Chapter 2
Part 2 Solutions

2.1 Chapter 1

2.1.1 Example 1.1

The displacement x of the mass is defined as
x = x¢ - sin(wt) where w = 27 /T and T the time period for one cycle.
Dissipated energy W, during the period T is
T
Wy = / Fq - dx; with dx =x - d¢ and the dissipative force
0

T 2 2
-wT
0

(a) Viscous damping Eq.(1.3)= Q0 =c¢
Wy=c- xgwﬂ'
(b) Structural damping Eq.(1.4) = QO = &
Tw

Wy = axg = Dissipated energy independent of frequency for hysteretic or

structural damping.

2.1.2 Example 1.2

Assuming viscous losses the equation of motion for the mass is

mi + kox + cx = F (2.1.2.1)
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28 2 Part 2 Solutions
where F is the external force required to maintain the motion. The displacement x is
X = Xq - sin(wt) (2.1.2.2)

The Egs. (2.1.2.1) and (2.1.2.2) give
xo sin(wt)[ko — mw?] + cwxg cos(wt) = F (2.1.2.3)

Since xq - sin(wt) = x it follows that

X0 - cos(wt) = £xgy/ (1 — sin®(wr)) = £,/x5 — x2 (2.1.2.4)

The Eqgs.(2.1.2.3) and (2.1.2.4) yield

F — (ko — mw?)x = twe,/ (x —x2)

After quadration this expression is rewritten as
F2 4 (ko — mw?)?x? = 2Fx (ko — mw?) = (we)*(xg — x?) (2.1.2.5)
The expression (2.1.2.5) is an equation for an ellipse. In Fig.2.1 F is shown as a
function of x. The arrows indicate the path followed by increasing 7.
For frictional damping the equations governing the motion of the mass are
mX+kx+ F;=F forx >0 (2.1.2.6)
mX+kx—F;=F forx <0 2.1.2.7)

The insertion of Eq. (2.1.2.2) in Egs. (2.1.2.6) and (2.1.2.7) gives

Fig. 2.1 Viscous damping F
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Fig. 2.2 Frictional damping F

x(k —mw?)+ Fy=F forx >0 (2.1.2.8)
xtk —mw?) — Fg=F forx <0 (2.1.2.9)

Figure 2.2 shows the force F' as function of the displacement x.

2.1.3 Example 1.3

The displacement x () of a 1-DOF system with frictional damping is shown in the
Fig.2.3.

The velocity is zero for t = t1, t; etc. The frictional force is constant, its direction
counteracts the motion of the mass.

In the time interval 0 < ¢ < #1 the equation of motion is, assuming a frictional
force Fy

mxi +kx; — Fyp=0 (2.1.3.1)

The initial conditions are i1 (0) = 0; x1(0) = xo. Define w as wy = (k/m)/2.
The general solution to Eq. (2.1.3.1) is

Fig. 2.3 Time decay of z(1)
amplitude of a 1-DOF
system having frictional
damping
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x1(t) = Fo/k 4+ Aq - cos(wpt) + By - sin(wpt) (2.1.3.2)

The initial conditions and Eq. (2.1.3.2) yield for 0 <t < 1
x1(t) = Fo/k + (xo — Fo/ k) cos(wot) (2.1.3.3)

At the turning point at ¢t = #; the velocity x is equal to zero. Thus from Eq.(2.1.3.3)
it follows that wp#; = 7. The displacement x1(¢) at ¢ = 1 is consequently

x1(t1) =2Fy/k — xq (2.1.3.4)
In the time interval 11 < t < t, the equation of motion is, assuming a frictional force
Fy

mxy +kxy+ Fyp=0 (2.1.3.5)

The initial conditons are xp(f;) = x;(¢1) and x2(¢;) = x1(¢;) = 0. The general
solution to Eq. (2.1.3.5) is

x2(t) = —Fo/k 4+ Ay - cos(wpt) + By - sin(wpt) (2.1.3.6)

