-extension results hold for the discrete versions of the Fourier
transform and Hilbert transform; as in the continuous case these opera-
tors do not extend to bounded operators from LP(T; (") to L¥ (Z; ("), r €
[1,p) U (p, 0], and from LP(T; ') to itself, respectively. The discrete Hilbert
transform, which we shall denote by H , is defined as the LP-Fourier multiplier
corresponding to m(n) = —isgn(n) (by convention we take sgn(0) = 0) and
is bounded on LP(T) for 1 < p < co. The related multiplier

~ 0, n<a0,
m(n) =94 n>0

defines the Riesz projection

. ink ink
R: E cpe™t — E cpet™.

neEZ n=0

Clearly, R = %(zﬁ + 1+ P), where P is the projection onto the constants. It
follows that also the Riesz projection cannot be extended to LP(T; /). This
topic will be revisited in Chapter 5, where we will prove the boundedness of
this projection in LP(T; X) for UMD spaces X.
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Ezample 2.1.17 (Wiener—Ito isometry). Let (B(t)):>0 be a standard Brownian
motion on a probability space (£2,P). The Wiener—Ité isometry is the isometry
W : L*(R;) — L*(£2) which, on the dense subspace of step functions in
L?(R,), is given by the stochastic integral

Wl(mb) = / 1(a7b) dB := B(b) — B(a), 0<a<b<oo.
0

Let us show that for all 1 < p < 2, W ® Isp cannot be extended
to a bounded operator from L2(R,;/(P) to LQ(Q'KP) Put rg == 0, 7, =
Sopq kT 7% for n > 1, and r ;= limy, o0 7. Let I, := [rp—1, 7). The union
of these intervals is [0, r). Define f: Ry — P by

ft)=en, te€l,, n>1,

with e, the nth unit vector of /7, and set f(t) = 0 for t > r . Then f €
L>°(0,7;£P). Hence the step functions f,, := 1y )f are uniformly bounded
in L?(R; ¢P) and we have

n

Wfn=> (B(ri) — B(re-1))ex.

k=1
Using (2.1) and Holder’s inequality, we obtain the inequality

n

Han||L2 Qury 7 ||anHLP(_Q ey = EZ |B(r) — B(rr—1)?
k=1

< DT = Zk*g*é

k=1

with constants only depending on p. Clearly the right-hand side diverges as
n — oo.

The problem of determining the class of Banach spaces X for which the
Fourier—Plancherel transform, the Hilbert transform, and the Wiener—It6
isometry do have bounded extensions has motivated a large body of pro-
found investigations. As a preview to some of the main threads in this book
we present the concise answers for these three operators.

Theorem 2.1.18 (Kwapienn). For a Banach space X the following asser-
tions are equivalent:

(1) the Fourier—Plancherel transform extends to a bounded operator on
L*(R; X);
(2) X is isomorphic to a Hilbert space.

Theorem 2.1.19 (Burkholder—Bourgain). For a Banach space X the fol-
lowing assertions are equivalent:
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(1) the Hilbert transform extends to a bounded operator on LP(R; X) for some
(equivalently, for all) 1 < p < oco;
(2) X is a UMD space.

In contrast to these two results, whose proofs require considerable effort, the
next one is fairly elementary.

Theorem 2.1.20. For a Banach space X the following assertions are equiv-
alent:

(1) the Wiener—Ito isometry extends to a bounded operator from L*(R,; X)
to L*(2; X);
(2) X has type 2.

The class of Banach spaces with the UMD property spaces will be studied in
Chapter 4. It contains the Hilbert spaces and the LP-spaces with 1 < p < co.
The notion of type will be discussed in Volume II (see also Subsection 4.3.b).
The spaces cg, £*, and all Banach spaces containing these as closed subspaces,
fail the UMD property and the type 2 property (and in fact have no non-trivial
type).

In Volume IT we shall see that bounded operators between L2-spaces always
do have a certain ‘Gaussian’ X-valued extension.

2.2 Interpolation of Bochner spaces

On various occasions we will need interpolation results for the spaces LP(S; X)
and operators defined on them. These will be collected in the present sec-
tion. For generalities on interpolation of Banach spaces and operators defined
thereon the reader is referred to Appendix C, whose terminology and results
we will use freely here.

Let (5,4, ) be a measure space. The vector space of all equivalence
classes of strongly measurable functions from S into a Banach space X, iden-
tifying functions which are equal almost everywhere, is denoted by L°(S; X).
Extending Proposition A.2.4 to the vector-valued setting in the obvious way,
if (S,.o7, ) is o-finite, then L°(S; X) is a complete metric space.

2.2.a The Riesz—Thorin interpolation theorem

Perhaps the oldest theorem on interpolation of bounded operators defined
on different LP-spaces is due to M. Riesz; its modern formulation is due to
Thorin.

Theorem 2.2.1 (Riesz—Thorin). Let X and Y be complex Banach spaces,
let 1 < po,p1,90,q1 < oo and let (So, o, o) and (Si, 9, 1) be measure
spaces. Let T : LP°(Sy; X) + LP1(So; X) — L°(S1;Y) be a linear operator
which maps LP°(Sp; X) into L% (S1; X) and LP*(Sy; X) into L (Sy; X). If



84 2 Operators on Bochner spaces
I T fll s (sisv) < Ajllfllzes(sosxy YV € LP(So; X) (j=0,1),
then for all 0 < 6 < 1 the operator T maps LP?(Sy; X) into L2 (S1;Y) and
T £l Lo (s13vy < Ay P AL fllvo(sosx)y  VF € LP?(So; X),

where

pe P m @ @ @

1 1-6 6 1 _1-6 0
+ =—+

The proof is based on the three lines lemma. Some background information
about vector-valued holomorphic functions can be found in Section B.3.
Consider the open strip

S:={zeC: 0< Rz < 1}.

Lemma 2.2.2 (Three lines lemma). Suppose that F : S — X is a contin-
uous function, holomorphic on S, and that

sup || F(i)|| < Ao, sup||F(1+ )| < A;.
veER vER

Then F is uniformly bounded on S and for all 0 < 6 < 1 we have

sup | F(0 + )| < A(l)*‘gAf.
vER

Proof. For each ¢ > 0 the function F.(z) = AZ 'A% exp(ez(z — 1))F(z)
satisfies the assumptions of the lemma with Ay = A; = 1. Moreover,
lim, 0 || Fe (v + #0)|| = 0 uniformly with respect to u € [0, 1]. Hence for large
enough R we have ||F.|| < 1 on the boundary of the rectangle fz € [0,1],
|$z] < R. The maximum modulus principle implies that ||F.|| < 1 on this
rectangle, and by letting R — oo we find that ||F.|| < 1 on S. The lemma now
follows by letting ¢ | 0. d

Proof of Theorem 2.2.1. If py = p1 = o0, then for all f € L*°(Sy; X) we have
Tfe L1(S;Y)NL%(S;Y) and therefore, by Holder’s inequality,

1T Fllae < ITFllgg "ITAIIG, < A~ AGIAIZIF 1% = Ao~ Afllf loe-

This settles that case pg = p; = co. In the rest of the proof we may therefore
assume that min{po,p1} < oo. This assumption implies that py < oco.
For z € S define p,,q, € C by the relations

1_1—z z 1_1—z z

p.  po pi 4. g 4

where q(, q}, ¢, are the conjugate exponents of qo, q1, ¢.. Let a : Sp —
X and b : 51 — X* be po- and p;-simple functions and define, for each
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z € S, the uo- and py-simple functions f, € LP°(Sp; X) N LP*(Sp; X) and
g. € LW (S1;Y*) N L% (Sy: Y*) by

a(so)
F2(50) = Liagso)zoyllalso)|P*/P: :
fals0) 70} lla(so)

s bs)
2(51) = Lyp(sy b(sy)| %/ % .

Then Tf, € L%(S;;Y) N L9 (S1;Y), and the function F : S — C defined by
FG) = [ (Tfog)dm
S1
is continuous on S, holomorphic on S, and for all v € R we have

|F(iv)] < Aol fivllpo lgivllgy < Ao||a||§z/p°||bugg/%

and similarly
|F(1+1iv)| < Aqlal2e/? ”ngz/ql‘

Hence by the three lines lemma,

| [ wenyam| =1r @)
S
_ _ 1_9 ’ ’ 9 ’ ’
< Ay A allgy e bl =" g P b

—0
< Ay~ Afllallp, 1bll; -

Taking the supremum over all p;-simple functions b € L (S1;Y*), by Propo-
sition 1.3.1 and Corollary 1.3.2 we obtain

—0
HTCL”qe < Atl) Aﬁna‘lm’

Since the po-simple functions are dense in LP?(Sp; X) (here we use that py <
00), this proves that the restriction of T' to the po-simple functions has a
unique extension to a bounded operator T from L??(So; X) into L% (Sy;Y) of
norm at most A} ~%A¢.

It remains to be checked that Tf =Tf for all f € LP9(Sp; X). To this end
Wwe may assume po < p1 and write f = 1{|‘f“>1}f—|— 1{”f‘|<1}f =: fo + fl and
observe that f7 € LPi(Sp; X) (j =0,1). If f,, — f in LP?(Sy; X) with each f,
po-simple, then, with obvious notations, fJ — f7 in LPi(Sp; X) and therefore
ffj = lim, 0o ff,{ = lim, 50 T'f) = Tf7 in L%(S;; X). As a consequence
Tf=TfO+Tf =T +Tf =TF. O
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2.2.b The Marcinkiewicz interpolation theorem

In certain applications the boundedness of operators on L? is readily proved
(e.g., by Fourier methods). In order to obtain boundedness on L? for 1 < p <
2, a strategy could be to try to prove boundedness on L' and then to use
the Riesz—Thorin interpolation theorem. It frequently happens, however, that
L?-bounded operators fail to be L'-bounded; this is rather the rule than the
exception. In such cases, the Marcinkiewicz interpolation theorem comes to
rescue. It states that, rather than checking boundedness at the endpoint L',
it suffices to prove a weaker bound in terms of the L'*-norm, often referred
to as a weak type (1,1) bound. At least as important is the fact that the
Marcinkiewicz interpolation theorem also covers sub-linear operators, such as
the Hardy-Littlewood maximal operator.

For a strongly p-measurable function f : .S — X and p € [1,00) consider
the extended real number

1 llzeoe(s5x) := sup r(u(ILF] > m)YP.

The space LP>°(S;X) is defined as the subspace of functions for which
| £l r.oe(5;x) is finite. This space is sometimes referred to as weak-LP(S; X).
Note that LP(S; X) C LP>°(S; X) and for all f € LP(S; X),

Il eoo(s:x) < N fllzees;xy-

This is immediate from r? 1¢ 1>,y < || f]|7.

Recall that L°(S; X) is the vector space of all (equivalence classes of)
strongly u-measurable functions f : S — X. If (So, %%, o) and (S1, 9, p1)
are measure spaces, a mapping T defined on a linear subspace E of L°(Sp; X)
and taking values in L°(S1;Y) is called sub-linear if for all f € FE and ¢ € K,

1Tl = || T(f)]] almost everywhere,
and for all f,g € F,
IT(f + DI < ITHI+T(9)]l almost everywhere.

Theorem 2.2.3 (Marcinkiewicz). Let X,Y be Banach spaces, let 0 <
po < p1 < oo and let (So, A, o) and (S1, 9, u1) be measure spaces. Let
T : LPo(Sp; X) + LP'(So; X) — L°(S1;Y) be a sub-linear operator that satis-
fies

ITfllrioesyyy < Ajllflloricsexy  Vf € LP(So; X)  (j=0,1),

where we interpret Lo := L. For all § € (0,1), let pp € (po,p1) be defined

by
1 1-6 6
+

Do Po yal




2.2 Interpolation of Bochner spaces 87

Then we have the estimates

An \N1-6 / A\ O
ITfllracsivy < @20, (12%) (G) I llLracsnx),

O ) W o csirn

o

/N
—_

T 1| oo (s15v) < (0, po, p1)

>

where

(0, po,p1) = {(F(pefpo+1)F(p0+1)>21:23 e D1 — Po }%
” I'(py) Y (p1—pe)(pe — po)

and

(0, po, 00) = {F(Pe ?O(LZ)(I)O +1) }ﬁ.

A case of primary interest for many applications is singled out in the following
corollary:

Corollary 2.2.4 (Marcinkiewicz, the case py = 1, p1 = o0). Let X,Y
be Banach spaces, let (So, , po) and (S1, 9, p1) be measure spaces and let
T : LY(So; X) 4+ L>(Sp; X) — L°(S1;Y) be a sub-linear operator that satisfies

[Tl Lre(siiv) < Bpllfllzesoxy V€ LP(So; X)) (p=1,00),

where we interpret Lo := L. For all p € (1,00), we then have the esti-
mates

1 /
ITfllzr(sivy < 2By PBYY || fllo(s0:):
1 /
ITfll oo (s0:v) < B/ BYPBYP | £l Lovoo (50:x)-

The constants p’ in these inequalities are sharp. This fact will be proved in
the next chapter (see Proposition 3.2.4 and the observation preceding it).

Proof. This is the case pg = 1, p; = oo of Theorem 2.2.3. Thus p = py with
1/p=(1-6)/146/00, so that § = 1/p’. Then

()G s

wd _(To-DI@nVe _ 1\
c(p,1,00) = {W} = (lﬁ> .
Hence
o (125) (B - (52) M

= (p’)l/p“/p/Bll/pB}x/)p, — p’Bi/pB;épl,

as claimed. O
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The proof of Theorem 2.2.3 rests on the following decomposition lemma:

Lemma 2.2.5. For f € LP(S; X) or f € LP*(S; X) and A > 0, consider the
splitting L

f=m"+h
where

= (- IIfH) L{ifI>a)s

=1 1{\|f|\<A}+/\||fH LTIESYE

For 0 < py < p < p; < oo, these satisfy
I(po+1)I'(p — po)

AP—Po—L{| £A|IPo )\ — ,
| For A1
N (2.5)
/ PN P Rl dy = 2
0 pP1—
as well as I DI )
s Do + D — Po
1B < T AP F{[7 00
(p) (2.6)

AR < - pA”l TP e

moreover, we have || flloo < A.

Observe that we have identities in the strong cases and estimates in the weak
cases, but the constants on the right side are equal in both cases. The fractions
involving the I" function will arise from the following standard formulae:

v _ I'(a)(B) < gyt
o _.\B _ _
/0 u® (1 — ) 1du*]"(a—|—,6’) 7/0 (1+u)a+ﬁdu, a, 8> 0.

If one is not interested in the specific quantitative form of the bounds in the
lemma and then in Theorem 2.2.3, the simpler splitting

F=+hHh P =F g Hh=1 g

would work just as well.

Proof of Lemma 2.2.5. For the first identity in (2.5), we have

(o) e}
[ e iPigan= [Tt [ - deas
0

-/ / AP £ = AP dAdp

=gy [
0

I'(p —po)I'(po +1)
I'ip+1) ’

= pllfII3
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and the proof is completed by using I'(p+1) = pI'(p). For the second identity
n (2.5), we compute

/ PP B[ dA = / APt / (L1 A NP dprd
0 0 S

I£1 o0
:/ (/ p)\p_ld)\—i—/ pAPTPIL| £ |P d)\) du
s o 171

p P1
— fp(1+ ): Fle—2
I £115 p— | H”m—p

Concerning the weak inequalities (2.6), we have

R e A+t)d
XA /(Hfll MY /opot udllFlf > A+t)de

pot?° > pouPot
< prco Ty du - NP e
| = [ 171

F(pO)F(p pO) Po—P
) =00 sons) .
I'(po +1)I'(p — po)

— \Po—P pm,

and

~ oo
1A N5 Z/S(||f||/\>\)p1 du=/ pit" ([ fI AN > 1) dp
0
A A
:/ pit” (| £l >t)dt</ Pt TP f e dt
0 0

— P21 y\m-p .
P i 11 /8

The bound for || fi]|e is obvious from the definition. O
Now we are ready for:

Proof of the Marcinkiewicz Interpolation Theorem 2.2.5. Let a > 0 be an
auxiliary parameter to be chosen later and write p = py for brevity. For
f € LP(Sp; X) or f € LP°°(Sy; X) and every A > 0, we make use of the
splitting _ _

f = fa)\ + fcx)\
from Lemma 2.2.5, but on the level @) in place of A. For the level sets {||T'f|| >
A}, we then make the estimate

u(ITF11 > A) < pa(ITFA > 00A) + pa (1T fanll > 013),

for positive numbers 6y + 61 = 1 also to be chosen. With this general strategy,
we then consider several cases in turn.



90 2 Operators on Bochner spaces

Case p1 < 0

For the strong inequality, we have

dA

177 = [ pemTr > 2 S
0

e ~ ~ dX
< p/ Ny (|TFM > 00A) + p1 (| T farll > 010)] ~
0

gp/ APKHA(;\) U\If“*Hf;g + (%)leﬂﬂgﬂ @
_ {(x;;)>poapo_pr<p—p;>(§)<po +1) (52" D11,

where the last step follows from (2.5) after simple scaling. Similarly, in the
weak case with p; < co, we obtain

ITf 7000 = sup N pa (| Tf[| > A)
A>0

< sup N (T > 803) + (1T foall > 01
>

<o [(28)" g+ () el
4(%) apo_pr<p—p;>(£)<po+1> (1;111)““]9 ”pl}ufan

where the last step is a consequence of (2.6).
Optimising in « > 0, we find the root of the derivative

o (F(p —po+ 1)I'(po + 1))1/(1017170) (ﬂ)po/(m—po) (é)*m/(z’ﬁpo)
pil'(p) to 61

which, upon substitution to the preceding estimates, and making the optimal
choice 6y =1 — 0, §; = 0, gives the claimed bounds (2.4) for p; < cc.

Case p1 = o0

If p; = oo, we choose @ = 61/A;. Then Hfa)\HOO < a\ = M1 /A;, hence
1T forlloo < A1llfarlloo < 01X, and thus the part involving py (|| T fax > 61A) =
0 is now absent from the computations. Running the same computations as
for p; < oo, we then arrive at

A Po —
51 < (52) am-r LOZ2OLO0 D)
Ag\ro (Ap\p=Po I(p—po)'(po +1)
(R Gy ety

and exactly the same bound with all LP norms replaced by L?*°. Choosing
6o =1—0, 6, = 0 as before, we arrive at the claim (2.4) for p; = oo. O
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2.2.c Complex interpolation of the spaces LP(S; X)

For interpolation couples (Xo,X7) of complex Banach spaces, the com-
plex interpolation method is introduced in Section C.2. For any measure
space (S,47,u) and any choice of exponents 1 < pg,p1 < o0, the pair
(LPo(S; Xo), LP1(S; X1)) is an interpolation couple as well (both embed into
the metric space L°(S; Xo + X1); see Example C.1.2), and we have the fol-
lowing representation of their complex interpolation spaces.

Theorem 2.2.6 (Complex interpolation of the spaces LP(S;X)). Let
1<po<pr<oworl<<py<p=o00,andlet0 <6 < 1. For any in-
terpolation couple (Xo, X1) of complex Banach spaces and any measure space
(S, 9, 1) we have

[L70(S5 Xo), L7 (S; Xa)le = L7 (S5 [Xo, X1ls)

. . . 1 _ 1-6 0
isometrically, with 2e = 2o T or

The proof will be based on the following approximation result.
Lemma 2.2.7. Let X(Xy, X1) denote the complex vector space of all p-simple

functions f : S — XoNXy. Under the assumptions of Theorem 2.2.6, the space
Y (Xo, X1) is dense in both LP?(S;[Xo, X1)e) and [LP°(S; Xo), LP*(S; X1)]e-

Proof. Density in the space LP?(S;[Xo, X1]g) is a consequence of Corollary
C.2.8, so it remains the result for [LP°(S; X)), LP*(S; X1)]s.

We know that L?°(S; Xo)NLP1(S; X7) is dense in [LP°(S; Xo), LP*(S; X1)]o
by Corollary C.2.8. Thus, given an f € LP°(S; Xo) N LP*(S; X;) and an £ > 0
it suffices to find g € X(Xy, X1) such that

1f = 9llizro (8;x0),Lr1(8:X1)]p < E-

We begin by noting that if 15, 1 1 p-almost everywhere on the set {f # 0},
then by (C.1)

|f - 1Sw,f\|ilf(s;xo)\|f - 1Sn,inP1(S;X1)

|f - lsﬂ,leL;oe(s;XO)Hf”GLPl(S;Xl) — 0,

Ilf — 1s, fllizro (s:x0),271 (5:x1))s < |
<

where we used that py is finite. Taking S, := {|| fllx, = L} it follows that in
the rest of the proof we may assume that f has support in a set S’ of finite
measure. One can check that for such functions it holds that

1 lizro (six0),271 (s:x1)10 = 1fIl[LP0 (575%0), 271 (873X1)]6 -

Almost everywhere on S’, f takes values in Xo N X;. We will show that f
is strongly p-measurable as a function with values in Xg N X;.
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Indeed, it is immediate that X3 + X7 is norming for Xy, N X5, and for
x* € X§ + X7 the function (f,z*) is p-measurable. Also, by the strong p-
measurability of f in Xy and X; there are separable subspaces X{, C Xy
and X7 C X, such that f takes values in X N X{ almost everywhere. This
intersection is separable in Xy N X: for if we cover X, and X with countably
many balls By ; and B, ; respectively of prescribed radii § > 0, then the sets
B;; := By,; N By,j cover X; N X| and are contained in Xy N X;-open balls of
radius 24. This allows us to pick, for any given § > 0, a countable 2é-net in
XN Xjy.

