
Chapter 2
Part 2 Solutions

2.1 Chapter 1

2.1.1 Example 1.1

The displacement x of the mass is defined as
x = x0 · sin(ωt) where ω = 2π/T and T the time period for one cycle.

Dissipated energy Wd during the period T is

Wd =
∫ T

0
Fd · dx; with dx = ẋ · dt and the dissipative force

Fd = Q · ẋ ⇒ Wd =
∫ T

0
ẋ2 · Q · dt = Qx2o · ω2T

2

(a) Viscous damping Eq. (1.3) ⇒ Q = c

Wd = c · x2oωπ

(b) Structural damping Eq. (1.4) ⇒ Q = α

πω

Wd = αx2o ⇒ Dissipated energy independent of frequency for hysteretic or
structural damping.

2.1.2 Example 1.2

Assuming viscous losses the equation of motion for the mass is

mẍ + k0x + cẋ = F (2.1.2.1)
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28 2 Part 2 Solutions

where F is the external force required to maintain the motion. The displacement x is

x = x0 · sin(ωt) (2.1.2.2)

The Eqs. (2.1.2.1) and (2.1.2.2) give

x0 sin(ωt)[k0 − mω2] + cωx0 cos(ωt) = F (2.1.2.3)

Since x0 · sin(ωt) = x it follows that

x0 · cos(ωt) = ±x0

√
(1 − sin2(ωt)) = ±

√
x20 − x2 (2.1.2.4)

The Eqs. (2.1.2.3) and (2.1.2.4) yield

F − (k0 − mω2)x = ±ωc
√

(x20 − x2)

After quadration this expression is rewritten as

F2 + (k0 − mω2)2x2 − 2Fx(k0 − mω2) = (ωc)2(x20 − x2) (2.1.2.5)

The expression (2.1.2.5) is an equation for an ellipse. In Fig. 2.1 F is shown as a
function of x . The arrows indicate the path followed by increasing t.

For frictional damping the equations governing the motion of the mass are

mẍ + kx + Fd = F for ẋ > 0 (2.1.2.6)

mẍ + kx − Fd = F for ẋ < 0 (2.1.2.7)

The insertion of Eq. (2.1.2.2) in Eqs. (2.1.2.6) and (2.1.2.7) gives

Fig. 2.1 Viscous damping
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Fig. 2.2 Frictional damping

x(k − mω2) + Fd = F for ẋ > 0 (2.1.2.8)

x(k − mω2) − Fd = F for ẋ < 0 (2.1.2.9)

Figure2.2 shows the force F as function of the displacement x .

2.1.3 Example 1.3

The displacement x(t) of a 1-DOF system with frictional damping is shown in the
Fig. 2.3.

The velocity is zero for t = t1, t2 etc. The frictional force is constant, its direction
counteracts the motion of the mass.

In the time interval 0 � t � t1 the equation of motion is, assuming a frictional
force F0

mẍ1 + kx1 − F0 = 0 (2.1.3.1)

The initial conditions are ẋ1(0) = 0; x1(0) = x0. Define ω0 as ω0 = (k/m)1/2.
The general solution to Eq. (2.1.3.1) is

Fig. 2.3 Time decay of
amplitude of a 1-DOF
system having frictional
damping



30 2 Part 2 Solutions

x1(t) = F0/k + A1 · cos(ω0t) + B1 · sin(ω0t) (2.1.3.2)

The initial conditions and Eq. (2.1.3.2) yield for 0 � t � t1

x1(t) = F0/k + (x0 − F0/k) cos(ω0t) (2.1.3.3)

At the turning point at t = t1 the velocity ẋ is equal to zero. Thus from Eq. (2.1.3.3)
it follows that ω0t1 = π. The displacement x1(t) at t = t1 is consequently

x1(t1) = 2F0/k − x0 (2.1.3.4)

In the time interval t1 � t � t2 the equation of motion is, assuming a frictional force
F0

mẍ2 + kx2 + F0 = 0 (2.1.3.5)

The initial conditons are x2(t1) = x1(t1) and ẋ2(t1) = ẋ1(t1) = 0. The general
solution to Eq. (2.1.3.5) is

x2(t) = −F0/k + A2 · cos(ω0t) + B2 · sin(ω0t) (2.1.3.6)

The initial conditions and Eq. (2.1.3.6) yield

x2 = −F0/k + (x0 − 3F0/k) cos(ω0t) (2.1.3.7)

x2(t2) = x0 − 4F0/k; ẋ2(t2) = 0 (2.1.3.8)

ω0t2 = 2π (2.1.3.9)

In a similar way, the response x3 in the time domain t2 � t � t3 with ω0t3 = 3π the
response is obtained as

x3 = −F0/k + (x0 − 5F0/k) cos(ω0t)

etc.
From the results it follows that the difference in amplitude between two consec-

utive maxima is constant and equal to

x1(0) − x2(t2) = x0 − (x0 − 4F0/k) = 4F0/k (2.1.3.10)

The time difference between two maxima is

t2 − t0 = 2π/ω0 (2.1.3.11)

Compare Fig. 1.9 and the discussion in Sect. 1.2, Vol. 1.

http://dx.doi.org/10.1007/978-3-662-47807-3_1
http://dx.doi.org/10.1007/978-3-662-47807-3_1


2.1 Chapter 1 31

2.1.4 Example 1.4

The displacement of a critically damped 1-DOF is according to Eq. (1.17)

x(t) = e−βt · [x0 + t (v0 + βx0)] (2.1.4.1)

The displacement x(t) is equal to zero for t = t0 where according to (2.1.4.1)

t0 = − x0
v0 + βx0

(2.1.4.2)

t0 must be larger than zero. This is only possible if x0 < 0 and v0 > −βx0

or x0 > 0 and v0 + βx0 < 0

Equations (2.1.4.1) and (2.1.4.2) give

x(t) = e−βt (x0 − x0t/t0) = e−βt x0

(
t0 − t

t0

)
(2.1.4.3)

For t > t0, x(t) �= 0 ⇒ x(t) can only equal zero once.

2.1.5 Example 1.5

The response due to an impulse I at t = 0 is, from Eq. (1.35)

x0 = I e−βt sin(ωr t)/(mωr ) (2.1.5.1)

The response due to an impulse at t = −N · t for N = 1, 2, . . . is

xN = I e−β·(t+N T ) sin[ωr (t + N T )]
/

(mωr ) (2.1.5.2)

Based on the principle of superpositioning the total response for 0 � t � T is

x(t) =
∑

N

xN = I
∑

N

e−β(t+N T ) sin[ωr (t + N T )]/(mωr )

Using the identity sin(ϕ) = 1

2i

(
eiϕ − e−iϕ

)
the result is

x(t) = I e−βt

2imωr
·
{

J1eiωr t − J2e−iωr t
}

(2.1.5.3)

http://dx.doi.org/10.1007/978-3-662-47807-3_1
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J1 =
∞∑

N=0

e−N T (β−iωr); J2 =
∞∑

N=0

e−N T (β+iωr )

J1 and J2 are geometric series. Thus

J1 = 1

1 − e−T (β−iωr )
; J2 = 1

1 − e−T (β+iωr )
(2.1.5.4)

The response x(t) is obtained from Eqs. (2.1.5.3) and (2.1.5.4) as

x(t) = I e−βt

mωr
·
{
sin(ωr t) − e−βT sin[ωr (t − T )]
1 − 2e−βt cos(ωr T ) + e−2βT

}
for 0 � t � T

x(t + T ) = x(t) (2.1.5.5)

Note that lim
T →∞ x(t) = I e−βt sin(ωr t)

mωr
. This expression is equal to Eq. (2.1.5.1).

2.1.6 Example 1.6

The respose x(t) of a 1-DOF system excited by a force F(t) is according to Eq. (1.38)
given by

x(t) =
∫ t

0
dξ · F(ξ) · h(t − ξ) (2.1.6.1)

The function h(t) is given in Eq. (1.36) as

h(t) = e−βt sin(ωr t)/(mωr ) (2.1.6.2)

For F(t) = F0 for 0 � t � T the response is obtained from (2.1.6.1) and (2.1.6.2)
as

x1(t) = F0

mωr

[
ωr − βe−βt · sin(ωr t) − ωr e−βt · cos(ωr t)

]
/(β2 + ω2

r ) (2.1.6.3)

The velocity for 0 � t � T is

ẋ1(t) = F0

mωr
sin(ωr t)e−βt (2.1.6.4)

http://dx.doi.org/10.1007/978-3-662-47807-3_1
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For t � T with F(t) = 0 the response is given by Eq. (1.51) as

x2(t) = e−β(t−T )

{
x0 cos[ωr (t − T )] + v0 + βx0

ωr
sin[ωr (t − T )]

}
(2.1.6.5)

where x0 = x1(T ) and v0 = ẋ1(T ) given by Eqs. (2.1.6.3) and (2.1.6.4).
Case A ωrT = 2π. From Eq. (2.1.6.3) the response x0 = x1(T ) is obtained as

x1(T ) = F0ωn

mωr (β2 + ω2
r )

(1 − e−βT ) ≈ 0 for βT � 1 (2.1.6.6)

According to Eq. (2.1.6.4) v0 = ẋ1(T ) = 0. Thus, for small losses the mass is almost
at rest for t > T since x0(T ) = x1(T ) ≈ 0 and v0 = ẋ1(T ) = 0
Case B ωr T = π

x1(T ) ≈ 2F0

mω2
r

for β � 1

ẋ1(T ) = 0 ⇒
x1(t) = e−β(t−T ) 2F0 cos[ωn(t − T )]

mω2
r

for t > T

Case C ωr T = π/2

x1(T ) ≈ F0

mω2
r

for β � 1

ẋ1(T ) ≈ F0

mωr
⇒

x1(t) = e−β·(t−T ) F0
√
2

mω2
r

sin[ωr (t − T ) + π/4] for t > T

2.1.7 Example 1.7

The response of the 1-DOF system described in Problem 1.6 is for t < T

x1(t) = F0

mωr

[
ωr − βe−βt · sin(ωr t) − ωr e−βt · cos(ωr t)

]/
(β2 + ω2

r ) (2.1.7.1)

The corresponding velocity is

ẋ1(t) = F0

mωr
sin(ωr t)e−βt (2.1.7.2)

http://dx.doi.org/10.1007/978-3-662-47807-3_1
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x1 has a maximum when ẋ1(t) = 0, i.e. for t1 = π/ωr if T > t1

(x1)max = F0

m · ω2
n

· 2 if β and βt1 � 1 (2.1.7.3)

The displacement for t > T is according to Eq. (2.1.7.5), Problem 1.6 given by

x2 = e−β(t−T )

{
x0 cos[ωr (t − T )] + v0 + βx0

ωr
sin[ωr (t − T )]

}
(2.1.7.4)

The corresponding velocity is

ẋ2 = e−β(t−T )

{
v0 cos[ωr (t − T )] − sin[ωr (t − T )]ω

2
r x0 + β2x0 + βv0

ωr

}

(2.1.7.5)
The amplitude has maxima when ẋ2 = 0 or when for βT � 1 and β � 1

tan[ωr (t − T )] = v0

ωr x0
(2.1.7.6)

Equation (2.1.7.6) gives

sin[ωr (t − T )] = v0√
v20 + ω2

r x20

and cos[ωr (t − T )] = ωnv0

(v20 + ω2
r x20 )

1/2

These two expressions inserted in Eq. (2.1.7.4) give the maximum amplitude for x2
in the time domain t > T . The displacement x0 is obtained from Eq. (2.1.7.1) as
x0 = x1(T ) and v0 from Eq. (2.1.7.2) as v0 = ẋ1(T ). The maximum value of x2 is
thus for t > T

(x2)max = e−β(t−T )

{
ω2

r

(
F0

mω2
r

)2

[1 − cos(ωr T )]2 +
(

F0

mω2
r

)2

sin2(ωr T )

}

≈ F0

mω2
r

√
2 − 2 cos(ωr T )

The absolute maximum is obtained when cos(ωr T ) = −1 ⇒ T = π/ωr . The max-
imum amplitude is then 2F0/(mω2

r ) or the same amplitude as given by Eq. (2.1.7.3).
The time T0 for one cycle of the undamped system is T0 = 2π/ωr . This absolute

maximum is obtained when the length of the rectangular pulse is equal to T0/2. For
a half sine pulse the corresponding value is 0, 8. T0 as discussed in Sect. 1.3 and
presented in Fig. 1.18.

http://dx.doi.org/10.1007/978-3-662-47807-3_1
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2.1.8 Example 1.8

A periodic function x(t), period T , is expanded in a Fourier series as

x(t) = a0/2 +
∑
n=1

[an cos(ωnt) + bn sin(ωnt)] (2.1.8.1)

where ωn = 2πn/T . Multiply Eq. (2.1.8.1) first by cos(ωk t), ωk = 2πk/T , and
integrate with respect to time over one period. The result is

∫ T

0
x(t) · cos(ωk t)dt =

∫ T

0
(a0/2) cos(ωk t)dt

+
∑
n=1

∫ T

0
cos(ωk t) [an cos(ωnt) + bn sin(ωnt)]dt

(2.1.8.2)

For k = 0 and cos(ωk t) = 0 Eq. (2.1.8.2) gives

∫ T

0
x(t)dt =

∫ T

0
(a0/2)dt = a0T/2 (2.1.8.3)

For k > 0 ∫ T

0
cos(ωnt) cos(ωk t)dt = 0 for n �= k (2.1.8.4)

∫ T

0
cos(ωnt) cos(ωk t)dt = T/2 for n = k (2.1.8.5)

∫ T

0
sin(ωnt) cos(ωk t)dt = 0 (2.1.8.6)

The results (2.1.8.2) and (2.1.8.4)–(2.1.8.6) give

an = 2

T
·
∫ T

0
x(t) · cos(ωnt)dt for n = 0, 1, 2, . . . (2.1.8.7)

The coefficients bn are obtained in a similar way by multiplying Eq. (2.1.8.1) by
sin(ωk t), ωk = 2πk/T . The resulting expression is integrated with respect to time
over one period. The result is

bn = 2

T
·
∫ T

0
x(t) · sin(ωnt)dt
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2.1.9 Example 1.9

The equation of motion for a 1-DOF system with viscous losses is

mẍ + cẋ + kx = F(t) (2.1.9.1)

Since F(t) = F(t + T ) then, excluding transient vibrations, the response must be
periodic i.e.

x(t) = A0/2 +
∑

An cos(ωnt) +
∑

Bn sin(ωnt) (2.1.9.2)

ωn = 2πn/T (2.1.9.3)

The amplitudes An and Bn are according to (1.67) given by

An = 2

T

∫ T

0
x(t) · cos(ωnt)dt (2.1.9.4)

Bn = 2

T

∫ T

0
x(t) · sin(ωnt)dt (2.1.9.5)

Equation (2.1.9.1) is multiplied by cos(ωnt)and integrated over time. Thus

∫ T

0
dtmẍ · cos(ωnt) +

∫ T

0
dtcẋ · cos(ωnt) + k

∫ T

0
x cos(ωnt)dt

=
∫ T

0
dt F(t) · cos(ωnt) ⇒ I1 + I2 + I3 = I4 (2.1.9.6)

where I1, . . . , I4 denote the integrals.
From Eq. (2.1.9.2) it follows that

I3 = kT

2
An (2.1.9.7)

The expression I2 is integrated by parts

I2 = [cx cos(ωnt)]T0 +
∫ T

0
cωn x sin(ωnt)dt

x(T ) = x(0) and ωnT = n2π ⇒ from (2.1.9.2) it follows that

I2 = cωnT

2
Bn (2.1.9.8)

http://dx.doi.org/10.1007/978-3-662-47807-3_1
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In the same way I1 is obtained as:

I1 = [cẋ cos(ωnt)]T0 + mωn

∫ T

0
dt ẋ sin(ωnt)

= [mẋ cos(ωnt) + xmωn sin(ωnt)]T0 − mω2
n

∫ T

0
x cos(ωnt)dt

Since ẋ(0) = ẋ(T ) and ωnT = 2πn

I1 = −mω2
n T

2
An (2.1.9.9)

For a force F(t) given by

F(t) = G0/2+
∑

Gn cos(ωnt)+
∑

Hn sin(ωnt) the integral I4 is obtained as

I4 =
∫ T

0
dt F(t) · cos(ωnt) = T Gn/2 (2.1.9.10)

The Eqs. (2.1.9.7)–(2.1.9.10) yield

(−mω2
n + k)An + ωncBn = Gn (2.1.9.11)

Next multiply Eq. (2.1.9.1) by sin(ωn · t) and repeat the procedure described above.
The result is

(−mω2
n + k)Bn − ωncAn = Hn (2.1.9.12)

The solutions to Eqs. (2.1.9.11) and (2.1.9.12) are

An = (−mω2
n + k)Gn − ωncHn

[(−mω2
n + k)2 + (ωnc)2] (2.1.9.13)

Bn = ωncGn + (−mω2
n + k)Hn

[(−mω2
n + k)2 + (ωnc)2] (2.1.9.14)

The displacement of the mass is given by inserting (2.1.9.13) and (2.1.9.14) in
Eq. (2.1.9.2).
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2.1.10 Example 1.10

The force F(t) is periodic with the period T . Thus

F(t + T ) = F(t) = Iδ(t) (2.1.10.1)

The periodic function F(t) is also written

F(t) = G0/2 +
∑

Gn cos(ωnt) +
∑

Hn sin(ωnt) (2.1.10.2)

where

Gn = 2

T

∫ T

0
F(t) · cos(ωnt)dt; Hn = 2

T

∫ T

0
F(t) · sin(ωnt)dt (2.1.10.3)

Thus
Gn = 2I/T ; Hn = 0 (2.1.10.4)

The response x(t) is also periodic

x(t) = A0/2 +
∑

An cos(ωnt) +
∑

Bn sin(ωnt) (2.1.10.5)

The parameters An and Bn are derived as in Problem1.8. Equations (2.1.10.11) and
(2.1.10.12) in Problem 1.8 give

An = 2I

T

(−mω2
n + k)

[(−mω2
n + k)2 + (ωnc)2] (2.1.10.6)

Bn = 2I

T

ωnc

[(−mω2
n + k)2 + (ωnc)2] (2.1.10.7)

The summation can be carried out as discussed in Example 1.5. The result (2.1.10.7)
is also obtained if the solution in Example 1.6 is expanded in a Fourier series.

2.1.11 Example 1.11

The equation of motion for the 1-DOF system is

mẍ + kx = F; k = k0(1 + iδ) (2.1.11.1)



2.1 Chapter 1 39

Let x = x0 · eiωt and F = F0 · eiωt . Equation (2.1.11.1) gives

x = F0 · eiωt/(k − mω2) (2.1.11.2)

The velocity is
v = ẋ = iω · F0 · eiωt/(k − mω2) (2.1.11.3)

The time average of the potential energy of the system is

Ū = Re
[
kx̄2/2

]
= k0xx∗/4 = k0

4
· |F0|2
(k0 − mω2)2 + (k0δ)2

(2.1.11.4)

The time average of the kinetic energy is

T̄ = m ¯̇x2/2 = mvv∗/4 = mω2

4
· |F0|2
(k0 − mω2)2 + (k0δ)2

(2.1.11.5)

The time average of the input power to the system is

�̄ = 1

2
· Re(F · v∗) = 1

2
· |F0|2 ωk0δ

(k0 − mω2)2 + (k0δ)2
(2.1.11.6)

Since δ = ωc/k0 it follows from Eq. (2.1.11.6) that

�̄ = 1

2
· |F0|2 ω2c

(k0 − mω2)2 + (k0δ)2
= 2T̄ · c

m
(2.1.11.7)

For viscous losses the parameter c is constant. The time average of the input power
to the system is thus proportional to the kinetic energy of the system. For structural
damping c = α/(πω) which means that for harmonic excitation the power input is
proportional neither to the kinetic nor to the potential energy.

2.1.12 Example 1.12

Two differential equations are given

mḧ + cḣ + k0h = δ(t − τ ) (2.1.12.1)

mẍ + cẋ + k0x = F(t) (2.1.12.2)

h = h(t − τ ) ⇒ ∂h

∂t
= −∂h

∂τ
.
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Thus Eq. (2.1.12.1) is also written

m
∂2h

∂τ2
− c

∂h

∂τ
+ k0h = δ(t − τ ) (2.1.12.3)

Multiply (2.1.12.3) by x(τ )and integrate over τ . The result is

∫ ∞

−∞
dτ

[
m

∂2h

∂τ2
x − c

∂h

∂τ
x + k0hx

]
=
∫ ∞

−∞
dτδ(t − τ )x(τ ) = x(t) (2.1.12.4)

Partial integration of the first expression inside the bracket gives

[
m

∂h

∂τ
x

]∞

−∞
+
∫ ∞

−∞
dτ

[
−m

∂h

∂τ

∂x

∂τ
− c

∂h

∂τ
x + k0hx

]
= x(t) (2.1.12.5)

However, x tends to zero as t → ±∞. Equation (2.1.12.5) is reduced to

∫ ∞

−∞
dτ

[
−m

∂h

∂τ

∂x

∂τ
− c

∂h

∂τ
x + k0hx

]
= x(t) (2.1.12.6)

By setting x = x(τ ) Eq. (2.1.12.2) is written

m
∂2x

∂τ2
+ c

∂x

∂τ
+ k0x = F(τ )

This equation is multiplied by h(t − τ ) and integrated over τ resulting in

∫ ∞

−∞
dτ (mh

∂2x

∂τ2
+ ch

∂x

∂τ
+ k0hx) =

∫ ∞

−∞
dτ F(τ )h(t − τ )

Following the same procedure as above the expression is reduced to

∫ ∞

−∞
dτ ( − m

∂h

∂τ

∂x

∂τ
+ ch

∂x

∂τ
+ k0hx) =

∫ ∞

−∞
dτ F(τ )h(t − τ ) (2.1.12.7)

Subtracting (2.1.12.7) from (2.1.12.6) gives

∫ ∞

−∞
dτ

[
−c

∂h

∂τ
x − c

∂x

∂τ
h

]
= x(t)−

∫ ∞

−∞
dτ F(τ )h(t − τ ) (2.1.12.8)

The integral on the left-hand side is

∫ ∞

−∞
dτ

[
−c

∂(hx)

∂τ

]
= −c [hx]∞−∞ = 0
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Thus Eq. (2.1.12.8) is simplified to

x(t) =
∫ ∞

−∞
dτ F(τ )h(t − τ ) (2.1.12.9)

h(t − τ ) = 0 for τ � t . Thus

x(t) =
∫ t

−∞
dτ F(τ )h(t − τ )

2.1.13 Example 1.13

In the first case the equation of motion for the 1-DOF system is

mẍ + kx = F; k = k0(1 + iδ) (2.1.13.1)

Let x = x0 · eiωt and F = F0 · eiωt . Multiply Eq. (2.1.13.1) by ẋ∗ and derive the
time average of the input power as

�̄ = 1

2
Re(Fv∗) = 1

2
Re

[
mẍ ẋ∗ + k0(1 + iδ)x ẋ∗] (2.1.13.2)

Since ẋ = iωx it follows that

�̄ = ωkδ |x |2
2

= ωkδ |x̄ |2 = 2ωδŪ (2.1.13.3)

In the second case, the equation of motion for the 1-DOF system is

mẍ + cẋ + k0x = F (2.1.13.4)

Let x = x0 · eiωt and F = F0 · eiωt . Multiply Eq. (2.1.13.4) by ẋ∗ and derive the
time average of the input power as

�̄ = 1

2
Re(Fv∗) = 1

2
Re

[
mẍ ẋ∗ + cẋ ẋ∗ + k0x ẋ∗] (2.1.13.5)

Again ẋ = iωx etc. Thus,

�̄ = 1

2
Re(Fv∗) = c |ẋ |2

2
= c

∣∣ ¯̇x∣∣2 = c

m
T̄ (2.1.13.6)

where T̄ is the kinetic energy of the system.
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2.2 Chapter 2

2.2.1 Example 2.1

The Fourier Transform (FT) of h(t) is according to Eq. (2.3)

H(ω) =
∫ ∞

−∞
dt · h(t) · e−iωt = 1

mω0

∫ ∞

0
dte−βt−iωt sin(ω0t) (2.2.1.1)

The function sin(ω0t) is written

sin(ωnt) = 1

2i

(
eiωn t − e−iωn t

)
(2.2.1.2)

Equations (2.2.1.1) and (2.2.1.2) give

H(ω) = 1

2imωn

∫ ∞

0
dt ·

{
e−t (β−iωn+iω) − e−t (β+iωn+iω)

}

= 1

2imωn

[
2iωn

β2 + ω2
n − ω2 + 2iωβ

]
(2.2.1.3)

By setting β = ω2
0δ/(2ω) and ω2

n = ω2
0 − β2 in Eq. (2.2.1.3) H(ω) is obtained as

H(ω) = 1

m
·
[

1

ω2
0 − ω2 + iω2

0δ

]
(2.2.1.4)

This is the FT of h(t) and also according to Eq. (2.15) the transfer or frequency
response function H(ω) = F̂(ω)/x̂(ω) of a 1-DOF system described by the equation
of motion

mẍ + cẋ + kx = F(t) with c = 2mβ

2.2.2 Example 2.2

F(t) is a periodic function with the period T , i.e. F(t + T ) = F(t). According to
Eq. (1.66) F(t) can be expanded in a Fourier series as

F(t) = a0
2

+
∞∑

n=1

[an cosωnt + bn sinωnt] (2.2.2.1)

http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_1
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Fig. 2.4 Periodic force as
function of time

where ωn = 2πn/T . The parameters an and bn are obtained from

an = 2

T

∫ T

0
dt · F(t) cosωnt; bn = 2

T

∫ T

0
dt · F(t) sinωnt; (2.2.2.2)

The function F(t) is shown in Fig. 2.4.
The parameters an and bn are obtained from Eq. (2.2.2.2) as

an = 2A

T

∫ T/2

0
dt · cosωnt = 2A

T

[
sinωnt

ωn

]T/2

0
= 0

a0 = 2A

T

T

2
= A

bn = 2A

T

[
cosωnt

ωn

]0
T/2

= 2A

T ωn
[1 − cos(πn)] (2.2.2.3)

bn = 2A

2πn
· 2 for n odd

bn = 0 for n even

The autocorrelation function RF F (τ ) is for the periodic function F(t) defined as

RF F (τ ) = 1

T

∫ T

0
F(t)F(t + τ )dt (2.2.2.4)

where the function F(t) is given by Eq. (2.2.2.1). The integration of cross terms like
sin(ωnt) cos(ωnt) gives:

1

T

∫ T

0
dt · bm sin(ωmt)bn sin [ωn(t + T )] =

⎧⎨
⎩
0 for m �= n
b2n
2

cos(ωmτ ) for m = n

(2.2.2.5)
Further,

1

T

∫ T

0
dt · a0

2
bn sinωnt = 0 (2.2.2.6)
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Thus

RF F (τ ) =
(a0
2

)2 +
∑

n odd

b2n
2

cosωnt

=
(

A

2

)2

+
∑

n odd

(
2A

πn

)2 1

2
cosωnτ (2.2.2.7)

The two-sided power spectral density SF F (ω) is defined as

SF F (ω) =
∫ ∞

−∞
RF F (τ ) · e−iωτdτ (2.2.2.8)

where RF F (τ ) is given in Eq. (2.2.2.4). From Eq. (2.4) it follows that

∫ ∞

−∞

(
A

2

)2

· e−iωτdτ = 2π

(
A

2

)2

δ(ω) (2.2.2.9)

Equations (2.40) and (2.41) give

∫ ∞

−∞

(
2A

πn

)2 1

2
cosωnτ · e−iωτdτ = π

2

(
2A

πn

)2

[δ(ω − ωn) + δ(ω + ωn)]

(2.2.2.10)
Consequently, the Eqs. (2.2.2.7)–(2.2.2.10) yield for ωn = 2πn/T

SF F (ω) = 2π

(
A

2

)2

δ(ω) + 2π
∑

n odd

(
A

nπ

)2

[δ(ω − ωn) + δ(ω + ωn)]

2.2.3 Example 2.3

The inverse FT of H(ω) is given in Eq. (2.2) as

h(t) = 1

2π

∫ ∞

−∞
H(ω) · eiωtdω (2.2.3.1)

The frequency response function H(ω) is defined as

H(ω) = 1

m[(ω2
0 − ω2) + iω2

0δ]
(2.2.3.2)

The function H(ω) has poles when ω2
0 − ω2 + iω2

0δ = 0 or when ω1,2 =
±ω0

√
1 + iδ ≈ ±ω0(1 + iδ/2) for δ � 1. According to Eq. (1.81) δ = 2ωβ/ω2

0.

http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_1
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Fig. 2.5 Paths of integration

The loss factor δ is negative for ω < 0 and positive for ω > 0. Considering this the
poles are:

ω1 = ω0 (1 + iδ/2) ; ω1 = −ω0(1 − iδ/2); δ =
∣∣∣2ωβ/ω2

0

∣∣∣
The function h(t) as defined in Eq. (2.2.3.1) is derived by a contour integration in
the complex plane. The choice of path depends on t as indicated in Fig. 2.5.

When the radius of the semicircle goes to infinity, the integral along the curved
path of C1 approaches zero since for t > 0

eiωt → 0 as |ω| → ∞ and Im(ω) > 0

Thus for t > 0

h(t) =
∮

C1

H(ω) · eiωtdω (2.2.3.3)

The procedure of the contour integration is discussed in Sect. 2.7. For t > 0 the poles
are ω1 = ω0(1 + iδ/2) and ω2 = −ω0(1 − iδ/2):

h(t) = 2πi
2∑

n=1

eiωn t

2πm(−2ωn)

= i

m

{
eiω0(1+iδ)t/2

−2ω0(1 + iδ/2)
+ eiω0(1−iδ)t/2

2ω0(1 − iδ/2)

}

= i

2mω0
· e−ωδt/2

{
e−iω0t

(1 − iδ/2)
− eiω0t

(1 + iδ/2)

}

= i

2mω0
· e−ωδt/2

{
e−iω0t − eiω0t

1 + (δ/2)2
+ iδ

1 + (δ/2)2

(
eiω0t + e−iω0t

)}

http://dx.doi.org/10.1007/978-3-662-47807-3_2
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= i

2mω0
· e−ωδt/2

{
−2i · sinω0t

1 + (δ
/
2)2

+ iδ2 cosω0t

1 + (δ
/
2)2

}

∼= 1

mω0
· e−ωδt/2 sin(ω0t) (2.2.3.4)

for |δ| � 1 and t > 0. For t < 0 the contour integration is along the path C2 to
ensure that the integration along the semicircle goes to zero as the radius increases.
The contour includes no poles. For t < 0

h(t) = −
∫

C2

H(ω) · eiωtdω = 0

Thus for t < 0, h(t) = 0.

2.2.4 Example 2.4

The equation of motion for the 1-DOF system is

mẍ + kx = F with k = k0(1 + iδ)

According to Example 2.2 the force F can be expanded in a Fourier series as

F(t) = A

2
+
∑

n
odd

2A

πn
· sin(ωnt); ωn = 2πn

/
T

The displacement x(t) is expanded in a similar way. Thus

x(t) = X0 +
∑

n
odd

Xn · sin(ωnt)

The coefficients Xn are obtained as

X0 = A
/
(2k); Xn = 2A

nπ(k − mω2
n)

The velocity v is

v = ẋ =
∑

ωn Xn · cos(ωnt)
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The time average of the velocity squared is consequently given by

∣∣∣v̄2
∣∣∣= 1

T
·
∫ T

0
dt ·

∣∣∣v2
∣∣∣=∑

n
odd

(
4A

T

)2

· 1

2m2

{
1

(ω2
0 − ω2

n)2 + ω4
0δ

2

}
; ω2

0 = k

m

Alternative method
The FT of the displacement of the system is written

x̂ = F̂ · H

The FT of the velocity is consequently v̂ = ˆ̇x = iω F̂ · H where for k = k0(1 + iδ)
and k0/m = ω2

0 the frequency response function is

H = 1

k − mω2
n
; |H |2 = 1

m2[(ω2
0 − ω2)2 + ω4

0δ
2]

The power spectral density Svv is according to Eq. (2.53)

Svv = ω2 |H |2 · SF F ; SF F from Example 2.3
∣∣∣v̄2

∣∣∣ =
∫ ∞

−∞
d f · Svv( f ) =

∑
n
odd

(
4A

T

)2

· 1

2m2

{
1

(ω2
0 − ω2

n)2 + ω4
0δ

2

}

2.2.5 Example 2.5

In the first case the two-sided power spectral density is given as

Gxx (ω) = a for f1 = f0 − (B/2) � f � f0 + B/2 = f2 ⇒

Sxx (ω) = a/2 for − f2 � f � − f1 and f1 � f � f2 (2.2.5.1)

The autocorrelation function is defined in Eq. (2.34). Thus

Rxx (τ ) = 1

2π

∫ ∞

−∞
Sxx (ω) · eiωτdω

= a

4π

[∫ −ω1

−ω2

eiωτdω +
∫ ω2

ω1

eiωτdω

]

= a

4π

∫ ω2

ω1

dω
[
eiωτ + e−iωτ

]
= a

2π

∫ ω2

ω1

dω · cos(ωτ )

= a

2πτ
[sin(ωτ )]ω2

ω1
= a

2πτ
[sin(ω0τ + πBτ ) − sin(ω0τ − πBτ )]

http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_2
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= a

πτ
cos(ω0τ ) · sin(πBτ )

= aB sin(πBτ )

πBτ
· cos(ω0τ ) (2.2.5.2)

In the second case, Gxx (ω) = a for 0 � f � B. This expression is obtained by set-
ting f0 = B/2 in Eq. (2.2.5.1). The autocorrelation function is given by Eq. (2.2.5.2)
as

Rxx (τ ) = a · B
sin(πBτ ) · cos(ω0τ )

πBτ
(2.2.5.3)

But ω0 = 2π f0 = πB. This inserted in Eq. (2.2.5.3) gives the autocorrelation func-
tion

Rxx (τ ) = a · B
sin(2πBτ )

2πBτ
(2.2.5.4)

2.2.6 Example 2.6

The force F(t) exciting the mass of a simple 1-DOF system is given by

F(t) = A · sin(ω1t) + ξ(t) = f (t) + ξ(t) (2.2.6.1)

The force ξ(t) is random. According to Eq. (2.24) the auto correlation function
RF F (τ ) can be written

RF F (τ ) = R f f (τ ) + Rξξ(τ ) (2.2.6.2)

The power spectral density G F F (ω) is

G F F (ω) = G f f (ω) + Gξξ(ω) (2.2.6.3)

According to Eq. (2.41) and Eq. (2.2.6.3) the power spectral density G F F (ω) is

G F F (ω) = πA2δ(ω − ω1) + Gξξ = πA2δ(ω − ω1) + A2

2ω0
(2.2.6.4)

The frequency response function H(ω) is given in Eq. (2.17). Thus

|H |2 = 1

m2[(ω2
0 − ω2)2 + (ω2

0δ)
2] (2.2.6.5)

http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_2
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From (2.53) the one-sided power spectral density for the velocity is given by

Gvv(ω) = ω2
∣∣∣H2

∣∣∣ · G F F (ω) (2.2.6.6)

Further, from Eq. (2.54) the time average of the velocity squared is

v̄2 = 1

2π

∫ ∞

0
Gvv(ω)dω (2.2.6.7)

The Eqs. (2.2.6.4)–(2.2.6.6) inserted in Eq. (2.2.6.7) give

v̄2 = A2

2

∫ ∞

0
dω · ω2δ(ω − ω1)

m2[(ω2 − ω2
0)

2 + (ω2
0δ)

2]
+ A2

4π

∫ ∞

0
dω · ω2

ω0m2[(ω2 − ω2
0)

2 + (ω2
0δ)

2]

= A2

2

{
ω2
1

m2[(ω2
1 − ω2

0)
2 + (ω2

0δ)
2] + 1

4δk0m

}

The second integral is solved as described in Sect. 2.7 using

∫ ∞

−∞
dω · g(ω)

(ω2 − ω2
0)

2 + (δω2
0)

2
= πg(ω0)

ω3
0δ

and ω2
0 = k0

m

2.2.7 Example 2.7

The equation of motion for the simple 1-DOF system is

mẍ + cẋ + kx = F0 · sin(ω1t) (2.2.7.1)

From the Eqs. (1.57) and (1.60) the displacement x(t) is obtained as

x(t) = A0 sin(ω1t + ϕ); A0 = F0

m[(ω2
0 − ω2)2 + (2βω)2]1/2 (2.2.7.2)

The time average of the potential energy is

¯ = 1

2
k · 1

T

∫ T

0
x2dt = k A2

0

4
(2.2.7.3)

http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_1
http://dx.doi.org/10.1007/978-3-662-47807-3_1
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The time average of the kinetic energy is

T̄ = 1

2
m · 1

T

∫ T

0

∣∣∣ẋ2
∣∣∣ dt = mω2

1 · A2
0

4
(2.2.7.4)

The results (2.2.7.3) and (2.2.7.4) give

T̄ =
(

ω1

ωo

)2

· ¯ ; ω2
0 = k

m

T̄ = ¯ only when ω0 = ω1

(2.2.7.5)

2.2.8 Example 2.8

A lightly damped 1-DOF system is excited by a force with the FT F̂ . The FT of
the response of the system is x̂ . The system is described by the frequency response
function H(ω). Thus according to Eq. (2.15)

x̂ = H · F̂ (2.2.8.1)

The FT of the velocity is

v̂ = iωH F̂ (2.2.8.2)

The one-sided power spectral density for the velocity is from Eq. (2.53) given by

Gvv = ω2 |H |2 · G F F (2.2.8.3)

For the problem discussed G F F is defined as

G F F = 4a/(a2 + ω2) (2.2.8.4)

The frequency response function for a 1-DOF is given by Eq. (2.17). Thus

|H |2 = 1

m2[(ω2 − ω2
0)

2 + (ω2
0δ)

2] (2.2.8.5)

The time average of the velocity squared is given by (2.54).

http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_2
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By inserting the Eqs. (2.2.8.4) and (2.2.8.5) in this expression the time average of
the velocity squared is obtained as

v̄2 = 1

2π

∫ ∞

0
Gvvdω = 1

4π

∫ ∞

−∞
Gvv(ω)dω

= a

π
·
∫ ∞

−∞
ω2dω

(a2 + ω2) · [(ω2 − ω2
0)

2 + (ω2
0δ)

2] (2.2.8.6)

The integral is solved using Eq. (2.63). Thus the result is

v̄2 = a

ω0δm2(a2 + ω2
0)

2.2.9 Example 2.9

Equation of motion

mẍ + k(x − y) = F (2.2.9.1)

The force on foundation is (Fig. 2.6)

F f = k(x − y) (2.2.9.2)

The FT of the displacements x and y are obtained by inserting in Eqs. (2.2.9.1)
and (2.2.9.2) the substitutions x → x̂ ·exp(iωt), y → ŷ ·exp(iωt),F → F̂ ·exp(iωt)
and F f → F̂ f x̂ · exp(iωt). The point mobility of the foundation is Y f = ˆ̇y/F̂ . Thus

iω ŷ = F̂ f · Y f (2.2.9.3)

Fig. 2.6 Mass-spring system
mounted on a foundation
having the point mobility Y f

http://dx.doi.org/10.1007/978-3-662-47807-3_2
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The point mobility of the mass at the excitation point is:

Y = ˆ̇x/F̂ = iωx̂/F̂ (2.2.9.4)

The elimination of y and F by inserting (2.2.9.2) and (2.2.9.3) in (2.2.9.1) and by
using the substitutions x → x̂ · exp(iωt) etc. the point mobility Y at the excitation
point is

Y = iω + kY f

k − mω2 + imωkY f
(2.2.9.5)

2.2.10 Example 2.10

Equation of motion for the mass

mẍ + k(x − y) = F (2.2.10.1)

By making the substitutions x → x̂ · eiωt , y → ŷ · eiωtand F → F̂ · eiωt in
Eq. (2.2.10.1) the result is

x̂(−mω2 + k) − k ŷ = F̂ (2.2.10.2)

The FT of the force on the foundation is F̂ f = k(x̂ − ŷ). The FT of the velocity of
the foundation is v̂y = iω ŷ = F̂ f Y f . The combination of these expressions gives

iω ŷ = Y f k(x̂ − ŷ) (2.2.10.3)

The elimination of x̂ from Eqs. (2.2.10.2) and (2.2.10.3) gives

ŷ = F̂ · Y f k

−imω3 + iωk − mω2kY f
(2.2.10.4)

The FT of the velocity is thus

v̂ = iω ŷ = F̂ · Y f k

−mω2 + k + imωkY f
(2.2.10.5)

According to definition v̂ = F̂ f Y f or

F̂ f = v̂y

Y f
(2.2.10.6)
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According to Eq. (2.55) the time average of the input power to a structure, in this
case the foundation, is written

�̄ = 1

2π

∫ ∞

0
Re(G Fv)dω (2.2.10.7)

The one-sided power spectral density G Fv is

G Fv = 2 lim
T →∞

F̂∗ · v̂

T
= 2 lim

T →∞

∣∣v̂∣∣2
T

· 1

Y ∗
f

= Gvv · 1

Y ∗
f

(2.2.10.8)

The point mobility Y f of the foundation is in this case defined as being real.
From Eq. (2.2.10.5) Gvv is obtained as

Gvv = lim
T →∞ 2

∣∣v̂∣∣2
T

= lim
T →∞ 2

∣∣∣F̂
∣∣∣2

T
·

∣∣Y f k
∣∣2

(k − mω2)2 + (mωY f k)2

= G F F ·
∣∣Y f k

∣∣2
m2[(ω2

0 − ω2)2 + (ωY f k)2] = G F F ·
∣∣Y f

∣∣2 · ω4
0

(ω2 − ω2
0)

2 + (ωY f k)2

(2.2.10.9)

where ω0 = √
k/m.

