
Chapter 2
Criteria on Periodic Stabilization in Infinite
Dimensional Cases

Abstract This chapter studies the linear periodic feedback stabilization (LPFS, for
short) for a class of evolution equations in the framework of Chap.1. We restrict
controls values only in a subspace Z of U , which might be of finite dimension.
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Defnition 2.1 Equation (1.1) is said to be LPFS with respect to a subspace Z of
U if there is a T -periodic K (·) ∈ L∞ (

R
+;L (H, Z)

)
so that the Eq. (1.104) is

exponentially stable. Any such a K (·) is called an LPFS law for Eq. (1.1) with
respect to Z . Write

U FS �
{
Z
∣
∣ Z is a subspace of U s.t. Eq. (1.1) is LPFS w.r.t. Z

}
. (2.1)

We will provide three criteria for judging whether a subspace Z belongs to U FS .
They are related with the following subjects: the attainable subspace of (1.1), which
will be introduced in (2.2); the unstable subspace H1 of (1.1) with the null control,
which was defined in (1.21); the periodic map associated to (1.1) with the null
control, which was defined in (1.12); and two unique continuation properties for the
dual equations of (1.1) on different time horizons [0, T ] and [0, n0T ] (where n0 was
defined by (1.17)), which will be introduced in (2.57) and (2.58) respectively. We
also show that if U ∈ U FS , then there is a finite dimensional subspace Z in U FS .
Hence, Eq. (1.1) is LPFS if and only if it is LPFS with respect to a finite dimensional
subspace Z of U . This might help us to design feedback laws numerically.

2.1 Attainable Subspaces

This section is devoted to studies of attainable subspaces w.r.t. a subspace Z ⊂ U .
Let
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A Z
k

Δ=
{ ∫ kT

0
Φ(kT, s)B(s)u(s)ds

∣∣∣ u(·) ∈ L2(R+; Z)
}

for all k ∈ N. (2.2)

It is called the kT -attainable subspace of Eq. (1.1) w.r.t. Z . Recall (1.12), (1.19) and
(1.20). We simply write

H1 � H1(0), H2 � H2(0), P � P(0) and P � P(0). (2.3)

Let
ˆA Z
k = PA Z

k , k ∈ N. (2.4)

These subspaces play important roles in our studies of LPFS.

Lemma 2.1 Let [A(·), B(·)] be a T -periodic pair satisfying the conditions (H1)-
(H2). Assume that Q and R satisfy (1.88) and Q � 0. Let h ∈ H. Then Problem
(LQ)∞0,h (defined by (1.54) with T̂ = T , M = 0 and U = Z) satisfies the FCC at h
if

P
(
Pkh

)∈ ˆA Z
k for some k ∈ {0, 1, 2, . . . }. (2.5)

Proof Suppose that h ∈ H satisfies (2.5) for some k ∈ N. Then there is u ∈
L2(0,∞; Z) so that

P
(
Pkh

)= P

∫ kT

0
Φ(kT, s)B(s)u(s)ds,

from which, it follows that Py(kT ; 0, h,−u) = 0. Let û = −χ[0,kT ]u. Then û and
y(kT ; 0, h, û) are in L2(t,∞; Z) and H2 respectively. These, together with ( f ) of
Proposition1.4, yield that

‖y(s; 0, h, û)‖ = ‖y(s; kT, y(kT ; 0, h, û), û)‖
= ‖y(s; kT, y(kT ; 0, h, û), 0)‖ = ‖Φ(s, kT )y(kT ; 0, h, û)‖
≤ Cρ̄e

−ρ(s−kT )‖y(kT ; 0, h, û)‖ for all s ≥ kT .

From this, one can easily verify that J∞
0,h(û) < ∞. So Problem (LQ)∞0,h satisfies the

FCC at h.
We next suppose that h ∈ H satisfies (2.5) with k = 0. Since h satisfies (2.5),

with k = 0, if and only if h ∈ H2, we find that J∞
0,h(0) < ∞. So Problem (LQ)∞0,h

satisfies the FCC at h. This ends the proof. �

From Theorem 1.4 and Lemma 2.1, we find that properties of subspaces
{
A Z

k ,
k ∈ N

}
play important roles in the studies of LPFS. Meanwhile, since h satisfies

(2.5), with k = 0, if and only if h ∈ H2, we find from Lemma 2.1 that when
h ∈ H2, Problem (LQ)∞0,h satisfies the FCC at h. Hence, the studies of the case when
h ∈ H1 is very important. We will see that it isindeed the key in the studies of LPFS.

http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1


2.1 Attainable Subspaces 33

Since H1 is invariant with respect to P (see (b) of Proposition 1.4), we can define
P1 : H1 → H1 by setting

P1 � P
∣∣
H1

. (2.6)

Then, by (1.22), it follows that

σ(P1)
⋂

B = ∅. (2.7)

Lemma 2.2 LetP1 and n0 be given by (2.6) and (1.17), respectively. Suppose that
Z ⊆ U is a subspace with A Z

k and ˆA Z
k given by (2.2) and (2.4), respectively. Then

for each k ∈ N,

A Z
k = A Z

1 + PA Z
1 + · · · + Pk−1A Z

1 ; ˆA Z
k = ˆA Z

1 + P1 ˆA Z
1 + · · · + Pk−1

1
ˆA Z
1 .

(2.8)
Furthermore, P1 is invertible and

ˆA Z = ˆA Z
n0 ; P1 ˆA Z = ˆA Z = P−1

1
ˆA Z , (2.9)

where

ˆA Z �
∞⋃

k=1

ˆA Z
k . (2.10)

Proof Webeginwith proving the first equality in (2.8) by themathematical induction.
Clearly, it stands when k = 1. Assume that it holds in the case when k = k0 for some
k0 ≥ 1, i.e.,

A Z
k0 = A Z

1 + PA Z
1 + · · · + Pk0−1A Z

1 . (2.11)

Because of (1.23) and (2.3), we have that Φ((k0 + 1)T, T ) = Φ(T, 0)k0 = Pk0 .
This, along with (2.2), the T -periodicity of B(·) and (2.11), indicates that

A Z
k0+1 =

{ ∫ (k0+1)T

0
Φ((k0 + 1)T, s)B(s)u(s)ds

∣∣ u(·) ∈ L2(R+; Z)
}

= Pk0A Z
1 +

{ ∫ k0T

0
Φ(k0T, s)B(s)u(s + T )ds

∣∣ u(·) ∈ L2(R+; Z)
}

= Pk0A Z
1 + A Z

k0 = A Z
1 + PA Z

1 + · · · + Pk0A Z
1 .

which leads to the first equality in (2.8).
We next show the second equality in (2.8). By (2.3) and (1.23), we have that

PP = PP . Since P is a projection from H onto H1 (see Proposition 1.4), the
above, along with the first equality in (2.8) and (2.4), leads to the second equality
in (2.8).

Then we show the first equality in (2.9). It follows from (2.10) and (2.8) that

ˆA Z
n0 ⊆ ˆA Z and ˆA Z

k ⊆ ˆA Z
n0 , when k ≤ n0. (2.12)
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Since dimH1 = n0 (see (1.22)) and P1 : H1 → H1 (see (2.6)), according to the
Hamilton-Cayley theorem, eachP j

1 with j ≥ n0 is a linear combination of
{
I, P1

1 ,

P2
1 , · · · , P (n0−1)

1

}
. This, along with the second equality in (2.8), indicates that

ˆA Z
k =

k−1∑

j=0

P j
1 ( ˆA Z

1 ) ⊆
n0−1∑

j=0

P j
1 ( ˆA Z

1 ) = ˆA Z
n0 , when k ≥ n0. (2.13)

Now the first equality in (2.9) follows from (2.12) and (2.13).
Finally, we show the non-singularity of P1 and the second equality in (2.9). By

the first equality in (2.9) and the Hamilton-Cayley theorem, we see that

P1 ˆA Z = P1 ˆA Z
n0 = P1

n0−1∑

j=0

P j
1 ( ˆA Z

1 ) =
n0∑

j=1

P j
1 ( ˆA Z

1 ) ⊆
n0−1∑

j=0

P j
1 ( ˆA Z

1 ) = ˆA Z
n0 ,

from which, it follows that
P1 ˆA Z ⊆ ˆA Z . (2.14)

From (1.22) and (1.22), we find that 0 /∈ σ(PC
1 ) and HC

1 (the domain of PC
1 ) is of

finite dimension. ThusPC
1 is invertible. So isP1. This implies that dim(P1 ˆA Z ) =

dim ˆA Z , which, together with (2.14), yields thatP1 ˆA Z = ˆA Z . This completes the
proof. �

2.2 Three Criterions on Periodic Feedback Stabilization

The aim of this section is to prove the following theorem.

Theorem 2.1 Let P, P and Hj with j = 1, 2 be given by (2.3). Let n0 be given by
(1.17). Then, for each subspace Z ⊆ U, the following assertions are equivalent:

(a) Equation (1.1) is LPFS with respect to Z, i.e., Z ∈ U FS.
(b) ˆA Z

n0 = H1, where ˆA Z
n0 is given by (2.4).

(c) If ξ ∈ P
∗H1 and

(
B(·)∣∣

Z

)∗
Φ(n0T, ·)∗ξ = 0 over (0, n0T ), then ξ = 0.