The initial conditions and Eq. (2.1.3.6) yield

xy = —Fy/k + (xo — 3Fy/k) cos(wot) (2.1.3.7)
x2(t) = x0 —4Fy/k; x2(t) =0 (2.1.3.8)
woty =27 (2.1.3.9)

In a similar way, the response x3 in the time domain #, < t < t3 with wotz = 37 the
response is obtained as

x3 = —Fo/k + (xo — 5Fp/ k) cos(wot)
etc.
From the results it follows that the difference in amplitude between two consec-
utive maxima is constant and equal to
x1(0) — x2(t2) = x0 — (xo —4Fo/k) =4Fy/k (2.1.3.10)
The time difference between two maxima is

th —ty =27 /wo (2.1.3.11)

Compare Fig. 1.9 and the discussion in Sect. 1.2, Vol. 1.
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2.1.4 Example 1.4

The displacement of a critically damped 1-DOF is according to Eq. (1.17)
x(1) = e - [xo + 1 (o + Bx0)] 2.14.1)

The displacement x (¢) is equal to zero for t = fy where according to (2.1.4.1)

X0

fh=————
v + Bxo

(2.142)

to must be larger than zero. This is only possible if xo < 0 and vg > —Bxp
or xo > 0 and vg + Bxg < 0

Equations (2.1.4.1) and (2.1.4.2) give

x(1) = e P (xo — xot/10) = e xg (tot_ ’) (2.143)
0

For t > t9, x(t) # 0 = x(¢) can only equal zero once.

2.1.5 Example 1.5

The response due to an impulse I at t = 0 is, from Eq. (1.35)

x0 = Ie 7 sin(w, 1)/ (mwy) (2.1.5.1)
The response due to an impulseatt = —N -t for N = 1,2, ...1s
xy = [e PHND) Ginf. (1 + NT)] / (mw,) (2.15.2)

Based on the principle of superpositioning the total response for 0 < t < T is

x(t) = xy =1 e PN sin[w,(t + NT)/ (mw,)
N N

1, . .
Using the identity sin(p) = %5 (¢'¥ — e7'%) the result is
l

Je= bt . )
x(t) = = -{Jle’“"’—Jze*‘““'f’} (2.1.5.3)
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o o0
J = Z e NT(B—iwr). b = Z e~ NT(B+iwr)
N=0 N=0
J1 and J, are geometric series. Thus

1 1

=Tty 2T T eraren

(2.1.5.4)

The response x () is obtained from Eqgs. (2.1.5.3) and (2.1.5.4) as

x() = m 1 —2e= P cos(w,T) + 20T
x+T)=x() (2.1.5.5)

Te P | sin(w,r) — e 7 sin[w, (t — T)]
Wy

} forO0<tr<T

Te=P" sin(w,t
Note that Tlim x(t) = e—(wr). This expression is equal to Eq.(2.1.5.1).
— 00 m

r

2.1.6 Example 1.6

The respose x () of a 1-DOF system excited by a force F (¢) is according to Eq. (1.38)
given by

t
x(1) =/0 d¢-F() - -h(t—¢) (2.1.6.1)
The function A(¢) is given in Eq.(1.36) as
h(t) = e Pt sin(w,t) /(mw,) (2.1.6.2)

For F(t) = Fy for 0 < ¢t < T the response is obtained from (2.1.6.1) and (2.1.6.2)
as

xi (1) = —2 [wr — Be ' - sin(wpt) — wpe P -cos(wrt)] /(B +w?) (2.1.6.3)

r

The velocity for 0 <7 < T is

O Sin(w,r)e (2.1.6.4)

r

x1(1) =
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Fort > T with F(¢) = 0 the response is given by Eq.(1.51) as

501 | costion (= 191+ 220 Ginf o — T)]] (2.1.6.5)
W,

r

x(t)=ce¢

where xo = x1(T) and vg = x{(T') given by Egs. (2.1.6.3) and (2.1.6.4).
Case A w;T = 2x. From Eq.(2.1.6.3) the response xo = x1(7') is obtained as

