Chapter 2
Exponential Stability and Synchronization
Control of Neural Networks

In this chapter, we are concerned with exponential stability analysis for neural net-
works with fuzzy logical BAM and Markovian jump and synchronization control
problem of stochastically coupled neural networks.

2.1 Global Exponential Stability of NN with Fuzzy Logical
BAM and Markovian Jump

2.1.1 Introduction

It is well known that the bidirectional associative memory (BAM) neural networks
have been deeply investigated in recent years due to its applicability in solving some
image processing, signal processing, optimization, pattern recognition problems, and
other areas. Many researchers have been attracted by this new class of artificial neural
networks and a great deal of research has been done since fuzzy logical BAM neural
networks are introduced by Kosko in [10-12]. Especially, since the global stability
is one of the most desirable dynamic properties of neural networks, there have been
growing research interests on the stability analysis and synthesis for BAM neural
networks. For example, in [2] authors analyzed the global asymptotic stability of
a BAM neural networks with constant time delays and the exponential stability of
periodic solution to Cohen-Grossberg-type BAM neural networks with time-varying
delays has been investigated in [36].

In recent years, the concept of incorporating fuzzy logic into neural networks has
developed into an extensive research topic. Among various method developed for
the analysis and synthesis of complex nonlinear systems, fuzzy logic control is an
attractive and effective rule-based one. Therefore, fuzzy neural networks receive great
attention since they are the hybrid of fuzzy logic and traditional neural networks. In
many of the model-based fuzzy control approaches, the well-known Takagi-Sugeno
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(T-S) fuzzy model is recognized as an convenient and efficient tool in functional
approximations. During the last decades, sufficient attention has been paid to the sta-
bility analysis and control synthesis of T-S fuzzy BAM neural networks [1, 19, 21]. In
[20], researchers discuss the global asymptotic stability problem of T-S fuzzy BAM
neural networks with time-varying delays. Moreover, the robust stability problem for
uncertain fuzzy BAM neural networks with Markovian jumping and time-varying
interval delays is investigated in [3]. However, in [4], a new class of fuzzy logical
bidirectional associative memory (FLBAM) neural networks is introduced and ana-
lyzed. This model not only varies from the traditional BAM neural networks, but
also is different from the T-S fuzzy BAM neural networks. In [37], the authors dis-
cussed the exponential stability and periodic solution for fuzzy logical BAM neural
networks with time-varying delays.

In this section, we are concerned with the development of the exponential sta-
bility of fuzzy logical BAM neural networks with Markovian jumping parameters.
Most scholars investigated the global stability of T-S fuzzy BAM neural networks
with Markovian jumping parameters. However, the global stability of FLBAM neural
networks with Markovian jumping parameters is seldom researched. The main pur-
pose of this section is to derive some sufficient conditions for the exponential stability
of fuzzy logical BAM neural networks with Markovian jumping parameters by con-
structing a Lyapunov functional and utilizing the linear matrix inequality (LMI)
method.

2.1.2 System Description and Preliminaries

Consider the following FLBAM neural networks:
i (t) = — ai (Dui (1) + Nj_1bij (@) £ (i (1) + Vi_cij (1) f; (0 (1))
+ Ajyij(gi () + Vi Bij () g @) + (D),
Vi (1) =—dj)v;(t) + AfLyeji (@) fi i (@) + Vi jwij (0) fi (ui (1))

+ AT Y (Ohi () + Vil 0 (0Ohi (1) + T (1),

2.1)

fori ={1,2,...,n},j ={1,2,...,n},t > 0, where u;(¢) and v;(¢) denote the
activations of the i th neurons and jthneurons, g; (t) and /; (¢) denote the state, respec-
tively; a; (¢) and d;(¢) are positive constants while f; (k = 1,2, ..., max(m, n)) is
the activation functions; b;;(t) and ej; (), c¢;;(t), and w;; (t) are elements of fuzzy
feedback MIN template, and fuzzy feedback MAX template; c;; (¢) and v;; (1), 5; (1),
and ¢ ;; (¢) stand for fuzzy feed-forward MIN template and fuzzy feed-forward MAX
template at the time t; A and Vv denote the fuzzy AND and fuzzy OR operations,
respectively; /; and J; denote the external inputs. To draw our conclusion, we pro-
posed following assumption.
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Assumption 2.1 The neuron activation functions in (2.1) satisfy that f,(0) = 0 and
[z are globally Lipschitz continuous, i.e., there exist positive constants A, fulfilling

|fz(0) = fz2(00] < Azlx — yl,
forallx,y e Rand Z =1, 2, ..., max(m, n).

Now, based on the fuzzy logical BAM neural networks of model (2.1), we discuss
the exponential stability of fuzzy logical BAM neural networks with Markovian
jumping parameters.

In this section, we consider the following fuzzy logical neural networks with
Markovian jumping parameters, which is actually a modification of (2.1):

i (t,r (1)) = —a; (r()u; () + Nj_1bij (r()) £ (v (#))
+ ViZicij(r@) fj (v (@) + Ny cij (r () g; (1)
+ ViZ1B8ij g (1) + 1),

0 (t,r(t)) = —dj(r)v;(t) + NLjeji(r(t)) fi (ui(t))
+ Vs wji (r () fi (ui () + ALy i (r () hi (2)
+ VI 05 (Ohi(t) + J; ().