For Y f real the Eqs. (2.2.10.8) and (2.2.10.9) give

G Fv = G F F · Y f · ω4
0

(ω2 − ω2
0)

2 + (ωY f k)2
(2.2.10.10)

The time average of the power to the foundation is from Eq. (2.2.10.7).
For white noise excitation of the mass G F F is constant. For Y f independent of

frequency the result is

�̄ = G F F · Y f ω
4
0

2π

∫ ∞

0

dω

(ω2 − ω2
0)

2 + (ωY f k)2

For
∣∣ωY f k

∣∣ � 1

�̄ = G F F · Y f ω
4
0

4ω3
0(Y f k/ω0)

= G F F · ω2
0

4k
= G F F

4m

This means that the power fed into the foundation only depends on the mass and the
force if the mobility of the foundation is low. Compare the result given in Eq. (2.67).

http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_2
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2.2.11 Example 2.11

The total displacement of the mass is defined as z = x + y where x and y are
uncorrelated. The power spectral Gzz density is thus

Gzz = Gxx + G yy (2.2.11.1)

The FT of the displacement x is
x̂ = F̂ · H (2.2.11.2)

where F̂ is the FT of the force exciting the system and H the frequency response
function of the system. From Eq. (2.2.11.2) it follows that

Gxx = G F F |H |2 (2.2.11.3)

The cross-spectral density G Fz is

G Fz = G Fx + G Fy (2.2.11.4)

Since F and y are uncorrelated it follows that G Fy = 0. The cross-spectral density
G Fx is obtained from Eq. (2.2.11.2) as

G Fx = H · G F F (2.2.11.5)

For G Fy = 0 Eqs. (2.2.11.4) and (2.2.11.5) give

G Fz = H · G F F (2.2.11.6)

The coherence function as defined in Eq. (2.45) is

γ2
Fx = |G Fz|2

G F F · Gzz

By inserting Eqs. (2.2.11.1) and (2.2.11.6) in this definition the result is

γ2
Fx = |G Fz|2

G F F · Gzz
= |H |2 · |G F F |2

G F F · (G F F |H |2 + G yy)
(2.2.11.7)

For G F F real, G2
F F = |G F F |2. Considering this Eq. (2.2.11.7) is written

γ2
Fx = |H |2 · G2

F F

|H |2 · G2
F F + G F F · G yy

= 1

1 + G yy/(|H |2 · G F F )
� 1 (2.2.11.8)

Equality holds only when G yy = 0 i.e. for no external noise.

http://dx.doi.org/10.1007/978-3-662-47807-3_2
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2.2.12 Example 2.12

The time average of the power input to system is using Eq. (1.81), 2ωβ = ω2
0δ

�̄ =
∫ ∞

−∞
SF F (ω)ωδω2

0dω

2πm
[
(ω2

0 − ω2)2 + (ω2
0δ)

2
] (2.2.12.1)

Considering the result (2.63) the solution to Eq. (2.2.12.1) is

�̄ = SF F (ω0)

2m
(2.2.12.2)

2.2.13 Example 2.13

A function x(t) is according to Eq. (1.66) expanded in a Fourier series in the time
interval −T/2 � t � T/2. The series is written

x(t) = a0
2

+
∞∑

n=1

(an cosωnt + bn sinωnt); ωn = 2πn

T
(2.2.13.1)

Since cosϕ = (
eiϕ + e−iϕ

)
/2 and sinϕ = (

eiϕ − e−iϕ
)
/2i it follows that

(2.2.12.1) can be written

x(t) =
∞∑

n=−∞
Ane2πnit/T (2.2.13.2)

Equation (2.2.12.2) is multiplied by e−2πikt/T , k an integer, and integrated with
respect to time. Thus,

∫ T/2

−T/2
dt · x(t)e−2πikt/T =

∞∑
n=−∞

∫ T/2

−T/2
dt · An · e2πi t (n−k)/T (2.2.13.3)

The integral on the right-hand side is
∫ T/2

−T/2
dt · An · e2πi t (n−k)/T = T , for n = k

otherwise zero. Thus in combination with (2.2.13.3) the parameters An in (2.2.13.2)
are

∫ T/2

−T/2
dt · x(t)e−2πnit/T = An · T (2.2.13.4)

http://dx.doi.org/10.1007/978-3-662-47807-3_1
http://dx.doi.org/10.1007/978-3-662-47807-3_1
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As T → ∞ the summation in (2.2.13.2) tends to an integral. Define ω = 2πn/T
and dn = T dω/(2π) and AnT = x̂(ω) and insert in (2.2.13.2) and (2.2.13.4). The
result is

x(t) = 1

2π

∫ ∞

−∞
dω · x̂(ω)eiωt

x̂(ω) =
∫ ∞

−∞
dt · x(t)e−iωt

2.2.14 Example 2.14

According to definition

Rxx (τ ) = E [x(t)x(t + τ )] = E [x(t − τ )x(t)] ⇒
dRxx

dτ
= E [x(t)ẋ(t + τ )] = E [x(t − τ )ẋ(t)] ⇒

d2Rxx

dτ2
= d

dτ
E [x(t − τ )ẋ(t)]=−E [ẋ(t−τ )ẋ(t)]⇒

[
d2Rxx

dτ2

]
τ=0

=−E[ẋ2(t)]

2.3 Chapter 3

2.3.1 Example 3.1

The displacement along the beam or the x-axis is given by

ξ = A sin(ωt − kl x) (2.3.1.1)

For a thin beam σy and σz are assumed to be zero across the beam. Inserting σy =
σz = 0 in Eq. (3.6) gives

εy = εz = −νεx = −ν
∂ξ

∂x
(2.3.1.2)

For ξ = A sin(ωt − kl x) it follows that

εy = ∂η

∂y
= −ν

∂ξ

∂x
= νkl A cos(ωt − kl x) (2.3.1.3)

http://dx.doi.org/10.1007/978-3-662-47807-3_3


2.3 Chapter 3 57

By integrating (2.3.1.3) the displacement η is obtained as

η = νkl A · y · cos(ωt − kl x) (2.3.1.4)

The displacement at the surface, i.e. for y = h/2, is according to Eq. (2.3.1.4)

η (h/2) = νkl Ah

2
· cos(ωt − kl x) (2.3.1.5)

In a similar way; εz = ∂ζ

∂z
and

ζ = νkl A · z · cos(ωt − kl x) and ζ (b/2) = νkl Ab

2
· cos(ωt − kl x) (2.3.1.6)

2.3.2 Example 3.2

The kinetic energy per unit volume is

Tv = ρ

2

{
ξ̇2 + η̇2 + ζ̇2

}

Inserting Eqs. (2.3.1.1), (2.3.1.4), and (2.3.1.6) from Example 3.1 in this expression
gives

Tv = ρ

2

{
ξ̇2 + η̇2 + ζ̇2

}

= ρω2A2

2
{cos2(ωt − kl x) + ν2(ykl)

2 sin2(ωt − kl x)

+ ν2(zkl)
2 sin2(ωt − kl x)}

The time average of kinetic energy per unit length

Tl = 1

T

∫ T

0
dt
∫ h/2

−h/2
dy
∫ b/2

−b/2
dz · Tν = ρω2A2bh

4

{
1 + νk2l (h2 + b2)

12

}

For klh � 1 and klb � 1, Tl is

Tl = ρω2A2bh

4
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2.3.3 Example 3.3

The displacement along the x-axis is defined as

ξ = f (x − cl t); cl = √
E/ρ (2.3.3.1)

The intensity Ix is

Ix = −σx · ξ̇ (2.3.3.2)

Equation (2.3.3.1) gives

σx = E · ∂ξ

∂x
= E · f ′(x − cl t) (2.3.3.3)

ξ̇ = ∂ξ

∂t
= −cl f ′(x − cl t) (2.3.3.4)

Equations (2.3.3.3) and (2.3.3.4) inserted in (2.3.3.2) give

Ix = Ecl · [ f ′(x − cl t)
]2 (2.3.3.5)

The energy flow is

Px = Ix · S = Ecl S
[

f ′(x − cl t)
]2 (2.3.3.6)

where S is the cross-sectional area of the beam. For a thin beam and neglecting
contraction, the kinetic and potential energies per unit length are

Tl = Sρ

2
·
(

∂ξ

∂t

)2

= Sρc2l
2

· [ f ′(x − cl t)
]2

= SE

2
· [ f ′(x − cl t)

]2 (2.3.3.7)

l = SE

2
·
(

∂ξ

∂x

)2

= SE

2
· [ f ′(x − cl t)

]2 (2.3.3.8)

The energy flow is from Eqs. (2.3.3.6)–(2.3.3.8) obtained as

� = cl(Tl + l) (2.3.3.9)

The energy flow � is equal to the total energy per unit length times the speed of
propagation.
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Fig. 2.7 Semi infinite beam
excited by a force at x = 0

2.3.4 Example 3.4

The force induces a wave propagating along the positive x-axis. See Fig. 2.7. The
displacement ξ of the wave can according to Sect. 3.4 be written as

ξ = f (x − cl t) (2.3.4.1)

The normal stress σx in the beam is

σx = E · ∂ξ

∂x
= E · f ′(x − cl t) (2.3.4.2)

At the boundary x = 0, −σx · S = F . Thus from Eq. (2.3.4.2) and for x = 0

F(t) = SE · f ′(x − cl t) (2.3.4.3)

Let −cl t = ζ. Inserting this in Eq. (2.3.4.3) gives

F
(−ζ

/
cl
) = SE · ∂ f

∂ζ
or

f (ζ) = 1

SE

∫
dζ · F(−ζ/cl) (2.3.4.4)

For F(t) = F0 sin(ωt) ⇒

f (ζ) = F0

SE

∫
dζ · sin(−ωζ/cl) = F0cl

SEω
cos(ωζ/cl)

For ζ = x − cl t ,

ξ(x, t) = f (x − cl t) = F0cl

SEω
cos [ω(x/cl − t)]

http://dx.doi.org/10.1007/978-3-662-47807-3_3
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2.3.5 Example 3.5

The torsional angle in the shaft is

θ = θ0 sin(kt x − ωt); kt = ω
√

ρ/G (2.3.5.1)

The torsion τ in the shaft is according to Eq. (3.59)

τ = r · G · ∂θ

∂x
(2.3.5.2)

The potential energy per unit length of the shaft is

l =
∫

dS · G · γ2/2 (2.3.5.3)

with dS = 2πrdr and γ = r · ∂θ

∂x
. The potential energy is rewritten as

l = 2π

2

∫ R

0
dr ·r3G ·

(
∂θ

∂x

)2

= π

4
G R4 ·

(
∂θ

∂x

)2

= π

4
R4 · θ20 · k2t · cos2(kt x − ωt) · G

= π

4
R4 · θ20ω

2ρ cos2(kt x − ωt) (2.3.5.4)

In a similar way, the kinetic energy per unit length is

Tl =
∫ R

0
ds·ρ (r θ̇)2

2
= π

4
· ρR4θ20 · (θ̇)2

= π

4
· ρR4ω2 · θ20 cos

2(kt x − ωt) = l (2.3.5.5)

The intensity along the shaft is

Ix = −τ · r · θ̇ = −r2G · ∂θ

∂x
· ∂θ

∂t
(2.3.5.6)

The resulting energy flow is

� =
∫ R

0
2πrdr ·Ix = 2πG

∫ R

0
dr · r3

∂θ

∂x
· ∂θ

∂t

= πGr4

2
· θ20 · kω cos2(kl x − ωt)

http://dx.doi.org/10.1007/978-3-662-47807-3_3
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= cos2(kx − ωt)
πR4θ20ω

2

2

√
G

ρ

= πR4θ20
2

ctorsion · cos2(kx − ωt)

= ctorsion(Tl + l)

where the speed of propagation is ctorsion = √
G/ρ. Compare the result of

Example 3.3.

2.3.6 Example 3.6

The potential energy per unit volume of a solid is according to Eq. (3.17)

v = G

{
ε2x + ε2y + ε2z + ν

1 − 2ν
(εx + εy + εz)

2 + (γ2
xy + γ2

xz + γ2
yz)/2

}

(2.3.6.1)

Shear effects neglected means that γxy = γxz = γyz = 0. Further for a thin beam
σy = σz = 0 which as discussed in Example 3.1 gives

εy = −νεx ; εz = −νεx (2.3.6.2)

From Eq. (3.72)

εx = −z · ∂2w

∂x2
(2.3.6.3)

By inserting Eqs. (2.3.6.2) and (2.3.6.3) in (2.3.6.1) and neglecting shear the result is

v = E

2(1 + ν)
· ε2x

{
1 + 2ν2 + ν

1 − 2ν
(1 − 2ν)2

}

= E

2
· z2 ·

(
∂2w

∂x2

)2

(2.3.6.4)

The potential energy per unit length is

l =
∫

dydz v =
∫ b/2

−b/2
dy
∫ h/2

−h/2
dz · E

2
· z2 ·

(
∂2w

∂x2

)2

= E

2
· bh3

12
·
(

∂2w

∂x2

)2

= D′

2

(
∂2w

∂x2

)2

Width of beam is b and height h. The result is the same as given by Eq. (3.84).

http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_3
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2.3.7 Example 3.7

The equation governing the lateral displacement η of a string is

∂2η

∂x2
− 1

c2s
· ∂2η

∂t2
= 0 (2.3.7.1)

The general solution to this equation is

η = f (x − cst) + g(x + cst) (2.3.7.2)

The velocity η̇ of the string is

η̇(x, t) = −cs · f ′(x − cst) + cs · g′(x + cst) (2.3.7.3)

The initial conditions are

η(x, 0) = f (x) + g(x) = cos(πx/L) (2.3.7.4)

η̇(x, 0) = 0 ⇒ f ′(x) = g′(x) ⇒ f (x) = g(x) (2.3.7.5)

Considering the symmetry Eqs. (2.3.7.4) and (2.3.7.5) give

f (x) = g(x) = 1

2
cos (πx/L) (2.3.7.6)

Thus f (x −cst) = 1/2·cos [π(x − cst)/L] and g(x +cst) = 1/2·cos[π(x +cst)/L]
and from (2.3.7.2)

η(x, t) = 1/2 · {cos [π(x − cst)/L] + cos [π(x + cst)/L]}
= cos(πx/L) · cos(πcst/L)

2.3.8 Example 3.8

The wave equation for flexural waves in a thin homogeneous beam is according to
Eq. (3.77) for F ′ = 0

∂4w

∂x4
+ m′

D′ · ∂2w

∂t2
= 0 (2.3.8.1)

At t = 0 the beam is at rest but has a certain displacement. The initial conditions are

w(x, 0) = e−(x/2a)2; ẇ(x, 0) = 0 (2.3.8.2)

http://dx.doi.org/10.1007/978-3-662-47807-3_3
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The spatial FT of w(x, t) is defined as

w̃(k, t) =
∫ ∞

−∞
w(x, t) · e−ikxdx (2.3.8.3)

Thus

w(x, t) = 1

2π

∫
w̃(x, t) · eikxdk (2.3.8.4)

The Eqs. (2.3.8.4) and (2.3.8.1) yield

w̃k4 + m′

D′ · ∂2w

∂t2
= 0 (2.3.8.5)

The general solution to the Eq. (2.3.8.5) is

w̃(k, t) = A · sin(�t) + B · cos(�t) (2.3.8.6)

� = k2
√

D′/m′ = k2β; β = √
D′/m′ (2.3.8.7)

According to the initial condition (2.3.8.2), the velocity is equal to zero for t = 0
or ẇ(x, 0) = 0. Thus according to Eq. (2.3.8.3) ˜̇w = 0. The parameter A defined
in Eq. (2.3.8.6) is consequently equal to zero. From (2.3.8.6) it also follows that
B = w̃(k, 0). The Eqs. (2.3.8.2) and (2.3.8.3) give

B = w̃(k, 0) =
∫ ∞

−∞
dx · e−(x/2a)2−ikx (2.3.8.8)

The exponent is rewritten as

−
( x

2a

)2 − ikx = −
[( x

2a

)
+ ika

]2 − (ka)2 (2.3.8.9)

Equation (2.3.8.9) inserted in (2.3.8.8) gives

w̃(k, 0) = e−(ka)2 ·
∫ ∞

−∞
e−[x/(2a)+ika]2dx (2.3.8.10)

However,
∫ ∞

−∞
dx ·e−qx2 =

√
π

q
, thus

w̃(k, 0) = 2a
√

π · e−(ka)2 = B (2.3.8.11)
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Equations (2.3.8.11) and (2.3.8.6) in (2.3.8.4) ⇒

w(x, t) = 2a
√

π

2π

∫ ∞

−∞
dk · e−(ka)2+ikx ·

[
eik2βt + e−ik2βt

2

]
(2.3.8.12)

The expression inside the bracket is equal to

cos(k2βt) = cos(�t)

The exponent in the integral is rewritten as

− k2
[
a2 + iβt

]
+ ikx = −

[
k
√

a2 + iβt − i x√
2(a2 + iβt)

]2
− x2

4(a2 + iβt)
(2.3.8.13)

Equations (2.3.8.12) and (2.3.8.13) ⇒

w(x, t) = a

2
√

π

[
e
− x2

4(a2+iβt) ·
√

π√
a2 + iβt

+ e
− x2

4(a2−iβt) ·
√

π

a2 − iβt

]
(2.3.8.14)

The expression (a2 − iβt) is written as

a2 − iβt =
√

a4 + (tβ)2 · eiϕ

tanϕ = −βt/a2 (2.3.8.15)

The Eqs. (2.3.8.14) and (2.3.8.15) give the displacement of the beam as

w = a

2
· 1

4√
a4 + (βt)2

·
[

e− iϕ
2 · e

− x2(a2−iβt)
4[a4+(βt)2] + e

iϕ
2 · e

− x2(a2+iβt)
4[a4+(βt)2]

]

This expression is simplified to

w(x, t) = e
− a2x2

4[a4+(βt)2]

4
√
1 + (βt)2

a4

· cos
[

βt x2

4(a4 + β2t2)
− ϕ

2

]

with ϕ = arctan (βt
/

a2) and β =
√

D′

m′ .



2.3 Chapter 3 65

2.3.9 Example 3.9

Case 1:
Asimple bendingwave is propagating along thebeam.Thedisplacementw(x, t) is

w = A · ei(ωt−κx) (2.3.9.1)

According to Eq. (3.91), the energy flow in the beam is

�̄ = ωD′κ3 |A|2 (2.3.9.2)

The time average of the velocity squared is

v̄2 = 1

2
ω2 |w|2 = ω2 |A|2

2
(2.3.9.3)

The expressions (2.3.9.2) and (2.3.9.3) give

�̄ = 2

ω
D′κ3v̄2 (2.3.9.4)

The energy flow is correctly measured by means of one accelerometer if the evanes-
cent and reflected waves can be neglected.
Case 2:

The wave field is composed of a propagating wave and an evanescent wave and
given by

w = A · eiωt · (e−iκx − i · e−κx ) (2.3.9.5)

The energy flow is

�̄1 = ωD′κ3 |A|2 (2.3.9.6)

The time average of the velocity squared is

v̄2 = ω2 |A|2
2

·
{
1 + e−2κx + 2Re · [i · cos(κx) − i · [i · sin(κx)]]

}

= |A|2
2

ω2 ·
{
1 + e−2κx + 2 sin(κx) · e−κx

}
(2.3.9.7)

The measured energy flow based on the measured velocity by means of just one
accelerometer is

�̄2 = 2

ω
D′κ3v̄2 (2.3.9.8)

http://dx.doi.org/10.1007/978-3-662-47807-3_3
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where v̄2 is defined in Eq. (2.3.9.7). The ratio between the true and the measured
power flow is thus

�̄1

�̄2
= 1

1 + e−2κx + 2 sin(κx) · e−κx
(2.3.9.9)

Case 3:
A propagating and reflected wave are given by

w = A · eiωt · (e−iκx + X · eiκx ) (2.3.9.10)

The energy flow in positive direction of the beam is

�̄1 = ωD′κ3 |A|2 (2.3.9.11)

The velocity squared is

v̄2 = ω2
∣∣∣A2

∣∣∣ [1 + 2Re(X · e2iκx ) +
∣∣∣X2

∣∣∣] (2.3.9.12)

The ratio between the energy flow in the positive direction and the energy flow
measured by just one accelerometer is

�̄1

�̄2
= 1

1 + 2Re(X · e2iκx ) + ∣∣X2
∣∣ (2.3.9.13)

2.3.10 Example 3.10

The bending moment M ′
xy is defined by Eq. (3.112) as

M ′
xy =

∫ h/2

−h/2
τxyzdz (2.3.10.1)

where, according to Eqs. (3.127) and (3.129)

τxy = Gxyγxy and Gxy ≈
√

Ex Ey

2
(
1 + √

νxνy
) (2.3.10.2)

The shear γxy is defined in Eq. (3.111) as

γxy = −2z · ∂2w

∂x∂y
(2.3.10.3)

http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_3
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Eqs. (2.3.10.1) through (2.3.10.3) give

M ′
xy = −

∫ h/2

−h/2

√
Ex Ey

(1 + √
νxνy)

· z2
∂2w

∂x∂y
= − h3

√
Ex Ey

12(1 + √
νxνy)

(2.3.10.4)

The bending stifnesses Dx and Dy are defined in Eq. (3.131). This equation is
rewritten as

Ex h3/12 = Dx (1 − νxνy) and Eyh3/12 = Dy(1 − νxνy) (2.3.10.5)

Equations (2.3.10.4) and (2.3.10.5) give

M ′
xy = −

√
Dx Dy(1 − νxνy)

(1 + √
νxνy)

∂2w

∂x∂y
= −√Dx Dy(1 − √

νxνy)
∂2w

∂x∂y
(2.3.10.6)

2.3.11 Example 3.11

The propagation of L-waves in the beam cause the displacement ξ along the axis of
the beamwhich is oriented along the x-axis of a coordinate system. The displacement
is defined as

ξ(x, t) = A · exp [i(ωt − kl x)] ; kl = ω

√
ρ

E
(2.3.11.1)

where kl is the wavenumber for L-waves. The time average of the intensity is accord-
ing to Eq. (3.58) and using (2.3.11.1) obtained as

Īx = −1

2
Re

{
E

∂ξ

∂x
· ∂ξ∗

∂t

}
= −1

2
Re

{
E A(−ikl)(−iω)A∗} = ωkl E0 |A|2

2
(2.3.11.2)

The time average of the energy flow �̄x in the beam with the cross-sectional area
S is

�̄x = S Īx = SE0klω/2 = cl(SE0k2l /2) = cl Sω2ρ/2; cl = ω/kl (2.3.11.3)

where cl is the speed of propagation of longitudinal waves.
The time average of the total energy ¯ l per unit length of the beam is according

to Eq. (3.58) and using (2.3.11.1) written as

¯ l = T̄l + ¯ l = S

2

[
ρ

2

∣∣∣∣∂ξ

∂t

∣∣∣∣
2

+ E

2

∣∣∣∣∂ξ

∂x

∣∣∣∣
2
]

= S

4

[
ρω2 |A|2 + Ek2l |A|2

]
= S

2
ρω2 |A|2 (2.3.11.4)

http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_3
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The Eqs. (2.3.11.3) and (2.3.11.4) give

�̄x = cl · ¯ l (2.3.11.5)

2.3.12 Example 3.12

The total energy v per unit volume is

v = Ex

2

(
∂ξ

∂x

)2

+ ρ

2

(
∂ξ

∂t

)2

(2.3.12.1)

Thus

∂

∂t
v = Ex

∂ξ

∂x

(
∂2ξ

∂x∂t

)
+ ρ

∂ξ

∂t

(
∂2ξ

∂t2

)
(2.3.12.2)

The displacement ξ should satisfy the wave equation for L-waves or

Ex
∂2ξ

∂x2
− ρ

∂2ξ

∂t2
= 0 (2.3.12.3)

Equations (2.3.12.2) and (2.3.12.3) give

∂

∂t
v = Ex

∂ξ

∂x

(
∂2ξ

∂x∂t

)
+ Ex

∂ξ

∂t

(
∂2ξ

∂x2

)
= Ex

∂

∂x

[
∂ξ

∂x
· ∂ξ

∂t

]
(2.3.12.4)

According to definition

∫
dV

∂ v

∂t
+
∫

dydz Ix = 0 (2.3.12.5)

Equation (2.3.12.4) inserted in the first integral of (2.3.12.5) yields

∫
dV

∂ v

∂t
=
∫

dxdydzEx
∂

∂x

[
∂ξ

∂x
· ∂ξ

∂t

]
=
∫

dSEx

[
∂ξ

∂x
· ∂ξ

∂t

]
(2.3.12.6)

Thus, Eqs. (2.3.12.5) and (2.3.12.6) give

Ix = −Ex

[
∂ξ

∂x
· ∂ξ

∂t

]
= −σx · ∂ξ

∂t

which is the intensity of a plane L-wave propagating in the x-direction of a coordinate
system.
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2.4 Chapter 4

2.4.1 Example 4.1

The incident T-wave is reflected as T- and L-waves as discussed in Sect. 4.3. The plate
is oriented in the x-y-plane. Only waves propagating in this plane are considered.
Thus the vector potential governing the T-waves is written ψ = (0, 0,ψ). The
incident and reflected waves are shown in Fig. 2.8.

Assume

ψ = exp {i(ωt − kt · cosβ · x − kt · sin β · y)}
+ B · exp {i(ωt + kt · cosβ · x − kt · sin β · y)}

φ =C · exp {i(ωt + kl · cosα · x − kl · sinα · y)} (2.4.1.1)

The wavenumbers for T- and L-waves are kt and kl respectively. The angle of inci-
dence for the T-wave is β. The direction of the induced L-wave is given by α. The
amplitude of the incident wave is unity. The unknown amplitudes are B and C.

The displacements of the L- and T-waves are according to Eq. (4.24)

ξ = ∂φ

∂x
+ ∂ψ

∂y
; η = ∂φ

∂y
− ∂ψ

∂x
(2.4.1.2)

For an infinitely stiff edge, the displacements in both the x- and y-directions are
equal to zero. Thus, the boundary conditions are

ξ = η = 0 for x = 0 (2.4.1.3)

The boundary conditions in combination with Eqs. (2.4.1.1) and (2.4.1.2) give

{
kl · cosα · C − kt · sin β − Bkt · sin β = 0
−kl · sinα · C + kt · cosβ − Bkt · cosβ = 0

(2.4.1.4)

Fig. 2.8 A T-wave is
incident on an infinitely stiff
edge and reflected as T- and
L-waves

http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_4
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The solutions are

B = cos(α + β)

cos(α − β)
; C = 2 sinα cosβ

cos(α − β)
(2.4.1.5)

The amplitude of the induced L-wave is
√

(∂φ/∂x)2 + (∂φ/∂y)2 = klC . The ampli-
tude of the reflected T-wave is kt B. The ratio Γ between the amplitudes of the
reflected L-wave and the reflected T wave is obtained from Eq. (2.4.1.5) as

Γ = kl · C

kt · B
= 2kl sinα cosβ

kt cos(α + β)
= 2 sin β cosβ

cos(α + β)
(2.4.1.6)

The angle α is given by Eq. (4.21) as

sinα = (cl/ct ) sin β (2.4.1.7)

Thus

cosα =
√[

1 − (cl/ct )2 sin2 β
]

(2.4.1.8)

The Eqs. (2.4.1.6)–(2.4.1.8) give

Γ = sin(2β)

cosβ
[
1 − (cl/ct )2 sin2 β

]1/2 − (cl/ct ) sin2 β
(2.4.1.9)

For (cl/ct ) sin β > 1 cosα, Eq. (2.4.1.8), is imaginary. The reflected L-wave as
defined in Eq. (2.4.1.1) is consequently nonpropagating.

2.4.2 Example 4.2

An L-wave is incident on the junction x = 0 as shown in Fig. 2.9. L- and T-waves
are reflected at the junction in plate 1. L- and T-waves are also transmitted to plate
2. The resulting wave fields are
Plate 1

φ1 = exp {i(ωt − kl · cosα · x − kl · sinα · y}
+ R · exp {i(ωt + kl · cosα · x − kl · sinα · y)} (2.4.2.1)

ψ1 = Z · exp {i(ωt + kt · cosβ · x − kt · sin β · y)} (2.4.2.2)

http://dx.doi.org/10.1007/978-3-662-47807-3_4
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Fig. 2.9 An L-wave incident
on a discontinuity and
reflected and transmitted as
L- and T-waves

Plate 2
φ2 = T · exp {i(ωt − kl · cosα · x − kl · sinα · y)} (2.4.2.3)

ψ2 = W · exp {i(ωt − kt · cosβ · x − kt · sin β · y)} (2.4.2.4)

The wavenumbers for the L- and T-waves are kl and kt respectively. Due to the
boundary conditions at x = 0 and Eq. (4.21) it follows that

sinα = (cl/ct ) sin β (2.4.2.5)

There are four unknown amplitudes R, Z , T, and W in the Eqs. (2.4.2.1) and
(2.4.2.2). Thus four boundary conditions are required. Based on the expressions
defining the wavefields the displacements and stresses are obtained from Eqs. (3.6),
(4.24), and (4.46) as
Displacements

ξ = ∂φ

∂x
+ ∂ψ

∂y
; η = ∂φ

∂y
− ∂ψ

∂x
(2.4.2.6)

Stresses

σx = E

1 − ν2
·
{

∂ξ

∂x
+ ν

∂η

∂y

}
= E

1 − ν2
·
{

∂2φ

∂x2
+ ν

∂2φ

∂y2
+ (1 − ν) · ∂2ψ

∂x∂y

}

(2.4.2.7)

τxy = G ·
{

∂ξ

∂y
+ ∂η

∂x

}
= E

2(1 + ν)
·
{

∂2ψ

∂y2
− ∂2ψ

∂x2
+ 2

∂2φ

∂x∂y

}
(2.4.2.8)

At the boundary the displacement in plate 1 must be equal to the displacement in
plate 2 along the common junction in both the x- and y-directions. The resulting
forces along the junction must also be equal in the x- and y-directions. Thus
Boundary conditions at junction x = 0

ξ1 = ξ2; (2.4.2.9)

η1 = η2 (2.4.2.10)

http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_4
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(σx h)1 = (σx H)2 ; (2.4.2.11)

(
τxyh

)
1 = (

τxy H
)
2 ; (2.4.2.12)

The unknown parameters are solved from these boundary conditions.
The incident L-waves in plate 1 are according to Eq. (2.4.2.1) given by

φin = exp {i(ωt − kl · cosα · x − kl · sinα · y)} (2.4.2.13)

The resulting incident intensity on the junction in plate 1 is from (3.19)

(
Īx
)
in = 1

2
Re

{
−σx · (ξ̇)∗ − τxy · (η̇)∗

}

= 1

2
Re

{
E ·|φ|2 k3l ω

1 − ν2
·cosα(cos2α+ν · sin2α)+ E ·|φ|2 k3l ω

1 + ν
sin2 α cosα

}

= 1

2
Re

{
Eωk3l |φ|2
1 − ν2

· cosα

}
= 1

2
· Eωk3l
1 − ν2

· cosα (2.4.2.14)

The incident energy flow per unit length is according to Eq. (3.57) and Eq. (2.4.2.14)
equal to

(
�̄x

)
in = h · ( Īx

)
in = 1

2
h · Eωk3l

1 − ν2
· cosα (2.4.2.15)

In a similar way, the transmitted energy flow is

(
�̄x

)
trans = H

(
Īx
)
trans = H

2
·
(

Eωk3l
1 − ν2

· |T |2 · cosα + Gωk3t cosβ · |W |2
)

(2.4.2.16)
The ratio between the incident and transmitted energy flow is (�̄x )in/(�̄x )trans.

2.4.3 Example 4.3

Equation (4.51) is given as

k4x − 2k2x k20(2 + ν − ν2) − k20 · (1 − ν2)12

h2 − k40 · C = 0 (2.4.3.1)

where

k20 = ω2ρ/E and C = (1 + ν)2(5 − 4ν)/2 (2.4.3.2)

http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_4
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For h → 0 the solution kx to Eq. (2.4.3.1) is given by the wavenumber for a thin

plate under flexure. Thus kx → [
k20 · 12(1 − ν2)/h2

]1/4
.

If h is sufficiently small, terms which do not include 1/h or kx can be neglected
and Eq. (2.4.3.1) is written

k4x − 2k2x k20(2 + ν − ν2) − k20
(1 − ν2)12

h2 ≈ 0

The solutions to this equation are

k2x = k20(2 + ν − ν2) ±
{

k20(1 − ν2)12

h2

}1/2

+ o(h)

≈ k20(2 + ν − ν2) ±
{

k20(1 − ν2)12

h2

}1/2

(2.4.3.3)

The solutions to the last part of Eq. (2.4.3.3) read

kx1 = ±
⎧⎨
⎩
[

k20(1 − ν2)12

h2

]1/4
+ k20(2 + ν − ν2)

2(k0/h)1/2
[
(1 − ν2)12

]1/4
⎫⎬
⎭ (2.4.3.4)

kx2 = ±i

⎧⎨
⎩
[

k20(1 − ν2)12

h2

]1/4
− k20(2 + ν − ν2)

2(k0/h)1/2
[
(1 − ν2)12

]1/4
⎫⎬
⎭ (2.4.3.5)

The time average of the energy flow for a wave w = A · exp [i(ωt − kx1x)] is

�̄′
x = Eh3

12(1 − ν2)
ω (kx1)

3 · |A|2

=
⎧⎨
⎩
[

k20(1−ν2)12

h2

]1/4
+ k20(2 + ν − ν2)

2(k0/h)1/2
[
(1 − ν2)12

]1/4
⎫⎬
⎭

3
Eh3

12(1−ν2)
ω ·|A|2

2.4.4 Example 4.4

Equation (4.49) reads

tanh (βh/2)
[
k2x − k20 (1 + ν)

]2 = k2xαβ tanh (αh/2) (2.4.4.1)

http://dx.doi.org/10.1007/978-3-662-47807-3_4
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The solution kx to this equation is the wavenumber corresponding to the antiphase
motion of the plate as illustrated in Fig. 4.4b. This is also thewavenumber for the quasi
longitudinal waves illustrated in Fig. 3.11. A solution to Eq. (2.4.4.1) is for small h
obtained by expanding Eq. (2.4.4.1) in a Taylor series and including first-order terms
only. For h → 0

tanh (βh/2) → βh; tanh (αh/2) → αh (2.4.4.2)

The Eqs. (2.4.4.1) and (2.4.4.2) give

βh
[
k2x − k20 (1 + ν)

]2 = k2xα
2βh ⇒

k4x − 2k2x k20(1 + ν) + k40(1 + ν)2 = k2xα
2 (2.4.4.3)

where according to Eq. (4.38)

α2 = k2x − k2l = k2x − k20(1 + ν)(1 − 2ν)/(1 − ν) (2.4.4.4)

The solution to Eq. (2.4.4.3) is

k2x = k20

(
1 − ν2

)
; k0 = ω

√
ρ

E

kx = ω

√
ρ
(
1 − ν2

)
E

(2.4.4.5)

This is equal to the wavenumber for quasi-longitudinal waves propagating in a thin
plate.

2.4.5 Example 4.5

In the low-frequency region, the entire structure is bending like a thin plate. The
neutral axis is in the symmetry plane of the beam (Fig. 2.10).

Fig. 2.10 Cross section of a
sandwich beam

http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_4
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In the low-frequency region the bending stiffness of the entire structure is accord-
ing to Eq. (4.71)

D0 =
∫

dy · y2E(y) =
∫ H/2

−H/2
dy · y2 · E2

1 − ν22
+ 2 ·

∫ H/2+h

H/2
dy · y2 · E1

1 − ν21

= H3E2

12(1 − ν2)
+ E1

1 − ν2

{
H2

2
h + Hh2 + 2

3
h3
}

≈ H3E2

12(1 − ν2)
+ E1h H2

(1 − ν21 ) · 2 for H � h (2.4.5.1)

The mass per unit area of the plate is

μ0 = 2ρ1h + ρ2H (2.4.5.2)

The wavenumber for bending waves is according to Eq. (4.70)

κ =
(

μ0 · ω2

D0

)1/4

for f → 0 (2.4.5.3)

where D0 and μ are defined in Eqs. (2.4.5.1) and (2.4.5.2).
In the high-frequency range the laminates vibrate independently of the core. The

wavenumber corresponds to the wavenumber governing the bending of one laminate

D∞ = E1h3

12(1 − ν21 )
; μ∞ = ρ1h

Thus the high frequency limit, f → ∞, is

κ =
(

ρ1ω
2 · 12(1 − ν21 )

E1h2

)1/4

The same result is obtained by setting μ = 2ρ1h and D = 2D∞.

2.4.6 Example 4.6

The lateral displacement w(x, t) due to the bending of the plate is

w(x, t) = η0 · ei(ωt−κx) (2.4.6.1)

The normal stress in the plate is according to Eq. (4.56) equal to

http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_4
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σx = −y
E

(1 − ν2)

∂2w

∂x2
(2.4.6.2)

The resulting bending moment is

My =
∫ h/2

−h/2
yσxdy = − Eh3

12(1 − ν2)

∂2w

∂x2
= −D

∂2w

∂x2
(2.4.6.3)

The shear stress is according to Eq. (4.56)

τxy = −
(

h2

4
− y2

)
Eh3

2(1 − ν2)

∂3w

∂x3
(2.4.6.4)

The resulting shear force per unit width of the plate is

Tx =
∫ h/2

−h/2
τyxdy = − Eh3

12
(
1 − ν2

) ∂3w

∂x3
= −D

∂3w

∂x3
(2.4.6.5)

2.4.7 Example 4.7

A flexural plane wave is propagating along the x-axis. The displacement perpendic-
ular to the plate is

η(x, t) = η0 · exp {i(ωt − κx)} (2.4.7.1)

The displacemt in the x-direction is ξ and in the y-direction, perpendicular to the
plate, η. There is no displacement along the z-axis. The time average of the intensity
Ix in structure is obtained from Eq. (3.19). The result is

Īx = 1

2
Re

{−σx ξ̇
∗ − τxy · η̇∗} ; ς = 0 (2.4.7.2)

The normal stress in the plate is according to Eq. (4.56) given by

σx = −y · E

(1 − ν2)
· ∂2η

∂x2
= yκ2 · E

1 − ν2
· η (2.4.7.3)

The displacement ξ is obtained from Eq. (3.109) as

ξ = −y · ∂η

∂x
= iκy · η; ξ̇∗ = −iκy · η∗ (2.4.7.4)

The shear stress is given by Eq. (4.56) as

http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_4


2.4 Chapter 4 77

τxy = −
(

h2

4
− y2

)
· E

2(1 − ν2)
· ∂3η

∂x3
= −iκ3 ·

(
h2

4
− y2

)
· E

2(1 − ν2)
· η (2.4.7.5)

From Eq. (2.4.7.1) it follows that

η̇∗ = −iωη∗ (2.4.7.6)

Inserting the expressions (2.4.7.3)–(2.4.7.6) in Eq. (2.4.7.2) gives

Īx = 1

2
Re

{
ωκ3y2E

1 − ν2
· |η0|2 − ωκ3E

2(1 − ν2)
·
(

h2

4
− y2

)
· |η0|2

}

= 1

2
|η0|2 · Eωκ3

1 − ν2
·
{

y2 − 1

2

(
h2

4
− y2

)}
(2.4.7.7)

The time average of the energy flow per unit length is using Eq. (2.4.7.7)

�̄x =
∫ h/2

−h/2
Īxdy = |η0|2 · ωκ3 · Eh3

12(1 − ν2)
= |η0|2 · Dωκ3 (2.4.7.8)

This is the same result as given by Eq. (3.91) by exchanging the amplitude from A
to η0.

2.4.8 Example 4.8

The bending of a plate and the corresponding displacements, stresses etc. are given
by (4.44) as:

φ = exp {i (ωt − κx)} B sinh (αy) (2.4.8.1)

ψ = exp {i (ωt − κx)} C cosh (βy) (2.4.8.2)

where

α =
{
κ2 − k20(1 + ν)(1 − 2ν)/(1 − ν)

}1/2
(2.4.8.3)

β =
{
κ2 − k202 (1 + ν)

}1/2
(2.4.8.4)

The parameters B and C and the wavenumber κ should satisfy (4.46). Thus

B sinh(αh/2)
{
κ2 − k20(1 + ν)

}
+ iκβC sinh(βh/2) = 0 (2.4.8.5)

http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_4
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− 2iκαB cosh(αh/2) + 2C cosh(βh/2)
{
κ2 − k20(1 + ν)

}
= 0 (2.4.8.6)

The displacements and stresses are

ξ = ∂φ

∂x
+ ∂ψ

∂y
; ψ = ∂φ

∂y
− ∂ψ

∂x
(2.4.8.7)

σx = E

(1 + ν) (1 − 2ν)

{
ν

∂2φ

∂x2
+ (1 − ν)

∂2φ

∂y2
− (1 − 2ν)

∂2ψ

∂x∂y

}
(2.4.8.8)

τxy = E

2 (1 + ν)

{
2

∂2φ

∂x∂y
+ ∂2ψ

∂y2
− ∂2ψ

∂x2

}
(2.4.8.9)

Equations (2.4.8.1), (2.4.8.2) plus (2.4.8.7) yield

η = exp {i (ωt − κx)} {Bα cosh(αy) + iκC cosh(βy)}

The displacement along the centerline y = 0 is

η = exp {i (ωt − κx)} {Bα + iκC} (2.4.8.10)

For h → 0 Eq. (2.4.8.5) yields (sinh x ≈ x)

Bα
{
κ2 − k20(1 + ν)

}
+ iκβ2C = 0

iκC = − Bα
[
κ2 − k20(1 + ν)

]
β2 (2.4.8.11)

The result (2.4.8.11) inserted in the expression (2.4.8.10) gives

η = exp {i(ωt − κx)} · Bα

{
1 − κ2 − k20(1 + ν)

κ2 − 2k20(1 + ν)

}

= exp {i(ωt − κx)} · Bα ·
[
− k20(1 + ν)

κ2 − 2k20(1 + ν)

]
(2.4.8.12)

The displacement along the x-axis is

ξ = ∂φ

∂x
+ ∂ψ

∂y
= exp {i(ωt − κx)} · {−iκB sinh(α · y) + βC sinh(β · y)}

for y � 1, sinh(α · y) = α · y etc. ⇒
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ξ = exp {i(ωt − κx)} · y · {−iκ}
{
αB + i B2C

κ

}
(2.4.8.13)

This result in combination with Eq. (2.4.8.11) gives

ξ = exp {i(ωt − κx)} · y · (−iκαB) ·
{

k20(1 + ν)

κ2

}
(2.4.8.14)

Equations (2.4.8.12) and (2.4.8.14) yield for κ > k0

ξ = −y · {−iκ} η̇ = −y · ∂η

∂x
(2.4.8.15)

The normal stress σx is obtained from Eqs. (2.4.8.1), (2.4.8.2), and (2.4.8.8) as

σx = E

(1 + ν) (1 − 2ν)
exp {i(ωt − κx)}

·
{[

να2B − κ2B(1 − ν)
]
sinh (αy) + (1 − 2ν) (−iκ)βC sinh (βy)

}
(2.4.8.16)

Since h � 1 it follows that sinh(αy) ≈ αy etc. By using these approximations in
Eq. (2.4.8.16) the result reads

σx = E

(1 + ν) (1 − 2ν)
exp {i(ωt − κx)}

· y
{
να3B − κ2B(1 − ν)α − (1 − 2ν) iκβ2C

}
(2.4.8.17)

Equations (2.4.8.11) and (2.4.8.17) ⇒

σx = Eyαβ

(1 + ν) (1 − 2ν)
exp {i(ωt − κx)}

·
{[

να2 − κ2(1 − ν)
]

+ (1 − 2ν)
[
κ2 − k20(1 + ν)

]}

= Eyαβ

(1 + ν) (1 − 2ν)
exp {i(ωt − κx)} ·

{
k20

(1 + ν) (1 − 2ν)

(1 − ν)

}

= Ey

(1 − ν)
k20αB exp {i(ωt − κx)} = E

1 − ν2
yκ2η

The displacement η is defined in Eq. (2.4.8.10). For κ � k0

σx = E

1 − ν2
yκ2η = E

1 − ν2
y

(
−∂2η

∂x2

)
(2.4.8.18)
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The shear stress is obtained from Eqs. (2.4.8.1), (2.4.8.2), and (2.4.8.9) as

τxy = G
{
−2iκαB cosh(αy) + C(β2 + κ2) cosh(βy)

}
· exp {i (ωt − κx)}

(2.4.8.19)

β2 + κ2 = 2[κ2 − k20(1 + ν)] (2.4.8.20)

The parameter C is given in Eq. (2.4.8.6). Equation (2.4.8.19) is rewritten as

τxy =G (−2iκα) B

{
cosh(α · y) − cosh (αh/2) cosh(βy)

cosh (βh/2)

}
· exp {i (ωt−κx)}

(2.4.8.21)
For αh/2 � 1 the cosh terms can be expanded in Taylor series as

cosh(α · y) = 1 + (α · y)2

2
+ · · ·

The expression inside the large bracket of Eq. (2.4.8.21) is using this expansion
written as

J = cosh(α · y) − cosh (αh/2) cosh(β · y)

cosh (βh/2)

≈ 1 + (α · y)2

2
−

[
1 + (α · h)2

8

]
·
[
1 + (β · y)2

2

]

1 + (α · h)2

8

≈ (α · y)2

2
+ (β · h)2

8
− (α · h)2

8
− (β · y)2

2
= (α2 − β2)

2

{
y2 −

(
h

2

)2
}

(2.4.8.22)

Equations (2.4.8.3), (2.4.8.4), and (2.4.8.22) give

J ≈ −k20(1 + ν)

(1 − ν)
· 1
2

{(
h

2

)2

− y2
}

(2.4.8.23)

The shear stress is consequently given by

τxy = − Ek20(1 + ν)

2(1 − ν2)
·
{(

h

2

)2

− y2
}

· exp {i (ωt − κx)}

·
{
−k2(1 + ν)

κ2

}
·
{
−iκ3αB

}
(2.4.8.24)
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This expression in combinationwith Eq. (2.4.8.12) finally gives the shear stress inside
a thin plate as

τxy = −
[(

h

2

)2

− y2
]

· E

2(1 − ν2)
· ∂3η

∂x3
(2.4.8.25)

2.4.9 Example 4.9

The wavenumber is according to the text given by

kx = ±
{
1

2

[
k2l + k2t /T

]
±
[
4κ4 + (k2l − k2t /T )2

]1/2}1/2
(2.4.9.1)

The wavenumber κ for bending waves is proportional to
√

f whereas kl and kt are
proportional to f . In the high-frequency range, for kl and kt � κ, the asymptotic
solutions to Eq. (2.4.8.1) are

kx = ±kl and kx = ±kt/
√

T

The first solution represents an L-wave. The second solution should equal the
wavenumber kr for a Rayleigh wave defined in Eq. (4.57). The equality kt/T = kr

gives according to Eq. (4.57)

kt/
√

T = Xrω
√

ρ/E where kt = ω
√
2(1 + ν)ρ/E

These expressions give

T = 2(1 + ν)/X2
r (2.4.9.2)

For ν = 0.3 the parameter Xr is given as 1.74 in Table4.2. The Timoshenko constant
T is thus obtained as 0.86 for ν = 0.3.

2.4.10 Example 4.10

According to Eq. (4.46) the normal and shear stresses are

σy = E

(1 + ν)(1 − 2ν)

{
ν

∂2φ

∂x2
+ (1 − ν)

∂2φ

∂y2
− (1 − 2ν)

∂2ψ

∂x∂y

}

(2.4.10.1)

http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_4
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τyx = E

2(1 + ν)

{
2
∂2φ

∂x2
+ ∂2ψ

∂y2
− ∂2ψ

∂x2

}
(2.4.10.2)

The boundary conditions are σy = 0 and τyx = 0 for y = 0. By inserting the
expressions given for φ and ψ in Eq. (2.4.10.1), the first boundary condition gives

B1eαh/2
[
(k2r − k2l )(1 − ν) − νk2r

]
= (−ikr )(1 − 2ν)βC2eβh/2 (2.4.10.3)

where

k2l = k20
(1 + ν)(1 − 2ν)

(1 − ν)
and k20 = ω2ρ/E (2.4.10.4)

Equation (2.4.10.3) is satisfied if

C2

B1
= i exp [h(α − β)/2]

{
k2r − k20(1 + ν)

}
krβ

(2.4.10.5)

The second boundary condition τyx = 0 for y = 0 gives

2(−ikrα)B1eαh/2 + C2eβh/2(β2 + k2r ) = 0 (2.4.10.6)

where

β2 = k2r − 2k20(1 + ν)

The ratio C2/B1 is from Eq. (2.4.10.6) obtained as

C2

B1
= exp [h(α − β)/2] (ikrα)[

k2r − k20(1 + ν)
] (2.4.10.7)

The results (2.4.10.5) and (2.4.10.7) must be identical for the boundary conditions
to be satisfied. Equality holds when

k2r αβ =
[
k2r − k20(1 + ν)

]2
(2.4.10.8)

The solution to Eq. (2.4.10.8) is the wavenumber for Rayleigh waves. Consequently,
the potentials φ and ψ given in the problem satisfy the boundary conditions σy = 0
and τyx = 0 for y = 0, i.e. on the surface of the semi-infinite solid.
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2.4.11 Example 4.11

The potentials governing the displacement induced by Rayleigh waves are according
to Eq. (4.68) given as

φ = Aeαyei(ωt−kr x)

ψ = i Aeβyei(ωt−kr x)
[
k2r − k20(1 − ν2)

]
/(krβ)

(2.4.11.1)

The normal and shear stresses are given by Eqs. (4.54) and (4.55) as

σx = E

(1 + ν) (1 − 2ν)

{
ν

∂2φ

∂y2
+ (1 − ν)

∂2φ

∂x2
− (1 − 2ν)

∂2ψ

∂x∂y

}

τxy = E

2 (1 + ν)

{
2

∂2φ

∂x∂y
+ ∂2ψ

∂y2
− ∂2ψ

∂x2

}
(2.4.11.2)

The displacements in the x- and y-directions are

ξ = ∂φ

∂x
+ ∂ψ

∂y
; η = ∂φ

∂y
− ∂ψ

∂x
(2.4.11.3)

For zero displacement in the z-direction, the time average of the intensity in the
x-direction is given by

I x = 1

2
Re

{−σx ξ̇ − τxy η̇
}

(2.4.11.4)

The intensity in the y-direction is

Īy = 1

2
Re

{−σy η̇
∗ − τxy ξ̇

∗} (2.4.11.5)

The intensity component Īy is equal to zero since there are no waves propagating
along the y-axis.

2.5 Chapter 5

2.5.1 Example 5.1

Notations—see Fig. 5.17.
The junction is hinged—no bending moment transferred from beam 1 to beam 2.

Only L-waves in beam 1. No force along the axis of beam 2. Thus only F-waves in
beam 2.

http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_5
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Beam 1 Incident and reflected L-waves. Time dependence eiωt .