(d) If ξ ∈ HC satisfies that
(
μI−P∗C)ξ = 0, withμ /∈ B, and

(
B(·)∣∣

Z

)∗C
Φ(T, ·)∗C

ξ = 0 over (0, T ), then ξ = 0.

2.2.1 Multi-periodic Feedback Stabilization

In this subsection, we will introduce three propositions. The first two propositions
will be used in the proof of Theorem2.1. The last one is independently interesting.
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Defnition 2.2 (i) Equation (1.1) is said to be linear multi-periodic feedback stabi-
lizable (LMPFS, for short) if there is a kT -periodic K (·) ∈ L∞ (

R
+;L (H,U )

)
for

some k ∈ N so that Eq. (1.104) is exponentially stable. Any such a K (·) is called an
LMPFS law for Eq. (1.1).
(i i) Equation (1.1) is said to be LMPFS with respect to a subspace Z of U if there
is a kT -periodic K (·) ∈ L∞ (

R
+;L (H, Z)

)
for some k ∈ N so that Eq. (1.104)

is exponentially stable. Any such a K (·) is called an LMPFS law for Eq. (1.1) with
respect to Z .

Proposition 2.1 Let n0 and H1 be given by (1.17) and (2.3) respectively. Suppose
that Z ⊆ U satisfies (b) of Theorem 2.1. Then, Eq. (1.1) is LMPFS with respect to Z.

Proof Let Z ⊆ U satisfy (b) of Theorem 2.1. We organize the proof by several steps
as follows.

Step 1. To construct, for each h1 ∈ H1, uh1(·) ∈ L2(R+; Z) so that Py(n0T ;
0, h1, uh1) = 0.

Because dimH1 = n0 (see (1.22)), we can set {η1, · · · , ηn̂} to be an orthonormal
basis of H1. By (1.21), we see that PPn0η j ∈ H1 for each j ∈ {1, 2, . . . , n0}. Then
it follows from (b) of Theorem 2.1 that PPn0η j ∈ ˆA Z

n0 . Thus for each j , there is
u j ∈ L2(R+; Z) so that

PPn0η j = P

∫ n0T

0
Φ(n0T, s)B(s)û j (s)ds. (2.15)

For any h1 ∈ H1, let

uh1 = −χ(0,n0T )

n0∑

j=1

〈h1, η j 〉u j . (2.16)

Then we define an operator L : H1 → L2(R+; Z) by setting

L h1(·) = uh1(·) for all h1 ∈ H1. (2.17)

Clearly,L is linear and bounded. Since h1 =∑n0
j=1〈h1, η j 〉η j , it follows from (2.16)

and (2.15) that

Py(n0T ; 0, h1,L h1)

=
n0∑

j=1

〈h1, η j 〉PPn0η j −
n0∑

j=1

〈h1, η j 〉P
∫ n0T

0
Φ(n0T, s)B(s)u j (s)ds (2.18)

=
n0∑

j=1

〈h1, η j 〉
(

PPn0η j − P

∫ n0T

0
Φ(n0T, s)B(s)u j (s)ds

)
= 0.

Step 2. To show the existence of an N0 ∈ N so that
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‖y(NT ; 0, h,L (Ph))‖ ≤ δ0‖h‖ for all h ∈ H and N ≥ N0, (2.19)

where
δ0 � (1 + δ̂)/2 < 1, with δ̂ given by (1.16) (2.20)

Let ρ0 = − ln δ0/T . Then 0 < ρ0 < − ln δ̂/T � ρ̂. By ( f ) of Proposition 1.4,
there is a constant Cρ0 > 0 so that

‖y(kT ; 0, h2, 0)‖ = ‖Φ(kT, 0)h2‖ ≤ Cρ0e
−ρ0kT ‖h2‖ = Cρ0δ

k
0‖h2‖, (2.21)

when k ∈ N and h2 ∈ H2. We claim that there is a constant C > 0 so that

‖y(NT ; 0, h1,L h1)‖ ≤ CCρ0δ
N−n0
0 ‖h1‖, when h1 ∈ H1, N ≥ n0, (2.22)

where L is given by (2.17). In fact, because for each h1 ∈ H1,

∥∥y(n0T ; 0, h1,L h1)
∥∥ ≤ ∥∥Φ(n0T, 0)h1

∥∥+
∥∥∥∥

∫ n0T

0
Φ(n0T, s)B(s)L h1(s)ds

∥∥∥∥ ,

we see that there is a constant C > 0 so that

‖y(n0T ; 0, h1,L h1)‖ ≤ C‖h1‖ for all h1 ∈ H1. (2.23)

Here, we used facts that B(·) ∈ L∞(R+;L (U ; H)) and L is linear and bounded.
Meanwhile, it follows from (2.16) thatL h1(·) = 0 over (n0T,+∞). This, together
with (1.8) (where u(·) ≡ 0), yields that for all N ≥ n0 and h1 ∈ H ,

y(NT ; 0, h1,L h1) = y(NT ; n0T, y(n0T ; 0, h1,L h1),L h1)

= y(NT ; n0T, y(n0T ; 0, h1,L h1), 0) = Φ(NT, n0T )y(n0T ; 0, h1,L h1) (2.24)
= Φ((N − n0)T, 0)y(n0T ; 0, h1,L h1) = y((N − n0)T ; 0, y(n0T ; 0, h1,L h1), 0).

Because of (2.18) and (1.20)–(1.21) with t = 0, we see that y(n0T ; 0, h1,L h1) ∈
H2, when h1 ∈ H1. This along with (2.24), (2.21) and (2.23), leads to (2.22).

Let

N0 = max
{ lnCρ0 + ln

(
Cδ

−n0
0 ‖P‖ + ‖I − P‖)

ln(1/δ0)
+ 2, n0

}
. (2.25)

(Here, [r ] with r ∈ R denotes the integer so that r − 1 < [r ] ≤ r .) Then, it follows
from (2.22), (2.21) and (2.25) that for all N ≥ N0, h ∈ H ,

‖y(NT ; 0, h,L (Ph))‖ ≤ Cρ0δ
N
0 (Cδ

−n0
0 ‖P‖ + ‖I − P‖)‖h‖ ≤ δ0‖h‖.

Step 3. To study the value function associated with a family of LQ problems
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Given N ∈ N, t ∈ [0, NT ) and h ∈ H , write yZN (·; t, h, u) ∈ C([t, NT ]; H) for
the solution to the equation:

{
y′(s) = Ay(s) + D(s)y(s) + B(s)

∣∣
Zu(s) in (t, NT ),

y(t) = h,
(2.26)

where B(s)
∣∣
Z is the restriction of B(s) on the subspace Z . For each ε > 0, define

the cost functional:

J NT,ε,Z
t,h (u) =

∫ NT

t
ε‖u(s)‖2Uds + ‖yZN (NT ; t, h, u)‖2, u ∈ L2(t, NT ; Z).

(2.27)
Then consider the following LQ problem

(LQ)
NT,ε,Z
t,h : WNT,ε,Z (t, h) � inf

u∈L2(t,NT ;Z)
J NT,ε,Z
t,h (u).

Let

ε0
Δ=(δ0 − δ20)/(‖L ‖‖P‖ + 1)2, with δ0 and L given by (2.20) and (2.17).

(2.28)
We claim that when N0 is given by (2.25),

WNT,ε,Z (0, h) ≤ δ0‖h‖2 for all h ∈ H, when N ≥ N0 and ε ∈ (0, ε0].
(2.29)

In fact, it follows from (2.28) that for each h ∈ H and ε ∈ (0, ε0],

ε‖L (Ph)(·)‖2L2(R+;Z)
≤ ε0‖L ‖2‖P‖2‖h‖2 ≤ (δ0 − δ20)‖h‖2. (2.30)

Since P is a projection from H to H1 (see Proposition 1.4), it follows from (2.17)
that

L (Ph) ∈ L2(R+; Z) for all h ∈ H. (2.31)

Since

yZN
(
·; t, h, u

∣
∣[t,NT )

)
= y(·; t, h, u)

∣
∣[t,NT ] for any u ∈ L2(t,+∞; Z),

we see that

yZN
(
NT ; 0, h,L (Ph)

∣∣
(0,NT )

)
= y(NT ; 0, h,L (Ph)).

http://dx.doi.org/10.1007/978-3-319-49238-4_1
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This, together with (2.27), (2.31), (2.30) and (2.19), indicates that

WNT,ε,Z (0, h) ≤ ε

∫ NT

0
‖L (Ph)(s)‖2ds + ‖yZN (NT ; 0, h,L (Ph))‖2 ≤ δ0‖h‖2,

when N ≥ N0, ε ∈ (0, ε0], h ∈ H , i.e., (2.29) stands.

Step 4. To construct an NT -periodic K Z
ε,N (·) ∈ L∞(R+;L (H, Z)).

Arbitrarily fix an ε ∈ (0, ε0] and an N ≥ N0, where N0 and ε0 are given by (2.25)
and (2.28) respectively. By Theorem1.2, we can derive that

WNT,ε,Z (t, h) = 〈QNT,ε,Z (t)h, h〉 for all h ∈ H,

where QNT,ε,Z (·) is the solution to the Riccati equation:
{

Υ̇ (t) + A(t)∗Υ (t) + Υ (t)A(t) − 1

ε
Υ (t)B(t)

∣
∣
Z

(
B(t)

∣
∣
Z

)∗
Υ (t) = 0, t ∈ (0, NT ),

Υ (NT ) = I.
(2.32)

Meanwhile, it follows form (2.27) that for each h ∈ H ,

0 ≤ 〈h, QNT,ε,Z (t)h
〉 ≤ J NT,ε,Z

t,h (0) ≤ ‖Φ(NT, t)‖2‖h‖2.