(2.2)

where {r(t),t > 0} is a homogeneous finite-state Markovian process with right-
continuous trajectories on the probability space which takes values in the finite space
S={1,2,..., 8} with its generator I" = (0,,y) (1, 1’ € S). Then, we shall work on
the network model »(t) = n for each n € S.

Suppose the vector

L(t) = (@), (@), .., bugn ) = @1(0), uz (@), ..., um (1), v1(0), ., v (D).

For any L € R™*" we define the norm

LWl = . max _ (sup|u; ()], sup |vi (1)]).

sism1<jsn ;R reR

Set B = {LIL = (uy,...,upn, vy, ...,vn)T}. For any L € B, we define its
induced model as

LI =IILOI = _ max  _ (supu; ()], sup |vi(1)]).

=m,I=j=n tcR teR

where B is a Banach space.
For any ¢, ¢ € B, we denote the solutions of system (2.2) through (0, ¢) and (0,
) as follows:
Lt,r(t), ) = uit,n, ¢), uz(t,n, @), .., um(t, n, P),
vl(t9 /’71 ¢)1 LR ] vn(ts na ¢))T9
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L(t’ r(t)9 SO) = (l/l] (t7 777 QO)? u2(17 777 QO)? ) Mm(ta T]a (p)’
T
U](t, 777 <)0)a LR ] vn(ta T], 90)) 1)
where () = n € S, respectively.

Definition 2.2 The system (2.2) is globally exponentially stable if there existing
positive constants k and o satisfying

IL(t, 1, §) — L(t, n. )| = olld — plle™,
forallr(t) =n € Sandt > 0.

Lemma 2.3 Suppose | and ' are two states of system (2.2), then the following
inequalities are established for all r(t) =n € S:

| ARy 7 ) — Ay £ D)< D millf ) = FiA)IL

j=1

|V G fi0) =V G fi DL < DD IG I — fA)ILL

j=1

2.1.3 Main Results

In this section, we will discuss the global exponential stability of fuzzy logical BAM
neural networks with Markovian jumping parameters. A new sufficient criterion will
be proposed to prove the exponential stability of the model.

Theorem 2.4 [f there exist a positive scalar k > 0 and a position definite matrix
Py, > 0 such that the following linear matrix inequality holds:

kP, — PyW, + G,E, P, <0, (2.3)

then the system of (2.2) is global exponential stable for any r(t) = n (¥Yn € S),
Where Gy] = dlag()\l, ey )\m+n)y Wr] = dlag(al(n)’ ey am(n)v dl (77)’ ey dn(n))’

E| = (|bij(7])| + |Cij(77)|)nxm) Ey = (|eji(77)| + |wji(77)|)n><m, E = |:E(~)1 %2]

Proof To prove our conclusion, we denote that

[, r(0)) = L@t r(1), ¢) — L@, r (1), o),
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then we can obtain from (2.2) that

[i(t, (1)) = —a; (r()li(t, (1))
+ NiZ1bij(r@®) £, $)) — NiZbij (r(0) f; (2, ©))
+ VI (r@) £ (e, @) = Vi_cij(r@) £ (v (2, ),
Iy j (8. 7)) = —d; (r ()l j (., 7 (1))
+ AL eji(r(0)) fi (ui(t, §)) — AL ieji (r(D) fi (ui(t, 9))
+ VI wii (r(0) fi(uit, $)) — ViZwji(r(@)) fi(ui 2, 9)).

2.4)

For the sake of discussing the global exponentially stability of system (2.2), we
consider the following Lyapunov-Krasovskii functional:

V(1) m) = (Z PiIF6) + D Py )l (r)) :

i=1 j=1
Let £ be the weak infinitesimal generator of random process {/(t), r(t), t > 0}.

Then, for each r(t) = 1 € S we can obtain that

LV, 1), m) = 2ke®™ D" P (1) + 2 D" Pl ()i (1)

i=1 i=1

1+ 22kt (k Z Py (DI (1) + Z Py j Dl j (Ol (’))

j=1 j=1

S m m
+ D Oy (Z PiIF )+ Pm+j(77)l;%z+j(t))
n'=1

i=1 j=1
m+n m
=2k D" P (1) + 26D Pl (0){—ai ()l (1)
i=1 i=1

+ [INiZ1bij () [ e, ) — Nj_1bij () £ (0, )]
+ [ViZicijm) fij(t, 9) — Vi_ycij() f ;i )]}

+ 2%k Z Py j (Dt j O =d j (Dl j (1)
j:l
+ AL i ) fi (i (1, 9)) = ATy ei () fi (i 2, )]
+ IVIL Wi () fi (i 2, 8)) = VL wi () fi (i (2, o)1}
m+n
= 2ke™" D" P (1)

i=1
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Lokt ) Zai () P; (n)[iz(t) — Zdj (1) P+ (T))lr2n+j @)
i=1 j=l

