Chapter 2
Criteria on Periodic Stabilization in Infinite
Dimensional Cases

Abstract This chapter studies the linear periodic feedback stabilization (LPFS, for
short) for a class of evolution equations in the framework of Chap.1. We restrict
controls values only in a subspace Z of U, which might be of finite dimension.

Keywords Periodic Equations * Stabilization + Criteria - Infinite Dimension

Defnition 2.1 Equation (1.1) is said to be LPFS with respect to a subspace Z of
U if there is a T-periodic K(-) € L™ (R*; Z(H, Z)) so that the Eq. (1.104) is
exponentially stable. Any such a K(-) is called an LPFS law for Eq. (1.1) with
respect to Z. Write

%" 2{Z | Z isasubspace of U s.t.Eq. (1.1)isLPFS w.rt. Z}. (2.1

We will provide three criteria for judging whether a subspace Z belongs to % 5.
They are related with the following subjects: the attainable subspace of (1.1), which
will be introduced in (2.2); the unstable subspace H; of (1.1) with the null control,
which was defined in (1.21); the periodic map associated to (1.1) with the null
control, which was defined in (1.12); and two unique continuation properties for the
dual equations of (1.1) on different time horizons [0, T'] and [0, noT] (Where no was
defined by (1.17)), which will be introduced in (2.57) and (2.58) respectively. We
also show that if U € % F'S, then there is a finite dimensional subspace Z in % .
Hence, Eq. (1.1) is LPFS if and only if it is LPFS with respect to a finite dimensional
subspace Z of U. This might help us to design feedback laws numerically.

2.1 Attainable Subspaces

This section is devoted to studies of attainable subspaces w.r.t. a subspace Z C U.
Let
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z A KT 2 o+
A A [ KT, s)B(s)u(s)ds | u(-) € L2(R™; Z)} forall keN. (2.2)
0

It is called the kT -attainable subspace of Eq. (1.1) w.r.t. Z. Recall (1.12), (1.19) and
(1.20). We simply write

H, £ H,(0), H, £ H,(0), P2 P() and & £ 2(0). (2.3)

Let .
df =Pof, kel (2.4)

These subspaces play important roles in our studies of LPFS.

Lemma 2.1 Let [A(-), B(-)] be a T -periodic pair satisfying the conditions (F€7)-
(7). Assume that Q and R satiAsfy (1.88) and Q > 0. Let h € H. Then Problem
(LQ)qy, (defined by (1.54) with T =T, M = 0 and U = Z) satisfies the FCC at h
if

P(P*h) € o7 for some k €{0,1,2,...}. (2.5)

Proof Suppose that & € H satisfies (2.5) for some k € N. Then there is u €
L?(0, co; Z) so that

kT
P(Z*h) = ]P’/ & (kT, s)B(s)u(s)ds,
0

from which, it follows that Py(kT; 0, h, —u) = 0. Let # = —x[o.x#. Then & and
y(kT; 0, h, ii) are in L?(t, 00; Z) and H, respectively. These, together with (f) of
Proposition 1.4, yield that

ly(s;0,h, )|l = lly(s; kT, y(kT; 0, h, ), @) ||
= |ly(s; kT, y(kT;0,h,1),0)| = [|D(s,kT)y(kT; 0, h, i) ||
< Cpe "D y(kT; 0, h, 4)|| forall s > kT.

From this, one can easily verify that J37, () < 00. So Problem (L Q)gf’h satisfies the
FCC at h.

We next suppose that 7 € H satisfies (2.5) with k = 0. Since # satisfies (2.5),
with k = 0, if and only if & € H,, we find that J§3,(0) < oo. So Problem (L Q)3
satisfies the FCC at &. This ends the proof. [

From Theorem 1.4 and Lemma 2.1, we find that properties of subspaces {,kaz ,
k € N} play important roles in the studies of LPFS. Meanwhile, since & satisfies
(2.5), with k = 0, if and only if & € H,, we find from Lemma 2.1 that when
h € H,, Problem (L Q)gfh satisfies the FCC at i. Hence, the studies of the case when
h € H; is very important. We will see that it isindeed the key in the studies of LPFS.
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2.1 Attainable Subspaces 33
Since H, is invariant with respect to &2 (see (b) of Proposition 1.4), we can define
P . H — H; by setting
A
P, & @|Hl. (2.6)

Then, by (1.22), it follows that

o () ﬂ B=o. (2.7)
Lemma 2.2 Let &) and ng be given by (2.6) and (1.17), respectively. Suppose that
Z C U is a subspace with %Z and ;szz given by (2.2) and (2.4), respectively. Then
foreach k € N,

S =+ DA+ PNl G = A P e P

(2.8)
Furthermore, 2 is invertible and
gt =dt Pd = =P A, (2.9)
where
A © ~
d” &\ )l (2.10)
k=1

Proof We begin with proving the first equality in (2.8) by the mathematical induction.
Clearly, it stands when k = 1. Assume that it holds in the case when k = k¢ for some
ko > 1,1,

A =+ PAF + -+ PP (2.11)

Because of (1.23) and (2.3), we have that @ ((ko + DT, T) = ®(T, 0)ke = Fko,
This, along with (2.2), the T -periodicity of B(-) and (2.11), indicates that

(ko+1)T
AL, = {/ (ko + DT, ) B&u(s)ds | u() € L*®R*; 7))
0

koT
= Pl + {/ @ (koT, s)B(s)u(s + T)ds | u(-) € L*(R™; Z)}
0
= P + af = af + P + -+ Pl

which leads to the first equality in (2.8).

We next show the second equality in (2.8). By (2.3) and (1.23), we have that
PP = PZ. Since P is a projection from H onto H; (see Proposition 1.4), the
above, along with the first equality in (2.8) and (2.4), leads to the second equality
in (2.8).

Then we show the first equality in (2.9). It follows from (2.10) and (2.8) that

AL C o and Ff C o7, when k < n. (2.12)

noy
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Since dimH, = ng (see (1.22)) and &, : H| — H, (see (2.6)), according to the
Hamilton-Cayley theorem, each 2] with j > ny is a linear combination of { 1, 2!,

Pr- @1("“71)}. This, along with the second equality in (2.8), indicates that
k—1 ] no—1 )
gl =Y Pl S D Pl =], when k= ny. (2.13)
j=0 =0

Now the first equality in (2.9) follows from (2.12) and (2.13).
Finally, we show the non-singularity of &, and the second equality in (2.9). By
the first equality in (2.9) and the Hamilton-Cayley theorem, we see that

no—1 no—1
P = Pl =P Y PlA) = Z@f@ﬂ) > PlA) =

j=0 j=1 j=0

no’

from which, it follows that A .
P’ C o (2.14)

From (1.22) and (1.22), we find that 0 ¢ a(@lc) and HIC (the domain of @f) is of
finite dimension. Thus £{ is invertible. So is ;. This implies that dim(2; &/ %) =

dim.«/Z, which, together with (2.14), yields that 2,.%/% = /% . This completes the
proof. (]

2.2 Three Criterions on Periodic Feedback Stabilization

The aim of this section is to prove the following theorem.