Define K Z
ε,N (·) : [0, NT ) → L (H ; Z) by

K Z
ε,N (t) = −1

ε

(
B(s)

∣∣
Z

)∗
QNT,ε,Z (t) for a.e. t ∈ [0, NT ). (2.33)

One can easily check that K Z
ε,N (·) ∈ L∞(0, NT ;L (H ; Z)). From this and (H1)-

(H2), the following feedback equation has a unique mild solution yZε,N (·; 0, h) ∈
C([0, NT ]; H):

{
y′(s) = Ay(s) + D(s)y(s) + B(s)

∣∣
Z K

Z
ε,N (s)y(s) in (0, NT ),

y(0) = h ∈ H.
(2.34)

Define the following function:

uZ
ε,N ,0,h(s)

Δ= K Z
ε,N (s)yZε,N (s; 0, h) for a.e. s ∈ (0, NT ). (2.35)

By Theorem1.2, we see that uZ
ε,N ,0,h(·) is the optimal control to (LQ)

NT,ε,Z
0,h . This

yields that
WNT,ε,Z (0, h) = J NT,ε,Z

0,h

(
uZ

ε,N ,0,h

)
, when h ∈ H. (2.36)

By (2.26) with t = 0, (2.34) and (2.35), we see that

yZε,N (NT ; 0, h) = yZN (NT ; 0, h, uZ
ε,N ,0,h).
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From this, (2.27), (2.36) and (2.29), it follows that

‖yZε,N (NT ; 0, h)‖2 ≤ J NT,ε,Z
0,h (uZ

ε,N ,0,h) = WNT,ε,Z (0, h) ≤ δ0‖h‖2, when h ∈ H.

(2.37)
Now, we extend NT -periodically K Z

ε,N (·) over R
+ by setting

K Z
ε,N (t + kNT ) = K Z

ε,N (t) for all t ∈ [0, NT ), k ∈ N. (2.38)

Step 5. To prove that when ε ∈ (0, ε0] and N ≥ N0, K Z
ε,N (·) is an LMPFS law for

Eq. (1.1) with respect to Z .
Consider the feedback equation:

{
y′(s) = Ay(s) + D(s)y(s) + B(s)

∣∣
Z K

Z
ε,N (s)y(s) in R

+,

y(0) = h ∈ H.
(2.39)

Since K Z
ε,N (·) ∈ L∞(R+;L (H ; Z)), we have that D(·) + B(·)∣∣Z K Z

ε,N (·) belongs
to L1

loc(R
+;L (H)) (see (H1) and (H2)). Thus, for each h ∈ H , Eq. (2.39) has a

unique mild solution yZε (·; 0, h). Clearly, we have that yZε (t; 0, h) = yZε,N (t; 0, h) for
each t ∈ [0, NT ]. Write Φ Z

ε,N for the evolution generated by A(·) + B(·)∣∣Z K Z
ε,N (·).

By Proposition1.2, we find that

yZε,N (NT ; 0, h) = Φ Z
ε,N (NT, 0)h for all h ∈ H.

This, along with (2.37) and (2.20), yields that

‖Φ Z
ε,N (NT, 0)‖ ≤ √δ0 < 1. (2.40)

Since D(·) and B(·) are T -periodic and K Z
ε,N (·) is NT -periodic, it follows that

Φ Z
ε,N (s + NT, t + NT ) = Φ Z

ε,N (s, t), when 0 ≤ t ≤ s < +∞. (2.41)

By (2.41) and (2.40), we see that Eq. (2.39) is exponentially stable. Hence, K Z
ε,N (·),

with ε ∈ (0, ε0] and N ≥ N0, is an LMPFS law for Eq. (2.39). This ends the
proof. �

Proposition 2.2 Let Z be a subspace of U. Then, Eq. (1.1) is LPFS with respect to
Z if and only if it is LMPFS with respect to Z.

Proof Clearly, Eq. (1.1) is LPFS w.r.t. Z ⇒ Eq. (1.1) is LMPFS w.r.t. Z . To show
the reverse, we suppose that Eq. (1.1) is LMPFS with respect to Z . Then there is
an NT -periodic K̂ Z

N (·) ∈ L∞(R+;L (H ; Z)), with N ∈ N, so that the following
feedback equation is exponentially stable:

y′(s) = Ay(s) + D(s)y(s) + B(s)
∣
∣
Z K̂

Z
N (s)y(s), s ≥ 0. (2.42)
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Because K̂ Z
N (·) ∈ L∞(R+;L (H ; Z)) is NT -periodic, from the above, as well as

assumptions (H1)-(H2), one can verify that for each t ≥ 0 and h ∈ H , the solution
ŷ ZN (·; t, h) to the equation:

{
y′(s) + Ay(s) + D(s)y(s) = B(s)

∣∣
Z K̂

Z
N (s)y(s) in [t,∞),

y(t) = h
(2.43)

satisfies that

‖ŷ ZN (s; t, h)‖ ≤ C1e
−δ1(s−t)‖h‖, when s ≥ t and h ∈ H, (2.44)

whereC1 and δ1 are two positive constants independent of h, t and s. Given h ∈ H , let
uh(·) � K̂ Z

N (·)ŷ ZN (·; 0, h). It follows from (2.44) that uh(·) ∈ L2(R+; Z). Moreover,
it holds that y(·; 0, h, ux ) = ŷ ZN (·; 0, h). Consider the LQ problem (LQ)∞0,h , defined
by (1.89) where U = Z , Q = IH and R = IU . It follows from (2.44) that for each
h ∈ H ,

∫ ∞

t

[‖uh(s)‖2 + ‖y(s; 0, h, uh)‖2]ds ≤
∫ ∞

t

[
(‖K̂ Z

N (s)‖2 + 1)‖y(s; 0, h, uh)‖2]ds

≤ (‖K̂ Z
N‖2 + 1

)∫ ∞

t
‖ŷ ZN (s; t, h)‖2ds ≤ M2

1

2δ1

(‖K̂ Z
N‖2 + 1

)‖h‖2.

Therefore, Problem (LQ)∞0,h satisfies the FCC for any h ∈ H . Then by Theorem1.4,
we see that Eq. (1.1) is LMPFS with respect to Z . This ends the proof. �

Proposition 2.3 When both D(·) and B(·) are time invariant, i.e., D(t) ≡ D and
B(t) ≡ B for all t ≥ 0, the following statements are equivalent:
(a) Equation (1.1) is linear T̂ -periodic feedback stabilizable for some T̂ > 0.
(b) Equation (1.1) is linear T̂ -periodic feedback stabilizable for any T̂ > 0.
(c) Equation (1.1) is linear time invariant feedback stabilizable.

Proof It suffices to show that (a) ⇒ (c). Let N ∈ N with N ≥ 2 and let T = T̂ /N .
Since D(·) and B(·) are time invariant, Eq. (1.1) is T -periodic. Because of (a), there
is an NT -periodic K̂ U

N (·) ∈ L∞(R+;L (H ;U )) so that the feedback Eq. (2.42),
where Z = U , is exponentially stable. By Theorem1.4, there is a pair (Q, R), with
Q � 0 and R � 0, so that the Problem (LQ)∞0,h satisfies the FCC for each h ∈ H .
Now, by the same way to show (i i i) ⇒ (i) in the proof of Theorem1.4 (where
Z = U ), we see that K̄ (·), given by (1.109) with Z = U , is a LPFS law for Eq. (1.1).
We claim that this K̄ (·) is time invariant in the case that D(·) and B(·) are time
invariant. When this is done, K̄ (·) ≡ K̄ ∈ L (H ;U ) is a feedback law for Eq. (1.1),
which leads to (c).

The rest is to show that K̄ (·) is time invariant. LetW∞(t, h) be the value function
given by (1.89) with the aforementioned Q and R. By the time invariance of B(·), and
by (1.108) and (1.109), it suffices to show W∞(t, h) is time invariant. The later will
be proved as follows. Since Eq. (1.1) is time invariant, it follows that when t ∈ R

+,
h ∈ H and u(·) ∈ L2(R+;U ), we have that y(s; t, h, u) = y(s − t; 0, h, v) for all
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s ≥ t , where v(·) is defined by v(s) = u(s + t) for all s ≥ 0. Hence, given t ∈ R
+

and h ∈ H , we have that for each u(·) ∈ L2(R+;U ),

∫ ∞

t

(‖Q1/2y(s; t, h, u(s))‖2 + ‖R1/2u(s)‖2U
)
ds

=
∫ ∞

0

(‖Q1/2y(r; 0, h, u(r + t))‖2 + ‖R1/2u(r + t)‖2U
)
dr.