+ D Pl (OIN_ bij () £ (0 (1, )

i=1

— N _1bij () fi (2, 9))]

+ D PV _ycij o) £ (0 (2, )

i=1
— Visiciim £, o)1
+ D Pug il j(OIAT i () fi (i (2. )
j=1

— AiLyeji() fi(ui(t, )]

+ D P Dl j (OLVIZw i () fi (ui (£, 6))

j=1
— Vit wji(n) fi(ui(t, )]
m+n
< 2ke™ D" P ()
i=1

i=1 j=1

4 0o ‘_ > amPiIF(6) = > dj(n) Puy ()l (1)

+> Pl (0) {Zummn + e m))

i=1 j=1

1fi, ) — fiw,(, @))|:|

+ Z Py j (Dl (1) [Z(Ieﬁ(n)l + wji (M)

j=1 i=1

A fiuit, 9)) — fi(uit, w))|i| ]

m—+n

< 2ke™ D" P ()
i=1
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Lokt ) Zai () P; (n)[iz(t) — Zdj (1) P+ (T))lr2n+j @)
i=1 j=l

+ > Pl 0) | D (Ubig )]+ leij D - A - Vs j 0]

i=1 j=1

+ D Pug il (1) [quﬁ(nn +lwji ) - N - mmq
j=1
< 22T (1) |(k Py — PyWy + G En PIL(D)).

i=1

Since kP, — Py,W, + G, Ep Py < 0, then we have
LV, 1), r@t)=mn) <O.
That is to say, for each (1) = n € S, we can conclude that
V) = VIU©) =10 PL0) < A (Pl — ¢l I,
where Ay (P)) = max{Ai, A2, ..., Augn}
On the other hand, it can be shown that the following inequality is established for
eachr(r) =neS:

Ve, (1), r(t) = n) = e N (PIILD]I,

where Ay, (Py) = min{\i, A2, ..., Apgn).
Hence, we have

N (POILOI < A (Pl — oI,

which is equivalent to

)\M(P’r/)

—kt
— e .
o (Py) llo — el

”L(tv , (b) - L(ta n, QO)H =<

By the Definition 2.2, we can draw the conclusion that the system (2.2) is globally
exponentially stable for all r() =n € Sand ¢ > 0.

Remark 2.5 The conclusion is just content under the Assumption 2.1, that is to say
the activation functions must meet Lipschitz conditions. The FLBAM model is dif-
ferent from T-S fuzzy BAM model, which has been investigated in [3].



20 2 Exponential Stability and Synchronization Control of Neural Networks

Remark 2.6 Note that (2.3) is a linear matrix inequality, which can be solved by
using the Matlab LMI toolbox. The matrix is relatively simple on account of that we
haven’t thought of the time delay. General, time-delay exists in many systems, while
in our model we ignore the time-delay for convenience.

2.1.4 Numerical Examples

In this section, a numerical example will be given to demonstrate the feasible of the
proposed results.

Consider the following fuzzy logical BAM neural networks with Markovian jump-
ing parameters:

i (t.m) = —a; (Mui (t) + A3 bij () £ (v (1))
+ Vi1 ().f ) (0) + NGy aij ()g; (0)
+ Vi1 B (g () + L),

D (tm) = —d;j (v (1) + Aj—yeji () fi (i ()
+ VI wji () fi (i (1) + Ay yji ()i (1)
+ VI 6 (mhi () 4+ J;(1).

whereay =ay =di=dpy =45, b=c=e=w = |} {|,a=ﬂ=’y=5=
0.50.5
0505
‘We take the activation functions as follows:

1
fi) =s(x+ 1 =lx =1, G =12).

To comfort the Assumption?2.1, we take \; = 0 (i = 1, 2, 3, 4). Thus, through
the numerical values mentioned above, we can obtain the matrices W, G, and E;
as follows:

450 0 0 1000
Wi=l o 0 as0 | ©={0010|
00 045 0001
2200
E1= 5022

0022
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Fig. 2.1 State trajectory of
the system with initial
conditions (4, 2, —2, —4)

ul(t)
— — —u2® |1

vi(t)
— = v2 |

Fig. 2.2 State trajectory of
the system with initial
conditions (2, 1, —1, —2)

0 05 1 15 2 25 3 35 4 45 5

By using Matlab LMI Toolbox, we can solve the LMI (2.3), where the solutions

are as follows:
153 5.6 8.0 8.0

5.6 15.3 8.0 8.0
8.0 8.0 153 5.6
8.0 80 56 153

k=141, P, =

By Theorem 2.4, the system is global exponential stable. For this example, the
figures below are the trajectories of the system with different initial conditions. The
initial conditions of Fig.2.1 is (4, 2, —2, —4) while Fig.2.2 is (2, 1, —1, —2). The
simulation results show that the system is global exponential stable.