ξ1 = e−ikx + A1eikx (2.5.1.1)

k-wavenumber for L-waves.
Beam 2 Transmitted F-waves. Time dependence eiωt .

w2 = A2e−iκx + A3eκy (2.5.1.2)

κ-wavenumber for F-waves.
Boundary conditions (x = 0; y = 0)

Displacement

ξ1 + w2 = 0 (2.5.1.3)

Bending moments

M = −D′ · ∂2w2

∂y2
= 0 (2.5.1.4)

Forces, x-direction

F1x + F2x = 0 (2.5.1.5)

F1x = hE · ∂ξ1

∂x
; F2x = −D′ · ∂3w2

∂y3

There are no forces in the y-direction.
Boundary condition (2.5.1.3) ⇒

1 + A1 + A2 + A3 = 0 (2.5.1.6)

Boundary condition (2.5.1.4) ⇒
A2 = A3 (2.5.1.7)

Boundary condition (2.5.1.5) ⇒

− i SEk [1 − A1] = i D′κ3 [A2 + i A3] (2.5.1.8)

Introduce the parameters

β = D′κ3

SEk
; S-cross section area of beam, S = b · h

D′ = b · h3E

12
; κ =

{
ρbh · ω2

D′

}1/4
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The incident and transmitted energy flows are

�̄in = ωEkS

2
; �̄trans = ωD′κ3 |A2|2 (2.5.1.9)

The ratio between the energy flows is

�̄in

�̄trans
= 1

2β |A2|2
(2.5.1.10)

The amplitude A2 is obtained from the Eqs. (2.5.1.6)–(2.5.1.8) as;

A2 = − 2

β + 2 + iβ
(2.5.1.11)

The results (2.5.1.10) and (2.5.1.11) give

�̄in

�̄trans
= (β + 2)2 + β2

8β
(2.5.1.12)

2.5.2 Example 5.2

Notations as in Example 5.1.
Beam 1 (incident and reflected F-waves)

w1 = e−iκx + A1eiκx + A2eκx (2.5.2.1)

Beam 2 (transmitted L-wave)

ξ2 = A3e−iky (2.5.2.2)

Boundary conditions (x = 0; y = 0)

w1 = ξ2 (2.5.2.3)

∂2w1

∂x2
= 0 (2.5.2.4)

F1y = F2y (2.5.2.5)

F1y = −D′ ∂3w1

∂x3
; F2y = SE

∂ξ2

∂y
(2.5.2.6)
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The incident and transmitted energy flows are

�̄in = ωD′κ3; �̄trans = ωEkS

2
· |A3|2 (2.5.2.7)

The amplitude A3 is obtained from the boundary conditions (2.5.2.3)–(2.5.2.5) as

A3 = − 4β

2 + β(i + i)
(2.5.2.8)

The results (2.5.2.7) and (2.5.2.8) give

�̄in

�̄trans
= 2β

|A3|2
= (2 + β)2 + β2

8β

The same result as for Problem 5.1.

2.5.3 Example 5.3

All plates are equal. Each plate equally excited by bending at the common junction.
The same wave field is induced in every plate.
Plate 1

Incident and reflected fields. Time dependence eiωt .

w1 = e−iκx + A1eiκx + A2eκx (2.5.3.1)

Plate n
Transmitted field. Time dependence eiωt .

wn = B1e−iκy + B2e−κy (2.5.3.2)

No translatory motion at junction.

w1 = 0 for x = 0; wn = 0 for yn = 0 (2.5.3.3)

The boundary conditions (2.5.3.3) give

1 + A1 + A2 = 0 or A2 = −1 − A1 (2.5.3.4)

B1 + B2 = 0 or B2 = −B1 (2.5.3.5)
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Rotation around the junction is the same for every plate. Thus

∂w1

∂x
= ∂wn

∂y
(2.5.3.6)

This boundary condition in combination with the expressions (2.5.3.1) and (2.5.3.2)
give

−1 + A1 − i A2 = −B1 + i B2

The results (2.5.3.3)–(2.5.3.6) give

A1 = −B1 − i (2.5.3.7)

The forcing bending moment is equal to the sum of the reacting moments

M1 =
N∑

n=2

Mn with Mn = −D · ∂2wn/∂x2 (2.5.3.8)

Equations (2.5.3.1), (2.5.3.2) and (2.5.3.8) give

− 1 − A1 + A2 = (N − 1)(−B1 + B2) (2.5.3.9)

Use the results (2.5.3.3), (2.5.3.4), (2.5.3.7), and (2.5.3.9) ⇒

B1 = 1 − i

N
(2.5.3.10)

The incident energy flow is �̄in = ωDκ3

Transmitted energy flow in beam n is

�̄trans = ωDκ3 · |B1|2 = �̄in · 2

N 2 (2.5.3.11)

The attenuation R across the junction between beam 1 and beam n is

R = 10 log(�̄in/�̄trans) = 10 log(N 2/2) (2.5.3.12)

2.5.4 Example 5.4

Assume a time dependence exp(iωt). Let the wavenumber for L-waves be k =
ω
√

ρ/E (Fig. 2.11).
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Fig. 2.11 An infinite beam with a discontinuity

Beam 1
Incident and reflected L-waves

ξ1 = e−ikx + R · eikx (2.5.4.1)

Beam 2
Transmitted and reflected L-waves

ξ2 = A′ · e−ikx + B ′ · eikx or

ξ2 = A sin(kx) + B cos(kx)
(2.5.4.2)

Beam 3
Transmitted L-wave

ξ3 = T · e−ik(x−L) (2.5.4.3)

Boundary conditions
At x = 0
Displacement

ξ1 = ξ2 (2.5.4.4)

Forces

h · ∂ξ1

∂x
= H · ∂ξ2

∂x
(2.5.4.5)

At x = L
Displacement

ξ1 = ξ2 (2.5.4.6)

Forces

H · ∂ξ2

∂x
= h · ∂ξ3

∂x
(2.5.4.7)
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The four boundary conditions give the parameters R, T , A, and B. The parameter
T is obtained as

T = [cosα + i sinα(h/H + H/h)/2]−1 where α = kL

The ratio between the time averages of the incident and transmitted energy flows are

�̄in

�̄trans
= 1

|T |2 = 1 +
[
sin(kL)

2

(
h

H
− H

h

)]2
(2.5.4.8)

Whenever α = kL = nπ, or when the wavelength is a multiple of the length L ,
there is no transmission loss across the discontinuity. Maximum transmission loss is
obtained for α = kL = nπ + π/2.

For kL � 1 sin(kL) ≈ kL . For this particular case Eq. (2.5.4.8) is approxi-
mated by

�̄in

�̄trans
≈ 1+[(kL/2) (h/H − H/h)]2 = 1+ ρ

4E
·
[

ωL

Hh
·
(

H2 − h2
)]2

(2.5.4.9)

2.5.5 Example 5.5

Assume a time dependence exp(iωt). Let thewavenumber for L-waves in beam 1 and
3 be k1 = ω

√
ρ1/E1. The wavenumber for L-waves in beam 2 is k2 = ω

√
ρ2/E2.

Beam 1
Incident and reflected L-waves

ξ1 = e−ik1x + R · eik1x (2.5.5.1)

Beam 2
Transmitted and reflected L-waves

ξ2 = A sin(k2x) + B cos(k2x) (2.5.5.2)

Beam 3
Transmitted L-wave

ξ3 = T · e−ik1(x−L) (2.5.5.3)
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Boundary conditions
At x = 0
Displacement

ξ1 = ξ2 (2.5.5.4)

Forces

h · E1
∂ξ1

∂x
= h · E2

∂ξ2

∂x
(2.5.5.5)

At x = L
Displacement

ξ1 = ξ2 (2.5.5.6)

Forces

h · E2
∂ξ2

∂x
= h · E1

∂ξ3

∂x
(2.5.5.7)

The four boundary conditions give the parameters R, T , A, and B. The parameter
T is obtained as

T = [cosα + i sinα(E1k1/E2k2 + E2k2/E1k1)/2]
−1 where α = k2L

The ratio between the time averages of the incident and transmitted energy flows are

�̄in

�̄trans
= 1

|T |2 = 1 +
[
sin(k2L)

2

(√
E1ρ1

E2ρ2
−
√

E2ρ2

E1ρ1

)]2
(2.5.5.8)

For an elastic interlayer between for example concrete or steel beams the properties
of the materials are such that E1ρ1 � E2ρ2. If in addition α � 1, Eq. (2.5.5.8) is
simplified to

�̄in

�̄trans
≈ 1 +

[
ωL

2E2
·√E1ρ1

]2
(2.5.5.9)

Compare Fig. 5.27.

2.5.6 Example 5.6

The width of structures is b. Assume b � 1 (Fig. 2.12)

http://dx.doi.org/10.1007/978-3-662-47807-3_5
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Fig. 2.12 Infinite beam with
a blocking mass

M = ρBbH ; m′ = ρBh

Iω = bB H3

12
· ρ = M H2

12
;

D′ = E Bh3

12
; κ =

[
m′ω2/D′]1/4

The mass of the blocking mass is M and its mass moment of inertis is Iω . The
bending stiffness of the beam is D′ and the wavenumber for F-waves propagating
along the beam is κ. If the blocking mass is sufficiently narrow, b � 1, the distance
between the beams can be neglected in the low frequency range. Assume a time
dependence exp(iωt).
Beam 1

Incident and reflected flexural waves

w1 = e−iκx + R · eiκx + X · eκx (2.5.6.1)

Beam 2
Transmitted flexural waves

w2 = T · e−iκx + Y · e−κx (2.5.6.2)

Boundary conditions at x = 0
Displacement

w1 = w2 (2.5.6.3)

Rotation

∂w1

∂x
= ∂w2

∂x
(2.5.6.4)

Forces

F2 − F1 = M · ẅ1 (2.5.6.5)
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Bending moments

M2 − M1 = −Iω · ∂2

∂t2

(
∂w1

∂x

)
(2.5.6.6)

Equation (2.5.6.5) ⇒

∂3w2

∂x3
− ∂3w1

∂x3
= ω2M

D′ · w1 (2.5.6.7)

Equation (2.5.6.6) ⇒

ω2 · Iω · ∂w2

∂x
= −D′ ·

{
∂2w2

∂x2
− ∂2w1

∂x2

}
(2.5.6.8)

The boundary conditions give the amplitudes R, T , X and Y . The ratio between
incident and transmitted energy flows is given by

�̄in/�̄tr = 1/ |T |2 (2.5.6.9)

2.5.7 Example 5.7

The direction of the energy flow caused by a propagating and an evanescent wave is
discussed in Sect. 5.2. Compare the Eqs. (5.35) and (5.36). The energy flow induced
by just one evanescent wave is obtained by considering a wave defined as:

w = A · exp {iωt − κx} (2.5.7.1)

The wavenumber is given by κ = κ0(1 − iη/4). Thus

w = A · exp {i(ωt + κ0xη/4) − κ0x} (2.5.7.2)

Using the expression (2.5.7.2) and considering the discussion in Sect. 5.2, the energy
flow is written

�̄ = 1

2
· Re

{
D′ ·

(
∂3w

∂x3

)(
∂w

∂t

)∗
− D′ ·

(
∂2w

∂x2

)(
∂2w

∂x∂t

)∗}

= 1

2
· Re

{
D′ · (−κ3) · w(−iω)w∗ − D′ · κ2 · (iωκ∗)ww∗}

= 1

2
· Re

{
D′ · |w|2 · ω

[
iκ3 − iκ2κ∗]} (2.5.7.3)

http://dx.doi.org/10.1007/978-3-662-47807-3_5
http://dx.doi.org/10.1007/978-3-662-47807-3_5
http://dx.doi.org/10.1007/978-3-662-47807-3_5
http://dx.doi.org/10.1007/978-3-662-47807-3_5
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For η � 1

κ3 ≈ κ3
0(1 − i3η/4) (2.5.7.4)

κ2 ≈ κ2
0(1 − iη/2)

κ∗ ≈ κ0(1 + iη/4)

}
; κ2κ∗ ≈ κ3

0(1 − iη/4) (2.5.7.5)

The Eqs. (2.5.7.3)–(2.5.7.5) give

�̄ = 1

2
· Re

[
D′ · |w|2 ωκ3

0 {i + 3η/4 − i − η/4}
]

(2.5.7.6)

The bending stiffness is D′ = D′
0(1+ iη) and |w|2 = |A|2 · e−2κ0x . In combination

with Eq. (2.5.7.6) these expressions give

�̄ = η

4
· D′

0 · ωκ3
0 · |A|2 · e−2κ0x

The energy flow is positive. ⇒ The wave travels along the positive x-axis.

2.5.8 Example 5.8

According to Eq. (5.50) the far field solution is

w(r, t) =
√

2

πκr

{
(1 + i)√

2
e−iκr − ie−κr

}
w0eiωt

≈
{

(1 + i)√
πκr

}
w0 · exp [i(ωt − κr)] (2.5.8.1)

for r � 1. The amplitude w0 is obtained from Eq. (5.53) as

w0 = −i F0/(8κ
2D) (2.5.8.2)

when F and w are defined positive in the same direction. The far field solution at a
distance r from the excitation point is

w(r, t) = F0

8κ2D

{
(1 − i)√

πκr

}
· exp [i(ωt − κr)] (2.5.8.3)

2.5.9 Example 5.9

From Eq. (2.5.9.3) in the previous example, the displacement in far field at a distance
r from an excitation point is

http://dx.doi.org/10.1007/978-3-662-47807-3_5
http://dx.doi.org/10.1007/978-3-662-47807-3_5
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w(r, t) = F0

8κ2D

{
(1 − i)√

πκr

}
· exp [i(ωt − κr)] (2.5.9.1)

The force exciting the plate is F(t) = F0 exp(iωt). In the far field, the energy flow
per unit length is Eq. (5.55)

�̄r = 1

2
· Re

{
D ·

(
∂3w

∂r3

)(
∂w

∂t

)∗
− D · ∂2w

∂r2

(
∂2w

∂r∂t

)∗}
(2.5.9.2)

The total power passing a circle with radius r is

�̄tot = 2πr · �̄r (2.5.9.3)

Using Eq. (2.5.9.3) the derivatives of w are, for r → ∞, given by

∂w

∂r
= (−iκ) w; ∂2w

∂r2
= −κ2w; ∂3w

∂r3
= iκ3w

These expressions in combination with Eq. (2.5.9.2) give

�̄r = Dκ3ω |w|2 = |F0|2 ω

32πDκ2r
(2.5.9.4)

The total power passing a circle with radius r is from Eq. (2.5.9.3) equal to

�̄tot = |F0|2 ω

16Dκ2 =
∣∣F̄∣∣2 ω

8Dκ2 (2.5.9.5)

According to Eq. (5.54) the point mobility Y for an infinite plate is

Y = 1

8 (ρh D)1/2
(2.5.9.6)

For a plate exited by a point force F = F0 · eiωt the input power to the plate is

�̄in = 1

2
Re

{
F · v∗} ; v = F · Y ⇒

�̄in = |F0|2
2

· ReY = |F0|2
16 (ρh D0)

1/2 = |F0|2
16D0κ2 =

∣∣F̄∣∣2
8D0κ2 (2.5.9.7)

For no losses in the plate �̄tot = �̄in as given by Eqs. (2.5.9.5) and (2.5.9.7).

http://dx.doi.org/10.1007/978-3-662-47807-3_5
http://dx.doi.org/10.1007/978-3-662-47807-3_5
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2.5.10 Example 5.10

A plane flexural wave is incident on a straight junction between two semi infinite
plates. The angle of incidence is α. The angle is such that sinα > κ2/κ1 where
κ1 and κ2 are the wavenumbers for flexural waves propagating in the plates 1 and
2. The incident wave is propagating in plate 1.The amplitudes of the reflected and
transmitted waves are given in Eq. (5.126) as

R = −U1 − iU3

U1 − iU2
(2.5.10.1)

T = 2i cosα

U1 − iU2
(2.5.10.2)

where according to Eq. (5.125)

U1 =
√

Z2 + sin2 α + Y
√
1 + sin2 α; U2 = Y cosα − i

√
sin2 α − Z2

U3 = −Y cosα − i
√
sin2 α − Z2; sinα > κ2/κ1 (2.5.10.3)

Equations (2.5.10.1) and (2.5.10.3) give

R = −U1 −
√
sin2 α − Z2 + iY cosα

U1 −
√
sin2 α − Z2 − iY cosα

Thus

|R|2 = (U1 −
√
sin2 α − Z2)2 + (Y cosα)2

(U1 −
√
sin2 α − Z2)2 + (Y cosα)2

= 1 (2.5.10.4)

The incident energy flow is reflected completely when sinα > κ2/κ1.

2.5.11 Example 5.11

According to Eq. (5.129) the transmission cofficient across the joint is

τ (α) = 1 − |R|2 (2.5.11.1)

The angle of incidence is α. The amplitude of the reflected wave is

R = −U1 − iU3

U1 − iU2
(2.5.11.2)

http://dx.doi.org/10.1007/978-3-662-47807-3_5
http://dx.doi.org/10.1007/978-3-662-47807-3_5
http://dx.doi.org/10.1007/978-3-662-47807-3_5
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with

U1 =
√

Z2 + sin2 α + Y
√
1 + sin2 α; U2 =

√
Z2 − sin2 α + Y cosα

U3 =
√

Z2 − sin2 α − Y cosα (2.5.11.3)

For sinα < κ2/κ1 the functionsU1,U2 andU3 are all real. Thus using Eqs. (2.5.11.1)
and (2.5.11.2) the transmission coefficient is obtained as

τ (α) = 1 − |R|2 = U 2
2 − U 2

3

U 2
1 + U 2

2

(2.5.11.4)

Equations (2.5.11.4) and (2.5.11.3) give

τ (α) = 4Y cosα
√

Z2 − sin2 α

U 2
1 + U 2

2

(2.5.11.5)

According to Eq. (5.126) |T |2 is

|T |2 = 4 cos2 α

U 2
1 + U 2

2

(2.5.11.6)

This expression in combination with Eq. (2.5.11.5) gives

τ (α) = |T |2 Y

√
Z2 − sin2 α

cosα
(2.5.11.7)

2.5.12 Example 5.12

The transmission coefficient between the two plates is given by Eqs. (2.5.11.7) and
(2.5.11.6) in the previous example. The coupled semi-infinite plates are identical.
Thus according to Eq. (5.125) the parameters Y and Z are both equal to unity. For
Y = Z = 1 the Eqs. (2.5.11.6) and (2.5.11.7), Example 5.11, give

τ (α) = |T |2 = (cosα)2/2 (2.5.12.1)

For normal incidence α = 0 and τ (0) = 1/2. The average transmission coefficient
τ̄ is according to Eq. (5.133)

τd =
∫ π/2

0
τ (α) cosαdα (2.5.12.2)

http://dx.doi.org/10.1007/978-3-662-47807-3_5
http://dx.doi.org/10.1007/978-3-662-47807-3_5
http://dx.doi.org/10.1007/978-3-662-47807-3_5
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The Eqs. (2.5.12.1) and (2.5.12.2) give

τd =
∫ π/2

0
τ (α) cosαdα = 1

2

∫
dα

[
cosα − sin2 α

]

= 1

2

[
sinα − (sinα)3/3

]π/2

0
= 1/3 (2.5.12.3)

The ratio between the transmission coefficients for random and normal incidence is
thus

τd/τ (0) = 2/3 (2.5.12.4)

2.6 Chapter 6

2.6.1 Example 6.1

The wave equation governing L-waves propagating in a beam is

∂2ξ

∂x2
− ρ

E
· ∂2ξ

∂t2
= 0 (2.6.1.1)

Assume a solution

ξ(x, t) = g(t) · ϕ(x) (2.6.1.2)

Thus, as discussed in Sect. 6.1

d2ϕ

dx2
+ k2 · ϕ = 0 (2.6.1.3)

d2g

dx2
+ E

ρ
· k2g = 0 (2.6.1.4)

The general solution to Eq. (2.6.1.3) is written

ϕ = A sin(kx) + B cos(kx) (2.6.1.5)

The boundary conditions for clamped edges are

ϕ = 0 for x = 0 and x = L (2.6.1.6)

http://dx.doi.org/10.1007/978-3-662-47807-3_6
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The Eqs. (2.6.1.5) and (2.6.1.6) give

B = 0; sin(kL) = 0 ⇒ k = nπ/L (2.6.1.7)

Thus

ϕn = sin(nπx/L) (2.6.1.8)

According to Eqs. (6.19) and (6.22) the natural frequencies or eigenfrequencies are

fn = ωn0

2π
= kn

2π
·
{

E0

ρ

}1/2
= n

2L
·
{

E0

ρ

}1/2
(2.6.1.9)

The eigenfunctions ϕn are orthogonal since

∫ L

0
ϕn(x)ϕm(x)dx = L/2 for m = n

= 0 for m �= n (2.6.1.10)

2.6.2 Example 6.2

Following the procedure outlined in Example 6.1, the general solution to the differ-
ential equation (2.6.2.3) in the previous example is written

ϕ = A sin(kx) + B cos(kx) (2.6.2.1)

The boundary conditions are

ϕ = 0 for x = 0 and dϕ/dx = 0 for x = L (2.6.2.2)

The Eqs. (2.6.2.1) and (2.6.2.2) give

B = 0; cos(kL) = 0 ⇒ kn = π(n + 1/2)/L (2.6.2.3)

Thus

ϕn = sin(kn x) (2.6.2.4)

According to Eqs. (6.19) and (6.22) the natural frequencies or eigenfrequencies are

fn = ωn0

2π
= kn

2π
·
{

E0

ρ

}1/2
= n + 1/2

2L
·
{

E0

ρ

}1/2
(2.6.2.5)

http://dx.doi.org/10.1007/978-3-662-47807-3_6
http://dx.doi.org/10.1007/978-3-662-47807-3_6
http://dx.doi.org/10.1007/978-3-662-47807-3_6
http://dx.doi.org/10.1007/978-3-662-47807-3_6
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The eigenfunctions ϕn are orthogonal since

∫ L

0
ϕn(x)ϕm(x)dx = L/2 for m = n

= 0 for m �= n (2.6.2.6)

2.6.3 Example 6.3

The displacement ξ in the resiliently mounted beam is defined as

ξ(x, t) = ϕ(x) · g(t) (2.6.3.1)

The function ϕ should satisfy the differential equation

d2ϕ

dx2
+ k2ϕ = 0 (2.6.3.2)

Let the stiffness of each resilient mount be defined by the spring constant ks . At each
end of the beam, the force due to the normal stress in the beam should equal the
spring force. Thus the boundary condition at each end of the beam is

ksξ = σS = E S
∂ξ

∂x
at x = 0 (2.6.3.3)

At the other end the boundary condition is

ksξ = −σS = −E S
∂ξ

∂x
at x = L (2.6.3.4)

The cross-sectional area of the beam is S. The Eqs. (2.6.3.1), (2.6.3.3) and (2.6.3.4)
give the boundary condition

ϕ = E S

ks
· dϕ
dx

at x = 0 (2.6.3.5)

and

ϕ = − E S

ks
· dϕ
dx

at x = L (2.6.3.6)
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The general solution to Eq. (2.6.3.2) reads

ϕ(x) = A sin(kx) + B cos(kx) (2.6.3.7)

Equations (2.6.3.5) and (2.6.3.7) give for x = 0

A = ks B/(SEk) (2.6.3.8)

and for x = L

SE

ks
[Ak cos(kL) − Bk sin(kL)] + A sin(kL) + B cos(kL) = 0 (2.6.3.9)

The Eqs. (2.6.3.8) and (2.6.3.9) give

2 · SEk

ks
· cos(kL) =

[(
SEk

ks

)2

− 1

]
· sin(kL)

There is an infinite number of solutions to this equation. Let the solutions be kn and
define αn as αn = kn L as being the solution to

tan(αn) =
2 · SEαn

Lks[(
SEαn

Lks

)2

− 1

] (2.6.3.10)

The eigenfunctions ϕn are obtained from (2.6.3.7) and (2.6.3.8) by replacing k by
kn . Thus

ϕn = A(SEkn/ks) cos(kn x) + A sin(kn x) (2.6.3.11)

By for example setting A = 1 the eigenfunction is reduced to

ϕn(x) = sin(kn x + γn) tan γn = SEkn

ks
(2.6.3.12)

The eigenfunctions are orthogonal since the Eq. (6.17) is satisfied.
When the stiffness of the resilient interlayer is made increasingly stiff or when

ks → ∞, then tan(αn) → 0 and tan(γn) → 0 giving αn = γn = nπ/L and
ϕn = sin(nπx/L). This is the eigenfunction for a beam with clamped ends. If on the
other hand, ks → 0 the ends tend to be free and ϕn → cos(kn x).

http://dx.doi.org/10.1007/978-3-662-47807-3_6
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2.6.4 Example 6.4

For an eigenfunction to satisfy periodic boundary conditions the requirements are

ϕn(0) = ϕn(L) (2.6.4.1)

[∂ϕn/∂x]x=0 = [∂ϕn/∂x]x=L (2.6.4.2)

The eigenfunctions should satisfy Eq. (6.11). The general solution to this equation
reads

ϕn(x) = An sin(kn x) + Bn cos(kn x) or

ϕn(x) = Cn sin(kn x + αn) (2.6.4.3)

For ϕn to satisfy Eqs. (2.6.4.1) and (2.6.4.2) kn must equal kn = nπ/L . The bound-
ary conditions are then satisfied by Eq. (2.6.4.3) for any An , Bn , Cn or αn . For an
eigenfunction ϕn(x) = sin(kn x + αn) orthogonality holds since

∫ L

0
ϕn(x)ϕm(x)dx =

∫ L

0
sin(kn x + αn) sin(km x + αm)dx

= (1/2)
∫ L

0
{cos [x(kn − km) + (αn − αm)] − cos [x(kn + km) + (αn + αm)]}

= 0 for m �= n

= L/2 for m = n > 0

= L(sinα0)
2 for m = n = 0

2.6.5 Example 6.5

The clamped beam shown in Fig. 2.13 is excited by a force F = F0 · eiω t at x = x1.
The forced response of the beam is

ξ(x, t) = h(x) · eiω t (2.6.5.1)

Fig. 2.13 A clamped beam
excited by a force F

http://dx.doi.org/10.1007/978-3-662-47807-3_6
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The displacement ξ(x, t) should satisfy the wave equation

∂2ξ

∂x2
− ρ

E
· ∂2ξ

∂t2
= − F · δ(x − x1)

SE
(2.6.5.2)

Consequently,

d2h

dx2
+ k2 · h = − F0 · δ(x − x1)

SE
; k2 = ω2ρ

E
(2.6.5.3)

The solutions to Eq. (2.6.5.3) are

h− = A1 sin(kl x) + B1 cos(kl x) 0 � x � x1 (2.6.5.4)

h+ = A2 sin kl(L − x) + B2 cos kl(L − x) x1 � x � L (2.6.5.5)

The boundary conditions are

h−(0) = 0 (2.6.5.6)

h+(L) = 0 (2.6.5.7)

h−(x1) = h+(x1) (2.6.5.8)

[
dh+
dx

]
x=x1

−
[
dh−
dx

]
x=x1

= − F0

SE
(2.6.5.9)

The Eqs. (2.6.5.6)–(2.6.5.9) give

B1 = 0 (2.6.5.10)

B2 = 0 (2.6.5.11)

A1 sin(kl x1) = A2 sin kl(L − x1) (2.6.5.12)

kl [A2 cos kl(L − x1) + A1 cos(kl x1)] = F

SE
(2.6.5.13)

The solutions are

A2 = F0 · sin(kl x1)

SEkl sin(kl L)
(2.6.5.14)

A1 = F0 · sin kl(L − x1)

SEkl sin(kl L)
(2.6.5.15)
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The response is

ξ(x, t) = F0(x) · eiω t · G(x |x1 )

G(x |x1 ) = G1(x |x1 ) = sin(kl x1) · sin kl(L − x)

SEkl sin(kl L)
0 � x1 � x � L

G(x |x1 ) = G2(x |x1 )
sin kl(L − x1) · sin(kl x)

SEk sin(kl L)
0 � x � x1 � L

2.6.6 Example 6.6

The response ξ of the beam excited by a force F ′is according to Eq. (6.51) given by

ξ(x, t) =
∫ L

0
F ′(ς, t)G(x |ς)dς =

∫ x

0
F ′(ς, t)G1(x |ς)dς +

∫ L

x
F ′(ς, t)G2(x |ς)dς

(2.6.6.1)
The Green’s function for a beam with clamped ends is given in Eq. (6.53). Thus, the
response is given by

ξ(x, t) = − F0

L
· eiω t · 1

SEkl sin(kl L)
·

{∫ x

0
dς · sin(klς) · sin kl(x − L) +

∫ L

x
dς · sin kl(ς − L) · sin(kl x)

}

= − F0

L
· eiω t · 1

SEkl sin(kl L)
· Ω(x)

(2.6.6.2)
The function Ω(x)is

Ω(x) = 1

k
· { sin kl(x − L) · [ 1 − cos(kl x)] + sin(kl x) · [ cos kl(x − L) − 1]}

= 1

k
· { sin(kl L) + sin kl(x − L) − sin(kl x)}

(2.6.6.3)
The Eqs. (2.6.6.2) and (2.6.6.3) give the response of the beam as

ξ(x, t) = − F0

L
· eiω t · 1

SEk2 sin(kl L)
· { sin(kl L) + sin kl(x − L) − sin(kl x)}

(2.6.6.4)

http://dx.doi.org/10.1007/978-3-662-47807-3_6
http://dx.doi.org/10.1007/978-3-662-47807-3_6
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2.6.7 Example 6.7

The differential equation governing the response of the beam is

∂2ξ

∂x2
− ρ

E
· ∂2ξ

∂t2
= − F ′(x, t)

SE
(2.6.7.1)

The external force per unit length is

F ′(x, t) = F

L
· eiω t · sin

(πx

L

)
(2.6.7.2)

The response is written as

ξ(x, t) = eiω t ·
∑

Cn · ϕn(x) (2.6.7.3)

where the eigenfunction satisfying the boundary conditions for a clamped beam is

ϕn(x) = sin (nπx/L) (2.6.7.4)

The eigenfunction satisfies

ϕ′′
n(x) = −k2nϕn; kn = nπ/L (2.6.7.5)

ξ and ϕn satisfy the same boundary conditions. The Eqs. (2.6.7.1)–(2.6.7.3) give

∑
Cn · ϕ′′

n + k2l
∑

Cn · ϕn = − F

SE L
· sin

(πx

L

)
∑

Cn · ϕn ·
[

k2l − k2n
]

= − F

SE L
· sin

(πx

L

)
(2.6.7.6)

Multiply Eq. (2.6.7.6) by ϕn and integrate over x . The result is

Cn 〈ϕn| ϕn〉 ·
[

k2l − k2n
]

= − F

SE L
·
∫ L

0
dx · sin

(nπx

L

)
· sin

(πx

L

)

Cn · L

2
·
[

k2l − k2n
]

= − F

SE L
· L

2
for n = 1, otherwise zero. Thus

C1 = −F

SE L · [ k2l − k21]
; Cn = 0 for n �= 1 (2.6.7.7)

The Eqs. (2.6.7.3) and (2.6.7.7) give the response as

ξ(x, t) = −F · eiω t · sin (πx/L)

SE L · [ k2l − (π/L)2
] (2.6.7.8)
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Fig. 2.14 A beam clamped
at one end and excited by a
force at the other end

2.6.8 Example 6.8

The displacement ξ of the beam is governed by the differential equation (Fig. 2.14)

∂2ξ

∂x2
− ρ

E
· ∂2ξ

∂t2
= − F(t) · δ(x − L)

SE
(2.6.8.1)

For t � 0 the beam is at rest and ξ̇ = ξ̈ = 0. For t � 0 the general solution to
Eq. (2.6.8.1) is ξ = Ax + B. The beam is clamped at x = 0. Thus ξ(0) = 0 yields
B = 0. For x = L the boundary condition is

(
dξ

dx

)
x=L

= F

SE
⇒ ξ(x, 0) = Fx

SE
(2.6.8.2)

According to Eq. (6.13) the eigenfunction for a clamped-free beam is

ϕn(x) = sin(kn x); kn = (π/L)(n + 1/2) (2.6.8.3)

For t > 0 the external force F(t) is zero. The displacement of the beam is for t > 0
written as

ξ(x, t) =
∑

gn(t) · ϕn(x) (2.6.8.4)

The function gn(t) satisfies the differential equation (6.18), i.e.

k2ngn + (ρ/E)g̈n = 0; E = E0(1 + iη) (2.6.8.5)

Introduce ωn as

ωn = (E/ρ)1/2 · kn = (E0/ρ)1/2 · (1 + iη/2) kn = ωn0 · (1 + iη/2)

ωn0 = (E0/ρ)kn (2.6.8.6)

The solution to Eq. (2.6.8.5) can according to Eq. (6.20) be written as

gn(t) = [An cos(ω0nt) + Bn sin(ωn0t)] · e−ωn0ηt/2 (2.6.8.7)

http://dx.doi.org/10.1007/978-3-662-47807-3_6
http://dx.doi.org/10.1007/978-3-662-47807-3_6
http://dx.doi.org/10.1007/978-3-662-47807-3_6
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The initial condition is ξ̇(x, 0) = 0. Equation (2.6.8.4) gives ġn(0) = 0. From
Eq. (2.6.8.7) Bn = 0 and gn(0) = An . The Eqs. (2.6.8.2), (2.6.8.4), and (2.6.8.7)
give

ξ(x, 0) =
∑

An · ϕn(x) = Fx

SE
(2.6.8.8)

The eigenfunctions are orthogonal thus

An 〈ϕn | ϕn〉 = F

SE
·
∫ L

0
dx · x · sin (kn x)

An · (L/2) = F

SEk2n
· sin [π(n + 1/2)] (2.6.8.9)

The response for t > 0

ξ(x, t) =
∑

An · ϕn(x) · cos(ω0nt) · e−ω0ηt/2 (2.6.8.10)

with

An = 2F L

SEπ2(n + 1/2)2
· (−1)n;

ϕn(x) = sin [(x/L)(n + 1/2)] ; ω0n = (π/L)(n + 1/2)
√

E0/ρ

2.6.9 Example 6.9

The differential equation governing the displacement of a beam which is excited by
a force at mid-point is

∂2ξ

∂x2
− ρ

E

2 · ∂2ξ

∂t2
= − F0 · δ(x − L/2)

SE
· exp(iω0t) (2.6.9.1)

Assume a solution

ξ(x, t) = exp(iω0t) ·
∑

Cn · ϕn(x) (2.6.9.2)

where the eigenfunctions for the clamped been are

ϕn(x) = sin (kn x) ; kn = nπ

L
(2.6.9.3)

The eigenfunction satisfies the equation

ϕ′′
n(x) = −k2nϕn (2.6.9.4)
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The eigenfunction ϕn(x) and ξ(x) satisfy the same boundary conditions. Thus
Eq. (2.6.9.2) can be inserted in Eq. (2.6.9.1) giving the result

∑
Cn · ϕn

[
k2l − k2n

]
= − F

SE
· δ(x − L/2) (2.6.9.5)

where k2 = ω2
0ρ/E . Equation (2.6.9.5) is multiplied by ϕn and integrated over x .

(Cn L/2) ·
[

k2l − k2n
]

= − [F/(SE)] · sin (nπ/2) (2.6.9.6)

The Eqs. (2.6.9.2) and (2.6.9.6) give

ξ(x, t) = 2F · exp(iω0t)

SE L
·

∞∑
n=1

sin(nπx/L) sin(nπ/2)

(nπ/L)2 − k2l
(2.6.9.7)

For frequencies well below the first natural frequency kl � π/L , Eq. (2.6.9.7) is
written

ξ(x, t) = 2F · exp(iω0t)

SE L

{
sin(πx/L)

(π/L)2 − k2l
− sin(3πx/L)

(3π/L)2 − k2l

+ sin(5πx/L)

(5π/L)2 − k2l
· · ·

}

Thus for kl � π/L the response is approximately given by

ξ(x, t) ≈ 2F · exp(iω0t)

SE L

{
sin(πx/L)

(π/L)2

}
(2.6.9.8)

2.6.10 Example 6.10

The velocities and forces at the two ends of the coupled beams are related as
(Fig. 2.15)

Fig. 2.15 Two coupled
beams. Beam 1 is mounted
to an infinitely stiff structure
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{
v2
F2

}
= [A]2 · [A]1 ·

{
v1
F1

}
= [B] ·

{
v1
F1

}
(2.6.10.1)

Since S1 = 4S2 the matrices [A]1 and [A]2 are written

[A]1 =
[

a11 a12
a21 a22

]
; [A]2 =

[
a11 a12
4a21 a22

]
(2.6.10.2)

The elements ai j are defined in Eq. (6.110) as

a11 = a22 = cos(kl L); a12 = −iω sin(kl L)/(SEkl);
a21 = −i SEkl sin(kl L)/ω

(2.6.10.3)

Equation (2.6.10.1)

⇒ v2 =B11 · v1 + B12 · F1 (2.6.10.4)

F2 =B21 · v1 + B22 · F1 (2.6.10.5)

The boundary conditions are F2 = v1 = 0. Equation (2.6.10.5) gives

B22 · F1 = 0 and B22 = 0

According to the Eqs. (2.6.10.1) and (2.6.10.2), B22 is

B22 = a12 · a21/4 + a2
22 (2.6.10.6)

Equations (2.6.10.3) and (2.6.10.6) give for B22 = 0.

− [sin(kl L)]2 /4 + [cos(kl L)]2 = 0 (2.6.10.7)

The solution to Eq. (2.6.10.7) is

tan(kl L) = ±2; kl1L = arctan(2) ≈ 1.1 (2.6.10.8)

The first eigenfrequency f1 is

f1 = kl1

(2π)
·
√

E0

ρ
≈ 1.1

(2πL)
·
√

E0

ρ
(2.6.10.9)

http://dx.doi.org/10.1007/978-3-662-47807-3_6
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Fig. 2.16 A beam mounted
between two structures each
having a point mobility Y

(a)

(b)

2.6.11 Example 6.11

The forces acting on the beam and the resulting velocities are shown in Fig. 2.16b.
The velocities at the two ends are according to Eqs. (6.95) and (6.96) given by

v̂1 = −F̂1 · Y11 + F̂2 · Y21 (2.6.11.1)

v̂2 = F̂2 · Y22 − F̂1 · Y12 (2.6.11.2)

where

Y11 = Y22 = − iω

SEkl tan(kl L)
and Y12 = Y21 = − iω

SEkl sin(kl L)
(2.6.11.3)

The mobility of the adjoining structure is Y . According to Fig. 2.16b

v̂1 = F̂1 · Y and v̂2 = −F̂2 · Y (2.6.11.4)

Equations (2.6.11.1), (2.6.11.2), and (2.6.11.4) give

F̂1 · Y = −F̂1 · Y11 + F̂2 · Y21 (2.6.11.5)

− F̂2 · Y = F̂2 · Y22 − F̂1 · Y12 (2.6.11.6)

By eliminating F̂1 and F̂2 from Eqs. (2.6.11.4) and (2.6.11.5) the result is

Y + Y11

Y12
= Y21

Y + Y22
(2.6.11.7)

If Y is known the frequency or rather the natural frequency satisfying Eq. (2.6.11.7)
can be calculated numerically. For the special case that the adjoining structure is a
rigid mass M then F̂ = iωM v̂ and Y = v̂/F̂ = 1/(iωM). For this particular case
Eq. (2.6.11.7) gives:

http://dx.doi.org/10.1007/978-3-662-47807-3_6
http://dx.doi.org/10.1007/978-3-662-47807-3_6
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Fig. 2.17 Stiff mass
mounted on a rod

(a) (b)

[
SEkl sin(kl L) + ω2M cos(kl L)

]
= ±ω2M (2.6.11.8)

As M → ∞, Eq. (2.6.11.8) approaches cos(kl L) = ±1. The solution to this limiting
case is kl L = nπ and the resulting eigenfrequencies are fn = [n/(2L)]

√
E0/ρ.

These are also the eigenfrequencies for a clamped beam. For M = 0 Eq. (2.6.11.8)
reads sin(kl L) = 0 giving the eigenfrequencies for a free beam. The solution is again
kl L = nπ. The corresponding eigenfrequencies are fn = [n/(2L)]

√
E0/ρ.

2.6.12 Example 6.12

According to Fig. 2.17.

F − F1 = iωM · ν1 (2.6.12.1)

v1 = F1 · Y12 + F2 · Y22 (2.6.12.2)

v2 = F1 · Y12 + F2 · Y22 (2.6.12.3)

v2 = −F2 · Y (2.6.12.4)

Y is the mobility of the foundation. The transfer mobilities Yi j are given by
Eq. (6.96) as

Y11 = Y22 = − iω

SEkl · tan(kl L)
(2.6.12.5)

Y21 = Y12 = − iω

SE Kl · sin(kl L)
(2.6.12.6)

http://dx.doi.org/10.1007/978-3-662-47807-3_6
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Fig. 2.18 Two coupled
beams. One end clamped and
the other excited by a force

The Eqs. (2.6.12.1) through (2.6.12.4) give

F2 = F

{
iωM · [Y12 · Y21 − Y22 · Y11]

Y12
− iωM · Y11 · Y

Y12
− [Y22 + Y ]

Y12

}−1

(2.6.12.7)
The Eqs. (2.6.12.5)–(2.6.12.7) give

F2 =F ·
{

ω2M · sin(kl L)

SEkl
− cos(kl L)

+ i ·
[

Y SEkl · sin(kl L)

ω
− ωMY · cos(kl L)

]}−1

(2.6.12.8)

The power induced in the plate is

�̄in = 1

2
· Re · { F2 · v∗

2

} = |F2| 2
2

· ReY

2.6.13 Example 6.13

The displacements in the beams are (Fig. 2.18)
Beam 1

ξ1 = A1 sin(k1x) + B1 cos(k1x); 0 � x � L1 (2.6.13.1)

Beam 2

ξ2 = A2 sin [k2(x − L1)]+ B2 cos [k2(x − L1)] ; L1 � x � L1 + L2 (2.6.13.2)

The boundary conditions are:

ξ1 = 0 for x = 0 (2.6.13.3)

ξ1 = ξ2 for x = L1 (2.6.13.4)

S1E1
∂ξ1

∂x
= S2E2

∂ξ2

∂x
for x = L1 (2.6.13.5)

F = S2E2
∂ξ2

∂x
for x = L1 + L2 (2.6.13.6)
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The boundary conditions (2.6.13.3)–(2.6.13.6) give when introducing α = k1L1 and
β = k2L2

B1 = 0 (2.6.13.7)

A1 sinα = B2 (2.6.13.8)

S1E1k1A1 cosα = S2E2k2A2 (2.6.13.9)

S2E2k2 [A2 cosβ − B2 sin β] = F (2.6.13.10)

The Eqs. (2.6.13.8)–(2.6.13.10) give

A1 = F/ [S1E1k1 cosα cosβ − S2E2k2 sinα sin β] (2.6.13.11)

The velocity v1 at the junction between the two beams is v1(L1) = iωξ1(L1). Thus
from Eqs. (2.6.13.1), (2.6.13.7) and (2.6.13.11)

v1(L1) = iωF sinα/ [S1E1k1 cosα cosβ − S2E2k2 sinα sin β] (2.6.13.12)

2.6.14 Example 6.14

The external force exciting the beam at x = L/2 is F(t) = F0 exp(iωt). As defined
by Eq. (6.110) a transfer matrix [A] for a straight and homogeneous beam of length
L/2 is given by

[A] =
[
cosα −iω sinα/Λ

−iΛ sinα/ω cosα

]
(2.6.14.1)

where α = kL/2 and Λ = SEk and k the wavenumber for L-waves. The velocities
v1 and v2 are equal to zero for the beam being clamped. The displacement of beam 1
is

ξ(x, t) = 1

iω
· v0(t) sin(kx)

sinα
(2.6.14.2)

where v0(t) is the velocity at the excitation point. According to Eq. (6.116) velocities
and forces shown in Fig. 2.19 are related as

{
v2
F2

}
= [A] · [A]

{
v1
F1

}
+ [A]

{
0
F

}
(2.6.14.3)

where F is the external force. However the beam is clamped. Thus v1 = v2 = 0.
Equation (2.6.14.3) gives

http://dx.doi.org/10.1007/978-3-662-47807-3_6
http://dx.doi.org/10.1007/978-3-662-47807-3_6
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Fig. 2.19 A clamped beam excited at midpoint

F1 = −F · sinα/ sin(2α) (2.6.14.4)

F2 = F1 · cos(2α) + F · cosα = F [cosα − sinα · cos(2α)/ sin(2α)]

= F · sinα/ sin(2α) (2.6.14.5)

For beam 1
{

v0
Fx

}
= [A] ·

{
v1
F1

}
(2.6.14.6)

where Fx is the force acting on the beam at the excitation point. For v1 Eq. (2.6.14.6)
gives

v0 = cosα · v1 − iω sinαF1/Λ = iω(sinα)2F/ [sin(2α)] (2.6.14.7)

The displacement for beam element 1 is obtained from Eqs. (2.6.14.2) and (2.6.14.7)
as

ξ(x, t) = 1

iω
· v0

sinα
· sin(kx) = F(t) sin(kx)

2Λ cosα
= F0 exp(iωt) sin(kx)

2SEk cosα
(2.6.14.8)

2.6.15 Example 6.15

According to Eq. (6.17), the eigenfunctions are orthogonal if the function I is equal
to zero for m �= n where I is defined as

I =
[
ϕm

dϕn

dx
− ϕn

dϕm

dx

]L

0
(2.6.15.1)

The boundary conditions are

dϕm

dx
= qϕm for x = 0; dϕm

dx
= −qϕm for x = L (2.6.15.2)

The boundary conditions (2.6.15.2) inserted in (2.6.15.1) result in I = 0, i.e.∫ L
0 ϕmϕndx = 0.

http://dx.doi.org/10.1007/978-3-662-47807-3_6
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For m = n and ϕm = sin(kn x + αn)

∫ L

0
ϕmϕmdx =

∫ L

0
sin2(kn x + αn)dx = L

2
− 1

4kn
[sin(4αn) − sin(2αn)]

where αn = kn L and according to Problem 6.3

tan(αn) =
2 · SEαn

Lks[(
SEαn

Lks

)2

− 1

]

Thus
∫ L

0
ϕmϕndx = 0 for m �= n and

∫ L

0
ϕmϕndx �= 0 for m = n. Consequently,

the eigenfunctions are orthogonal.