Theorem 2.1 Let P, &7 and H; with j = 1,2 be given by (2.3). Let ng be given by
(1.17). Then, for each subspace Z < U, the following assertions are equivalent:

(a) Equation (1.1) is LPFS with respect to Z, i.e., Z € U 5.
(b) o,/ = Hy, where %Z is given by (2.4).
(c) Ifé € P*H, and (B( )}Z) D (noT, -)*¢& =0 over (0,ngT), then £ = 0.

(d) If& € HE satisfies that (/LI—QZ*C)E =0,withy ¢ B, and (B(~)|Z)*C<1§(T, )*C
E=0o0ver(0,T), then& = 0.

2.2.1 Multi-periodic Feedback Stabilization

In this subsection, we will introduce three propositions. The first two propositions
will be used in the proof of Theorem2.1. The last one is independently interesting.
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Defnition 2.2 (i) Equation (1.1) is said to be linear multi-periodic feedback stabi-
lizable (LMPFS, for short) if there is a kT -periodic K (-) € L™ (R*; ZL(H, U)) for
some k € N so that Eq. (1.104) is exponentially stable. Any such a K (-) is called an
LMPES law for Eq. (1.1).

(i7) Equation (1.1) is said to be LMPFS with respect to a subspace Z of U if there
is a kT-periodic K(-) € L™ (R™; £ (H, Z)) for some k € N so that Eq. (1.104)
is exponentially stable. Any such a K (-) is called an LMPFS law for Eq. (1.1) with
respect to Z.

Proposition 2.1 Let ny and H, be given by (1.17) and (2.3) respectively. Suppose
that Z C U satisfies (b) of Theorem 2.1. Then, Eq. (1.1) is LMPFS with respect to Z.

Proof Let Z C U satisfy (b) of Theorem 2.1. We organize the proof by several steps
as follows.

Step 1. To construct, for each hy € Hi, u"(-) € L*(R*;Z) so that Py(noT;
0,h,u") =0.

Because dimH, = ng (see (1.22)), we can set {1y, - - - , 73} to be an orthonormal
basis of H. By (1.21), we see that P&?"n; € H; foreach j € {1,2,...,no}. Then

it follows from (b) of Theorem 2.1 that P&"n; € ﬂf:f . Thus for each j, there is
u;j € L>(R*; Z) so that

Vl()T
PP"n; = IP’/) @ (noT, s)B(s)it;(s)ds. (2.15)
(

For any h; € Hy, let

no
W' = —xomr) Dk, nj)uj. (2.16)
j=1

Then we define an operator . : H; — L*(R*; Z) by setting
ZLh(-) =u" () forall hy € Hj. (2.17)

Clearly, . is linear and bounded. Since h; = Z;"’zl (h1, nj)n;, it follows from (2.16)
and (2.15) that

Py(noT; 0, hy, Lhy)

noy no

noT
= > (. n))PP"n; — > (h, n,)P/ ®(noT, 5)B(s)u;(s)ds (2.18)
j=1 0

j=1

no noT
= 2<h1, ) (P@”om — IP’/ @ (noT, s)B(s)uj(s)ds) =0.
j=1 0

Step 2. To show the existence of an Ny € N so that
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lY(NT; 0, h, LPh))|| < k|l forall h€ H and N > Ny, (2.19)

where

So = (1+ 3)/2 <1, with § given by (1.16) (2.20)

Let pp = —1Indy/T. Then 0 < py < —ln<§/T £ 5. By (f) of Proposition 1.4,
there is a constant C,,, > 0 so that

ly(kT: 0, hy, 0)|| = |@ (T, 0)haoll < Cppe ™ |2l = CpySillhall,  (2.21)
when k € N and h, € H,. We claim that there is a constant C > 0 so that
Iy(NT; 0, hy, Lh)|| < CCp8y ™ |h1ll, when hy € Hi,N = ny,  (2.22)

where .7 is given by (2.17). In fact, because for each h; € Hy,

’

noT
|y(oT;0,hy, Lhy)| < | @noT, Oy | + H/ @ (noT, 5)B(s)Lh(s)ds
0

we see that there is a constant C > 0 so that
ly(noT; 0, hy, Lh)|| < Cllhy|| forall hy € H;. (2.23)

Here, we used facts that B(:) € LY°(R"; Z(U; H)) and & is linear and bounded.
Meanwhile, it follows from (2.16) that Zh(-) = 0 over (nyT, +00). This, together
with (1.8) (where u(-) = 0), yields that for all N > ng and h; € H,

Y(NT;0,hy, Zhy)) = y(NT; noT, y(noT; 0, hy, Lhy), Lhy)
= Y(NT;noT, y(noT; 0, h1, Lh1),0) = @(NT,noT)y(noT; 0, h1, Lhy) (224)
= &N —no)T,0)ynoT; 0, h1, Lh1) = y(N —no)T; 0, y(noT; 0, h1, Lhy), 0).

Because of (2.18) and (1.20)—(1.21) with t = 0, we see that y(noT; 0, hy, ZLhy) €
H,, when h; € H,. This along with (2.24), (2.21) and (2.23), leads to (2.22).

Let
InC, +1n (CSO_”OH]P)H + |11 — P||)

In(1/80)

No = max { +2, no}. (2.25)

(Here, [r] with r € R denotes the integer so that r — 1 < [r] < r.) Then, it follows
from (2.22), (2.21) and (2.25) that forall N > Ny, h € H,

Iy(NT;0,h, ZLPh)I| < Cpyd5 (CS;™ IIPI| + 11 = PIDIIAN < SoliA].

Step 3. To study the value function associated with a family of LQ problems
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Given N e N,t € [0, NT) and h € H, write yf,('; t,h,u) e C([t, NT]; H) for
the solution to the equation:

[ﬁ/((;;):hAy(s) + D(s)y(s) + B(s)| u(s) in (t, NT), (2.26)

where B (s)‘ ,, 1s the restriction of B(s) on the subspace Z. For each ¢ > 0, define
the cost functional:

NT
VAR ) :/ ellu(s)|12ds + lyG(NT; ¢, h,u)||*, ue L*t,NT; Z).
t
(2.27)
Then consider the following LQ problem

CON WAy e ine N ),
t, wel2(t,NT;Z)

Let

soé(&) - 83)/(||$|I||P|| +1)%, with 8 and & given by (2.20) and (2.17).
(2.28)
We claim that when Nj is given by (2.25),

WNT&Z(0, h) < 8y||h||* forall h € H, when N > Ny and ¢ € (0, &].

(2.29)
In fact, it follows from (2.28) that for each 7 € H and € € (0, &¢],
8||$(Ph)(')lliz(R+;Z) < el ZIPIPI* A1 < (80 — 8 IR (2.30)

Since P is a projection from H to H; (see Proposition 1.4), it follows from (2.17)
that
L (Ph) € L>(R*; Z) forall h € H. (2.31)
Since
y]{/ (.; t,h, ui[t’NT)) =y(;t,h, u)|[t’NT] forany u € Lz(t, +00; Z),

we see that

vZ (NT; 0, h, g(m)h&m) — Y(NT: 0, h, Z(Ph)).
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This, together with (2.27), (2.31), (2.30) and (2.19), indicates that
NT
w220, h) <& / 1L (Ph)(s)ds + lyF(NT; 0, h, L @) < Soll 1%,
0

when N > Ny, e € (0,&],h € H, ie., (2.29) stands.