2.1.5 Conclusion

In this section, we have investigated the global exponential stability of fuzzy logical
BAM neural networks with Markovian jumping parameters, which have not been
focus enough attentions on. Based on the Lyapunov functional approach and linear
matrix inequality, a new sufficient stability criteria has been derived, which can be
tested by using the Matlab LMI Toolbox. A numerical example is developed to
demonstrate our proposed results.
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2.2 Synchronization Control of Stochastically Coupled DNN

2.2.1 Introduction

In the past two decades, Delayed neural networks (DNNs) have received considerable
attention from researchers in different fields. As is known, DNNs always present
complex and unpredictable behaviors in practice, besides the traditional stability
and periodic oscillation that have got a great deal of investigated in the past years.
Recently, the synchronization problem of complex dynamical networks [5-9, 13,
17, 18, 27, 35, 38], like the synchronization of DNNSs, is becoming the latest focus
of attention.

Thanks to the tireless efforts of the former researchers, several results on neural
network synchronization have been proposed in the literature. For example, in Ref.
[24], synchronization of coupled delayed neural networks was released the first time.
Then, some further studies in this field have appeared in recent years [14-16, 22,
26, 30, 34]. Wang and Cao studied synchronization in an array of linearly coupled
networks with time-varying delay [27], and synchronization in an array of linearly
stochastically coupled networks with time delays [7], respectively. In Ref. [6], via
Lyapunov functional method and LMI approach, synchronization control of stochas-
tic neural networks with time-varying delays has been researched and the estima-
tion gains of controller that can ensure the synchronization have been obtained. In
addition, in Ref. [16], the global exponential synchronization of coupled connected
neural networks with delays was investigated and a sufficient condition was derived
by using the LMI approaching. Meanwhile, through the stability theory for impulsive
functional differential equations, some new criteria to guarantee the robust synchro-
nization of coupled networks via impulsive control were derived in Ref. [26]. And, in
Ref. [30], on the basis of Lyapunov stability theory, time-delay feedback control and
other techniques, the exponential synchronization problem of a class of stochastic
perturbed chaotic delayed neural networks was considered.

It is well known that, time-delays are often encountered in many kinds of neural
networks, which can be the sources of oscillation and instability of neural networks
[25, 28, 29, 31-33]. However, from the literature mentioned above, we can find
that only discrete time-delay has been considered. Another important time-delay,
namely, distributed time-delay, has not attracted wide attention of the researchers.
Ref. [31] pointed out that there is usually a spatial extent in neural networks due
to the presence of many parallel pathways with a variety of axon sizes and lengths,
s0, a distribution of propagation delays will appear over a period of time. Although
the signal transmission is sometimes immediate and can be modeled with discrete
delays, it may be distributed during a certain time period [29]. Hence, it is often
the case that modeling a realistic neural network with both discrete and distributed
delays [23].

Cao and Wang [7] investigated the synchronization in linearly stochastically cou-
pled networks via a simple adaptive feedback control scheme considering the noises’
influence and the discrete time delays. In Ref. [6], synchronization of stochastic
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neural networks with discrete time-delays was researched by using LMI approach.
Motivated by these recently literatures and for the sake of modeling a more realistic
and comprehensive networks, we consider the synchronization of linearly stochasti-
cally coupled networks with both discrete and distributed time-delays.

In this section, we aim to study the synchronization problem in an array of linearly
stochastically coupled neural networks with discrete and distributed time delays. By
employing the Lyapunov-Krasovskii functional method and LMI approach, we give
several new criterions that can ensure the complete synchronization of the system. At
the same time, the estimation gains of the delayed feedback controller are obtained.
Then, an illustrative example is provided to prove the effectiveness of our results.
Finally, we make a conclusion for the section.

2.2.2 Problem Formulation

In Ref. [7], an array of linearly stochastically coupled identical neural networks with
time delays has been considered by Cao and Wang as follows:

N
dxi (1) = [—Cxi(t) + Af (xi (1) + Bf (xi (t = T)ldt +ci D GijTxj(0)d Wi (1)
j=1

N
+d;i Y Gilexj(t = 1)dWin(t) + Updt, i =1,2,...,N, (2.5
j=1

where x; (f) = [x;1(1), x;2(t), ..., xin ()] € R"( = 1,2, ..., N)is the state vector
associated with the ith DNNs; f(x; (¢)) = [ f1(xi1(®)), f2(xi2(8)), ..., fn(xin(t))]T
€ R" is the activation functions of the neurons with f(0) = 0; C = diag{cy, c2,
...,cp} > 0 is a diagonal matrix that shows the rate of the ith unit resetting
its potential to the resting state in isolation when disconnected from the exter-
nal inputs and the network; A = (aij)uxn and B = (b;j)nxn stand for, respec-
tively, the connection weight matrix and the discretely delayed connection weight
matrix; W; = [W;1, Win]T are two-dimensional Brownian motions; I” € R"*" and
I; € R™" denotes the internal coupling of the network at time ¢ and ¢t — 7, where
7 > 01is the time-delay; ¢; and d; indicate the intensity of the noise; U; is the input of
the controller; G = (G;;j)nxn describes the topological structure and the coupling
strength of the networks, and it meet the following conditions [27]:

