Chapter 2
Preliminaries

Abstract This chapter introduces some basic definitions and results on graph theory,
consensus decomposition of linear space theory, matrix theory, linear system theory,
and singular system theory, which will be used in the following chapters. First, the
definitions of directed graph, spanning tree, and Laplacian matrix, etc. are given,
and properties of Laplacian matrix are addressed. Then the concepts of consensus
subspace, complement consensus subspace, and state/output space decomposition are
defined. Third, the properties of Kronecker product and Schur complement lemma are
introduced. Moreover, the definitions and criteria for controllability, observability,
and stability of linear time-invariant systems are summarized, and some results on
partial stability of linear systems are also given. Finally, the definitions and results on
the regularity, equivalent form, admissibility, and controllability of singular systems
are introduced.

2.1 Graph Theory

A graph G = (V' (G), &(G)) consists of a node set ¥ (G) = {vi,va, ..., vy} and
a edge set &(G) C {(vi,v)),i # j; vi,v; € ¥(G)}. Denote by (v;,v;) and e;;
the edge from node v; to node v;, where v; is called the parent node and v; is
called the child node. If a graph Go = (%(Gy), &0(Gy)) satisfies %5(Go) € 7 (G)
and &y(Go) S &(G), then Gy is called a subgraph of G. If for any ¢;; € £(G),
eji € &(G), then G is an undirected graph, otherwise, G is a directed graph. A
directed path from node v;; to v;, is a sequence of ordered edges with the form of
(Vigs Vigsr)> Where vy, € 7(G) (k =1,2,...,1 — 1). For a directed graph G, if for
any two different nodes v; and v;, there exists a directed path from node v; to node
v, then G is said to be strongly connected. If for any two different nodes v; and v;,
there exists a node vy that has directed paths to node v; and v}, then G is said to be
weakly connected. For undirected graphs, weakly connected and strongly connected
are equivalent, which can all be called as connected. A directed graph is said to have
a spanning tree if there exists at least one node having a directed path to all the other
nodes.
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Define the adjacency matrix of G as the nonnegative matrix % = [w;;] € RN*N
where w;; represents the weight of edge ej; with w;; > 0 & ej; € &(G).
Node v; is called a neighbor of node v; if there exists an edge e;;. Denote by
N; ={v; € 7(G) : (vj, vi)e &(G)} the neighbor set of node v;. The in-degree and
out-degree of node v; are represented by deg;, (vi) = Z?’:] w;; and deg,,, (vi) =
ij: | Wji- A graph G is balanced if for any node v;, the in-degree is equal to the out-
degree. Define the in-degree matrix of G by diagonal matrix 2 the elements of which
are the in-degrees of nodes. The Laplacian matrix of G is definedas L = 2 — W'.

The following lemmas show basic properties of the Laplacian matrix L.

Lemma 2.1 ([1, 2]) For a directed graph G with N nodes, it holds that

(i) L has at least one 0 eigenvalue, and 1 is the associated eigenvector, that is,
L1=0;

(ii) If G has a spanning tree, then 0 is a simple eigenvalue of L, and all the other
N — 1 eigenvalues have positive real parts;

(iii) If G does not have a spanning tree, then L has at least two 0 eigenvalues with
the geometric multiplicity being not less than 2.

Lemma 2.2 ([3]) For an undirected graph G with N nodes, it follows that

(i) L has at least one 0 eigenvalue, and 1 is the associated eigenvector satisfying
L1=0;

(ii) If G is connected, then 0 is a simple eigenvalue of L, and all the rest N — 1
eigenvalues are positive.

2.2 Consensus Decomposition of Linear Space

Define A; (i = 1,2,...,N) as the eigenvalues of L € R¥, where the asso-
ciated eigenvector of Ay = 0 is u; = 1. Define a nonsingular matrix U =
lit1,ito, ... in] € CN*N . Let ¢y € R” (k = 1,2,...,v) be linearly indepen-

dentvectorsand p; = u; @c, (j=(G(—-Dv+k;i=1,2,...,N;k=1,2,...,v).
A consensus subspace is defined as the subspace C(U) spanned by px = u; Q cx =
1®cr (k=1,2,...,v), and a complement consensus subspace is defined as the
subspace @(U) spanned by pyy1, pv4+2, ..., pnyv. Note that p; (j =1,2,..., Nv)
are linearly independent. The following conclusion can be obtained.

Lemma 2.3 C(U) ® C(U) = CN".