Taking the infimum on the both sides of the above equation with respect to u(·) ∈
L2(R+;U ) leads to W∞(t, h) = W∞(0, h). So the value function W∞(t, h) is
independent of t . This completes the proof. �

Remark 2.1 By Proposition 2.3, we see that linear time-periodic functions K (·)will
not aid in the linear stabilization of Eq. (1.1) when both D(·) and B(·) are time invari-
ant. On the other hand, when Eq. (1.1) is T -periodically time varying, linear time-
periodic functions K (·) do aid in the linear stabilization of Eq. (1.1). This can be seen
from the following 2-periodic ODE: y′(t) = ∑∞

j=1

[
χ[2 j,2 j+1)(t) − χ[2 j+1,2 j+2)(t)

]

u(t), t ≥ 0. For each k ∈ R, consider the equation: y′(t) = ∑∞
j=1

[
χ[2 j,2 j+1)(t)−

χ[2 j+1,2 j+2)(t)
]
ky(t), t ≥ 0. Clearly, the corresponding periodic mapPk ≡ 1. Thus

any linear time invariant feedback equation is not exponentially stable. On the other
hand, by a direct computation, one can easily check that the following 2-periodic
map is an LPFS law:

k(t) =
∞∑

j=1

[
χ[2 j,2 j+1)(t) + 2χ[2 j+1,2 j+2)(t)

]
, t ≥ 0.

2.2.2 Proof of Theorem 2.1

We first show that (a) ⇔ (b). To prove that (b) ⇒ (a), suppose that Z � U satisfies
(b) in Theorem2.1. By Proposition 2.1, we see that Eq. (1.1) is LMPFS with respect
to Z . This, along with Proposition 2.2, yields (a).

To verify that (a) ⇒ (b), we suppose, by contradiction, that Z ∈ U FS , but (b) in
Theorem2.1 did not hold. Then ˆA Z

n0 would be a proper subspace of H1. This, along

with (2.9), yields that V̂ Z is a proper subspace of H1. One can directly check that

(
H1

⋂
( ˆA Z )⊥

)
⊥ ˆA Z ; H1 = ˆA Z

⊕(
H1

⋂
( ˆA Z )⊥

)
. (2.45)

Since ˆA Z is a proper subspace of H1 and dimH1 = n0 (see (1.22)), we have that

n0 ≥ l � dim
(
H1

⋂
( ˆA Z )⊥

)
≥ 1. (2.46)
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By (2.45) and (2.46), we can let {η1, . . . , ηn0} be a basis of H1 so that {η1, · · · , ηl} and
{ηl+1, · · · , ηn0} are bases of H1

⋂
( ˆA Z )⊥ and ˆA Z . By (2.9) in Lemma2.2, ˆA Z is

an invariant subspace underP1. Thus there are matrices A1 ∈ R
l×l , A2 ∈ R

(n0−l)×l ,
A3 ∈ R

(n0−l)×(n0−l) so that

P1
(
η1, · · · , ηn0

) = (η1, · · · , ηn0
) ( A1 0l×(n0−l)

A2 A3

)
. (2.47)

Let P11 be the orthogonal projection from H1 onto H1
⋂

( ˆA Z )⊥. Define a linear
bijection J : R

l → (
H1
⋂

( ˆA Z )⊥
)
by setting

J (α)
Δ= (η1, . . . , ηl)α for each column vector α ∈ R

l . (2.48)

By (2.47) and (2.48), we see that for all α ∈ R
l and k ∈ N,

P11P
k
1J (α) = P11P

k
1 (η1, · · · , ηl)α

= P11(η1, · · · , ηl ,
∣∣ ηl+1, · · · , ηn0)

(
A1 0l×(n0−l)

A2 A3

)k (
α

0(n0−l)×1

)
(2.49)

= (η1, · · · , ηl)A
k
1α.

On the other hand, since Z ∈ U FS , there is a T -periodic K (·) ∈ L∞(R+;
L (H ; Z)) so that Eq. (1.104) is exponentially stable, which implies that for all
h ∈ H ,

lim
t→+∞ yK (t; 0, h) = 0, (2.50)

where yK (·; 0, h) denotes the solution of Eq. (1.104) with the initial condition that
y(0) = h. Let uhK (t) � K (t)yK (t; 0, h) for a.e. t ≥ 0. Then by (1.8), we have that

yK (t; 0, h) = Φ(t, 0)h +
∫ t

0
Φ(t, s)B(s)uhK (s)ds, when t ∈ R

+ and h ∈ H.

(2.51)
From (2.51) and (2.2), it follows that

P11PyK (kT ; 0, h) ∈ P11P(Pkh + A Z
k ) for all h ∈ H and k ∈ N. (2.52)

Since PA Z
k � ˆA Z

k ⊆ ˆA Z for all k ∈ N (see (2.4) and (2.10)) and P11 is
the orthogonal projection from H1 onto H1

⋂
( ˆA Z )⊥, it follows from (2.45) that

P11PA Z
k ⊂ P11 ˆA Z = {0}. Because PPk = Pk

P for all k ∈ N (see Parts (a) and
(e) in Proposition 1.4), the above, along with (2.52), indicates that

P11PyK (kT ; 0, h) = P11PP
kh = P11P

k
Ph for all h ∈ H and k ∈ N. (2.53)

http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1


2.2 Three Criterions on Periodic Feedback Stabilization 43

Since P : H → H1 is a projection (see Proposition 1.4), from (2.50) and (2.53), we
see that

lim
k→+∞ P11P

kh = 0, when h ∈ H1. (2.54)

Now by (2.54), (2.49) and (2.6), we have that lim
k→∞ Ak

1α = 0, when α ∈ R
l . Thus,

we have that
σ(A1) ∈ B (the open unit ball in C

1). (2.55)

By (2.47), we find that σ(A1) ⊂ σ(P1). This, together with (2.55) and (2.7), leads
to a contradiction. Hence, (a) ⇒ (b). This completes the proof of (a) ⇔ (b).

We next show that (b) ⇔ (c). First of all, wemention that (b)means that Eq. (1.1)
over (0, n0T ) is null controllable under the projection P with respect to the initial
data h ∈ H1, while (c) says that the adjoint equation

ψt (t) + A∗ψ(t) + D(t)∗ψ(t) = 0 for a.e. t ∈ (0, n0T ), ψ(n0T ) = ξ (2.56)

with the initial data inP
∗H1 has the unique continuation property. Such twoproperties

are equivalent in finite dimensional spaces. The detailed proof is as follows. We
introduce two complex adjoint equations as follows:

ψ ′(t) + A∗Cψ(t) + D(t)∗Cψ(t) = 0 in (0, n0T ), ψ(n0T ) ∈ HC ; (2.57)

ψ ′(t) + A∗Cψ(t) + D(t)∗Cψ(t) = 0 in (0, T ), ψ(T ) ∈ HC . (2.58)

For each ξ ∈ HC , Eq. (2.57) (or (2.58)) with the initial condition that ψξ
n0(n0T ) = ξ

(or ψξ(T ) = ξ ) has a unique solution in C([0, n0T ]; HC) (or C([0, T ]; HC)).
We denote this solution by ψ

ξ
n0(·) (or ψξ(·)). Clearly, when ξ ∈ H , ψ

ξ
n0(·) ∈

C([0, n0T ]; H) and ψξ(·) ∈ C([0, T ]; H) are accordingly the solutions of (2.57)
and (2.58) where AC and D(t)C are replaced by A and D(t) respectively. One can
easily check that

ψξ(0) = P∗Cξ and ψξ
n0(0) = (P∗C)n0 ξ for all ξ ∈ HC . (2.59)

By the T -periodicity of D∗(·), we see that for each ξ ∈ HC ,

ψξ
n0((k−1)T+t) = ψ

ξk
(t), t ∈ [0, T ], k ∈ {1, . . . , n0}, where ξk

Δ= (
P∗C)n0−k

ξ.

(2.60)
Now we carry out the proof of (b) ⇔ (c) by several steps as follows.

Step 1. To prove that (b) is equivalent to the following property:

∀ h ∈ H, ∃ uh(·) ∈ L2(R+; Z) s.t. Py(n0T ; 0, h, uh) = 0 (2.61)
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Suppose that (b) holds. Then by (2.2), we have that

P

{ ∫ n0T

0
Φ(n0T, t)B(t)u(t)dt

∣∣ u(·) ∈ L2(R+; Z)
}

= H1. (2.62)

Given h ∈ H , it holds that PΦ(n0T, 0)h ∈ H1 (see (1.21)). From this and (2.62),
there is a uh(·) ∈ L2(R+; Z) so that

Py(n0T ; 0, h, uh) = PΦ(n0T, 0)h + P

∫ n0T

0
Φ(n0T, t)B(t)uh(t)dt = 0,

which leads to (2.61).
Conversely, assume that (2.61) holds. Then for any h ∈ H , there exists uh(·) ∈

L2(R+; Z) so that Py(n0T ; 0, h, uh) = 0. Thus, we find that

H1 ⊇ ˆA Z
n0

Δ=P

{ ∫ n0T

0
Φ(n0T, t)B(t)u(t)dt

∣∣ u(·) ∈ L2(R+; Z)
}

⊇ P

{ ∫ n0T

0
Φ(n0T, t)B(t)uh(t)dt

∣
∣ h ∈ H

}

= −P
{
Φ(n0T, 0)h

∣∣ h ∈ H
} = PPn0H.