N
Gi=- Y. Gi. (2.6)

j=Li#i

Though the linearly stochastically coupled neural networks has been investigated
in-depth comparatively, only the discrete time delay was considered. So, in order
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to model a more realistic and comprehensive stochastically coupled DNNs, a novel
model is presented as follows:

t
dxi(t) = | =Cxi(t) + Af (xi (1)) + Bf (xit — 7)) + W / Sxi(s))ds | dt
t—1

N N
+ei D Gilxj(dWin(t) +d; Y GijIrx(t — 7)dWin ()
j=1 j=1
+Udt, i=1,2,...,N 2.7)

where W = (w;;)ux, is the distributive delayed connection weight matrix. Then,
we give the form of initial states corresponds with model (2.7) as follows:

For any ¢; € ]L%_-O([—T, 0]; R™), we have x;(t) = p;(t),i = 1,2,..., N, where
-7 <t =<0

Remark 2.7 1t is obvious to see that both the discrete and distributed time delays
are considered in the new model (2.7). Thus, the model will be more realistic and
comprehensive than (2.5). To the best of the authors’ knowledge, it is the first time
that the synchronization problem of stochastically coupled identical neural networks
with discrete and distributed time delays is proposed. In order to achieve our results,
the following necessary assumption is made:

Assumption 2.8 The activation functions f;(«) are bounded and satisfy the Lip-
schitz condition:

|fitw) — fi(w) < Bilu—vl, Vu,veR,i=12,...,n, (2.8)

where 3; > 0 is a constant.

Remark 2.9 Throughout this literature f; (1), the activation functions of the neurons,
are always supposed to be continuous, differentiable and nondecreasing. And we only
need the Lipschitz condition and boundedness to be satisfied. Actually, we can see
this type of activation functions in many papers, such as Refs. [7, 28] etc.

Definition 2.10 Suppose that x;(¢; t*, X*) is the solution of model (2.7), where
X*=(x], x5, ..., x,”;,), and r(t) € R" is the response of an isolated node

t
dr(t)y = | =Cr(t) + Af(r(®))+ Bfr(@t—1)+ W / fr(m)dn|dt. (2.9)
t—7

If there exits a nonempty subset ¥ C R", with xi* € ¥, and for any ¢ > 0, we have
x; (t; %, X*) € R" and

lim E||x; (65 2%, X*) = r(t; %, x0)|* = 0, (2.10)
11— 00
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wherei =1,2,..., N, and xo € R”, then, it can be said that the DNNs model (2.7)
achieve synchronization.

Next, we denote ¢; (1) = x; (t) —r(t), which indicates the error signal. From (2.7),
(2.9) and (2.6), the error signal system can be easily obtained as follows:

t
dei(t) = | —Cei(t) + Ag(ei (1)) + Bglei(t — 7)) + W / glei(s))ds | dt
=7
N N
+ C,’Z Gijlej(t)dW; (1) + diz Gijlrej(t —7)dWjpp (1) + Updt, i = 1,2,..., N,
j=1 j=1
2.11)

where g(e; (1)) = f(ei(t) +r(t)) — f(r(t)) and g(e; (t — 7)) = f(ei(t —7) +r(t —
7)) — f(r(t — 7)). From (2.8) and ¢g(0) = 0, it is obvious to see that

llgei NI < IMe; ()| (2.12)

where M = diag{f31, (2, 53, - - -, B} > 0 is a known constant matrix.
Considering make the controller more appropriate and realistic, we design a
delayed feedback controller of the following form:

Ui = Kiei(t) + Krei(t — 1) (2.13)

where K| € """ and K, € R"*" are constant gain matrices.

Remark 2.11 As Ref. [6] proposed, in many real applications, the memoryless state-
feedback controller U; = Ke;(t) is more popular, since it has an advantage of
easy implementation, but its performance is not better than (2.13). Though U; =
Ke;i(t)+ fLT K1e;(s)ds is amore general form of delayed feedback controller, it is
difficult for us to handle all the initial states of ¢; (¢). However, the controller (2.13)
is a compromise between better performance and simple implementation. Hence, in
our section, we design the controller as (2.13) shows.

Definition 2.12 If the error signal satisfies that

lim Elle;(0)|I>=0, i=1,2,...,N (2.14)
11— o0

then, the error signal system (2.11) is globally asymptotically stable in mean square.
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2.2.3 Main Results and Proofs

In this section, by using a properly designed delayed feedback controller, we will
present a new criteria for the synchronization of stochastically coupled neural net-
works with discrete and distributed time delays on the basis of the Lyapunov-
Krasovskii functional approach.

In order to simplify the description, we denote:

My =P—C+K)+—C+EKD'P+ 01+ 1 =0) '72M'M + cN? Admax T T,

(2.15)
My = MM 4+ dN? Ayax T T — Q1 (2.16)
2 =PAATP+M"M+ PBBTP + PWWT P. (2.17)

Theorem 2.13 Let 0 < 0; < 1(i = 1,2,..., N) be any given constants. If there
exit positive definite matrices P = (pij)uxn and Q1 = (qij)nxn, Such that the
following matrix inequality

1, PK, PAMT PB PW

* [[,,b 0 0 0 O
* * —I 0 0 O
N = N « % -1 0 0 <0 (2.18)
* * * *x —I 0
* * x ok ok —]

holds, where 111 and I1yy are defined in (2.15) and (2.16) respectively, then the
error signal model (2.11) is globally asymptotically stable in mean square.