We are now in a position to apply the Pettis measurability theorem and
conclude that f is strongly u-measurable as a function with values in XoN Xj.
Therefore we can find a countably-valued function g : 8" — Xy N X5 of the
form g(s) = 3"~ 15, (s)xx with disjoint By C S” such that

If = gllzee(sr:x0nx,) <€

Set Cy = U§:1 By. Then 1¢,g is p-simple and therefore it belongs to
Y(Xo, X1). Using (C.1) we may estimate

-0
”f - 1Ckg||[L‘"0(S X0),LP1(S;X1)]0 X Hf 1Ckg||ipo(s/;xo)”f - 1Ckg||%P1(S’;X1)'
For k large enough,
Ilf —1c,gllzro(sixo) < IIf = glloro(srix0) + 119 — LegllLro(s7:x0)
S SV = gl srixy) +& < e(u(S)VP +1).

Also,

If —Lc,glloe six) < Nflloecsiixy) + 19lloe (svix0)
I fllzer (six0) + 119 = Fllzer (s7:x)

<
<2
< 2||fHLPl(S/;X1) +5,LL(S/)1/p1,

Putting together these three estimates, for large enough k we obtain the bound
I1f = Lewgllipeo (sixo).Lon (six0)le
<SP+ )P0 QIf e (srix,) + en(ST) )
from which the density follows. U

Proof of Theorem 2.2.6. We will write p = py for simplicity. In view of Lemma
2.2.7, to complete the proof it suffices to prove the equality of norms

HfH LPo(S;X0),LP1(S;X1)]le — Hf”LP S;[X0,X1]0) (27)

for functions f € X(Xo, X1).
For the rest of the proof we fix a non-zero f € X(Xo,X;), say f =
ZT]:[:I 14, ® x, with A,, C S measurable and disjoint and x,, in Xo N X;.
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We first prove the inequality ‘<’ in (2.7). Fix € > 0 arbitrary. For 1 < n <
N we pick functions h,, € #(Xo, X;) such that h,(0) = z,, and

1l (x0.30) < (L E)l2nlx0.x.06-

Consider the p-simple function g : S — J#(Xo, X1), g = 25:1 14, ®hy, and
define the continuous function F : S — LPo(S; Xy) + LP*(S; X;) by

||f(8)\\}p(%*%><9 2)
£l

(F(2))(s) i= (9(s))(2)]

, se S,

writing
[FON =1 ixo.x1760 1l = 1 fllze(s:1x0,X176)

for brevity. This function is holomorphic on S and satisfies F(0) = f(6).
Moreover, v — F(iv) and v — F(1 + iv) are continuous as functions with

values LPo(S; Xo) and LP*(S; X;), respectively. Noting that Gppo(— — p%) =
—ppo(* - p%) = p — pp we obtain
|£(s)||7P 55— 57)(0=iv) | po
F(iv)||55 / H } du(s
|| ( ||L O(SXO ”pr Xo ( )

B e LI
fz / i), )

, O
(1+9) Zn Mo, [, T

n

plfI
1+e / o) e o)

= (L4 fII5°-

Similarly,

IF 1+ @)l Le (six0) < (L) lp-
From these estimates we infer that F € J€(LP°(S; Xy), LP*(S;X1)), so f €
[LP0(S; Xo), L (S5 X1))]e, and

1 llzro (s5x0),271 (8:x1)]0 < 1F (L0 (55x0), 271 (8:x1)) < (L €)|f]p-

For the proof of the inequality ‘>’ in (2.7), let again f € X (Xo, X3 ) e
given and pick a function F' € 5 (LP°(S; Xo), LP*(S; X1)) such that F(0) =
By Lemma C.2.10 and Hélder’s inequality (applied with % = J + pi)

Jensen’s inequality and (C.4),

1< ([ [125 [ Il ro.n ™ aus) "
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1 0/p1

x (/ [5 /oo I(F(1+ it)) ()] x, P1 (6, 1) dt]’“ du(s))

/ / s)|1% Po(6,t) dt dpu(s ))<1—9>/p0
0/p1
/ / F(1+it)) ()Ilﬁlpl(e,t)dtdu(s))

SUP HF(W)HLP (5:X0) " SUP IF(L+ i) 70 (5.x,)
< max { sup || F(iv)||(Lro (s;x0), SuP || F(1 + iv)|| (£e1 (5:x1) }
vER vER

< Fll e (o (5:x0), 171 (S:X1))-

Taking the infimum over all admissible F' it follows that

Hf”p ”f”[LPO(S X0),LP1(S;X1)]e"
This concludes the proof of the theorem. O

Example 2.2.8. As an application, let us prove that if T is a bounded operator
on LP(S) for some 1 < p < 2, then T® I x has a bounded extension to L?(S; X)
when X = LY(T) for all 1 < p < ¢ < 2. A slightly less general statement was
asserted without proof in the remark following the proof of Proposition 2.1.2.

First of all, T'® I'» () has a bounded extension to LP(S; LP(T')) by Propo-
sition 2.1.2. Also, T ® Iy2(7) has a bounded extension to LP(S;L*(T)) by
Theorem 2.1.9. For p < g < 2 these extensions interpolate, by complex
interpolation, to a bounded extension of T'® Ipq) on LP(S;LYU(T)) =
[LP(S; LP(T)), L*(S; L*(T))]s, where 6 € (0,1) is determined by 1/q¢ =
(1-0)/p+6/2

As a second application we present a neat proof by interpolation of the Clark-
son inequalities.

Corollary 2.2.9 (Clarkson inequalities). Let (S, 7,u) be a measure
space.

(1) For all1 < p< 2 and f,g € LP(S5),
1 1 1
(I1F +gllp + 1F = gl < 27 (115 + Ngllp) ™

and
(L +glly + 11 = glp) 7 <22 (IFI1E + Nlgls) 7.
(2) For all2 < p < oo and f,g € LP(S5),

(1f + gy + 11f = glip)» < 2V (IF 115 + Nlglp) /™

and
(Lf+ gl + 1L = glD)VP < 2YP(IFI1E + lglp )P
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Proof. We shall prove the two inequalities in (1); the inequalities in (2) may
be proved similarly.

Let 1 < p < 2. On the spaces L"(S) @, L"(S) = ¢"({1,2}; L"(5)) we
consider the operator

Then |T|; = 2 and, by the parallelogram identity, ||T||s = +/2. Writing

% =104 8=1-2 (sothat 0 = ;), by Theorem 2.2.6 we obtain

IT]l, < 2122 V2P = 1=/ g1/,
This is the first inequality in (1). To prove the second inequality we note that
IT(f; Dl sy rr(s) = max{[Lf + gl [1f — gll1}
< fll+ gl = [1CF 9z sy@rpas)-

Note that L*(S) &, L'(S) = (7({1 2} Ll( ) and similarly L?(S) @o L2(S) =
({1,2}; L*(S)). Writing = *7 = 150 (so that § = 2(1 — 1/p)), by
Theorem 2.2.6 we obtain

||T||Lp(S)@pr(S)*>LP(S)®p,LP(S) < 11—9\/5 — 21—1/P — 21/13/.

This is the second inequality in (1). O
Complez interpolation of real Banach spaces

There are instances where one would like to use the complex interpolation
method in the context of real Banach spaces. This happens, in particular, in
applications of interpolation in the theory of partial differential equations with
real-valued coefficients, where complex interpolation enters in the identifica-
tion of fractional powers of differential operators. In view of the fundamental
result (Corollary C.2.8) that if (Yp, Y1) is an interpolation couple of complex
Banach spaces, then the intersection Yy NY; is dense in [Yp, Y1)y, a natural
definition can be given as follows.

Suppose that (X, X1) is an interpolation couple of real Banach spaces,
and let Y; be the complexifications of X; for i = 0,1 (these are unique up to
an equivalent norm). We may then define

¥,V

[Xo,Xl]g = XO N Xl[ o 1]9.

As a real-linear subspace of the complex Banach space [Yp, Y1]g, this is a real
Banach space in a natural way. For example, we have

[LP°(S;R), LP*(S;R)]e = LP°(S;R)

up to an equivalent norm, provided 1 < pg,p1 < oo and =— 2 = =0 4 z% as

usual; this identification is isometric if one complexifies LP¢ (S ;R) using the
natural norm of L??(S;C).
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2.2.d Real interpolation of the spaces LP(S; X)

Having dealt with complex interpolation between LP°(S; X¢) and LP*(S; X1),
we now turn our attention to the real interpolation of these spaces. We recall
from Section C.3 that for any interpolation couple (Ey, E7) of Banach spaces
one has

(E07 E1)0,p = (E07 El)e,po,zn

with equivalent norms, where (Ey, E1)g,p is the usual real interpolation space
(with 1 5= 1 =6 4 z%) and (Eo, E1)g,p,,p, 15 the interpolation space obtained
by the so- called second mean method; see Theorem C.3.14. The use of the
latter space turns the isomorphic identification in the next theorem into an

isometric one.

Theorem 2.2.10 (Real interpolation of the spaces LP(S; )) Let 1 <
po < 00 and pg < p1<oo,let0<9<1,andsetp9 = p0+p—1.For
any interpolation couple (Xo, X1) of Banach spaces and any measure space
(S, 9, 1) we have a natural isometric isomorphism of Banach spaces

(LP°(S; Xo), LP(S; Xl))&po,m = LP*(S; (Xo, X1)9,po,p1)-

The proof of Theorem 2.2.10 is based on an analogue of Lemma 2.2.7, a proof
of which is obtained by repeating the proof of this lemma verbatim, the only
difference being that we use the log-convexity estimate of Lemma C.3.11 and
the density result of Lemma C.3.12 instead of the log-convexity estimate (C.1).

Lemma 2.2.11. Under the assumptions of Theorem 2.2.10, the space of all
w-simple functions f + S — XoNXy is dense in (LP°(S; Xo), LP' (S5 X1))0,po.p1 -

Proof of Theorem 2.2.10. We set p := pg and Y := L?i(S; X;) for j € {0,1}.
Observe that the p-simple functions with values in Xy N X; are dense in both
LP(S; (X0, X1)6,po,p:) (by Corollary C.3.15) and (Yo, Y1)s,p (by Lemma 2.2.11;
the finiteness of py is used here). Therefore, by a Cauchy sequence argument,
one sees that the theorem follows as soon as we have proved the norm estimate
for an arbitrary p-simple function f: .5 — Xg N Xj.

Step 1 — In this step we prove the inclusion “C”.

Referring to the definition of (Ey, E1)gp,,p, in Appendix C, choose a
strongly measurable function u : (0,00) — Yy N'Y; with the following proper-
ties:

() ts 1% (t) belongs to LPi (R4, 4 Y;) for j € {0,1};
) f= fo (t) &t with convergence of the improper integral in the norm
Of YO + Yl

By Proposition 1.2.25, for almost all s € S we have f(s) = [~ u(t,s) & with
convergence of the integral in Xo + X7, with u(¢,s) := (u(t))(s). By Lemma
C.3.11 we obtain, for almost all s € 5,
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||f(8)||(X07X1)9,p0=P1

) —0 -0 0
<t 0t ) 150wy I 80| o, gy

Then by Holder’s inequality (with 1% = 1;09 + Ifl) and Fubini’s theorem,

(1*9)/170
st < (1= 00Dy 05)

9/?1
(L 10N o,y )

([ [1em utsig ans T
([ e et ol ans )"

0
= [t = 7%t Mg e, ary,)

1-6
X ||t —t ( )HLm (Ry,4t5y7)"

Taking the infimum over all admissible u in the representation for f, another
appeal to Lemma C.3.11 concludes this part of the proof.

Step 2 — In this step we prove the inclusion “2” part. By assumption we
have f = ZnN:1 14, ® x,, with disjoint sets A,, € o7 satisfying u(4,) < oo
and non-zero elements x,, € XoN X;. Fix € > 0. By Definition C.3.10 for each
n we may choose a Strongly measurable function w, : (0,00) = Xo N X7 such
that x,, = fo un(t) 4 with convergence of the integral in X, + X1, and

||tj_9 )HLPJ (R, 4t T LX) = (1 + 8)”3?71” (X0:X1)0.20.71

for j € {0,1}. Set
)

Un(t) = un(tHan(VXg,Xl)

where the exponent v will be chosen shortly. Then

/ vn(t)ﬁ:/ un(t)g::cn,
0 t 0 t

, for j € {0,1} we obtain

0,p0,P1

and, substituting 7 = t||acn||l(’XO,X1)9,pM1

i—6 oV, o dEN1/p;
It 800 Ollmsa, ey = ([ 0 o1, )

(0—j)w o0 (j—0)p; p g 1/p;
= Hxn” (X0,X1)0.p0, pl(/o TV pJHu (r )H J -

<Ml % (4 2)lenl o x000.0.0

0—j)v+1
(1 —+ S)HZ‘nHEXUJXl)S P0,P1
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We now take v := p(— — ;T) this choice gives ((6 — j)v + 1)p; = p. Putting
things together and using Lemma C.3.11 once more, we obtain

||fH(Y07Y1)9 P0sP1 HZIA Tn

n=1

Hth "ZlA vn()‘

n=1

Ht s 1170 Z 14, vn(t ‘

(Yo,Y1)e,pg,p1

1-6

Lpo(Ry,5E;Y0)

Lr1(Ry,4:v1)

(1-0)/po
—9
~ (A 0O, )
N 1_0 9/?1
(A 0 O )
n=1 '

1/p
(1+¢) (Zu |$nH(X0,X1)e,po,p1>

=1+ 5)||fHLP(S;(X07X1)9,po,p1)'

2.3 The Hardy-Littlewood maximal operator

In the analysis of functions defined on the Euclidean space R?, the Hardy—
Littlewood maximal operator plays a distinguished role. The maximal oper-
ator itself is sub-linear, but it is useful as a universal majorant for various
classes of linear operators. The classical definition of the maximal operator
immediately extends to the context of vector-valued functions simply by re-
placing the absolute values by the norms:

1
wm:gﬁﬂmw:gwéwwm, (2.8)

where the supremum is taken over all Euclidean balls B that contain x, and
the ‘average integral’ notation
f,= ),
5 |Bl/g

is handy to simplify writing. It is easy to check that an equivalent operator
(one that differs at most by a multiplicative dimensional constant) is obtained
by replacing balls by cubes, either arbitrary or ones parallel to coordinate axes.
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Likewise, the condition that the balls or cubes contain x may be replaced by
requiring that they be centred at x, changing the value of M f(z) at most by
a multiplicative dimensional constant.

Since

Mf(x) = M([|fllx)(2) ad [[fllLe@ex) = [Ifllxllzr@a),

all boundedness properties of M on the Bochner spaces LP(R?; X) can be
immediately deduced from their scalar-valued analogues on LP(R%). Never-
theless, for completeness, we provide a self-contained approach here, although
it essentially repeats the well-known arguments from the scalar case.

Lemma 2.3.1 (Vitali covering lemma). Let B be a finite collection of
balls in R, Then there is a disjoint sub-collection %By such that each B € A
is contained in some 3B’, where B’ € %By; here 3B’ is the ball with the same
centre and 3 times the radius of B’.

Proof. We proceed by induction on the number n of balls in the collection 4.
If n = 1, the claim is trivial with %y = 4. If the claim is verified for some n,
let Z be a collection of n + 1 balls, and let B’ := £\ {By}, where By is any
ball in £ of minimal radius. By the induction assumption, there is a disjoint
sub-collection %) C %' such that each B € %’ is contained in 3B’ for some
B’ € #),. There are two cases:

If By is disjoint from each B’ € %), then B := B, U{ By} is a required sub-
collection. Otherwise, By intersects some B’ € 4|, which is at least as large
as By by construction. Then it follows that By C 3B’, and hence %, := %,
is already a required sub-collection. O

When w € L°(R?) is a non-negative function, we shall write
LP(RY, w; X) := LP(RY, w(z) dz; X)

and, for Borel subsets B C R,

w(B) ::/Bw(x) dz.

Theorem 2.3.2 (Hardy—Littlewood maximal theorem). Let M be the
Hardy-Littlewood maximal operator as defined in (2.8) and let w € L°(R?) be
a non-negative function.

(1) If f € LY(RY, Mw; X), then for all t > 0,
tw({Mf>t}) = t/ w(y)dy < 3d||fHL1(JRd,Mw;X)~
(Mf>t}

(2) If f € LP(RY, Mw; X) with 1 < p < oo, then

1
1M £l Lo (re ) < Bd/pp/Hf”LP(Rd,Mw;X)a -+—-=1
p
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Proof. We first consider (1). By definition, for every = € {Mf > t}, there
exists a ball B 3 x such that f, || f|| > ¢t. If K C {Mf > t} is compact,
it can covered by a finite collection Z of such balls. Let %, be a disjoint
sub-collection as provided by the Vitali covering lemma. Then

w(K)<w< U B) gw( U 33)

BeA BeRBy
w(3B) 4
< E 3¢ B
Be%B,

) 31
< i -
&Y wae [ e

BeZAB,

d d
S 37 Z / ||f(y)HMw(y) dy < 37||f||L1(Rd,Mw;X)a
BeRBy B
(2.9)
where (x) follows from the choice of B along with the fact that for all z € B
we have () (3B)
w w
MeG) =30 TT 2 Tl

Since (2.9) holds for all compact subsets K C {Mf > t}, it also holds for
{Mf >t} in place of K.

We turn to (2) for p = oo. If w(z) = 0 for Lebesgue-almost every = € R9,
the left side is zero and there is nothing to prove. Otherwise, it easily follows
that Mw(z) > 0 at every z, simply by considering a ball B 3 x large enough
so as to include a part of positive measure of {w > 0}. It is immediate that
M f(x) < [ fllLo(re,x) at every point = € R?, and therefore

1M £l oo (Rt s x) < Ml Loe etsxy < NI oo (e, Mws x) 5

proving (2) for p = oco.

Finally, the remaining case of (2) for p € (1,00) follows from the end-
point cases already considered via the Marcinkiewicz interpolation theorem
as formulated in Corollary 2.2.4. g

2.3.a Lebesgue points and differentiation
By Li .(R% X) we denote the space (equivalence classes of) of functions f :
R? — X that are locally integrable, i.e., integrable on every compact subset
of R?. The following class of points related to a locally integrable function is
useful, since various pointwise approximation properties holds true in these
points:

Definition 2.3.3 (Lebesgue points). A point x € R is called a Lebesgue
point of the function f € Li _(R% X) if

loc
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1mgénﬂw—fumdy=a

where the limit is along all balls B containing x with |B| — 0.

For any Lebesgue point € R? of f one has

As a simple corollary to the Hardy—Littlewood maximal theorem we have
the following:

Theorem 2.3.4 (Lebesgue differentiation theorem). If f € L (R% X),
then almost every v € R? is a Lebesgue point of f.

Proof. Since the result is local in nature, it is easy to see that it suffices to
prove the theorem under the stronger assumption that f € L'(R?; X). Let

Af(z) :=limsup £ |[f(y) — f(x)[|dy.

Then it is immediate that Af(z) = 0 if f is continuous at z, and Af(z) <
M f(z)+||f(x)| at every point . The theorem asserts that Af(x) = 0 almost
everywhere. We will show that {Af > ¢} has measure zero for every ¢ > 0,
which proves the claim. To this end, use density (see Lemma 1.2.31) to pick
g € Ce(R%; X) such that ||f — g||1 <, for a given § > 0. Now

Af =A(f—g+9) < A(f—9)+Ag<M(f—g)+[If —gll +0,
and hence
{Af > el <HM(f—g) >e/2H + [{IIf —gll >e/2}

L2y 2
If = g||1+*||f gl < = (3d+1)5-

Since ¢ > 0 is arbitrary, we have shown that [{Af > €}| =0, as claimed. O

In dimension one it is sometimes desirable to have the following one-sided
version of the Lebesgue differentiation theorem:

Corollary 2.3.5. If z is a Lebesque point of a function f € Ll (R; X), then

it [ W - sl =t [ 1w - r@a=o

hi0 h hi0 h
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Proof. Considering I = (x — h,x + h), so that % = ‘% the result for 5 ngh
is immediate from

1 x+h
5[ = sy < o 1) - f@)a.

The result for % f;—m follows by the same argument. d

As a variant of the same proof technique as in Theorem 2.3.4, we also provide
the following general existence result for pointwise limits. We shall have an
opportunity for its application in a concrete situation in our development of
the theory of martingale transforms in Chapter 3.

Proposition 2.3.6. Let (S, X, ) be a measure space. Let p € [1,00) and
suppose that (T),)n>1 s a sequence of bounded linear operators from X to
LP*>°(S;Y) such that, for some constant C' > 0 and all v € X,

I lim sup | T,y | oo 5y < Cllall.

Suppose furthermore that there is a dense linear subspace Xo of X such that
for xg € X,

Txo(s) := nhﬂn;Q Thxo(s) exists for almost all s € S. (2.10)

Then T uniquely extends to a bounded linear operator from X to LP*°(S;Y’)
of norm < C and (2.10) holds for all x € X.

Remark 2.8.7. For later use we observe that the proposition remains true for
doubly indexed sequences (Ty,.5)m,n>1 When passing to the limit m,n — oo.
This can be seen by repeating the proof mutatis mutandis.

Proof. For x € X define the oscillation Ox : S — Ry by
Oz(s) = limsup limsup [|T,z(s) — Tz (s)]]

n—roo m—r

and note that Ox < 2sup,,»4 || T2| pointwise. We claim that for all z € X,
Oz = 0 almost everywhere. In order to prove this it is enough to show that
w(Ox > ¢e) = 0foralle > 0. Since for all 2y € X, Oxy = 0 almost everywhere,
it follows from the triangle inequality that

Oz < O(x — x9) + Oxp < O(z — x9) < 2sup || T (x — x0) |-
n>1

From this and the assumption we find
2rge

H(Ox > ) < p(2sup T,z = o) > &) < “ = ol
Taking the infimum over all zy € X, we find the required result.