2.6.16 Example 6.16

The cross-sectional area of beam I is S and for beam II 2S. The length, Young’s mod-
ulus and density of each beam are denoted L , E and ρ respectively. The wavenumber

k for longitudinal waves is defined as k =
(

ω2ρ

E

)1/2

. The quantity kL is defined

as α.
Beam I
The point and transfer mobilities for beam I are defined as

Y I
11 = Y I

22 = − iω

SEk tanα
= YA (2.6.16.1)

Y I
12 = Y I

21 = − iω

SEk sinα
= YB (2.6.16.2)

Beam II
The point and transfer mobilities for beam II are defined as

Y I I
11 = Y I I

22 = − iω

2SEk tanα
= YA/2 (2.6.16.3)

Y I I
12 = Y I I

21 = − iω

2SEk sinα
= YB/2 (2.6.16.4)

The velocities and forces at the ends of the beams are related as
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Beam I
v1 = F1Y I

11 + Fx Y I
21 = F1YA + Fx YB (2.6.16.5)

vx = F1Y I
12 + Fx Y I

22 = F1YB + Fx YA (2.6.16.6)

Beam II

vx = −Fx Y I I
11 + F2Y I I

21 = −Fx YA/2 + F2YB/2 (2.6.16.7)

v2 = F2Y I I
22 − Fx Y I I

12 = −Fx YB/2 + F2YA/2 (2.6.16.8)

Equations (2.6.16.6) and (2.6.16.7) give

Fx = F2YB − 2F1YB

3YA
(2.6.16.9)

Equations (2.6.16.9) and (2.6.16.5) give

v1 = F1

[
3Y 2

A − 2Y 2
B

3YA

]
+ F2

Y 2
B

3YA
(2.6.16.10)

Equations (2.6.16.9) and (2.6.16.8) give

v2 = F2

[
3Y 2

A − Y 2
B

6YA

]
+ F1

Y 2
B

3YA
(2.6.16.11)

According to definition, the velocities at the two ends of the total structure can also
be written as

v1 = F1Y tot
11 + F2Y tot

21 and v2 = F1Y tot
12 + F2Y tot

22 (2.6.16.12)

Equations (2.6.16.10), (2.6.16.11), (2.6.16.12) and (2.6.16.1) and (2.6.16.2) give

Y tot
11 =

[
3Y 2

A − 2Y 2
B

3YA

]
= − iω(3 cos2 α − 2)

3SEk sinα cosα

Y tot
21 = Y tot

12 = Y 2
B

3YA
= − iω

3SE K sinα cosα

Y tot
22 =

[
3Y 2

A − Y 2
B

6YA

]
=
[
3Y 2

A − 2Y 2
B

3YA

]
= − iω(3 cos2 α − 1)

6SEk sinα cosα
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2.7 Chapter 7

2.7.1 Example 7.1

The eigenfunction ϕn(x) should satisfy the differential Eq. (7.3) or

d4ϕn

dx4
+ κ4

nϕn = 0 (2.7.1.1)

The general solution to Eq. (2.7.1.1) is

ϕn(x) = A1 sin(κn x) + A2 cos(κn x) + A3 sinh(κn x) + A4 cosh(κn x) (2.7.1.2)

The boundary conditions for a sliding edge are

ϕ′
n(x) = ϕ′′′

n = 0 for x = 0 and x = L (2.7.1.3)

Introduce β = kL . The boundary conditions in combination with Eq. (2.7.1.1) give
for x=0

A1 + A3 = 0 (2.7.1.4)

−A1 + A3 = 0 (2.7.1.5)

Equations (2.7.1.4) and (2.7.1.5) give A1 = A3 = 0. The boundary conditions at
x = L give

−A2 sin β + A4 sinh β = 0 (2.7.1.6)

A2 sin β + A4sinhβ = 0 (2.7.1.7)

Equations (2.7.1.6) and (2.7.1.7) give A4 sinh β = 0. This is only satified if A4 = 0.
ForEqs. (2.7.1.6) and (2.7.1.7) to equal zero sin βmust also equal zero. This condition
is satisfied for β = nπ. Thus the eigenfunctions are ϕn = cos(kn x); kn = nπ/L for
n = 0, 1, 2, . . ..

The eigen function ϕn is orthogonal since

∫
ϕm(x) · ϕn(x)dx =

∫ L

0
cos

(mπx

L

)
· cos

(nπx

L

)
dx = 0 for m �= n

For m = n > 0
∫

ϕm(x) · ϕn(x)dx = L/2

http://dx.doi.org/10.1007/978-3-662-47807-3_7
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For m = n = 0
∫

ϕm(x) · ϕn(x)dx = L

2.7.2 Example 7.2

The centre frequencies fc for the octave bands are 63, 125, 250, 500, 1000, 2000,
4000, and 8000 Hz. The upper frequency limit for an octave band is fc · √

2. The
lower limit is fc/

√
2. The natural frequencies are obtained from Eq. (7.14) as

fn = ωn/(2π) = κ2
n · L2 · C (2.7.2.1)

where C is a constant. According to Table7.2

Lκ1 = 4.73004 for f1 = 52Hz Eq. (2.7.2.1) ⇒ C = 2.3242

The consecutive natural frequencies are obtained from Eq. (2.7.2.1) and Table7.2.

Lκ2 = 7.853 ⇒ f2 = 143Hz

Lκ3 = 10.996 ⇒ f3 = 271Hz

Lκn = (2n + 1) · π/2 ⇒ fn = C · (2n + 1)2 · π2

4
⇒

(2n + 1) = 2

π

√
f

C
⇒ n = 1

π

√
f

C
− 1

2

The number of modes for frequencies below f is

n = Int ·
(
1

π

√
f

C
− 1

2

)

The number of modes in an octave band with centre frequency fc is (Table2.1)

n� f = Int ·
⎡
⎣ 1

π

√
fc · √

2

C
− 1

2

⎤
⎦− Int ·

[
1

π

√
fc

C · √
2

− 1

2

]

http://dx.doi.org/10.1007/978-3-662-47807-3_7
http://dx.doi.org/10.1007/978-3-662-47807-3_7
http://dx.doi.org/10.1007/978-3-662-47807-3_7
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Table 2.1 Number of modes per OB

fc/Hz 63 125 250 500 1000 2000 4000 8000

n�f 1 1 1 2 2 3 5 6

2.7.3 Example 7.3

The beam is excited by a point force at x = x1. The one-sided power spectral density
of the force is G F F . For white noise excitation G F F is constant. The time average
of the total energy ¯ n of mode n is according to Eq. (7.66) given by

¯ n = GFF · ϕ2
n(x1) · 1

4Mn · ω0nη
(2.7.3.1)

The modal mass Mn is Mn = m′L/2. The frequency band � f includes N natural
frequencies where

N = � f · N f = � f ·
{

m′

D′
0

} 1
4 · L√

2π f
(2.7.3.2)

N f is the modal density defined in Eq. (7.20) and f the centre frequency of the
frequency band.

The average of ϕ2
n(x1) = sin2

(nπx1
L

)
is

1

2
. The total energy within the band is

¯ � f = N · ¯ n = � f ·
(

m′

D′
0

)1/4

· G F√
2π f · 8π · m′ f η

(2.7.3.3)

The power input to mode n is according to Eq. (7.65)

�̄n = G Fϕ2
n(x1)/(2m′L) (2.7.3.4)

The power input within the frequency band � f with the centre frequency f is

�̄� f = N�̄n (2.7.3.5)

Again it has been assumed that the average of ϕ2
n(x1) = sin2(nπx1/L) is 1/2.

http://dx.doi.org/10.1007/978-3-662-47807-3_7
http://dx.doi.org/10.1007/978-3-662-47807-3_7
http://dx.doi.org/10.1007/978-3-662-47807-3_7
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The Eqs. (2.7.3.2), (2.7.3.4), and (2.7.3.5) give

�̄� f = N
G F F

4m′L
= � f ·

(
m′

D′
0

)1/4 G F F√
2π f · 4m′ (2.7.3.6)

The Eqs. (2.7.3.3) and (2.7.3.6) give

�̄� f = ω0nη ¯ � f (2.7.3.7)

2.7.4 Example 7.4

The one-dimensional equation governing L-waves is

SE · ∂2ξ

∂x2
− ρS · ∂2ξ

∂t2
= −F ′ (2.7.4.1)

A beam is clamped at both ends. The eigenfunction ϕn is ϕn(x) = sin(nπx/L).
The eigenvalue kn of the eigenfunction is kn = nπ/L . Thus ϕ′′

n = −k2nϕn . The
displacement ξ is expanded along the eigenfunctions as

ξ(x, t) =
∑

ϕn(x) · gn(t) (2.7.4.2)

The displacement ξ and the eigenfunction ϕn satisfy the same boundary conditions.
Equation (2.7.4.2) can therefore be inserted in Eq. (2.7.4.1). The result is

∑
n

(−SE · gn · k2n · ϕn − ρS · ϕn · g̈n) = −F ′ (2.7.4.3)

Multiply by ϕn and integrate over x

gn 〈ϕn | ϕn〉 SE · gn · k2n + ρS 〈ϕn | ϕn〉 g̈n = 〈
F ′ ∣∣ ϕn

〉
(2.7.4.4)

The norm of the eigenvector is 〈ϕn |ϕn 〉 = L/2. Together with Eq. (2.7.4.4) this
gives

gn · SE Lk2n
2

+ ρ
SL

2
· g̈n = 〈

F ′ ∣∣ ϕn
〉

(2.7.4.5)

Introducing the modal stiffness Kn , modal mass Mn andmodal force Fn Eq. (2.7.4.5)
is written

gn · Kn + g̈n · Mn = Fn (2.7.4.6)
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By identifying themodal parameters using the Eqs. (2.7.4.5) and (2.7.4.6) the result is

Kn = SE Lk2n/2 = SE(nπ)2/(2L) ; Mn = ρSL/2 = M/2 (2.7.4.7)

Fn = 〈
F ′ ∣∣ ϕn

〉 =
∫ L

0
F ′(x) · ϕn(x) · d x (2.7.4.8)

where M is the total mass of the beam.

2.7.5 Example 7.5

The forces are random and uncorrelated. The system—the vibrating beam is linear.
The power spectral density of the velocity is therefore equal to the sum of the power
spectral densities induced by each force. The response w1(x, t) of the beam caused
by the force F1eiωt is written w1(x, t) = y1(x)eiω t . If F1 is the FT of the force
function then y1 is the FT of the displacement. The function y1(x) should satisfy the
differential Eq. (7.30). Thus

d4y1
dx4

− κ4 · y1 = F1

D′ δ
(

x − L

4

)
(2.7.5.1)

The eigenfunction for a simply supported beam is

ϕn(x) = sin(κn x); κn = nπ/L (2.7.5.2)

The eigenfunctions are orthogonal. The eigenfunction satisfies the differential equa-
tion

d4ϕn/dx4 − κ4
nϕn = 0 (2.7.5.3)

The function y1(x) is written

y1(x) =
∑

Cn · ϕn(x) (2.7.5.4)

The displacement and the eigenfunction satisfy the same boundary conditions, i.e.
Eq. (2.7.5.4) can be inserted in Eq. (2.7.5.1). The result using Eq. (2.7.5.3) is

∑
Cnϕn(κ4

n − κ4) = [F1δ(x − L/4)] /D′ (2.7.5.5)

http://dx.doi.org/10.1007/978-3-662-47807-3_7
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Equation (2.7.5.5) is multiplied by ϕn and integrated over x . The norm of the eigen-
vector is L/2. Thus

(Cn L/2) · (κ4
n − κ4) = F1ϕn(L/4)/D′ ⇒

Cn = 2F1ϕn(L/4)

D′L(κ4
n − κ4)

(2.7.5.6)

The velocity v1(x, t) of the beam due to F1 is v1 = iωy1eiωt . The FT of the velocity
of the beam is

v̂1(x,ω) = iωy(x) =
∑

iωCn · ϕn

The space average of the square of FT of velocity is 〈v̂2〉 = 1

L

∫ L
0 v̂2dx which gives

〈v̂21〉 = 1

2

∑
ω2 |Cn|2 = 2F2

1 ω2

(D′L)2

∑ ϕ2
n(L/4)∣∣κ4
n − κ4

∣∣
The one-sided power spectral density of the velocity is thus

Gvv1 = G F F1

2ω2

(D′L)2

∑ ϕ2
n(L/4)∣∣κ4
n − κ4

∣∣2 (2.7.5.7)

By writing κ4 = m′(2π f )2/D′ and κ4
n = m′(2π fn)

2/D′
0 where fn are the natural

frequencies of the simply—supported beam Eq. (2.7.5.7) is rewritten as

Gvv1 = G F F1

2 f 2

M2(2π)2

∑ ϕ2
n(L/4)∣∣( f 2n − f 2)2 − ( f 2n η)2

∣∣ (2.7.5.8)

where M = m′L .
The power spectral density Gvv2 due to the force F2 is obtained in a similar way as

Gvv2 = G F F2
2 f 2

M2(2π)2

∑ ϕ2
n(3L/4)∣∣( f 2n − f 2)2 − ( f 2n η)2

∣∣ (2.7.5.9)

However, G F F1 = G F F2 = G F F and ϕ2
n(L/4) = ϕ2

n(3L/4). The total power
spectral density Gv is thus

Gvv = Gvv1 + Gvv2 = 4G F F
f 2

M2(2π)2

∑ ϕ2
n(3L/4)∣∣( f 2n − f 2)2 − ( f 2n η)2

∣∣ (2.7.5.10)
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Fig. 2.20 Cross section of
beam

where

ϕ2
n(3L/4) = sin2(3nπ/4) = 0 for n = 0, 4, 8, . . .

ϕ2
n(3L/4) = sin2(3nπ/4) = 1/2 for n = 1, 3, 5, . . .

ϕ2
n(3L/4) = sin2(3nπ/4) = 1 for n = 2, 6, 10, . . .

(2.7.5.11)

2.7.6 Example 7.6

The mass per unit length is

m′ = 3H · h · ρ. (2.7.6.1)

The neutral axis is at the symmetry plane of the beam. See Fig. 2.20. The bending
stiffness D′ of the beam is

D′ = E ·
{∫ H/2

−H/2
dy · h · y2 + H · h · H2

4

}
= Eh H3

3
(2.7.6.2)

The first natural frequency for a clamped beam is obtained when κL = 4.73—
Table7.2
The wavenumber κ is κ = [

m′ω2/D′]1/4. The first natural frequency is

f1 = 1

2π

(
4.73

L

) 2

·
{

D′

m′

} 1/2

(2.7.6.3)

For a steel beam E = 2.1 × 1011 N/m2 and ρ = 7600 kg/m3. The length of the
beam is 5 m. The first natural frequency of the beam is obtained from Eq. (2.7.6.3) as

f1 = 1

2π
·
(
4.73

5

) 2

·
{

E H2

9ρ

} 1/2

= 12Hz

http://dx.doi.org/10.1007/978-3-662-47807-3_7
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(a)

(b)

Fig. 2.21 A simply supported beam excited by a bending moment

2.7.7 Example 7.7

The displacement of the beam is given by

w(x, t) = y(x) · eiωt (2.7.7.1)

The displacement to the left of the bendingmoment exciting the beam is given y−(x).
See Fig. 2.21. The solution to the right of the excitation point is y+(x). The solutions
can according to Eqs. (7.31) and (7.32) be expressed as

y− = A1 sin(κx) + A2 cos(κx) + A3 sinh(κx) + A4 cosh(κx) (2.7.7.2)

y+ = B1 sin [κ(L − x)] + B2 cos [κ(L − x)] + B3 sinh [κ(L − x)]

+ B4 cosh [κ(L − x)] (2.7.7.3)

The beam is simply supported at each end. The boundary conditions at x = 0 and
x = L are

y−(0) = y′′−(0) = 0 (2.7.7.4)

y+(L) = y′′+(L) = 0 (2.7.7.5)

The Eqs. (2.7.7.2) through (2.7.7.5) give

A2 = A4 = B2 = B4 = 0 (2.7.7.6)

The boundary conditions at x = x1 are

y− = y+ (2.7.7.7)

y′− = y′+ (2.7.7.8)

http://dx.doi.org/10.1007/978-3-662-47807-3_7
http://dx.doi.org/10.1007/978-3-662-47807-3_7
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The sum of the bending moments should equal zero or M = M− − M+ resulting in
the boundary condition

M = D′
[
d2y+
dx2

− d2y−
dx2

]
x=x1

(2.7.7.9)

There is no external force. Thus,

d3y+
dx3

= d3y−
dx3

for x = x1 (2.7.7.10)

Let α = κx1 and β = κ(L − x1). The boundary conditions (2.7.7.7)–(2.7.7.10) give:

A1 sinα + A3 sinhα = B1 sin β + B3 sinh β (2.7.7.11)

A1 cosα + A3 coshα = −B1 cosβ − B3 cosh β (2.7.7.12)

M = D′κ2 {A1 sinα − A3 sinhα − B1 sin β + B3 sinh β} (2.7.7.13)

− A1 cosα + A3 coshα = B1 cosβ − B3 cosh β (2.7.7.14)

The solutions to Eqs. (2.7.7.11)–(2.7.7.12) are

A1 = M · cosβ

2D′κ2 · sin(κL)
; B1 = − M · cosα

2D′κ2 · sin(κL)
(2.7.7.15)

A3 = − M · cosh β

2D′κ2 · sinh(κL)
; B3 = M · coshα

2D′κ2 · sinh(κL)
(2.7.7.16)

The results (2.7.7.2), (2.7.7.6), (2.7.7.15), and (2.7.7.16) give the displacement of
the beam.

2.7.8 Example 7.8

The displacement of the beam can by usingGreen’s function andEq. (7.42) bewritten
as:

w(x, t) =
∫ L

0
F ′(ζ, t) · G (ζ |x ) dζ =

∫ x

0
F ′(ζ, t) · G1 (ζ |x ) dζ

+
∫ L

x
F ′(ζ, t) · G2 (ζ |x ) dζ (2.7.8.1)

http://dx.doi.org/10.1007/978-3-662-47807-3_7


2.7 Chapter 7 125

For a beamwith simply supported ends Green’s function is defined in Eq. (7.40). The
force F ′ per unit length exciting the beam is

F ′(x, t) = (F/L) sin(πx/L) · exp(iωt) (2.7.8.2)

Equations (2.7.8.1) and (2.7.8.2) in combination with Eq. (7.40) give

w(x, t) = eiω t

2D′κ3 · F

L

{
sin κ(L − x)

sin(κL)
·
∫ x

0
sin

(πς

L

)
· sin κς · dς

− sinh κ(L − x)

sinh(κL)
·
∫ x

0
sin

(πς

L

)
· sinh (κς) · dς

+ sin(κx)

sin(κL)
·
∫ L

x
sin

(πς

L

)
· sin κ(L − ς) · dς

− sinh(κx)

sin(κL)
·
∫ L

x
sin

(πς

L

)
· sinh κ(L − ς) · dς

}

= F · eiωt sin(κx)

L D′ · [(π/L)4 − κ4]

2.7.9 Example 7.9

The force per unit length exciting the beam is

F ′(x, t) = (F/L) sin(πx/L) exp(iωt) = f (x) exp(iωt) (2.7.9.1)

The displacement is
w(x, t) = w(x) · eiω t (2.7.9.2)

The function w(x) should satisfy the equation

d4w

dx4
− κ4w = f

D′ ; f (x) = (F/L) sin(πx/L) (2.7.9.3)

The beam is simply supported. The displacement can be expanded in a series by
means of the eiegenfunctions ϕn(x) or

w =
∑

Cn · ϕn(x); ϕn(x) = sin(nπx/L) (2.7.9.4)

The eigenfunctions must satisfy the differential equation

d4ϕn

dx4
= κ4

nϕn; κn = (nπ/L) (2.7.9.5)

http://dx.doi.org/10.1007/978-3-662-47807-3_7
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The displacement w(x) and the eigenfunction ϕn(x) satisfy the same boundary con-
ditions. Equation (2.7.9.4) can therefore be inserted in Eq. (2.7.9.3). The result, con-
sidering Eq. (2.7.9.5), is

∑
Cnϕn · (κ4

n − κ4) = f/D′ (2.7.9.6)

The expression is multiplied by ϕn and integrated over the length of the beam

(Cn L/2) · (κ4
n − κ4) = 〈 f |ϕn 〉 /D′ (2.7.9.7)

where

〈 f | ϕn〉 = F

L
·
∫ L

0
sin

(πx

L

)
· sin

(nπx

L

)
· dx = F

2
for n = 1

〈 f | ϕn〉 = F

L
·
∫ L

0
sin

(πx

L

)
· sin

(nπx

L

)
· dx = 0 for n �= 1 (2.7.9.8)

For n = 1

Cn = C1 = F

L D′ · (κ4
1 − κ4)

⇒ w(x, t) = F · eiωt · sin(πx/L)

L D′ · (κ4
1 − κ4)

; κ1 = π/L

2.7.10 Example 7.10

The modal energy for the beam is according to Eq. (7.66)

¯ n = G F Fϕ2
n(x1)

2m′Lω0nη
(2.7.10.1)

The total energy within a frequency band, width � f and centre frequency f is

¯ = N f · � f · 〈 ¯ n
〉

(2.7.10.2)

where N f is the modal density and
〈 ¯ n

〉
the average of ¯ n with respect to the

coordinates of the excitation point. The average of ϕ2
n(x1) is 1/2. The modal density

is given by Eq. (7.20) as

N f =
{

m′

D′

}1/4
· L√

2π f
(2.7.10.3)

http://dx.doi.org/10.1007/978-3-662-47807-3_7
http://dx.doi.org/10.1007/978-3-662-47807-3_7
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Fig. 2.22 An infinite
number of coupled
mass-spring systems

The Eqs. (2.7.10.1)–(2.7.10.3) give

¯ = � f ·
{

m′

D′

}1/4
· G F F√

2π f · 4m′ · η(2π f )
= C

(m′)3/4 · (D′)1/4 · η
(2.7.10.4)

where C is a constant. The ratio between energies before ¯ 1 and after the changes
¯ 2 is

¯ 1
¯ 2 =

[
m′

2

m′
1

]3/4 [D′
2

D′
1

]1/4 [
η2

η1

]
= [1.2]3/4 [1.4]1/4 10 ≈ 12.5 (2.7.10.5)

or 10 · log( ¯ 1/ ¯ 2) = 11dB.

2.7.11 Example 7.11

The equation of motion for mass n is (Fig. 2.22)

mẍn + k(xn − xn+1) + k(xn − xn−1) = 0 (2.7.11.1)

Assume:

xn+1 = eiϕ · xn = z · xn (2.7.11.2)

and

xn−1 = xn/z; |z| ≤ 1 (2.7.11.3)

Let the time dependence be exp(iωt). This gives ẍn = −ω2xn . Considering this the
basic equation (2.7.11.1) is written

− mω 2 + k(1 − z) + k(1 − 1/z) = 0 (2.7.11.4)

The parameter ω0 is defined as ω0 = √
k/m. Equation (2.7.11.4) now reads

z2 − z
[
2 − (ω/ω0)

2
]

+ 1 = 0 (2.7.11.5)

There is no attenuation of the wave motion as long as |z| = 1
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The solution to Eq. (2.7.11.5) is

z = 1 − (1/2)(ω/ω0)
2 ±

[
(1/4)(ω/ω0)

4 − (ω/ω0)
2
]1/2

(2.7.11.6)

The minus sign in front of the bracket must be neglected since |z| � 1 and | xn+1 | �
| xn |.

For ω > 2ω0 z is real and less than unity resulting in an attenuated wave.
For ω = 2ω0 z = 1
For 0 < ω < 2ω0 z is complex and equal to

z = 1 − (1/2)(ω/ω0)
2 ± i

[
(ω/ω0)

2 − (1/4)(ω/ω0)
4
]1/2

(2.7.11.7)

Consequently, |z| = 1. For ω = 0, z = 1.
Thus there is attenuation of the wave motion as long as 0 � ω � 2ω0.
If an infinite homogeneous beam exposed to L-waves is modelled as an infinite

number of mass spring systems, each mass �m and each stiffness �k representing
a section �x of the beam would be

�m = ρS�x; �k = E S/�x (2.7.11.8)

The cross-sectional area of the beam is S, the E-modulus E, and density ρ. The

natural frequency ω0 is obtained as ω2
0 = �k

�m
= E

ρ(�x)2
→ ∞ as �x → 0.

The parameter z is obtained from (2.7.11.7) when excluding higher order terms in
1/�x as

z = 1 ± iω/ω0 = 1 ± iω�x
√

ρ/E (2.7.11.9)

However, z = eiϕ = eiλ�x where λ is a wavenumber for longitudinal waves propa-
gating in an infinite beam. For �x � 1

z = eiϕ = eiλ�x = 1 + iλ�x (2.7.11.10)

Equations (2.7.11.9) and (2.7.11.10) give λ = ±ω
√

ρ/E which is equal to the
wavenumber for L-waves propagating along the positive or negative axis of a slender
beam.

2.7.12 Example 7.12

Let the time dependence be eiω t . The equation of motion for mass n is (Fig. 2.23)

mẍn + k(2xn − xn+1 − xn−1) = F · eiωt (2.7.12.1)
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Fig. 2.23 An infinite
number of coupled
mass-spring systems. One
mass excited by a force

The disturbances in the infinite chain are propagating away from the mass n.
On the right-hand side of the excitation point the displacements can, according to

Floquet’s theorem (7.99), be written

xn+1 = z · xn; xn+2 = z · xn+1 = z2 · xn (2.7.12.2)

It is required that 0 � |z| � 1. On the left-hand side the disturbances are also
propagating away from the excitation point. Thus again

xn−1 = z · xn; xn−2 = z · xn−1 = z2 · xn (2.7.12.3)

The Eqs. (2.7.12.1) through (2.7.12.3) give

F · eiω t = xn ·
{

−mω 2 + 2k − 2kz
}

(2.7.12.4)

By introducing ω2
0 = k/m the displacement xn of the mass being excited is obtained

from Eq. (2.7.12.4) as

xn = F · eiω t

2k

[
−1

2

(
ω

ω0

) 2

+ 1 − z

] (2.7.12.5)

The equation of motion for mass n + 1 is

mẍn+1 + k
[
2xn+1 − xn − xn+2

] = 0

This equation in combination with Eq. (2.7.12.2) gives

xn+1 ·
{

−mω 2 + 2k − k/z − kz
}

= 0 (2.7.12.6)

For Eq. (2.7.12.6) to be satisfied it follows that

z2 − 2z
[
1 − (ω/ω0)

2/2
]

+ 1 = 0 (2.7.12.7)

http://dx.doi.org/10.1007/978-3-662-47807-3_7
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Fig. 2.24 Beam simply
supported at one end and free
at the other

as already shown in Example 7.11. The solution to Eq. (2.7.12.7) is considering that
0 � |z| � 1

z = 1 − [ω/ω0]
2 /2 +

√
[ω/ω0]4 /4 − [ω/ω0]2 for ω � 2ω0 (2.7.12.8)

z = 1 − [ω/ω0]
2 /2 − i

√
[ω/ω0]2 − [ω/ω0]4 /4 for 0 � ω � 2ω0 (2.7.12.9)

The displacement of the mass n is given by the results (2.7.12.5), (2.7.12.8) and
(2.7.12.9) as

xn = − F · eiωt

2k
√
[ω/ω0]4 /4 − [ω/ω0]2

for ω � 2ω0 (2.7.12.10)

xn = − i F · eiωt

2k
√
[ω/ω0]2 − [ω/ω0]4 /4

for 0 � ω � 2ω0 (2.7.12.11)

When including losses k and ω0 are complex, the displacement is therefore finite.

2.7.13 Example 7.13

The displacement of the beam is w(x, t) = ϕ(x)g(t) where according to Eq. (7.5) ϕ
is (Fig. 2.24)

ϕ = A1 sin(κx) + A2 cos(κx) + A3 sinh(κx) + A4 cosh(κx) (2.7.13.1)

The first few derivatives of ϕ are

ϕ′ =κ · { A1 cos(κx) − A2 sin(κx) + A3 cosh(κx) + A4 sinh(κx)} (2.7.13.2)

ϕ′′ =k2 · {−A1 sin(κx) − A2 cos(κx) + A3 sinh(κx) + A4 cosh(κx)} (2.7.13.3)

ϕ′′′ =κ3 · { −A1 cos(κx) + A2 sin(κx) + A3 cosh(κx) + A4 sinh(κx)} (2.7.13.4)

The boundary conditions for the beam are

ϕ(0) = ϕ′′(0) = 0 (2.7.13.5)

ϕ′′(L) = ϕ′′′(L) = 0 (2.7.13.6)

http://dx.doi.org/10.1007/978-3-662-47807-3_7
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The Eqs. (2.7.13.1), (2.7.13.3), and (2.7.13.5) give

A2 = A4 = 0 (2.7.13.7)

The Eqs. (2.7.13.1), (2.7.13.3), and (2.7.13.4) give with β = κL

− A1 · sin β + A3 · sinh β = 0 (2.7.13.8)

− A1 · cosβ + A3 · cosh β = 0 (2.7.13.9)

The Eqs. (2.7.13.8) and (2.7.13.9) are only satisfied when tan β = tanh β, i.e., there
is an infinite number of solutions to this equation corresponding to the eigenvalues
κn . The eigenvalues are the solutions to

tan(κn L) = tanh(κn L) (2.7.13.10)

For A1 = 1 the eigenfunctions are

ϕn = sin(κn x) + sinh (κn x) · sin(κn L)

sinh(κn L)
(2.7.13.11)

2.7.14 Example 7.14

G and w satisfy the equations

D′ · d
4w

dx4
− m′ω2 · w = F ′(x) (2.7.14.1)

D′ · d
4G

dx4
− m′ω2 · G = δ(x − x0) (2.7.14.2)

Equation (2.7.14.1) is multiplied by G and Eq. (2.7.14.2) by w. The result is

D′ · G · d
4w

dx4
− m′ω2 · w · G = F ′(x) · G(x |x0 ) (2.7.14.3)

D′ · w · d
4G

dx4
− m′ω2 · w · G = w · δ(x − x0) (2.7.14.4)

Equation (2.7.14.3) is subtracted from Eq. (2.7.14.4) resulting in

D′
[
w · d

4G

dx4
− G · d

4w

dx4

]
= −F ′ · G + w · δ(x − x0) (2.7.14.5)
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Equation (2.7.14.5) is integrated with respect to x giving

I = D′
{∫ L

0
dx

[
w · d

4G

dx4
− G · d

4w

dx4

]}
=
∫ L

0
dx · w(x) · δ(x − x0) −

∫ L

0
dx F ′G

(2.7.14.6)
Integrate the left-hand side by parts. This gives

I =D
[
w · G ′′′ − G · w′′′ − w′ · G ′′ + G ′ · w′′] L

0 +
∫

dx · (w′′ · G ′′ − G ′′ · w′′)

= [
w · G ′′′ − G · w′′′ − w′ · G ′′ + G ′ · w′′] L

0 = 0

for any of the natural boundary conditions.
For I = 0 Eq. (2.7.14.6) gives

∫
dx · w(x) · δ(x − x0) =

∫
F ′(x) · G(x |x0 ) · dx or

w(x0) =
∫ L

0
F ′(x) · G(x |x0 ) · dx (2.7.14.7)

Since G(x |x0 ) = G(x0 |x ) it follows that

w(x) =
∫ L

0
dς · F ′(ς) · G(x |ς )

For F ′ = F ′ · eiω t ⇒

w(x, t) = eiωt
∫ L

0
dς · F ′(ς) · G(x |ς ) (2.7.14.8)

2.7.15 Example 7.15

The transfer matrix for beam I is [A] 1. The elements ai j are given in Eq. (7.95) with
β = κξ. For beam II the matrix is [A]2 with β = κ(L − ξ). The wavenumber is κ.
The field parameters at the support 2 are according to Eq. (7.98) (Fig. 2.25).

⎧⎪⎪⎨
⎪⎪⎩

w2
Θ2
M2
F2

⎫⎪⎪⎬
⎪⎪⎭

2

= [A] 2 · [A] 1 ·

⎧⎪⎪⎨
⎪⎪⎩

w1
Θ1
M1
F1

⎫⎪⎪⎬
⎪⎪⎭

1

+ [A] 2 ·

⎧⎪⎪⎨
⎪⎪⎩

0
0
0
F

⎫⎪⎪⎬
⎪⎪⎭

(2.7.15.1)

However, [A]2 · [A]1 = [A] where [A] is the transfer matrix for the entire beam.
The elements ai j are given in Eq. (7.95) by letting β = κL . For a simply supported

http://dx.doi.org/10.1007/978-3-662-47807-3_7
http://dx.doi.org/10.1007/978-3-662-47807-3_7
http://dx.doi.org/10.1007/978-3-662-47807-3_7
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Fig. 2.25 A simply
supported beam excited by a
force

beam w1 = w2 = M1 = M2 = 0. These boundary conditions in combination with
Eq. (2.7.15.1) give

⎧⎪⎪⎨
⎪⎪⎩

0
Θ2
0
F2

⎫⎪⎪⎬
⎪⎪⎭

2

= [A] ·

⎧⎪⎪⎨
⎪⎪⎩

0
Θ1
0
F1

⎫⎪⎪⎬
⎪⎪⎭

1

+ [A]2 ·

⎧⎪⎪⎨
⎪⎪⎩

0
0
0
F

⎫⎪⎪⎬
⎪⎪⎭

(2.7.15.2)

This matrix equation can also be expressed as

0 =a12 · Θ1 + a14 · F1 + (a14) 2 · F (2.7.15.3)

Θ2 =a22 · Θ1 + a24 · F1 + (a24)2 · F (2.7.15.4)

0 =a32 · Θ1 + a34 · F1 + (a34) 2 · F (2.7.15.5)

F2 =a42 · Θ1 + a44 · F1 + (a44)2 · F (2.7.15.6)

Equations (2.7.15.3) and (2.7.15.5) give

[
a12 a14
a32 a34

]
·
{

Θ1
F1

}
= −F ·

{
(a14)2
(a34)2

}
⇒

{
Θ1
F1

}
= −F ·

[
a12 a14
a32 a34

]−1

·
{

(a14)2
(a34)2

}
(2.7.15.7)

The Eqs. (2.7.15.4) and (2.7.15.6) give

{
Θ2
F2

}
=
[

a22 a24
a42 a44

]{
Θ1
F1

}
+ F · · ·

{
(a24)2
(a44)2

}
(2.7.15.8)

For 0 � x � ξ the displacement w of the beam is obtained from (7.91) and (7.93) as

w = A1 sin(κx) + A2 cos(κx) + A3 sinh(κx) + A4 cosh(κx)

For a simply supported beam A2 = A4 = 0 and from (7.93)

A1 = 1

2

{
Θ1

κ
+ F1

D′κ3

}
; A3 = 1

2

{
Θ1

κ
− F1

D′κ3

}
or

{
A1
A3

}
= 1

2

[
1/κ 1/(D′κ3)

1/κ −1/(D′κ3)

]
·
{

Θ1
F1

}
(2.7.15.9)

http://dx.doi.org/10.1007/978-3-662-47807-3_7
http://dx.doi.org/10.1007/978-3-662-47807-3_7
http://dx.doi.org/10.1007/978-3-662-47807-3_7
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For ξ � x � L the displacement is

w = C1 sin κ(L − x) + C2 cosκ(L − x) + C3 sinh κ(L − x) + C4 cosh κ(L − x)

For a simply supported beam C2 = C4 = 0

{
C1
C3

}
= −1

2

[
1/κ 1/(D′κ3)

1/κ −1/(D′κ3)

]
·
{

Θ2
F2

}
(2.7.15.10)

The parameters Θ1, Θ2, F1 and F1 are obtained from Eqs. (2.7.15.7) and (2.7.15.8).

2.7.16 Example 7.16

For a clamped-clamped beam

ϕn = cosh(κn x) − cos(κn x) − cosh(κn L) − cos(κn L)

sinh(κn L) − sin(κn L)
· [ sinh(κn x) − sin(κn x)]

(2.7.16.1)
The eigenvalues κn are the solutions to

cos(κn L) · cosh(κn L) = 1 (2.7.16.2)

When κn L → ∞ then cosh(κn L) → ∞. Thus, Eq. (2.7.16.2) is only satisfied if
cos(κn L) ≈ 0 or when κn L = π/2 + nπ for n large.

The last part of Eq. (2.7.16.1) is written

I = cosh(κn L) − cos(κn L)

sinh(κn L) − sin(κn L)
= 1 + e−2βn − 2 · e−βn · cos(κn L)

1 − e−2βn − 2 · e−βn · sin(κn L)

βn = κn L ≈ π/2 + nπ for n large

I = 1

1 − 2 · e−β n · sin β n
≈ 1 + 2 · e−β n · sin β n (2.7.16.3)

Equations (2.7.16.1) and (2.7.16.3) give

ϕn =eκn x

2
+ e−κn x

2
− cos(κn x)

−
[
1 + 2 · e−β n · sin β n

]
·
[

eκn x

2
− e−κn x

2
− sin(κn x)

]

≈ sin(κn x) − cos(κn x) + e−κn x − sin β n · eκn(x−L)
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For κn x � 1 and κn(L − x) � 1 it follows that e−κn x � 1 and eκn(x−L) � 1. For
these cases, the eigenfunctions and eigenvalues are for n large

ϕn = sin(κn x) − cos(κn x) = √
2 · sin(κn x − π/4) (2.7.16.4)

κn = π(n + 1/2)/L (2.7.16.5)

For a beam with free ends and for n > 4

ϕn = √
2 · sin(κn x − π/4) and κn = π(n + 1/2)/L (2.7.16.6)

For a beam clamped at x = 0 and simply supported at x = L and for n > 4

ϕn = √
2 · sin(κn x − π/4) and κn = π(n + 1/4)/L (2.7.16.7)

For a beam clamped at x = 0 and free at x = L and for n > 4

ϕn = √
2 · sin(κn x − π/4) and κn = π(n − 1/2)/L (2.7.16.8)

2.7.17 Example 7.17

The equation of motion for mass n is

mẍn + k(xn − xn+1) + k(xn − xn−1) = 0 (2.7.17.1)

By setting xn+1 = xn · eiϕand mẍn = −mω2xn and inserting these expressions in
(2.7.17.1) the result is

cosϕ = 1 − ω2

2ω2
0

; ω2
0 = k/m (2.7.17.2)

The equation of motion of mass 1 is

mẍ1 + k(x1 − x2) + kx1 = 0 (2.7.17.3)

The equation of motion for mass N is

mẍN + k(xN − xN−1) = 0 (2.7.17.4)

The general solution for xn is

xn = Z · einϕ = A cos(nϕ) + B sin(nϕ) (2.7.17.5)
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This expression inserted in Eq. (2.7.17.3) gives

2

(
1 − ω2

2ω2
0

)
x1 = x2

By inserting (2.7.17.2) and (2.7.17.5) the result is

A(2 cos2 ϕ − cos 2ϕ) = B(sin 2ϕ − 2 sinϕ cosϕ) = 0 (2.7.17.6)

Consequently, the displacement is written xn = B sin(nϕ). This expression inserted
in Eq. (2.7.17.4) gives

(1 − ω2/ω2
0) · sin(Nϕ) = sin[(N − 1)ϕ] (2.7.17.7)

Equation (2.7.17.2) gives ω2/ω2
0 = 2(1 − cosϕ). This expression in combination

with (2.7.17.6) gives

sin(Nϕ)(2 cosϕ − 1) = sin[(N − 1)ϕ] or

2 cos[ϕ(N + 1/2)] sin(ϕ/2) = 0 (2.7.17.8)

The solutions are ϕn = 2nπ and ϕn = π(1 + 2n)

2N + 1
. The corresponding natural

frequencies are

ωn = 2

√
k

m
· sin(ϕn/2) = 2

√
k

m
· sin

[
π(1 + 2n)

4N + 2

]
(2.7.17.9)

2.7.18 Example 7.18

For x � L/2, w(x) = w−(x); for x � L/2, w(x) = w+(x) = w−(L − x). The
solution is symmetric with respect to x = L/2. General solution,

w− = A1 sin κx + A2 cosκx + A3 sinh κx + A4 cosh κx (2.7.18.1)

Boundary conditions

w = w′ = 0 for x = 0 (2.7.18.2)

w′ = 0 (2.7.18.3)

w′′′ = −F/(2D′) (2.7.18.4)

for x = L/2
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Let α = κL/2.
Equations (2.7.18.1) and (2.7.18.2) give

A2 + A4 = 0; A1 + A3 = 0 (2.7.18.5)

Equations (2.7.18.1), (2.7.18.3) and (2.7.18.5) give

A1(cosα − coshα) − A2(sinα + sinhα) = 0 (2.7.18.6)

Equations (2.7.18.1), (2.7.18.4) and (2.7.18.5) give

− F

2D′κ3 = −A1(cosα + coshα) + A2(sinα − sinhα) (2.7.18.7)

Equations (2.7.18.6) and (2.7.18.7) give

A1 = F

4D′κ3

(
sinα + sinhα

sinα coshα + sinhα cosα

)
(2.7.18.8)

The force at the support at x = 0 is

F−(0) = − D′w′′′(0) = −D′κ3(−A1 + A3) = 2A1D′κ3

= F

2

(
sinα + sinhα

sinα coshα + sinhα cosα

)

The bending moment at x = 0 is

M−(0) = −D′w′′−(0) = F

2κ

(
cosα − coshα

sinα coshα + sinhα cosα

)

2.8 Chapter 8

2.8.1 Example 8.1

The natural frequencies fmn for a simply supported rectangular plate are in Eq. (8.16)
given as

fmn = π

2

√
D0

ρh
·
[(

m

Lx

)2

+
(

n

L y

)2
]

(2.8.1.1)

http://dx.doi.org/10.1007/978-3-662-47807-3_8
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This expression is rewritten

fmn =
(

C/L2
x

) [
m2 + (

nLx/L y
)2] (2.8.1.2)

where C is a constant.
Case 1

Lx = L y; S = Lx L y = L2
x (2.8.1.3)

Equations (2.8.1.2) and (2.8.1.3) give

fmn = (C/S) (m2 + n2) (2.8.1.4)

For m = n = 1, f11 = 20Hz ⇒ C/S = 10, thus

fmn = 10 · (m2 + n2) (2.8.1.5)

Case 2

Lx = 2L y; S = Lx L y = L2
x/2 (2.8.1.6)

Equations (2.8.1.2) and (2.8.1.6) give

fmn = [C/(2S)](m2 + 4n2) (2.8.1.7)

However, C/S = 10, thus

fmn = 5(m2 + 4n2) (2.8.1.8)

The results are

Case 1 Case 2
m n fmn/Hz m n fmn/Hz
1 1 20 1 1 25
2 1 50 2 1 40
1 2 50 3 1 65
3 1 100 1 2 85
1 3 100 4 1 100
3 2 130 2 2 100
2 3 130 3 2 125
3 3 180 5 1 145
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2.8.2 Example 8.2

Let the corners of the plate be at (0, 0), (Lx , 0), (Lx , L y)and (0, L y).The differential
equation governing the forced response of a plate is given by Eq. (8.20). For the static
case ẅ = 0. For a static force F at (Lx/2, L y/2) Eq. (8.20) reads

∇2(∇2w) = (F/D) · δ(x − Lx/2) · δ(y − L y/2) (2.8.2.1)

For a simply supported plate the response w can be expanded by means of the
orthogonal eigenfunctions

ϕmn(x, y) = sin(mπx/Lx ) · sin(nπy/L y) (2.8.2.2)

The eigenfunctions satisfy the equation

∇2(∇2ϕmn) = κ4
mnϕmn; κ2

mn = (mπ/Lx )
2 + (nπ/L y)

2 (2.8.2.3)

The solution w is written

w =
∑
m,n

Cmnϕmn (2.8.2.4)

The Eqs. (2.8.2.1) through (2.8.2.4) give

∑
Cmn∇2(∇2ϕmn)=

∑
Cmnκ4

mnϕmn =(F/D) · δ(x − Lx/2) · δ(y − L y/2)
(2.8.2.5)

This operation is allowed since w and ϕmn satisfy the same boundary conditions.
According to standard procedure Eq. (2.8.2.5) is multiplied by ϕmn and integrated
over the entire plate area to determine the parameters Cmn . Since the norm of ϕmn

is 〈ϕmn | ϕmn〉 = Lx L y/4 it follows that

Cmnκ4
mn Lx L y/4 = (F/D)ϕmn(Lx/2, L y/2) (2.8.2.6)

The response w is obtained from Eqs. (2.8.2.4) and (2.8.2.6) as

w(x, y) =
∑
m,n

4Fϕmn(Lx/2, L y/2) · ϕmn(x, y)

DLx L yκ4
mn

(2.8.2.7)

At t = 0 the static force F is removed. The response of the plate is for t � 0 written
as

u(x, y, t)=
∑
m,n

ϕmn(x, y) [Amn cos(ωmnt)+Bmn sin(ωmnt)] · exp [−ωmnηt/2]

(2.8.2.8)

http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47807-3_8
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The result is obtained following the procedure discussed in Sect. 7.2. Consequently,

ωmn = κ2
mn

√
D0/μ (2.8.2.9)

where D0 is the real part of the bending stiffness of the plate, μ its mass per unit area
and η the lossfactor. At t = 0 the plate is at rest having the displacement w(x, y)

given by Eq. (2.8.2.7). The initial conditions are

u(x, y, 0) = w(x, y) =
∑
m,n

Cmnϕmn; u̇(x, y, 0) = 0 (2.8.2.10)

Equations (2.8.2.8) and (2.8.2.10) give Amn = Cmn and Bmn = 0. The response of
the plate for t � 0 is consequently

u(x, y, t) =
∑
m,n

4Fϕmn(Lx/2, L y/2) · ϕmn(x, y) · cos(ωmnt) · exp(−ωmnηt/2)

Lx L y Dκ4
mn

(2.8.2.11)

2.8.3 Example 8.3

The angular frequency ω for the first mode is according to Eqs. (8.86) and (8.87)
given by

ω2 = D

ρh
·
∫∫

dxdy[(∂2F/∂x2)2 + 2(∂2F/∂x∂y)2 + (∂2F/∂y2)2]∫∫
dxdyF2

(2.8.3.1)

The displacement F for the first vibrational mode is approximated by

F = A
(

x4 − 2x3Lx + x L3
x

) (
y4 − 2y3L y + yL3

y

)
= A · g(x) · h(y) (2.8.3.2)

Introduce the notations

I1 =
∫ Lx

0
dx (g(x))2; I2 =

∫ Lx

0
dx
(
g′(x)

)2; I3 =
∫ Lx

0
dx
(
g′′(x)

)2

H1 =
∫ Ly

0
dy (h(y))2; H2 =

∫ Ly

0
dy
(
h′(y)

)2; H3 =
∫ Ly

0
dy
(
h′′(y)

)2
(2.8.3.3)

http://dx.doi.org/10.1007/978-3-662-47807-3_7
http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47807-3_8
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Equations (2.8.3.1) through (2.8.3.3) give

ω2 = D

ρh
· I3H1 + 2I2H2 + I1H3

I1H1
(2.8.3.4)

I1 = L9
x · (31/630) ; H1 = L9

y · (31/630)

I2 = L7
x · (17/35) ; H2 = L7

y · (17/35)

I3 = L5
x · (144/30) ; H3 = L5

y · (144/30) (2.8.3.5)

Since Lx = 3L y , Eqs. (2.8.3.4) and (2.8.3.5) give

ω2 = D

ρh
· 1

L4
y

·
[
82 · 31 · 144 · 21 + 18 · (17 · 630/35)2]

34 · 312 = D

ρh
· 1

L4
y

· 120.405
(2.8.3.6)

The first natural frequency, assuming a displacement given by Eq. (2.8.3.2) and esti-
mated by means of the Ritz technique, is obtained from Eq. (2.8.3.6) as

( f11)estimated = ω/(2π) =
√

D

ρh
· 1

2πL2
y

· √
120.405 =

√
D

ρh
· 1

2πL2
y

· 10.973
(2.8.3.7)

The correct value is according to Eq. (8.16)

( f11)correct = π

2

√
D

ρh
·
[(

1

Lx

)2

+
(

1

L y

)2
]

=
√

D

ρh
· 1

2πL2
y

· 10.966 (2.8.3.8)

The relative error is 6 × 10−4.