Proof Define the following Lyapunov-Krasovskii functional candidate V (z, e; (¢))
by

t

N N
Vi) =2l Oran+Y [ 600
i=1

=17

N 0 pt
+> /_ /t+ el (7)) Qzei(n)dnds (2.19)
i=17 TS

where P = (pij)nxn, Q@ = (qij)uxn are positive definite matrices that to be deter-
mined, and O, > 0 is given by

0, =(1-o) 'TM'M. (2.20)
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By It0 differential formula, the stochastic derivative of V (¢, ¢; (¢)) along error system
(2.11) can be obtained as follows:

N N
dVi(t,ei(t)) = LV(t, ei(1))dt + ZzeiT(l)P Ci ZGijFXj(l‘)dWil(t)
i=1 B j=1
N k
+di D Gijlxj(t — T)dWin (1) | (2.21)
j=1 4

where the weak infinitesimal operator LV of the stochastic process is given by

N
LV(t,ei(t) = D 2el ()P | — Cei(t) + Aglei(t)) + Bg(ei(t — 1)
i=1

t
+Kiei(t) + Kaei(t — 1) + W / g(ei(s))ds
t_

T

+ el (1)(Q1+TQ)ei(t) —el (t —1)Qrei(t —7)

i=1

t

- / el (s)Qaei(s)ds

t—7
N N T N
+Cl-2 ZG,-erj(t) ZGierj(l‘)
i=1 [ j=1 j=1
N N T N
+d; D | D Giejt =) | | D Gijlvej(t —7)
i=1| j=1 Jj=1

N
=D {2le] (VP(—C + K1)ei (1) + ¢] (1) PKrei(t —7)

+e] (t)PAg(ei (1)) + el (t)PBgle;(t — 7)) +¢] (1) PW

t

x / glei(s)ds]+ el 1)(Q1+TQ2)ei(t) — el ¢ — D Qrei(t —7)

t—71
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! N 'ry
- / el ()Qaei(s)ds + 7| D GijTej(t) | | D Gijlejt)
' j=1 j=1
N T N
+d7 | D Gijlrejt —7) | | D Gijlrejt—7) | . (222)

Jj=l1 j=l1

Then, following from the relation (2.12) and Lemma 1.13, we can obtain

el (1)PAg(ei (1)) < %e{ (t)PAAT Pe;(t) + %gT(e,T (1) glei (1))

1 1
< EeiT (H)PAAT Pe; (1) + Ee,.T (HOMT Me; (1) (2.23)

el (1)PBg(ei(t — 7)) < %e,-T (t)PBBT Pe; (1) + %gT(e,-T (t—7)glei(t — 7))

1 1
< Eef (1)PBBT Pe; (1) + zef (=M Me;(t — 1) (2.24)

t
el (yPW / glei(s))ds < %eiT(t)PWWTPe,-(t)
t—T1

. t T t
+ 3 / g(ei(s))ds / g(ei(s))ds (2.25)
t—7 t—T
where M = diag{0, (2, ..., O} is a known constant matrix. Moreover, it can be

seen from Lemma 1.20, (2.12) and (2.20) that
! T !

1 1 !
3 /g(ei(S))dS /g(ei(S))ds =< 57/ 9" (ei(5))g(ei(s))ds
t—T

=7 t—7
t
t
< %7‘/ el (s)MTMe; (s)ds = %(1 —0;) / el (s)Qaei(s)ds. (2.26)
-7
-7

Hence, from (2.25) and (2.26), we have

T t 1T T 1 t T
e (t)PW/g(ei(S))ds < ¢ HPWW Pei(t)+§(1—0i) / e; (s)0o2e;(s)ds
=7 -7

(2.27)
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Next, we can estimate the two following terms by

T

N N N
D Giilejt) | | D Gijlej(t) | < NGE D el ()" Iej(t)
j=1 j=1 j=1
N
< NG Amax(TTT) D" el (1)e (1),
j=1
(2.28)
N T N
ZG,'J'FTEJ'(Z‘—T) ZGijFTej(t_T)
j=1 j=1
N
SNG;H Y el =) Irej(t — 1)
j=1