From the claim we see that for each x € X, (T,z),>1 is a Cauchy se-
quence in Y almost surely and hence converges to some function 7Tz almost
everywhere. The operator T' defined in this way is linear and its boundedness
follows from the almost everywhere inequality ||Tz|| < limsup,, , ., [|[Thz|. O
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2.3.b Convolutions and approximation

As applications of the Lebesgue differentiation theorem, we shall develop some
useful approximation results involving the convolutions

b f@) = [ ora—nan o) = Zo(Y)

As a warm-up, we recall from Proposition 1.2.32 that if f € LP(R?; X) for
some p € [1,00), and ¢ € L'(R?), then ¢. * f — csf in LP(R%; X) as € | 0,
where ¢g := [, #(y) dy. Here we turn to the slightly more delicate pointwise
convergence issue:

Theorem 2.3.8. Suppose that f € L _(R% X) and ¢ € L'(R?), and let = be

loc
a Lebesgue point of f. Then the convergence

lsifol Pe * f(x) = cpf(z),  cpi= /Rd o(y) dy,

takes place under either of the following additional assumptions:

(1) ¢ is bounded and compactly supported, or
(2) the least radially decreasing majorant of ¢ is integrable, namely,

2+ ®(z) := esssup |p(y)| belongs to L' (RY), (2.11)
lyI>]z]

and in addition M f(z) < co.

The condition M f(x) < 0o is automatically satisfied at Lebesgque points x for
any f € LP(R%; X)), whatever the value of p € [1,00].

Of course, a sufficient condition for (2.11) is the existence of any radially
decreasing majorant for ¢ in L'(R?); as a typical example, the estimate

|6(y)| <O+ [yl)~**
will do.

Proof. Recalling (1.4), in both cases we want to show that

Foim [ 10llf @ - 20) - Fla)] dy
Rd
converges to zero as ¢ | 0.

In case (1) this is immediate, since |¢| < C1p,/|Bo| for some large enough
ball By centred at the origin, and hence

F. < C]{BU If(z —ey) = f(o)ll dy = C]é+€BO 1f(z) = f()ll dz =0,
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as x + €By is precisely a family of balls as in the Lebesgue differentiation
theorem.

For case (2), we argue as follows. Since ¢(z) depends only on |z| of which
it is a decreasing function, we may express it as

&(2) = /[| )

for some positive measure p on Ry. Then

R [ oWl =) - @)l ay
-/ ) /m@ 7@~ 2y) — £(@)]| dy) du(t) (2.12)
= [moai(f 156 - s av) ane)

The term in parentheses is bounded by M f(z) + ||f(z)|| uniformly in ¢ and
t, and it converges to zero as € — 0, for every fixed ¢. Thus F. — 0 follows by
dominated convergence, observing that

/ |B(0,t)| dp(t) / / dz dp(t)
Ry Ry Jz|<t
/ / dzf/ P(z)dz < o0
Rd I I’ Rd
by assumption.

To prove the final claim of the theorem, let f € LP(R%; X) for some p €
[1,00], and x be a Lebesgue point of f. By the definition of a Lebesgue point,
there exists an € > 0 such that

£ 156 - @l ay <

whenever B 3 z satisfies |B| < ¢, and hence §, || f|| dz < [|f(z)|| + 1 for all
such balls. On the other hand, if |B| > ¢, then

(2.13)

]é £ @)l dy < IBIZYPfllp < P -
It follows that M f(x) < max(||f(z)| + 1,677 f|l,) < oo, and the proof is
complete. O

From the previous proof we can also extract the following useful estimate:

Proposition 2.3.9. For f € L. (R4 X) and ¢ € L'(R?) with decreasing
radial majorant @ as in (2.11), we have

sup g * f(2)|| < |91 M f(x) Ve R
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Proof. Since we may redefine f(x) = 0 at the single point x without altering
either the left or the right side of the claim, the bound is an immediate con-
sequence of (2.12) and (2.13) (note that both estimates do not depend on x
being a Lebesgue point or not). O

2.4 The Fourier transform

This section takes up the study of the vector-valued Fourier transform. This
is an entire subject in itself, and the present presentation is limited to those
elements of the theory that are needed in later chapters. In particular, we
limit ourselves to the case of R%; much of what we will have to say in the next
three subsections has analogous formulations for the torus T¢.

As the Fourier transform involves the multiplication of vectors in X with
complex exponentials, throughout this section we shall assume that all Banach
spaces are complex.

Definition 2.4.1 (Fourier transform). The Fourier transform is the oper-
ator F : LY(R% X) — L®(R% X)), f > f, defined by

o~

FHO =10 = | fl@e e, (R

The inverse Fourier transform is the operator # 1 : L}(R%; X) — L*°(RY; X),
f— f, defined by

FHf(x) :zf(x) = y f(&)erm iz de, z € R

The latter is simply a name for the moment, but will receive justification
shortly. Both the Fourier transform and the inverse Fourier transform are the
tensor extension of the corresponding operators on L (R%), which is seen from
the fact that on the dense subspace L!'(R%) ® X of L'(R%; X) one has

N R N
n—1 n=1

and similarly for the inverse Fourier transform.

Writing _
fC)=1(=)
for the reflection of a function f, it is immediate that
F=)r=F" F=F =), (2.14)

from which it follows that “any” reasonable property of the transform f — f
has a counterpart for f — f.
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Remark 2.4.2. Observe the use of the factor 27 in the exponential functions
n (2.14). This is the harmonic analyst’s convention, which has the advantage
that no powers of 27 appear as pre-factors in the inversion formula.

As we shall see, as a rule L'-results for the scalar Fourier transform extend to
the vector-valued setting, but L2-results do not, unless X is a Hilbert space.
An example of the former is the Riemann-Lebesgue lemma, which asserts that
the Fourier transform maps L!(R%; X) into Cy(R%; X), the space of continuous
functions f : RY — X which satisfy lim |, f(z) = 0.

Lemma 2.4.3 (Riemann—Lebesgue). Let X be any Banach space. For all
f € LYR% X) we have f € Co(REG X) and || flloo < || f|l1-

Proof. The estimate is immediate by moving the norm inside the integral. To
see that f is continuous, it suffices to observe that & — e~2™%¢ is continuous
for every x, and apply dominated convergence.

The fact that f(§) — 0 as |{| — oo requires a simple density argument.
Since ||f(£) — g I < |If — gll1, it is enough to show the convergence to zero
for all g in a dense subspace £ C L'(R% X). A cheap choice would be to
take £ = L'(R%) ® X, and resort to the classical Riemann-Lebesgue lemma
for scalar-valued functions. Alternatively, we may repeat the classical proof,
say with £ = C}(R%; X). Writing 9; := 0/0x; for the partial derivative with
respect to the jth coordinate we have

2mig,fl6) = = [ oy )t = [ 70, f(a) da = 70

after an integration by parts, and thus

HM&

N 1 ¢
IF I < =D lgf(e
€l =

2.4.a The inversion formula and Plancherel’s theorem

To proceed any further we need the following classical identity.
Lemma 2.4.4. The Gaussian function g(z) = exp(—m|z|?) satisfies g = g.

Proof. First let d = 1. Completing squares and using Cauchy’s theorem to
shift the path of integration, we find

/e—Qm'xf exp(—wa)dmZ/eXP(—W[(w_ig)Q"'_gQ])dx
R R

= exp(— 2 —7z’ d

exp(—m¢ )/R_igexl)( 727)dz
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= exp(—7r§2)/exp(—7722) dz
R
= exp(—7€?).
The general case follows from this via separation of variables. O

Proposition 2.4.5 (Fourier inversion). Suppose that the Fourier trans-
form of a function f € L*(R%; X) satisfies f € L'(R%; X). Then f = (f)” at
all Lebesque points of f.

Proof. By Lemma 2.4.4, the Gaussian function g(z) = e~ "I#I" satisfies

o) = [ o0 wcae= [ glerereas

where the second identity uses that g is real-valued, so that taking complex
conjugates leaves the expression unchanged. Substituting z/e for « and chang-
ing integration variables, we obtain

gele) = o2 = [ | aleoperm=<ae.

Fix a Lebesgue point x € R? of f. By Theorem 2.3.8 we have g. * f(z) — f(x)
as € | 0. Using the above, it follows that

flx)=1lim [ g.(y)f(z—y)dy

e—=0 Jpa
. H Tiy-€ .
=)L [/Rd 9(=8)e™™ ¥ dg] f(x — ) dy
= 611_% (55) [/ —zm‘(a:—y)ff(x —y)dy e2miag de

= lim / () f(&)e*™ ™ C dg
= [ Feer=cac = (7w,

where the penultimate equality is justified by dominated convergence, which
can be used here since f is integrable and g(e€) — ¢g(0) =1 as ¢ | 0. We thus
have shown that f(z) = (f)7(x). O

The weaker statement that f = (f)v holds almost everywhere can be obtained
without reference to Theorem 2.3.8. Instead, it suffices to apply Proposition
1.2.32 and pass to an almost everywhere convergent subsequence g., * f.
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The Plancherel theorem
It will be useful to introduce the class
LYRY: X)) = {ge L®RE X) . g =] for some f e LY(R% X))}

of all functions obtained as inverse Fourier transforms of X-valued L'-
functions, the equality in the definition being immediate from (2.14).

The Fourier transform (or rather, its restriction to L' (R% X)N L (R%; X))

extends in a natural way to a bounded operator .% : L'(R?; X) — L'(R%; X)
by defining, when f = g for some g € L'(R%; X),

9f::f::g

Lemma 2.4.6. The Fourier transform on El(Rd; X) is well defined, and for

functions in L*(R% X) N LY (R X) it agrees with the Fourier transform on
LY(R%: X).

Proof. If f = h = g with h,g € L'(R% X), then k := g — h satisfies k €
L'(R%: X)) and k=5 — h =0 € L'(R% X). By Proposition 2.4.5, k = (k)™ =
(0)"=0,s09=h.

If f e L'(R%X)NLY(RY X) satisfies f = h with h € L'(R? X), then

~

Proposition 2.4.5 guarantees that h = ( )" = f, so that the new definition
agrees with the earlier one. O

In questions of Fourier analysis in LP(R?; X) it is convenient to work with the

space LP(R%; X) N L' (R% X)), on which the Fourier transform is well defined.
The next lemma provides the key density results needed to make this idea
work.

Lemma 2.4.7. For all p € [1,0),

(1) LP(R; X) N LY(R; X) is dense in LP(R; X).
(2) LY(R?% X) N LY(R; X) is dense in LP(R; X) N L' (R%; X).
Proof. 1t suffices to prove the second assertion. The first assertion can be
deduced from it, using that L?(R%; X) N L' (R%; X) is dense in LP(R%; X).
To prove the second assertion, note that L'(R%; X) C L*°(R% X) and
therefore, LY(R% X) N L*(R; X) C LP(R%X). Given f € LP(R%X) N
L'(R%; X), consider the convolutions g. * f € LP(R% X) N L'(R%; X), where
g(z) = e~ By the second case of the next lemma, (g. * f)"= g(¢-)f be-
longs to L*(R%; X) since it is a product of functions in L*(R?%) and L>(R%; X),
and therefore g. x f € El(Rd;X). Since g. * f — f in LP(R%; X) N LY (R%; X)
as € | 0 as a corollary to Proposition 1.2.32; we obtain the desired density. [
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Lemma 2.4.8. Suppose that either one of the following two conditions is sat-
isfied:

(i) f € LY(R%: X) and g € L' (R%);
(ii) f € LYR% X) and g € L' (RY).
Then g+ f € LYR%: X) and g+ f = §7.

Proof. We prove the lemma assuming (i), the proof in case (ii) being similar.
We have

gr i@ = [ v [ Foeacay
= /R i /R gle =)= dy| Fle)e?m i dg

~

- [ a©f©em a¢ = Gy (a),

where ﬁf belongs to L'(R%; X) since it is a product of functions in L>°(R

~

)
and L'(R%; X). It follows that g % f belongs to L'(R% X) and m =gf. O

We are now ready to prove:

Theorem 2.4.9 (Plancherel theorem). Let H be a Hilbert space. If f €
L*(RY H)N LY (R H), then f € L*(R% H) and

1 ll2 = [l £1]2- (2.15)

In particular, the Fourier transform (or to be more precise, its restriction to

L*(R% H)N LY (RY H)) extends to an isometry on L*(R%; H).

The resulting isometry .# on L%(R¢; H) is usually referred to as the Fourier—
Plancherel transform.

Proof. We denote the inner product of H by (:|-). By the Fubini theorem, for
any two functions f,g € L*(R% H) we have

/ (Fl@)lg(x)) dz = / ((2)[g(x) d.
Rd Rd

For functions f € L'(R% H) N LY(R% H), (2.15) follows by taking g = f
in the above identity and applying the Fourier inversion theorem. Since
LY(R% H)N LY (R H) is dense in L' (R?; H) N L?(R%; H) by Lemma 2.4.7, an
approximation argument completes the proof. O
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It has already been observed (in Theorem 2.1.18) that this theorem fails if
one replaces H by an any non-Hilbertian Banach space. Let us also add the
observation that the theorem could have alternatively been derived from its
scalar-valued counterpart by invoking the extension theorem of Paley and
Marcinkiewicz—Zygmund (Theorem 2.1.9).

By complex interpolation of the Fourier transform, viewed as a bounded
operator on norm at most one from L'(R% H) to L*(R% H) and from
L?*(R%; H) to L?(R%; H) we obtain, via Theorem 2.2.1 or Theorems 2.2.6 and
C.2.6:

Corollary 2.4.10 (Hausdorff-Young theorem). For any p € [1,2] the
Fourier transform is bounded, of norm at most one, as an operator from
LP(RY; H) to LV (R H), L+ & = 1.

2.4.b Fourier type

It has already been observed in Example 2.1.15 that the vector-valued
Hausdorff-Young theorem fails for certain Banach spaces. Given an expo-
nent p € (1,2], this prompts the question for which Banach spaces X the
Fourier transform, viewed as an operator from LP(R%) to LP'(R%), extends to
a bounded operator from L?(R%; X) to L (R% X). This question will be ad-
dressed presently. The results of this subsection will not be needed in the rest
of this volume, but some applications will be presented in Volume II where
we also discuss the relationship with the probabilistic notion of type.

We begin by showing that the question posed above is independent of the
dimension d. As before we assume all Banach spaces to be complex.

Proposition 2.4.11. Let X be a Banach space, fixp € [1,2], and let ]%Jr ﬁ =
1. The following assertions are equivalent:

(1) for some d > 1, F extends to a bounded operator from LP(R%; X) to
17 (R% X);

(2) for all d > 1, .F extends to a bounded operator from LP(R%; X) to
L (R X).

Denoting the norms of these extensions by @p’X(Rd), we have

/p —1)/2
((pl ) B <o B < (o ®)L (216)

p)L/P’
Proof. Suppose that .# extends to bounded operator from LP(R?; X) to
Lp/(Rd;X) for some d > 1.
By Lemma 2.4.4, the function g : R™1 — R given by g(s) := e=lsl®
satisfies %y 19 = g. Let f € LP(R; X) be arbitrary. Defining F : R? — X by
F(z,y) := f()g(y), where x € R and y € R?~!, we obtain

191l Lo a1y 1F Nl o (s xy = 191 o a1y 1 1l £ i)
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= [|Fll Lo (re;x)
< @p,X(Rd)HFHLP(Rd;X)

= 0p.x R gl Lo @a-1) | fll Lo s x)-

Therefore, .Z is bounded from LP(R;X) into L (R;X). Moreover, since
llgllLrma—1y = r=(@=D/2" for all r € [1,00), the left-hand side estimate in
(2.16) follows.

To finish the proof, by iteration it suffices to show that ¢, x(R4!) <
op.x (R, x(R). Fix f € LP(R4L; X). Let .#; denote the Fourier transform
in the first coordinate and %, the Fourier transform in the last d coordinates.
By Minkowski’s inequality (Proposition 1.2.22),

1 o s = ([, [120Zancm@1 aean)””
<onx®( [ ( [17an@nipar)" an)"
<onx®( [ ([ 120l a)" ar)"

1/p
< rx®epx®)( [ [ 17 n)Pdys)
= 0p,x (R)@p,x (R Il Lo (1, x)-
This also proves the right-hand side estimate in (2.16). O

Definition 2.4.12 (Fourier type). Let p € [1,2]. A Banach space X is said
to have Fourier type p if the Fourier transform, as an operator from LP(R) to
L? (R), extends to a bounded operator from LP(R; X) to LP (R; X).

The reason for considering exponents p € [1,2] is that even in the scalar-
valued case the Fourier transform fails to be bounded from LP(R) to L* (R)
for the remaining values p € (2, 00]. If X has Fourier type p, then by complex
interpolation (see Theorem 2.2.6) X has Fourier type ¢ for all ¢ € [1,p], with
¢q.x(R?) < (ppx(RY))’, where 6 =p//q'.

Ezample 2.4.13. Every Banach space X has Fourier type 1, with ¢ x (RY) =
1. The Plancherel theorem implies that every Hilbert space H has Fourier type
2, with with o (R?) = 1, and in the converse direction any Banach space
with Fourier type 2 is isomorphic to a Hilbert space by Kwapieri’s theorem
(see Theorem 2.1.18).

Ezample 2.4.14. Let X be a Banach space, (5,47, 1) a measure space, and let
€ [1,00). If X has Fourier type p, then L"(S; X) has Fourier type p Ar A1/,
and

PpArAr’ LT (S;X) (Rd> < PpArAr', X (Rd)
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To see this, first let r € [p,p]. Then ' € [p,p’] and p Ar A7’ = p. For
any simple function f : R® — L"(S; X), Minkowski’s inequality (Proposition
1.2.22; applied first with r < p’ and then with p < r) implies

Il Lo e (sixy) < NIl presine mesx)

<
< 0o, x RO FllLr (8520 ®ax)) < 2. x RO F1 Lo weszr(5:x))

and the result follows.

Next consider the case r ¢ [p,p]. In this situation » A7’ < p and thus
X has Fourier type r A v/ (by the previous example). We can now apply the
previous case with p =r A7’.

Specialising to the scalar-valued setting we obtain:

Ezample 2.4.15. For all r € [1,00) the space L"(S) has Fourier type r A 1/,
with constant ¢, 1r(s)(R?) = @par c(R?) < 1.

The result of this example is optimal, in the sense that if dim L"(S) = oo,
then L"(S) does not have Fourier type ¢ for any ¢ > r A r/; this is proved in
the same way as in Example 2.1.15.

Proposition 2.4.16 (Duality). Let X be a Banach space and let p € [1,2].
The space X has Fourier type p if and only if X* has Fourier type p, and for
all d > 1 we have

op.x (RY) = op x+ (RY).

Proof. Suppose that X has Fourier type p and let f: R — X and ¢ : R¢ —
X* be simple functions. By Fubini’s theorem,

/ (f(2), §(a)) dz = / (7€), 9(6)) de.
Rd Rd

Hence,

~

| [ @3t de] < 1L s 9l
< ‘PP,X(Rd)”fHLP(]Rd;X)”g”LP(Rd;X*)-
Taking the supremum over all simple functions f with | f|l;»gex) < 1, it
follows that
191 L (g x-) < @ R gl Lo (ra; x4
We conclude that X* has Fourier type p and that ¢, x+(R?) < ¢, x (R?).
If X* has Fourier type p, then by the above the bi-dual X** has Fourier

type p and ¢, x+(R?) < ¢, x+(R?). Since X** contains X isometrically, the
result follows. O

In order to be able to present some further examples, the following result is
useful.



2.4 The Fourier transform 113

Proposition 2.4.17 (Interpolation). Let (Xo, X1) be an interpolation cou-
ple of Banach spaces and suppose that Xy and X, have Fourier type pg,p1 €
[1,2], respectively. For all 8 € (0,1) the complex interpolation space Xy =
[Xo, X1]o and the real interpolation space (Xo,X1)o,py.p, have Fourier type
pg, where p% =10 p01 , and we have

¥p,Xo (R ) <
Pp.(X0,X1)0,p9.p1 <

Recall that (Xo, X1)6.p0.p1 = (X0, X1)e,p, With equivalent norms (see Theorem
C.3.14).

Proof. For Xy the result follows from Theorem 2.2.6:
[L7° (R Xo), L7 (R X1)]o = LP(RY; Xo)
L7 (R Xo), LP (R X1)]g = I (R X),

where i = 117_60 + % =1- %. The result for (Xo, X1)g p,,p, i proved in the

same way, this time using Theorem 2.2.10. O

Ezample 2.4.18. For p € (1,00), the Schatten class ¥? has Fourier type p A
P’ with ¢, »(R?) < 1. Indeed, since 42 is a Hilbert space it has Fourier
type 2, with constant 1. Moreover, €' and ¥ have Fourier type 1, with
constant 1. Therefore, the result from Proposition 2.4.17 and the fact that
CP = (€1, 6%y if p € (1,2) and €7 = [6°°,%7]y, if p € (2,00) (see
Appendix D).

Our final aim is to show that the notion of Fourier type could equivalently be
defined in terms of the Fourier transform on the torus T¢ = [0, 1]¢,

Ffln):= » ft)e 2™intdt, nezd

As in the continuous case, .% is bounded as an operator from L!(T9) to £°°(Z%)
and as an operator from L?(T?) to ¢2(Z?), and therefore by interpolation .Z is
bounded as an operator from L?(T%) to ¢*' (Z%) for all p € [1,2] and %—i—i =1
Our aim is to prove that this operator extends to a bounded operator from
LP(T% X) to o’ (Z%; X) if and only if X has Fourier type p and to provide
two-sided bounds on the operator norm in that case. We begin with some
preliminary observations.