Fowy,

— 7" _ 1—ePTyx0 for BT « 1 2.1.6.6
v AU s (2.1.6.6)

x(T) =

According to Eq.(2.1.6.4) vg = x{(T) = 0. Thus, for small losses the mass is almost
atrest for t > T since xo(T) = x1(T) ~ 0and vo = x1(T) =0
CaseB w,T =7

2 F
x1(T) = 02 for f <« 1
wr
x1(T)y=0=
2F t—T
x1(t) = e P OCOS[W”§ )] fort >T
mwr
CaseC w, T =7/2
F
x(T) ~ — for f < 1
mwr
x1(T) ~ =
mwy
Fov/2
x1(t) = e_ﬁ'(t_T)l; sinfw, (t — T) +7/4] fort>T
mw

r

2.1.7 Example 1.7

The response of the 1-DOF system described in Problem 1.6 is fort < T

Fo [w, — Be P sin(uwyt) — wye " - cos(wrt)] / (B +w?) (2.17.1)

Wr

xi (1) =
The corresponding velocity is

F /-
O Sin(w,r)e (2.17.2)

Wr

x1(r) =
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x1 has a maximum when x{ () = 0, i.e. fort; = w/w; if T > £

F
(X)max = —— -2 if B and fn < 1 (2.1.7.3)
m - w

n

The displacement for ¢ > T is according to Eq.(2.1.7.5), Problem 1.6 given by

vo + Bxo

r

xp = e BC=T) [xo cos[w, (r — T)] + sinfwy (f — T)]] (2.1.7.4)

The corresponding velocity is

w?xo + Bx0 + Bug

r

%y = e =D {vo cos[w, (t — T)] — sin[w, (t — T)]

(2.1.7.5)
The amplitude has maxima when X, = 0 or when for 8T « 1 and § < 1
)
tanfw,(t — T)] = (2.1.7.6)
Wy X0

Equation (2.1.7.6) gives
vo
Vg + wixg

These two expressions inserted in Eq. (2.1.7.4) give the maximum amplitude for x;
in the time domain ¢ > T. The displacement xg is obtained from Eq.(2.1.7.1) as
xo = x1(T) and vg from Eq.(2.1.7.2) as vg = x1(T"). The maximum value of x; is
thus fort > T

—B(— Fo\* o\ .
(max = ¢ “[wf (—2) [1—cos<er>12+( 2) sin’ (w, T)
mw mw

Wn Vo

sinfw,(t = T)] = W

and cos[w,(t — T)] =

r r

Fo
~ 2,/2 —2cos(w,T)
mw

r

The absolute maximum is obtained when cos(w, T) = —1 = T = 7/w,. The max-
imum amplitude is then 2 F/ (mwrz) or the same amplitude as given by Eq. (2.1.7.3).

The time T for one cycle of the undamped system is 7o = 27 /w;,. This absolute
maximum is obtained when the length of the rectangular pulse is equal to 7y /2. For
a half sine pulse the corresponding value is 0, 8. Ty as discussed in Sect. 1.3 and
presented in Fig. 1.18.
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2.1.8 Example 1.8
A periodic function x(¢), period T, is expanded in a Fourier series as

x(1) = ap/2 + Y [an cos(wpt) + by sin(wy?)] (2.1.8.1)

n=1

where w, = 27n/T. Multiply Eq.(2.1.8.1) first by cos(wi?), wx = 27k/T, and
integrate with respect to time over one period. The result is