Step 4. To construct an N T -periodic KfN(') e L®°(R*; X(H, Z)).
Arbitrarily fix an ¢ € (0, gg] and an N > Ny, where Ny and g are given by (2.25)
and (2.28) respectively. By Theorem 1.2, we can derive that

WNTeZt by = (QNT*Z(t)h, h) forall h € H,
where QVT-#Z(.) is the solution to the Riccati equation:

; 1 .
T+ AOT ) + T(OAQL) — ;T(t)B(t)|Z(B(t)|Z) YW =0, 1eO.NT). (539
T(NT) = I.

Meanwhile, it follows form (2.27) that foreach h € H,
0 < (h, @Y% (0)h) < JN\12(0) < 1D (NT. ||| R

t

Define K7\ (-) : [0, NT) — £ (H; Z) by
Kyt = —é (B(s)|,)" QY% (r) forae. t € [0, NT). (2.33)

One can easily check that KfN(~) € L0, NT; £(H; Z)). From this and (J74)-
(76), the following feedback equation has a unique mild solution yg N 0,h) €
C([0, NT]; H):

Y'(s) = Ay(s) + D(s)y(s) + B(s)| ,KZy(s)y(s) in (0, NT), .34
y(0) =h e H. ‘
Define the following function:
Wl on () 2 K2y ()y2y(s:0,h)  forae. s e (0, NT). (2.35)

By Theorem 1.2, we see that “gZ,N,o,h(') is the optimal control to (L Q)(I)\f,f’s’z. This
yields that

W20, h) = Jo % (ufyo.,). When h e H. (2.36)
By (2.26) with t = 0, (2.34) and (2.35), we see that

YON(NT;0,h) = yG(NT; 0, h,ul y o).
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From this, (2.27), (2.36) and (2.29), it follows that

V2N (NT; 0. WP < Iy 7 uf o) = W20, h) < ollh|)*, when h € H.
(2.37)
Now, we extend N T -periodically K f v () over RT by setting

KZy(@t+kNT) = K7\ (1) forall 1 € [0,NT), k € N. (2.38)

Step 5. To prove that when ¢ € (0, 9] and N > Ny, KfN(-) is an LMPFS law for
Eq. (1.1) with respect to Z.
Consider the feedback equation:

Y'(s) = Ay(s) + D($)y(s) + B(s)| , K/ y(s)y(s)  in RT,

yO0)=heH. (2.39)

Since K/ (-) € L®(R*; Z(H; Z)), we have that D(-) + B(')|szZ,N(') belongs
to Ll (R*; Z(H)) (see () and (2%)). Thus, for each h € H, Eq. (2.39) has a

loc

unique mild solution y/ (-; 0, h). Clearly, we have that y/ (t; 0, h) = yZ (: 0, h) for
eacht € [0, NT]. Write <I>§N for the evolution generated by A(-) + B(-) |szZ,N(')-
By Proposition 1.2, we find that

yoN(NT;0,h) = @7 (NT,0)h forall h e H.
This, along with (2.37) and (2.20), yields that
||¢§N(NT, Ol < \/% < 1. (2.40)
Since D(-) and B(-) are T-periodic and K EZ n (-) is NT-periodic, it follows that
@7y (s+NT,t+NT) =D/ (s, 1), when 0 <t <s < +o0. (2.41)

By (2.41) and (2.40), we see that Eq. (2.39) is exponentially stable. Hence, K FZ MO
with ¢ € (0,&)] and N > Ny, is an LMPFS law for Eq. (2.39). This ends the
proof. (|

Proposition 2.2 Let Z be a subspace of U. Then, Eq. (1.1) is LPFS with respect to
Z if and only if it is LMPFS with respect to Z.

Proof Clearly, Eq. (1.1) is LPFS w.r.t. Z = Eq. (1.1) is LMPFS w.r.t. Z. To show
the reverse, we suppose that Eq. (1.1) is LMPFS with respect to Z. Then there is
an N T -periodic 1%5(-) € L¥[R"; Z(H; 7)), with N € N, so that the following
feedback equation is exponentially stable:

Y'(5) = Ay(s) + D(s)y(s) + B(s)| ,KZ()y(s), 5 >0. (2.42)
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Because 121%(0 € L®(R"; Z(H; Z)) is NT-periodic, from the above, as well as
assumptions (#1)-(43), one can verify that for each t > 0 and & € H, the solution
v (i ¢, h) to the equation:

H/((ts))j,fy(s) + D)y(s) = B[, K§©)y(s) in [r,00), (2.43)

satisfies that
3% (s; t, h)|| < Cre > “||h|l, when s>t and h € H, (2.44)

where C| and §; are two positive constants independent of 4,  and s. Givenh € H, let
ul () 2 KZ()$Z(-; 0, h). Tt follows from (2.44) that u”(-) € L2(R*; Z). Moreover,
it holds that y(-; 0, k, u*) = y%(-; 0, h). Consider the LQ problem (L Q)gfh, defined
by (1.89) where U = Z, Q = Iy and R = [ . It follows from (2.44) that for each
heH,

/[||uh<s>||2+||y<s;o,h,uh>||2]dss/ [IKZ I+ Dlly(s; 0, b, u™)|]ds
t l‘2

o0

N R M? .

<(IKZI*+ 1)/ 9% (s 1, )| *ds < —2811 (IKZIZ + 1) IA)>.
t

Therefore, Problem (L Q)§, satisfies the FCC for any 4 € H. Then by Theorem 1.4,
we see that Eq. (1.1) is LMPFS with respect to Z. This ends the proof. (]

Proposition 2.3 When both D(-) and B(-) are time invariant, i.e., D(t) = D and
B(t) = B for all t > 0, the following statements are equivalent:

(a) Equation (1.1) is linear f—periodic feedback stabilizable for some T >0.

(b) Equation (1.1) is linear f’-periodicfeedback stabilizable for any T > 0.

(c) Equation (1.1) is linear time invariant feedback stabilizable.

Proof Tt suffices to show that (@) = (¢). Let N e Nwith N > 2 andlet T = T /N.
Since D(-) and B(-) are time invariant, Eq. (1.1) is 7-periodic. Because of (a), there
is an N T -periodic I%ﬁ(-) € L®°(R"; Z(H; U)) so that the feedback Eq. (2.42),
where Z = U, is exponentially stable. By Theorem 1.4, there is a pair (Q, R), with
Q > 0and R > 0, so that the Problem (L Q)g7, satisfies the FCC for each h € H.
Now, by the same way to show (iii) = (i) in the proof of Theorem 1.4 (where
Z = U), we see that K (+), given by (1.109) with Z = U, is a LPFS law for Eq. (1.1).
We claim that this K (-) is time invariant in the case that D(-) and B(-) are time
invariant. When this is done, K (-) = K € .Z(H; U) is a feedback law for Eq. (1.1),
which leads to (c).