For 2 < g < oo we define the constant C, as the global minimum of the
1-periodic function

sin(m(z +m)) |4

Cw(z4+m)

re Y

mEeZ

, zeR (2.17)
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It can be shown that this minimum is taken in the points % + Z, so that

1 1
Co=—>
q 4 Z (%_A'_m)q

mEZ

but we are not aware of a simple direct proof of this fact. Here we content
ourselves with the observation that

(2/m)1 < 0, < 1

and defer a further discussion to the Notes at the end of the chapter. To prove
the bounds for Cj, first note that C; < Cy by monotonicity. Furthermore,

1 1
Cr< 5> ——5=1
2 mzez (m + %)2
and, by 1-periodicity,

Cy= min Z

11
w€l-22l ez

a 1
— (m/2)7

sin(rw(z +m)) |4

m(x +m)

sin(mz)

min
1
2

Z
zE€[— ues

3]
For k € Z¢ we consider the trigonometric functions ey, : T — C,
er(t) =™t teTd,
and write |k| := Z?:l kil

Lemma 2.4.19. Let X be a Banach space and let p € (1,2] and p’ € [2,00)
satisfy %—i—ﬁ = 1. For fixed a > 0, n € N, and vectors xy, € X, |k| < n, define
f:RY—= X by

f(t) :==a=%P Z 1[071]d_k(a*1t)xk.

Ikl<n
Then
d/p’ z
Cp ’ > ekxk’ L (14:%) SIF v a;x) < H > ekfk’ L (14:x)
|k|<n |k|<n
Proof. Writing sinc(x) = sin(x)/z, we have
d
9(€) == F (L y)a)(€) = e 78378 T sine(x&,,).
n=1

Therefore Z f(§) = ad/p/g(ag)zlklgn er(a&)xy, and a change of variables
gives
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I 1 oy = [0t | 3 entaghon” ae

|k|<n
G
Re [kl<n

p/
ek@)ka d
Z /0 1]d—m

mezd

/[0,1}‘1 hopr (g)H Z €k(€).’L‘ka, de,

[k|<n

@) ae

|k|<n

where, for every r > 2,

Z|g£+m Z H|smc (&n +ma)|"

mezZd meZd n=1
d d
=TI > Isine(w(o +ma))l" = T o
n=1meZ n=1
with hp - (§) := Y, cz | sinc(m(&n +mn))|” = C,. O

Proposition 2.4.20. Let X be a Banach space, fix d > 1 and p € (1,2], and

let % + z% = 1. The following assertions are equivalent:

(1) .F extends to a bounded operator from LP(R%; X) into LP (R%; X);
(2) F eatends to a bounded operator from LP(T¢; X) into ¢ (Z¢; X).
(3) .F estends to a bounded operator from (P(Z%; X) into LP(T%; X).

Denoting the norms of these extensions by v, x (R?), ¢, x(T¢) and p, x(Z4),
we have

—d/p’
opx(RY) < 0, x(T1) < O 7 0 x (RY)

and

p x (Z%) = 0p.x (T, pp.x(T%) = pp x-(2%).
Proof. (1)=(3): Fix n > 0 and vectors 7, € X, k € Z%, |k| < n, and put
f(t) =22k <n Lo, (t + )2k, By Lemma 2.4.19,

d/p’

o H kZ< ekwkHLp’(Td;X) S U7l e

< ‘Pp,X(Rd)HfHLP(Rd;X)

— o ®)( 3 fanl?)

[k|<n
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This also gives the inequality ¢, x (T%) < C’;d/p/gop,x (RY).

(3)=(1): By a density argument it suffices to consider the functions f :
R? — X given by f(t) = a~ /P Z|k|<n 1[071]d_k(a*1t)mk. By Lemma 2.4.19,

1 £l o ey < || D e

[kl<n Fr )
d »\ /P d
<epx(M)( D llanll?) ™ = epx (TNl zomesxy:
|k|<n

This also gives the inequality ¢, x (R%) < ¢, x(T9).

(3)=(2): By the equivalence (1)<(3) X has Fourier type p, and there-
fore X* has Fourier type p by Proposition 2.4.16. Hence, by the equivalence
(1)<(3) for X*, we find that (3) holds in X*.

Fix sequences () x|<n in X and (27)x|<n in X*. Then,

’ Z <xk,a?;;>‘ = ‘/Td < lg €_;T;, Z ekxz>dt'

|kl<n |kl<n
<|| 3 el | 3 eusi
X ' 777 LP/('JI‘d;X) k Lp(Td; X*)
lilsn [k|<n
<opx-@)| 2 (X =)™
* €C_;iT; X
S Pp,X 33| Lo (. x) k
lil<n [k|<n

Now (3) follows by taking the supremum over all sequences (x;)mgn with
, x*||P)/P < 1; this also gives the inequality ¢, x (T%) < ¢, x~(Z%).
1<n 173 ¥p, ©p,

(2)=(3): This is proved by a similar duality argument, which also gives
the inequality ¢, x (Z%) < ¢p x+(T?).

The estimates ¢, x-(T9) < ¢, x(Z%) and ¢, x+(Z?) < ¢, x(T?) can be
proved in the same way. 0

2.4.c The Schwartz class .7 (R%; X)

It will be useful to extend the classical theory of Schwartz functions and tem-
pered distributions to the vector-valued setting. The results of this subsection
and the next will only be used in our treatment of the Bessel potential spaces
in Subsection 5.6.a, and even there, their use is motivated mostly by aesthetic
considerations and could easily be avoided. Thus the reason for including this
material in the present volume is mainly for pedagogical reasons, although in
Volume IT it will find important applications.
Let X be a Banach space.

Definition 2.4.21 (Schwartz class). The Schwartz class of X -valued func-
tions on R? is the space
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SR X) = {f € C*R%: X)

B0 F(2)]|oe < 00 Vo, B € Nd}.
(2.18)

The countable collection of seminorms appearing in (2.18) defines a locally
convex topology on .#(R%; X). The distance function

a1 If —gllas 9||a,6
=2 2 T

aeN? BeRd

turns it into a complete metric space. It is easy to check that . (R% X) is
a linear subspace of LP(R?; X) for every p € [1,00] and that the inclusion
mapping is continuous.

In the next two propositions, X is a complex Banach space.

Proposition 2.4.22. The Fourier transform maps . (R%; X) continuously
into itself.

Proof. It is easy to check, by differentiation under the integral in the first
case, and by integration by parts in the second, that

0° 1 (&) = [(=2miz)* /7€), (2mi)’’F(&) = [0°f]"
Thus
1Fllas = lI€ = E20° F(&)lloo = (2m)*17121]|[0% (2 1 2 £ (2))] | oo
and
@ -~ e B Ol! a— —
07 Dl < 0% < 3 () a0
where finally

27077 flly < N+ ) HI I+ ) T e 7707 f e

d+1 L+a— _
< § : a=ygB— o
|6]<d+1

so that altogether

1fllos < caos D IFlo—r0+a=n

Y<aAB
[0]<d+1

from which the assertion follows. O
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Further test function classes suitable for different purposes are given by the
smooth compactly supported functions

IR X) == CFREX), 2R\ {0}; X) == CZ(R?\ {0}; X),

which are obviously subspaces of .#(R%; X), and the spaces of inverse Fourier
transforms of such functions,

IR X) = {ge . Z(RY:X): g=F for some f e 2(R% X)},
2R\ {0}; X) == {g e (R X): g=F for some f € 2(R?\ {0}; X)}.
We record a basic density result:

Proposition 2.4.23. The following spaces are dense in LP(R% X)NL* (R?; X)
(and hence in LP(R%; X), by Lemma 2.4.7):

(i) 2R\ {0}; X), 2(R%; X), @(Rd;X) and .7 (R%; X), for all p € [1,00).
(ii) 2(R%\ {0}; X), for all p € (1,00).

Proof. Let ¢, € 7 (RY) with ¢(0 fRd =1land [p.e = §(0) =1. As
€,6 } 0 and R — oo, we have, with <pt( ) =t"dp(t 1),

o N6(e)f — fllp =0 and [[B(e)f — £ 1 = e F — Tl — 0.
o lps*f—fll, =0 and [[lgs* f — f17lh = 185 F = fll = 0.
o lorsfllp—=0ifp>1, and [[lpr = 17 = [G(R) ] — 0.

Now s * f is smooth and, taking ¢ compactly supported d(e)ps * f) €
2(R9; X), and these functions approximate f € (LP N Ll)(Rd X) to any de-
sired precision. Similarly, e f = (¢(e+)f)” is smooth and, taking @ compactly
supported, @(5)(55*1?) = [ps*(0(e)f)]” € 2(R% X), so that @5 (¢(c)f) €
2(R% X), and again these functions approximate f € (LP N L')(R%; X) to
any desired precision. The density of .7 (R%; X) follows from either case, since
it contains both Z(R¢; X)) and .@(Rd X).

If, in addition, we choose ¥ = 1 in a neighbourhood of the origin, then
(@p(6) —P(R ))((bs « f) € 2(R%\ {0}; X), and thus the functions (o5 — ©r) *
(6(e)f) € Z(R\ {0}; X) approximate f € (LP N LY)(R%; X) if p € (1, 00). O

2.4.d The space of tempered distributions .7/ (R%; X)

For locally convex spaces F and X, we denote by .Z(E, X) the space of con-
tinuous linear operators from £ to X. When X a Banach space, the topology
on Z(E, X) generated by the family of seminorms p,(T) = |T(y)||, y € E,
is locally convex. With respect to this topology one has T, — T in Z(E, X)
if and only if T, (y) — T(y) in X for all y € E. In the special case when E
and X are both Banach spaces, the topology coincides with strong operator
topology of Z(FE, X) (cf. Appendix B).
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Definition 2.4.24 (Tempered distributions). The space
SR X) = 2(S(RY), X)
is called the space of X -valued tempered distributions.

Note that u, — u in .%/(R% X) if and only if u,(¢) — u(¢) in X for all
¢ € S (RY).

Ezample 2.4.25. 1f u € .#"(R%) and z € X, then u®@  : ¢ — u(¢)x defines an
element of .7/ (R%; X).

Evample 2.4.26. Let p € [1,00]. Every f € LP(R% X) defines a tempered
distribution u; € .%/(R% X) by the prescription

up(¢) = [ fo(x)dz.
Rd

From [[ug(¢)llx < [IfllLo(raix) 101l and |8l < 11+ |2]) =% |1 +]z])* lloo
with large enough £, it easily follows that the mapping f — u; is continuous.
As a consequence of Proposition 2.5.2; this mapping is injective, and there-
fore it defines a continuous embedding of LP(R%; X) into .#/(R%; X). This
identification will be used without further comment from now on.

Similarly, if f : R¢ — X is a strongly measurable function of polynomial
growth, i.e., || f(z)|| < C(1 + |z|)¥, the above prescription defines a tempered
distribution u; which satisfies [|us(¢)||x < C||(1+ |- [)*¢]1.

Continuous operators on .#(R?) can be extended continuously to .#(R%; X)
by a duality argument. Indeed, if T € Z(.#(R%)) is continuous, then its
adjoint 7" : .7/ (R%) — .%/(RY) is continuous as well and we obtain a vector-
valued extension of T’ to a continuous operator on .’ (R% X) by setting

(T"(w))(¢) = w(T(¢))-

For v = u ® x with u € .%/(R?) one has T"(v) = (T'(u)) ® z.

This construction will be applied frequently to the standard operators
of harmonic analysis such as dilations, translations, convolutions, differen-
tiations, reflections, and Fourier transforms. Sometimes we perform similar
constructions on the level of, say, LP(R% X), and in such cases we need to

verify that the extensions coincide. This will usually be easy, and often it is a
consequence of the density of .7 (R?) ® X in LP(R?; X).

Example 2.4.27 (Distributional derivatives). Borrowing the multi-index no-
tation introduced in the next section, for a multi-index o € N¢ we define the
distributional derivative 9* on ./ (R%; X) by

0*u() = (=D)1*lu(0¢).
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Ezample 2.4.28 (Pointwise multiplication). Pointwise function with a function
¢ € C*®(R?) of polynomial growth defines a continuous linear mapping on
Z(R%). This mapping may be extended continuously to .’ (R%; X) by setting

(Cu)(@) := u(Co).

On LP(R?; X) this definition agrees with the pointwise definition of multipli-
ers.

Example 2.4.29 (Fourier transform). The Fourier transform ¢ — a is contin-
uous on . (R%) by Proposition 2.4.22 and may be extended continuously to
S!'(R%; X) by setting

u(¢) == u(9).

For functions in f € L'(R% X)UL'(R% X) and ¢ € . (R?), Fubini’s theorem

implies
/f¢dx:/ foda,
R4 R4

and therefore on L' (R%; X) U L' (R%; X) the two definitions agree.

Ezample 2.4.30 (Fourier multipliers). Combining the previous two examples,
for functions m € C*(R%) of polynomial growth we may define a Fourier
multiplier T;, € Z(.'(R%; X)) by setting

Tu = (mu)™.

Alternatively, we could have defined this mapping by the abstract con-
struction using adjoints outlined above. Indeed, we then first define T, on
(R by Tp,,¢ := (m¢)~, and extend this operator to .#’/(R%; X) by putting
(Trmu)(¢) := u(Time). The two definitions of T,,, as a continuous operator on
' (R4; X) obviously agree.

In Definition 5.3.1 below, another definition of a Fourier multiplier will be
given. There, no smoothness of m will be imposed but m instead it is required
that m be pointwise bounded. In the present setting, m is required to be
smooth but may have polynomial growth.

Ezample 2.4.31 (Convolution with a Schwartz function). Given a function
g € . (R%), we define a continuous mapping u + g * u on .’ (R%; X) by

(g u)(9) == u(g * ¢),

recalling the notation g(z) := g(—=x). This is consistent with the usual defini-
tion of the convolution f + g * f on LP(R%; X), since one has

/ g% [(2)g(x) dz = / F)7* 6(y) dy.
Rd R4
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More can be said about the tempered distribution g * w:

Proposition 2.4.32. If u € ./ (R%; X) and g € .7 (R?), then g *u belongs to
C>(R%; X), and both g * u and all its derivatives are of polynomial growth.

Proof. For all ¢ € .7(R%) we have

(g+0)@) = [ ulr@)ole) de.
recalling the notation (774)(z) := 1 (x — h). This identity shows that g * u is
given by integration against the function x — u(7%(g)).

We claim that g * u is C*° and 9%(g * u)(z) = w(7%(0%g)) for all multi-
indices a. In order to prove this, by iteration it suffices to consider the case
o = e;. Passing to the limit ¢ — 0, we have

g )+ te) — (g w)(w)) = § (7™ (@) — ulr (@) = u(r0°F),

where the latter follows from the elementary fact that for all ¢ € .#(R%),
(tte(¢) — ¢)/t — 0%¢ in .7 (R9). This completes the proof of the claim.

We shall use this identity to prove that 9%(g * u) has polynomial growth.
Indeed, since u is a tempered distribution, there exists an integer N and a
constant C' > 0 such that, with the notation introduced in (2.18),

0% (g w)(@)] = [u(r* (0N < C Y |Ir°(9°9)]

1Bl lvISN

=C > sup lz+y"0" ().
181,y < v YER?

By

Clearly, the right-hand side grows polynomially in the variable x. O

We conclude with a density result that will be useful in our treatment of Bessel
potential spaces in Chapter 5.

Proposition 2.4.33. C°(R%; X) is sequentially dense in /' (R% X).

Proof. Fix u € ./(R% X). We must construct f, € C>®(R% X) such that
ug, (@) = u(¢) in X for all ¢ € .#(R?). Pick a test function ¢ € C°(R?) such
that [, ((z)dz =1 and let (,(2) := n((nz). Let § € C2°(R?) be such that
0 < 0 < 1 pointwise and § = 1 on {|z| < 1}, and put 6, (z) := 0(x/n).

Define f, : R — X by fn(x) =6, - (Zn «u). Then, by Proposition 2.4.32,
fn € C(R%; X). Moreover, for each ¢ € . (R%),

g, (¢) = up(Cn* (6n9)) = us(®)

as n — oo, using the elementary fact that ¢, * (0,,¢) — ¢ in .7 (R%). O
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2.5 Sobolev spaces and differentiability

In this section we apply some of the techniques developed so far to a detailed
study of differentiability properties of functions taking values in a Banach
space X. We introduce the notion of weak derivative and investigate its rela-
tionship with almost everywhere differentiability. Along the way, the Sobolev
spaces WHP(R?; X) are introduced and some of their properties are devel-
oped. We also characterize the real interpolation spaces between LP(R%; X)
and W1P(R%; X).

2.5.a Weak derivatives

The following multi-index notation will be used. For a = (ay,...,aq) € N¢

we write
0% == oM o...oag‘i

with 0; = 9/0x; the partial derivative with respect to the jth coordinate.

The order of a multi-index « is the number |a| := a1 + -+ + a4. Finally, for
= (71,...,74) € R? we write
@ =2t xyt

Let D C R? be an open set. A function f : D — X is said to be locally
integrable, notation f € LIIOC(D; X), if it is Bochner integrable on every com-
pact subset of D. We denote by C2°(D) the space of C*°-functions compact
support in D.

Definition 2.5.1 (Weak derivatives). Let D C R? be an open set and let
a € N? be a multi-index. A function g € Li (D;X) is said to be a weak
derivative of order a of the function f € LL (D;X) if

loc

/D f(z)0%¢(z) da = (—1)'0‘| /Dg(x)¢(ac) dz  for all ¢ € C°(D).

Notions such as the weak gradient and weak Laplacian are defined similarly.

For functions f € LP(R% X) the above definition is consistent with the
definition of the distributional derivative introduced in the previous section if
we identify such a function with a tempered distribution.

The next proposition settles the uniqueness problem for weak derivatives:
if a weak derivative exists, it is necessarily unique. Accordingly, when g is a
weak derivative f of order «, it is justified to speak about the weak derivative
of f and write

0%f :=g.
Proposition 2.5.2. If a function f € LL (D; X) satisfies

loc
/D f(@)o(x)dz =0 Yo e C=(D),

then f =0 almost everywhere.
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Proof. Step 1 — It is enough to show that f = 0 almost everywhere on every
ball B whose closure is contained in D. Fix such a ball B, choose a larger ball
B C D with the same centre as B, and pick ¢ € C2°(D) satisfying ¢ = 1 on
B and ¢ = 0 outside B. Since ¥ f = f on B, it suffices to show that ¢ f = 0;
here v f is viewed as a function defined on all of R?.

Step 2 — By Step 1 it suffices to consider the case D = R? and f €
L'(R% X). Let ¢ € C°(RY) satisfy ¢(z) =0 for |z| > 1 and [y, ¢(z)dz =1,
and for t > 0 set ¢y(z) := t~9¢(t"'x). For all t > 0 and x € RY, by the
assumption we have

o0 @) = | onto = )st0) dy =o.

Letting ¢ | 0, it follows from Proposition 1.2.32 that ¢; * f — f in L'(R%; X).
Hence 0 = ¢; x f — f in L'(R%; X). O

For later use we also record the following fact.

Proposition 2.5.3. If D C R? is open and connected and f € L _(R%; X)

loc
has weak gradient Vf =0 on D, then f equals a constant almost everywhere.

Proof. Step 1 - For all ¢,¢ € C°(D) we have

/D(QS(OC)W!J(%) +Vo(x)p(2))f(z) de = —/DQS(fﬂ)lb(x)Vf(fﬂ) dz,

from which it follows that ¢ f has weak gradient V(¢ f) = V¢ f + ¢V f. In
particular, if ) = 1 on some closed ball B C D, then V(¢ f) =0 on B.

Step 2 — By Step 1 it suffices to consider the case D = R? and f €
L'(R% X). Pick a non-negative function ¢ € CZ(R) satisfying [;, ((z)dz =1
and set (,(z) := n9((nx). Then ¢, * f € C*(R% X) and one readily checks
that

V(G *f)=Cu=(Vf)=0.

Therefore ¢, * f is constant, say equal to C),. As in the preceding proof, the
result now follows from Proposition 1.2.32. O

2.5.b The Sobolev spaces WkP(D; X)
Let X be a Banach space.

Definition 2.5.4 (The Sobolev spaces W*?(D; X)). Let D C R? be a
open set. For k € N and p € [1,0c], the Sobolev space W*P(D; X) is the
space of all f € LP(D; X) whose weak derivatives of all orders |o| < k exist
and belong to LP(D; X).
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Endowed with the norm

1w oixy = D 10 flle(oix),

lal<k

W*P(D; X) is a Banach space. The routine proof proceeds by noting that if
(fn)n>1 is a Cauchy sequence in W*P(D; X), then for all || < k the sequence
of weak derivatives (0% f,)n>1 is a Cauchy sequence in LP(D; X) and hence
convergent to some f®. Set f := fC°. It is readily checked that the weak
derivatives satisfy D*f = f® and that f,, — f in W*P?(D; X).

In some situations it is useful to observe that for 1 < p < 0o, an equivalent
norm is given by (3_,<x Hao‘inP(D))l/P. For p = 2, this norm turns W?2?(D)
into a Hilbert space.

For later use we finish this subsection with a simple approximation result
for the case D = R?. Let us agree on the terminology differential operator with
constant coefficients for any formal linear combination A = Z]\m4=1 Cpp O™
where the «,,, are multi-indices and ¢,, € K constants. The weak A-derivative
of a function f € LP(R? X) can then be defined in the obvious manner.

Lemma 2.5.5. Let A be a differential operator with constant coefficients.
There exist functions f; € C(R% X) such that

fi = f, Af; — Af in LP(R%X).