2.8.4 Example 8.4

According to Eqs. (8.86) and (8.87), the first natural frequency f11 of the clamped
plate can be written as

f 211 = D

(2π)2
·
∫∫

dxdy[(∂2F/∂x2)2 + 2(∂2F/∂x∂y)2 + (∂2F/∂y2)2]∫∫
dxdyμF2

= D

μ(2π)2
· I

J
(2.8.4.1)

http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47807-3_8
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The bending stiffness of the plate is D and its mass per unit area is μ. The function
F is defined as

F(x, y) = g(x)h(y); g(x) = 1 − cos(2πx/Lx ); h(y) = 1 − cos(2πy/L y)

(2.8.4.2)
The function I is according to Eqs. (2.8.4.1) and (2.8.4.2)

I =
∫∫

dxdy
[
h2(y) · (2π/Lx )

4 · (cos(2πx/Lx ))
2

+ g2(x) · (2π/L y
)4 · (cos(2πy/L y)

)2 ]

+ 2
∫∫

dxdy (2π/Lx )
2 (2π/L y

)2 (sin(2πy/L y)
)2

(sin(2πx/Lx ))
2

(2.8.4.3)

With
∫ Lx
0 dx (cos(2πx/Lx ))

2 = Lx/2 and
∫ Lx
0 dxg2(x) = 3Lx/2 it follows that

I = Lx L y

4
· (2π)4

[
3

L4
x

+ 3

L4
y

+ 2

L2
x L2

y

]
(2.8.4.4)

J = 9Lx L y

4
(2.8.4.5)

With Lx = L · ξ and L y = L/ξ Eqs. (2.8.4.1) through (2.8.4.5) give

f 211 = D

μ
· (2π)2

9L4

[
3ξ4 + 3/ξ4 + 2

]
(2.8.4.6)

The ratio f11(ξ)/ f11(1) is thus

f11(ξ)

f11(1)
=
[
3ξ4 + 3/ξ4 + 2

8

]1/2
(2.8.4.7)

The first natural frequency of a rectangular plate with a constant area has a minimum
when the sides have the same length, i.e. when ξ = 1.

2.8.5 Example 8.5

The corners of the simply supported plate are at (0, 0), (Lx , 0), (Lx , L y) and at
(0, L y). A point force F0 · eiωt excites the plate at (x0, y0). The displacement of the
plate is w(x, y) · eiωt . The differential equation governing w is

∇2(∇2w) − κ4w = (F0/D) · δ(x − x0) · δ(y − y0) (2.8.5.1)
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where κ4 = μω2/D, μ being the mass per unit area of the plate and D its bending
stiffness. The orthogonal eigenfunctions ϕmn for a simply supported plate are

ϕmn = sin(mπx/Lx ) sin(nπy/L y) (2.8.5.2)

The eigenfunctions satisfy the equation

∇2(∇2ϕmn) = κ4
mnϕmn; κ2

mn = (mπ/Lx )
2 + (nπ/L y)

2 (2.8.5.3)

The displacement is written

w(x, y) =
∑
m,n

Cmn · ϕmn (2.8.5.4)

The displacementw and the eigenfunctionϕmn satisfy the same boundary conditions.
Consequently, Eq. (2.8.5.4) can be inserted in the basic differential equation (2.8.5.1)
resulting in

∑
Cmn∇2(∇2ϕmn)−

∑
Cmnκ4ϕmn = (F0/D) · δ(x − x0) · δ(y − y0) (2.8.5.5)

The Eqs. (2.8.5.3) and (2.8.5.5) give

∑
Cmn(κ

4
mn − κ4)ϕmn = (F0/D) · δ(x − x0) · δ(y − y0) (2.8.5.6)

Equation (2.8.5.6) is multiplied byϕmn and integrated over the plate area. The eigen-
functions being orthogonal with the norm 〈ϕmn | ϕmn〉 = Lx L y/4 give

Cmn(κ4
mn − κ4)Lx L y/4 = (F0/D) · ϕmn(x0, y0) (2.8.5.7)

Using Eq. (8.16) and the definition of the wavenumber κ it follows that
κ4

mn = (2π)2(μ/D0) f 2mn and κ4 = (2π)2(μ/D) f 2 where fmn is the natural fre-
quency for mode (m, n) and D = D0(1+ iη), η being the loss factor of the structure.
The parameters Cmn are thus obtained from Eq. (2.8.5.7) as

Cmn = 4F0ϕmn(x0, y0)

(2π)2M[ f 2mn(1 + iη) − f 2] ; M = μLx L y (2.8.5.8)

The total mass of the plate is M . The space and time averages of the velocity squared
of the plate is

〈v̄2〉 = 1

Lx L y

∫∫
dxdy

1

2
|iωw|2 = 1

8

∑
ω2 |Cmn|2 (2.8.5.9)

http://dx.doi.org/10.1007/978-3-662-47807-3_8
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since
∫∫

dxdyϕmnϕkl = Lx L y/4 if m = k and n = l,otherwise zero. If only the first
mode is considered Eq. (2.8.5.9) gives

〈v̄2〉 ≈ 1

8
ω2 |C11|2 = 16F2

0 (ϕmn(x0, y0))2

(2π)4M2[( f 211 − f 2)2 + (η f 211)
2]

= Q

M2[( f 211 − f 2)2 + (η f 211)
2] (2.8.5.10)

where Q is a constant.
Two cases are considered.

Case 1
M = M1; η = 0.01; D0 = D1; f = 0.9 · f11. These parameters inserted in
Eq. (2.8.5.10) give

〈v̄21〉 ≈ Q

M2
1 f 4

[
(1/0.81 − 1)2 + (0.01/0.81)2

] = Q · 100
M2

1 f 4 · 5.52 (2.8.5.11)

Case 2
M = 1.35 · M1; η = 0.1; D0 = 1.2 · D1. The first natural frequency f11 of the plate
is changed since both the mass and the stiffness of the plate are changed. The first
natural frequency is

f11 = (κ2
11/2π)

√
D0/μ = (κ2

11/2π)
√
1.2D1/(1.35M)

= ( f/0.9)
√
1.2/1.35 = 1.048 · f

These parameters inserted in Eq. (2.8.5.10) give

〈v̄22〉 ≈ Q

(1.35)2M2
1 f 4

[
(1.0482 − 1)2 + 1.0484/1002

] = Q · 100
M2

1 f 4 · 3.96 (2.8.5.12)

The velocity level of the plate is increased due to the changes. The main reason being
that after the change the new natural frequency of the plate is closer to the frequency
of the force exciting the plate. The velocity level increase is

�Lv = 10 · log
[

〈v̄22〉
〈v̄21〉

]
= 10 · log(5.52/3.96) = 1.4 dB

2.8.6 Example 8.6

The corners of the simply supported plate are at (0, 0), (Lx , 0), (Lx , L y) and at
(0, L y). Two forces excite the plate one F0 · eiωt at (Lx/4; L y/2) and another one
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−F0 · eiωt at (3Lx/4; L y/2). The displacement of the plate is w(x, y) · eiωt . The
differential equation governing w is

∇2(∇2w)−κ4w=(F0/D) · [δ(x − Lx/4)δ(y − L y/2)−δ(x −3Lx/4)δ(y − L y/2)]
(2.8.6.1)

where κ4 = μω2/D, μ being the mass per unit area of the plate and D its bending
stiffness. The orthogonal eigenfunctions ϕmn for a simply supported plate are

ϕmn = sin(mπx/Lx ) sin(nπy/L y) (2.8.6.2)

The eigenfunctions satisfy the equation

∇2(∇2ϕmn) = κ4
mnϕmn; κ2

mn = (mπ/Lx )
2 + (nπ/L y)

2 (2.8.6.3)

The displacement is written

w(x, y) =
∑
m,n

Cmn · ϕmn (2.8.6.4)

The displacementw and the eigenfunctionϕmn satisfy the same boundary conditions.
Consequently, Eq. (2.8.6.4) can be inserted in the basic differential equation (2.8.6.1).
The parameters Cmn using the procedure outlined in Example 8.5 are obtained as

Cmn = 4F0 sin(nπ/2) [sin(mπ/4) − sin(3mπ/4)]

DLx L y(κ4
mn − κ4)

= −8F0 sin(nπ/2) cos(mπ/2) sin(mπ/4)

DLx L y(κ4
mn − κ4)

(2.8.6.5)

Cmn �= 0 for m = 2, 6, 10 etc and n = 1, 3, 5 etc.
The time average of the kinetic energy is

T̄ =
∫∫

dxdy
μ

4
|iωw|2 = Lx L yμ

16

∑
ω2 |Cmn|2 (2.8.6.6)

since
∫∫

dxdyϕmnϕkl = Lx L y/4 if m = k and n = l, otherwise zero. Using
Eq. (8.16) and the definition of thewavenumberκ it follows thatκ4

mn = (2π)2(μ/D0)

f 2mn and κ4 = (2π)2(μ/D) f 2 where fmn is the natural frequency for mode (m, n)

and D = D0(1+ iη), η being the loss factor of the structure. The parameters |Cmn|2
are thus obtained from Eq. (2.8.6.5) as

|Cmn|2 = 16 |F0|2
M2(2π)4[( f 2mn − f 2)2 + (η f 2mn)2] ; M = μLx L y (2.8.6.7)

http://dx.doi.org/10.1007/978-3-662-47807-3_8
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for m = 2, 6, 10 etc and n = 1, 3, 5 etc. The total mass of the plate is M. The time
average of the kinetic energy is obtained from Eqs. (2.8.6.6) and (2.8.6.7) as

T̄ =
∑
m,n

|F0|2 f 2

M(2π)
[
( f 2mn − f 2)2 + (η f 2mn)2

] (2.8.6.8)

for m = 2, 6, 10 etc and n = 1, 3, 5 etc.

2.8.7 Example 8.7

The corners of the simply supported plate are at (0, 0), (Lx , 0), (Lx , L y) and at
(0, L y). A force f (x, y)eiωtper unit area excites the plate. The function f (x, y) is

f (x, y) = F0 · xy(Lx − x)(L y − y)/(Lx L y)
3 (2.8.7.1)

The displacement of the plate is w(x, y) · eiωt . The differential equation governing
w is

∇2(∇2w) − κ4w = f (x, y)/D (2.8.7.2)

where κ4 = μω2/D, μ being the mass per unit area of the plate and D its bending
stiffness. The orthogonal eigenfunctions ϕmn for a simply supported plate are

ϕmn = sin(mπx/Lx ) sin(nπy/L y) (2.8.7.3)

The eigenfunctions satisfy the equation

∇2(∇2ϕmn) = κ4
mnϕmn; κ2

mn = (mπ/Lx )
2 + (nπ/L y)

2 (2.8.7.4)

The displacement is written

w(x, y) =
∑
m,n

Cmn · ϕmn (2.8.7.5)

The displacementw and the eigenfunctionϕmn satisfy the same boundary conditions.
Consequently, Eq. (2.8.7.4) can be inserted in the basic differential equation (2.8.7.1).
The parametersCmn using the procedure outlined in Example 8.5 and are obtained as

Cmn = 4 〈 f | ϕmn〉
DLx L y(κ4

mn − κ4)
(2.8.7.6)
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where, using Eqs. (2.8.7.1) and (2.8.7.3)

〈 f | ϕmn〉 =
∫∫

dxdy f (x, y)ϕmn(x, y)

=F0

[
2 · cos(mπ)

(mπ)3
+ sin(mπ)

(mπ)2

]
·
[
2 · cos(nπ)

(nπ)3
+ sin(nπ)

(nπ)2

]

(2.8.7.7)

The displacement w is given by Eqs. (2.8.7.5), (2.8.7.6) and (2.8.7.7).

2.8.8 Example 8.8

The corners of the simply supported plate are at (0, 0), (Lx , 0), (Lx , L y) and at
(0, L y). The corners of the limpmaterial are at (Lx/4, L y/4), (Lx/4, 3L y/4), (3Lx/

4, 3L y/4) and at (3Lx/4, L y/4). The total area of the plate is S and the area of the
added material is S0. The stiffness of the plate and thus the potential energy of the
plate is not changed by the addition of the limp mass. The added mass influences the
kinetic energy. The angular frequency ω of the system can according to Eq. (8.87)
be written as

ω2 = C∫∫
dxdyμ(x, y)F2(x, y)

(2.8.8.1)

where C is a constant proportional to the potential energy of the plate. The mass
per unit area of the plate is μ(x, y). For the first mode of vibration F(x, y) =
sin(πx/Lx ) · sin(πy/L y).
Case 1

μ(x, y) = μ0 = M/(Lx L y) where M is the total mass of the plate. Equa-
tion (2.8.8.1) gives

ω2 = C

μ0
∫∫

dxdyF2(x, y)
= 4C

M
(2.8.8.2)

Case 2

μ(x, y) = μ0 for 0 � x � Lx/4 and 3Lx/4 � x � Lx

and 0 � y � L y/4 and 3L y/4 � y � L y

μ(x, y) = 2μ0 otherwise

http://dx.doi.org/10.1007/978-3-662-47807-3_8
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The integral in the denominator of Eq. (2.8.8.2) is

∫∫
dxdyμ(x, y)F2(x, y) =

∫∫
S
dxdyμ0F2 +

∫∫
S0
dxdyμ0F2

= M/4 + μ0

∫ 3Lx /4

Lx /4
dx (sin(πx/Lx ))

2
∫ 3L y/4

L y/4
dy (sin(πy/Lx ))

2

= M/4 ·
[
1 + (1/2 + 1/π)2

]
(2.8.8.3)

The ratio between the natural frequencies before and after the change is

( f11)case1
( f11)case2

=
[
1 + (1/2 + 1/π)2

]1/2
(2.8.8.4)

2.8.9 Example 8.9

The plate is simply supported along the edges y = 0 and y = L y and free along the
edges x = 0 and x = Lx . The displacement w of the plate is w(x, y) · exp(iωt). For
a plate with two opposite sides simply supported the function w can, according to
Eq. (8.49), be written as

w(x, y) =
∑
m,n

Xn(x)ϕn(y); ϕn(y) = sin(nπy/L y) (2.8.9.1)

For free vibrations the functions Xn should satisfy Eq. (8.51) with F = 0. Thus

d4Xn

dx4
− 2k2n

d2Xn

dx2
+ k4n Xn − κ4Xn = 0 (2.8.9.2)

κ4 = μω2/D; k2n = (nπ/L y)
2 (2.8.9.3)

By introducing

κ1 =
√

κ2 − k2n and κ2 =
√

κ2 + k2n (2.8.9.4)

the general solution to Eq. (2.8.9.2) is written

Xn = A1 sin(κ1x) + A2 cos(κ1x) + A3 sinh(κ2x) + A4 cosh(κ2x) (2.8.9.5)

The displacement of mode (1,1) is w11(x, y) = X1(x)ϕ1(y). The boundary condi-
tions corresponding to simply supported edges along the lines y = 0 and y = L y are
satisfied by the functionϕ1. For free edges along the twoother boundaries the bending

http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47807-3_8
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and force should equal zero. Thus according to Table3.3, (p. 104),w11 should satisfy

M ′
y = −D

[
∂2w11

∂x2
+ ν

∂2w11

∂x2

]
= 0 for x = 0 and x = Lx (2.8.9.6)

F ′
x = −D

[
∂3w11

∂x3
+ (2 − ν)

∂3w11

∂x∂y2

]
= 0 for x = 0 and x = Lx (2.8.9.7)

The expression w11(x, y) = X1(x)ϕ1(y) and the Eqs. (2.8.9.6) and (2.8.9.7) give
for x = 0 and x = Lx

[
d2X1

dx2
− νk21 X1

]
= 0;

[
d3X1

dx3
− (2 − ν)k21

dX1

dx

]
= 0 (2.8.9.8)

The Eqs. (2.8.9.5) and (2.8.9.8) give a system of equations which in matrix form is

[B] ·

⎧⎪⎪⎨
⎪⎪⎩

A1
A2
A3
A4

⎫⎪⎪⎬
⎪⎪⎭

= 0;

[B] =

⎡
⎢⎢⎢⎣

0 −(κ21 + νk21 ) 0 (κ22 − νk21 )

−κ1

[
κ21 + (2 − ν)k21

]
0 κ2

[
κ22 − (2 − ν)k21

]
0

−S(κ21 + νk21 ) −C(κ21 + νk21 ) SH(κ22 − νk21 ) C H(κ22 − νk21 )

−κ1C
[
κ21 + (2 − ν)k21

]
κ1S

[
κ21 + (2 − ν)k21

]
κ2C H

[
κ22 − (2 − ν)k21

]
κ2SH

[
κ22 − (2 − ν)k21

]

⎤
⎥⎥⎥⎦

(2.8.9.9)
where α = κ1Lx and β = κ2Lx and S = sinα, C = cosα, C H = cosh β and
SH = sinh β. The first natural frequency for the plate with two opposite simply
supported edges and with the two remaining sides free is the solution to Det[B] = 0.
There are two simple limiting cases. The first when L y → ∞. In the limit k1 = 0
and κ1 = κ2 = κ and α = β. For this particular case the matrix [B] is

[B] =

⎡
⎢⎢⎣

0 −κ2 0 κ2

−κ3 0 κ3 0
−κ2 sinα −κ2 cosα κ2 sinhα κ2 coshα
−κ3 cosα κ3 sinα κ3 coshα κ3 sinhα

⎤
⎥⎥⎦ (2.8.9.10)

The determinat of [B] is zero when

cosα · coshα = 1 (2.8.9.11)

which according to Table7.3 gives the natural frequency for a beam with both ends
free.

http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_7
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The other simple case is when Lx → ∞ leading to sinh β ≈ cosh β → ∞. The
determinant of [B] is for this case zero when α = 0. The first natural frequency is
consequently the solution to κ = π/L y which is equivalent to the natural frequency
of a beam simply supported at both ends.

2.8.10 Example 8.10

The total potential energy of the system is stored in the plate and in the two springs.
The potential energy stored in one spring with the spring constant s is s/2 · (�x)2

where �x is the compression of the spring. Assuming a deflection Fof the first
vibrational mode of the plate where

F(x, y) = sin(πx/Lx ) sin(πy/L y) (2.8.10.1)

it follows that the maximum potential energy stored in the plate and the springs is

Umax = D

2

∫∫
dxdy

[(
∂2F

∂x2

)2

+ 2

(
∂2F

∂x∂y

)2

+
(

∂2F

∂y2

)2
]

+ s

2

[
F2(x1, y1) + F2(x2, y2)

]
(2.8.10.2)

where (x1, y1) and (x2, y2) are the coordinates for the mounting of the springs. The
Eqs. (2.8.10.1) and (2.8.10.2) give

max = (1/2) ·
[

DLx L yκ
4
11/4 + s · sin2(π/2) ·

(
sin2(π/4) + sin2(3π/4)

)]

= (1/2) ·
[

DLx L yκ
4
11/4 + s

]
(2.8.10.3)

with κ2
11 = (π/Lx )

2+(
π/L y

)2. According to Eqs. (8.22) and (8.23), the first natural
frequency f11 is the solution to the expression

(2π f11)
2 = 2 max

/[∫∫
dxdyμF2

]
= DLx L yκ

4
11/4 + s

μLx L y/4
(2.8.10.4)

The mass per unit area of the plate is μ and the total mass M of the plate is M =
μLx L y . The first natural frequency is thus

f11 = 1

2π
·
(

Dκ4
11

μ
+ 4s

M

)1/2

(2.8.10.5)

The expression is only valid for small pertubations, i.e.
4s

Dκ4
11

· μ

M
� 1.

http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47807-3_8
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2.8.11 Example 8.11

According to Eq. (8.39), the time average of the modal energy of a plate excited by
white noise with a one-sided power spectral density G F F is

¯ mn = G F F/(4ωmnηM) (2.8.11.1)

where M is the total mass of the plate and η its loss factor. For viscous losses and
white noise excitation ¯ mn is constant and idependent of the mode numbers m and
n. This is equipartition of energy. The total energy within a frequency band � f is
thus

¯ � f = N f · � f · ¯ mn (2.8.11.2)

where N f is the modal density for the plate or

N f = Lx L y

2

√
ρh

D0
= S

2

√
ρh

D0
(2.8.11.3)

S being the area of the plate. Equations (2.8.11.1)–(2.8.11.3) give

¯ � f = � f · S

2

√
ρh

D0
· G F F

4ωmnηM
(2.8.11.4)

The total energy is also given by

¯ � f = M〈
∣∣∣v̄2

∣∣∣〉� f (2.8.11.5)

Equations (2.8.11.4) and (2.8.11.5) give

〈
∣∣∣v̄2

∣∣∣〉� f = � f · S

2

√
ρh

D0
· G F F

4ωmnηM2 (2.8.11.6)

D0 = E0h3
/ [

12(1 − ν2)
]
and M = ρhS inserted in (2.8.11.6) give

〈
∣∣∣v̄2

∣∣∣〉� f = � f · S

2

√
ρ12(1 − ν2)

E0h2 · G F F

4ωmnηρ2h2S2 = C

ηh3 (2.8.11.7)

where C is a constant.

http://dx.doi.org/10.1007/978-3-662-47807-3_8
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2.8.12 Example 8.12

An eigenvalue problem is given by

Lϕm = λmϕm (2.8.12.1)

The operator L is

L = L(0) + Q (2.8.12.2)

The operator Q is small as compared to L(0) which corresponds to an undisturbed
case for which

L(0)ϕ(0)
m = λ(0)

m ϕ(0)
m (2.8.12.3)

Define eigenvalues and eigenfunctions as

λm = λ(0)
m + λ(1)

m + λ(2)
m + · · · (2.8.12.4)

ϕm = ϕ(0)
m +

∑
n

amnϕ(0)
n +

∑
r

bmrϕ
(0)
r + · · · (2.8.12.5)

Equations (2.8.12.2), (2.8.12.4), and (2.8.12.5) inserted in (2.8.12.1) yield when
neglecting higher order terms

(L(0) + Q)

[
ϕ(0)

m +
∑

n

amnϕ(0)
n +

∑
r

bmrϕ
(0)
r

]

=
[
λ(0)
m + λ(2)

m + λ(2)
m

] [
ϕ(0)

m +
∑

n

amnϕ(0)
n +

∑
r

bmrϕ
(0)
r

]
(2.8.12.6)

Solving this expression and neglecting third- and fourth-order terms the result is

L(0)ϕ(0)
m +

∑
n

amn L(0)ϕ(0)
n +

∑
r

bmr L(0)ϕ(0)
r

+ Qϕ(0)
m +

∑
n

amn Qϕ(0)
n +

∑
r

bmr Qϕ(0)
r

= λ(0)
m ϕ(0)

m + λ(0)
m

∑
n

amnϕ(0)
n

+ λ(0)
m

∑
r

bmrϕ
(0)
r + λ(1)

m ϕ(0)
m + λ(1)

m

∑
n

amnϕ(0)
n + λ(1)

m

∑
r

bmrϕ
(0)
r

+ λ(2)
m ϕ(0)

m + λ(2)
m

∑
n

amnϕ(0)
n + λ(2)

m

∑
r

bmrϕ
(0)
r (2.8.12.7)
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The unperturbed solution should, as given by Eq. (2.8.12.1), satisfy

L(0)ϕ(0)
m = λ(0)

m ϕ(0)
m

Terms of the first order should satisfy Eq. (8.114) or

∑
n

amn L(0)ϕ(0)
n + Qϕ(0)

m = λ(0)
m

∑
n

amnϕ(0)
n + λ(1)

m ϕ(0)
m (2.8.12.8)

Terms of third or fourth order are
∑

r

bmr Qϕ(0)
r , λ(1)

m

∑
r

bmrϕ
(0)
r ,

λ
(2)
m

∑
n

amnϕ(0)
n and λ

(2)
m

∑
r

bmrϕ
(0)
r .

Neglecting terms of third and higher orders in Eq. (2.8.12.7) and using Eqs.
(2.8.12.3) and (2.8.12.8), Eq. (2.8.12.7) is reduced to

∑
r �=m

bmr L(0)ϕ(0)
r +

∑
n �=m

amn Qϕ(0)
n

= λ(0)
m

∑
r �=m

bmrϕ
(0)
r + λ(1)

m

∑
n �=m

amnϕ(0)
n + λ(2)

m ϕ(0)
m (2.8.12.9)

where according to Eq. (2.8.12.1) L(0)ϕ
(0)
r = λ

(0)
r ϕ

(0)
r . Equation (2.8.12.9) is multi-

plied by ϕ
(0)
m and integrated. The result is

bmmλ(0)
m

〈
ϕ(0)

m

∣∣∣ ϕ(0)
m

〉
+
∑

n

amn

〈
ϕ(0)

m

∣∣∣ Qϕ(0)
n

〉

= λ(0)
m bmm

〈
ϕ(0)

m

∣∣∣ ϕ(0)
m

〉
+ λ(1)

m amm

〈
ϕ(0)

m

∣∣∣ ϕ(0)
m

〉
+ λ(2)

m

〈
ϕ(0)

m

∣∣∣ ϕ(0)
m

〉
(2.8.12.10)

However, amm = bmm = 0. Thus Eq. (2.8.12.10) gives

λ(2)
m =

∑
n �=m

amn Qmn; amn = Qnm

λ
(0)
m − λ

(0)
n

;

Qmn =
〈
ϕ(0)

m

∣∣∣ Qϕ(0)
n

〉
/
〈
ϕ(0)

n

∣∣∣ ϕ(0)
n

〉
(2.8.12.11)

The parameters bmr are obtained bymultiplying Eq. (2.8.12.9) byϕ
(0)
r and integrating

and using L(0)ϕ
(0)
r = λ

(0)
r ϕ

(0)
r . The result is

bmrλ
(0)
r

〈
ϕ(0)

r

∣∣∣ ϕ(0)
r

〉
+
∑
n �=m

amn

〈
ϕ(0)

r

∣∣∣ Qϕ(0)
n

〉

= bmrλ
(0)
m

〈
ϕ(0)

r

∣∣∣ ϕ(0)
r

〉
+ amrλ

(1)
m

〈
ϕ(0)

r

∣∣∣ ϕ(0)
r

〉

http://dx.doi.org/10.1007/978-3-662-47807-3_8
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Thus

bmr =

∑
n �=m

amn Qrn − amrλ
(1)
m

λ
(0)
m − λ

(0)
r

(2.8.12.12)

However, λ(1)
m = Qmm reducing Eq. (2.8.12.12) to

bmr =

∑
n �=m

amn Qrn − amr Qmm

λ
(0)
m − λ

(0)
r

(2.8.12.13)

2.8.13 Example 8.13

Following the discussion in Sect. 8.10, Eq. (8.121), the operator L is

L = L(0) + Q; L(0) = D

μ
∇2∇2; Q = − D�μ

μ2 ∇2∇2 (2.8.13.1)

The eigenfunction for the unperturbed case isϕ
(0)
m . The eigenvalue, including second-

order terms, is

λm = λ(0)
m + λ(1)

m + λ(2)
m (2.8.13.2)

where from Eqs. (8.116) and (8.119)

λ(0)
m =

〈
ϕ(0)

m

∣∣∣ L(0)ϕ(0)
m

〉
; λ(1)

m =
〈
ϕ(0)

m

∣∣∣ Qϕ(0)
m

〉
(2.8.13.3)

Equation (2.8.12.11) in Example 8.12 reads

λ(2)
m =

∑
n

amn Qmn; amn = Qnm

λ
(0)
m − λ

(0)
n

;

Qmn =
〈
ϕ(0)

m

∣∣∣ Qϕ(0)
n

〉
/
〈
ϕ(0)

n

∣∣∣ ϕ(0)
n

〉
(2.8.13.4)

The eigenfunctions for a simply supported plate are

ϕ(0)
mn = sin(mπx/Lx ) sin(nπy/L y) (2.8.13.5)

http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47807-3_8
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Equations (2.8.13.3) and (2.8.13.5) give as presented in Eq. (8.122)

λ(0)
m = D

μ
κ4

mn; κ4
mn =

[(
mπ

Lx

)2

+
(

nπ

L y

)2
]2

(2.8.13.6)

λ(1)
m = −4D

μ
· �M

M
· κ4

mn

[
ϕ(0)

mn(r0)
]2

(2.8.13.7)

where �M is the added mass and M the mass of the plate and r0 the coordinates for
the added mass. The second-order term is given by Eq. (2.8.13.4) as

λ(2)
m =

∑
n �=m

Qnm Qmn

λ(0)
m − λ(0)

n

(2.8.13.8)

In 2D

Qmn → Qmnrs =
〈
ϕ

(0)
mn

∣∣∣ Qϕ
(0)
rs

〉
〈
ϕ(0)

rs

∣∣∣ ϕ(0)
rs

〉 = −4D

μ
· �M

M
· κ4

rs

[
ϕ(0)

rs (r0)
] [

ϕ(0)
mn(r0)

]

(2.8.13.9)

Qnm → Qrsmn =
〈
ϕ

(0)
rs

∣∣∣ Qϕ
(0)
mn

〉
〈
ϕ

(0)
mn

∣∣∣ ϕ
(0)
mn

〉 = −4D

μ
· �M

M
· κ4

mn

[
ϕ(0)

rs (r0)
] [

ϕ(0)
mn(r0)

]

(2.8.13.10)
Equations (2.8.13.8), (2.8.13.9), and (2.8.13.10) give

λ(2)
m = D

μ

[
4�M

M

]2
κ4

mn

∑
r

∑
s

[
ϕ

(0)
mn(r0)

]2 [
ϕ

(0)
rs (r0)

]2
κ4

rs

κ4
mn − κ4

rs
(2.8.13.11)

Including the second-order terms, the eigenvalue is obtained from (2.8.13.6),
(2.8.13.7), and (2.8.13.11) as

λm = λ(0)
m + λ(1)

m + λ(2)
m = D

μ
κ4

mn⎧⎪⎨
⎪⎩1 − 4�M

M

[
ϕ(0)

mn(r0)
]2 +

[
4�M

M

]2∑
r

∑
s

κ4
rs

[
ϕ

(0)
mn(r0)ϕ

(0)
rs (r0)

]2
[
κ4

mn − κ4
rs

]
⎫⎪⎬
⎪⎭

The summations do not include the case for which r = m and s = r simultaneously.
The eigenfrequencies are

fmn =
√

λm

2π
(2.8.13.12)

http://dx.doi.org/10.1007/978-3-662-47807-3_8
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2.8.14 Example 8.14

The critical frequency is according to Eq. (8.134) higher for the top plate than for
the bottom plate or fc2 > fc1. The velocity-level difference between the bottom and
top plates is thus given by Eqs. (8.132) and (8.136) as

�Lv = C2 + 25 log f ; C2 = 10 log

[
πδ( f 2c1 − f 2c2)

2(Lx + L y)

2c f 22 f 3/2c1 f 2c2

]
(2.8.14.1)

The parameters changed are the thickness of the top plate, the stiffness of the
resilient layer, and the loss factor. Further fc2 � fc1. The parameter C2 is, using the
Eqs. (8.134) and (8.135), reduced to

C2 = 10 log

[
δ

h2
2Ew

]
+ K (2.8.14.2)

where K is a constant. The material parameters for the two floors are using Table8.7,
p. 352:
Floor 1 δ = 0.2; Ew = 4.2 × 105 N/m2; h2 = 4 × 10−3 m
Inserting these values in Eq. (2.8.14.2) gives C2 = K − 15 dB.
Floor 2 δ = 0.28; Ew = 1.3 × 105 N/m2; h2 = 2 × 10−3 m
Inserting these values in Eq. (2.8.14.2) gives C2 = K − 3 dB.
In the high-frequency region the improvement is

(C2)floor2 − (C2)floor1 = 12 dB

2.8.15 Example 8.15

The eigenfrequencies for an isotropic rectangular plate with free edges are given by
Eq. (8.90) as

fmn = π

2

√
D0

ρh
·
[(

Gm

Lx

)4

+
(

Gn

L y

)4

+ 2Jm Jn + 2ν(Hm Hn − Jm Jn)

(Lx L y)2

]1/2

(2.8.15.1)
Let an orthotropic plate have the bending stiffness Dx in the x-direction and Dy in the
y-direction. The torsional rigidity B of the plate is approximated by B = √

Dx Dy as
discussed in Sect. 3.10. For describing the displacement and eigenfrequencies of this
type of orthotropic plate a coordinate transformation can be made in such a way that
the orthotropic plate with the dimensions Lx and L y is replaced by an isotropic plate

with the bending stiffnesD0 = √
Dx Dy and the dimensions Lx

(
Dy/Dx

)1/8 and

http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47807-3_3
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L y
(
Dx/Dy

)1/8 in the x- and y-directions of the plate. By inserting these transforms
in Eq. (2.8.15.1) the result is

fmn = π

2

√
1

ρh
·
[

Dx

(
Gm

Lx

)4

+ Dy

(
Gn

L y

)4

+√
Dx Dy

2Jm Jn + 2ν(Hm Hn − Jm Jn)

(Lx L y)2

]1/2
(2.8.15.2)

where ρ is the density of the plate h its thickness and Lx and L y the lengths of the
two sides.

2.8.16 Example 8.16

The eigenfrequencies for a simply supported rectangular plate are

fmn = π

2

√
D0

ρh
·
[(

m

Lx

)2

+
(

n

L y

)2
]

(2.8.16.1)

According to the discussion in Sect. 8.6, the eigenfrequencies for the same plate but
with clamped edges are

fmn = π

2

√
D0

ρh
·
[(

Gm

Lx

)4

+
(

Gn

L y

)4

+ 2Hm Hn

(Lx L y)2

]1/2
(2.8.16.2)

For m > 2 the parameters Gm and Hm are approximated by

Gm = m + 1/2; Hm = G2
m

(
1 − 2

πGm

)
(2.8.16.3)

Equations (2.8.16.2) and (2.8.16.3) give as m and n approach infinity

fmn → π

2

√
D0

ρh
·
[(

Gm

Lx

)4

+
(

Gn

L y

)4

+ 2G2
m G2

n

(Lx L y)2

]1/2

= π

2

√
D0

ρh
·
[(

Gm

Lx

)2

+
(

Gn

L y

)2
]

→ π

2

√
D0

ρh
·
[(

m

Lx

)2

+
(

n

L y

)2
]

(2.8.16.4)

http://dx.doi.org/10.1007/978-3-662-47807-3_8
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Consequently, for high mode numbers the natural frequencies for clamped edges,
Eq. (2.8.16.4), are the same as for a simply supported plate, Eq. (2.8.16.1).

However, the limiting eigenfrequencies for the same plate but with free edges are

fmn →π

2

√
D0

ρh
·
[(

Gm

Lx

)4

+
(

Gn

L y

)4

+ 2(1 − ν)G2
m G2

n

(Lx L y)2

]1/2

→π

2

√
D0

ρh
·
[(

m

Lx

)4

+
(

n

L y

)4

+ 2(1 − ν)

(
m

Lx

)2 ( n

L y

)2
]1/2

2.8.17 Example 8.17

Consider the eigenvalue problem

Lw = λw; L = L0 + Q (2.8.17.1)

Equation (2.8.17.1) is rewritten

L0w + Qw = λw and again as L0w − λw = −Qw = f (2.8.17.2)

The function f is introduced as a source function. The orthogonal eigenfunctions
ϕ

(0)
n satisfy

L0ϕ(0)
n = λ(0)

n ϕ(0)
n (2.8.17.3)

The solution to Eq. (2.8.17.2) is written

w =
∑

n

Cnϕ
(0)
n (2.8.17.4)

Equations (2.8.17.2), (2.8.17.3) and (2.8.17.4) give

Cn =
〈
ϕ

(0)
n

∣∣∣ f
〉

〈
ϕ

(0)
n

∣∣∣ ϕ
(0)
n

〉 (
λ

(0)
n − λ

) = −
〈
ϕ

(0)
n

∣∣∣ Qw
〉

〈
ϕ

(0)
n

∣∣∣ ϕ
(0)
n

〉 (
λ

(0)
n − λ

) (2.8.17.5)

w =
∑

n

ϕ
(0)
n

〈
ϕ

(0)
n

∣∣∣ Qw
〉

〈
ϕ

(0)
n

∣∣∣ ϕ
(0)
n

〉 (
λ − λ

(0)
n

) (2.8.17.6)

The unknown function w appears on both the left- and right-hand sides of the equa-
tion. A solution can be obtaned by using an interative method. The first step is to
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assume that in Eq. (2.8.17.6) w → ϕ
(0)
n and λ → λ

(0)
n as Q → 0. The resulting

solution is denoted ϕn and obtained from Eq. (2.8.17.6) as

ϕn =
∑

m

ϕ
(0)
m

〈
ϕ

(0)
m

∣∣∣ Qϕn

〉
〈
ϕ(0)

m

∣∣∣ ϕ(0)
m

〉 (
λ − λ(0)

m

) = K · ϕ(0)
n +

∑
m �=n

ϕ
(0)
m

〈
ϕ

(0)
m

∣∣∣ Qϕn

〉
〈
ϕ(0)

m

∣∣∣ ϕ(0)
m

〉 (
λ − λ(0)

m

)
(2.8.17.7)

where

K =
〈
ϕ

(0)
n

∣∣∣ Qϕn

〉
〈
ϕ

(0)
n

∣∣∣ ϕ
(0)
n

〉 (
λ − λ

(0)
n

) (2.8.17.8)

The result (2.8.17.7) i.e ϕn = Kϕ
(0)
n +

∑
m �=n

· · · is inserted on the right-hand side of

Eq. (2.8.17.7). The process is repeated in an iterative way

ϕn = Kϕ(0)
n +

∑
m �=n

ϕ
(0)
m

〈
ϕ

(0)
m

∣∣∣ QKϕ
(0)
n

〉
〈
ϕ

(0)
m

∣∣∣ ϕ
(0)
m

〉 (
λ − λ

(0)
m

)

+
∑
m �=n

∑
p �=n

ϕ(0)
m

〈
ϕ(0)

m

∣∣∣ Qϕ(0)
p

〉
〈
ϕ(0)

m

∣∣∣ ϕ(0)
m

〉 (
λ − λ(0)

m

)
〈
ϕ(0)

p

∣∣∣ QKϕ(0)
n

〉
〈
ϕ(0)

p

∣∣∣ ϕ(0)
p

〉 (
λ − λ(0)

p

) + · · ·

(2.8.17.9)

which gives

ϕn = K

⎡
⎣ϕ(0)

n +
∑
m �=n

ϕ(0)
m Qmn(

λn − λ
(0)
m

) +
∑
m �=n

∑
p �=n

ϕ(0)
m Qmp Q pn(

λn − λ
(0)
m

) (
λn − λ

(0)
p

) + · · ·
⎤
⎦

(2.8.17.10)

where

Qmn =
〈
ϕ(0)

m

∣∣∣ Qϕ(0)
n

〉
/
〈
ϕ(0)

n

∣∣∣ ϕ(0)
n

〉
(2.8.17.11)

However, according to Eq. (2.8.17.8)

K
(
λn − λ(0)

n

)
=
〈
ϕ

(0)
n

∣∣∣ Qϕn

〉
〈
ϕ

(0)
n

∣∣∣ ϕ
(0)
n

〉 (2.8.17.12)
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By inserting ϕn given by Eq. (2.8.17.10) in (2.8.17.12) the result is

K
(
λn − λ(0)

n

)
= K

[
Qnn +

∑
m �=n

Qnm Qmn

λn − λ
(0)
m

+
∑
m �=n

∑
p �=n

Qnm Qmp Q pn(
λn − λ

(0)
m

) (
λn − λ

(0)
p

) + · · ·
]

(2.8.17.13)

which gives λn as

λn = λ(0)
n +Qnn+

∑
m �=n

Qnm Qmn

λn − λ(0)
m

+
∑
m �=n

∑
p �=n

Qnm Qmp Q pn(
λn − λ

(0)
m

) (
λn − λ

(0)
p

) (2.8.17.14)

Again λn is found on both the left and right-hand sides of the equation. However,
λncan be solved by iteration in a rather convenient way.

2.9 Chapter 9

2.9.1 Example 9.1

The kinetic energy is T = mẋ2

2
, the potential energy U = 0 and the potential energy

due to the external force is A = −Fx x . Hamilton’s principle (9.4) yields

δ

∫ t2

t1
dt

(
mẋ2

2
+ Fx x

)
=
∫

dt (mẋδẋ + Fxδx) = 0 (2.9.1.1)

Partial integration of the last integral gives

∫
dt (mẋδẋ + Fxδx) = [δx · mẋ]t2t1 −

∫ t2

t1
dt [δx (mẍ − Fx )] = 0 (2.9.1.2)

For x(t1) = x(t2) = 0 it follows that the parenthesis of the last integral ofEq. (2.9.1.2)
must be zero. Thus Fx = mẍ .

2.9.2 Example 9.2

The kinetic and potential energies are T = mż2/2; = mgz. Hamilton’s principle
(9.2) gives

http://dx.doi.org/10.1007/978-3-662-47934-6_9
http://dx.doi.org/10.1007/978-3-662-47934-6_9


2.9 Chapter 9 161

δ

∫
dt
[
mż2/2 − mgz

]
=
∫

dt [mżδż − mgδz] = [mżδz]t2t1

−
∫

dtδz (mz̈ + mg) = 0 (2.9.2.1)

The equation of motion is z̈ + g = 0. The initial conditions are

ż(0) = 0 and z(0) = z0 (2.9.2.2)

Thus, Eqs. (2.9.1.1) and (2.9.1.2) give

z = z0 − gt2/2 for t � 0 (2.9.2.3)

and until impact.

2.9.3 Example 9.3

Let the beam be oriented along the x-axis of a coordinate system. The length of the
beam is L , cross section S, density ρ, and Young’s modulus E . The displacement
along the x-axis is ξ. The kinetic energy of the beam is T = ∫ L

0 dxm′ξ̇2/2, where
m′ = ρS.