The rest is to show that K (-) is time invariant. Let W (¢, h) be the value function
given by (1.89) with the aforementioned Q and R. By the time invariance of B(-), and
by (1.108) and (1.109), it suffices to show W (¢, h) is time invariant. The later will
be proved as follows. Since Eq. (1.1) is time invariant, it follows that when r € R™,
h e Hand u(-) € L>(R*; U), we have that y(s;t,h,u) = y(s —t;0, h, v) for all
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s > t, where v(-) is defined by v(s) = u(s + 1) for all s > 0. Hence, given t € R
and h € H, we have that for each u(-) € L>(R*; U),

/ (102 y(s: 1. b, u(DIP + IR u(s)|%) ds

:/ (1025 0. b u(r + D) + IR utr + 0)13) dr.
0

Taking the infimum on the both sides of the above equation with respect to u(-) €
L*(RT; U) leads to W(t, h) = W>(0, k). So the value function W (z, h) is
independent of 7. This completes the proof. ]

Remark 2.1 By Proposition 2.3, we see that linear time-periodic functions K (-) will
not aid in the linear stabilization of Eq. (1.1) when both D(-) and B(-) are time invari-
ant. On the other hand, when Eq. (1.1) is T-periodically time varying, linear time-
periodic functions K (-) do aid in the linear stabilization of Eq. (1.1). This can be seen
from the following 2-periodic ODE: y'(1) = chzl [x[gj,z_,-ﬂ)(t) — X[2j+1.2j+2) (t)]
u(t), t > 0. For each k € R, consider the equation: y'(z) = Zj‘;l [X[gj,2j+1)(t)—
X2j+1,2j+2) (t)] ky(t),t > 0. Clearly, the corresponding periodic map & = 1. Thus
any linear time invariant feedback equation is not exponentially stable. On the other
hand, by a direct computation, one can easily check that the following 2-periodic
map is an LPFS law:

k() = z [x2j2j+10 @) + 2x2j412j42) ()], 1 = 0.
j=I

2.2.2 Proof of Theorem 2.1

We first show that (a) < (b). To prove that (b) = (a), suppose that Z € U satisfies
(b) in Theorem 2.1. By Proposition 2.1, we see that Eq. (1.1) is LMPFES with respect
to Z. This, along with Proposition 2.2, yields (a).

To verify that (a) = (b), we suppose, by contradiction, that Z € % 5, but (b) in
Theorem 2.1 did not hold. Then sz/;f would be a proper subspace of H;. This, along

with (2.9), yields that VZisa proper subspace of H;. One can directly check that
(1 N TH) L% m=T* @ (1 THY). 45
Since &% is a proper subspace of H; and dimH; = ng (see (1.22)), we have that

no > 2 dim (H1 ﬂ(g/Z)L) > 1. (2.46)
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By (2.45)and (2.46), wecanlet {7, ..., n,,} beabasis of H; sothat {n;,---, n;} and
{141, -+, M, } are bases of Hy ((«/%)* and &/%. By (2.9) in Lemma2.2, &/ % is

an invariant subspace under 7). Thus there are matrices A; € RIX A, € RO0=DxI,
Az € RMo=Dx(0=) g0 that

A1 Ors(ng—
4@1(’717"' 9nno):(n17"' 7’7}10)(14; lﬁ‘; 1)) (247)

Let Py, be the orthogonal projection from H; onto Hj ((«/%)*. Define a linear
bijection _# : R' — (H; ((«&/%)*) by setting

F () 2 (11, ..., m)a for each column vector o € R/, (2.48)

By (2.47) and (2.48), we see that for all & € Rland k € N,

PP} F (@) =PuPf(n, - m)a
k
Ay 01 (no—1) o
= PuGu. o0 | g ’ 2.49
1 (m N5 | M1 o) (A2 As Ono—nyx1 (249
=(n, -, m)Aka.

On the other hand, since Z € %75, there is a T-periodic K(-) € L®(R™;
XL (H; Z)) so that Eq. (1.104) is exponentially stable, which implies that for all
heH,

lim yg (¢;0,h) =0, (2.50)
t—+400

where yg (-; 0, h) denotes the solution of Eq. (1.104) with the initial condition that
y(0) = h. Letu, (t) £ K(t)yk(t; 0, h) for a.e. t > 0. Then by (1.8), we have that

t
vk (;0,h) = & (t,0)h —l—/ D(t, s)B(s)uf,‘((s)ds, when t € Rt and h € H.
0
(2.51)
From (2.51) and (2.2), it follows that
P11 Pyg (kT 0,h) € PP(P*h + szkz) forall h€ H and k e N. (2.52)

Since P7? 2 o/? C /% for all k € N (see (2.4) and (2.10)) and Py, is
the orthogonal projection from H; onto Hj [ (JZ%A Zy+, it follows from (2.45) that

P P’ C PllAzfAZ = {0}. Because PZ* = Z*P for all k € N (see Parts (a) and
(e) in Proposition 1.4), the above, along with (2.52), indicates that

Pl Pyg(kT; 0, h) = Py\PP*h = P;; 2*Ph forall h € H and k € N. (2.53)
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Since P : H — H is a projection (see Proposition 1.4), from (2.50) and (2.53), we
see that
lim P, 2h =0, when h € H,. (2.54)
k—+o00

Now by (2.54), (2.49) and (2.6), we have that klirn A’fa = 0, when « € R’. Thus,
— 00

we have that
o(A;) € B (the open unit ballin C'). (2.55)

By (2.47), we find that 6 (A}) C o(Z). This, together with (2.55) and (2.7), leads
to a contradiction. Hence, (a) = (b). This completes the proof of (a) < (b).

We next show that (b) < (c¢). First of all, we mention that (b) means that Eq. (1.1)
over (0, noT) is null controllable under the projection [P with respect to the initial
data h € H,, while (c) says that the adjoint equation

U (1) + AW () + D@)*Y () =0 forae. t € (0,noT), ¥(noT)=£ (2.56)

with the initial data in IP* H; has the unique continuation property. Such two properties
are equivalent in finite dimensional spaces. The detailed proof is as follows. We
introduce two complex adjoint equations as follows:

V() + A Y @)+ DOy @) =0 in (0,n0T), ¥(noT) € HS;  (2.57)
U'(t) + Ay () + D@y (@) =0 in (0,T), ¥(T) e HC. (2.58)

Foreach £ € HC, Eq. (2.57) (or (2.58)) with the initial condition that 1//50 (noT) =£&
(or ¥4(T) = £) has a unique solution in C([0,noT]; HS) (or C([0, T]; HE)).
We denote this solution by w,fo(-) (or Y& (). Clearly, when ¢ € H, Wﬁo(') €
C([0,n0T]; H) and ¥ (-) € C([0, T]; H) are accordingly the solutions of (2.57)
and (2.58) where A€ and D(¢)€ are replaced by A and D(t) respectively. One can
easily check that

Y5(0) = 2 and yE (0) = (2°)" & forall & € HE. (2.59)
By the T-periodicity of D*(-), we see that for each & € HC,

w,i((k—l)T—i—t) =y (1), t €[0,T], k€ {1,...,ng}, where & 2 (ﬂ*c)noiké.
(2.60)
Now we carry out the proof of (b) < (c) by several steps as follows.