Proof. Fix a test function § € C2°(R?) satisfying # = 1 on {|z| < 1} and put
Om(x) = 0(x/m). Then it is a simple matter to check that if f € LP(R?) has a
weak A-derivative, then the functions 6,, f have weak A-derivatives and that
O f — fand Af,, — Af in LP(R% X) as m — oo. Thus we may assume that
f has compact support.

Let us fix another test function ¢ € C°(R%), this time with the property
that [p,((z)dz = 1, and set (,(z) := n((nz). It is routine to check that
Co* f € CX(R?) and that it has a weak A-derivative given by A((, * f) =
Cn % Af. By Proposition 1.2.32, {, « f — fand A((, * f) = * Af — Af in
LP(RY; X). O

Corollary 2.5.6. For all k € N and p € [1,00), W*P(RY, X) contains
C>®(R%; X) as a dense subspace.

2.5.c Almost everywhere differentiability

The Sobolev spaces W*P(D; X) have been introduced in terms of the exis-
tence of weak derivatives. We now turn to the problem of almost everywhere
differentiability of functions belonging to these spaces. Since this is a local
question, henceforth we will take D = R,

We start with a characterisation of W1?(R% X) in terms of difference
quotients. For h € R¢ we set
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1 .
0jf(x) = < (flw +tej) = f(2)), 1<j<d teR\{0}

Here e; is the jth standard unit vector of R?. Later on we shall only need the
easy first part of the next result.

Proposition 2.5.7. Let X be a Banach space.
(1) Let 1 < p < oo. If f € WEP(RY; X)), then
165 Fllp <1105 fllps 1< <d, teR\{0},

where 0; f denotes the jth partial derivative of f.
(2) Let 1 < p < oo. If X has the Radon—Nikodgm property and for all f €

LP(R%; X)) there exists a constant C > 0 such that

185 f1l, <C,  1<j<d, teR\{0},
then f € WHP(R%; X) and
105 fl, <C, 1<j<d.

Part (2) of the above result actually characterises the Radon—Nikodym prop-
erty; this will be an easy corollary to Theorem 2.5.12. Note that (2) is wrong
for p =1, even for X = K and d = 1: consider the indicator function f = 1(q 1).

Proof. (1): By density it suffices to consider f € C!(R). For such f we have
1 g 1
flx+h)— f(x)= / d—sf(x—k sh)dt = / Vf(x+ sh)-hds. (2.19)
0 0
Taking h = te; we find

1
1351l < / 10, £+ se5)llp ds = 105 £l

(2): Fix f € LP(R%; X) and let C be the constant in the statement of the
result. For all ¢ € C2°(R?) we have

[+ = o= [ o1 - o) o

By the assumption, for all ¢ > 0 and h := e; this gives

| [ s == ol < g, 1<i<a

Passing to the limit ¢ | 0 we obtain
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| [ r@sote)as]| < ol (220)

Thus ¢ — [, f(2)0;6(x) dz defines a bounded operator T} : L (RY) — X.
Fix an increasing sequence of balls (B,),>1 in R? such that Un>1 B, =
RY. Define G;,, : Z(RY) — X by G,(A) := Tj(1anp,). As in the proof of
Theorem 1.3.10, (1)=(2), this defines an X-valued vector measure of bounded
variation (it is here that we need p > 1). Since X has the RNP, G, is
represented by a function g; , € L'(R?; X) which vanishes outside B,:

Ty (Lans,) = / gn(z) dz.
A

As in the proof of Theorem 1.3.10, the functions g; ,, agree on the intersections
of their supports, and therefore they can be pieced together to a globally
defined function g; € Li (R%; X).

By linearity, for simple functions ¢ this gives

Ty = [ | 0,(@)o(a) da.

By approximation, this identity extends to functions ¢ € C.(R?). Combining
the resulting identity with the definition of T', it takes the form

/Rd f(@)0;6(x)dz = T;¢ = /Rd 9j(x)p(x) dz.

This shows that g; = 0; f in the sense of weak derivatives.
Next we show that 9;f € LP(R% X). Arguing as in (2.20) one sees that
for all ¢ € C°(R?; X*)

Léff@%@¢@»¢4<cwww.

Combining this with the definition of the weak derivative yields that for all
¢ € C&Z(RY) ® X7,

[ @150, 0w) ] < Ol

Since C°(R%) @ X*, as a subspace of L¥' (R%; X*), is norming for L?(R%; X)
(see Propositions 1.3.1 and 2.4.23) we conclude that 9; f € LP(R%; X). O

As an application of the Lebesgue differentiation theorem, we shall prove next
that every Lipschitz continuous function f : R — X is almost everywhere dif-
ferentiable if and only if X has the Radon—Nikodym property. In Proposition
2.5.7 we have already seen that the RNP can be used to obtain the existence
of weak derivatives for functions f : R? — X satisfying a certain Lipschitz
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estimate. We will now focus on the one-dimensional case and obtain equiva-
lences between weak differentiability and almost everywhere differentiability.
Some of the results do extend to higher dimensions, but this requires a more
thorough development of Sobolev spaces.

We begin by stating a version of the fundamental theorem of calculus
for weak and almost everywhere derivatives. In order to distinguish between
them, we shall write f’ for the almost everywhere derivative and df for the
weak derivative whenever they exist.

It will be convenient to put

t a
/ g(s)ds:= —/ g(s)ds fort < a.
a t

Lemma 2.5.8. Let g € L (R; X) and a € R, and define f: R — X by

0= [ g(s)ds.

Then the weak derivative Of and almost everywhere derivative f' of f both
exist in L (R; X) and are given by Of = f' = g.

loc

Proof. For any test function ¢ € C>°(R%) we have

/ b di = / / dsdt—/ / ) ds dt
/ / t) dt ds — / / ) dt ds
B / o(5)g(s) ds — / _0ls)gls) ds

This shows that the weak derivative of f exists and equals g.

We will prove next that f is almost everywhere differentiable on the inter-
val (a,00), with derivative g. The corresponding result on (—oo,a) is proved
in the same way.

Fix an arbitrary b > a and let g, : (a,b) = X, n > 1, be bounded contin-
uous functions such that lim,_,, g, = g almost everywhere. Such functions
exist by the density of the step functions of the form ZnN:1 Lt 1tn) © Tn
in L'(a,b; X) (see Remark 1.2.20) and the fact that each indicator function
1, .., can be approximated in L'(a,b) by bounded continuous functions.
By the Lebesgue differentiation theorem (Corollary 2.3.5), applied to the non-
negative functions s — [|g(s) — gn(s)]|, there exists a null set N such that for
all t € (a,b) \ N,

lim sup ||f( (t+h) — f(t)) - g(t)”
R10
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1 t+h
< limsup / lg(s) — g(t)] ds
) t
1 t+h
< limsup - / l9(5) — gn(s)]] ds
) t

1 t+h
+lim8up*/ [gn(s) = gn (D)l ds + [|gn(t) — g(®)]]
nio hoJy

= 2[lgn(t) — g(®)]l-

The almost everywhere right differentiability of f follows from this by letting
n — 0o0. The almost everywhere left differentiability of f is proved in the same
way. ]

The anti-derivative f of g in Lemma 2.5.8 is absolutely continuous on every
bounded interval I C R, i.e., for € > 0 there exists a § > 0 such that if (a,, by,)
is a sequence of disjoint intervals in I satisfying », -, (bn — a,) < 4, then

D NfBn) = flan)] <e

n>=1

This raises the question whether, conversely, every (locally) absolutely con-
tinuous function f : R — X is the anti-derivative of some (locally) Bochner
integrable function g : R — X. Theorem 2.5.12 provides the answer. Before
we prove it we further investigate the relation between almost everywhere and

weak derivatives.
A function f : R — X is said to belong to W,"?(R; X) if f belongs to

loc

LY (R, X) and has a weak derivative belonging to L (R; X).

loc

Proposition 2.5.9. Let p € [1,00]. For a locally absolutely continuous func-
tion f: R — X the following are equivalent:

(1) f € Wil (R; X);

(2) there exists a function g € LY. (R; X) such that

loc

f(t)—f(s)z/tg(r)dr forall —oo < s <t <o

(3) f is almost everywhere differentiable and f' € L (R;X).

loc

In this case Of = g = f’ almost everywhere.

For the proof that (3) implies (2) we need a covering lemma. A cover of a set
E by a family £ of balls is called a Vitali cover if for all z € E and all r > 0
there is a ball B € £ of radius less than r containing x.

Lemma 2.5.10. Let & be a Vitali cover of a measurable set E C (a,b) of full
measure. Then for all § > 0 there exist disjoint By, ..., By € % such that
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N
|E\ | Ba| <0
n=1

Proof. We may assume that § < b — a. Set F; := E. Pick a compact set
K; C E; of measure > ¢ and let By, ..., By, be a finite cover of K by balls
in #. By the Vitali covering lemma (Lemma 2.3.1) it is possible to select

pairwise disjoint balls By, ..., By, from this cover in such a way that
k1
1 1
> 1Bl = Z|K1| > 26,
= 3 3

If |E\ U;“:l B,,| < 6 we are finished; otherwise Ey := E; \ 251:1 B, has
measure > §. We can then choose a compact Ky C Fs of measure > §. We
cover Ky by balls from 4, all of which may be taken disjoint from the balls
already chosen (here we use that % is a Vitali cover: this permits us to pick
balls for the cover of small enough radii), and use the Vitali covering lemma

to find pairwise disjoint balls By, +1,..., By, from this cover such that
ka
1 1
| > IBnl= 32| > 20
j=k1+1

If |E\ Ufil By, | < 0 we are finished; otherwise we continue.
This procedure must come to a halt after finitely many steps, for

1 1 1
|En| < |En-1] — 55 << B - g(nf 1)o|E| = (b—a)— g(nf 1),

so eventually |E,| < 4. O
We use this lemma to prove:

Lemma 2.5.11. Let f : [0,1] — X be locally absolutely continuous and differ-
entiable almost everywhere. If f' = 0 almost everywhere, then f is constant.

Proof. Fix ¢ > 0 and choose § > 0 as in the definition of absolute continuity.
Fix0<a <b<1andlet EC (a,b) be a measurable set of full measure on
which f is differentiable with derivative equal to 0. Since for each x € E we
have limj, ¢ +(f(z + h) — f(z)) = 0, for each 7 > 0 there is an open interval
(az,bz) C (a,b) containing x of diameter < r such that

1£(be) = flaz)ll < (bx — az).

These intervals form a Vitali cover for E. Using the previous lemma we select
finitely many intervals from this cover, say Ii,...,Iy, which are pairwise
disjoint and satisfy 25:1 |I,] = (b—a) — 6. Writing I,, = (an, by), we have
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> £ (bn) — flan ||<sz 2) < elb—a).

The complement of these intervals consists of at most IV 4 1 disjoint intervals
Jm = [em, dm] of total length < §. Therefore, by the absolute continuity of f,

Zuf Fem)ll < <.

Putting together these estimates, it follows that || f(b) — f(a)|| < e(b—a) +e¢.
Since € > 0 was arbitrary, this proves that f(a) = f(b). O

Proof of Propositz'on 2.5.9. (1):>(2): Fix real numbers s < s’ and define h :
[s,8"] = X by h(t f g(r)dr, where g = 9f is the weak derivative of f. By
Lemma 2.5.8, h has weak derivative Oh = df. By Proposition 2.5.3, f—h ==z
is constant, and therefore f(t) = = + fst g(r)dr for all t € [s, s]. Passing to
the limit ¢ | s we see that = f(s) and (2) follows.

(2)=(1) and (2)=(3) both follow from Lemma 2.5.8.

(3)=(2): Again fix real numbers s < s’ and set h(t) := f f/(r)dr. By
Lemma 2.5.8 this function is absolutely continuous and almost everywhere
differentiable with derivative f’. It follows that f — h is absolutely continuous
and almost everywhere differentiable on [s, s’], with derivative 0. By Lemma
2.5.11, f — h is constant. The proof can now be completed as in the same way
as above. 0

Theorem 2.5.12. For any Banach space X, the following assertions are
equivalent:

(1) X has the Radon—Nikodgm property;

(2) every locally absolutely continuous function f : R — X is differentiable
almost everywhere;

(3) every locally Lipschitz continuous function f : R — X is differentiable
almost everywhere;

(4) every locally absolutely continuous function f : R — X belongs to
Wi (B; X);

(5) every locally Lipschitz continuous function f : R — X belongs to
Wioe® (R; X).

Proof. (1)=(3): It is possible to deduce this from Proposition 2.5.7, but we

prefer to give a different argument here. It suffices to prove the almost ev-

erywhere differentiability on a finite interval I = (a,b). For a < s <t < b

define

Ty = f(t) = f(s)
and extend this definition to step functions by linearity. For such functions
N
9= Zn:l Cnl(tnfhtn)’
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N
|Tgll < LZ lenl(tn — tn-1) = Lllgll1,
n=1

where L is the Lipschitz constant of f. Therefore T extends to a bounded
operator from L(I) to X of norm ||T|| < L. By Theorem 1.3.10, T is repre-
sentable by a function ¢ € L°°(I; X). For all t € I this gives

F(t) — f(a) = T1us) = / o(r) dr,

and Lemma 2.5.8 gives the result.

(3)<(5): This follows from Proposition 2.5.9, noting that the almost ev-
erywhere derivative of a Lipschitz functions is bounded.
(5)=>(1): Let T": L'(0,1) — X be a bounded operator. Define f : [0,1] —
X by
f(t) = Tl(O,t)'

Then for all 0 < s <t < 1 we have

1F@) = FOI < IT sl = (&= )T,

so f is Lipschitz continuous. Now extend f to a Lipschitz function on R by
setting f(t) = f(0) for ¢ < 0 and f(¢t) = f(1) for ¢ > 1. Let f’ be the almost
everywhere defined derivative of f. Clearly, f' € L>®(R; X) with || f'||lcc < L,
the Lipschitz constant of f. Using Proposition 2.5.9, for all 0 < a < b < 1 we
obtain

b 1

Tl = 10 = fa) = [ FOdt= [ 1anOF O

a 0
It follows that T¢ = fol o(t)f'(t)dt holds for all step function ¢. Since these
are dense in L'(0,1) and T is bounded, this identity extends to arbitrary

¢ € L1(0,1). This proves that T is representable, and therefore X has the
RNP with respect to [0, 1] by Theorem 1.3.10.

(5)=(4): Let f : R — X be absolutely continuous. It suffices to prove
that f is almost everywhere differentiable with integrable derivative on finite
intervals. By a scaling and translation argument it suffices to consider I =
(0,1). Define the function Vy : [0,1] — R by

N
Vi(t) := sup Z £ (tn) = f(En-)ll,
n=1

where the supremum is taken over all finite partitions 0 =tg < -+ <ty = 1.
Note that V() is finite, because f is absolutely continuous, and as a function
of t, V; is non-decreasing. The function
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is absolutely continuous, strictly increasing, and satisfies h(0) = 0, h(1) = 1.
Moreover, for all 0 < s <t <1,

(&) = f()I < Vi) = Vi(s) < (Vi(1) + 1)(A(E) — h(s)).

Hence f o h~! is Lipschitz continuous on [0, 1], with Lipschitz constant <
V¢(1) + 1. By assumption, this implies that f o h™! is differentiable almost
everywhere, say outside some null set Ny, and clearly its derivative is bounded
by V¢(1) + 1 almost everywhere, say outside some null set Ni. Also, h is
differentiable almost everywhere as well, say outside some null set No, and
the derivative h’ is integrable; the proof of this fact will be given in Lemma
2.5.13 below. From |h(t) — h(s)| = |t — s|/(V#(1) + 1) it follows that h~!
maps null sets to null sets. Therefore, by the chain rule, f = (foh ') oh is
differentiable on the complement of the null set N := h=}(NgU N;1) U N and
there it satisfies f/(t) = (f o h=1)'(h(t)) - '(t) and

17 @I < (Ve (1) + IR ()]

This shows that f’ is Bochner integrable.
(4)=(2): This is a consequence of Proposition 2.5.9.
(2)=-(3): Every Lipschitz function is absolutely continuous. O

It remains to prove the following fact, which was used in the proof of the
implication (5)=(2):

Lemma 2.5.13. If f : R — [0,00) is non-decreasing and absolutely continu-
ous, then f is differentiable almost everywhere and f' is locally integrable.

Proof. For a < bset p([a, b)) := f(b) — f(a) and extend this definition to finite
unions of such half-open intervals. By the Carathéodory extension theorem,
1 extends to a Borel measure p on R which is finite on bounded intervals.
We will show that p is absolutely continuous with respect to the Lebesgue
measure. To this end fix € > 0 and let § be as in the definition of absolute
continuity.

If B is a Borel set of Lebesgue measure |B| < %5, invoking Lemma A.1.2
we find sets I,, = [an,bn), n = 1,..., N, such that both |[BA Ui:/:l I,| < 46
and p(BA ngl I,) < e. The former implies that

n N
D (bn—an) = Il <6
n=1 n=1

Hence by the absolute continuity of f,



2.5 Sobolev spaces and differentiability 133

N

1( U I) = Z(f(bn) = flan)) <e.

n=1 n=1

Therefore p1(B) < 2e. This proves the absolute continuity of x. By the Radon—
Nikodym theorem, applied to the intervals (—r,7), s has a density g € L, (R).
In particular,

b
1)~ (@) = [ g(s)ds
for all a < b. Now the result, with f’ = g, follows from Lemma 2.5.8. O

Remark 2.5.14. The implication (1)=-(2) of the theorem admits the following
direct and more transparent proof, although its rigorous implementation is
somewhat laborious. The idea is that the X-valued Stieltjes integral

G(A) = /0 14df

defines an X-valued measure of bounded variation which is absolutely con-
tinuous with respect to the Lebesgue measure. If ¢ € L'(0,1; X) denotes its

density, we have
/ o(t)

and the result follows from Lemma 2.5

Corollary 2.5.15. Let X be reflexive.

(1) Every locally absolutely continuous function f : R — X is differentiable
almost everywhere, and f € I/Vlicl (R; X).

(2) Every locally Lipschitz continuous function f : R — X is differentiable
almost everywhere, and f € W;- “(R; X).

loc

In both situations, the almost everywhere derivative and the weak derivative
agree.

2.5.d The fractional Sobolev spaces W*P(R%; X)

In this subsection we introduce the scale of Sobolev spaces W*P(R%; X) and
identify them, for 0 < s < 1, as real interpolation spaces between LP(R%; X)
and W1P(R?; X). The results of this subsection will not be needed elsewhere
in this volume. We will revisit Sobolev spaces in Chapter 5

Definition 2.5.16 (Sobolev—Slobodetskii spaces). Let D C R? be an
open set. For p € [1,00) and 0 < s < 1 we define W*P(D; X) as the space of
all f € LP(D; X) for which

_ P 1/p
flwer(pix) = (/D . dedy) < 0.
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Endowed with the norm
[fllwsrpixy = [1fllp + [flwer(pix),

W#P(R%; X) is a Banach space.
In this subsection we will take D = R? and note that

Wh(RY X)) — WP(RY X) — LP(RY X)

with continuous embeddings. For the first embedding note that

h) — p 1/
[f]WS,p(]Rd;X) = </le [HC ‘Tth+df(33)|| dxdh) p.

Now for |h| > 1 one may use ||f(- +h) — f(-)|l, < 2| fllp, and for || < 1 one
may use that [[f(-+h) = f()llp, < | fllwrr@ex) ||, which follows from (2.19).
We are now ready to state and prove the main result of this section:

Theorem 2.5.17 (Real interpolation). Let X be a Banach space. For all
p € [l,00) and 0 < s < 1 we have

(LP(RY X), WP(R X)), = WP(RY X)
with equivalent norms.

Proof. Below we write K(t, f) := K(t, f, L?, W'P) for the K-functional as
introduced in Section C.3.

‘C Fix f € (LP(RY X), WHP(RY; X)), . For fixed h € R? choose a =
ap € LP(R4; X) and b = b, € W1P(R4; X) such that f = a + b and

lallp + [Rl[[bllw.e < 2K(|R], f).
Using the triangle inequality and Proposition 2.5.7 we find

1F(+h) = fllp < lla(- + h) = allp + [[b(- + h) = b,

2|lally + [RIIVOI, < 2llally + [PlI6]lwr < 4K (R, f).

NN

Integrating over h and turning to polar coordinates,

(K (|n[, )P
[f]g[/s,p(Rd;X) <4P /]Rd W dh (2.21)
* dt
= Cap K ) — = Cd#’”f||Z(7LP(Rd;X),Wle(Rd;X))s,p
0 t

(2.22)

with Cy, = 4P x the area of the unit sphere of R%. Secondly, since W17 (R%; X)
embeds into LP(R%; X) continuously, we also have min{1, t}||f|l, Sa.p K(t, f)
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(see (C.7)) for all ¢t > 0. Multiplying both sides with ¢{7% and integrating, we
obtain

1 £llp < Cpsll fll (e e x),wir®a;x))..,- (2.23)

Combining the estimates (2.21) and (2.23), the desired embedding is obtained.

‘D% For ¢t > 1 the trivial estimate K (¢, f) < |/ f||, already gives, for
f e Wor(RY; X),

° a [~ dt
[ rrweny F< [ emIgS = Culfiy < Culfie,

To estimate the integral over 0 < t < 1, let ¢ € C}(R?) be a non-negative
test function supported in the unit ball of R? satisfying fRd x)dx = 1. Set
b¢(x) :=t~9¢(t"1z) and define

by = /Rd ol —y)f(y)dy, ar:=f—by.