The potential energy is U = SE

2

(
∂ξ

∂x

)2

The potential energy induced by the external forces is

A = +F1 · ξ(0) − F2 · ξ(L) −
∫ L

0
dx F ′(x)ξ(x) (2.9.3.1)

Hamilton’s principle gives

δ

∫ t2

t1
dt (T − U − A) =

∫ t2

t1
dt
∫ L

0
dx

[
m′ξ̇δξ̇ − SE

∂ξ

∂x

∂δξ

∂x
+ F ′δξ

]

+
∫ t2

t1
dt [Fξ]L

0 = 0 (2.9.3.2)

Partial integration of the first part of Eq. (2.9.3.2) gives

∫ t2

t1
dt
∫ L

0
dx

[
δξ

(
SE

∂2ξ

∂x2
− m′ξ̈ + F ′

)]
+
∫ t2

t1
dtδξ

[
F − SE

(
∂ξ

∂x

)]L

0
= 0

(2.9.3.3)
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For Eq. (2.9.3.3) to be zero, it follows that

SE
∂2ξ

∂x2
− m′ξ̈ = −F ′ (2.9.3.4)

The boundary conditions are obtained from the last integral of Eq. (2.9.3.3) as

F = E S
∂ξ

∂x
or ξ = 0 for x = 0 and x = L (2.9.3.5)

2.9.4 Example 9.4

Equations (9.35) and (9.36) give

− Ge S

{
∂2w

∂x2
− ∂β

∂x

}
+ 2D′

2

{
∂4w

∂x4
− ∂3β

∂x3

}
+ m′ ∂2w

∂t2
− F ′ = 0 (2.9.4.1)

− Ge S

{
∂w

∂x
− β

}
− D′

1
∂2β

∂x2
+ 2D′

2

{
∂3w

∂x3
− ∂2β

∂x2

}
+ Iω

∂2β

∂t2
= 0

(2.9.4.2)

Set w = W exp [i(ωt − kx)], β = B exp [i(ωt − kx)]. Equations (2.9.4.1) and
(2.9.4.2) give

W (Ge Sk2 − m′ω2) + B(2ik3D2 − ikGe S) = F ′
0 (2.9.4.3)

B[Ge S + (D1 + 2D2)k
2 − Iωω2] + W [2ik3D2 − ikGe S] = 0 (2.9.4.4)

Eliminating B from (2.9.4.3) and (2.9.4.4) gives

2D′
1D′

2k6W − 2k4ω2D′
2 IωW + k4Ge SD′

1W

− [
(D′

1 + 2D′
2)m

′ + Ge SIω
]

k2ω2W − ω2Ge Sm′W + m′ Iωω4W

= Ge SF ′
0 + k2

(
D′
1 + 2D′

2

)
F ′
0 − ω2 Iω F ′

0 (2.9.4.5)

Interpreting (−ik)nW as ∂nw/∂xn and (iω)nW as ∂nw/∂tn etc give together with
Eq. (2.9.4.5)

− 2D′
1D′

2
∂6w

∂x6
+ 2D′

2 Iω
∂6w

∂x4∂t2
+ Ge SD′

1
∂4w

∂x4

− [
(D′

1 + 2D′
2)m

′ + Ge SIω
] ∂4w

∂x2∂t2
+ Ge Sm′ ∂2w

∂t2
+ m′ Iω

∂4w

∂t4

= Ge SF ′ − (
D′

1 + 2D′
2
) ∂2F ′

∂x2
+ Iω

∂2F ′

∂t2
(2.9.4.6)

http://dx.doi.org/10.1007/978-3-662-47934-6_9
http://dx.doi.org/10.1007/978-3-662-47934-6_9
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2.9.5 Example 9.5

From Eqs. (9.50)–(9.52), the following expressions are obtained

(D1 + D3)
∂4w

∂x4
+ μ0ẅ − G

h2
e

h2

∂2w

∂x2
− G

he

h2

(
∂ξ3

∂x
− ∂ξ1

∂x

)
= p (2.9.5.1)

E1h1
∂2ξ1

∂x2
− μ1ξ̈1 + G

he

h2

∂w

∂x
+ G

1

h2
(ξ3 − ξ1) = 0 (2.9.5.2)

E3h3
∂2ξ3

∂x2
− μ3ξ̈3 − G

he

h2

∂w

∂x
− G

1

h2
(ξ3 − ξ1) = 0 (2.9.5.3)

Neglecting ξ̈i the last two equations (2.9.5.2) and (2.9.5.3), are written

X1
∂2ξ1

∂x2
+ A

∂w

∂x
+ B (ξ3 − ξ1) = 0 (2.9.5.4)

X3
∂2ξ3

∂x2
− A

∂w

∂x
− B (ξ3 − ξ1) = 0 (2.9.5.5)

with

Xi = Ei hi ; A = G
he

h2
; B = G

1

h2
(2.9.5.6)

Set
∂nξ

∂xn
= (−ik)n ξ. Solving ξ1 and ξ3 from Eqs. (2.9.5.4) and (2.9.5.5) gives

ξ1 = − ikwAX3

k2X1X3 + B X1 + B X3
(2.9.5.7)

ξ3 = − ikwAX1

k2X1X3 + B X1 + B X3
(2.9.5.8)

Thus

(
∂ξ3

∂x
− ∂ξ1

∂x

)
= k2wA(X1 + X3)

k2X1X3 + B X1 + B X3
(2.9.5.9)

Writing
∂nw

∂xn
= (−ik)n w,

∂nw

∂tn
= (iω)n w and inserting these expressions plus

(2.9.5.9) and p = 0 in (2.9.5.1) yields

http://dx.doi.org/10.1007/978-3-662-47934-6_9
http://dx.doi.org/10.1007/978-3-662-47934-6_9
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(D1 + D3)k
6wX1X3 + B(X1 + X3)(D1 + D3)k

4w + μ0k2ẅX1X3

+ B(X1 + X3)μ0ẅ + G
h2

e

h2
wk4X1X3

+ wk2B(X1 + X3)Gh2 − k2Aw(X1 + X3) = 0 (2.9.5.10)

Considering that
∂nw

∂xn
= (−ik)n w the Eq. (2.9.5.10) is rewritten

∂6w

∂x6
+ ∂4w

∂x4

[
B(X1+X3)

X1X3
+ Gh2

4

h2(D1 + D3)

]
+ μ0

D1+D3

[
ẅB(X1+X3)

X1X3
− ∂2ẅ

∂x2

]

+ ∂2w

∂x2

[
(X1 + X3)Ghe(Bhe − A)

h2X1X3(D1 + D3)

]
= 0

However, Bhe − A = 0. The resulting differential equation is thus

∂6w

∂x6
− Z(1 + Y)

∂4w

∂x4
+ μ0

D1 + D3

[
∂2ẅ

∂x2
− ẅZ

]
= 0 (2.9.5.11)

where

Z = G

h2

[
E1h1 + E3h3

E1h1E3h3

]
; Y = [h2 + (h1 + h3)/2]2

(D1 + D3)

[
E1h1E3h3

E1h1 + E3h3

]

2.9.6 Example 9.6

The requirement is � � 1

10
where � is defined in Eq. (9.78) as

� = k2L
4κ2

[
1 +

(
kT

kL Tp

)2
]

for ν = 0.3,

(
kT

kL Tp

)2

= 2(1 + ν)

T 2
p

≈ 2.6

0.932
≈ 3

(2.9.6.1)

Thus

� ≈ k2L
κ2 = ω2ρ

E
·
[

Eh2

ρω212

]1/2
= (hκ)2

12
(2.9.6.2)

Consequently, (hκ)2 <
12

10
or approximately hκ < 1.

http://dx.doi.org/10.1007/978-3-662-47934-6_9
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2.9.7 Example 9.7

According to definitions in Sect. 8.6.
Rayleigh-Ritz

The max potential energy is given by

Umax = D

2

∫
dxdy

{(
C1

∂2φ1

∂x2
+ C2

∂2φ2

∂x2

)2

+
(

C1
∂2φ1

∂y2
+ C2

∂2φ2

∂y2

)2

+ 2

(
C1

∂2φ1

∂x∂y
+ C2

∂2φ2

∂x∂y

)2 }

It follows that

∂Umax

∂C1
= D

∫
dS

{
C1

[(
∂2φ1

∂x2

)2

+
(

∂2φ1

∂y2

)2

+ 2

(
∂2φ1

∂x∂y

)2
]

+ C2

[(
∂2φ1

∂x2

)(
∂2φ2

∂x2

)
+
(

∂2φ1

∂y2

)(
∂2φ2

∂y2

)

+ 2

(
∂2φ1

∂x∂y

)(
∂2φ2

∂x∂y

)]}

etc.
The max kinetic energy is

Tmax = ω2μ

2

∫
dxdy [C1φ1 + C2φ2]

2

Thus

∂Tmax

∂C1
= μω2

∫
dxdy

[
C1φ

2
1 + C2φ1φ2

]

The elements in the matrix (8.94) are

a11 = D
∫

dS

[(
∂2φ1

∂x2

)2

+
(

∂2φ1

∂y2

)2

+ 2

(
∂2φ1

∂x∂y

)2
]

;

a22 = D
∫

dS

[(
∂2φ2

∂x2

)2

+
(

∂2φ2

∂y2

)2

+ 2

(
∂2φ2

∂x∂y

)2
]

a12 = a21 = D
∫

dS

[(
∂2φ1

∂x2

)(
∂2φ2

∂x2

)
+
(

∂2φ1

∂y2

)(
∂2φ2

∂y2

)

+ 2

(
∂2φ1

∂x∂y

)(
∂2φ2

∂x∂y

)]

http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47807-3_8
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b11 = μ

∫
dSφ2

1; b12 = b21 = μ

∫
dSφ1φ2; b22 = μ

∫
dSφ2

2

The first few natural frequencies are obtained by setting the determinant of thematrix
[A] equal to zero, where

[A] =
[

a11 − ω2b11 a12 − ω2b12
a21 − ω2b21 a22 − ω2b22

]

Garlekin
The method is discussed in Sect. 9.9. For no external forces, the parameters Bi

are equal to zero. The elements in the matrix [A] defined in Eq. (9.106) are

Ai j =
∫

dS
[
φi∇2(∇2φ j ) − μω2φiφ j

]

Partial integration gives

A11 = D
∫

dS

[(
∂2φ1

∂x2

)2

+
(

∂2φ1

∂y2

)2

+ 2

(
∂2φ1

∂x∂y

)2

− μω2φ2
1

]

A12 = A21 = D
∫

dS

[(
∂2φ1

∂x2

)(
∂2φ2

∂x2

)
+
(

∂2φ1

∂y2

)(
∂2φ2

∂y2

)

+ 2

(
∂2φ1

∂x∂y

)(
∂2φ1

∂x∂y

)
− μω2φ1φ2

]
.

A22 = D
∫

dS

[(
∂2φ2

∂x2

)2

+
(

∂2φ2

∂y2

)2

+ 2

(
∂2φ2

∂x∂y

)2

− μω2φ2
2

]

The natural frequencies are obtaind by setting the determinant of [A] equal to zero.
The results show that Ai j = ai j − ω2bi j . Thus, the Rayleigh–Ritz and Garlekin

methods give the same natural frequencies.

2.9.8 Example 9.8

The first two expressions of (9.93) are:

∂2ξ

∂x2
+ 1 − ν

2

∂2ξ

∂y2
+ 1 + ν

2

∂2η

∂x∂y
− 1 − ν2

Eh
μξ̈ = 0 (2.9.8.1)

1 + ν

2

∂2ξ

∂x∂y
+ 1 − ν

2

∂2η

∂x2
+ ∂2η

∂y2
− 1 − ν2

Eh
μη̈ = 0 (2.9.8.2)

http://dx.doi.org/10.1007/978-3-662-47934-6_9
http://dx.doi.org/10.1007/978-3-662-47934-6_9
http://dx.doi.org/10.1007/978-3-662-47934-6_9
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Using a scalar and a vector potential, the displacements ξ and η are are according to
Eq. (4.5) given by (no z dependence)

ξ = ∂φ

∂x
+ ∂ψ

∂y
; η = ∂φ

∂y
− ∂ψ

∂x
(2.9.8.3)

Equation (2.9.8.3) inserted in (2.9.8.1) yields

∂

∂x

(
∂2φ

∂x2
+ 1 − ν

2

∂2φ

∂y2
+ 1 + ν

2

∂2φ

∂y2
+ 1 − ν2

Eh
μω2φ

)

+ ∂

∂y

(
∂2ψ

∂x2
+ 1 − ν

2

∂2ψ

∂y2
− 1 + ν

2

∂2ψ

∂x2
+ 1 − ν2

Eh
μω2ψ

)
= 0 (2.9.8.4)

or

∂

∂x

(
∇2φ + 1 − ν2

Eh
μω2φ

)
+ ∂

∂y

(
1 − ν

2
∇2Ψ + 1 − ν2

Eh
μω2ψ

)
= 0 (2.9.8.5)

Or since μ = ρh

∂

∂x

(
∇2φ + 1 − ν2

Eh
μω2φ

)
+
(
1 − ν

2

)
∂

∂y

(
∇2
 + 2(1 + ν)ρ

E
ω2ψ

)
= 0

(2.9.8.6)
The expression inside the first parenthesis of Eq. (2.9.8.6) is the differential equation
for longitudinal waves and the expression inside the second represents the differential
equation for transverse waves, compare Eq. (4.8).

2.9.9 Example 9.9

The equation governing the vibration of a Timoshenko beam is given by Eq. (9.60)
as

Ge SD′
1
∂4w

∂x4
−[D′

1m′ + Ge SI ′
ω

] ∂4w

∂x2∂t2
+Ge Sm′ ∂2w

∂t2
+m′ I ′

ω

∂4w

∂t4
= 0 (2.9.9.1)

The boundary conditions for a simply supported beam are according to Table9.2
given by

w = 0; ∂β/∂x = 0 (2.9.9.2)

For free vibrations, no external forces, the displacements w and β satisfy the same
differential equation (2.9.9.1). Let

w = A1 sin κ1x + A2 cosκ1x + A3 sinh κ2x + A4 cosh κ2x (2.9.9.3)

http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47934-6_9
http://dx.doi.org/10.1007/978-3-662-47934-6_9
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β = B1 sin κ1x + B2 cosκ1x + B3 sinh κ2x + B4 cosh κ2x (2.9.9.4)

By settingw = Q ·exp[i(ωt −κx)] in Eq. (2.9.9.1) the wavenumber κ is the solution
to the equation

Ge SD′
1κ

4 − [
D′
1m′ + Ge SI ′

ω

]
ω2κ2 − ω2Ge Sm′ + ω4m′ I ′

ω = 0 (2.9.9.5)

The four solutions are written κ = ±κ1 and κ = ±iκ2.
The displacements w and β should satisfy Eq. (9.36) with D′

2 = 0. Thus

− Ge S

{
∂w

∂x
− β

}
− D′

1
∂2β

∂x2
+ I ′

ω

∂2β

∂t2
= 0 (2.9.9.6)

This gives

B2 = A1
Ge Sκ1

Ge S + D′
1κ

2
1 − ω2 I ′

ω

; B1 = −A2
Ge Sκ1

Ge S + D′
1κ

2
1 − ω2 I ′

ω

B4 = A3
Ge Sκ2

Ge S − D′
1κ

2
2 − ω2 I ′

ω

; B3 = A4
Ge Sκ2

Ge S − D′
1κ

2
2 − ω2 I ′

ω

(2.9.9.7)

The boundary conditions are satisfied for A2 = A3 = A4 = B1 = B3 = B4 = 0
and κ1 = nπ/L . The natural angular frequencies ωn are the solutions to Eq. (2.9.9.5)
with κ = nπ/L or

Ge SD′
1(nπ/L)4 − [

D′
1m′ + Ge SI ′

ω

]
ω2

n(nπ/L)2 − ω2
nGe Sm′ + ω4

nm′ I ′
ω = 0
(2.9.9.8)

2.9.10 Example 9.10

According to Eq. (4.32), thewavenumbers describing bending of a Timoshenko beam
are

k1 = ±
{
1

2

[
k2l + k2t /Tb

]
+
[
4κ4 + (k2l − k2t /Tb)

2
]1/2}1/2

(2.9.10.1)

k2 = ±
{
1

2

[
k2l + k2t /Tb

]
−
[
4κ4 + (k2l − k2t /Tb)

2
]1/2}1/2

(2.9.10.2)

http://dx.doi.org/10.1007/978-3-662-47934-6_9
http://dx.doi.org/10.1007/978-3-662-47807-3_4
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where Tb is the Timoshenko constant and

kl = ω

√
ρ

E
; kt = ω

√
ρ

G
; κ =

(
m′ω2

D′

)1/4

; m′ = Sρ; D′ = bh3E

12
(2.9.10.3)

The height of the beam is h, its width b, and cross-sectional area S = bh. In the low-
frequency region, the solutions are k1 = ±κ and k2 = ±iκ. For high frequencies,
k1 → ±kl and k2 → kt/

√
Tb.

Let the force excite the beam at x = 0. For x > 0 and a time dependence eiωt

assume the displacements w and β to be

w = A1e−ik1x + A2e−ik2x ; β = i B1e−ik1x + i B2e−ik2x (2.9.10.4)

The displacements w and β should for D′
2 = 0 satisfy Eq. (9.36) or

TbGS

(
∂w

∂x
− β

)
+ D′ ∂2β

∂x2
− I ′

ω

∂2β

∂t2
= 0 (2.9.10.5)

Equations (2.9.10.4) and (2.9.10.5) give

A1 = B1
ω2 I ′

ω − D′k21 − TbGS

k1TbGS
; A2 = B2

ω2 I ′
ω − D′k22 − TbGS

k2TbGS
(2.9.10.6)

The boundary conditions at the excitation point, x = 0, are given by (9.61)

∂w

∂x
= 0 (2.9.10.7)

F

2
= TbGS

(
∂w

∂x
− β

)
(2.9.10.8)

Equations (2.9.10.4) and (2.9.10.7) give

k1A1 = −k2A2 (2.9.10.9)

Equations (2.9.10.7) and (2.9.10.4) inserted in (2.9.10.8) result in

B1 + B2 = − F

2iTbGS
(2.9.10.10)

Equations (2.9.10.9) and (2.9.10.6) give

B2 = −B1
(ω2 I ′

ω − D′k21 − TbGS)

(ω2 I ′
ω − D′k22 − TbGS)

(2.9.10.11)

http://dx.doi.org/10.1007/978-3-662-47934-6_9
http://dx.doi.org/10.1007/978-3-662-47934-6_9
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Equations (2.9.10.10) and (2.9.10.11) give

B1 = i F

2TbGS
· (ω2 I ′

ω − D′k22 − TbGS)

D′(k21 − k22)
(2.9.10.12)

The displacement at the excitation point is

w(0) = A1 + A2 = A1

(
k2 − k1

k1

)
= B1

(
k2 − k1

k21

)(
ω2 I ′

ω − D′k21 − TbGS

TbGS

)

(2.9.10.13)
Equations (2.9.10.12) and (2.9.10.13) give

w(0) = i F(k2 − k1)(ω2 I ′
ω − D′k22 − TbGS)(ω2 I ′

ω − D′k21 − TbGS)

2(k1TbGS)2D′(k21 − k22)
(2.9.10.14)

The point mobility is

Y = iωw(0)

F
= ω(ω2 I ′

ω − D′k22 − TbGS)(ω2 I ′
ω − D′k21 − TbGS)

2(k1TbGS)2D′(k1 + k2)
(2.9.10.15)

For an Euler beam G → ∞ and k1 → κ and k2 → iκ resulting in Eq. (2.9.10.15)
being reduced to

Y = (1 − i)κ

4m′ω
(2.9.10.16)

This is the point mobility of an Euler beam as derived in Eq. (5.39).

2.9.11 Example 9.11

The corners of a rectangular and homogeneous plate with constant thickness are
located at (0, 0), (Lx , 0), (Lx , L y) and (0, L y). The mass per unit area of the plate
is μ and its bending stiffness is D. The plate is excited by a pressure p(x, y). The
displacement is w. The pressure and displacement are positive in the same direction.
Resulting forces and moments are indicated in Fig. 2.26.

The potential energy per unit area of the plate is given by Eq. (3.124) as

US = D

2

[(
∂2w

∂x2

)2

+
(

∂2w

∂y2

)2

+ 2ν

(
∂2w

∂x2

)(
∂2w

∂y2

)
+ 2(1 − ν)

(
∂2w

∂x∂y

)2
]

(2.9.11.1)

http://dx.doi.org/10.1007/978-3-662-47807-3_5
http://dx.doi.org/10.1007/978-3-662-47807-3_3
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(a)

(b)

(c)

Fig. 2.26 Forces and moments acting on a plate element

The kinetic energy per unit area is

TS = μ

2

(
∂w

∂t

)2

(2.9.11.2)

The potential energy induced by external forces is

A = −
∫∫

S
wpdxdy −

∫ L y

0

[
Txw − M ′

y
∂w

∂x
− M ′

xy
∂w

∂y

]Lx

0
dy

−
∫ Lx

0

[
Tyw − M ′

x
∂w

∂y
− M ′

xy
∂w

∂x

]L y

0
dx (2.9.11.3)
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where Tx is the the force per unit length of the plate along x = 0 or x = Lx and
M ′

x is the bending moment per unit length around a line parallel to the x-axis. Ty

is the the force per unit length of the plate along y = 0 or y = L y and M ′
y is

the bending moment per unit length around a line parallel to the y-axis. M ′
xy is the

bending moment per unit length due to shear.
According to Hamilton’s principle, Eq. (9.4)

δ

∫ t2

t1
dt
∫∫

S
dxdy(TS − US) − δ

∫ t2

t1
dt A = 0 (2.9.11.4)

The first part of Eq. (2.9.11.4) is obtained as

δ

∫ t2

t1
dt
∫∫

S
dxdyTS = − μ

∫ t2

t1
dt
∫∫

S
dxdy

∂2w

∂t2
δw + μ

∫∫
S
dxdy

[
∂w

∂t
δw

]t2

t1

= −μ

∫ t2

t1
dt
∫∫

S
dxdy

∂2w

∂t2
δw (2.9.11.5)

The displacement is zero for t = t1 and t2.
The second part of Eq. (2.9.11.4) is

− δ

∫ t2

t1
dt
∫∫

S
dxdyUS = −D

∫ t2

t1
dt
∫∫

S
dxdy

[
∂2w

∂x2
· ∂2δw

∂x2
+ ∂2w

∂y2
· ∂2δw

∂y2

]

− D
∫ t2

t1
dt
∫∫

S
dxdy

[
ν

∂2w

∂x2
· ∂2δw

∂y2
+ ν

∂2w

∂y2
· ∂2δw

∂x2
+ 2(1 − ν)

∂2w

∂x∂y
· ∂2δw

∂x∂y

]

(2.9.11.6)

The last part of Eq. (2.9.11.4) gives

−δy
∫ t2

t1
dtA =

∫ t2

t1
dt

{∫∫
s
dxdypδw +

∫ L y

0
dy

[
Txδw − M ′

y
∂δw

∂x
− M ′

xy
∂δw

δy

]Lx

0

+
∫ Lx

0
dx

[
Tyδw − M ′

x
∂δw

∂y
− M ′

xy
∂δw

δx

]L y

0

}
(2.9.11.7)

Partial integration of the various expressions of Eq. (2.9.11.6) gives

− D
∫ t2

t1
dt
∫∫

S
dxdy

[
∂2w

∂x2
· ∂2δw

∂x2

]
= −

∫ t2

t1
dt
∫∫

S
dxdyδwD

∂4w

∂x4

−
∫ t2

t1
dt
∫ L y

0
dy D

[
∂2w

∂x2
· ∂δw

∂x
− ∂3w

∂x3
· δw

]Lx

0
(2.9.11.8)

− D
∫ t2

t1
dt
∫∫

S
dxdy

[
∂2w

∂y2
· ∂2δw

∂y2

]
= −

∫ t2

t1
dt
∫∫

S
dxdyδwD

∂4w

∂y4

http://dx.doi.org/10.1007/978-3-662-47934-6_9
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−
∫ t2

t1
dt
∫ Lx

0
dx D

[
∂2w

∂y2
· ∂δw

∂y
− ∂3w

∂y3
· δw

]L y

0
(2.9.11.9)

− D
∫ t2

t1
dt
∫∫

S
dxdy

[
ν

∂2w

∂x2
· ∂2δw

∂y2

]
= −

∫ t2

t1
dt
∫∫

S
dxdyδwνD

∂4w

∂x2∂y2

+
∫ t2

t1
dt
∫ Lx

0
dxνD

[
∂3w

∂x2∂y
· δw

]L y

0
−
∫ t2

t1
dt
∫ L y

0
dyνD

[
∂2w

∂x2
· ∂δw

∂y

]L y

0
(2.9.11.10)

− D
∫ t2

t1
dt
∫∫

S
dxdy

[
ν

∂2w

∂y2
· ∂2δw

∂x2

]
= −

∫ t2

t1
dt
∫∫

S
dxdyδwνD

∂4w

∂x2∂y2

+
∫ t2

t1
dt
∫ L y

0
dyνD

[
∂3w

∂x∂y2
· δw

]Lx

0
−
∫ t2

t1
dt
∫ Lx

0
dxνD

[
∂2w

∂y2
· ∂δw

∂x

]Lx

0
(2.9.11.11)

− D
∫ t2

t1
dt
∫∫

S
dxdy

[
2(1 − ν)

∂2w

∂x∂y
· ∂2δw

∂x∂y

]

= −2(1 − ν)D
∫ t2

t1
dt

{∫∫
S
dxdy

∂4w

∂x2∂y2
δw −

∫ Lx

0
dx

[
∂3w

∂x2∂y
· δw

]L y

0

+
∫ L y

0
dy

[
∂2w

∂x∂y
· ∂δw

∂y

]Lx

0

}
(2.9.11.12)

If the order of integration is changed the result of Eq. (2.9.11.12) is

−D
∫ t2

t1
dt
∫∫

S
dxdy

[
2(1 − ν)

∂2w

∂x∂y
· ∂2δw

∂x∂y

]

= −2(1 − ν)D
∫ t2

t1
dt

{∫∫
S
dxdy

∂4w

∂x2∂y2
δw −

∫ L y

0
dy

[
∂3w

∂x∂y2
· δw

]Lx

0

+
∫ L y

0
dy

[
∂2w

∂x∂y
· ∂δw

∂x

]L y

0

}
(2.9.11.13)

By adding the two solutions (2.9.11.12) and (2.9.11.13) and by dividing by a factor
2 the result is

−D
∫ t2

t1
dt
∫∫

S
dxdy

[
2(1 − ν)

∂2w

∂x∂y
· ∂2δw

∂x∂y

]

= − 2(1 − ν)D
∫ t2

t1
dt

{∫∫
S
dxdy

∂4w

∂x2∂y2
δw

}

− (1 − ν)D
∫ t2

t1
dt

{
−
∫ L y

0
dy

[
∂3w

∂x∂y2
· δw

]Lx

0
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+
∫ L y

0
dy

[
∂2w

∂x∂y
· ∂δw

∂x

]L y

0
−
∫ Lx

0
dx

[
∂3w

∂x2∂y
· δw

]L y

0

+
∫ L y

0
dy

[
∂2w

∂x∂y
· ∂δw

∂y

]Lx

0

}
(2.9.11.14)

A summation of all contributions, Eqs. (2.9.11.5), (2.9.11.7), (2.9.11.8), (2.9.11.9),
(2.9.11.10), (2.9.11.11), and (2.9.11.14) gives

∫ t2

t1
dt

{∫∫
s
dxdyG1δw +

∫ L y

0
dy

[
G2

∂δw

∂x

]Lx

0
+
∫ Lx

0
dx

[
G3

∂δw

∂y

]L y

0

+
∫ L y

0
dy [G4δw]Lx

0 +
∫ Lx

0
dx [G5δw]

L y
0

}

+
∫ t2

t1
dt

{∫ L y

0
dy

[
G6

∂δw

∂y

]Lx

0
+
∫ L y

0
dy

[
G7

∂δw

∂x

]L y

0

}
= 0 (2.9.11.15)

where

G1 = − μ
∂2w

∂t2
+ p − D

∂4w

∂x4
− D

∂4w

∂y4
− νD

∂4w

∂x2∂y2

− νD
∂4w

∂x2∂y2
− 2D(1 − ν)

∂4w

∂x2∂y2

=p − ∇2(∇2w) − μ
∂2w

∂t2
(2.9.11.16)

G2 = − M ′
y − D

∂2w

∂x2
− νD

∂2w

∂y2
(2.9.11.17)

G3 = − M ′
x − D

∂2w

∂y2
− νD

∂2w

∂x2
(2.9.11.18)

G4 =Tx + D
∂3w

∂x3
+ νD

∂3w

∂x∂y2
+ 2(1 − ν)D

∂3w

∂x∂y2

=Tx + D
∂3w

∂x3
+ (2 − ν)D

∂3w

∂x∂y2
(2.9.11.19)

G5 =Ty + D
∂3w

∂y3
+ νD

∂3w

∂x2∂y
+ 2(1 − ν)D

∂3w

∂x2∂y

=Tx + D
∂3w

∂y3
+ (2 − ν)D

∂3w

∂x2∂y
(2.9.11.20)

G6 = − M ′
xy − (1 − ν)D

∂2w

∂x∂y
(2.9.11.21)

G7 = − M ′
xy − (1 − ν)D

∂2w

∂x∂y
(2.9.11.22)
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For the expression (2.9.11.15) to equal zero all integrals must also equal zero.
For G1 equal zero it follows that either w = 0 or

∇2(∇2w) + μ
∂2w

∂t2
= p (2.9.11.23)

This is the governing equation for a plate in flexure.
For the second integral to be zero either ∂w/∂x or G2 is zero along the sides

x = Lx and x = 0 of the plate. Thus, along these sides the requirements are

M ′
y = −D

∂2w

∂x2
− νD

∂2w

∂y2
or ∂w/∂x = 0 for x = 0 and x = Lx (2.9.11.24)

For the fourth integral to be zero the requirements are

Tx = −D
∂3w

∂x3
− (2 − ν)D

∂3w

∂x∂y2
or w = 0 for x = 0 and x = Lx (2.9.11.25)

For the sixth integral to be zero the requirements are

M ′
xy = −(1 − ν)D

∂2w

∂x∂y
or ∂w/∂y = 0 for x = 0 and x = Lx (2.9.11.26)

The corresponding expressions along the y-axis are

M ′
x = −D

∂2w

∂y2
− νD

∂2w

∂x2
or ∂w/∂y = 0 for y = 0 and y = L y (2.9.11.27)

Ty = −D
∂3w

∂y3
− (2 − ν)D

∂3w

∂x2∂y
or w = 0 for y = 0 and y = L y (2.9.11.28)

M ′
xy = −(1 − ν)D

∂2w

∂x∂y
or ∂w/∂x = 0 for y = 0 and y = L y (2.9.11.29)

For the side x = Lx to be simply supported the requirements arew = 0 and M ′
x = 0.

For w to be zero along the side it follows that also ∂w/∂y = 0. Thus, the boundary
conditions are

w = 0; ∂2w

∂x2
= 0 (2.9.11.30)

For the same side to be clamped the requirements are

w = 0; ∂w

∂x
= 0 (2.9.11.31)
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For a free edge M ′
y = 0 and Tx = 0 or

∂2w

∂x2
+ ν

∂2w

∂y2
= 0; ∂3w

∂x3
+ (2 − ν)

∂3w

∂x∂y2
= 0 (2.9.11.32)

The moment M ′
xy is in general different from zero.

In principle for a free edge there are three boundary conditions. Along the edge
x = Lx the three apparent boundary conditions are M ′

y , Tx and M ′
xy equal to zero.

However, only two conditions can be satisfied since the displacement of the plate
is governed by a fourth-order differential equation. This anomaly was in the 19th
century considered by Cauchy, Navier, Kirchhoff, and Lord Kelvin amongst others.
It was suggested by Kirchhoff that the effect of the twisting moment M ′

xy can be
included as a force, i.e.

Tx = −D
∂

∂x

(
∇2w

)
+ ∂M ′

xy

∂y
= −D

∂3w

∂x3
− (2 − ν)D

∂3w

∂x∂y2

This expression was obtained directly in Eq. (2.9.11.24) using Hamilton’s principle.
Lord Kelvin concluded that for a thin plate the detailed description of the stresses in
the plate can not be given within a distance equal to the plate thickness to the edge.
This is in accordance with the principle of Saint-Venant. Consequently, for a free
edge there are two boundary conditions to be satisfied. For the edge x = Lx these
are

∂2w

∂x2
+ ν

∂2w

∂y2
= 0; ∂3w

∂x3
+ (2 − ν)

∂3w

∂x∂y2
= 0

The same result—two boundary conditions—is obtained from Hamilton’s principle
if instead of Eq. (2.9.11.14) the Eq. (2.9.11.12) is used to derive the function G6.

2.10 Chapter 10

2.10.1 Example 10.1

The kinetic and potential energies of the system are

T = m(ẋ21+ ẋ22 )/2; U = k[(x1−x2)
2+x21+x22 ]/2−F1x1−F2x2+U′ (2.10.1.1)

Based on the Eqs. (10.6) and (10.23), the resulting equations governing the displace-
ments of the masses are

mẍ1 + k(2x1 − x2) = F1; mẍ2 + k(2x2 − x1) = F2 (2.10.1.2)

http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
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In matrix form this is equivalent to

M · Ẍ + K · X = F; M = m

[
1 0
0 1

]
;

K = k

[
2 −1

−1 2

]
; F =

{
F1
F2

}
eiωt

(2.10.1.3)

The eigenvalues for the undamped system are obtained from Eq. (10.12) as

det

[
2k − mλ −k

−k 2k − mλ

]
= 0 (2.10.1.4)

By introducing ω2
0 = k/m the result is

λ1 = 3ω2
0 and λ2 = ω2

0 (2.10.1.5)

The eigenvectors Xr corresponding to λr are obtained from Eq. (10.13) as

[K − λr M] Xr = [K − λr M]

{
x1
x2

}
r

= 0 (2.10.1.6)

X1 =
{

x1
x2

}
1

=
{−1

1

}
; X2 =

{
x1
x2

}
2

=
{
1
1

}
(2.10.1.7)

According to (10.18) and (10.20), the displacement of the masses are given by

X = −F1 + F2

6k − 2mω2

{−1
1

}
eiωt + F1 + F2

2k − 2mω2

{
1
1

}
eiωt (2.10.1.8)

2.10.2 Example 10.2

The ratio between the mobilities is

Y s
12

Y s
11

= cos(kl L); kl = ω

√
ρ

E

The mass of the mount is m = ρSL . Thus m → 0 ⇒ ρ → 0 ⇒ kl → 0 ⇒
cos(kl L) → 1. Consequently, the ratio Y s

12/Y s
11=1 for a mass-less spring.

The equivalent mobility for a mount is defined by Eq. (10.54) as

Y s
eq = Y s

11Y s
22 − Y s

12Y s
21

Y s
12

(2.10.2.1)

http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
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For Y s
11 = Y s

22 = −iω/[SEkl tan(kl L)] and Y s
12 = Y s

21 = −iω/[SEkl sin(kl L)] the
result is

Y s
eq =

(
− iω

SEkl

)2 (cos2(kl L)

sin2(kl L)
− 1

sin2(kl L)

)
(

− iω

SEkl

)
1

sin(kl L)

= iω

SEkl
sin(kl L) (2.10.2.2)

For m → 0 then kl → 0 and sin(kl L) → kl L . Thus Y s
eq → iω

SE/L
as m →

0. However, SE/L is according to Eq. (3.4) equal to keq of a mass-less spring.
Consequently,

Y s
eq → iω

keq
as m → 0 (2.10.2.3)

2.10.3 Example 10.3

The beam is oriented along the x-axis. The bending moment is exciting the beam at
x = 0. The displacement w, time dependence exp(iωt), of the beam is given by

w+ = A1e−iκx + B1e−κx for x � 0; w− = A2e−iκx + B2e−κx for x � 0
(2.10.3.1)

Boundary conditions at the excitation point are

w+(0) = w−(0); w′+(0) = w′−(0); D[w+(0) − w−(0)] = M; w′′′+(0) = w′′′−(0)
(2.10.3.2)

Equations (2.10.3.1) and (2.10.3.2) give

A1 = M

4κ2D
= −A2 = −B1 = B2 (2.10.3.3)

The velocity of rotation around the y-axis is

ω̇y = d

dt

(
∂w

∂x

)
x=0

= iωκA1(1 − i) = ωM

4κD′ (1 + i) (2.10.3.4)

According to definition ˆ̇ωy = YMω̇ M̂ . Thus from Eqs. (2.10.3.3) and (2.10.3.4)

YMω̇ = ω

4κD′ (1 + i) (2.10.3.5)

http://dx.doi.org/10.1007/978-3-662-47807-3_3
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Fig. 2.27 A resilient mount
consisting of a rubber
cylinder coupled at both ends
to stiff masses

2.10.4 Example 10.4

The mobility for each mass is YM = 1/(iωM). According to Fig. 2.27, the following
equations are obtained

F̂A − F̂1 = v̂1

Y m
; F̂B − F̂2 = v̂2

Y m
(2.10.4.1)

v̂1 = F̂1Y11 + F̂2Y21 = F̂AY t
11 + F̂BY t

21 (2.10.4.2)

v̂2 = F̂2Y11 + F̂1Y21 = F̂BY t
11 + F̂AY t

21 (2.10.4.3)

The mobilities for the entire construction are denoted Y t
i j .

The equalities Y11 = Y22, Y12 = Y21, Y t
11 = Y t

22 and Y t
12 = Y t

21 have been used.
Equation (2.10.4.1) inserted in (2.10.4.3) yields

F̂1(Y11 − Y t
11) + F̂2(Y21 − Y t

21) = v̂1Y t
11 + v̂2Y t

21

Y m
(2.10.4.4)

Equation (2.10.4.4) in combination with v̂2 = F̂2Y11 + F̂1Y21 results in

v̂1 = F̂1

Y t
11

[Y m(Y11 − Y t
11) − Y21Y t

21] + F̂2

Y t
11

[Y m(Y21 − Y t
21) − Y11Y t

21] (2.10.4.5)
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However, v̂1 is also given by Eq. (2.10.4.3). An identification of parameters gives

Y11 = 1

Y t
11

[Y m(Y11 − Y t
11) − Y21Y t

21] (2.10.4.6)

Y21 = 1

Y t
11

[Y m(Y21 − Y t
21) − Y11Y t

21] (2.10.4.7)

The Eqs. (2.10.4.6) and (2.10.4.7) give

Y11 = Y t
11(YM )2 + Y m(Y t

21)
2 − YM (Y t

11)
2

(YM − Y t
11)

2 − (Y t
21)

2 (2.10.4.8)

Y21 = Y t
21(YM )2 − Y mY t

21Y t
11 + YM Y t

11Y t
21

(YM − Y t
11)

2 − (Y t
21)

2 (2.10.4.9)

2.10.5 Example 10.5

According to Sect. 10.10 and using the notations of Fig. 10.21, Vol. 2

v̂0 = F̂ext Y
m
12; Y m

12 = Y m
22 = 1/(iωM) (2.10.5.1)

The point mobility of the foundation Y f is

Y f = 1

8
√

μD
= 1

8h2

√
12(1 − ν2)

ρE
(2.10.5.2)

Equation (10.116) gives

F f = v̂0

Y mY s
22/Y s

12 + Y mY f /Y s
12 + Y f Y s

11/Y s
12 + Y s

eqY s
12/Y s

12
(2.10.5.3)

For an infinitely stiff mount Eq. (10.117) gives

F̂0
f = v̂0

(Y m + Y f )
(2.10.5.4)

According to Eq. (6.96),

Y s
11 = Y s

22 = − iω

SEkl tan(kl L)
; Y s

12 = Y s
21 = − iω

SEkl sin(kl L)
(2.10.5.5)

http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47807-3_6
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According to Eqs. (10.53) and (10.54),

Y s
eq = iω sin(kl L)

SEkl
(2.10.5.6)

Equations (2.10.5.5) and (2.10.5.6) inserted in (2.10.5.3) gives

F̂ f = v̂0

(Y m + Y f ) cos(kl L) + i sin(kl L)[Y mY f SEkl/ω + ω/(SEkl)] (2.10.5.7)

The insertion loss is thus

I L = 20 log

∣∣∣∣∣
F̂0

f

F̂ f

∣∣∣∣∣ = 20 log

∣∣∣∣ (Y
m + Y f ) cos(kl L) + i sin(kl L)[Y mY f SEkl/ω + ω/(SEkl)]

(Y m + Y f )

∣∣∣∣
(2.10.5.8)

where kl = kl0(1 − iη/2), Y f = 1

8h2

√
12(1 − ν2)

ρE
, Y m = 1

iωM
.

2.10.6 Example 10.6

When the source is turned off the external force Fext is zero. Thus v̂0 = 0. The source
is excited by a force F0 parallel to F2 in Fig. 2.28.

Fig. 2.28 A stiff mass
mounted on a rod which in
turn is mounted to a
foundation having the point
mobility Y f

http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
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The measured point mobility between the mount and the source is

(Y m)measured = v̂m/F̂0 (2.10.6.1)

The velocity vm is, for v0 = 0 obtained from (10.107) as

v̂m = −Y m(F̂2 + F̂0) (2.10.6.2)

The Eqs. (10.114) and (10.115) give

v̂m = F̂2Y s
11 − F̂ f Y s

21; v̂ f = F̂2Y s
12 − F̂ f Y s

22; v̂ f = F̂ f Y f (2.10.6.3)

By eliminating F̂2, F̂ f and v̂ f it is found that

(Y m)measured = v̂m

F̂0
= Y m(Y s

11Y f + Y s
12Yeq)

Y s
11Y f + Y s

12Yeq + Y mY f + Y mY s
22

= Y m(Y f + YeqY s
12/Y s

11)

Y f + YeqY s
12/Y s

11 + Y mY f /Y s
11 + Y mY s

22/Y s
11

(2.10.6.4)

For a mass less spring Y s
12/Y s

11 = Y s
22/Y s

11 = 1 and Y f � Y s
11. Thus

(Y m)measured = v̂m

F̂0
= Y m(Y f + Yeq)

Y f + Yeq + Y m
(2.10.6.5)

In a similar way, the measured point mobility of the foundation is obtained as

(Y f )measured = v̂ f

F̂0
= Y f (Y m + Yeq)

Y f + Yeq + Y m
(2.10.6.6)

2.10.7 Example 10.7

From Problem 10.6, Eq. (2.10.6.5)

(Y m)measured = Y m(Y f + Yeq)

Y f + Yeq + Y m
= Q1 (2.10.7.1)

The measured point mobility of the foundation is obtained from Problem 10.6,
Eq. (2.10.6.6) as

(Y f )measured = Y f (Y m + Yeq)

Y f + Yeq + Y m
= Q2 (2.10.7.2)

http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
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From Eqs. (10.133) and (10.134)

v̂0 = v̂m

(
Y f + Yeq + Y m

Y f + Yeq

)
(2.10.7.3)

v̂0 = v̂ f

(
Y f + Yeq + Y m

Y f

)
(2.10.7.4)

The four unknown parameters Y m , Y f , Yeq and v0 are solved from the Eqs. (2.10.7.1)
through (2.10.7.4). Thus,

v̂0 = v̂2(v̂
2
1 Q2 − v̂22 Q1)

v̂1(v̂1Q2 − v̂2Q1)
(2.10.7.5)

where vm = v2 and v f = v1.

2.10.8 Example 10.8

Set Y m = Um + iVm and Y f = U f + iV f . According to (10.111), the power input
to the foundation is

ReG� = Gv0v0 · ReY f

∣∣Y f + Y m
∣∣2 = Gv0v0 · U f

(Uv + U f )2 + (Vv + V f )2
(2.10.8.1)

Differentiating with respect to U f and V f gives

dG� = (Uv + U f )
2 + (Vv + V f )

2 − 2U f (Uv + U f )[
(Um + U f )2 + (Vm + V f )2

]2 · dU f

− 2U f (Vv + V f )[
(Um + U f )2 + (Vm + V f )2

]2 · dU f (2.10.8.2)

For dG� = 0 the result is
2U f (Vv + V f ) = 0 (2.10.8.3)

(Uv + U f )
2 + (Vv + V f )

2 − 2U f (Uv + U f ) = 0 (2.10.8.4)

For a nontrivial solution to Eqs. (2.10.8.3) and (2.10.8.4), it follows that

Uv = U f and Vv = −V f ⇒ Y f = (Y m)∗ (2.10.8.5)

http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
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2.10.9 Example 10.9

For any solid the displacement can be described by a combination of longitudinal and
transverse waves. The L-waves are governed by the differential equation, Eq. (4.8) as

∂2φ

∂x2
+ ∂2φ

∂y2
+ ∂2φ

∂z2
+ ω2

c2l
φ = 0 (2.10.9.1)

Let the ratio between full and model scale dimensions be Z . Let the coordinates for
the full scale structure be x, y and z and for the model scale x1 = x/Z , y1 = y/Z
and z1 = z/Z . Since ∂/∂x = (1/Z)∂/∂x1 it follows that the wave equation can be
written as

1

Z2

(
∂2φ

∂x21
+ ∂2φ

∂y21
+ ∂2φ

∂z21

)
+ ω2

c2l
φ = 0

or
(

∂2φ

∂x21
+ ∂2φ

∂y21
+ ∂2φ

∂z21

)
+ Z2ω2

c2l
φ = 0 (2.10.9.2)

Thus by introducing ω1 = Zω the initial differential equation is reduced to

(
∂2φ

∂x21
+ ∂2φ

∂y21
+ ∂2φ

∂z21

)
+ ω2

1

c2l
φ = 0 (2.10.9.3)

which is on the form as the initial governing equation. By reducing the length scale
by a factor Z , the frequency must be increased by the same factor Z .

The same discussion can be carried out for transverse waves. Every quantity like
Helmholtz numbers type κL or kl L or mobilities etc derived using the basic equation
for longitudinal and transverse waves must satisfy the conditions. So for x1 = x/Z
etc it follows that f1 = Z f .

2.10.10 Example 10.10

According toEq. (10.47), theBishopmodel for a circularmount, radiusa, is governed
by the equation

∂2ξ

∂x2
− ρ

E
· ∂2ξ

∂t2
+ ρν2a2

2E
· ∂4ξ

∂x2∂t2
−
( ρ

E

)2 ν2a4

6
(2ν2 + ν − 1)

∂6ξ

∂x2∂t4
= 0

(2.10.10.1)

http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47934-6_10
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Assuming ξ = A · exp[i(ωt − kbx)] the wavenumber kb is obtained as

kb = ω

√
ρ

E
·
[
1 − ω2ρν2a2

2E
− ω4

( ρ

E

)2 ν2a4

6
(2ν2 + ν − 1)

]−1/2

(2.10.10.2)

The normal stress σx should according to Eq. (10.48) satisfy the expression

∂σx

∂x
= ρ

∂2ξ

∂t2
(2.10.10.3)

Equations (2.10.10.1) and (2.10.10.3) give

∂σx

∂x
= E

∂2ξ

∂x2
+ ρν2a2

2
· ∂4ξ

∂x2∂t2
− ρ2

E

ν2a4

6
(2ν2 + ν − 1)

∂6ξ

∂x2∂t4
(2.10.10.4)

An integration with respect to x gives

σx = E
∂ξ

∂x
+ ρν2a2

2
· ∂3ξ

∂x∂t2
− ρ2

E

ν2a4

6
(2ν2 + ν − 1)

∂5ξ

∂x∂t4
(2.10.10.5)

2.10.11 Example 10.11

Assume that the displacement of themass is x and the displacement of the foundation
is y. The external force exciting the mass is F(t) = F0 · sin(ω1t). The equation of
motion for the mass is

mẍ + k(x − y) = F(t) or

mẍ + kx = F(t) + H(t) (2.10.11.1)

where H(t) = ky is the force on the mass caused by the motion of the founda-
tion. The FT of x is obtained by substituting x by x̂eiωt , F and H by F̂eiωt and
Ĥeiωt respectively. The FT of x is obtained from Eq. (2.10.11.1) as

x̂ = F̂ + Ĥ

k − mω2 = F̂ + k ŷ

m(ω2
0 − ω2 + iω2

0δ)
(2.10.11.2)

where k = k0(1 + iδ) and ω0 = √
k0/m.

The FT of the velocity is

v̂ = iωx̂ = iω(F̂ + Ĥ)

k − mω2 = iω(F̂ + k ŷ)

m(ω2
0 − ω2 + iω2

0δ)
(2.10.11.3)

http://dx.doi.org/10.1007/978-3-662-47934-6_10


186 2 Part 2 Solutions

The force F and the displacement y are completely uncorrelated since y is random.
Consequently, F and H are also uncorrelated. The two-sided power spectral density
of the force F(t)

SF F = F2
0 /4 · [δ( f − f1) + δ( f + f1)] (2.10.11.4)

The two-sided power spectral density for H is defined as

SH H = lim
T →∞

∣∣∣Ĥ
∣∣∣2

T
(2.10.11.5)

Since F and H are uncorrelated the power spectral density of the total force acting
on the mass is SF F + SH H .