N
< NG Amax(I] T7) Z el (t —Tej(t —7) (229)
j=1
Therefore, applying (2.23), (2.24), (2.27)—(2.29) to (2.22), one yields
N
LV(t ei() < D 2el (1)P(=C + Ki)ei(t) + 2¢] (1) PKaei(t —7)
i=l1
+ el ()PAAT Pe;(1) + el ()MT Me; (1) + ¢! (t) PBBT Pe; (1)
+el (t — )M ' Me;(t — ) + el () PWWT Pe; (1)

t
+(1—0y) / el (5)02ei(s)ds + T (1)(Q1 + TQ2)e; (1)
t—7

t

—el (t —T)Q1ei(t —7) — / el (s)Qaei(s)ds + cN Admax (I T7)

t—7

N N
x > el ()ej(t) + dN Amax (I T7) D el (t = Tejt — 7))
j=1 Jj=1
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N
Z el ()[2P(—C + K1) + PAATP + MM + PBBT P
i=1
+ PWWTP+ Q14702+ cN?> Admax (T Me; (1)
+2el (1) PKaei(t — 1) + el (1 = T)IMTM 4+ dN? Adax (1T T)
t
—Q0ilei(t — 1) —0; / e (5)Qae;(s)ds

t—71

2 PK ;
S LRl Lt | P

N
=> [[e, (1) eit —7)| N |:e,-(eti(—t)7'):|] (2.30)

i=l1

where N = |: ] , A =maxj<; j<n {Gl.zj] , ¢ =max <<y {c/} and

d = maxj<;<n {dlz} .

1, + $2 PK»
K7 P l»

to (2.18), and the two forms are equivalent. It is obvious to see from (2.29) and 170

rule that

From Lemma1.21, the form of N = |: :| < 0 can be transformed

t

EV(t,ei(t)) —EV(to, ei (t0)) = E/ LV (s,ei(s))ds (2.31)

o

For the positive constant n; > 0(i = 1,2, ..., N), it can be concluded that
niEllei()I1> < EV (1, €;(1)) <EV (1o, €i(t9) + E f; LV (s, ei(s))ds

t
< EV(1, ei(t0)) +/\maxE/ le;(H)*ds  (2.32)
fo

where Amax < 0 indicates the maximal eigenvalue of N. Therefore, from all the above
proofs and results (2.32), together with the study in Ref. [30], we can conclude that
the error signal model (2.11) is globally asymptotically stable in mean square. This
completes the proof.

Remark 2.14 As it is presented in Theorem 2.13, the synchronization of an array of
linearly stochastically coupled identical neural networks with discrete and distributed
time delays can be guaranteed if the matrix inequality (2.18) is feasible. Since (2.18)
is linear with P > 0 and Q1 > 0, by utilizing the Matlab LMI toolbox, we can
check the feasibility of (2.18) directly. Meanwhile, the estimate gain matrix K; and
K> can also be obtained.


http://dx.doi.org/10.1007/978-3-662-47833-2_1

2.2 Synchronization Control of Stochastically Coupled DNN 31

Remark 2.15 1In this section, for the sake of simplifying the description, we are
concerned with the constant time delay. As for time-varying delay, we can derive the
similar results without difficulties, which will be more realistic and comprehensive.

Corollary 2.16 Let 0 < o; < 1(i = 1,2,...,N) be any given constants. If
there exits a positive definite matrix Q1 = (qij)nxn, Such that the following matrix
inequality:

=
=

1 pK2 pAMT pB pW

—_

* E»n 0 0 0 O
*x *x —[ 0 0 O
N = « % % -1 0 0 <0 (2.33)
¥ x % *x —I 0
* k% ok x % —]

holds, where

E11 = p(—=C+K1)+p(=C + K)T+ 01+ — o) ' MIM+cN2 Aax T T
and By = MTM + dNZA)\maxFTTFT — Q1 then the error signal model (2.11) is
globally asymptotically stable in mean square.

Proof Let P = pl, where p is a positive constant and / is the identity matrix. From
Theorem2.13 we can obtain Corollary 2.16 immediately.

For the sake of presenting the designed estimate gain matrix K; and K> by using
the LMI toolbox in Matlab conveniently, we made a simple transformation. Then,
the following theorem can be easily derived.

Theorem 2.17 Let 0 < g; < 1(i = 1,2,..., N) be any given constants. If there
exits positive definite matrices P = (pij)pxn and Q1 = (qij)nxn, such that the
following matrix inequality

2u K3 PAMT PB PW

* 29 0 0 0 O
*x x —I 0 0 O
Ny = « % % -1 0 0 <0 (2.34)
¥ % x x —I 0
* k% ok ok ok —]
holds, where 211 = —PC + K| — crp + K]*T + 01 +d—-0) '2M™™M +

cN2ADmax T T and §20 = MTM + szA)\maxFTTFT — Q\, furthermore, K} =
PK| and K5 = PK), then the error signal model (2.11) is globally asymptotically
stable in mean square.

Proof In Theorem?2.13, let K| = P_lKT and K, = P_lKi“. Then Theorem?2.17
can be derived directly.

Remark 2.18 The method in Theorem2.17 of solving the estimate gain matrix K
and K7 once be used in Ref. [6], and it is very useful to design the controller that can
ensure the system (2.7) achieve synchronization.
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Corollary 2.19 Let 0 < o0, < 1(i = 1,2,...,N) be any given constants. If
there exits a positive definite matrix Q1 = (gij)nxn, Such that the following matrix
inequality:

An K3 pAMT pB pW

* A» 0 0 0 O
* % — 0 0 O
N3 = « % % -1 0 0 <0 (2.35)
* % x % —I 0
* ok  kx x x —]
holds, where Ayy = —pC + Ki — pCT + KiT + 01 + (1 — o))" '72MTM +

N2 Amax T T and Ayy = MTM + dNZA)\maxFTTFT — Q1, furthermore, K{ =
pKy and K5 = pK>, then, the error signal model (2.11) is globally asymptotically
stable in mean square.