In order to prove the required embedding it remains to be shown that the
right-hand side terms of

([ rasanr )"

1
_ dt\1l/p
<( [ ety + e )
0

t

([ rmradg ) (e (S nonn) )

lal<1

can be estimated by Cs.apllflls.p-
From f(z) = [z ¢¢(x —y)f(z) dy we find

ot = [ || [ oela = lrt@) - sy aa
_ _ P
<[ [ ot =lsw - sl dya.
applying Jensen’s inequality to the probability measures ¢;(x — y) dy. Hence,
o d
[z <[] ([ et -0 9w - sl dyas
(:) —sp—d r—Yy g _ P
LLCL as(—) N 15) — F@) P dyde

91| oo / / IIf(y Dl
< dyd
sp+d Jra Jpa |$—y|5p+d !
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[6lo0
= Sp + d[f]Ws'p(]Rd;X)’

where (%) uses the definition of ¢; and the assumption that ¢ be supported
in the unit ball.
Clearly b, € WHP(R?). Since ||b|, < |||, by Young’s inequality,

1 1
. dt s dt¢
/t(l >p|\bt\|57</ I = = Co sl 115
0 0

Next,
o) = 5 [ 00 )y
= / 06(* ) ) — F(@))dy
=7 [ @oute =)l - ra)ay.

since [pq 0;6(*7%) dy = 0 by an integration by parts. Arguing along similar
lines as above, applylng Jensen’s inequality after normalising the measures
|(0;0)¢(xz — y)| dy, we obtain

/oo t(1—s)p||ajbt Hg %
0
i [ @out -l - f@)dy
Rd

_/ootus)p/Rd t
Sos [ [ ([ @0t =0l )10 - F@)lP dyes

:/Rd / /| ylt-sp_d‘ajqﬁ(“" DY 1)~ 1@)P dyd

< 19;9lloc
\ S]j-’-d [f]Ws p(]Rd X)

pd:cg
t

O

Remark 2.5.18. We deliberately refrain from discussing the more general prob-
lem of characterising the interpolation spaces

(LP(R% X), WP (R X)) s q

for p # ¢ as this would take us into the realm of the Besov spaces. For similar
reasons, we restrict ourselves to the Sobolev spaces over R?. A comprehensive
treatment of Sobolev spaces over open domains D C R¢ can be developed as
well, but again their treatment requires the use of extension techniques that
would take us too far afield. All these topics will be covered in Volume III.
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Remark 2.5.19. The identification of the complex interpolation spaces
[LP(RY; X), WP (R X)),

for UMD spaces X will be presented in Chapter 5 as an application of the
Mihlin multiplier theorem.

2.6 Conditional expectations

We now introduce and study an important class of operators, the conditional
expectations, which will then accompany us for the rest of this volume. In
particular, they are used to define the fundamental concept of a martingale
in the following chapter.

In harmonic analysis, conditional expectations are used through the ubig-
uitous averaging procedures. In this context we are usually working over RY
endowed with the Lebesgue measure, and it is for this reason that we have
chosen to give a unified presentation of the topic in the setting of o-finite
measure spaces.

In probability theory, it is customary to define conditional expectations
only for integrable functions. This automatically implies that the conditional
expectation of an LP-function is well defined. In the o-finite context this is no
longer the case and for this reason we choose to work with strongly measurable
functions which enjoy a minimal ‘local’ integrability condition needed to make
the definition of a conditional expectation a meaningful one. Even in the case
of probability spaces this leads to a conveniently general set-up.

Throughout this section we fix a measure space (S, .2, ) and a Banach
space X. We recall that L°(S; X) denotes the vector space of all strongly s-
measurable functions f : S — X, identifying functions that are equal almost
everywhere. When we wish to emphasise the underlying o-algebra we shall
write L°(S, «7; X). In particular, when .# C &/ is a sub-o-algebra, the space
L°(S,.7; X) is defined with reference to the measure space (S,.%, u|#). It has
already been observed that this space coincides with the subspace of L°(S; X)
of functions having a strongly .%-measurable representative. The elements of
LO(S, Z; X) will be referred to as the .# -measurable elements of LY(S; X).

Given a sub-g-algebra .# C &, for a function f € L°(S; X) we denote

Fp={FeF: 1pf c L'(S; X)}.

Definition 2.6.1. A function f € L°(S; X) is called o-integrable over .7 if S
can be covered by at most countably many sets in Fy. Any covering sequence
in F¢ will be called an exhausting sequence for f in Z.

The sets in an exhausting sequence for f can be taken disjoint: if (F},)n>1

is exhausting, then so is the sequence (F,),>1, where F; = F; and F,,11 =
Fria \U?:l Fj,n > 1.
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The o-integrability of f with respect to % allows us to split the function
f in integrable parts which respect the o-algebra .#. This will enable us to
build a conditional expectation without assuming global integrability on S.
The next two propositions provide easy examples of o-integrability.

Proposition 2.6.2. Every function f € L°(S; X) is o-integrable over < .

Proof. By Proposition 1.1.15 we have a disjoint decomposition S = Fy U F}
with Fy, F; € & such that f = 0 almost everywhere on Fy and p is o-
finite on F;. Let (F("))n21 be an exhausting sequence for Fy. For each j > 1
let F; = {||fll < j}. Then f is integrable on F; and on each of the sets
Fyp = Fn F;, j,n > 1; together, these sets cover S and therefore provide
an exhausting sequence for f in 7. d

Although every function f € L°(S; X) is o-integrable over &7, such functions
need not to be o-integrable over a sub-o-algebra of /. For example, this
happens when S = R and & = %B(R) is the Borel o-algebra; the constant
function 1 is o-integrable over &7 but not over the sub-o-algebra .% = {&,R}.
This defect cannot be remedied by assuming that y be o-finite on .7: if f is a
function which fails to be integrable on every interval [n,n+1), then f fails to
be o-integrable over the o-finite sub-c-algebra generated by these intervals.
If we add a global integrability assumption such problems do not arise:

Proposition 2.6.3. If u is o-finite on the sub-c-algebra & of o and if 1 <
p < 00, then every function f € LP(S; X) is o-integrable over F.

Proof. Let (Sp)n>1 is an exhaustion of S by sets in .% of finite y-measure.
The functions 1g, f belong to L*(S; X) by Holder’s inequality, and therefore
(Sn)n>1 is an exhausting sequence for f in .Z#. O

Definition 2.6.4 (Conditional expectation). Let # C & be a sub-o-
algebra. A function g € L°(S,.#; X) is said to be a conditional expectation
with respect to . of the function f € L°(S; X) if

/gd,u:/fd,u, for all F € Fy N .F,. (2.24)
F F

Without a o-integrability assumption on f it may happen that %#; = {@},
in which case the above definition is vacuous. Accordingly, in what follows
we will usually assume f to be o-integrable over .%. Among other things this
assumption implies that a conditional expectation, if one exists, is unique
(Theorem 2.6.18). In this situation we moreover have %, C .%#, and therefore
(2.24) holds for all F' € .Z;. If we furthermore assume that y is o-finite on %,
then f admits a unique conditional expectation g with respect to .% (Theorem
2.6.20).

In will be convenient to have a criterion which enables us to verify the
defining condition (2.24) by testing it on an appropriate sub-collection %" of
F¢ N F,. For this purpose we introduce the following definition.
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Definition 2.6.5. Let % C & be a sub-o-algebra. A family € C F will be
called an exhausting ideal for F if it has the following two properties:

() CNFe% forallCe¥ and F € F;

(ii) S can be covered by at most countably many sets from €.

Ezample 2.6.6. In a o-finite measure space (S, 7, ), the sets of finite u-
measure form an exhausting ideal for <.

Any exhausting ideal contains a disjoint sequence covering S. Indeed, by (ii)
there is a sequence (Cp)p>1 in € covering S. Set C{ = C; and C}, =
Cn+1 \U?:l Cj. In view of C’;L+1 =Ch41 N E(U?:l CJ) and E(U?:l CJ) e 7,
(i) implies that C;, | € €. The sets C), are disjoint and cover S.

Exhausting ideals are closed under taking intersections:

Lemma 2.6.7. If €, and 6, are exhausting ideals for F, then €1 N6, is a
exhausting ideal for & and

C1 NGy = {01 NnNCy: Cy e (51, Cy € (62}
We leave the simple proof to the reader.

Example 2.6.8. The constant function 1 is o-integrable over % if and only if
u is o-finite on %, if and only if .%7 (i.e., %}, for the constant function h = 1)
is an exhausting ideal for .%. More generally, a function f € L9(S; X) is o-
integrable over % if and only if the measure dv := || f|| dp is o-finite on .Z#, if
and only if .7 is an exhausting ideal for .. In particular, if f € L(S,.Z; X),
then #¢ is an exhausting ideal for % by Proposition 2.6.2.

The next result simplifies the task of verifying condition (2.24) considerably.

Proposition 2.6.9. Let .# C &/ be a sub-c-algebra, let f € L°(S; X) be o-
integrable over F, and let g € L°(S,.F; X) be given. The following assertions
are equivalent:

(1) g is a conditional expectation of f with respect to .7 ;
(2) there exists an exhausting ideal € C Fy N F, for F such that

/ gdu = / fdu forallC e €. (2.25)
c c

Proof. (1)=(2): It follows from Example 2.6.8 that both %#; and %, are
exhausting ideals for .#. By Lemma 2.6.7, € = Fy N %, is an exhausting
ideal for .7, and (2.25) holds by the definition of a conditional expectation.

(2)=-(1): Choose a cover (Cy)n>1 of S by pairwise disjoint sets and fix a
set F' € FyNZ,. It follows from (2.25) and the fact that F N C, € € that

/ gdp = / fdp.
C,NF C,.NF

Summing over n, the identity (2.24) follows by dominated convergence. [
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Example 2.6.10. If fi and fo are o-integrable and have conditional expecta-
tions g7 and gs, then for all scalars ¢; and ¢y the function c¢;g1 + 292 is a con-
ditional expectation for ¢y f1 +co fo. This easily follows from Proposition 2.6.9,
noting that ¢ := F, NF s, NFy NFg, is an exhausting ideal for . by Lemma
2.6.7. This example clearly shows the flexibility of the notion of an exhausting
ideal. Working with the ‘maximal’ exhausting ideal F, £, 4¢,f N Fergr+cago
would make the exercise much harder!

Ezample 2.6.11 (Restriction to sets in % ). If f € L°(S;X) admits a condi-
tional expectation g with respect to .%, then for every A € %, 144 is a condi-
tional expectation of 14 f with respect to .. Indeed, for every F' € %y N %,
also FNAe %N F, and

/1Afd,U: fdu:/ ng:/lAQdN~
F FNA FNA F

Example 2.6.12 (Applying bounded operators). If f € L°(S; X) admits a con-
ditional expectation g with respect to %, and if T : X — Y is a bounded
operator, then T'g is a conditional expectation of T f with respect to .#. The
proof is similar to the previous one; this time one uses that #; N %, is con-
tained in ﬁTf n ﬁTg.

In particular it follows that for every z* € X* the function (g,z*) is a
conditional expectation of {f,x*).

Ezample 2.6.13 (Averaging). For each n € Z, let %, be the o-algebra in
R generated by the family of dyadic cubes QF = 27 "(k + [0,1)%), k € Z4.
A function f € L°(R%; X) is o-integrable with respect to .%, if and only if
f € LL _(R% X). In this case, a conditional expectation of f with respect to
Fr, exists and is given by

Z <|QIZ| o (x)dx)lQZ.

kezd

Ezample 2.6.14 (Even part of a function). Let f € L°(R; X), where on R we
take the Borel o-algebra Z(R) and the Lebesgue measure. Let # = {B €
B[R) : —B = B}. Then g : R — X defined by g(t) = 3(f(t) + f(—t)) is a
conditional expectation of f given .Z. Indeed, g € L°(S,.Z; X)), F; C Z,,
and for any set in B € #y = .F; N ., we have

/Bf(b‘)dtz/Bf(—t)dt:/Bg(t)dt.

2.6.a Uniqueness

Our task in this section is to prove the uniqueness of conditional expectations.
We begin with some lemmas concerning scalar-valued functions.
We fix a measure space (S, <7, 1) and let F C & be sub-o-algebra.



2.6 Conditional expectations 141

Lemma 2.6.15. Let f € L°(S,.7) be given and suppose that € C Fy is an
exhausting ideal for F. If fc fdu =0 (respectively, =0, <0) for all C € €,
then f > 0 (respectively, = 0, < 0) almost everywhere.

Proof. For any .Z-measurable representative of f we have F, = {f <
—1/k} € Z for all k > 1. Fix C € . Then C N F}, € ¥, the integrabil-
ity of f on this set implies u(C' N Fy) < oo, and

1
o</ fdu< —~p(CNEy) <o,
CNFy k

Hence p(C N Fy) = 0. Since {f < 0} = Uy, Fi, we see that p(C N{f <
0}) = 0. Applying this to the sets C' in a countable cover of S, we see that
u({f < 0}) =0, which is the same as saying that f > 0 almost everywhere.
The assertion concerning ‘< 0’ follows by applying the previous case to
—f, and the assertion concerning ‘= 0’ follows by combining the two previous
cases. 0

Lemma 2.6.16. Let f € L°(S) be o-integrable over Z. If g € L°(S) is a
conditional expectation of f with respect to F, then Fy C %, and

/fd,u:/gd,u VF € Fy. (2.26)
F F

Proof. In the complex case we have % ; = Fps N Fgr and Fy = FpgN Fay,
from which it is easy to see that g and ¢ are conditional expectations of
Rf and S f, respectively. It suffices therefore to prove the lemma over the real
scalars.

By Proposition 2.6.9, € = % N %, is an exhausting ideal for # and
therefore we can choose a sequence (Cy,),>1 in € covering S. By the observa-
tion made after Definition 2.6.5, we may assume that the sets C, are pairwise
disjoint.

Fix a set ' € .#;. Choosing an .#-measurable representative of g, we have
{g >0} €.Z,sothat FNC,,N{g >0} €% and

/ gdp = / fdp.
FNC,N{g=>0} FNC,N{g=>0}

Summing over n, we obtain (by monotone convergence on the left-hand side
and dominated convergence on the right-hand side)

/ gdu = / fdu.
Fn{g>0} Fn{g>0}

In the same way we prove that me{g<0} gdp = me{g<0} f dp Therefore,

/Ig\du:/ gd#*/ gdu
F Fn{g>0} Fn{g<0}
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=/ fw—/ f@</W@<m
Fn{g>0} Fn{g<0} F

/gdu=/ gdu+/ gdu=/fdu-
F Fn{g>0} Fn{g<0} F
This first relation shows that F' € %, and the second proves (2.26). O

and

Before turning to the proof of the uniqueness of conditional expectations we
record a useful consequence of the previous two lemmas.

Lemma 2.6.17. Let f1, fo € L°(S) be o-integrable over F and g1, g2 € L°(S)
be conditional expectations of these functions with respect to % . If f1 < fo
almost everywhere, then g1 < go almost everywhere.

Proof. Under the stated assumptions, g := go — g1 is a conditional expectation
of the non-negative function f := fo — f; > 0, and it suffices to prove that g
is non-negative.

By Lemma 2.6.16, for all F' € % we have F' € #, and

/gw:/fw>o
F F

We now apply Lemma 2.6.15 (to g and ¢ = .%;) to conclude that g > 0
almost everywhere. O

Theorem 2.6.18 (Uniqueness of conditional expectations). Suppose
that f € L°(S;X) is o-integrable with respect to #. If g € L°(S;X) and
g € L°(S; X) are conditional expectations of f with respect to F, then g =g
almost everywhere.

Proof. For any z* € X*, both (g, z*) and (g, 2*) are conditional expectations
of (f,x*). Moreover, for all F' € F .-y we have ' € F (g -y N F(g+) by
Lemma, 2.6.16, and therefore

[atvau= [ ratyan= [ Gahan

Hence (g,z*) = (g, z*) almost everywhere by Lemma 2.6.15 (applied to (g —
g,x*) and € = F (s ,-y). An appeal to Corollary 1.1.25 concludes the proof.
(I

)

Thus a conditional expectation of a o-integrable function f € L(S; X), if it
exists, is unique as an element of L°(S,.%; X). This allows us to speak of the
conditional expectation of f with respect to .%.

Notation. The conditional expectation of a o-integrable function f € L°(S; X)
with respect to Z, if it exists, will be denoted by E(f|.%#).

For later use we state the following simple lemma.
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Lemma 2.6.19. Let f € L°(S; X) be o-integrable over F C . If the condi-
tional expectations of f and ||f|| with respect to F exist, then almost every-
where we have

IECF17)] < EXfII1Z).

Proof. By forgetting the complex scalar multiplication we may assume that
K = R. Since a strongly measurable function takes its values in a separable
subspace almost everywhere, we may assume that X is separable. Pick a
norming sequence () ),>1 of unit vectors in X*.

By Example 2.6.12, the conditional expectation of (f,z}) exists for every
n > 1, and

IECAFN = sup(B(f|F), 2) = supE((f, 27,)|.7) < E(|f]]l F)

almost everywhere, where the last step follows from Lemma 2.6.17 since
(f,z) < |||l almost everywhere. O

2.6.b Existence

We now turn to the existence problem for conditional expectations. As always
we fix a measure space (5, <7, u) and let % C &7 be sub-o-algebra.

Theorem 2.6.20 (Existence of conditional expectations). If the func-
tion f € L°(S; X) is o-integrable over F and i is o-finite on the sub-o-algebra
F, then f admits a conditional expectation with respect to % . In this case,
the conditional expectation is uniquely defined as an element of L°(S,.7; X).
Denoting it by E(f|.7), we have Fy C Fy(s7) and

/fdu:/IE(f\ﬁ)du VF € 7. (2.27)
F F

Furthermore, if (Fy)n>1 is an exhausting sequence for f in F consisting of
disjoint sets, then

S 15, E(Lp, /17). (2.28)

n>1

As we have already noted in the previous subsection, the o-integrability over
Z of the constant function 1 is equivalent to the o-finiteness of y on Z. It
is for this reason that in the sequel we only consider conditional expectations
with respect to o-finite o-algebras. We will also provide an example of the
anomalies that arise in the absence of this assumption.

The proof of Theorem 2.6.20 will be accomplished in several steps. The
starting point is provided by the next lemma.

Lemma 2.6.21 (Existence in L?(S)). If u is o-finite on the sub-o-algebra
F, then every f € L*(S) has a unique conditional expectation with respect
to Z. It belongs to L*(S) and is given by Pf, where P be the orthogonal
projection of L?(S) onto L?(S,.7).
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Proof. Since p is assumed to be o-finite on #, the family % (i.e., % for
the constant function h = 1) is an exhausting ideal for .%. Moreover, %7 C
F N .Fpy by the fact that f, Pf € L?(S) and the Cauchy-Schwarz inequality.
Finally, for F' € %7, using that orthogonal projections are self-adjoint, we have

/FPfdMZ/SIF(Pf)dMZ/S(PlF)fdu:/SlFfdu:/FfdM_

This completes the proof. O

Lemma 2.6.22 (Existence in L!(S)). If u is o-finite on the sub-o-algebra
F, then every f € L'(S) has a unique conditional expectation with respect to
Z. It belongs to L' (S) and satisfies

B < £

and

/FIE(fL?)du:/Ffdu VF € Z.

Proof. First let f € L*(S)N L>(S). Then f,|f| € L*(S), so their conditional
expectations exist by Lemma 2.6.21, and Lemma 2.6.19 shows that

E(f|.7)|du < | E(|f||.Z)dp = du,
/S\<fv>|u</s<|f|v>u /S\flu

where the last step follows from (2.26) and the fact that S € 7y for f €
LY(S).

This proves that the conditional expectation is contractive with respect to
the L'-norm on the dense subspace L*(S)NL>(S) of L'(S). As a consequence,
this operator admits a unique extension to a contraction, denoted by P, on
L'(S) which takes its values in the closed subspace L'(S,.7) of L!(S). To
see that for any f € L(S), Pf is the conditional expectation of f, we set
fn = 1{51<nyf- Then f, € LY(S) N L>(S), fn — f in L'(S), and for all
F € % we have

/ Pfdp=lim | Pfudp= lim / E(fu|7) du
F n— 00 F n— 00 F
= lim fnduz/ fdg,

where the second-to-last step used (2.26) and the fact that .%#; = 7. O

After these scalar-valued auxiliary results, we return to the realm of vector-
valued functions:

Theorem 2.6.23 (Existence in L'(S; X)). If p is o-finite on the sub-o-
algebra F, then every f € L*(S; X) admits a unique conditional expectation
with respect to .. It belongs to in L*(S; X) and satisfies



2.6 Conditional expectations 145

B < £

and

/FIE(f|34‘)du:/Ffdu VF € 7.

Proof. By Lemma 2.6.22, the operator E(:|.%) is a well defined contraction on
L'(S), which is positive by Lemma 2.6.17. By Theorem 2.1.3, it extends to a
contraction on L'(S; X). To see that this extension is indeed the conditional
expectation on L'(S; X) we note that for u-simple functions this follows from
the scalar case (it is immediate from the definition of conditional expectations
that E(g®@z|.#) = E(g|.#) ®z), and for the general case we approximate f by
a sequence of u-simple functions f,, and argue as in the proof of Lemma 2.6.22.

The final identity follows from the scalar case by a similar approximation,
noting that it is true for p-simple functions since it is true for scalar functions
by Lemma 2.6.22. g

Proof of Theorem 2.6.20. First we prove that if u is o-finite on the sub-o-
algebra .7, then every f € L°(S;X) that is o-integrable on .# admits a
conditional expectation with respect to .%.

Fix an arbitrary exhausting sequence (F,),>1 for f in % consisting of
disjoint sets. Since integrable functions have a conditional expectation by
Theorem 2.6.23, the function

Z 17,E(1p, f|7)

n>1

is well defined. By Proposition 2.6.9 ¢}, = #1,, yNFr1,, fl.#) is an exhausting
ideal in 7. It is easily checked that € := J,5, €n|F, is an exhausting ideal
in %, where 6, |r, := {CNF, :C € %,}. Proposition 2.6.9 then implies that
that the function just defined is a conditional expectation of f.