Remark 2.1 From Lemma2.3, one sees that any CVV can be uniquely projected
onto C(U) and C(U). In the following chapters, the value of v will be determined
by the dimension of the state or output of each agent in the swarm systems. The
decomposition of the state space or output space of the swarm system is called the
state space decomposition or output space decomposition.
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2.3 Matrix Theory

For matrices A = [a;;] € R"™*" and B € RP*9, the Kronecker product can be
defined as

anB apB - aB

anB apB --- ay, B
AR B = i o ] e R *x(nq),

am1B a2 B -+ apmp B

and the direct sum is defined as

A®B= [’3 g} e Rm+p)x(ntq),
For matrices A, B, C, and D with appropriate dimensions, the Kronecker product
has the following properties [4]:
(HA®B+C)=AQB+A®C;
(i) (A® B)(C® D) = (AC) ® (BD);
(iii) (A ® B)T = AT @ BT; and
(V) (AQB) '=A"1o B

Definition 2.1 For matrix A € C"*", if all the eigenvalues of A have negative real
parts, then A is called a Hurwitz matrix or stable matrix.

S Si2

% 522:|, where

Lemma 2.4 (Schur complement [5]) For a given matrix S = [

S11 € R™", the following statements are equivalent:
(i) S <O
(i) S11 < 0, So — S, 87! S12 < 0; and
(iii) S < 0, S11 — S1285' ST, < 0.

2.4 Linear System Theory

Consider the following linear time-invariant system

[x(t) = Ax(t) + Bu(t), 2.1)

y(t) =Cx(1),

where A € R"™" B € R C € R?*" and x(¢) € R", u(t) € R™ and y(t) € R?
is the state, control input and output, respectively.
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Definition 2.2 For any initial state x (0), if there exists control input u(¢) such that
the state x (f) of system (2.1) can converge to the origin in a finite time, then system
(2.1) is called controllable or (A, B) is controllable.

Lemma 2.5 ([6]) Ifrank [B, AB, ..., A"~'B] = n, then (A, B) is controllable.

Lemma 2.6 (Popov-Belevitch-Hautus (PBH) test for controllability [6]) If rank
[sI — A, Bl =n (Vs € C), then (A, B) is controllable.

Definition 2.3 If any initial state x(0) of system (2.1) can be uniquely determined
by the control input u#(¢) and output y(¢) in a finite time, then system (2.1) is called
observable or (C, A) is observable.

T
Lemma 2.7 ([6]) Ifrank[CT,ATCT,...,(A”*I)TCT] — n, then (C, A) is

observable.

Lemma 2.8 (PBH test for observability [6]) Ifrank[CT, sT — AT]T =n (Vs € C),
then (C, A) is observable.

Definition 2.4 If matrix A is Hurwitz, then system (2.1) is asymptotically stable.

Lemma 2.9 For system (2.1), the following statements are equivalent:

(i) System (2.1) is asymptotically stable;

(ii) For any given positive matrix R, the Lyapunov function AT P + PA+ R =0
has positive definite solution P;

(iii) There exists a positive definite matrix R such that the Lyapunov function
AT P + PA + R = 0 has unique positive definite solution P; and

(iv) There exists a positive definite matrix P such that AT P + PA < 0.

Definition 2.5 If there exists a matrix K € R”*" such that A + BK is Hurwitz,
then system (2.1) is stabilizable or (A, B) is stabilizable.

Lemma 2.10 ([7]) System (2.1) is stabilizable if and only if rank [s] — A, B] = n
(Vs € C1), where CT = {s|s € C,Re(s) > 0} represents the closed right complex
space.

Definition 2.6 If there exists gain matrix K € R"*? such that A + KC is Hurwitz,
then system (2.1) is detectable or (C, A) is detectable.

Lemma 2.11 ([7]) System (2.1)is detectable ifand only ifrank[s] — AT, CT]T =n
(Vs € CH).

Consider the following linear time-invariant system

[x(t) = Ax(t), 22)

y(t) = Cx(),

RG] _ | An A _
where y(t) = [ya(t):|’ A= |:A21 A22:| and C =[1,0].
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Definition 2.7 If for any given ¢ > 0, there exists § = §(¢) > 0 such that ||y (0)|| <
8 = |lyo(t)|l < € (¥t > 0), then system (2.2) is said to be stable with respect to

Yo(1).

Definition 2.8 If system (2.2) is stable with respect to y,(¢) and lim;_, 5oy, (t) = O,
then system (2.2) is said to be asymptotically stable with respect to y, ().

Lemma 2.12 ([8]) If (A2, A12) is completely observable, then system (2.2) is
asymptotically stable with respect to y,(t) if and only if A is Hurwitz.

If (Az2, A1p) is not completely observable, then there always exists a nonsingular
matrix T such that

. _ (| D10 14 _ | F1
(7 AzzT,AlzT)—([D2 Dy [JLERO) T A = |

where (D1, E1) is completely observable. The following results can be obtained.

Lemma 2.13 ([8]) If (A22, A12) is not completely observable, then system (2.2) is
asymptotically stable with respect to y,(t) if and only if

Al Ey
Fi Dy

is Hurwitz.