Step 1. To prove that (b) is equivalent to the following property:

YheH, 3u"() e LARY; Z) s.t. Py(noT; 0, h, u) =0 (2.61)
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Suppose that (b) holds. Then by (2.2), we have that
}’IQT
IP’{ / ®(noT, 1) B(Hu(t)de | u() € L2(RT; Z)} —H,. (262
0

Given h € H, it holds that P® (noT, 0)h € H; (see (1.21)). From this and (2.62),
there is a u” () € L>(R*; Z) so that

I’LQT
Py(noT; 0, h, u") = Pb (noT, 0)h + ]P’/ @ (nT, 1) B(t)u" (1)dt = 0,
0

which leads to (2.61).
Conversely, assume that (2.61) holds. Then for any 2 € H, there exists u() e
L*(R*; Z) so that Py(noT; 0, h, u™) = 0. Thus, we find that

~

noT
H, > %oéP{/ @ (noT, 1) B(D)u(t)dt | u() € LA(RY; Z)}
0

noT (2.63)

> ]P’{/ @ (noT, 1) B(t)yu" (1)dt | h € H}
=-P [OCD(nOT, O)h | he Hf =PZ»™H.

Since P& = PP (see (1.23)), PH = H, and H, = & H, = H, (see (2.6) and
Lemma?2.2), we see that P&?" H = H,. This, together with (2.63), leads to (b).
Step 2. To show that & € P*H, and 1;,(0) = 0= & =0
Recall Proposition 1.5. Because H; is invariant under &7*, it follows from (2.59)
that
ys (0) = (2°)E = (27| ﬁl)”"s € H,, when & € H,. (2.64)

By Proposition 1.5, we find that a(@*cmf) N % = @ and dimH, = ny < oo.
Thus, the map (,@*| ﬁl)no is invertible from fll onto H 1. Then by (2.64), we see that
£ =0,when& € H, and 1//50 (0) = 0. This, together with (1.43), implies that § = 0,
when & € P*H, and v5, (0) = 0.
Step 3. To show that (2.61) = (c)

Clearly, when 1, h € H and u(-) € L>(R*; Z), we have that

noT
(¥ (0), B) =(n, y(noT; O,h,u))—/o (BO],) Wl @), u®)dr.  (2.65)

Suppose that & satisfies conditions in (c¢). Then by (2.65) where n = & and 1//50 (1) =
@ (noT, t)*E, we find that

(5 (0), h) =(&, y(noT: 0, h,u)), whenh € H and u(-) € L*(R™; Z). (2.66)


http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1

2.2 Three Criterions on Periodic Feedback Stabilization 45
By (2.61), given h € H, thereis au”(-) € L>(R*; Z) so that
Py(noT; 0, h, u") = 0. (2.67)

Since & € P*H|, there is g € H| with & = P*g. This, along with (2.66) and (2.67),
indicates that

(¥, (0). k) =(£. y(noT: 0, h,uh))=(P g Y(noT: 0, h,u")
=(g, Py(noT:0,h,u"))=0 forall he H.

Hence, 1050 (0) = 0. Then by the conclusion of Step 2, we have that £ = 0. So (c)
holds.

Step 4. To show that (c) = (2.61)

Assume that (c¢) holds. Define two subspaces

2 {(BOL) WO |§ e PH € L20.00T: 2);

2.68
n= {wfo(owseP*Hl} C H. 209

By (c) and the conclusion of Step 2, we see that the following map .| : I’ — [ is
well defined:

A((BO|,) ¥ () =v50) forall &e P*H. (2.69)
Clearly, it is linear. Given & € H, define a linear functional .#" on I" by
F'(y) = (L (y),h) forall yeT. (2.70)
Since dim(P*H;) = dimH, = ny < oo, it holds that dimI" < occ. Thus, " €
Z(I'; R). By the Hahn-Banach theorem , there is a .#" € Z(L*(0, noT; Z); R) so
that

Fh(y) = FZ"(y) forall y € I'; and |.Z"| = |.Z"|. 2.71)

Then by the Riesz representation theorem (see p. 59 in [32]), there exists a function
u"(-) in L%(0, noT; Z) so that

_ n()T
Fh(y) = —/ W" (@), y(@))yde forall y € L*(0,noT; Z). (2.72)
0
Since P*H, = P*H (see (1.42)), it follows from (2.69) to (2.72) that

n()T
—/ (BO],) Vi), u"®»))dr = (. 7(0), h) forall §e H.
0
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Meanwhile, it follows by (2.65) that for each 5 € H,
Vl()T

(Y 1(0), h) =(P*}, y(noT; 0, h,u")) - /0 ((BO],) Y (0), u" (1))dt.

The above two equalities imply that
(i, Py(noT; 0, h,u"))=(P*A, y(noT;0,h,u"))=0 forall 4 e H.

So Py(noT; 0, h, u") = 0, which leads to (2.61).

From Step 1-Step 4, we end the proof of (b) < (c).

We then show (c¢) < (d). To show that (c) = (d), we suppose that Z satisfies
(c). Let u and & satisfy the conditions in (d) with the aforementioned Z. Then by

(1.44), we find that & € HE. Hence, we can write £ 2 £ + i&, with &, & € H,. By
(1.43), we have &, & € P*H,. By the second condition in (d), we see that

(B)],) w¢ () =0 forae. t e (0,T).

Then by (2.60) and the first condition in (d), we find that for all ¢+ € [0, T'] and
k= 1, ..., N,

YE (k= DT +1) =y "5 (1) = p g ).
Since 1//50(-) = ,f('J () +i 1//,% (+), the above two equations yield that
(BO|) ¥ () +i (BO|,) w2 () = (BOI],) ¥i () =0 over (0,noT).
Since &, & € P*Hj, the above-mentioned equation, along with (c), leads to & =
& =0, 1.e., & = 0. Hence, Z satisfies (d). Thus, we have proved that (c) = (d).

To show that (d) = (c), we suppose that Z € U satisfies (d). In order to show
that Z satisfies (c), it suffices to prove that

Ee®H)C and (BO)|,) v () =0 over (0,nT)=E=0. (273)
Notice that (P*H,)¢ = H 1C and dimH 1C = ng (see Proposition 1.5). Simply write
227 ce LMHS) and Bi() = ((BO)|,)")|.r e L7O.T; L (H, 2)).