(2.63)

Since PP = PP (see (1.23)), PH = H1 and PH1 = P1H1 = H1 (see (2.6) and
Lemma2.2), we see that PPn0H = H1. This, together with (2.63), leads to (b).
Step 2. To show that ξ ∈ P

∗H1 and ψ
ξ
n0(0) = 0 ⇒ ξ = 0

Recall Proposition1.5. Because H̃1 is invariant underP∗, it follows from (2.59)
that

ψξ
n0(0) = (P∗)n0ξ = (P∗∣∣

H̃1

)n0
ξ ∈ H̃1, when ξ ∈ H̃1. (2.64)

By Proposition1.5, we find that σ
(
P∗C |H̃C

1

)⋂
B = ∅ and dimH̃1 = n0 < ∞.

Thus, the map
(
P∗∣∣

H̃1

)n0 is invertible from H̃1 onto H̃1. Then by (2.64), we see that

ξ = 0, when ξ ∈ H̃1 and ψ
ξ
n0(0) = 0. This, together with (1.43), implies that ξ = 0,

when ξ ∈ P∗H1 and ψ
ξ
n0(0) = 0.

Step 3. To show that (2.61) ⇒ (c)
Clearly, when η, h ∈ H and u(·) ∈ L2(R+; Z), we have that

〈
ψη

n0(0), h
〉 = 〈η, y(n0T ; 0, h, u)

〉−
∫ n0T

0

〈(
B(t)

∣
∣
Z

)∗
ψη

n0(t), u(t)
〉
dt. (2.65)

Suppose that ξ satisfies conditions in (c). Then by (2.65) where η = ξ and ψ
ξ
n0(t) =

Φ(n0T, t)∗ξ , we find that

〈
ψξ

n0(0), h
〉 = 〈ξ, y(n0T ; 0, h, u)

〉
, when h ∈ H and u(·) ∈ L2(R+; Z). (2.66)
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By (2.61), given h ∈ H , there is a uh(·) ∈ L2(R+; Z) so that

Py(n0T ; 0, h, uh) = 0. (2.67)

Since ξ ∈ P
∗H1, there is g ∈ H1 with ξ = P

∗g. This, along with (2.66) and (2.67),
indicates that

〈
ψ

ξ
n0(0), h

〉 = 〈ξ, y(n0T ; 0, h, uh)
〉= 〈P∗g, y(n0T ; 0, h, uh)

〉

= 〈g, Py(n0T ; 0, h, uh)
〉= 0 for all h ∈ H.

Hence, ψξ
n0(0) = 0. Then by the conclusion of Step 2, we have that ξ = 0. So (c)

holds.
Step 4. To show that (c) ⇒ (2.61)
Assume that (c) holds. Define two subspaces

Γ
Δ=
{(

B(·)∣∣Z
)∗

ψ
ξ
n0(·)

∣∣ ξ ∈ P
∗H1

}
⊆ L2(0, n0T ; Z);

Γ0
Δ=
{
ψ

ξ
n0(0)

∣
∣ ξ ∈ P

∗H1

}
⊆ H.

(2.68)

By (c) and the conclusion of Step 2, we see that the following mapL1 : Γ → Γ0 is
well defined:

L1
((
B(·)∣∣Z

)∗
ψξ

n0(·)
) = ψξ

n0(0) for all ξ ∈ P∗H1. (2.69)

Clearly, it is linear. Given h ∈ H , define a linear functional F h on Γ by

F h(γ ) = 〈L1(γ ), h〉 for all γ ∈ Γ. (2.70)

Since dim(P∗H1) = dimH̃1 = n0 < ∞, it holds that dimΓ < ∞. Thus, F h ∈
L (Γ ; R). By the Hahn-Banach theorem , there is a F̄ h ∈ L (L2(0, n0T ; Z); R) so
that

F̄ h(γ ) = F h(γ ) for all γ ∈ Γ ; and ‖F̄ h‖ = ‖F h‖. (2.71)

Then by the Riesz representation theorem (see p. 59 in [32]), there exists a function
uh(·) in L2(0, n0T ; Z) so that

F̄ h(γ ) = −
∫ n0T

0
〈uh(t), γ (t)〉Udt for all γ ∈ L2(0, n0T ; Z). (2.72)

Since P
∗H1 = P

∗H (see (1.42)), it follows from (2.69) to (2.72) that

−
∫ n0T

0

〈(
B(t)

∣∣
Z

)∗
ψP

∗η̂
n0 (t), uh(t)

〉
dt = 〈ψP

∗η̂
n0 (0), h

〉
for all η̂ ∈ H.

http://dx.doi.org/10.1007/978-3-319-49238-4_1
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Meanwhile, it follows by (2.65) that for each η̂ ∈ H ,

〈
ψP

∗η̂
n0 (0), h

〉 = 〈P∗η̂, y(n0T ; 0, h, uh)
〉−
∫ n0T

0

〈(
B(t)

∣∣
Z

)∗
ψP

∗η̂
n0 (t), uh(t)

〉
dt.

The above two equalities imply that

〈
η̂, Py(n0T ; 0, h, uh)

〉= 〈P∗η̂, y(n0T ; 0, h, uh)
〉= 0 for all η̂ ∈ H.

So Py(n0T ; 0, h, uh) = 0, which leads to (2.61).
From Step 1–Step 4, we end the proof of (b) ⇔ (c).
We then show (c) ⇔ (d). To show that (c) ⇒ (d), we suppose that Z satisfies

(c). Let μ and ξ satisfy the conditions in (d) with the aforementioned Z . Then by

(1.44), we find that ξ ∈ H̃C
1 . Hence, we can write ξ

Δ= ξ1 + iξ2 with ξ1, ξ2 ∈ H̃1. By
(1.43), we have ξ1, ξ2 ∈ P

∗H1. By the second condition in (d), we see that

(
B(t)

∣∣
Z

)∗C
ψξ(t) = 0 for a.e. t ∈ (0, T ).

Then by (2.60) and the first condition in (d), we find that for all t ∈ [0, T ] and
k = 1, . . . , n0,

ψξ
n0((k − 1)T + t) = ψμn0−kξ (t) = μn0−kψξ(t).

Since ψ
ξ
n0(·) = ψ

ξ1
n0(·) + iψξ2

n0(·), the above two equations yield that
(
B(·)∣∣Z

)∗
ψξ1

n0(·) + i
(
B(·)∣∣Z

)∗
ψξ2

n0(·) = (B(·)∣∣Z
)∗

ψξ
n0(·) = 0 over (0, n0T ).

Since ξ1, ξ2 ∈ P
∗H1, the above-mentioned equation, along with (c), leads to ξ1 =

ξ2 = 0, i.e., ξ = 0. Hence, Z satisfies (d). Thus, we have proved that (c) ⇒ (d).
To show that (d) ⇒ (c), we suppose that Z � U satisfies (d). In order to show

that Z satisfies (c), it suffices to prove that

ξ̂ ∈ (P∗H1)
C and

(
B(·)∣∣Z

)∗C
ψξ̂

n0(·) = 0 over (0, n0T ) ⇒ ξ̂ = 0. (2.73)

Notice that (P∗H1)
C = H̃C

1 and dimH̃C
1 = n0 (see Proposition1.5). Simply write

Q
Δ=P∗C ∣∣

H̃C
1
∈ L (H̃C

1 ) and B1(·) Δ= ((B(·)∣∣Z
)∗C)∣∣

(0,T )
∈ L2(0, T ;L (H, Z)).

By Proposition1.5 and (1.37), we have that σ(Q) = {λ̄ j }n̂j=1; l j is the algebraic

multiplicity of λ̄ j . Hence, p(λ) �
n̂∏

j=1

(
λ − λ̄ j

)l j is the characteristic polynomial

of Q. Write l̂ j for the geometric multiplicity of λ̄ j . Clearly, l̂ j ≤ l j for all j . Let

http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
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β � {β1, . . . , βn0} be a basis of (P∗H)C = H̃C
1 so that

Q(β1, . . . , βn0) = J (β1, . . . , βn0). (2.74)

Here J is the Jordan matrix: diag
{
J11, . . . , J1l̂1 , J21, . . . , J2l̂2 , . . . , Jn̂1, . . . , Jn̂l̂n̂

}

with

Jjk =

⎛

⎜⎜⎜⎜
⎝

λ̄ j 1
. . .

. . .

. . . 1
λ̄ j

⎞

⎟⎟⎟⎟
⎠

a d jk × d jk matrix,

where j = 1, . . . , n̂, k = 1, . . . , l̂ j , and for each j , {d jk}l̂ jk=1 is decreasing. It is clear

that
∑l̂ j

k=1 d jk = l j for each j = 1, . . . , n̂, and
∑n̂

j=1

∑l̂ j
k=1 d jk = n0. We rewrite

the basis β as

β �
{
ξ111, . . . , ξ11d11 , ξ1l̂11, . . . , ξ1l̂1d1l̂1

, . . . , ξn̂11, . . . , ξn̂1dn̂1 , ξn̂l̂n̂1, . . . , ξn̂l̂n̂ dn̂l̂n̂

}
.