The proof of Theorem 2.6.20 is completed by checking that the asser-
tion (2.27) holds true. Let F € Fy, so that 1pf € L'(S;X) by definition.
Theorem 2.6.23 guarantees that this function has a conditional expectation

h € LY(S; X) and
/hduz/lFfdu=/fdu-
S S F

On the other hand, by Example 2.6.11, the conditional expectation of 1pf,
which we denoted by h, is given by 1pE(f|.%). So in fact we checked that
1pE(f|.#) € L'(S; X) and

[ E#)an= [ nap= [ ran

as we wanted to prove. d
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Examples of non-ezistence

We now give an example to demonstrate the failure of existence of conditional
expectations, even for functions f € L!(S) (which is o-integrable over any
sub-o-algebra), when 4 is not assumed to be o-finite on #.

Ezxample 2.6.24. Let S be a set with a distinct point s; and equipped with a
measure £ such that u{s1} =1 and p(S\ {s1}) = co. The function f(s1) = a,
f(s) =0 for s # s; is o-integrable over .% = {@, S} but has a conditional ex-
pectation with respect to .Z if and only if @ = 0 (in which case the conditional
expectation is the zero function). Indeed, the conditional expectation has to
be a constant function which, by the requirement of strong p-measurability,
can only be the zero function. For a # 0 the defining condition (2.24) for
conditional expectations is clearly violated.

2.6.c Conditional limit theorems

We proceed with “conditional” versions of the fundamental limit theorems of
integration theory. Their proofs follow the same logical pattern as for their
unconditional counterparts: we start with monotone convergence and arrive,
via Fatou’s lemma, at dominated convergence.

Theorem 2.6.25 (Conditional monotone convergence). Let (fn)n>1
be a non-decreasing sequence of non-negative functions in L°(S) and let f €
L°(S) be o-integrable over a sub-o-algebra F on which y is o-finite. If f,, T f
almost everywhere, then

E(fulZ) T E(f|.7),
the existence of the conditional expectations being part of the assertion.

Proof. The o-integrability of f over % implies the same property for each
fn, and hence the existence of the conditional expectations is guaranteed by
Theorem 2.6.20.

By monotonicity and the positivity of the conditional expectation operator
it follows that we have the almost everywhere inequalities

Hence (E(fn|#))n>1 is an almost everywhere bounded non-decreasing se-
quence, so it has an almost everywhere pointwise limit g € L°(S,.#) which
satisfies 0 < g < E(f|-%#). It remains to be shown that g = E(f|.%).

For all F' € & we have F' € %, and

[ gan= i [ B(51#)dn= i [ fadu= [ ran

where the first and last steps were based on the usual monotone convergence
theorem. This gives the desired result. O
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The o-integrability assumption on f cannot be omitted:

Ezample 2.6.26. Let S = (0,1) with the Borel o-algebra and Lebesgue mea-
sure, let F = {&,(0,1)}, and consider the functions f(¢t) = 1/t and
fn(t) = L(1/n,1)f. Each f, has a conditional expectation with respect to .7,
but f does not.

Theorem 2.6.27 (Conditional Fatou lemma). Let pu be o-finite on the
sub-o-algebra 7 , let (fn)n>1 be a sequence of non-negative functions in L°(S),
let f € LY(S), and assume that all these functions are o-integrable over F .
Suppose furthermore that f = liminf,_, . f, almost everywhere. Then, almost

everywhere,
E(f|.Z) < liminf E(f,|Z).
n—oo

Proof. Putting ¢y, := inf,,>, fm we have 0 < ¢, T f = sup,,>; infp>n fin. By
the conditional monotone convergence theorem,

E(/|7) = E(lm_,|7)

. PR PR o
= Jim E(¢n|#) < lim inf B(fm|7) = limnf E(f,] 7).

The estimate < above was based on the fact that ¢,, < f,, for all m > n and
hence E(¢,|-#) < E(fmn|#) for all m > n. O

Theorem 2.6.28 (Conditional dominated convergence). Let p be o-
finite on the sub-c-algebra F. Let (fn)n>1 be a sequence in L°(S; X) and
suppose that lim, o fr, = [ and ||fn]l < g almost everywhere, where g €
L°(S) is o-integrable over F. Then, almost everywhere

: _ T\ —
Jim E(][ fn = fIIl#) = 0,

and
lim E(ful7) = E(/|).

the existence of these conditional expectations being part of the assertion.

Proof. The existence of the conditional expectations of f and f, follows from
Theorem 2.6.20 and the fact that they, too, must be o-integrable over .%.
Let ¢gn, := ||fn — f|l- Then almost everywhere we have g, — 0 and
0 < gn < 2g. Let ¢, = sup,,>,, gm- Then 0 < ¢, < 29 and ¢, | 0 al-
most everywhere. Hence E(2g — ¢, |.%) 1 E(2g|-%#) almost everywhere by the
conditional monotone convergence theorem and therefore E(¢,|.%#) | 0 almost
everywhere as n — oo. In view of 0 < ¢, < 9y, this proves that E(g,|%#) | 0
almost everywhere. Now the final assertion can be derived if one uses Lemma
2.6.19. ]
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2.6.d Inequalities and identities

The following key inequality is the conditional analogue of Proposition 1.2.11
and extends Lemma 2.6.19.

Proposition 2.6.29 (Conditional Jensen’s inequality). Let u be o-finite
on the sub-c-algebra F . Let ¢ : X — R be convex and lower semi continuous,
let f € L°(S; X), and suppose that f and ¢po f are o-integrable over .. Then,
almost everywhere,

¢oE(f|F) <E(po fl.F).

Proof. Since f takes its values in a separable subspace almost everywhere, we
may assume that X is separable. Then Lemma 1.2.10 provides a sequence of
affine functions ¢;(z) = R(z,y;) +a; on X such that ¢(x) = sup, ¢;(x). Thus,
almost everywhere,

¢ o B(f|.F) = sup ¢i o B(f|.F) = supE(¢; o f|F) <E(po f.F).

O

Corollary 2.6.30 (LP-contractivity). Let p be o-finite on the sub-o-
algebra F. Let p € [1,00) and suppose that f € LP(S;X). Then the con-
ditional expectations below exist, and satisfy the almost everywhere inequality

BN < E(F1IP]7)- (2.29)
In particular, we have E(f|.%) € LP(S; X) and

B < 1 1lp-

Proof. Both f and | f||? are o-integrable over .# (see Proposition 2.6.3).
Therefore, the conditional expectations exist. Now (2.29) follows from Jensen’s
inequality applied to ¢(z) = ||z||?, and the norm inequality follows by inte-
grating (2.29) over S and applying Lemma 2.6.22 on the right. O

We continue with some useful identities for conditional expectations. In Propo-
sitions 2.6.31 and 2.6.32 we let X1, Xo, Y be Banach spaces and

B : X1 X Xg —Y
be a bounded bilinear mapping. The main examples we have in mind are
X1 =K, Xo=X, Y=X, B(c,x)=cx (scalar multiplication);
X1=X, Xo=X",Y =K, B(z,z%) = (x,2") (duality).

Proposition 2.6.31 (Taking out .#-measurable terms). Let p be o-
finite on the sub-o-algebra F. Suppose that g € L°(S;.7;X1) and that
f € L°(S; X5) is o-integrable over % . Then B(g, f) € L°(S;Y) is o-integrable
over F , and almost everywhere we have

E(B(g, N)|-F) = B(g, E(f|F))-



2.6 Conditional expectations 149

Proof. Choosing an exhausting sequence of sets F; € %, which exist by o-
integrability, the function B(g, f) is integrable over any of the sets F; N{||g| <
j} € &, which form a countable cover of S. Thus (g, f) is o-integrable
over .%, which implies the existence of the conditional expectation by Theo-
rem 2.6.20.

To prove the identity, let us first consider the case that g = > . | @;1p, is
simple. Then, for F' € F; C Fg(s#) we simply compute

[ stemnE)an=3 oo [

which shows by definition that 8(g, E(f|.#)) is a conditional expectation of
B(f,g) as F is an exhausting ideal for 7 ..
In the general case, we pick a sequence of simple functions

dn S LO(S;y;Xl)

such that g, — g pointwise and ||g,|| < ||g||. Then 5(gn, k) — B(g,h) point-
wise for h € {f,E(f|.%)), and

18(gns DI <ABI-Ngnll - W< WBN - Mgl - 11,

which is a o-integrable over .#, as shown by the sets F; N {]|g|| < j} from the
beginning of the proof. Thus the conditional dominated convergence theorem
proves that

E(B(g, /)|F) = lm E(B(gn, )| F)
= lm 890, B(f|F)) = Alg E(f.).

O

Another version of this result, where the function g is allowed to be operator-
valued, will be proved in the next chapter (Lemma 3.5.2).

As an application we prove that the conditional expectation has a useful
self-adjointness property.

Proposition 2.6.32 (Self-adjointness property). Suppose that p is o-
finite on the sub-o-algebra . Let f; € L°(S;X;) and fo € L°(S; X3) be
o-integrable over F. If both B(f1,E(f2|.7)) and B(E(f1|-F), f2) are integrable
on some F € Z, then so is B(E(f1|.F),E(f2|-F)), and we have

/ B(f1, E(fol ) du = / BE(f|F), f2) du = / BE(H|F), E(f2]7)) du.
F F F
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Proof. Denote g; := E(f;|%#) for I = 1,2. By Proposition 2.6.31, 8(f1,¢g2) has
a conditional expectation with respect to % given by

E(B(f1,92)|-F) = B(g1, 92)-

The left side, and thus the right, is integrable over F' € Fg(y, 4,) N F (g1, f2)5
and we have

/Fﬁ(fl,gz)d,u:/FE(ﬂ(flagMy)dN:/Fﬁ(glygz)dﬂ-

The other identity follows by exchanging the roles of f; and fo, observing that
the right side is symmetric with respect to both f; and fs. O

Proposition 2.6.33 (Tower property). Let u be o-finite on &, where
¢ C F are sub-o-algebras. If h € L°(S;X) is o-integrable over &, then
the conditional expectations below exist and satisfy

E(E(h|.7)|9) = E(h|9).

Remark 2.6.34. If we drop the condition of o-finiteness on ¢ it may happen
that exactly one of E(h|%) and E(h|¥) exists. Let (S, o7, u) = (R, B(R), dz),
4 = {2,R}, F = 0([0,00)) and h(t) = sgn(t)/(1 + t?), we have E(h|¥) = 0
but E(h|.#) does not exist. For the same ¢, # = o({[k,k + 1),k € Z}) and
h =1, we have E(h|.#) = h, whereas E(h|¥) does not exist. Note that in the
second example the measure is o-finite on ..

Proof. The existence of g := E(h|¥) and f := E(h|.#) follows by Theo-
rem 2.6.20 since h is o-integrable over ¢, and hence over .%, and p is o-finite
on ¢, and hence on .#. Moreover,

%zﬁfﬂggﬂhm%:%

so that f is also o-integrable over ¢ and hence has a conditional expectation.
For G € ¢4, C %, we have

[ o= [ Bwyan= [ nau= [ B0F) 0= [ pan

and thus g is the conditional expectation of f with respect to ¢, as we wanted
to show. g

Independence and conditional expectations

The next two propositions are concerned with independence. Readers not
familiar with this notion from probability theory may safely skip them.

Proposition 2.6.35 (Independence I). Let (S,<,u) be a probability
space. If f € LY(S;X) is independent of the sub-o-algebra F, then its
conditional expectation with respect to F is given by the constant function

E(f|#) =Ef.
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Proof. The result is a consequence of the following identities, valid for all
FeZ:
| fau=Ben =B1rEf = [ Efdp.
F F

A more refined version of this proposition reads as follows.

Proposition 2.6.36 (Independence II). Let (S, <7, 1) be a probability space
and let F and G be sub-c-algebras. Let f € LO(S; X) be o-integrable over .F .
If9 and o(f, F) are independent, then f has a conditional expectation with
respect to o(4,.F) and

E(flo(¢,.7)) = E(f|7).
Proof. For all F € #; and G € & we have I' € Fg5#) and

| E1#) = [ 16- (0rB(17)
FNG

S

@) [ 1) =@ [ s

D [1e-@rnan=[ fan

In (i) we used the independence of 4 and .%, in (ii) the independence of ¢
and 1xf. Let

¢ ={Heco(#,9): HCFNQG for some F € Fy and G € 4}.

Since S can be covered by countably many sets in %, S can be covered
by countably many sets in %. It follows that % is an exhausting ideal for
H =0(F,9).

By Proposition 2.6.9 It remains to be shown that for all C' € € we have

| E¢1#) = [ ran

Fix a set C € €. By assumption we have C' C Fy N Gg for some Fy € & and
Go € ¢. Fix this set Gy and consider the restricted o-algebra g, on Gy.
The collection of all F NG with F' € F; and G C Gy is closed under taking
finite intersections and generates J¢|¢,. Hence by Dynkin’s Lemma A.1.3 we
conclude that

[ EnF = [ sau vite #la,
H H
Since C' € g, this concludes the proof. O

As an illustration we include the following lemma which will be used in The-
orems 3.3.10 and 4.4.1.
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Lemma 2.6.37. Let (S, <7, u) be a probability space. Let &1, ...,&, be inde-
pendent and identically distributed random variables in L°(S; X). Let

_ 1
€= 1D &
k=1
Let 9 C o be a o-algebra which is independent of o(&1,€,,). Then
E(¢l0(&,,9)) = E(&lo(E,) = &,

forallj=1,... n.

Proof. The first identity follows from Proposition 2.6.36. Turing to the second
identity, we claim that for any Borel set B C X the following identity holds

/ & dP = / &dP, 1<j,k<n. (2.30)
{¢.€B} {¢,eB}

Taking the average on the right-hand side of (2.30) with respect to k, keeping
j fixed, the identity E(&;|0(€,,)) = &, follows.

To prove (2.30) it suffices to take j = 1. For k=1,...,nlet b : X" = X
be given by

. 1 ¢
hi(x1, ... 20) = 1g(p, . 2yeB @ xp with g(xq,...,2,) :zﬁzle.
i=

Then the following symmetry property holds: h; o ¢; = hi, where ¢; 1 :
X™ — X" flips the jth and kth variable.

Let v =Po (&1,...,&,) 7! be the image measure on X™. By the properties
of the &’s we have v o d)Ji = v. Therefore, by substitution (see Proposition
1.2.6), we find

/ gldIP’:/ hldu:/ hidvo ¢y}
{€,€B} " " ’

= hl O¢1,k dv = hk dv = / §k dP.
Xm Xn {¢.€B}

Uniform integrability of conditional expectations

Definition 2.6.38 (Uniform integrability). Let 1 < p < oo. A subset
T C LP(S; X) is said to be uniformly p-integrable (or just uniformly integrable
when p=1) if

(i) For all e > 0, there exists an r > 0 such that

Sup/ Loisi>rpIFIP dpe < e
feTJ s
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(ii) For every e > 0, there is a set B € o of finite measure such that

sup [ dp <z
feT JCB

The reader may check that these conditions are satisfied if and only if the
family {||f||? : f € T} is uniformly integrable in the sense of Definition A.3.1.

Proposition 2.6.39. Let (%;)icr be a family of sub-o-algebras of o/ such that
w is o-finite on their intersection F = (\;c; Fi, and let 1 < p < co. Then
for all f € LP(S; X) the family {E(f|%#;) : i € I} is uniformly p-integrable.

It will follow from the proof that the sets B in condition (ii) may be chosen
from .%.

Remark 2.6.40. The assumption of o-finiteness of .# cannot be weakened to
o-finiteness on each of the .%;. Indeed, let (S, 27, u) = (R, B(R),dx). Let

Dn ={27"(0,1)+k):ke€Z}, nelZ,

be the standard dyadic cubes of side-length 27", and let .%,, := 0(%,,) the o-
algebra generated by them. Then (%, )ncz is o-finite filtration. For f := 1j9 1)
and n > 0, we have f_,, := E(f[F_,) = 27" 1[g on). Given a set B € #(R) of
finite measure, most of the mass of f_,, eventually gets concentrated outside
the set B as n — oo, and therefore condition (ii) cannot be satisfied. Notice
that % = {@, (—00,0),[0,00), R} is purely infinite in this case.

Proof of Proposition 2.6.39. First we observe that |E(f|.%:)||P < E(||f|”]-Z:)
by the conditional Jensen inequality. Thus by Proposition A.3.4 it suffices
to consider the case X = R and p = 1, and we need to show the uniform
integrability of {E(|f||.%;) : i € I} for every f € L1(9).

Fix ¢ > 0 arbitrary and choose § > 0 such that pu(A) < ¢ implies
J4lfldu < e. Fix i € I and write g; := E(|f||.7;) for brevity. Set r := || f||1/0
and note that u(lg;| > r) < ||gill1/r = 0. Noting the .#;-measurability of
{lgi| > r}, we conclude that

/91{|g|>7’}|gi|d/’42/S]-{|gi\>r}|f|d:u<€-

Choose an increasing sequence of sets By € % of finite measure that
exhaust S; they exist by assumption. Then f[) B, |f|dp — 0 by dominated
convergence. Given € > 0, choose B := By, so large that the mentioned integral
is at most . Then, for any ¢ € I, we have, using the conditional Jensen
inequality and the defining property of the conditional expectation on 0B €
F C F,

/E B e < /B B(fI17) du = /B lrlde<e,
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2.7 Notes

References on the general LP-extension problem include Bukhvalov [1975],
Hernandez [1984], Herz [1971], Pisier [1986a, 2010], Virot [1981].

Section 2.1

The following characterisation of “LP-extension spaces’” is due to Kwapien
[1972b] and establishes a converse to Proposition 2.1.2.

Theorem 2.7.1 (Kwapien). Let 1 < p < 0o be fized. For a Banach space X
the following assertions are equivalent:

(1) for any bounded operator T € ZL(LP(0,1)), T ® Ix extends to a bounded
operator on LP(0,1; X);

(2) there exists a measure space (S, 7, ) such that X is isomorphic to a
closed subspace of a quotient of a space LP(S).

A good starting point for the structure theory of LP-spaces is the Handbook
article by Alspach and Odell [2001]; classical papers on the subject include
Rosenthal [1970, 1973].

Theorem 2.1.3 admits an extension to regular operators, and in this formu-
lation a converse holds. Recall that a bounded operator T': L1 (S1) — LP2(Ss)
is called regular if there exists a positive operator S : LP*(S1) — LP2(Ss) such
that

|Tx| < Slx| Va € LP*(S1). (2.31)

For such an operator we define
1T ||veg = inf{||S|| 2 S e L(LP(S1),LP?(S2)), S =0, and (2.31) holds}.

Theorem 2.7.2 (Bukhvalov). Let 1< py,ps < co. For a bounded operator
T from LP1(Sy) to LP2(S2) the following assertions are equivalent:

(1) T ® Ix extends to a bounded operator from LP(S1; X) to LP?(S3; X) for
every Banach space X ;

(2) T ® I extends to a bounded operator from LP1(Sy;0') to LP2(Sy;¢1);

(3) T is reqular.

In this situation, for every Banach space X we have
IT® Ix]l < [|Tllreg < 1T ® Lo |-

An analogue for adjoint operators T : L>°(S1) — LP(S2) in the style of The-
orem 2.1.7 can be formulated as well.

The proof of Theorem 2.7.2 uses the fact, to be proved shortly, that T
is regular if and only if there is a constant C such that for all z,...,zy in
P (Sl ),
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(2.32)

N N
Tz, < CH Tn
|l <] Xt

Moreover, ||T||reg equals the least admissible constant C.

LP1(Sy)

Proof. (3)=(1): This follows by repeating the proof of Theorem 2.1.3 line by
line; this argument produces the estimate |7 ® Ix|| < [|T|reg-

(1)=-(2): This implication is trivial.
(2)=(3): Let z1,...,zn € LP*(S;) be given. Then z := (z,,)]_, defines
an element of LP1(S;¢1) and Tz := (Tx,)_, satisties Tz = (T ® Iy )z and

N
o
n=1

Lr2(S3) - H (T ® I >$HLP2 (S2;01)

N
<IT® Lo ol os sy = 1T € T || 3 foa]
n=1

LPi(S1)

This shows that (2.32) holds, with constant |7’ ® I ||. Therefore T is regular
and [|T|reg < [T ® Lot |- m

Let us now prove the characterisation of regular operators alluded to in (2.32).
Recall that an operator T' from LP1(Sy) to LP2(Ss) is called regular if there
exists a positive operator V' : LP1(Sy) — LP2(Ss) such that |Tz| < S|V for
all z € LP'(S7). For such an operator we define ||T'||;eq as the infimum of
the norms ||V]|, where V' ranges over all positive operators from LP'(S;) to
LP2(S,) satisfying |Tx| < V|z| for all z € LP1(Sy).

Proposition 2.7.3. Let 1 < p1,p2 < 0o and let T : LP1(Sy) — LP2(S3) be a
bounded linear operator. The following assertions are equivalent:

(1) T is regular;
(2) there exists a constant C' such that for all x1,...,xN in LP1(Sy),

N
o
n=1

(3) T is the difference of two positive operators.

N
<C’H T ;
Lr2(Sy) ;' o Lr1(8)

Moreover, ||T||veg is the infimum of admissible constants C in (2).

Sketch. The implications (3)=-(1)=(2) are easy. The latter also shows that
(2) holds with constant C' < ||T'||;eg; the converse inequality follows from (2)
by taking N = 1.

The proof of (2)=(3) is taken from Bukhvalov [1975, Lemma 1.7] and
uses the fact that in the spaces LP(S) every norm bounded set A that is
directed upward (in the sense that for any two y,y’ € A there exists z € A
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such that z > y and z > ¢’) has a supremum. This property, in turn, implies
that every non-empty set that is bounded above has a supremum (see, e.g.,
Meyer-Nieberg [1991, Section 2.4]).