By Proposition 1.5 and (1.37), we have that 0(2) = {)_‘j}l}=1; [; is the algebraic

multiplicity of A ;- Hence, p(}) 2 1] (A — X j)l/ is the characteristic polynomial
j=1

of 2. Write [ ; for the geometric multiplicity of A;. Clearly, ] j <[ forall j. Let
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B2 {Bi,...,Pn) beabasis of (P*H)C = HE so that

2B,y Bu) = T (Br, -, Buo)- (2.74)

Here J is the Jordan matrix: diag{ /1, ..., TR A S T Jﬁ[ﬁ}
with

Aol
Jix = A a dji x dj; matrix,
o
Aj
where j =1, k=1, l,, and for each j, {d]k}k | is decreasing. Itis clear

that Zk djx = 1j foreach j =1,...,7, and Zj:1 Zk:l ik = no. We rewrite
the basis S as

A
IB = {‘5;:1117-~-1§11d1]7§]i111 ~--7E]ild]i19---15}%119---7§ﬁldﬁ]1§ﬁfﬁ19'-- gnl d“[ }

ThenAby (2.74), one can easily check that for each j € {lI,...,n} and k €
{1,....0;},

= q _ f"k(r_ ) when r > q,

Now we assume é satisfies the conditions on the left side of (2.73). Since é €
(P*H)C = HE, there is a vector

. . . . . * 1o
(C111 ..... Clld“yC”]l ..... C,,]] ..... C,,]dm,Cﬁl IERERD) Cﬁl d;”.) e C ,
n

so that

Aol

Z C]krsjkr (276)
Lr

j=1 k=

From (2.59) and the second condi}ion on the left side of (2.73), it follows that for
eachm € {0, ..., no = 1, BiOWiaeO)| (oo w17 (namyry = 0> that is,

Cite Bi)Y 2" (1) = 0 forae. t € (0, 7).

From this, we see that for any polynomial g with degree(g) < no — 1,
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n i/ d/k

>3 CiiBi(Oy 8@ =0 over (0,T). (2.77)
j=lk=1

r=1

Given j € {1,..., 7}, let

n
J

piy= ] (=%)".

j=lj#]

By taking g(A) = A" pj(1), withm = 0, 1,....,[; — 1,in (2.77), we find that

[j djk
ZZCjkrBl(')'//QmPf(Q)gfk'(') =0 over (0,7), when me{0,1,...,15—1}.

i
j=lk=1r=1

By (2.75), we see that p;(Q)sjk, = 0, when j € {l,...,n}, j # 7, k €
{1, ..., fj} and r € {1,...,d;;}. The above two equations imply that for each

me{0,1,....0; -1},
I dy
Z Z Ciip BI (Y2 " PiD%ir () = 0 over (0, T),
k=1 r=1
from which, it follows that for any polynomial f with degree(f) <1; — 1,
if d_?k
> > C,;kr-Bl(')I//f(g)pf(g)sf’"(') =0 over (0,7). (2.78)

k=1r=I

Given m € {0,1,2,--- I — 1}, since p7(1) and (A — A7)"™*" are coprime, there
are polynomials g, () and g2 (1) with degree(g,,) < m and degree(ga) < degree
(p7) — 1, respectively, so that

gn (P70 + gn (WG — 2" = 1.

Thus, for all m € {0, 1, -+, 15 — 1}, k € {1,2, --- ,l}.},andr e{l,2,- ,dx),
(DPH D&, + 8 (D(2—1:D)iE5, = (2-17DT " &5,
(2.79)

(2= g,
By (2.75), we have that
(QA —X;I)’f 5 =0 forall ke {l,2,--- ,l}}, re{l,2,.--,dy} (2.80)
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Taking f(A) = (A —27) 7"} (1), withm =0, ..., l7—1,in (2.78), using (2.79)
and (2.80), we find that foreachm € {0, 1, ..., ljf — 1},

I dy

D> CBi Yy @D e () = 0 over (0, 7). (2.81)

k=1 r=1

Now we are on the position to show that
Cs, =0 forall ke{l,2,--- =) el o did, (2.82)
which leads to é = 0 because of (2.76). For this purpose, we write

K}l’:{ke{l,Z,..-,lA*}’d7k>m}’ m=0,1,....0;— 1.

One can easily check that (2.82) is equivalent to

G 2 {C;k,ﬁ, k e K;i’—l} = {0} forall s € (1,...,d5). (2.83)

We will use the mathematical induction with respect to m to prove (2.83). (Notice
that d7, is decreasing with respect to k.) First of all, we let

@;ﬁ(x):(i;—x)’”, m=01,...1;-1, (2.84)

In the case that m = d+,, it follows from (2.84) and (2.75) that

jt

1

Q?il(g)éﬂm = ()_»‘71 - Q)m_ &un = &7k When k € K?il’
and
_’?“(Q)g;k, =0, whenke K]i’—‘, r<im; ork¢ K;f‘_l, refl,....dyl

These, alone with (2.81) (where m = m — 1), imply that

z kam31(~)lﬁ$7“(~) =0 over (0,7).

kekK2!
J

Let .
En = Z Cink with m=1,....d5.

kek2!
J
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Then, it holds that )
Bi()Y5 () =0 over (0, 7). (2.85)

Since for each k € {1, ..., Il ]~.}, $7k1 is an eigenfunction of 2 with respect to the
eigenvalue A7, it follows from the definition of &; that

(51 — 2)&; =0.
This, along with (2.85) and (d), yields that 5,;, =0,ie., édﬂ = 0, which leads
to ‘Kd;] = 0 because of the linear independence of the group {§5,, k € K ;ﬁ’*l}.
Hence, (2.83) holds when m = d7,. Suppose inductively that (2.83) holds when
m+1<m <dj forsomem € {1,...,d5 — 1}, e,
Gi = {0}, when m+1<m <dj. (2.86)

We will show that (2.83) holds when m = m. In fact, it follows from (2.75) that

] E]fk(,_,;l+1), when k € K%_l, r>m,
Q2 (D5, = 0, when k € K%', r <,
0, whenk¢1<§"*1, re{l,....dy}.
This, alone with (2.81) (where m = m — 1), indicates that
i/T d5; o dj;
> X Ci By T = 3 Y Ch By () = 0 over (0.7).
k=1 r=1 keK™—1 r=i
J
Then, by (2.86), we have that
Z Con BI()Y 41 () = 0 over (0, T). (2.87)
kEK;j_I
Let .
"= z Cirmbnr-
keK}’_”1
Then, it follows from (2.87) that
Bl(-)wg"" () =0 over (0,7). (2.88)
Since for each k € {1, ..., l}}, &7 4.1 1s an eigenfunction of 2 with respect to the

eigenvalue 17, it holds that (171 — 2)&; = 0. This, along with (2.88) and (d), yields
that £; = 0. Hence, €; = {0} because of the linear independence of the group
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{S}kl, k e K;f‘_l}. In summary, we conclude that (d) = (c). This completes the
proof of Theorem2.1. ]

2.3 Applications

Some applications of Theorem?2.1 will be given in this section.

2.3.1 Feedback Realization in Finite Dimensional Subspaces

When Eq. (1.1) is LPFS, can we find a finite dimensional subspace Z of U so that
Z € 5?7 The answer is positive. This might help us to design a feedback law
numerically. To prove the above-mentioned positive answer, the following lemma is
needed.

Lemma 2.3 For each subspace Z < U, there is a finite dimensional subspace
Z € Z so that

A =A% and dimZ < n (2.89)

no

where 42/:1% and sz;f are defined by (2.4), and ny is given by (1.17).

Proof We carry out the proof by two steps.