Then by (2.74), one can easily check that for each j ∈ {1, . . . , n̂} and k ∈
{1, . . . , l̂ j },

(
λ̄ j I − Q

)q
ξ jkr =

{
ξ jk(r−q) when r > q,

0 when r ≤ q.
(2.75)

Now we assume ξ̂ satisfies the conditions on the left side of (2.73). Since ξ̂ ∈
(P∗H1)

C = H̃C
1 , there is a vector

(
C111, . . . ,C11d11 ,C1l̂11

, . . . ,C1l̂1d1l̂1
, . . . ,Cn̂11, . . . ,Cn̂1dn̂1 ,Cn̂l̂n̂1

, . . . ,Cn̂l̂n̂dn̂l̂n̂

)∗ ∈ C
n0 ,

so that

ξ̂ =
n̂∑

j=1

l̂ j∑

k=1

d jk∑

r=1

C jkrξ jkr . (2.76)

From (2.59) and the second condition on the left side of (2.73), it follows that for

each m ∈ {0, . . . , n0 − 1}, B1(·)ψξ̂
n0(·)

∣∣
((n0−m−1)T,(n0−m)T )

= 0, that is,

n̂∑

j=1

l̂ j∑

k=1

d jk∑

r=1

C jkr B1(t)ψ
Qmξ jkr (t) = 0 for a.e. t ∈ (0, T ).

From this, we see that for any polynomial g with degree(g) ≤ n0 − 1,
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n̂∑

j=1

l̂ j∑

k=1

d jk∑

r=1
C jkr B1(·)ψ g(Q)ξ jkr = 0 over (0, T ). (2.77)

Given j̃ ∈ {1, . . . , n̂}, let

p j̃ (λ) =
n̂∏

j=1, j �= j̃

(
λ − λ̄ j

)l j
.

By taking g(λ) = λm p j̃ (λ), with m = 0, 1, . . . , l j̃ − 1, in (2.77), we find that

n̂∑

j=1

l̂ j∑

k=1

d jk∑

r=1

C jkr B1(·)ψQm p j̃ (Q)ξ jkr (·) = 0 over (0, T ), when m ∈ {0, 1, . . . , l j̃ − 1}.

By (2.75), we see that p j̃ (Q)ξ jkr = 0, when j ∈ {1, . . . , n̂}, j �= j̃, k ∈
{1, . . . , l̂ j } and r ∈ {1, . . . , d jk}. The above two equations imply that for each
m ∈ {0, 1, . . . , l j̃ − 1},

l̂ j̃∑

k=1

d j̃k∑

r=1

C j̃kr B1(·)ψQm p j̃ (Q)ξ j̃ kr (·) = 0 over (0, T ),

from which, it follows that for any polynomial f with degree( f ) ≤ l j̃ − 1,

l̂ j̃∑

k=1

d j̃k∑

r=1
C j̃kr B1(·)ψ f (Q)p j̃ (Q)ξ j̃ kr (·) = 0 over (0, T ). (2.78)

Given m ∈ {0, 1, 2, · · · , l j̃ − 1}, since p j̃ (λ) and (λ − λ̄ j̃ )
m+1 are coprime, there

are polynomials g1m(λ) and g2m(λ) with degree(g1m) ≤ m and degree(g2m) ≤ degree
(p j̃ ) − 1, respectively, so that

g1m(λ)p j̃ (λ) + g2m(λ)(λ − λ̄ j̃ )
m+1 ≡ 1.

Thus, for all m ∈ {0, 1, · · · , l j̃ − 1}, k ∈ {1, 2, · · · , l̂ j̃ }, and r ∈ {1, 2, · · · , d j̃k},

(Q−λ̄ j̃ I )
l j̃−m−1g1m(Q)P j̃ (Q)ξ j̃ kr +g2m(Q)(Q−λ̄ j̃ I )

l j̃ ξ j̃ kr ≡ (Q−λ̄ j̃ I )
l j̃−m−1ξ j̃ kr .

(2.79)
By (2.75), we have that

(Q̂ − λ̄ j̃ I )
l j̃ ξ j̃ kr = 0 for all k ∈ {1, 2, · · · , l̂ j̃ }, r ∈ {1, 2, · · · , d j̃k}. (2.80)
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Taking f (λ) = (λ− λ̄ j̃ )
l j̃−m−1g1m(λ), withm = 0, . . . , l j̃ −1, in (2.78), using (2.79)

and (2.80), we find that for each m ∈ {0, 1, . . . , l j̃ − 1},

l̂ j̃∑

k=1

d j̃k∑

r=1

C j̃kr B1(·)ψ(Q−λ̄ j̃ I )
mξ j̃ kr (·) = 0 over (0, T ). (2.81)

Now we are on the position to show that

C j̃kr = 0 for all k ∈ {1, 2, · · · , l̂ j̃ }, r ∈ {1, . . . , d j̃k}, (2.82)

which leads to ξ̂ = 0 because of (2.76). For this purpose, we write

Km
j̃

=
{
k ∈ {1, 2, . . . , l̂ j̃ }

∣∣ d j̃k > m
}

, m = 0, 1, . . . , l j̃ − 1.

One can easily check that (2.82) is equivalent to

Cm̂
Δ=
{
C j̃km̂, k ∈ Km̂−1

j̃

}
= {0} for all m̂ ∈ {1, . . . , d j̃1}. (2.83)

We will use the mathematical induction with respect to m̂ to prove (2.83). (Notice
that d j̃k is decreasing with respect to k.) First of all, we let

Q
m
j̃
(λ) = (λ̄ j̃ − λ

)m
, m = 0, 1, . . . , l j̃ − 1, (2.84)

In the case that m̂ = d j̃1, it follows from (2.84) and (2.75) that

Q
m̂−1
j̃

(Q)ξ j̃ km̂ = (λ̄ j̃ I − Q
)m̂−1

ξ j̃ km̂ = ξ j̃ k1, when k ∈ Km̂−1
j̃

,

and

Q
m̂−1
j̃

(Q)ξ j̃ kr = 0, when k ∈ Km̂−1
j̃

, r < m̂; or k /∈ Km̂−1
j̃

, r ∈ {1, . . . , d j̃k}.

These, alone with (2.81) (where m = m̂ − 1), imply that

∑

k∈Km̂−1
j̃

C j̃km̂ B1(·)ψξ j̃ k1(·) = 0 over (0, T ).

Let
ξ̄m̂

Δ=
∑

k∈Km̂−1
j̃

C j̃km̂ξ j̃ k1 with m̂ = 1, . . . , d j̃1.
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Then, it holds that
B1(·)ψξ̄m̂ (·) = 0 over (0, T ). (2.85)

Since for each k ∈ {1, . . . , l̂ j̃ }, ξ j̃ k1 is an eigenfunction of Q with respect to the
eigenvalue λ̄ j̃ , it follows from the definition of ξ̄m̂ that

(λ̄ j̃ I − Q)ξ̄m̂ = 0.

This, along with (2.85) and (d), yields that ξ̄m̂ = 0, i.e., ξ̄d j̃,1
= 0, which leads

to Cd j̃1
= 0 because of the linear independence of the group {ξ j̃ k1, k ∈ Km̂−1

j̃
}.

Hence, (2.83) holds when m̂ = d j̃1. Suppose inductively that (2.83) holds when
m̃ + 1 ≤ m̂ ≤ d j̃1 for some m̃ ∈ {1, . . . , d j̃1 − 1}, i.e.,

Cm̂ = {0}, when m̃ + 1 ≤ m̂ ≤ d j̃1. (2.86)

We will show that (2.83) holds when m̂ = m̃. In fact, it follows from (2.75) that

Q
m̃−1
j̃

(Q)ξ j̃ kr =

⎧
⎪⎨

⎪⎩

ξ j̃ k(r−m̃+1), when k ∈ Km̃−1
j̃

, r ≥ m̃,

0, when k ∈ Km̃−1
j̃

, r < m̃,

0, when k /∈ Km̃−1
j̃

, r ∈ {1, . . . , d j̃k}.

This, alone with (2.81) (where m = m̃ − 1), indicates that

l̂ j̃∑

k=1

d j̃k∑

r=1

C j̃kr B1(·)ψ pm̃−1
j̃

(Q)ξ j̃ kr (·) =
∑

k∈Km̃−1
j̃

d j̃k∑

r=m̃

C j̃kr B1(·)ψξ j̃ k(r−m̃+1) (·) = 0 over (0, T ).

Then, by (2.86), we have that

∑

k∈Km̃−1
j̃

C j̃km̃ B1(·)ψξ j̃ k1(·) = 0 over (0, T ). (2.87)

Let
ξ̄m̃

Δ=
∑

k∈Km̃−1
j̃

C j̃km̃ξ j̃ k1.

Then, it follows from (2.87) that

B1(·)ψξ̄m̃ (·) = 0 over (0, T ). (2.88)

Since for each k ∈ {1, . . . , l̂ j̃ }, ξ j̃,k,1 is an eigenfunction of Q with respect to the
eigenvalue λ̄ j̃ , it holds that (λ̄ j̃ I −Q)ξ̄m̃ = 0. This, along with (2.88) and (d), yields
that ξ̄m̃ = 0. Hence, Cm̃ = {0} because of the linear independence of the group



2.2 Three Criterions on Periodic Feedback Stabilization 51

{ξ j̃ k1, k ∈ Km̃−1
j̃

}. In summary, we conclude that (d) ⇒ (c). This completes the
proof of Theorem2.1. �

2.3 Applications

Some applications of Theorem2.1 will be given in this section.

2.3.1 Feedback Realization in Finite Dimensional Subspaces

When Eq. (1.1) is LPFS, can we find a finite dimensional subspace Z of U so that
Z ∈ U FS? The answer is positive. This might help us to design a feedback law
numerically. To prove the above-mentioned positive answer, the following lemma is
needed.