The two-sided power spectral density of the velocity is obtained as

Svv = lim
T →∞

∣∣v̂∣∣2
T

= ω2

m2
[
(ω2

0 − ω2)2 + (ω2
0δ)

2
] lim

T →∞

⎡
⎢⎣
∣∣∣F̂
∣∣∣2

T
+ k20

∣∣ŷ∣∣2
T

⎤
⎥⎦

= ω2(SF + k20Sy)

m2
[
(ω2

0 − ω2)2 + (ω2
0δ)

2
] (2.10.11.6)

The time average of the velocity squared is defined as

v̄2 = 1

2π

∫ ∞

−∞
Svvdω

Thus

v̄2 = F2
0

4

∫ ∞

−∞
d f · ω2 [δ( f − f1) + δ( f + f1)]

m2[(ω2 − ω2
0)

2 + (ω2
0δ)

2]

+ k20G yy

2

∫ ∞

−∞
d f · ω2

m2[(ω2 − ω2
0)

2 + (ω2
0δ)

2]

= F2
0

2

{
ω2
1

m2[(ω2
1 − ω2

0)
2 + (ω2

0δ)
2]

}

+ k20G yy

4π

∫ ∞

−∞
dω · ω2

m2[(ω2 − ω2
0)

2 + (ω2
0δ)

2]

= F2
0

2

{
ω2
1

m2[(ω2
1 − ω2

0)
2 + (ω2

0δ)
2]

}
+ G yyω

3
0

4δ
(2.10.11.7)

The identity
k0
m

= ω2
0 has been used.
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The second integral is solved as described in Sect. 2.5 using

∫ ∞

−∞
dω · g(ω)

(ω2 − ω2
0)

2 + (δ ω2
0)

2
= πg(ω0)

ω3
0δ

2.10.12 Example 10.12

The equation of motion for the mass is

mẍ + kx = F0 sinω1t (2.10.12.1)

The solution is

x = X0 sinω1t; X0 = F0

m(ω2
0 − ω2

1 + iω2
0δ)

(2.10.12.2)

The time average of the velocity squared is

|v̄|2 = ω2 |X0|2
2

= f 21 |F0|2
(2π)2m2[( f 20 − f 21 )2 + ( f 20 δ)2] (2.10.12.3)

By increasing the losses by a factor Q the resulting velocity is vQ where from
(2.10.12.3)

|v̄|2∣∣v̄Q
∣∣2 = [( f 20 − f 21 )2 + ( f 20 Qδ)2]

[( f 20 − f 21 )2 + ( f 20 δ)2] (2.10.12.4)

For f0 = f1 the effect of increasing the losses is significant. However, for f1 � f0
the effect is insignificant since typically Qδ < 1.

2.10.13 Example 10.13

The shape function for a circular mount is according to Eqs. (10.35) and (10.61)
given by

S = R

2(L − d)
(2.10.13.1)

The apparent E-modulus is for B = 2 according to Eq. (10.59) equal to

Ea = E · (1 + 2S2) (2.10.13.2)

http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
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The compression d of the mount due to the static load is

d = F L

πR2Ea
= F L

πR2E

[
1 + R2

2(L − d)2

] (2.10.13.3)

For small deflections, d � L , Eq. (2.10.13.3) is reduced to

d ≈ F L

πR2E

[
1 + R2

2L2

] (2.10.13.4)

In the same way and for d � L ,

Ea ≈ E

(
1 + R2

2L2

)

According to the Love model, Eq. (10.44) the wavenumber for effective longtudinal
waves is

kl = ω

√
ρ

Ea
·
[
1 − ω2ν2ρR2

2Ea

]−1/2

(2.10.13.5)

The equivalent stiffness of a mount is according to Eq. (10.53)

keq = πR2Eakl

sin[kl(L − d)] (2.10.13.6)

In the low-frequency region as ω → 0 and kl → 0

keq = πR2Ea

L − d
= πR2Ea

L[1 − F/(πR2Ea)] (2.10.13.7)

The equivalent stiffness is increasing in the low-frequency region as the force F is
increased.

The first maximum of keq is obtained when Re[kl(L − d)] = π/2, i.e. at the
frequency f where f is the solution to

f = 1

4

√
Ea

ρ
·

(
1 − 4π2 f 2ν2ρR2

2Ea

)

L

(
1 − F

πR2Ea

) (2.10.13.8)

http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
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As long as the Love correction, 4π2 f 2ν2ρR2/(2Ea), is small the frequency for the
first maximum is increasing for an increasing static load F. The main reason is
that the length of the mount is decreased as the static force is increased. Compare
Figs. 10.10 and 10.18.

2.11 Chapter 11

2.11.1 Example 11.1

The wave equation giving the pressure p in a fluid moving with the vector velocity
u is according to Sect. 11.1 given as

∇2 p − 1

c2

(
∂

∂t
+ u · grad

)2

p = 0 (2.11.1.1)

Assume p(x, t) = p0 exp[i(ωt − kx)]. Thus,
(

∂

∂t
+ u · grad

)
p =

(
∂

∂t
+ u

∂

∂x

)
p = i (ω − uk+) p (2.11.1.2)

Inserting Eq. (2.11.1.2) in Eq. (2.11.1.1) gives

1

c2
(ω − uk)2 = k2 (2.11.1.3)

For u/c = M the solutions are

k+ = ω

c
/ (1 + M) = k0/ (1 + M) ; k− = −ω

c
/ (1 − M) = −k0/ (1 − M)

(2.11.1.4)

where k0 is the wavenumber in a fluid at rest and k+ the wavenumber for a wave
propagating in the direction of the flow or in this case along the positive x-axis. k−
is the wavenumber for a wave propagating in the opposite direction.

For M � 1,

k+ = k0/ (1 + M) ≈ k0 (1 − u/c) and k− = −k0/ (1 − M) ≈ −k0 (1 + u/c)
(2.11.1.5)

http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_11
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2.11.2 Example 11.2

Assume the velocity potential to be

Φ(x, t) = Φ0(x) exp(iωt) (2.11.2.1)

The velocity potential should satisfy Eq. (11.19). Thus,

Φ0 = A sin kx + B cos kx (2.11.2.2)

where k is the wavenumber in the fluid. Since p = −ρ0∂φ/∂t and vx = ∂φ/∂x it
follows that

p = −iωρ0(A sin kx + B cos kx); vx = k(A cos kx − B sin kx) (2.11.2.3)

The boundary conditions are

vx = u0 for x = 0 and p/vx = Z for x = L (2.11.2.4)

The boundary conditions give

A = u0c

ω
; B = u0c

ω

(
i Z cos kL − ρ0c sin kL

i Z sin kL + ρ0c cos kL

)
(2.11.2.5)

2.11.3 Example 11.3

Conservation of momentum

∂

∂t
(ρtv) + v · div(ρtv) + gradp = 0 (2.11.3.1)

Conservation of mass
∂ρt

∂t
+ div(ρtv) = 0 (2.11.3.2)

The divergence of Eq. (2.11.3.1) gives

div(ρt v̇) + div(ρ̇tv) + div[v · div(ρtv)] + ∇2 p = 0 (2.11.3.3)

The time derivative of (2.11.3.2) gives

∂2ρt

∂t2
+ div(ρt v̇) + div(ρ̇tv) = 0 (2.11.3.4)

http://dx.doi.org/10.1007/978-3-662-47934-6_11
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Equation (2.11.3.3) minus Eq. (2.11.3.4) yields

∇2 p − ∂2ρ

∂t2
= −div[v · div(ρtv)] (2.11.3.5)

Equations (11.15), (11.16) and (11.18) give ∂ρ/∂ p = 1/c2. Thus, Eq. (2.11.3.5) is
rewritten as

c2∇2ρ − ∂2ρ

∂t2
= −div[v · div(ρtv)] (2.11.3.6)

If the term on the right-hand side is neglected the basic wave equation is obtained
if also the relationship between ρ and p is considered. The source term, which has
a quadruple character is non-negligible in a region of violent fluid motion. Equa-
tion (2.11.3.6) is usually impossible to solve exactly.

2.11.4 Example 11.4

For a tyre rotating at a constant speed U, the gas inside the tyre also rotates. The
resulting velocity potential inside the cavity should satisfy the equation

∇2Φ − 1

c2

(
∂

∂t
+ uϕ

1

r

∂

∂ϕ

)2

Φ = 0 (2.11.4.1)

The pressure and particle velocity inside the fluid are

p = −ρ0

(
∂

∂t
+ uϕ

1

r

∂

∂ϕ

)
Φ; v = gradΦ + (0, uϕ, 0) (2.11.4.2)

Using cylindrical coordinates the velocity inside the tyre is uϕ = Ur

R0
for r0 � r �

R0.
In cylindrical coordinates, the governing differential equation reads

∂2Φ

∂r2
+ 1

r

∂Φ

∂r
+ 1

r2
∂2�

∂ϕ2 − 1

c2

[
∂2Φ

∂t2
+ 2

U0

R0

∂2Φ

∂ϕ∂t
+
(

U0

R0

)2 ∂2Φ

∂ϕ2

]
= 0

(2.11.4.3)
A factored solution is assumed. Thus,

Φ(r,ϕ, z, t) = g(r)h(ϕ)Z(z)eiωt (2.11.4.4)

http://dx.doi.org/10.1007/978-3-662-47934-6_11
http://dx.doi.org/10.1007/978-3-662-47934-6_11
http://dx.doi.org/10.1007/978-3-662-47934-6_11
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The solution is written

Φ(r,ϕ, z, t) =
∞∑

m=−∞
gmn(kmnr)eimϕ cos(nπz/z0)e

iωt (2.11.4.5)

The width of the tyre is z0. The function gmn(kmnr) should satisfy

∂2gmn

∂r2
+ 1

r

∂gmn

∂r
− m2

r2
gmn +

[(
ω

c
+ mU0

cR0

)2

−
(

nπ

z0

)2
]

= 0 (2.11.4.6)

For kmnr > 0 a solution is

gmn(kmnr) = Amn Jm(kmnr) + BmnYm(kmnr)

kmn =
[(

ω

c
+ mU0

cR0

)2

−
(

nπ

z0

)2
]1/2

(2.11.4.7)

The boundary conditions are vr = ∂φ

∂r
= 0 for r = r0 and vz = ∂φ

∂z
= 0 for z = 0

and z = z0
The solution is

Φ =eiωt
∞∑

m=−∞

∞∑
n=0

Vmn[Jm(kmnr)Y ′
m(kmnr0)− J ′

m(kmnr0)Ym(kmnr)]
πkmnz0εn[J ′

m(kmn R0)Y ′
m(kmnr0)− J ′

m(kmnr0)Y ′
m(kmn R0)]

(2.11.4.8)
where εn = 1 for n > 0 and εn = 2 for n = 0. The parameter Vmn is determined by
the vibration of the tyre. The velocity potential has maxima whenever

Qmn = [J ′
m(kmn R0)Y

′
m(kmnr0) − J ′

m(kmnr0)Y
′
m(kmn R0)] = 0 (2.11.4.9)

The first few natural frequencies in the air cavity are obtained for n = 0. Qmn = 0
for kmn = λmn . The resulting natural frequencies for n = 0 are

fm0 = c

2π

(
λm0 − mU0

cR0

)
m = ±1;±2, . . . (2.11.4.10)

The dimensions of a standard tyre are r0 = 0.21 m, R0 = 0.275 m, z0 = 0.205
m. The parameter λm0 is equal to 4.1, 8.3, 12.4 m−1for m = 1, 2, 3 respectively.
For U = 0 the first few natural frequencies are 221, 449 and 671 Hz. For U �= 0,
the natural frequencies inside the tyre are split due to the velocity of the tyre. The
frequency split is proportional to the velocity of the tyre.
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2.11.5 Example 11.5

The velocity potential induced by a dipole is according to Eq. (11.66) given as

φ(x, t) = Φ0(x) exp(iωt)

Φ0 = − ike−ikr

4πr2
r D

(
1 + 1

ikr

)

= − ike−ikr x D

4πr2

(
1 + 1

ikr

)

= − ike−ikr D cosϕ

4πr

(
1 + 1

ikr

)
(2.11.5.1)

The pressure in the fluid is

p = −ρ0
∂Φ

∂t
= −iωρ0Φ0 exp(iωt) (2.11.5.2)

The particle velocity vr is

vr = exp(iωt)
∂Φ0

∂r
= exp[(iωt − kr)] · k2D cosϕ

4πr

(
−1 + 2i

kr
+ 2

(kr)2

)

(2.11.5.3)
The time average of the intensity is obtained from Eqs. (2.11.5.2) and (2.11.5.3) as

Īr = 1

2
Re(pv∗

r ) = ρ0ck4D2 cos2 ϕ

2(4πr)2
(2.11.5.4)

The total power radiated is

�̄ = 2πr2
∫ π

0
Īr sinϕdϕ =ρ0cD2k4

24π
(2.11.5.5)

2.11.6 Example 11.6

The velocity potential induced by the vibrating sector on the sphere is written

Φ(r, θ, t) = Φ0(r, θ) exp(iωt) (2.11.6.1)

According to Eq. (11.73)

Φ0(r, θ) =
∑

m

Bm Pm(cos θ)h(2)
m (kr) (2.11.6.2)

http://dx.doi.org/10.1007/978-3-662-47934-6_11
http://dx.doi.org/10.1007/978-3-662-47934-6_11
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The particle velocity on the sphere is

vr (r0, θ) = [∂Φ0/∂r ]r=r0 =
∑

m

Bm Pm(cos θ)k[h(2)
m (kr0)]′

=
∑

m

Wm Pm(cos θ) (2.11.6.3)

The parameters Wm are obtained as

Wm = 2m + 1

2

∫ 1

−1
Pm(z) f (z)dz = −2m + 1

2

∫ 0

θ0

Pm(cos θ)u0 sin θdθ

(2.11.6.4)
For θ0 small cos θ0 = 1 − θ20/2 and Pm(cos θ) ≈ 1. Consequently, Eq. (2.11.6.4)
gives

Wm = 2m + 1

2
u0(1 − cos θ0) ≈ 2m + 1

4
u0θ

2
0 (2.11.6.5)

Equations (2.11.6.3) and (2.11.6.5) give

Φ0 = u0

∑
m

2m + 1

4
· θ20

k
· h(2)

m (kr)

[h(2)
m (kr0)]′

Pm(cos θ) (2.11.6.6)

2.11.7 Example 11.7

The velocity potential is written

Φ(r,ϕ, t) = Φ0(r,ϕ) · exp(iωt) (2.11.7.1)

According to Eq. (11.80), the function Φ0 is

Φ0(r,ϕ) =
∑

m

Am · H (2)
m (kr) · cos(mϕ) (2.11.7.2)

The particle velocity on the surface of the cylinder is

vr (r0,ϕ) = [∂φ0/∂r ]r=r0 =
∑

m

Am · k
[

H (2)
m (kr)

]′
r=r0

· cos(mϕ) (2.11.7.3)

The velocity of the cylinder is u(ϕ) = u0 for −ϕ0 � ϕ � ϕ0 otherwise zero.

http://dx.doi.org/10.1007/978-3-662-47934-6_11
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The boundary condition is also written

u(ϕ) =
∑

m

Wm cos(mϕ)

Wm = u0

π

∫ ϕ0

−ϕ0

cos(mθ)dθ =2u0

mπ
sin(mϕ0) for m > 0

W0 = 2u0ϕ0 for m = 0 (2.11.7.4)

Equations (2.11.7.1) through (2.11.7.4) give

Φ(r,ϕ, t) = u0 · exp(iωt)

πk

[
ϕ0H (2)

0 (kr)

[H (2)
0 (kr0)]′

+
∞∑

m=1

H (2)
m (kr)

[H (2)
m (kr0)]′

2ϕ0

mπ
sin(mϕ0) cos(mϕ)

]
(2.11.7.5)

2.11.8 Example 11.8

The time average of pressure squared at the observation point is according to
Eq. (11.119) given as

| p̄|2 = | p̄0|2 4 cos2(k�r) (2.11.8.1)

where | p̄0|2 is the pressure at the same point under free field conditions.
The frequency average of the measured pressure is

| p̄|2� f = 1

� f

∫ f +� f/2

f −� f/2
d f | p̄0|2 4 cos2(2π f �r/c)

= 2

� f
| p̄0|2

[
f + sin(4π f �r/c)

4π�r/c

] f +� f/2

f −� f/2
(2.11.8.2)

| p̄|2� f = 1

� f
| p̄0|2

[
� f + cos(4π f �r/c) sin(2π� f �r/c)

2π�r/c

]
(2.11.8.3)

For f �r/c � 1, cos(4π f �r/c) ≈ 1 and sin(2π f �r/c) ≈ 2π f �r/c. Thus,
| p̄|2� f ≈ 2 | p̄0|2 and Thus L p(measured) ≈ L p(freefield) + 3 dB. However, right

on the reflecting surface | p̄|2� f = 4 | p̄0|2 and L p(measured) ≈ L p(freefield) +6
dB.

http://dx.doi.org/10.1007/978-3-662-47934-6_11
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2.11.9 Example 11.9

The velocity potential induced in the fluid is written

Φ(r,ϕ, t) = Φ0(r,ϕ) · exp(iωt)

Φ0(r,ϕ) =
∑

m

Am · H (2)
m (kr) · sin(mϕ) (2.11.9.1)

Only sine terms are considered since the velocity is negative in the upper half plane
and positive in the lower. Due to the reflection in the water surface, assume that under
free field conditions the velocity of the cylinder is u(ϕ, t) = u(ϕ) · exp(iωt) where

u(ϕ) = −u0 for 0 � ϕ � π; u(ϕ) = u0 for π < ϕ < 2π
The velocity is written

u(ϕ) =
∑

m

Wm sin(mϕ)

πWm = −u0

∫ π

0
sin(mθ)dθ + u0

∫ 2π

π
sin(mθ)dθ

= −2u0

m
(1 − cosmπ) (2.11.9.2)

The resulting velocity potential is

Φ(r,ϕ, t) = −2u0 · exp(iωt)

πk

[ ∞∑
m=1

H (2)
m (kr)

m[H (2)
m (kr0)]′

[1 − cos(mπ)] sin(mϕ)

]

(2.11.9.3)

2.11.10 Example 11.10

Considering the image effects the pressure in the water can be calculated as if the
cylinder is in an unbounded medium. The velocity u(ϕ, t) = u(ϕ) exp(iωt) of the
surface of the cylinder as seen from the water is

u(ϕ) = −u0 for 0 � ϕ � ϕ0 and u(ϕ) = u0 for −ϕ0 < ϕ < 0
otherwise zero.
Thus

u(ϕ) =
∑

m

Wm sin(mϕ)
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Wm = −u0

π

[∫ ϕ0

0
sin(mϕ)dϕ −

∫ 0

−ϕ0

sin(mϕ)dϕ

]
= −2u0

mπ
[1 − cos(mϕ0)]

(2.11.10.1)
The resulting velocity potential is

φ(r,ϕ, t) = − 2u0 · exp(iωt)

πk

·
[ ∞∑

m=1

H (2)
m (kr)

m[H (2)
m (kr0)]′

[1 − cos(mϕ0)] sin(mϕ)

]
(2.11.10.2)

2.11.11 Example 11.11

The equation for an ellipsoid is

(
x

Ax

)2

+
(

y

Ay

)2

+
(

z

Az

)2

= 1 (2.11.11.1)

The volume of the ellipsoid is

V = 4π

3
Ax Ay Az (2.11.11.2)

The natural frequencies in a room are

f 2lmn = c

4

2
[(

l

Lx

)2

+
(

m

L y

)2

+
(

n

Lz

)2
]

(2.11.11.3)

Thus

(
l

Ax

)2

+
(

m

Ay

)2

+
(

n

Az

)2

= 1; where Ax = 2 f Lx

c
; Ay = 2 f L y

c
; Az =

2 f Lz

c
.

The number of modes for which l, m, and n all are positive or 1/8 of the total

N =
∫ ∫ ∫

dldmdn = 1

8

4π

3
Ax Ay Az = 4πV f 3

3c3
(2.11.11.4)

The modal density is

N f = �N

� f
= 4π f 2V

c3
(2.11.11.5)
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2.11.12 Example 11.12

At time t1 the source emits a signal which reaches the observer at time t ′1 or t ′1 =
t1+r1/c where r1 is the distance between source and observer. At a later time t1+�t
the source emits another signal reaching the observer at t ′2 where t ′2 = t1+�t +r2/c.
The observed time interval is

�t ′ = t ′2 − t ′1 = �t + (r2 − r1)/c (2.11.12.1)

The vector from the observer to the source at t = t1 is defined as r1. At t = t2 the
vector is r2 where

r2 = r1 + v · �t (2.11.12.2)

Thus

r22 = r21 + u2(�t)2 + 2r1v�t (2.11.12.3)

For �t � 1, r2 = r1 + r1v�t/r1. This result inserted in Eq. (2.11.12.1) gives

�t ′ = �t

(
1 + r1v

r1c

)

r1v = r1v cosϕ

where ϕ is the angle between the two vectors as shown in Fig. 2.29. The frequency
f of the source as compared to the observed frequency f ′ are related as

f ′

f
= �t

�t ′
=
[

1

1 + r1v/(r1c)

]
; r1v = r1v cosϕ (2.11.12.4)

Thus

f ′

f
= �t

�t ′
=
(

1

1 + v cosϕ/c

)
(2.11.12.5)

Fig. 2.29 A noise source
having the vector velocity v
travelling past an observer



2.11 Chapter 11 199

The frequency of the signal experienced by the observer is decreased as the source
is moving away from the observer and increased as the source is approaching as
compared to the actual frequency of the source.

2.11.13 Example 11.13

Case 1
Let the velocity potential be

Φ = Φ0 exp(iωt) (2.11.13.1)

The function Φ0 should satisfy the wave equation

∂2Φ0/∂x2 + k2Φ0 = Q0δ(x − x0) (2.11.13.2)

The particle velocity is zero at both ends of the duct. The boundary conditions are

∂Φ0/∂x = 0 for x = 0 and x = L (2.11.13.3)

The resulting eigenfunction are

ϕn = cos(nπx/L); kn = nπ/L (2.11.13.4)

The resulting field inside the duct is Φ = Φ0 exp(iωt) where

Φ0 =
∑

n

2Q0ϕn(x)ϕn(x0)

L(k2 − k2n)
(2.11.13.5)

The FT of the pressure is p̂ = −iωρ0Φ0. The space average of p̂2 is 〈∣∣ p̂∣∣2〉 =
1

L

∫ L
0 dx

∣∣ p̂∣∣2.
The result is

〈∣∣ p̂∣∣2〉 = (ωρ0)
2
∑

n

2 |Q0|2 ϕ2
n(x0)

L2
∣∣k2 − k2n

∣∣2 for L > x0 > 0 (2.11.13.6)

Case 2
The velocity potential is again given byΦ = Φ0 exp(iωt). The functionΦ0 should

satisfy the wave equation

∂2Φ0/∂x2 + k2Φ0 = Q0[δ(x − x0) + δ(x + x0)] (2.11.13.7)
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The boundary conditions are

∂Φ0/∂x = 0 for x = −L and x = L (2.11.13.8)

The resulting eigenfunction is

ϕn = cos(nπx/L); kn = nπ/L (2.11.13.9)

The resulting field in the duct is

Φ0 =
∑

n

2Qϕn(x)ϕn(x0)

L(k2 − k2n)
(2.11.13.10)

The FT of the pressure is p̂ = −iωρ0Φ0. The space average of p̂2 is 〈∣∣ p̂∣∣2〉 =
1

2L

∫ L

−L
dx
∣∣ p̂∣∣2.

The result is 〈∣∣ p̂∣∣2〉 = (ωρ0)
2
∑

n

2 |Q0|2 ϕ2
n(x0)

L2
∣∣k2 − k2n

∣∣2 for − L < x0 < L (2.11.13.11)

For 0 < x0 < L the results (2.11.13.6) and (2.11.13.11) are identical. As x0 → 0
both Eqs. (2.11.13.6) and (2.11.13.11) approach the same result

〈∣∣ p̂∣∣2〉 = (ωρ0)
2
∑

n

2 |Q0|2
L2
∣∣k2 − k2n

∣∣2 (2.11.13.12)

However, if the source is assumed to be located at x0 = 0 Eq. (2.11.13.2) can not be
solved directly. The solution would involve an intergral of the type

I =
∫ L

0
δ(x)ϕm(x)dx (2.11.13.13)

The Dirac function is not defined for x = 0. Junger and Feit, Ref. [165] in vol II,
argue that the solution to Eq. (2.11.13.13) can be written

I =
∫ L

0
δ(x)ϕm(x)dx = ϕm(0)/2 (2.11.13.14)

When the source is mounted right on the end section of the duct the source strength
should be doubled. Thus, according to [165], Eq. (2.11.3.2) should be written

∂2Φ0/∂x2 + k2Φ0 = 2Q0δ(x)
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The procedure outlined as Case 2 always give a correct answer without any undue
mathematical manipulations. Also the other procedure, Case 1, gives the correct
result if in the final solution the position of the source is allowed to approach the
duct wall.

2.11.14 Example 11.14

The space average of the pressure squared in the room is given by 〈∣∣ p̂∣∣2〉 =∑
l,m,n

〈∣∣ p̂lmn
∣∣2〉 where

〈∣∣ p̂lmn
∣∣2〉 = 2c4ρ20 f 2 |Q0|2 ϕ2

lmn(r0)

εlεmεnπ2V 2[( f 2 − f 2lmn)2 + (δ f 2lmn)2] (2.11.14.1)

For sufficiently high frequencies εl = εm = εn = 1. Thus, following the results of
Sect. 2.7, the average is given as

〈
∣∣∣ ¯̂plmn

∣∣∣2〉 = 1

� f

∫
d f 〈∣∣ p̂lmn

∣∣2〉 = c4ρ0 |Q0|2 ϕ2
lmn(r0)

� f · πδ flmn V 2 ; � f = c3

4π f 2V
(2.11.14.2)

Setting flmn = f the result is

〈
∣∣∣ ¯̂plmn

∣∣∣2〉 = 4cρ20 f |Q0|2 ϕ2
lmn(r0)

δ · V
(2.11.14.3)

2.11.15 Example 11.15

Equation (11.175) gives R = 25.5 dB with air gap and 35 dB without the gap.

2.11.16 Example 11.16

The energy V per unit volume in the room should according to Eq. (11.152) satisfy
the equation

V
∂ V
∂t

+ c V A/4 + ωδa V V = � (2.11.16.1)

http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47934-6_11
http://dx.doi.org/10.1007/978-3-662-47934-6_11
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The general solution is

V = 1

V
e−λt

∫ t

−∞
eλτ�(τ )dτ ; λ = cA

4V
+ ωδa (2.11.16.2)

For �(t) = �0 for 0 � t � t0 otherwise zero the result is

V (t) = �0

λV
(1 − e−λt ) for 0 � t � t0

V (t) = �0e−λ(t−t0)

λV
(1 − e−λt0) = V (t0)e

−λ(t−t0) for t > t0 (2.11.16.3)

The pressure in the room is obtained from |p|2 = ρ0c2 V .

2.11.17 Example 11.17

The transforms are given as x1 = γ(x − ut), y1 = y, z1 = z, t1 = γ(t − ux/c2) and
γ = c/

√
c2 − u2. Compare Sect. 11.8. Thus,

x = γ(x1 + ut1); t = γu

c2
x1 + γt1 (2.11.17.1)

∂

∂x1
= dx

dx1

∂

∂x
+ dt

dx1

∂

∂t
(2.11.17.2)

From (2.11.17.1) dx/dx1 = γ and dt/dx1 = γu/c2. These expressions inserted in
(2.11.17.2) give

∂

∂x1
= γ

∂

∂x
+ γu

c2
∂

∂t
(2.11.17.3)

and

∂2

∂x21
= γ2 ∂2

∂x2
+
(γu

c2

)2 ∂2

∂t2
+ 2

γ2u

c2
∂2

∂x∂t
(2.11.17.4)

In a similar way

∂2

∂t21
= (γu)2

∂2

∂x2
+ γ2 ∂2

∂t2
+ 2γ2u

∂2

∂x∂t
(2.11.17.5)

http://dx.doi.org/10.1007/978-3-662-47934-6_11
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Thus,

∇2
1Φ − 1

c2
∂2Φ

∂t21

= γ2 ∂2Φ

∂x2
+
(γu

c2

)2 ∂2Φ

∂t2
+ 2

γ2u

c2
∂2Φ

∂x∂t
+ ∂2Φ

∂y2
+ ∂2Φ

∂z2

−
(γu

c

)2 ∂2Φ

∂x2
−
(γ

c

)2 ∂2Φ

∂t2
− 2

γ2u

c2
∂2Φ

∂x∂t

= γ2
(
1 − u2

c2

)
∂2Φ

∂x2
+ ∂2Φ

∂y2
+ ∂2Φ

∂z2
−
(γ

c

)2 ∂2Φ

∂t2

(
1 − u2

c2

)

(2.11.17.6)

However, γ2 =
(
1 − u2

c2

)−1

. Thus,

∇2
1Φ − 1

c2
∂2Φ

∂t21
= ∇2Φ − 1

c2
∂2Φ

∂t2
(2.11.17.7)

2.12 Chapter 12

2.12.1 Example 12.1

The wavenumber κx for flexural waves propagating along a fluid loaded plate (fluid
load on one side) is the solution to Eq. (12.12),

κ4
x = κ4 + ω2ρ0

D
√

κ2
x − k2

(2.12.1.1)

For finding a solution as κx → k set κx = k(1 + ξ)where ξ � 1. Insert this
expression in the basic equation (2.12.1.1). The result is

k4(1 + ξ)4 = κ4 + ω2ρ0

Dk
√
2ξ + ξ4

= κ4 + κ4ρ0

μk
√
2ξ + ξ2

(2.12.1.2)

For ξ � 1 and k = κ the equation is approximated by

4ξ = ρ0

μk
√
2ξ

(2.12.1.3)

http://dx.doi.org/10.1007/978-3-662-47934-6_12
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Thus,

ξ ≈ 1

4

(
ρ0

√
2

μk

)2/3

(2.12.1.4)

For a 4 mm steel plate with a fluid load of water on one side ξ ≈ 9/100 for κ = k.
For k � κ the parameter ξ is always positive. Consequently, κx > k. This type

of wave does not radiate sound.

2.12.2 Example 12.2

Omitting the time dependence the Eqs. (12.33) and (12.45) give the sound pressure
in the fluid as

p(x, y, z) =
∫∫

S0
iωρ0v(x0, y0)G(x, y, z|x0, y0, 0)dx0dy0 (2.12.2.1)

G(x, y, z|x0, y0, 0)

= 1

(2π)2

∫ ∞

−∞

∫ ∞

−∞
dkxdky

exp[ikx (x − x0)+iky(y − y0)−z
√

k2x + k2y − k2]√
k2x + k2y − k2

(2.12.2.2)

v(x0, y0) = v0exp(−iκx0) (2.12.2.3)

Equations (2.12.2.2) and (2.12.2.3) inserted in (2.12.2.1) give

p(x, y, z)= iωρ0v0

(2π)2

∫ ∞

−∞

∫ ∞

−∞
dkxdky

exp[ikx x + iky y−z
√

k2x + k2y − k2]√
k2x + k2y − k2

· I

(2.12.2.4)

I =
∫ ∞

−∞

∫ ∞

−∞
e−i x0(kx +κ)−iy0kydx0dy0 (2.12.2.5)

According to definition δ(ξ + kx ) = 1

2π

∫ ∞

−∞
e−i x0(kx +ξ)dx0. Thus, the solution to

Eq. (2.12.2.5) is

I = (2π)2δ(kx + κ)δ(ky) (2.12.2.6)

http://dx.doi.org/10.1007/978-3-662-47934-6_12
http://dx.doi.org/10.1007/978-3-662-47934-6_12
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Consequently,

p(x, y, z) = iωρ0v0

∫ ∞

−∞

∫ ∞

−∞
dkxdky

exp[ikx x + iky y − z
√

k2x + k2y − k2]√
k2x + k2y − k2

δ(kx + κ)δ(ky)

Thus,

p(x, y, z) = iωρ0v0√
κ2 − k2

exp[−iκx − z
√

κ2 − k2] for κ > k (2.12.2.7)

The pressure is decaying exponentially away from the plate. No acoustic intensity is
radiated away from the plate.

p(x, y, z) = ωρ0v0√
k2 − κ2

exp[−iκx − i z
√

k2 − κ2] for κ < k (2.12.2.8)

A pressure wave is propagating away from the plate.

2.12.3 Example 12.3

According to Eq. (12.98), the radiation ratio for f < fc is

σ̄r = Lx + L y

Lx L y
h( f/ fc) (2.12.3.1)

where h( f/ fc) is a function independent on the dimensions of the plate. For Lx/L y =
ξ and Lx L y = S0 the sides can be written as Lx = √

S0ξ and L y = √
S0/ξ.

Consequently, the radiation ratio is written

σ̄r = 1/
√

ξ + √
ξ√

S0
h( f/ fc) (2.12.3.2)

The radiation ratio has a minimum for a quadratic shape, i.e. for ξ = 1.

http://dx.doi.org/10.1007/978-3-662-47934-6_12
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2.12.4 Example 12.4

For a platewith a fluid load on one side, the addedmass at the first natural frequency is

�μ = ρ0

κ11
; κ11 =

[(
π

Lx

)2

+
(

π

L y

)2
]1/2

(2.12.4.1)

Thus, the added mass is

�μ = ρ0Lx L y

π
√

L2
x + L2

y

(2.12.4.2)

2.12.5 Example 12.5

The radiation ratio is given by Eq. (12.116) as

σm = 2

πkr0

∣∣∣∣
[

H (2)
m (z)

]′
z=kr0

∣∣∣∣
2 (2.12.5.1)

For z → 0 the Hankel function is approximated by

H (2)
m (z) = 1 + 2i

π

[
ln
( z

2

)
+ γ

]
for m = 0 (2.12.5.2)

Thus,

d

dz

[
H (2)

m (z)
]

≈ 2i

πz
for m = 0 (2.12.5.3)

For m > 0 and z → 0,

H (2)
m (z) = 1

m!
( z

2

)m + i(m − 1)!
π

(
2

z

)m

(2.12.5.4)

Consequently,

d

dz
H (2)

m (z) =
[

H (2)
m (z)

]′ = m

m!
( z

2

)m−1 − i2mm!
πzm+1 (2.12.5.5)

http://dx.doi.org/10.1007/978-3-662-47934-6_12
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Equations (2.12.5.3) and (2.12.5.5) inserted in Eq. (2.12.5.1) give for kr0 � 1

σ0 = π

2
(kr0) for m = 0 (2.12.5.6)

σm = 4π

(m!)2
(

kr0
2

)2m+1

for m > 0 (2.12.5.7)

2.12.6 Example 12.6

The eigenfunction for ϕn for a clamped beam is from Table7.2 given as

√
2·ϕn =cosh(κn x) − cos(κn x) − cosh(κn L)−cos(κn L)

sinh(κn L)−sin(κn L)
· [ sinh(κn x)−sin(κn x)]

(2.12.6.1)
The eigenvalues κn are the solutions to cos(κn L) · cosh(κn L) = 1. For n � 4

κn L = π/2 + nπ (2.12.6.2)

For n large the eigenfunctions can according to Problem 7.16 be approximated by

ϕn = sin(κn x − π/4) +
[
e−κn x − sin(κn L) · eκn(x−L)

] /√
2 (2.12.6.3)

The radiation area of the cross mode not being cancelled is

∫ L

0
ϕn(x)dx = 4

κn
√
2

= 4L

π
√
2(n + 1/2)

= S1 for n odd (2.12.6.4)

For simply supported edges ϕn = sin(κn x), κn = nπ/L . Thus,

∫ L

0
ϕn(x)dx = 2

κn
= 2L

πn
= S2 (2.12.6.5)

The ratio

(
S1
S2

)2

= 2

⎛
⎜⎝ n

n + 1

2

⎞
⎟⎠

2

→ 2 as n → ∞.

The edgemode for a clamped plate would therefore radiate twice as much as the
edge mode for a simply supported plate.

http://dx.doi.org/10.1007/978-3-662-47807-3_7
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2.12.7 Example 12.7

For a fluid loaded infinite plate the real part of the point mobility is

ReY f ∞ = 1

10

(
ω

D3ρ20

)1/5

= 1

8
√

D

8

10

(
ω

D1/2ρ20

)1/5

(2.12.7.1)

The wavenumber for flexural waves on the plate is

κ4
x = μapparentω

2

D
⇒ ω√

D
= κ2

x√
μapparent

(2.12.7.2)

Equations (2.12.7.1) and (2.12.7.2) give

ReY f ∞ = 1

8
√

D

8

10

(
κ2

x

μ
1/2
apparentρ

2
0

)1/5

(2.12.7.3)

The real part of the point mobility is also written

ReY f ∞ = 1

8
√

Dμapparent
(2.12.7.4)

where μapparent is the apparent mass of the plate at the excitation point. Equa-
tions (2.12.7.4) and (2.12.7.3) give

μapparent =
(
5

4

)2 μ
1/5
apparentρ

4/5
0

κ
4/5
x

or

μ
4/5
apparent =

(
5

4

)2 ρ
4/5
0

κ
4/5
x

(2.12.7.5)

The added weight to a reverberant fluid loaded plate (one side) is from (12.15)

μadd ≈ ρ0/κx (2.12.7.6)

Equations (2.12.7.5) and (2.12.7.6) give

μ
4/5
apparent

μ
4/5
add

=
(
5

4

)2

⇒ μapparent

μadd
=
(
5

4

)2.5

≈ 1.7 (2.12.7.7)

http://dx.doi.org/10.1007/978-3-662-47934-6_12
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2.12.8 Example 12.8

The plate is assumed to be completely submerged in water. The possible effects of
reflections in the water surface are neglected. The total mass μtot per unit area of the
water loaded plate for f � fc but for frequencies above the first natural frequency
of the plate is according to Eq. (12.15) approximately given as

μtot = μ0 + 2ρ/κ0 (2.12.8.1)

where μ0 is the mass per area of the plate itself and κ0 =
(

μ(2π f )2

D

)1/4

the

wavenumber for the plate in vacuo. The radiation ratio σ̄r is given by Eq. (12.98) as

σ̄r = Lx + L y

πqkLx L y

√
q2 − 1

[
ln

(
q + 1

q − 1

)
+ 2q

q2 − 1

]
(2.12.8.2)

where Lx and L y are the lengths of the sides of the rectangular panel. The parameter
q is according to Sect. 12.9 defined as

q =
(

c2μ1/2
tot

2πD1/2 f

)1/2

(2.12.8.3)

For a fluid loaded plate the total mass is frequency dependent as given by Eq.
(2.12.8.1).

The loss factor due to radiation from the plate is given by

η = 2ρ0cσ̄r

ωμtot
(2.12.8.4)

The wave impedance ρ0c is approximately equal to 1.5 × 106 kg/(m2 s).

2.13 Chapter 13

2.13.1 Example 13.1

From Eq. (13.39) it follows

f (Hz) 1 5 6.3 8 10 12.5 16 20 25 31.5
σa 1.5 1.6 1.6 1.7 1.7 1.8 1.9 2.0 2.1 2.3

http://dx.doi.org/10.1007/978-3-662-47934-6_12
http://dx.doi.org/10.1007/978-3-662-47934-6_12
http://dx.doi.org/10.1007/978-3-662-47934-6_12
http://dx.doi.org/10.1007/978-3-662-47934-6_13
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f (Hz) 40 50 63 80 100 125 160 200 250 315
σa 2.4 2.6 2.7 2.9 3.1 3.3 3.5 3.7 3.9 4.1

f (Hz) 400 500
σa 4.3 4.5

2.13.2 Example 13.2

The sound transmission loss for an infinite plate is given by Eqs. (13.22) and (13.31).

The mass per unit area is μ = ρh and the critical frequency fc = c2

2π

√
μ

D0
=

c2

2π

√
12(1 − ν2)ρ

E0h2 ∝ 1

h
.

By changing the thickness from h1 to h2 the sound transmission loss is changed by
�R. Thus �R = 20 log(h2/h1) for f � fc and �R = 30 log(h2/h1) for f � fc

2.13.3 Example 13.3

The function cos[λmn(x − d)] is continuous in the interval 0 � x � a and can be
expanded in a cosine series in this interval. Thus

cos[λmn(x − d)] =
∞∑

l=0

Alεl cos

(
lπx

d

)
(2.13.3.1)

The parameters Al are

Al = 2

d

∫ a

0
εl cos[λmn(x − d)] cos

(
lπx

d

)
= 2

d
εl

λmn sin(λmnd)

λ2
mn − (lπ/d)2

(2.13.3.2)

λ2
mn = k2 − k2mn − (lπ/d)2 = k2 − k2lmn (2.13.3.3)

Equations (2.13.3.1) to (2.13.3.3) give

cos[λmn(x − d)] =
∞∑

l=0

ε2l
λmn sin(λmnd)

k2 − k2lmn

cos

(
lπx

d

)
(2.13.3.4)

http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
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Fig. 2.30 Stiff plate coupled
to a cavity

For x = 0

∞∑
l=0

ε2l
k2 − k2lmn

= d

2λmn tan(λmnd)

2.13.4 Example 13.4

The plate is located in the y-z-plane at x = 0. The dimensions of the plate are L y

and Lz . The depth of the cavity is d. The width and breadth of the cavity is the same
as the plate. An external force F̂ exp(iωt) is acting on the infinitely stiff plate. The
velocity v of the plate is (Fig. 2.30)

iωv̂μ = F̂/S − p̂ (2.13.4.1)

where p is the pressure in the enclosed fluid. The FT of the velocity potential in the
fluid is

Φ̂ = v̂ · cos[k(x + d)]
k sin(kd)

(2.13.4.2)

The FT of the particle velocity ν̂x is ∂Φ̂/∂x satisfying the boundary conditions
ν̂x = 0 for x = −d and ν̂x = −ν̂ for x = 0. The FT of the pressure p on the plate is

p̂ = iωρ0
v̂

k tan(kd)
(2.13.4.3)

This expression inserted in Eq. (2.13.4.1) yields

Y = v̂

F̂
= 1

iω[μ + ρ0/(k tan kd)] (2.13.4.4)

The mobility of the plate is consequently very low whenever Re(kd) = nπ
corresponding to the natural frequencies in the cavity. In the high-frequency range
or rather when kd → ∞, tan(kd) → −i and the mobility tends to 1/(iωμ) if there
are losses in the fluid or when k is complex.
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2.13.5 Example 13.5

The function Ymn(a) is defined as

Ymn(a) = 1

[λmn sin(λmna)]2
[
sin(2λmna)

2λmna
+ 1

]
(2.13.5.1)

The parameter λmn is given by

λmn =
√

k20 − k2mn − iδk20 (2.13.5.2)

The function Ymn(a) has maxima for k0 = k0N = √
k2mn + (Nπ/a)2. Let the

wavenumber k0 around this value be described by k0 = k0N (1 + ξ). Thus, for
|ξ| � 1 and δ � 1

λmn ≈
[
(Nπ/a)2 + (2ξ − iδ)k20

]1/2 ≈ (Nπ/a)
[
1 + (2ξ − iδ)k20/(Nπ/a)2

]1/2

≈ (Nπ/a) + (ξ − iδ/2)k20/(Nπ/a) (2.13.5.3)

An expansion of sin(λmna) in a Taylor series gives

sin(λmna) = sin(Nπ) + a2k20(ξ − iδ/2) cos(Nπ)/(Nπ) (2.13.5.4)

Thus to the first order of smallness in ξ and δ

|Ymn(a)| = 1

(ak20)
2(ξ2 + δ2/4)

(2.13.5.5)

2.13.6 Example 13.6

The expression has two poles in the upper half plane, ξ1 = iδ1/2 and ξ2 = iδ2/2.
According to Eq. (2.61), an integration along a path shown in Fig. 2.5 gives

J =
∮

dξ

h(ξ)
= 2πi

∑
n

1

h′(ξn)
(2.13.6.1)

With h(ξ) = (ξ2 + δ21/4)(ξ
2 + δ22/4) the function h′(ξ) is

h′(ξ) = 2ξ(ξ2 + δ22/4) + 2ξ(ξ2 + δ21/4) (2.13.6.2)

http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_2
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Thus,

J = 2πi

[
1

iδ1(−δ21/4 + δ22/4)
+ 1

iδ2(δ21/4 − δ22/4)

]

= 8π(δ1 − δ2)

(δ21 − δ22)δ1δ2
= 8π

(δ1 + δ2)δ1δ2
(2.13.6.3)

2.13.7 Example 13.7

According to Eq. (13.97), the velocity v of a panel separating two rooms is the
solution to

∇2(∇2v) − κ4v =
∑
mn

Qmnϕmn (2.13.7.1)

where is ϕmn are the eigenfunction for the cross section of the room. The velocity is
written

v =
∑
qr

Bqrgqr (y, z); ∇2(∇2gqr ) = k4qrgqr (2.13.7.2)

The eigenfunction gqr satisfies the boundary conditions of the panel. The eigenfunc-
tions are orthogonal for any of the simple boundary conditions. The amplitudes Bqr

are obtained from (2.13.7.1) and (2.13.7.2) as

Bqr = 1

(k4qr − κ4)〈gqr |gqr 〉
∑
mn

Qmn〈ϕmn|gqr 〉 (2.13.7.3)

The frequency and space average of the pressure squared in the receiving room is
proportional the space and frequency average of the square of the plate velocity.
Thus,

〈v̄2〉 ∝
∑
qr

∣∣B̄qr
∣∣2 (2.13.7.4)

Assuming as before, Sect. 13.6, that the frequency average of the product Qmn · Qrs

is equal to
∣∣Q̄∣∣2 δmrδns it follows that

〈v̄2〉 ∝
∑
qr

1

�κ

∫
dκ∣∣∣k4qr − κ4

∣∣∣2
∑
mn

(〈ϕmn|gqr 〉)2
(〈gqr |gqr 〉)2 (2.13.7.5)

http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
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The dominating contribution to the velocity squared is given by resonant modes for
kqr ≈ κ when at the same time the coupling between the modes in the room and on
the plate is maximum. The coupling is maximum when the wavenumber on the plate
coincides or is close to the wavenumber in the y-z-plane of the acoustic field. These
effects can only occur simultaneously if k � kqr ≈ κ or for f > fc. For kmn � kqr

the product
∣∣〈ϕmn|gqr 〉

∣∣2 is small and decreases rapidly for increasing kmn as k−4
mn .

Hence the error is small if the summation in (2.13.7.5) is extended to include all m
and n instead of those for which kmn < k. The sum over m and n in Eq. (2.13.7.5) is
rearranged as

∑
mn

(〈ϕmn|gqr 〉)2
(〈gqr |gqr 〉)2 = 1

(〈gqr |gqr 〉)2
∫

dS
∫

dS0gqr (r)gqr (r0)

∞∑
m,n=0

ϕmn(r)ϕmn(r0) (2.13.7.6)

The completeness relation, as given in for example on p. 254 of Ref. [69] of vol. II,
states

∞∑
m,n=0

ϕmn(r)ϕmn(r0) = δ(r − r0) (2.13.7.7)

Consequently,

∑
mn

(〈ϕmn|gqr 〉)2
(〈gqr |gqr 〉)2 = 1

(〈gqr |gqr 〉)2
∫

dS
∫

dS0gqr (r)gqr (r0)δ(r − r0) = 1

(2.13.7.8)
for any orthogonal eigenfunction, i.e. independent of free, clamped or simply sup-
ported boundary conditions for the plate.

Returning to Eq. (2.13.7.5) the velocity squared of the panel is at a certain fre-
quency for which kqr ≈ κ given by

〈v̄2〉 ∝ 1

�κ

kqr +�κ/2∫

kqr −�κ/2

dκ∣∣∣k4qr − κ4
∣∣∣2

(2.13.7.9)

for any boundary condition having orthogonal eigenfunctions.