Step 1. To show that there is a finite-dimensional subspace Z of U so that sz:f = gf;f
Let Z be a subspace of U. Since sz;f is a subspace of H; and dimH; = ny < 00
(see (1.22)), we can assume that dimd:,f £ m < ng. Write {&,...,&,} for an

orthonormal basis of ,;zf:f By (2.4) and (2.2), there are u;(-) € L*(R*; 2), j =
1,...,m, so that
Luj=§; forall j=1,...,m, (2.90)

where %} : L>(R*; Z) — H, is defined by
nOT
Au é/ P® (noT, s)D(s)u(s)ds, u € L>(RT; Z).
0

From the orthonormality, it follows that

det ((Lui, Luj)). =1#0. 2.91)

ij
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By the definition of the Bochner integration (see [14]), for each j € {1,...,m},
there is a sequence of simple functions, denoted by {v’;},fil, so that

noT
lim / 05 (s) —u;(s)[luds = 0.
k—)OO 0 °

This, along with (2.91), yields that there is a ko such that det ((.,%1 W, 4 v§°>) C£0.
ij

Let
n.j:ﬁvfo, j:l,...,m. (292)

Then, {11, ..., n,} is a linearly independent group in the subspace 527;% Hence,

{1, ..., 0w} is a basis of 7. Write

k

J
V) =D xe, Oz over (0.noT), j=1,....m, (2.93)
=1

with zj; € Z, Ej;; measurable sets in (0, noT') and x,, the characteristic function of
E il Let
J

Z:Span{le,...,Zlkl,Z21,...,szz,...,Zml,...,kam .

Clearly, 7 is a finite-dimensional subspace of Z and all vf-" (), j=1,...,m,(given

by (2.93)) belong to L>(R™; 7). The later, along with (2.92), yields that n; € \A/n%
foreach j =1, ..., m. Hence,

AL DAl D span{ny, ... N} = 7.
This leads to /% = /2.
0 0
Step 2. To show that there is a subspace Z of Z (which is constructed in Step 1) such
that o7 = o/ and dimZ < ng
Write {¢1, &2, ..., ¢, } for an orthonormal basis of Z. Then it holds that

~ 10 ~
Al =" dy, with Z;j=span{¢;), j=1.2.....0. (2.94)
j=1

Foreach j € {1, ..., o}, let {n;1, nj2, ..., njk/.} be a basis ofgf;?. Denote by S a
maximal independent group of the set:

{ms oM 210 s M2 s Mg s - Tl -
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Then .
span{n | n e S} =a? (2.95)

ngy’

and S contains m < ng elements. Let
J={j=1,....0y|nxeS forsome k€ {l,....k;}}.

Then the number of elements contained in J equals to or is less thanm < ng. Set 7 =
> es Zj- Thenit holds that 77 C Qf;tiflnd span n|nes}c>,, A = AL
These, together with (2.95), yield that anf = 52%”% Because of the number of elements

contained in J equals to or is less than m < ng, it holds that dimZ < m < ng. This
completes the proof. (I

Now a main result of this subsection is presented by the following theorem.

Theorem 2.2 Equation (1.1) is LPFS if and only if it is LPFS with respect to a
subspace Z of U with dimZ < n,.

Proof Clearly, it suffices to show the only if part. Assume that Eq. (1.1) is LPFS. By
the equivalence of (a) and (b) in Theorem 2.1, we find that .Q/n’[{ = H;. Meanwhile,

by Lemma2.3, there is a subspace of Z of U so that ﬁf}({ = 42%;5 with dimZ < ny.
Thus, we find that A = H,. This, along with the equivalence of (a) and (b)

no
in Theorem 2.1, indicates that Eq. (1.1) is LPFS with respect to Z. This ends the
proof. |

2.3.2 Applications to Heat Equations

In this subsection, we will present some applications of Theorem 2.1 to heat equations
with time-periodic potentials.

Let £2 be a bounded domain in RY (d > 1) with a C?-smooth boundary 952.
Write Q = 2 x Rt and > £ 32 x R*. Let w C £2 be a non-empty open subset
with its characteristic function x,. Let T > 0 and a € C(Q) be T-periodic (with
respect to the time variable ?), i.e., for each t € R, a(-,t) = a(-,t + T) over £2.
One can easily check that the function a can be treated as a T-periodic function in
L Iloc (R*; Z(L*(£2))). Consider the following controlled heat equation:

[ Oy(x, 1) — Ay(x, 1) +alx, )y(x, 1) = Xo(Xu(x, 1) in Q, (2.96)
y(x,6) =0 ony., ’

where u € L?>(R*; L?(£2)). Given yy € L>(22) andu € L>(R*; L?>(2)), Eq. (2.96),
with the initial condition that y(x, 0) = yo(x), has a unique solution y(-; 0, yg, u) in
the space C(R™; L?(£2)).Let H = U = L*(£2)and A = A with Z(A) = H} (£2) N
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H,(£2). Define, for each t € R™, D(¢t): H — H by D(t)z(x) = —a(x, t)z(x),
x € §£2,and B(t): U — H by B(t)v(x) = x,(x)v(x), x € £2. Clearly, A gen-
erates a compact semigroup on L?*(£2) and both D() € L}OC(R+; ZL(L*(£2))) and
B(:) € L®(R"; Z(U; H)) are T-periodic. Thus, we can study Eq. (2.96) under the
framework (1.1). Write ¥, for the evolution generated by A+ D(-). We use notations
no, P, Hj (with j =1, 2), ,;asz and ,ﬁy;z (with k£ € N) to denote the same subjects as
those introduced in the first section of this chapter.

Corollary 2.1 Equation (2.96) is LPFS with respect to a subspace Z of L*>(§2) with
dimZ < ny.

Proof We will provide two ways to show that Eq. (2.96) is LPFS. We first use the
equivalence (a) < (c¢) in Theorem2.1. In fact, ¥ (-) = W, (noT, -)*& with & € H is
the solution to the equation:

oY (x,t)+ AY(x,t) —alx, )y (x,t) =0in £ x (0,no7T),
Y(x,t) =0 on 082 x (0,no7T), (2.97)
Y(x,noT) = &(x) in £2.

Moreover, we have that
B(t)n = xon forany n € H and t € [0, T]. (2.98)

These, along with the unique continuation property of parabolic equations established
in [60] (see also [74, 75]), lead to the condition (¢) in Theorem?2.1 for the current
case. Then, according to the equivalence (a) < (c) in Theorem2.1, Eq. (2.96) is
LPFS.

We next use the equivalence (a) < (b) in Theorem2.1. Without loss of gener-
ality, we can assume that ny > 1, for otherwise Eq. (2.96), with the null control, is
stable. When ny > 1, we have H; # {0} and || P|| > 0. Write {%‘1, ... ,E,lo} for an
orthonormal basis of H;. By the approximate controllability of the heat equation
(see [33]), & is dense in H. Thus there are ;, j = 1..., ng, in &Y so that

In; —&; forall j =1,...,no. (2.99)

1
| < ———
1600 |||
Since P is a projection from H onto H;, we have thatP§; = &; forall j =1, ..., no.
This, along with (2.99), yields that for each j € {1, ..., ng},

1
IPn;ll < 1&; 11+ 1P — &l < 14 ——; (2.100)
16”0

and
1

Pn:;, &) >1-— .
(Pn;, &) = Tomg

(2.101)
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Since Pn; € H; and {&};", is an orthonormal basis of H;, we find that

no

IPn; 1> = D" [Py, &)I°, when j=1,....n. (2.102)
k=1

From (2.102), (2.100) and (2.101), it follows that for each j € {1, ..., np},

D P &) < (no — 1)1/2(2|(P77js‘§k>|2)1/2

k#j k#j
= (no — D2 (IPn; I” = [(Pn;, §)1%)
< ng/* (1 +1/(16n9))* = (1 = 1/(16n0))*)* = 1/2.