Lemma 2.3 For each subspace Z � U, there is a finite dimensional subspace
Ẑ � Z so that

ˆA Z
n0 = ˆA Ẑ

n0 and dim Ẑ ≤ n0 (2.89)

where ˆA Z
n0 and

ˆA Ẑ
n0 are defined by (2.4), and n0 is given by (1.17).

Proof We carry out the proof by two steps.

Step 1. To show that there is a finite-dimensional subspace Z̃ ofU so that ˆA Z
n0 = ˆA Ẑ

n0

Let Z be a subspace of U . Since ˆA Z
n0 is a subspace of H1 and dimH1 = n0 < ∞

(see (1.22)), we can assume that dim ˆA Z
n0 � m ≤ n0. Write {ξ1, . . . , ξm} for an

orthonormal basis of ˆA Z
n0 . By (2.4) and (2.2), there are u j (·) ∈ L2(R+; Z), j =

1, . . . ,m, so that
L1u j = ξ j for all j = 1, . . . ,m, (2.90)

where L1 : L2(R+; Z) → H1 is defined by

L1u �
∫ n0T

0
PΦ(n0T, s)D(s)u(s)ds, u ∈ L2(R+; Z).

From the orthonormality, it follows that

det
(〈L1ui , L1u j 〉

)
i j = 1 �= 0. (2.91)

http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
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By the definition of the Bochner integration (see [14]), for each j ∈ {1, . . . ,m},
there is a sequence of simple functions, denoted by {vk

j }∞k=1, so that

lim
k→∞

∫ n0T

0
‖vk

j (s) − u j (s)‖Uds = 0.

This, alongwith (2.91), yields that there is a k0 such that det
(
〈L1v

k0
i , L1v

k0
j 〉
)

i j
�= 0.

Let
η j = L1v

k0
j , j = 1, . . . ,m. (2.92)

Then, {η1, . . . , ηm} is a linearly independent group in the subspace ˆA Z
n0 . Hence,

{η1, . . . , ηm} is a basis of ˆA Z
n0 . Write

v
k0
j (·) =

k j∑

l=1

χE j l (·)z j l over (0, n0T ), j = 1, . . . ,m, (2.93)

with z jl ∈ Z , E jl measurable sets in (0, n0T ) and χE jl the characteristic function of
E jl . Let

Z̃ = span
{
z11, . . . , z1k1 , z21, . . . , z2k2 , . . . , zm1, . . . , zmkm

}
.

Clearly, Z̃ is a finite-dimensional subspace of Z and all vk0
j (·), j = 1, . . . ,m, (given

by (2.93)) belong to L2(R+; Z̃). The later, along with (2.92), yields that η j ∈ V̂ Z̃
n0

for each j = 1, . . . ,m. Hence,

ˆA Z
n0 ⊇ ˆA Z̃

n0 ⊇ span{η1, . . . , ηm} = ˆA Z
n0 .

This leads to ˆA Z
n0 = ˆA Z̃

n0 .

Step 2. To show that there is a subspace Ẑ of Z̃ (which is constructed in Step 1) such
that ˆA Ẑ

n0 = ˆA Z̃
n0 and dim Ẑ ≤ n0

Write {ζ1, ζ2, . . . , ζl0} for an orthonormal basis of Z̃ . Then it holds that

ˆA Z̃
n0 =

l0∑

j=1

ˆA
Z j
n0 , with Z j = span{ζ j }, j = 1, 2, . . . , l0. (2.94)

For each j ∈ {1, . . . , l0}, let {η j1, η j2, . . . , η jk j } be a basis of ˆA
Z j
n0 . Denote by S a

maximal independent group of the set:

{η11, . . . , η1,k1 , η21, . . . , η2,k2 , . . . , ηl0,1, . . . , ηl0,kl0 }.
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Then
span

{
η
∣∣ η ∈ S

} = ˆA Z̃
n0 , (2.95)

and S contains m ≤ n0 elements. Let

J = { j = 1, . . . , l0
∣∣ η jk ∈ S for some k ∈ {1, . . . , k j }

}
.

Then the number of elements contained in J equals to or is less thanm ≤ n0. Set Ẑ =
∑

j∈J Z j . Then it holds that ˆA Ẑ
n0 ⊆ ˆA Z̃

n0 and span
{
η
∣∣ η ∈ S

} ⊆∑ j∈J
ˆA
Z j
n0 = ˆA Ẑ

n0 .

These, togetherwith (2.95), yield that ˆA Ẑ
n0 = ˆA Z̃

n0 . Because of the number of elements

contained in J equals to or is less than m ≤ n0, it holds that dimẐ ≤ m ≤ n0. This
completes the proof. �

Now a main result of this subsection is presented by the following theorem.

Theorem 2.2 Equation (1.1) is LPFS if and only if it is LPFS with respect to a
subspace Z of U with dimZ ≤ n0.

Proof Clearly, it suffices to show the only if part. Assume that Eq. (1.1) is LPFS. By
the equivalence of (a) and (b) in Theorem2.1, we find that ˆA U

n0 = H1. Meanwhile,

by Lemma2.3, there is a subspace of Ẑ of U so that ˆA U
n0 = ˆA Ẑ

n0 with dimẐ ≤ n0.

Thus, we find that ˆA Ẑ
n0 = H1. This, along with the equivalence of (a) and (b)

in Theorem2.1, indicates that Eq. (1.1) is LPFS with respect to Ẑ . This ends the
proof. �

2.3.2 Applications to Heat Equations

In this subsection,wewill present some applications of Theorem2.1 to heat equations
with time-periodic potentials.

Let Ω be a bounded domain in R
d (d ≥ 1) with a C2-smooth boundary ∂Ω .

Write Q � Ω × R
+ and

∑
� ∂Ω × R

+. Let ω ⊆ Ω be a non-empty open subset
with its characteristic function χω. Let T > 0 and a ∈ C(Q̄) be T -periodic (with
respect to the time variable t), i.e., for each t ∈ R

+, a(·, t) = a(·, t + T ) over Ω .
One can easily check that the function a can be treated as a T -periodic function in
L1
loc(R

+;L (L2(Ω))). Consider the following controlled heat equation:

{
∂t y(x, t) − �y(x, t) + a(x, t)y(x, t) = χω(x)u(x, t) in Q,

y(x, t) = 0 on
∑

,
(2.96)

where u ∈ L2(R+; L2(Ω)). Given y0 ∈ L2(Ω) and u ∈ L2(R+; L2(Ω)), Eq. (2.96),
with the initial condition that y(x, 0) = y0(x), has a unique solution y(·; 0, y0, u) in
the spaceC(R+; L2(Ω)). Let H = U = L2(Ω) and A = �withD(A) = H 1

0 (Ω)
⋂

http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
http://dx.doi.org/10.1007/978-3-319-49238-4_1
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H2(Ω). Define, for each t ∈ R
+, D(t): H → H by D(t)z(x) = −a(x, t)z(x),

x ∈ Ω , and B(t): U → H by B(t)v(x) = χω(x)v(x), x ∈ Ω . Clearly, A gen-
erates a compact semigroup on L2(Ω) and both D(·) ∈ L1

loc(R
+;L (L2(Ω))) and

B(·) ∈ L∞(R+;L (U ; H)) are T -periodic. Thus, we can study Eq. (2.96) under the
framework (1.1).WriteΨa for the evolution generated by A+D(·). We use notations
n0, P, Hj (with j = 1, 2), A Z

k and ˆA Z
k (with k ∈ N) to denote the same subjects as

those introduced in the first section of this chapter.

Corollary 2.1 Equation (2.96) is LPFS with respect to a subspace Z of L2(Ω) with
dimZ ≤ n0.

Proof We will provide two ways to show that Eq. (2.96) is LPFS. We first use the
equivalence (a) ⇔ (c) in Theorem2.1. In fact, ψ(·) � Ψa(n0T, ·)∗ξ with ξ ∈ H is
the solution to the equation:

⎧
⎨

⎩

∂tψ(x, t) + �ψ(x, t) − a(x, t)ψ(x, t) = 0 in Ω × (0, n0T ),

ψ(x, t) = 0 on ∂Ω × (0, n0T ),

ψ(x, n0T ) = ξ(x) in Ω.

(2.97)

Moreover, we have that

B(t)η = χωη for any η ∈ H and t ∈ [0, T ]. (2.98)

These, alongwith the unique continuation property of parabolic equations established
in [60] (see also [74, 75]), lead to the condition (c) in Theorem2.1 for the current
case. Then, according to the equivalence (a) ⇔ (c) in Theorem2.1, Eq. (2.96) is
LPFS.