2.13.8 Example 13.8

Notations etc as in Sect. 13.6. For a one-dimensional simply supported structure
the boundary conditions are v = ∂2v/∂y2 = 0 for y = 0 = L y . The velocity is
v = v1 + v2 where, from (13.99) and (13.100)

http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
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v1 =
∑

m

Qmϕm(y)

k4m − κ4 ≈ −
∑

m

Qmϕm(y)

κ4 for f � fc (2.13.8.1)

The complementary and symmeteric function v2 is

v2 = B1 cosκ(y − L y/2) + B2 cosh κ(y − L y/2) =
∑

m

v2mϕm(y) (2.13.8.2)

The boundary conditions yield

B1 = 1

2 cos(κL y/2)

∑
m

Qm

κ4

(
1 + k2m

κ2

)
≈ 1

2 cos(κL y/2)

∑
m

Qm

κ4 (2.13.8.3)

B2 = 1

2 cosh(κL y/2)

∑
m

Qm

κ4

(
1 − k2m

κ2

)
≈ 1

2 cosh(κL y/2)

∑
m

Qm

κ4

(2.13.8.4)

v2 = 1

2

(∑
m

Qm

κ4

)[
cosκ(y − L y/2)

cos(κL y/2)
+ cosh κ(y − L y/2)

cosh(κL y/2)

]
(2.13.8.5)

By expanding the complementary solution along the eigenfunctions the result is

v2 =
∑

m

v2mϕm(y) (2.13.8.6)

where the parameters v2m are

v2m = 4

κL y

[
1

cot(κL y/2)
+ 1

]∑
m

Qm

κ4

The parameter v2m is large when Re[cot(κL y/2)] = 0. Therefore, close to a
maximum

v2m ≈ 4

κL y

[
1

cot(κL y/2)

]∑
m

Qm

κ4 (2.13.8.7)

The absolute value of this maximum amplitude is 1/2 of the the same amplitude for
a clamped plate. The correction term for a simply suported beam is therefore 1/4 of
the correction term for clamped edge since the transmitted power is proportional to
the square of the velocity.
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2.13.9 Example 13.9

Assume that the transmission losses of the two panels are R1 and R2. The sound
pressure level in the source room is L1 and in the receiving room L2 and in the
cavity L0. The equivalent absorption areas is A0 in the cavity and A2 in the receiving
room. Thus,

L1 − L0 = R1 + 10 log(A0/S) (2.13.9.1)

L0 − L2 = R2 + 10 log(A2/S) (2.13.9.2)

These equations give

L1 − L2 = R1 + R2 + 10 log(A0/S) + 10 log(A2/S) (2.13.9.3)

The result indicates that the total transmission loss increases with added sound
absorption in the cavity. In practice, there is a limit to the correction. Often
10 log(A0/S) is set to equal 6 dB as an upper limit. Compare Figs. 13.18 and 13.19
in Vol. 2.

2.13.10 Example 13.10

Returning to Problem 13.4 it was found that the pressure p in a fluid filled cavity was
given by p = iωρ0v/ tan(kd) where v was the velocity of an infinitely stiff structure
enclosing the fluid. The velocity is, for harmonic motion, also written v = iωx with
x being the displacement of the plate. Thus,

p = −ω2ρ0
x

k · tan(kd)
≈ −ω2ρ0x

k2d
for kd � 1 (2.13.10.1)

The “spring constant per unit area” s is obtained as

s = −∂ p

∂x
= ρ0c2

d
(2.13.10.2)

If the plates of the double wall structure has the mass per unit area of μ1 and μ2 the
double wall resonace is

f0 = 1

2π

√
s(μ1 + μ2)

μ1μ2
= c

2π

√
ρ0(μ1 + μ2)

dμ1μ2
(2.13.10.3)

http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
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Fig. 2.31 Infinite structure
in between two different
fluids. A plane wave is
incident on the structure in
fluid I

2.13.11 Example 13.11

The configuration is shown in Fig. 2.31. The velocity potentials in space I and space
II are

ΦI = exp[i(ωt − k1x)] + R · exp[i(ωt + k1x)] x < 0 (2.13.11.1)

ΦII = T · exp[i(ωt − k2x)] (2.13.11.2)

The velocity of the plate is v. Thus,

iωμv = pI − pII = −iωρ1(1 + R) + iωρ2T (2.13.11.3)

Continuity of velocity gives

(∂ΦI/∂x)x=0 = (∂ΦII/∂x)x=0 = v (2.13.11.4)

The Eqs. (2.13.11.1) through (2.13.11.4) give

T = 2iρ1
k2μ − iρ1k2/k1 − iρ2

(2.13.11.5)

The incident intensity is
(
Īx
)

in = ωk1ρ1/2 and the transmitted intensity
(
Īx
)
trans =

ωk2ρ2 |T |2 /2
The transmission coefficient τ is

τ =
(
Īx
)
trans(

Īx
)
in

= ρ2c1
ρ1c2

· |T |2 = 4(ρ1c1)(ρ2c2)

(ωμ)2 + (ρ1c1 + ρ2c2)2
(2.13.11.6)

The result shows that reciprocity holds. If fluid II is water (ρ2c2) ≈ 1.5 ×
106 kg/(sm2), fluid I air (ρ1c1) ≈ 415kg/(sm2) the transmission coefficient is almost
independent of the mass μ of the plate giving

τ ≈ 4(ρ1c1)

(ρ2c2)
≈ 10−3 (2.13.11.7)
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2.13.12 Example 13.12

Following the discussion in Sect. 13.3, Eq. (13.45), the velocity of a finite panel is
written

v(y, z, t) =
∑
mn

vmnϕmn(y, z) · exp(iωt) (2.13.12.1)

According to Eq. (13.57), the modal amplitude vmn of the panel is

vmn

[
k4mn − κ4 + ρ0ω

2

D

(
1

λmn tan(λmnd)
+ 1

λmn tan(λmna)

)]

= ρ0ω
2d P

2Dλmn tan(λmnd)
(2.13.12.2)

The wavenumber in a fluid with losses is according to Eq. (11.26) given by k =
k0(1 − iδ/2). The parameter λmn is

λmn =
√

k20 − k2mn − iδk20 = λmn0(1 − iγ) (2.13.12.3)

where λmn0 and γ are positive and real quantities. Thus,

tan(λmna) = eiλmna − e−iλmna

i(eiλmna + e−iλmna)
(2.13.12.4)

By inserting Eq. (2.13.12.3) in Eq. (2.13.12.4) it follows that

lim
a→∞ tan(λmna) = 1/ i lim

d→∞ tan(λmnd) = 1/ i (2.13.12.5)

In addition λmn = k cosϕ and kmn = k sinϕ. Considering this Eq. (2.13.12.2) is
written

vmn = dP

4

[
1 + i Dk cosϕ

2ρ0ω2c

(
k4 sin4 ϕ − κ4

)] (2.13.12.6)

According to Eqs. (13.73), (13.79), and (13.80) the space and frequency average of
p22 is

〈| p̄2|2〉 = S2

πA2

∫ π/2

0
(ωρ0)

2 |vmn|2 sinϕ cosϕdϕ (2.13.12.7)

http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_11
http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
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According to (13.62) and since δk = A/(4V )

〈
∣∣∣ p̄21

∣∣∣〉 = |ρ0ωP|2 V1

32πδ1k
= |ρ0ωP|2 V 2

1

8πA1
(2.13.12.8)

〈| p̄2|2〉 = 〈| p̄1|2〉 A1

2A2

∫ π/2

0

sinϕ cosϕdϕ

1 +
[

Dk cosϕ

2ω2ρ0c
(k4 sin4 ϕ − κ4)

]2 (2.13.12.9)

For pin = p1/2 and A1 = A2 it follows that

τd = 2
∫ π/2

0

sinϕ cosϕdϕ

1 +
[

Dk cosϕ

2ω2ρ0c
(k4 sin4 ϕ − κ4)

]2 (2.13.12.10)

This expression is the same as that given for an infinite panel. Compare Eq. (13.9)
and Eq. (13.16).

2.14 Chapter 14

2.14.1 Example 14.1

The wave equation for waves in a fluid and assuming a time dependence exp(iωt) is
in cylindrical coordinates given by

∂2Φ

∂r2
+ 1

r

∂Φ

∂r
+ 1

r2
∂2Φ

∂ϕ2 + k2Φ = 0 (2.14.1.1)

where Φ is the velocity potential. The general solution to Eq. (2.14.1.1) is

Φ =
∞∑

m=0

Am Jm(kr) cos(mϕ) (2.14.1.2)

The particle velocity normal to the wall is zero. Thus J ′
m(kr0) = 0, where r0 is the

radius of the duct. For each m there is an infinite number of zeros. The first few zeros
are according to Ref. [43] in volume II given as

m = 0 m = 1 m = 2 m = 3 m = 4 m = 5
0 1.841 3.054 4.201 5.318 6.416
3.832 5.331 6.706 8.015 9.282 10.52
7.016 8.536 9.969 11.346 12.682 13.99

http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
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The cut-on frequencies are the solutions to kr0 = α where α is listed in the table
above. The first five cut-on frequencies are obtained for fn = αn · c/(2πr0)where
c is the speed of sound in the fluid and αn equal to 1.841, 3.054, 3.832, 4.201 and
5.318 for n = 1 to 5.

2.14.2 Example 14.2

The bending moment exciting the waveguide at x = 0 can be written as

M exp(iωt) = exp(iωt)
∑

n

Mnϕn(y); ϕn(y) = sin(nπy/L y) (2.14.2.1)

The amplitudes Mn are

Mn = 2M

L y

∫ L y

0
sin(nπy/L y)dy = 4M

nπ
for n odd, otherwise zero (2.14.2.2)

The displacement w of the plate is according to Eq. (14.7) given by

w(x, y, t) = eiωt
∞∑

n=1

ϕn(y) ·
(

An · e−iκ1x + Bn · e−κ2x
)

(2.14.2.3)

The boundary conditions are w(0) = 0 and −Dw′′(0) = M ′ = M/L y . Thus

An = 2M

nπDL yκ2 for n odd, otherwise zero, Bn = −An (2.14.2.4)

The energy flow in the waveguide is obtained from Eq. (14.10) as

�̄x = 1

2
Re

{
ω
∑
nodd

4M2
[
κ2 − (nπ/L y)

2
]3/2

n2π2Dκ4L y

}
(2.14.2.5)

2.14.3 Example 14.3

Assume the displacement of a beam to be

w = A1 sin(κx) + A2 cos(κx) + A3 sinh(κx) + A4 cosh(κx) (2.14.3.1)

http://dx.doi.org/10.1007/978-3-662-47934-6_14
http://dx.doi.org/10.1007/978-3-662-47934-6_14
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The boundary conditions are w(0) = w(L) = 0; w′(0) = γm ; w′(L) = γn . The
boundary conditions give the parameters Ai . The bending moments at each side of
the beam are

Mmn(0) = −D

[
d2w

dx2

]
x=0

= Dκ2(A2 − A4) (2.14.3.2)

Mmn(L) = −D

[
d2w

dx2

]
x=L

= Dκ2(A1 sinα + A2 cosα − A3 sinhα − A4 coshα)

(2.14.3.3)
where α = κL . The bending moment Mmn(L) is for α � 1 written

Mmn(L) = Ymnγm − Xmnγnwhere

Xmn = Dmn
κmn cosαmn − κmn sinαmn

cosαmn
; Ymn = Dmn

κmn

cosαmn
(2.14.3.4)

The bending stiffness of an element betweenm and n is given by Dmn . The parameter
αmn is equal to

αmn = κmn Lmn (2.14.3.5)

where κmn is the wavenumber for flexural waves propagating along the element
between m and n. The length of the element is Lmn . The bending at the other end of
the element is

Mmn(0) = Xmnγm − Ymnγn (2.14.3.6)

By insering Eq. (2.14.3.4) in Eq. (14.25) the elements in the matrix [A] are obtained.

2.14.4 Example 14.4

Equation (14.34) reads

2D′
1D′

2k6x − 2D′
2 Iωk4xω

2 − [m′(D′
1 + 2D′

2) + I ′
ωGe S]k2xω2

+ Ge S[D′
1k4x − m′ω2] + m′ I ′

ωω4 = 0 (2.14.4.1)

In the low-frequency region and for kx ∝ √
ω and neglecting terms of ω3 and higher

orders the equation is reduced to Ge H [D′
1k4x − m′ω2] = 0. Thus,

kx = ±
(

m′ω2

D′
1

)1/4

and kx = ±i

(
m′ω2

D′
1

)1/4

as f → 0 (2.14.4.2)

http://dx.doi.org/10.1007/978-3-662-47934-6_14
http://dx.doi.org/10.1007/978-3-662-47934-6_14
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For kx constant and independent of ω the equation is reduced to

2D′
1D′

2k6x + Ge SD′
1k4x = 0 ⇒ kx = ±i

(
Ge S

2D′
2

)1/2

as f → 0 (2.14.4.3)

For large ω and considering only the highest order of ω and assuming kx ∝ ω,
Eq. (2.14.4.1) gives

2D′
1D′

2k6x − 2D′
2 Iωk4xω

2 = 0 ⇒ kx = ±
(

I ′
ωω2

D′
1

)1/2

as f → ∞ (2.14.4.4)

Assuming kx ∝ √
ω gives

− 2D′
2 Iωk4xω

2 + m′ I ′
ωω4 = 0

⇒kx = ±
(

m′ω2

2D′
2

)1/4

and kx = ±i

(
m′ω2

2D′
2

)1/4

as f → ∞ (2.14.4.5)

2.14.5 Example 14.5

The displacement w and angular displacement β are given by Eqs. (14.37), (14.38)
and (14.39). The boundary conditions for a free-free beam are given in Table14.1.
Neglecting I ′

ω the boundary conditions are

∂β/∂x = 0; ∂2w/∂x2 = 0; ∂2β/∂x2 = 0 for x = 0 and x = L (2.14.5.1)

The six boundary conditions give a system of equations which in matrix form is
written
⎡
⎢⎢⎢⎢⎢⎢⎣

0 X2κ1 −X3κ2 X4κ2e−κ2L −X5κ3 X6κ3e−κ3L

−X1κ1 sin κ1L X2κ1 cosκ1L −X3κ2e−κ2L X4κ2 −X5κ3e−κ3L X6κ6

0 −κ2
1 κ2

2 κ2
2e−κ2L κ2

3 κ2
3e−κ3L

−κ2
1 sin κ1L −κ2

1 cosκ1L κ2
2e−κ2L κ2

2 κ2
3e−κ3L κ2

3−X1κ
2
1 0 X3κ

2
2 X4κ

2
2e−κ2L X5κ

2
3 X6κ

2
3e−κ3L

−X1κ
2
1 cosκ1L −X2κ

2
1 sin κ1L X3κ

2
2e−κ2L X4κ

2
2 X5κ

2
3e−κ3L X6κ

2
3

⎤
⎥⎥⎥⎥⎥⎥⎦

·

⎡
⎢⎢⎢⎢⎢⎣

A1
A2
A3
A4
A5
A6

⎤
⎥⎥⎥⎥⎥⎦

= 0

http://dx.doi.org/10.1007/978-3-662-47934-6_14
http://dx.doi.org/10.1007/978-3-662-47934-6_14
http://dx.doi.org/10.1007/978-3-662-47934-6_14
http://dx.doi.org/10.1007/978-3-662-47934-6_14
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The first line is obtained for ∂β/∂x = 0 at x = 0 and the second at x = L . The
third and fourth are for ∂2w/∂x2 = 0 first at x = 0 and then at x = L . The last
two lines are obtained when ∂2β/∂x2 = 0 for x = 0 and x = L respectively. The
eigenfrequencies are obtained as solutions to the determinant of the matrix being
zero.

2.14.6 Example 14.6

Assume

w =
∑

m

Am sin km x; β =
∑

m

Bm cos km x; km = mπ/L (2.14.6.1)

Inserting (2.14.6.1) in Eqs. (14.28) and (14.29) and neglecting I ′
ω gives

∑
m

sin km x[Ge S(Amk2m −Bmkm)+2D′
2(Amk4m −Bmk3m)− Amm′ω2]

= Fδ(x − x1) (2.14.6.2)
∑

m

cos km x[−Ge S(Amkm − Bm) + Bm D′
1k2m − 2D′

2(Amk3m − Bmk2m)] = 0

(2.14.6.3)
By multiplying Eq. (2.14.6.2) by sin km x and (2.14.6.3) by cos km x and integrating
over the length of the beam the parameters Am and Bm are solved. The response is
obtained as

w(x, t) = 2F · eiωt

Lm′
∞∑

m=1

sin(mπx/L) sin(mπx1/L)

(2π)2[ f 2m(1 + iη) − f 2] (2.14.6.4)

fm = m2π

2L2

{
D′
1[2D′

2π
2m2 + Ge SL2]

m′[(D′
1 + 2D′

2)π
2m2 + Ge SL2]

}1/2

(2.14.6.5)

2.14.7 Example 14.7

For an infinite beam oriented along the x-axis of a coordinate system and being
excited by a force at x = 0 the displacement w and the angular displacement β are
for x � 0

w1 = A1e−iκ1x + A2e−κ2x + A3e−κ3x ; β1 = B1e−iκ1x + B2e−κ2x + B3e−κ3x

(2.14.7.1)

http://dx.doi.org/10.1007/978-3-662-47934-6_14
http://dx.doi.org/10.1007/978-3-662-47934-6_14
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The time dependence exp(iωt) has been omitted. The expressions w1 and β1
of Eq. (2.14.7.1) should satisfy Eq. (14.29). Neglecting I ′

ω the parameters Bi are
obtained as

B1 = −iκ1Y1A1; B2 = −κ2Y2A2; B3 = −κ3Y3A3 (2.14.7.2)

where

Y1 = 2D′
2κ

2
1 + Ge S

(D′
1 + 2D′

2)κ
2
1 + Ge S

Y2 = 2D′
2κ

2
2 − Ge S

(D′
1 + 2D′

2)κ
2
2 − Ge S

Y3 = 2D′
2κ

2
3−Ge S

(D′
1+2D′

2)κ
2
3−Ge S

(2.14.7.3)

The boundary conditions at x = 0 are

∂w

∂x
= 0; β = 0; F = 2D′

1
∂2β

∂x2
(2.14.7.4)

The resulting point mobility is obtained as

Ysandbeam = iωŵ1(0)

F̂

= ω

2D′
1κ1κ2κ3

[
κ2κ3(Y3 − Y2) + iκ1κ3(Y1 − Y3) − iκ1κ2(Y1 − Y2)

κ2
1Y1(Y3 − Y2) − κ2

2Y2(Y1 − Y3) + κ2
3Y3(Y1 − Y2)

]

(2.14.7.5)

2.14.8 Example 14.8

The differential equation governing the displacement of a cylinder is given by
Eq. (14.76) as

Ω6 − K2Ω
4 + K1Ω

2 − K0 = 0 (2.14.8.1)

K2 = 1 + (3 − ν)

2
[n2 + λ2

n R2] + h2

12R2 [n2 + λ2
n R2]2 (2.14.8.2)

http://dx.doi.org/10.1007/978-3-662-47934-6_14
http://dx.doi.org/10.1007/978-3-662-47934-6_14
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K1 = 1 − ν

2

[
(3 + 2ν)λ2n R2 + n2 +

(
n2 + λ2n R2

)2 + (3 − ν)

(1 − ν)

h2

12R2

(
n2 + λ2n R2

)3]

(2.14.8.3)

K0 = (1 − ν)

2

[
(1 − ν2)λ4

n R4 + h2

12R2

(
n2 + λ2

n R2
)4]

(2.14.8.4)

The parameter Ω is defined as

Ω = Rω

√
ρ(1 − ν2)

E
= Rω

cl
(2.14.8.5)

First assume that the wavenumber λn is λn ∝ f . In the high-frequency range as
f → ∞

K2 → h2λ4
n R4

12R2 (2.14.8.6)

K1 → (3 − ν)

2

h2

12R2

(
λ2

n R2
)3

(2.14.8.7)

K0 → (1 − ν)

2

h2

12R2

(
λ2

n R2
)4

(2.14.8.8)

For high frequencies including only the highest order in f Eq. (2.14.8.1) is reduced
to

− λ4
m R4Ω4 + 3 − ν

2
λ6

m R6Ω2 − 1 − ν

2
λ8

m R8 = 0; Ω = ωR

cl
(2.14.8.9)

Thus

λ4
m − 3 − ν

1 − ν
· λ2

mω2

c2l
+ ω4

c4l
· 2

1 − ν
= 0 (2.14.8.10)

The solutions are

λm = ±ω

cl
; λm = ±ω

cl
· 2

1 − ν
= ± ω

ct
(2.14.8.11)

The wavenumbers represent L- and T-waves respectively.
In the second case, assume λm ∝ √

f as for flexural waves. Only including the
highest order of f Eq. (2.14.8.1) is reduced to

Ω6 − Ω4 h2λ4
m R4

12R2 = 0 (2.14.8.12)
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The solutions are

λm = ±
(
12ω2

c2l h2

)1/4

= ±
[
12ω2(1 − ν2)

Eh2

]1/4
= ±

(
μω2

D

)1/4

(2.14.8.13)

λm = ±i

(
μω2

D

)1/4

(2.14.8.14)

These solutions represent propagating and evanescent flexural waves on a thin flat
plate.

2.14.9 Example 14.9

The sound transmission coefficient τd , diffuse incidence, is given by Eq. (14.101) as

τd =
∑
mn

16πρ20c4(σr )
2
mn

μ2Lx L y[(ω2
mn − ω2)2 + (ηmnω2

mn)
2] (2.14.9.1)

where L = Lx and Rϕ0 = L y . For f > fc, (σr )mn = 1/
√
1 − fc/ f . The frequency

average of Eq. (2.14.9.1) is for f > fc

τ̄d = 1

�ω

∫ ω+�ω/2

ω−�ω/2
dω

16πρ20c4

μ2Lx L y[(ω2
mn − ω2)2 + (ηmnω2

mn)2](1 − fc/ f )
(2.14.9.2)

Terms outside the frequency interval ω − �ω/2 � ω � ω + �ω/2 do not contibute
if η � 1.

According to (8.19) �ω = 4π

S

√
D0
μ . Thus,

τ̄d = ρ20c4
√

μ

4π2μ2 f 3mnη
√

D0(1 − fc/ fmn)
(2.14.9.3)

By using the relationship fc = c2

2π

√
μ

D0
and by setting f = fmn Eq. (2.14.9.3)

is written

τ̄d = (ρ0c)2 fc

2πμ2 f 3η(1 − fc/ f )
(2.14.9.4)

This is the same result as (13.29) which is valid for a flat plate for f > fc. The
sound transmission coefficient is the same for a flat plate as for a curved plate for
frequencies well above the ring frequency of the curved plate.

http://dx.doi.org/10.1007/978-3-662-47934-6_14
http://dx.doi.org/10.1007/978-3-662-47934-6_13
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Fig. 2.32 A closed cylinder
exposed to an inner
overpressure

2.14.10 Example 14.10

The total force on the end structure of the cylinder is F = �p · πR2 where R is the
radius of the cylinder. The tension per unit width of the shell is T ′

x . Thus F = 2πRT ′
x

and T ′
x = �p · R/2 (Fig. 2.32).

The force F acting on the shell segment is Fy = 2�p · R · �ϕ. The forces acting in
the opposite direction are Fy = 2T ′

y sin(�ϕ) ≈ 2T ′
y · (�ϕ). Thus T ′

y = �p · R.

2.14.11 Example 14.11

The point mobility for a sandwich beam is derived in Problem 14.7. According to

Eq. (14.36), the wavenumbers κ1 and κ2 approache κ and κ3 approaches

(
Gc S

2D′
2

)1/2

as f → 0. The parameters Y1, Y2 and Y3 are defined in Eq. (2.14.7.3), Problem 14.7.
For D2 → 0 and Gc → ∞ the parameters Y1 and Y2 approaches 1. The parameter

Y3 is for κ3 =
(

Gc S

2D′
2

)1/2

as f → 0

Y3 =
2D′

2 · Gc S

2D′
2

− Gc S

(D′
1 + 2D′

2)
Gc S

2D′
2

− Gc S
= 0 (2.14.11.1)

For Y1 = Y2 = 1 and Y3 = 0 Eq. (2.14.7.5) Problem 14.7 is reduced to

Y = ω(−κκ3 + iκκ3)

2D′
1κ

2κ3(−κ2 − κ2)
= ω(1 − i)

4D′
1κ

3 = (1 − i)κ

4ωm′ (2.14.11.2)

This is the point mobility of an Euler beam given by Eq. (5.39).

http://dx.doi.org/10.1007/978-3-662-47807-3_5
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2.15 Chapter 15

2.15.1 Example 15.1

The spatial autocorrelation function is defined in Eq. (15.4) as

Ruu(ξ) = E[u(x)u(x + ξ)] = lim
X→∞

1

X

∫ X/2

−X/2
u(x)u(x + ξ)dx (2.15.1.1)

For a signal u(x) = A cos(k0x) the autocorrelation function is obtained as

Ruu(ξ) = lim
X→∞

A2

X

∫ X/2

−X/2
cos(kx) cos(k0x + k0ξ)

= lim
X→∞

A2

2X

∫ X/2

−X/2
[cos(2k0x + ξk0) + cos(k0ξ)] dx

= A2

2
cos(k0ξ) (2.15.1.2)

2.15.2 Example 15.2

The spatial spectral density is defined by Eq. (15.5) as

S̃uu(k) =
∫ ∞

−∞
Ruu(ξ) exp(−ikξ)dξ (2.15.2.1)

For a signal u(x) = A cos(k0x) the autocorrelation function is obtained as (Problem
15.1)

Ruu(ξ) = A2

2
cos(k0ξ) (2.15.2.2)

Equations (2.15.2.1) and (2.15.2.2) give

S̃uu(k) =
∫ ∞

−∞
Ruu(ξ) · e−ikξdξ = A2

4

∫ ∞

−∞

[
eiξ(k0−k) + e−iξ(k0+k)

]
dξ

(2.15.2.3)
According to Eq. (2.4), the result is

S̃(k) = πA2

2
[δ(k − k0) + δ(k + k0)] (2.15.2.4)

http://dx.doi.org/10.1007/978-3-662-47934-6_15
http://dx.doi.org/10.1007/978-3-662-47934-6_15
http://dx.doi.org/10.1007/978-3-662-47807-3_2
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2.15.3 Example 15.3

A wave is defined as u(x) = A · sin[ω0(t − x/c)]. The autocorrelation function
Ruu(ξ, τ ) is obtained as

Ruu(ξ, τ ) = lim
X→∞,T →∞

1

XT

∫ X/2

−X/2
dx

∫ T/2

−T/2
dt sin[ω0(t − x/c)] sin[ω0(t + τ − x/c − ξ/c)]

= A2

2
cos[ω0(τ − ξ/c)] (2.15.3.1)

The corresponding 2D spectral density is defined as

S̃uu(k,ω)=
∫ ∞

−∞
dξ
∫ ∞

−∞
dτ · Ruu(ξ, τ ) · e−i(kξ+ωτ )

= 1

2

∫ ∞

−∞
dξ
∫ ∞

−∞
dτ

·
[
e−iξ(k+ω0/c)+iτ (ω0−ω) + e−iξ(k−ω0/c)+iτ (ω0+ω)

]

= A2π2 [δ(ω0/c+k) · δ(ω−ω0)+δ(ω0/c−k) · δ(ω+ω0)]
(2.15.3.2)

2.15.4 Example 15.4

The time and space averages 〈ū2〉 of a signal u(x, t) = A·sin[ω0(t−x/c)] is given by

〈ū2〉 = Ruu(0, 0) (2.15.4.1)

where

Ruu(ξ, τ ) = 1

(2π)2

∫ ∞

−∞
dk
∫ ∞

−∞
dω S̃uu(k,ω)ei(kξ+ωτ ) (2.15.4.2)

From Problem 15.3

S̃uu(k,ω) = A2π2 [δ(ω0/c + k) · δ(ω − ω0) + δ(ω0/c − k) · δ(ω + ω0)]
(2.15.4.3)

Equations (2.15.4.2) and (2.15.4.3) give
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Ruu(ξ, τ ) = A2

2
cos[ω0(τ − ξ/c)] (2.15.4.4)

Thus, from Eq. (2.15.4.1)

〈ū2〉 = Ruu(0, 0) = A2/2 (2.15.4.5)

The same result is obtained directly by averaging u2(x, t) with respect to time and
space.

2.15.5 Example 15.5

The FT of the velocity at r is

v̂(r,ω) =
∫

iω p̂(s,ω)H(r, s,ω)d2s (2.15.5.1)

where H(r, s,ω) is given by (15.46) for a simply supported plate.
The cross-power spectral density Spv(r,ω) of the power input to the plate is

Spv(r,ω) = lim
T →∞

1

T
Re

∫
d2r p̂(r,ω)v̂∗(r,ω)

= lim
T →∞

1

T
Re

∫
d2r p̂(r,ω)

∫
d2s(−iω) p̂∗(s,ω)H∗(r, s,ω)

=
∫

d2r(−iω)

∫
d2sSpp(r, s,ω)H∗(r, s,ω)

For “rain on the roof” excitation Spp(r, s,ω) = S0 · δ(r − s), see Eq. (15.38).
Consequently,

Spv(r,ω) = Re
∫

d2r(−iω)

∫
d2sH∗(r, s,ω)S0δ(r − s)

= Re
∫

d2r(−iω)H∗(r, r,ω)S0 (2.15.5.2)

For a simply supported rectangular plate Eqs. (15.45) and (15.46) give

H(r, s,ω) =
∑
mn

4ϕmn(r)ϕmn(s)
μLx L y[ω2

mn(1 + iη) − ω2] (2.15.5.3)

H∗(r, s,ω) =
∑
mn

4[ω2
mn(1 + iη) − ω2]ϕmn(r)ϕmn(s)

μLx L y[(ω2
mn − ω2)2 + (ηω2

mn)
2] (2.15.5.4)

http://dx.doi.org/10.1007/978-3-662-47934-6_15
http://dx.doi.org/10.1007/978-3-662-47934-6_15
http://dx.doi.org/10.1007/978-3-662-47934-6_15
http://dx.doi.org/10.1007/978-3-662-47934-6_15
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Equations (2.15.5.2) and (2.15.5.4) give

Spv(ω) = Re
∑
mn

∫
d2r

4ηωω2
mnϕ2

mn(r)S0
μLx L y[(ω2 − ω2

mn)2 + (ηω2
mn)

2]

=
∑
mn

ηωω2
mn S0

μ[(ω2 − ω2
mn)2 + (ηω2

mn)2] (2.15.5.5)

The time average of the input power is

�̄ = 1

2π

∫ ∞

−∞
dωReSpv = 1

π

∑
mn

∫ ∞

0
dω

ωω2
mn S0η

μ[(ω2 − ω2
mn)2 + (ηω2

mn)
2]

=
∑
mn

S0
2μ

=
∑
mn

�̄mn (2.15.5.6)

Thus,

�̄mn = S0
2μ

(2.15.5.7)

The time average of the total energy of mode (m, n) is according to Eq. (15.50)
equal to

mn = S0
2μωmnη

(2.15.5.8)

Equations (2.15.5.7) and (2.15.5.8) give

�̄mn = ωmnη ¯ mn (2.15.5.9)

2.15.6 Example 15.6

The procedure is outlined for a plate in Sect. 15.3. Following the same procedure for
a beam the time average of the kinetic energy is

Ū = m′

2

∫ L

0

∣∣∣v̄2
∣∣∣ dx =m′

2

∫ L

0
dx
∫ ∞

−∞
1

2π
dωSvv(x, x,ω) (2.15.6.1)

The cross-power spectral density between the velocities at x1 and x2 is

Svv(x1, x2,ω) =
∫∫

dξ1dξ2ω
2SF ′ F ′(ξ1, ξ2,ω)H∗(x1, ξ1,ω)H(x2, ξ2,ω)

(2.15.6.2)

http://dx.doi.org/10.1007/978-3-662-47934-6_15
http://dx.doi.org/10.1007/978-3-662-47934-6_15
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The frequency response function is given by

H(x1, ξ1,ω) =
∑

m

2ϕm(x1)ϕm(ξ1)

Lm′[(ω2
m − ω2) + iηω2

m] (2.15.6.3)

where

ϕm(x) = sin(km x); km = mπ/L (2.15.6.4)

The function SF ′ F ′(ξ1, ξ2,ω) in Eq. (2.15.6.2) is for rain-on-the-roof excitation
given by

SF ′ F ′(ξ1, ξ2,ω) = S0δ(ξ1 − ξ2) (2.15.6.5)

This expression inserted in (2.15.6.2) yields

Svv(x1, x2,ω) =
∫ L

0
dξ1ω

2S0H∗(x1, ξ1,ω)H(x2, ξ1,ω)

= 2ω2S0
L(m′)2

∑
m

ϕm(x1)ϕm(x2)

(ω2
m − ω2)2 + (ηω2

m)2
(2.15.6.6)

Equation (2.15.6.6) inserted in Eq. (2.15.6.6) gives

Ū = S0
4πm′

∑
m

∫ ∞

−∞
dω

ω2

(ω2
m − ω2)2 + (ηω2

m)2
=
∑

m

S0
4m′ωmη

(2.15.6.7)

2.15.7 Example 15.7

Consider the integral

H =
∫ ∞

−∞
dζ

[1 − cos(mπ) · cos(ζLx )]
[ζ2 − (mπ/Lx )2]2[(ζ + X)2 + Y 2] (2.15.7.1)

Writing cos(ζLx ) as cos(ζLx ) = (
eiζLx + e−iζLx

)
/2 the expression (2.15.7.1) is

rewritten as

H = H1 − H2 (2.15.7.2)

H1 = 1

2

∮
C1

dζ
[1 − cos(mπ) · eiζLx ]

[ζ2 − (mπ/Lx + iε)2]2[(ζ + X)2 + Y 2] (2.15.7.3)

H2 = 1

2

∮
C2

dζ
[1 − cos(mπ) · e−iζLx ]

[ζ2 − (mπ/Lx + iε)2]2[(ζ + X)2 + Y 2] (2.15.7.4)
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Fig. 2.33 Integration paths
in the complex plane

(a) (b)

The integration paths are shown in Fig. 2.33. Path C1 applies to H1 and path C2 to
H2. The parameter ε is a small positive quantity introduced to locate the poles off the
real axis. The poles in the upper half plane are ζ1 = mπ/Lx + iε and ζ2 = −X + iY .
The poles in the lower half plane are ζ3 = −mπ/Lx − iε and ζ4 = −X − iY . Both
integrals are zero when integrated along respective semi-circle. Cauchy’s integral
formula reads

f (n)(z) = n!
2πi

∮
C

f (ζ)dζ

(ζ − z)n+1 (2.15.7.5)

where f (n)(z) is the nth derivative of f (z). C is any closed path encircling z in the
counter clockwise direction. After using Eq. (2.15.7.5) and allowing ε to approach
zero the results are

H1 = π

{
Lx

4(mπ/Lx )2[(mπ/Lx + X)2 + Y 2]
+1 − cos(mπ) · exp(−i Lx X − Y Lx )

2Y [(X − iY )2 − (mπ/Lx )2]
}

(2.15.7.6)

H2 = − π

{
Lx

4(mπ/Lx )2[(mπ/Lx − X)2 − Y 2]
+1 − cos(mπ) · exp(i Lx X − Y Lx )

2Y [(X + iY )2 − (mπ/Lx )2]
}

(2.15.7.7)

By inserting the proper values for X and Y the results (15.72) and (15.73) are
obtained.

2.15.8 Example 15.8

The average auto spectrum S̄vv of the velocity is given in Eq. (15.78) as

S̄vv ≈ 1

�N

∑
mn

Cmn

μ2

√
μ

D
∝ 1

μ2

√
μ

D
(2.15.8.1)

The summation is over �N modes.

http://dx.doi.org/10.1007/978-3-662-47934-6_15
http://dx.doi.org/10.1007/978-3-662-47934-6_15
http://dx.doi.org/10.1007/978-3-662-47934-6_15
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The mass μ is proportional to h and D is proportional to h3. Thus

S̄vv ∝ 1

μ2

√
μ

D
∝ 1

h3 (2.15.8.2)

2.15.9 Example 15.9

For a fluid loaded plateμ ≈ ρ/κ0. Thewavenumber in vacuum isκ0 =
(

μω2

D

)1/4

∝
1√
h
. The bending stiffness D ∝ h3. From Eq. (2.15.8.2), Problem 15.8,

S̄vv ∝ 1

μ2

√
μ

D

For κ0 ∝ 1√
h
and D ∝ h3 it follows that

S̄vv ∝ 1

μ2

√
μ

D
∝ κ2

0√
κ0D

∝ 1

h9/4

2.16 Chapter 16

2.16.1 Example 16.1

The potential and kinetic energies of the systems shown in Fig. 16.2 is

T = m1 ẏ21/2 + m2 ẏ22/2 + mc(ẏ1 + ẏ2)
2/8 (2.16.1.1)

U = k1y21/2 + k2y22/2 + kc(y1 − y2)
2/2 (2.16.1.2)

The external forces, gyroscopic coupling and losses give

A = −F1tot y1 − F2tot y2 (2.16.1.3)

F1tot = F1 − c1 ẏ1 + G ẏ2 (2.16.1.4)

F2tot = F2 − c2 ẏ2 − G ẏ1 (2.16.1.5)

Hamilton’s principle, Eq. (9.4) states

http://dx.doi.org/10.1007/978-3-662-47934-6_16
http://dx.doi.org/10.1007/978-3-662-47934-6_9
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δ

∫
(T − U − A)dt = 0 (2.16.1.6)

Thus, Eqs. (2.16.1.1) through (2.16.1.6) give

(m1 + mc/4)ÿ1 + (k1 + kc)y1 + (mc/4)ÿ2 − kc y2 = F1tot (2.16.1.7)

(m2 + mc/4)ÿ2 + (k2 + kc)y2 + (mc/4)ÿ1 − kc y1 = F2tot (2.16.1.8)

Inserting Eqs. (2.16.1.4) and (2.16.1.5) gives

(m1 + mc/4)ÿ1 + c1 ẏ1 + (k1 + kc)y1 + (mc/4)ÿ2 − G ẏ2 − kc y2 = F1 (2.16.1.9)

(m2 + mc/4)ÿ2 + c2 ẏ2 + (k2 + kc)y2 + (mc/4)ÿ1 − G ẏ1 − kc y1 = F2 (2.16.1.10)

2.16.2 Example 16.2

The space average of the pressure squared in the room is according to Eq. (11.141)

〈∣∣ p̂∣∣2〉 = ω2ρ20
1

V

∫
V
dV |Φ0|2 = ω2ρ20

V 2

∑
l,m,n

8 |Q0|2 ϕ2
lmn(r0)

εlεmεn
∣∣k2 − k2lmn

∣∣2

= f 2ρ20
V 2π2

∑
l,m,n

2c4 |Q0|2 ϕ2
lmn(r0)

εlεmεn[( f 2 − f 2lmn)2 + (δ f 2lmn)2] (2.16.2.1)

For the field to be diffuse there must be a number of sources in the room. The space
average over the room volume is

〈∣∣ p̂∣∣2〉 = f 2ρ20
V 2π2

∑
l,m,n

2c4 |Q0|2
εlεmεn8[( f 2 − f 2lmn)2 + (δ f 2lmn)2] (2.16.2.2)

The frequency average is

〈
∣∣∣ ¯̂p
∣∣∣2〉 = 1

� f

∫ f +� f/2

f −� f/2
〈∣∣ p̂∣∣2〉d f =

∑
lmn

cρ20 f |Q|2
2V δ

(2.16.2.3)

http://dx.doi.org/10.1007/978-3-662-47934-6_11
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According to Eq. (11.159) δ = Ac

4ωV
. Thus,

〈
∣∣∣ ¯̂p
∣∣∣2〉 =

∑
lmn

4πρ20 f 2 |Q|2
A

(2.16.2.4)

The modal energy per volume is

〈
∣∣∣ ¯̂plmn

∣∣∣2〉
(ρc2)

= 4πρ0 f 2 |Q|2
Ac2

(2.16.2.5)

or

G pp = 4πρ20 f 2G Q

A
(2.16.2.6)

The modal energy is constant if A ∝ f 2.

2.16.3 Example 16.3

The last two expressions of Eq. (16.42) are

�̄12 = �̄23 + �̄d2; �̄13 + �̄23 = �̄d3 (2.16.3.1)

The energy flow between the systems i and j is

�̄i j = ωηi j ¯ i − ωη j i ¯ j (2.16.3.2)

The power dissipated in system i is

�̄di = ωηdi ¯ i (2.16.3.3)

Equations (2.16.3.2) and (2.16.3.3) inserted in (2.16.3.1) give

¯ 1
¯ 3 = (ηd3 + η31 + η32)(ηd2 + η21 + η23) − η32η23

η13(ηd2 + η21 + η23) + η12η23
(2.16.3.4)

The ratio between the pressure squared in the rooms is

〈| p̄1|2〉
〈| p̄3|〉 = ¯ 1

¯ 3
V3

V1
= V3[(ηd3 + η31 + η32)(ηd2 + η21 + η23) − η32η23]

V1η13(ηd2 + η21 + η23) + η12η23
(2.16.3.5)

http://dx.doi.org/10.1007/978-3-662-47934-6_11
http://dx.doi.org/10.1007/978-3-662-47934-6_16
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2.16.4 Example 16.4

The ratio between the pressured squared in the rooms 1 and 3 is

〈| p̄1|2〉
〈| p̄3|2〉

= 1

τ

A3

S
(2.16.4.1)

Energy balance requires �̄13 = �̄d3 or

η13 ¯ 1 = (ηd3 + η31) ¯ 3 = η3tot ¯ 3 (2.16.4.2)

The ratio between the pressured squared in the rooms 1 and 3 is also equal to

〈| p̄1|2〉
〈| p̄3|2〉

= V3 ¯ 1
V1 ¯ 3 (2.16.4.3)

The total losses in room 3 are according to Eq. (16.49)

η3tot = A3c

8π f V3
(2.16.4.4)

Equations (2.16.4.1) through (2.16.4.4) give

η13 = τ Sc

8π f V1
(2.16.4.5)

2.16.5 Example 16.5

In the low-frequency range f <
c

2d
there are no modes perpendicular to the plate.

The modes (m, n) inside the cavity are given by

k2 = ω2

c2
=
(

mπ

Lx

)2

+
(

nπ

L y

)2

(2.16.5.1)

Following the technique discussed in Sect. 8.1 the number ofmodes N for frequencies

less than f is N = πLx L yω
2

4c2
. The modal density is consequently

N f = dN

d f
= 2π f S

c2
(2.16.5.2)

See Eq. (11.137) for high frequencies.

http://dx.doi.org/10.1007/978-3-662-47934-6_16
http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47934-6_11
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2.16.6 Example 16.6

The vibrational field in beam i is diffuse. The energy flows in both directions of the
beam are the same. Consequently, the energy flow (�̄i )in towards the junction is
according to (3.92) equal to

(�̄i )in = cgi ¯ li/2 (2.16.6.1)

where ¯ li is the total energy per unit length of beam i . The transmitted flow is

(�̄ j )tr = τi j (�̄i )in = ωηi j ¯ i = ωηi j ¯ li Li (2.16.6.2)

The total energy ¯ i of beam i is set to equal ¯ i = ¯ li Li . Equations (2.16.6.1) and
(2.16.6.2) give

ηi j = cgiτi j

2ωLi
= (D′

0i )
1/4τi j

πω1/2(m′
i )
1/4Li

(2.16.6.3)

2.16.7 Example 16.7

The displacements in the rods, L-waves, are

ξi = e−iki x + R · e−iki x ; ξ j = T · e−iki x (2.16.7.1)

Boundary conditions, displacement and force, at junction at x = 0

ξi (0) = ξ j (0); E0i Ai

(
∂ξi

∂x

)
x=0

= E0 j A j

(
∂ξ j

∂x

)
x=0

(2.16.7.2)

Equations (2.16.7.1) and (2.16.7.2) give

T = 2

(
1 + A j

√
ρ j E0 j

Ai
√

ρi E0i

)−1

(2.16.7.3)

The incident and transmitted energy flows are

�̄in = ωAi E0i ki

2
(2.16.7.4)

�̄tr = τi j �̄in = τi j
ωAi E0i ki

2
= ωA j E0 j k j |T |2

2
(2.16.7.5)

http://dx.doi.org/10.1007/978-3-662-47807-3_3
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From Eqs. (2.16.7.3) and (2.16.7.5)

τi j = A j k j E0 j |T |2
Ai ki E0i

= 4Ai A j
√

ρi E0i
√

ρ j E0 j(
Ai

√
ρi E0i + A j

√
ρ j E0 j

)2 (2.16.7.6)

The transmitted energy flow is

�̄tr = �̄i j = ωηi j ¯ li = ωηi j ¯ i

Li
= τi j cgi ¯ i

Li
= τi j

√
E0i ¯ i

Li
√

ρi
⇒ (2.16.7.7)

ηi j = τi j

2ωLi

√
E0i

ρi
(2.16.7.8)

2.16.8 Example 16.8

The energy flow for the left-hand case in Fig. 16.13 gives

�̄a
1 = �̄a

d1 + �̄a
21; �̄a

12 = �̄a
d2 (2.16.8.1)

or

�̄a
1 = ωηd1 ¯ a

1 + ωη12 ¯ a
1 − ωη21 ¯ a

2 (2.16.8.2)

ωη12 ¯ a
1 = ωη21 ¯ a

2 + ωηd2 ¯ a
2 (2.16.8.3)

The energy balance for the right-hand system in Fig. 16.3 gives

�̄b
2 = ωηd2 ¯ b

2 + ωη21 ¯ b
2 − ωη12 ¯ b

1 (2.16.8.4)

ωη21 ¯ b
2 = ωη12 ¯ b

1 + ωηd1 ¯ b
1 (2.16.8.5)

The results (2.16.8.2) to (2.16.8.5) is in matrix form given by

[
�̄a

1 0
0 �̄b

2

]
= ω

[
ηd1 + η12 −η21

−η12 ηd2 + η21

][ ¯ a
1

¯ b
1

¯ a
2

¯ b
2

]
(2.16.8.6)

which gives

[
ηd1 + η12 −η21

−η12 ηd2 + η21

]
= 1

ω

[
�̄a

1 0
0 �̄b

2

][ ¯ a
1

¯ b
1

¯ a
2

¯ b
2

]−1

(2.16.8.7)

http://dx.doi.org/10.1007/978-3-662-47934-6_16
http://dx.doi.org/10.1007/978-3-662-47934-6_16


http://www.springer.com/978-3-662-47936-0
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