Proof Let P = pl in Theorem?2.17, where p is a positive constant and [ is the
identity matrix. Then, we can obtain Corollary 2.19 immediately.

Remark 2.20 Through Corollaries 2.16 and 2.19, it is obvious to see that our main
result in Theorem?2.13 is general enough to contain some special cases, such as
P =pl.

2.2.4 Illustrative Example

In this section, our main purpose is to authenticate the global asymptotical stability
of the error signal model (2.11). In order to illustrate the effectiveness of our results,
an example is presented here.

Example
Consider, the following chaotic DNNs with discrete and distributed time delays:

t
dx(t) = —Cx(t)+Af(x(t))+Bf(x(t—T))—i-W/f(x(s))ds dt (2.36)
2

T

where x(t) = [x1(t), x2(¢)]7 is the state vector of the single node in the DNNs,
f(x () = [tanh(x; (1)), tanh (2 )], 7 = 1,

10 2 0.1 ~17-0.1 ~12-03
€= [0 1]"‘: [—4.8 45 ]BZ [—0.3 —4.1]“’: [—0.4 —3.2]'

In the condition that the initial value is chosen as x1 () = 0.4, xp(¢) = 0.6, Vt €
[—1, 0], the chaotic phase trajectories can be easily obtained as Fig. 2.3 shows.
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Fig. 2.3 Chaotic phase 8
trajectories

In order to verify the effectiveness of our results that can make the model (2.11)
achieve synchronization, we just need to test the global asymptotical stability of the
error signal model as the following shows:

1
dei(t) = | —=Cei(t) + Ag(ei (1)) + Bg(ei(t — 7)) + W / glei(s))ds | dt

t

N N
+ei D Gijlej(t)dWi (1) +di Y GijTrej(t — T)d Wi ()
j=1 j=1
+ [K1ei(t) + Kae; (t — 7)]dt, (2.37)

wherei = 1,2, ..., N,e;(t) = [ej1(?), ei2(1)]T . Letc; = ~/0.1,d; = ~/0.1, N = 4,

-2 1 0 1

10 10 . . 1 21 0

I = |:0 1],1}: [O1i|,andthecouphngmatrleij_ 0 1 -2 1
10 1 -=21,.,
The constant matrix M referred in (2.12) is chosenas M = 1(')2 102 :| . Then accord-

ing to Theorem 2.13 and by utilizing the Matlab LMI toolbox, the following feasible
results are derived:

_ [491140.4327 _ [21.4806 0.1140
= 04327 1.4143 |* 21 = | 0.1140 20.5500 |°

or_ [ 454784 0.0047 7 . [ =7.0969 —0.0766
I= 1 00047 —45.5166 [* 2 = | —0.0766 —6.4766

Next, from K; = P~'K {and Ky = P‘1K§‘, we can obtain the estimate gain
matrix
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Table 2.1 Initial states of
model (2.37)

Fig. 2.4 Synchronization
error of e;1

Fig. 2.5 Synchronization
error of e;»

1

2

3

4

ei1(1)

0.4

1.4

24

34

ei2()

—-1.6

—0.6

0.4

1.4

Ky = [—9.5166 2.9151

2.9151

immediately.

—33.0759

eil

],andK2=|:

15 20

1/

10

—1.4801 0.3987
0.3987 —4.7022

15 20

}

Under the Initial states as given in Table 2.1 applying the above-mentioned results
to the error signal model (2.37), we can derive the wave diagrams of the error signal

ei1(t) and e;(¢) as Figs.2.4 and 2.5 show, respectively (i = 1, 2, 3, 4).

In Figs.2.4 and 2.5, it is obvious to see that the error signal model (2.37) or
(2.11) is globally asymptotically stable. That is to say, from our simulation results, it
can be found that the synchronization of an array of linearly stochastically coupled
identical neural networks with discrete and distributed time delays is achieved by
using the delayed feedback controller that we designed. Thus, our theoretical results
have been tested to be true by the simulations, and we can conclude that our study in
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the synchronization control problem of stochastically coupled neural networks with
discrete and distributed time delays is practical and effective.

2.2.5 Conclusion

The synchronization control problem for an array of coupled DNNs has been thor-
oughly studied in this section. Several sufficient conditions to guarantee the synchro-
nization have been obtained by constructing a Lyapunov-Krasovskii functional and
using the LMI approach. Especially, the discrete and distributed time delay terms
have been considered in the model, together with the stochastic coupling term. The
delayed feedback controller gains have been gained based on the stability condition of
error system. Finally, an illustrative example has been given to verify the theoretical
analysis. The results are novel, because there are few works about the synchroniza-
tion of system with both discrete and distributed time delays. At the same time, it is
possible to apply the results to the realistic systems in practice.
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