2.5 Singular System Theory

Consider the following high-order LTI singular system
Ex(t) = Ax(t) + Bu(1), (2.3)

where A € R™", B € R™"™ E € R"*" satisfying rank(E) = r < n, x(¢t) € R”
is the state and u; (r) € R™ is the control input. In the following, the definitions and
criteria for regularity, equivalent form, admissibility, and controllability of singular
system (2.3) are summarized.

Definition 2.9 If there exists constant sg such that det (soE — A) # 0, then system
(2.3) is said to be regular or (E, A) is regular.

If (E, A) is regular, then there always exist nonsingular matrices P and Q such
that
|10 A1 O _ | Bi
PEQ = |:O Ni|, PAQ = [ 0 In—ri|’ PB = |:Bzi|’

where N € RO")X(=") represents the nilpotent matrix with nilpotent index /. Let
Q_lx(t) = [xlT(t), sz (t)]T. Then singular system (2.3) can be decomposed into



30 2 Preliminaries
x1(t) = Ax1 (1) + Biu(t), 2.4)
Nxo(t) = x2(t) + Bou(t). (2.5)

This decomposition is often called as the first equivalent form of singular system (2.3)
[9]. Subsystems (2.4) and (2.5) are said to be the slow subsystem and fast subsystem
of singular system (2.3). Denote by u®(t) the ith derivative of u(r). If the initial
state x(0) satisfies

x1(0)
— -1
xO)=0| _ S N Bu®(0) |-
i=0

then x(0) is said to be admissible.

Lemma 2.14 ([10]) For given admissible initial state x(0), singular system (2.3)
has unique solution if and only if it is regular.

Definition 2.10 If deg (det(sE — A)) = rank(E) (Vs € C), then singular system
(2.3) is called impulse-free or (E, A) is impulse-free.

Lemma 2.15 ([10]) Singular system (2.3) is impulse-free if and only if

EO
rank[A E] =n +rank(E).

Definition 2.11 If (E, A) is regular, impulse-free, and asymptotically stable, then
singular system (2.3) is said to be admissible.

Definition 2.12 If for any x7 € R”, x(0) € R" and T > 0, there exists admissible
control input u(¢) such that x(T) = x7, then singular system (2.3) is controllable or
(E, A, B) is controllable.

Definition 2.13 If singular system (2.3) is controllable in R, then it is called R-
controllable.

Lemma 2.16 ([11]) Singular system (2.3) is R-controllable if and only if the slow
subsystem (2.4) is controllable or stabilizable.

Lemma 2.17 ([11]) Singular system (2.3) is controllable if and only if the slow
subsystem (2.4) is controllable and

EO0O0

rank[AEB

] = n + rank(E).
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2.6 Conclusions

In this chapter, the basic definitions and results on graph theory, consensus decompo-
sition of linear space theory, matrix theory, linear system theory, and singular system
theory were introduced. These definitions and results are the research foundation of
the following chapters.

References

S o

10.
11.

. Ren W, Beard RW (2005) Consensus seeking in multiagent systems under dynamically chang-

ing interaction topologies. IEEE Trans Autom Control 50(5):655-661

XiJX, CaiN, Zhong YS (2010) Consensus problems for high-order linear time-invariant swarm
systems. Phys A 389(24):5619-5627

Godsil C, Royle G (2001) Algebraic graph theory. Springer, New York

Horn RA, Johnson CR (1989) Topics in matrix analysis. Cambridge University Press, Cam-
bridge

Boyd S, Ghaoui LE, Feron E et al (1994) Linear matrix inequalities in system and control
theory. STAM, Philadelphia

Williams RL, Lawrence DA (2007) Linear state-space control systems. Wiley, Hoboken
Chen CT (1999) Linear system theory and design. Oxford University Press, New York
XiJX, Shi ZY, Zhong YS (2012) Output consensus analysis and design for high-order linear
swarm systems: partial stability method. Automatica 48(9):2335-2343

Zhang QL, Liu C, Zhang X (2012) Complexity, analysis and control of singular biological
systems. Springer, New York

Dai L (1989) Singular control systems. Springer, Berlin

Duan GR (2010) Analysis and design of descriptor linear systems. Springer, New York



2 Springer
http://www.springer.com/978-3-662-47835-6

Formation and Containment Control for High-order
Linear Swarm Systems

Dong, X,

2016, XX, 170 p. 41 illus., 27 illus. in color., Hardcover
ISEM: 978-3-662-47835-6



	2 Preliminaries
	2.1 Graph Theory
	2.2 Consensus Decomposition of Linear Space
	2.3 Matrix Theory
	2.4 Linear System Theory
	2.5 Singular System Theory
	2.6 Conclusions
	References