Let us put X = LP1(S;) and Y = LP2(S;) for brevity. For 0 < =z € X
consider the set

N N
Az:{Z\Tmn\: a?:z:cn, xn>0}.
n=1 n=1

Using the Riesz decomposition property of Banach lattices (see Aliprantis and
Burkinshaw [2006, Theorem 1.15]) this set is easily seen to be directed upward
and, by our assumption, it is norm bounded. It follows that sup A, exists. If
|z| < z, then

|Tz| < |Tz"|+ [Tz |+ T(x — |2]) < sup A,.

Thus we may define a mapping 77 : XT — YT by TFx :=sup{T2:0< 2z <
x}. Standard arguments from the theory of Banach lattices (see Aliprantis and
Burkinshaw [2006, Chapter 1]|) show that T extends to a bounded positive
linear operator from X to Y by setting, forany x € X, TVx := Ttz -T+2~.
Similarly, T~ := sup{—T2 : 0 < z < x} defines a bounded positive operator
from X to Y, and we have T =T+ —T~. O

It is known that every bounded operator T : L' — LP is regular (this follows,
e.g., from Meyer-Nieberg [1991, Proposition 3.3.14]). Proposition 2.1.1 then
appears as a special case of Theorem 2.7.2.

The idea to use Lemma 2.1.6 to prove Theorem 2.1.7 was shown to us by
N. Lindemulder. Further results along this line may be found in Lindemulder
[2016].

Our proof of Theorem 2.1.9 is adapted from Garcia-Cuerva and Rubio de
Francia [1985]. In its present form it is due to Marcinkiewicz and Zygmund
[1939]; the case p; = po (without sharp constant) was shown earlier by Paley
[1932]. Some further developments are presented in Garling [2007], which also
contains a wealth of material relating to other topics treated in this chapter.

In Example 2.1.15 we have dealt with the Fourier transform on the real line.
A similar example can be given for the Fourier transform on the circle. In this
formulation, the first to notice the non-extendability of the Hausdorff-Young
inequality to certain Banach spaces X was Bochner [1933a]. His example is
interesting enough to be mentioned:

Ezample 2.7.4. The Fourier transform on the circle T = [0,1) is defined by

~

Ff(k) = f(k), k € Z, with

1
Ff(k):= /0 f(k)e™ 2kt 4,
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It is elementary to see that .# an isometry from L?(T) onto ¢%(Z). We
wish to check that .7 ® I (1) does not extend to a bounded operator from
L2(T; LY(T)) to £3(Z; L*(T)).

Suppose the contrary. Fix an arbitrary f € L'(T) and define gf €
L*(T; L'(T)) by (g¢(t))(s) := f(t + s mod 1). By approximation one sees
that its image under .# ® I (1) must be the the sequence (g7 (k))rez, where
Gy (k) € LY(T) is the function s — €27 f(k), so that

(F @ L) 95l znrcmy) = Z 20 F (k) k)12 ) = Z |k
keZ keZ
By assumed boundedness of .7 ® Ip1(r), it follows that
113 = IF(k F I Plgsle e oy = 1F @ I 11 FI1T.
keZ

an obvious contradiction.

Incidentally, this example also shows that the partial Fourier sums Syg of a
function in g € L?(T; X) need not converge to g in the norm of L*(T; X), an
observation from Bochner and Taylor [1938]. Indeed, with the above notation

we have Sngr(k) =32, <N e2mikt¢ik() £(k). Now convergence Sygs — g5 in
L?(T; L*(T)) would lead to the contradiction

Hf||L2 = hm / ‘ Z 2mktf ‘

0 k<

1
< lim / HSNgf(t)
0

N —oc0

iy dt = llgsllZ2crprryy < N7 emy-

Example 2.1.15 is from Peetre [1969]. Example 2.1.16 is a variation of an
example in Defant [1989]. Example 2.1.17 is due to Rosinski and Suchanecki
[1980]. Previous examples of bounded functions which fail to admit a stochas-
tic integral were given in Yor [1974]. Theorem 2.1.20 is due to Hoffmann-
Jorgensen and Pisier [1976].

Weighted norm inequalities

In harmonic analysis, weighted norm inequalities in the scalar case often imply
the boundedness of vector-valued extensions. This principle was first observed
by Rubio de Francia [1984]. This rich and deep subject is covered in the mono-
graphs Garcia-Cuerva and Rubio de Francia [1985] and Cruz-Uribe, Martell,
and Pérez [2011]. A typical example is as follows. Let 1 < pg < oo and suppose
T is a bounded operator on LP°(R%, w) for all Muckenhoupt Ap,-weights w,
with a bound on the norms which depends on the A, -constant of w in a suit-
able ‘monotone’ way. Then T extends to a bounded operator on LP(R?, w; (%)
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for all 1 < p,q < co and all Ap-weights w. This result remains true for sub-
linear operators, and in this formulation it covers the Hardy—Littlewood max-
imal operator. Instead of £9 it is possible to use more general classes of Banach
function spaces; see Rubio de Francia [1986]. Recall that a Banach function
space over a measure space (S, <, 1) is a subspace X C L°(S) equipped with
a complete norm that respects the pointwise ordering, in the sense that if
1 < lg| for some f € LO(S) and g € X, then f € X with | f|lx < [lgllx.

Section 2.2

The chronologically first result on the interpolation of operators in the mod-
ern sense is the Riesz—Thorin Theorem 2.2.1. It is originally due to Riesz
[1927], whose proof is quite different from the present one; it is completely “el-
ementary” (although perhaps not easy), as it has nothing to do with complex
variables but relies at the bottom on a careful analysis of the conditions for
equality in Holder’s inequality. In the introduction to his article, Riesz [1927]
indicates the work of Jensen [1906] on convex function inequalities as his
source of inspiration. It was Thorin [1938] who introduced the now-standard
complex-variable framework for this result, foreshadowing the abstract notion
of complex interpolation. Our proof of Theorem 2.2.1 is standard and may
be found in most textbooks on interpolation theory. We mention Bergh and
Lofstrom [1976], Krein, Petunin, and Seménov [1982], Lunardi [2009], Triebel
[1978].

The Marcinkiewicz Interpolation Theorem 2.2.3 was announced without
proof in a two-page note by Marcinkiewicz [1939a]. The full theorem, already
formulated in Marcinkiewicz [1939a], also deals with operators 7" mapping LP
into another L?. such a mapping is called quasi-linear if, for all f € LP and
c €K,

IT(cH)I] = || T(f)]] almost everywhere,

and there is a constant C' > 0 such that for all f,g € L?,
IT(f + 9l < CUT) +T(g)ll) almost everywhere.

Theorem 2.7.5 (Marcinkiewicz [1939a]). Let T : LP° + LP* — L° be a
quasi-linear operator that maps T : LP* — L% for ¢ = 0,1, where p; < ¢;
and pg < pg. Then

1 1- 6 1 1-6 6
T:LP - LY for 1;: Jrg, 0 € (0,1).

Po P g 9

According to Zygmund [1956, p. 228], the proof of this theorem was indicated
in Marcinkiewicz’s letter to Zygmund in June 1939, and finally published by
Zygmund [1956]. The argument found there is already the one presented in
most modern textbooks; we have followed the same lines, except for some
fine-tuning of the constants which may be new. Our proof also gives Theorem
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2.7.5, but a variation of Lemma 2.2.5 is needed which involves a Minkowski
type argument.

The theorem of Marcinkiewicz [1939a] apparently attracted little attention
until it was revisited by Zygmund [1956]. It seems that Zygmund himself had
forgotten about the result in the first place, as he later adds that his fundamen-
tal work on singular integrals, Calderon and Zygmund [1952], “implicitly uses
the same ideas”, whereas “an explicit application of [Marcinkiewicz’s interpo-
lation theorem| would have shortened the proof” (Zygmund [1956, p. 235]).
The key novelty of Marcinkiewicz theorem, allowing applications beyond the
scope of the Riesz—Thorin theorem, was the use of weak-type norms. In the
preface to Marcinkiewicz [1964], Zygmund writes that this was “suggested in
all probability by an old result of Kolmogorov [1925] about properties of con-
jugate functions.” An extension of Marcinkiewicz’s result to Lorentz spaces is
due to Hunt [1964].

Comprehensive treatments of vector-valued function spaces and their inter-
polation theory are contained in Amann [1995], Konig [1986], Krein, Petunin,
and Seménov [1982], Schmeisser [1987]. Lemma 2.2.7 is due to Calderon [1964]
with a different proof. Our presentations of Theorems 2.2.6 and 2.2.10 fol-
low Triebel [1978, Section 1.18.4] and Krein, Petunm, and Seménov [1982,
Theorem IV.2.11], respectively. The Clarkson inequalities (Corollary 2.2.9)
are from Clarkson [1936]. The proof presented here was kindly shown to
us by J. Voigt. The idea of applying complex interpolation to the mapping
(f,g9) — (f+g, f—g) appears in Kato and Takahashi [1997], where the validity
of the Clarkson inequalities in L”(S; X)) is related to the (Rademacher) type
and cotype constants of X. Further results along this line are given in Milman
[1984], where Clarkson inequalities in LP(S; X) are related to the Fourier type
of X with respect to the group {0, 1} with addition modulo 2.

Section 2.3

Hardy and Littlewood introduced the maximal function that now bears their
name in their famous 1930 paper Hardy and Littlewood [1930]. They proved its
LP-boundedness as a consequence of an elaborate argument using decreasing
rearrangements, which were introduced for that purpose in the same paper.
The latter’s usefulness is explained as follows:

“The problem is most easily grasped when stated in the language of
cricket, or any other game in which a player compiles a series of scores
of which an average is recorded.”

They then consider the batman’s satisfaction as an increasing function of his
average over the number of inning played to date. This leads them to the
notion of decreasing rearrangements, for it is easy to see that

“(The batmans’s) total satisfaction for the season (...) is a maximum,
for a given stock of innings, when the innings are played in decreasing
order.”
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Instead of the batsman’s average for the complete season to date, they proceed
to consider his maximum average for any consecutive series of innings to date,
for which bounds are established that ultimately lead to the LP-boundedness
of the maximal function.

The limitation of this argument is that it works in dimension d = 1 only.
The extension to higher dimensions through the use of a covering lemma is
due to Wiener [1939]. The version with weights presented in Theorem 2.3.2,
which works for functions with values in an arbitrary Banach space X, should
be carefully distinguished from the Hardy—Littlewood theorem for A,-weights
hinted at in the Notes to Section 2.1. The latter states that if 1 < p < oo and w
is a Muckenhoupt A,-weight on R, then the Hardy-Littlewood function M is
bounded on LP(R%; w) and, more generally, on LP(R?, w; £9) for all 1 < q < oo.

The literature contains many versions of Theorem 2.3.8, making it difficult
to trace its exact origins. The reader is referred to Stein and Weiss [1971] for a
fuller discussion. It was shown in Burkholder [1964] that, in many situations,
maximal inequalities are not only sufficient, but also necessary to obtain the
almost everywhere convergence of a given sequence of functions.

Section 2.4

With the exception of the material on Fourier type, the results of this section
are standard. Vector-valued spaces of test functions and the corresponding
classes of (tempered) distributions are discussed in Amann [1995].

The notion of Fourier type goes back to Peetre [1969], where most of the
results presented here can be found. Peetre was concerned with improvement
of the classical inclusion relations

(X(),Xl)a,l — [X07X1]9 — (X(th)O,oo

between the real and complex interpolation spaces in the situation where X
and Xy have Fourier type pg and pq, respectively. He was able to prove that
under this assumption one has the embeddings

(Xo, X1)o,pp = [Xo, X1lo = (X0, X1)0.p,
where pie = 1p;09 + p%. Peetre’s proof is reproduced in Appendix C.

The equivalence of Fourier type for the line and the circle of Proposition
2.4.20 is due to Kwapien [1972a] whose approach we follow. A detailed proof
that the function considered in (2.17) takes its minimum in the points % +7Z
is written out in Gijswijt and Van Neerven [2016]. The proof is long and
tedious, and ultimately relies on a variant of the classical Hardy-Littlewood-
Polya inequality.

The notion of Fourier type is connected with the probabilistic notions of
type and cotype (see Definition 4.3.12; a detailed study will follow in Volume
II). It is straightforward to see that every Banach space with Fourier type p
has type p and cotype ¢. It is a deep theorem of Bourgain [1988] that the

following converse holds:
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Theorem 2.7.6 (Bourgain). If X has non-trivial type, then X has non-
trivial Fourier type.

Here, ‘non-trivial’ means ‘belonging to (1,2]’. It is not true, however, that
non-trivial type p implies non-trivial Fourier type p; Bourgain’s proof gives
a non-linear dependence of the Fourier type on the type and its constant.
Another proof of Bourgain’s theorem can be found in Hinrichs [1996].

In Konig [1991], various summability properties of the Fourier coefficients
of X-valued functions were established under Fourier type assumptions on X.
For instance, it was shown that X has non-trivial Fourier type if and only if
the Fourier coefficients of every f € C1(T; X) are absolutely summable.

Expository references for this material are Garcia-Cuerva, Kazaryan,
Kolyada, and Torrea [1998] and Pietsch and Wenzel [1998]. Bourgain’s result
has various application to vector-valued harmonic analysis; in the presence
of non-trivial Fourier type it is often possible to improve certain parameters,
much in the way as we saw above in connection with interpolation.

Section 2.5

A classical reference on Sobolev spaces is the book by Adams, which ap-
peared in its second edition as Adams and Fournier [2003]. Gentle introduc-
tions may be found in Brezis [2011] and Evans [2010]. A thorough treatment
of fractional Sobolev spaces which includes various other related classes of
function spaces is presented in Runst and Sickel [1996] and Triebel [1978]. A
self-contained introduction is presented in Di Nezza, Palatucci, and Valdinoci
[2012]. Sobolev spaces of vector-valued functions are treated mostly in con-
nection with the theory of evolution equations; see for instance Amann [1995],
Priiss and Simonett [2016]. A detailed discussion of the theory of vector-valued
Sobolev spaces can be found in Schmeisser [1987], Triebel [1997], and refer-
ences therein.

The results connecting weak derivatives and almost everywhere derivatives
are mostly classical, although it is hard to find a systematic reference in the
literature. For more on the connection with the Radon—Nikodym property
we refer to Diestel and Uhl [1977]. The proofs of Lemma 2.5.10 and 2.5.11
are taken from Stein and Shakarchi [2005]. We learnt the trick in the proof of
(3)=(2) of Theorem 2.5.12 from Arendt, Batty, Hieber, and Neubrander [2011]
whose presentation we follow. A direct real variable proof of Lemma 2.5.13
that avoids the use of the Carathéodory theorem and the Radon-Nikodym
theorem can be found in many textbooks. A detailed presentation is given in
Stein and Shakarchi [2005].

The proof of Theorem 2.5.17 is taken from Lunardi [2009]. The result
can be generalised to open domains D in R? that admit suitable extension
operators, such as domains with a uniformly C! boundary. For such domains
one then obtains

(LP(D; X), WP (D; X))g,, = WOP(D; X)
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with equivalent norms.

Section 2.6

Conditional expectations in a o-finite setting have been considered by many
authors. Some aspects of our approach seem to be new, however, even in the
scalar-valued situation. Our approach is related to that of Stromberg [1994]
and Tanaka and Terasawa [2013], the principal difference being that we take
the collection .# of sets over which f is integrable as the point of departure
rather than the collection of sets of finite p-measure, our philosophy being
that what really matters is the integrability properties of f on a gives set, and
not so much the size of the set.

Neveu [1975] takes a different approach which we will outline and compare
with ours. Let first (S, <7, P) be a probability space and let # C & be a sub-
o-algebra. For arbitrary o/-measurable f : S — [0, 00|, Neveu checks that
E(f|.#) may be defined as the almost everywhere limit of E(f A n|.#) as
n — 00, in the sense that this limit is the unique (up to a P-null set) %-
measurable function with values in [0, co] such that

/E(fL?)d]P’:/ fdP VF e 7. (2.33)
F '

As a second step, let (S, <7, 1) be a o-finite measure space and let F C o7
be a sub-c-algebra. We do not assume g to be o-finite on .#. Fix a strictly
positive integrable function w : S — (0,00). Then the measure P := wy is a
probability measure and we have y = w™!P (where of course w=! = 1/w).
On .7, by (2.33) we have u = E(w™!|.%#)P, the conditional expectation being
taken with respect to P. The set

F, = {E(w %) < 00}
belongs to .% and has the following properties:

(i) plz is o-finite on F);
(ii) p|# is purely infinite on CF),.

Recall that the second property means that u|g only takes the values 0 and oo
on the .Z-measurable subsets of CF),. Then Neveu observes that E(w~! f|.%)
is strictly positive u-almost everywhere on F), and that, for an 27-measurable
function f : .S — [0, 00], the prescription

E(w™'f|.Z

IE((w‘lJT:'?)) on Fy

E,(s|#) = (2:349)
0 on CF A

defines the conditional expectation of g with respect to .%, taken with respect
to u, in the sense that it agrees with the orthogonal projection in L?(S,.%, 1)
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onto L?(S, ) and is the unique (up to a P-null set) .#-measurable function
with values in [0, 0o] such that

/Eu(gL?)d,u:/gdu VFeZ#, FCF, (2.35)
F P

In particular, the definition of E, (g].%) is independent of the choice of w. This
conditional expectation defines a positive linear contraction from LP(S, %, u)
onto LP(S, p) for each p € [1, x0].

To compare this approach with ours, we first observe that if (5,7, ) is
a o-finite measure space and .% C & is a sub-o-algebra, then by Proposition
A.1.4 there exist disjoint sets Sy, S1 € % such that Sy US; = S such that the
restriction of p to #|g, is o-finite and the restriction of y to .#|g, is purely
infinite. To see that Neveu’s approach coincides with ours, we simply note
that So = F,, and S, = CFM up to p-null sets, for there can be only one such
partition of S up to p-null sets. Now it follows from (2.35) and uniqueness
that on F), the conditional expectation given by (2.34) agrees with ours.

The extension of this approach to the vector-valued case would create
some difficulties, since the step which extends the conditional expectation on
L?(S,P) to L°(S,P) is based on a monotonicity argument. This can easily
be circumvented by using the fact (see Proposition 2.6.2) that any function
in L°(S; X) is o-integrable and then define the conditional expectation along
the lines of (2.28), but this would bring us straight to the construction we
have taken. Let us also emphasise that our approach develops conditional
expectations from first principles.

Yet another approach could be based on extending the regular conditional
probability (see Kallenberg [2002, Chapter 6]) and to use it to define the
vector-valued conditional expectation. Using this method, “conditional ver-
sions” of several classical theorems can be derived immediately.

Subsections 2.6.c and 2.6.d follow a more or less standard pattern. An
alternative proof of Proposition 2.6.29 (for functions f € LP(S; X)) can be
found in Haase [2007].

Conditional expectations in LP(S; LI(T; X))

Let (S, ,u) and (T, %,v) be measure spaces. For a sub-c-algebra % of
the product o-algebra & x %, we define L?,(S; L9(T; X)) to be the closed
subspace in LP(S; L9(T; X)) of all functions having a strongly .#-measurable
representative. The following result is proved in Lii and Van Neerven [2016].

Theorem 2.7.7. Let (A, o/, ) and (B, %,v) be probability spaces, let X be
a Banach space, and let 1 < p,q < oo. Then the conditional expectation
operator E(-|.F) on L(S x T) restricts to a bounded projection on the space
LP(S; L9(T; X)) with range L' (S; L9(T; X)). The norm of this projection is
bounded by a constant independent of X.



164 2 Operators on Bochner spaces

The next example, due to Qiu [2012], shows that the conditional expectation
may fail to be contractive. It will be refined in Chapter 4 (see Proposition
4.3.14).

Ezample 2.7.8. Let A= B = {0,1} with & = # = {@,{0},{1},{0,1}} and
1 = v the measure on {0, 1} that gives each point mass %, and let

7 ={{(0,0),(1,0)},{(0, )}, {(1, 1)}}.
Let f : A x B — R be defined by f(0,0) = 0, f(1,0) = 1, f(0,1) = 1,
f(1,1) =0. Then
E(f1)(0,0) = 5, E(I#)(1,0)= 3, E(IZ)0,1) =1, B(fl#)(1,1)=0.

Hence in this example we have

_ 1 1 1/p

Hf”LP(S;LZ(j ) — ((5)10/2 (2)p/2) s

o _ 1 5 1/p
IECfF)L (S;L2(T)) ((8)p/2 ( )p/2> .
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Consequently, for large enough p the conditional expectation fails to be con-
tractive in LP(S; L?(T)).

As an immediate consequence of Proposition 2.7.7 we obtain the following du-
ality result, due to Lii, Yong, and Zhang [2012]. Their proof, however, requires
an additional assumption on .%.

Corollary 2.7.9. Let (A, o7, 1) and (B, %,v) be a probability space and a o-
finite measure space respectively, and let X be a Banach space whose dual has
the Radon-Nikodym property, and let 1 < p,q < oco. Then we have a natural
isometric isomorphism of Banach spaces

(L% (S; LY(T; X)))* = L (S; LY(T; X)).

This corollary cannot be extended to p = 1, even when ¢ = 2. In fact it
is shown in L and Van Neerven [2016] that if (£2,.%#,P) is a probability
space supporting a Brownian motion (Bj)e[,1], and if & is the so-called
progressive o-algebra associated with it (see, e.g., Chung and Williams [1990]
for its definition), then

L%(£2;L2(0,1)) C (LY(92; L*(0,1)))". (2.36)
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