We next use the equivalence (a) ⇔ (b) in Theorem2.1. Without loss of gener-
ality, we can assume that n0 ≥ 1, for otherwise Eq. (2.96), with the null control, is
stable. When n0 ≥ 1, we have H1 �= {0} and ||P|| > 0. Write

{
ξ1, . . . , ξn0

}
for an

orthonormal basis of H1. By the approximate controllability of the heat equation
(see [33]), A U

1 is dense in H . Thus there are η j , j = 1 . . . , n0, in A U
1 so that

‖η j − ξ j‖ ≤ 1

16n0‖P‖ for all j = 1, . . . , n0. (2.99)

Since P is a projection from H onto H1, we have that Pξ j = ξ j for all j = 1, . . . , n0.
This, along with (2.99), yields that for each j ∈ {1, . . . , n0},

‖Pη j‖ ≤ ‖ξ j‖ + ‖P‖‖η j − ξ j‖ ≤ 1 + 1

16n0
; (2.100)

and

〈Pη j , ξ j 〉 ≥ 1 − 1

16n0
. (2.101)

http://dx.doi.org/10.1007/978-3-319-49238-4_1
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Since Pη j ∈ H1 and {ξk}n0k=1 is an orthonormal basis of H1, we find that

‖Pη j‖2 =
n0∑

k=1

|〈Pη j , ξk〉|2, when j = 1, . . . , n0. (2.102)

From (2.102), (2.100) and (2.101), it follows that for each j ∈ {1, . . . , n0},
∑

k �= j

∣∣〈Pη j , ξk〉
∣∣ ≤ (n0 − 1)1/2

(∑

k �= j

∣∣〈Pη j , ξk〉
∣∣2
)1/2

= (n0 − 1)1/2
(‖Pη j‖2 − |〈Pη j , ξ j 〉|2

)1/2

≤ n1/20

(
(1 + 1/(16n0))

2 − (1 − 1/(16n0))
2 )1/2 = 1/2.

This, together with (2.101), indicates that

〈Pη j , ξ j 〉 ≥ 1 − 1/(16n0) > 1/2 ≥
∑

k �= j

∣∣〈Pη j , ξk〉
∣∣ , j = 1, 2, · · · , n0. (2.103)

We claim that {Pη1, . . . , Pηn0} is a linearly independent group. In fact, suppose that
n∑

j=1

c jPη j = 0 for some c1, . . . , cn0 ∈ R. (2.104)

Write
Â � (〈Pη j , ξk〉) j,k ∈ R

n0×n0 and ĉ � (c1, . . . , cn0)
∗ ∈ R

n0 .

By (2.103), the matrix Â is diagonally dominant, hence it is invertible. Then, from
(2.104), it follows that Â∗ĉ = 0, which implies ĉ = 0. Hence, Pη1, . . . , Pηn0 are
linearly independent.

Since dimH1 = n0, it follows that

span{Pη1, . . . , Pηn0} = H1.

Therefore, we have that

H1 ⊇ V̂ U
n0 ⊇ V̂ U

1 = PVU
1 ⊇ span{Pη1, · · · , Pηn0} = H1,

from which, it follows that H1 = V̂ U
n0 . This, along with the equivalence of (a) and

(b) in Theorem2.1, indicates that Eq. (2.96) is LPFS.
Finally, according toTheorem2.2, there is a subspace Z of L2(Ω)with dimZ ≤ n0

so that Eq. (2.96) is LPFS with respect to Z . This completes the proof. �
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Corollary 2.2 Equation (2.96) is LPFS with respect to the subspace P
∗H.

Proof Let Z = P
∗H . By the equivalence between (a) and (d) in Theorem 2.1, it

suffices to show that Z satisfies (d), i.e.,

μ /∈ B, ξ ∈ HC ,
(
μI − P∗C)ξ = 0,

(
B(·)∣∣Z

)∗C
Ψa(T, ·)∗Cξ = 0 over (0, T )

}
⇒ ξ = 0. (2.105)

Suppose that μ and ξ satisfy the conditions on the left side of (2.105). Write ξ =
ξ1 + iξ2 where ξ1, ξ2 ∈ H . Then, we have that

(
B(·)∣∣Z

)∗
Ψa(T, ·)∗ξ j = 0 over (0, T ); j = 1, 2.

Since ψ j (·) � Ψa(T, ·)∗ξ j (with j = 1, 2) is the solution to the Eq. (2.97) (where
n0T and ξ are replaced by T and ξ j respectively),Ψa(T, ·)∗ξ j is continuous on [0, T ]
and B(t) is independent of t , the above yields that

(
B(0)

∣∣
Z

)∗
Ψa(T, 0)∗ξ j = 0, with j = 1, 2.

Since P
∗η ∈ P

∗H for each η ∈ H , the above yields that

〈(
B(0)

∣∣
Z

)∗
Ψa(T, 0)∗ξ j , P

∗η
〉 = 〈Ψa(T, 0)∗ξ j ,

(
B(0)

∣∣
Z

)
P

∗η
〉

= 〈Ψa(T, 0)∗ξ j , χωP
∗η
〉 = 〈PχωΨa(T, 0)∗ξ j , η

〉
, j = 1, 2.

Hence, we have that
PχωΨa(T, 0)∗ξ j = 0, j = 1, 2,

from which, it follows that

〈P∗Ψa(T, 0)∗ξ j , χωΨa(T, 0)∗ξ j 〉 = 〈Ψa(T, 0)∗ξ j , PχωΨa(T, 0)∗ξ j 〉 = 0, j = 1, 2. (2.106)

Two facts are as follows. First, it follows from (1.23) that

P
∗Ψa(T, 0)∗ξ j = Ψa(T, 0)∗P∗ξ j , j = 1, 2. (2.107)

Second, by (1.44), (1.43), and the first three conditions on the left side of (2.105), we
have ξ ∈ H̃C

1 . Since P
∗ = P̃ and P̃ is a projection from H to H̃1 (see Proposition1.5),

we see that P
∗ : H → H̃1 is a projection. Hence, P

∗C : HC → H̃C
1 is a projection.

These two facts yields thatP∗Cξ = ξ , fromwhich, it follows thatP∗ξ j = ξ j , j = 1, 2.
This along with (2.106) and (2.107), indicates that

∥∥χωΨa(T, 0)∗Cξ
∥∥ = 0. By the

unique continuation property of parabolic equations established in [60] (see also
[74, 75]), we find that ξ j = 0, j = 1, 2, which leads to ξ = 0. This completes the
proof. �
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We next introduce a controlled heat equation which is not LPFS. Write λ1 and
λ2 for the first and the second eigenvalues of the operator −� with D(−�) =
H 1

0 (Ω) ∩ H 2(Ω), respectively. Let ξ j , j = 1, 2, be an eigenfunction corresponding
to λ j . Consider the following heat equation:

{
∂t y(x, t) − �y(x, t) − λ2y(x, t) = 〈u(t), ξ1〉ξ1(x) in Q,

y(x, t) = 0 on
∑

.
(2.108)

where u(·) ∈ L2(R+; L2(Ω)). By a direct calculation, one has that Vn0 = span{ξ1}
and H1 ⊇ span{ξ1, ξ2}. These, along with (a) ⇔ (b) in Theorem2.1, indicates that
(2.108) is not LPFS.

We end this subsectionwith the following note: It should be an interesting problem
how to find a finitely dimensional subspace Z from U FS so that it has the minimal
dimension. (Here, U FS is given by (2.1)) In general, we are not able to solve this
problem. However, in some cases, it can be done. In Example4.2, by applying The-
orem 2.1, as well as Theorem2.2 and Corollary2.1, to a controlled heat equation,
we solved this problem. From this point of view, Example4.2 is also an application
of Theorem 2.1 to controlled heat equations. The reasons that we put this example
at the end of the last section of Chap. 4 are as follows: First, this problem can be
understood as designs of a kind of simple control machines in infinitely dimensional
cases. Second, the problems of designs of some simple control machines in finitely
dimensional settings will be introduced in Chap. 4.

Miscellaneous Notes

There have been studies on equivalence conditions of periodic feedback stabilization
for linear periodic evolution systems. In [31, 67], the authors established an equiv-
alent condition on stabilizability for linear time-periodic parabolic equations with
open-loop controls. Their equivalence (see Theorem3.1 in [67] and Proposition3.1 in
[31]) can be stated, under the framework of Sect. 1.1, as follows: the condition (d) (in
Theorem 2.1 where Z = U ) is equivalent to the statement that for any h ∈ H , there
is a control uh(·) ∈ C(R+;U ), with sup

t∈R+
‖eδ̄t uh(t)‖U bounded (where δ̄ is given by

(1.16)), so that the solution y(·; 0, h, uh) is stable. Meanwhile, it was pointed out in
[67] that when open-looped stabilization controls exist, one can construct a periodic
feedback stabilization law through using a method provided in [30]. From this point
of view, the equivalence (a) ⇔ (d) in Theorem 2.1 has been built up in [31, 67],
through a different way. The method to construct the stabilization feedback law in
this chapter is different from that in [30]. Besides, we would like to mention the
paper [7] where the authors built up a feedback law for some nonlinear time-periodic
evolution systems.

http://dx.doi.org/10.1007/978-3-319-49238-4_4
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Proposition 2.3 (see also Remark 2.1) is a byproduct of the main study in this
chapter. It shows that when both D(·) and B(·) are time invariant, linear time-period
functions K (·) will not aid the linear stabilization of Eq. (1.1), i.e., Eq. (1.1) is linear
T̂ -periodic feedback stabilizable for some T̂ > 0 if and only if Eq. (1.1) is linear time
invariant feedback stabilizable. On the other hand, when Eq. (1.1) is periodic time
varying, linear time-periodic K (·) do aid in the linear stabilization of this equation.

The material of this chapter is adapted from [93].

http://dx.doi.org/10.1007/978-3-319-49238-4_1
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