172

This, together with (2.101), indicates that

(Pnj. &) = 1= 1/(16ng) > 1/2 = > |(Pn;. &)

L j=1,2,-,ny. (2.103)

k#j
We claim that {Pn;, ..., Pn,,} is a linearly independent group. In fact, suppose that
chpnj =0 forsome ci,...,cp, €R. (2.104)

j=1

‘Write .
AE((Pnj, &)k € R and ¢ (1, ..., 0" € R™.

By (2.103), the matrix Ais diagonally dominant, hence it is invertible. Then, from
(2.104), it follows that A*¢ = 0, which implies ¢ = 0. Hence, Py, ..., Pp,, are
linearly independent.

Since dimH; = ny, it follows that

span{Pny, ..., Pn,} = Hj.
Therefore, we have that

H 2V 2 V! =PV 2 span(Py, -, Pn,,} = Hj,
from which, it follows that H; = ané This, along with the equivalence of (a) and
(b) in Theorem 2.1, indicates that Eq. (2.96) is LPFS.

Finally, according to Theorem 2.2, there is a subspace Z of L?(£2) withdimZ < n,
so that Eq. (2.96) is LPFS with respect to Z. This completes the proof. ([
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Corollary 2.2 Equation (2.96) is LPFS with respect to the subspace P*H.

Proof Let Z = P*H. By the equivalence between (a) and (d) in Theorem 2.1, it
suffices to show that Z satisfies (d), i.e.,

neB, e HS, (ul — ) =0,

(BO)|,)  Wu(T. )*6 =0 over (0,7) ] =§=0. (2.105)

Suppose that u and & satisfy the conditions on the left side of (2.105). Write £ =
& +i& where &, & € H. Then, we have that

(B(')|Z)*Wa(T, )€ =0 over (0,T); j=1,2.

Since ¥ (-) L g (T, )*&; (with j = 1, 2) is the solution to the Eq. (2.97) (where
noT and & are replaced by T and &; respectively), ¥, (T, -)*§; is continuous on [0, T']
and B(t) is independent of ¢, the above yields that

(BO)],) W (T, 0)*&; =0, with j =1,2.
Since P*n € P*H for each n € H, the above yields that

(BO)],) Wa(T. 0)°8;. Pn) = (¥,(T.0)"&;. (B(0)],)P*n)
= (W (T, 0)*&j, xoP*n) = (PxoWa(T,0)*¢;, n), j=1,2.

Hence, we have that
walpa(Tv O)*Ej = O’ .] = 17 29

from which, it follows that
(PP, (T, 0)" ";:ja XoWa (T, 0)* S/ (W, (T, 0)* Sj? Py W (T, 0)* Sj )=0, j=12 (2 106)

Two facts are as follows. First, it follows from (1.23) that
Py, (T, 0)°¢; = Y. (T, 0)"P*¢;, j=1,2. (2.107)

Second, by (1.44),(1.43), and the first three conditions on the left side of (2.105), we
have & € H C_ Since P* = Pand Pisa projection from H to H, (see Proposition 1.5),
we see that P* : H — H, is a projection. Hence, P*C : HC — HlC is a projection.
These two facts yields that P*C£ = &, from which, it follows that P*& i=&,j=12
This along with (2.106) and (2.107), indicates that || x,¥, (T, 0)*“&| = 0. By the
unique continuation property of parabolic equations established in [60] (see also
[74, 75]), we find that §; = 0, j = 1, 2, which leads to £ = 0. This completes the
proof. (]
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We next introduce a controlled heat equation which is not LPFS. Write A; and
Ay for the first and the second eigenvalues of the operator —A with Z(—A) =
H{ (22) N H*(82), respectively. Let &;, j = 1, 2, be an eigenfunction corresponding
to A ;. Consider the following heat equation:

O y(x, 1) — Ay(x, 1) = day(x, 1) = (u(?), £1)5:1(x) in Q, (2.108)
y(x,1) =0 ony. . '
where u(-) € L*>(R*; L?(£2)). By a direct calculation, one has that V,, = span{&;}
and H; D span{é, &}. These, along with (a) < (b) in Theorem 2.1, indicates that
(2.108) is not LPFS.

We end this subsection with the following note: It should be an interesting problem
how to find a finitely dimensional subspace Z from % ©5 so that it has the minimal
dimension. (Here, % 'S is given by (2.1)) In general, we are not able to solve this
problem. However, in some cases, it can be done. In Example4.2, by applying The-
orem 2.1, as well as Theorem2.2 and Corollary 2.1, to a controlled heat equation,
we solved this problem. From this point of view, Example4.2 is also an application
of Theorem 2.1 to controlled heat equations. The reasons that we put this example
at the end of the last section of Chap.4 are as follows: First, this problem can be
understood as designs of a kind of simple control machines in infinitely dimensional
cases. Second, the problems of designs of some simple control machines in finitely
dimensional settings will be introduced in Chap. 4.

Miscellaneous Notes

There have been studies on equivalence conditions of periodic feedback stabilization
for linear periodic evolution systems. In [31, 67], the authors established an equiv-
alent condition on stabilizability for linear time-periodic parabolic equations with
open-loop controls. Their equivalence (see Theorem 3.1 in [67] and Proposition 3.1 in
[31]) can be stated, under the framework of Sect. 1.1, as follows: the condition (d) (in
Theorem 2.1 where Z = U) is equivalent to the statement that for any 4 € H, there
is a control u" () € C(R*; U), with sup [|e* u” (¢)||y bounded (where § is given by
teR+

(1.16)), so that the solution y(-; 0, A, u™) is stable. Meanwhile, it was pointed out in
[67] that when open-looped stabilization controls exist, one can construct a periodic
feedback stabilization law through using a method provided in [30]. From this point
of view, the equivalence (@) < (d) in Theorem 2.1 has been built up in [31, 67],
through a different way. The method to construct the stabilization feedback law in
this chapter is different from that in [30]. Besides, we would like to mention the
paper [7] where the authors built up a feedback law for some nonlinear time-periodic
evolution systems.
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Proposition 2.3 (see also Remark 2.1) is a byproduct of the main study in this
chapter. It shows that when both D(-) and B(-) are time invariant, linear time-period
functions K (-) will not aid the linear stabilization of Eq. (1.1), i.e., Eq. (1.1) is linear
T -periodic feedback stabilizable for some 7 > 0if and only if Eq. (1.1) is linear time
invariant feedback stabilizable. On the other hand, when Eq. (1.1) is periodic time
varying, linear time-periodic K (-) do aid in the linear stabilization of this equation.

The material of this chapter is adapted from [93].
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