T T
/ x(t) - cos(wyt)drt :/ (ap/2) cos(wgt)dt
0 0

T
+ 2/ cos(wt) [ay, cos(wpt) + by, sin(wy,t)]dt
n=1 0

(2.1.8.2)
For k = 0 and cos(wit) = 0 Eq.(2.1.8.2) gives
T T
/ x(t)dr =/ (ap/2)dt = agT/2 (2.1.8.3)
0 0
Fork > 0 .
/ cos(wyt) cos(wgt)dr =0 forn #k (2.1.8.4)
0
T
/ cos(wpt) cos(wit)dt =T /2 forn =k (2.1.8.5)
0
T
/ sin(wyt) cos(wyt)dt =0 (2.1.8.6)
0
The results (2.1.8.2) and (2.1.8.4)—(2.1.8.6) give
2 T
a, = T / x(t) -cos(w,t)dt forn=0,1,2,... (2.1.8.7)
0

The coefficients b, are obtained in a similar way by multiplying Eq.(2.1.8.1) by
sin(wgt), wr = 27k/T. The resulting expression is integrated with respect to time
over one period. The result is

2 T
b, = — / x(t) - sin(w,)dt
T Jo
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2.1.9 Example 1.9

The equation of motion for a 1-DOF system with viscous losses is
mx + cx +kx = F(t) (2.1.9.1)

Since F(t) = F(t + T) then, excluding transient vibrations, the response must be
periodic i.e.

x(t) = Ag/2 + Z A, cos(wnt) + Z By, sin(wpt) (2.1.9.2)

wy =2mn)T (2.1.9.3)

The amplitudes A, and B, are according to (1.67) given by

2 T
A, = —/ x(t) - cos(wy,t)dt (2.1.9.4)
T Jo

2 T
B, = —/ x(t) - sin(wyt)dt (2.1.9.5)
T Jo

Equation (2.1.9.1) is multiplied by cos(w,t)and integrated over time. Thus

T T T
/ dtmi - cos(wpt) +/ dtcx - cos(w,t) + k/ x cos(wy,t)dt
0 0 0
T
= / dtF(t)-cos(wpt) = h+h+L=1 (2.1.9.6)
0
where I1, ..., I4 denote the integrals.
From Eq.(2.1.9.2) it follows that

kT
I= A, (2.1.9.7)

The expression I is integrated by parts

T
I = [cx cos(wnt)]g +/ cwpx sin(wyt)dt
0

x(T) =x(0) and w, T = n2m = from (2.1.9.2) it follows that

T
L= cwz” B, (2.1.9.8)
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In the same way I is obtained as:

T
I = [cx cos(wu )] + mw, / drx sin(wy?)
0

T
= [mx cos(w,t) + xmuwy sin(wnt)]g — mwg/ x cos(wy,t)dt
0

Since x(0) = x(T') and w, T = 27n

2
mw:T
L =— n

Ap (2.1.9.9)
For a force F(¢) given by

F(t) = G0/2+Z G, cos(wyt) +Z H, sin(w,t) the integral I4 is obtained as

T
Iy =/ dtF(t) - cos(wpt) = TGp/2 (2.1.9.10)
0

The Egs. (2.1.9.7)—(2.1.9.10) yield
(—mw? +k)A, + wpcB, = G, (2.1.9.11)
Next multiply Eq.(2.1.9.1) by sin(wj, - ¢) and repeat the procedure described above.
The result is
(—mw? + k) By — wycA, = Hy (2.1.9.12)
The solutions to Egs. (2.1.9.11) and (2.1.9.12) are

- (_mwz + k)G — wycHy

An = [(—mw? + k)2 + (wnc)?]

(2.1.9.13)

_ wncGn + (_mw,% + k)H,
T [(—mw? 4+ k)2 + (wn0)?]

(2.1.9.14)

n

The displacement of the mass is given by inserting (2.1.9.13) and (2.1.9.14) in
Eq.(2.1.9.2).
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2.1.10 Example 1.10

The force F(t) is periodic with the period 7. Thus
F+T)=F@t) =10) (2.1.10.1)
The periodic function F(¢) is also written
F(t) = Go/2+ D Gycos(wnt) + D Hysin(wyt) (2.1.10.2)

where

2 T 2 T
G, = _/ F(1) - cos(wpt)dr:  H, = _/ F(1) - sin(w,t)dt  (2.1.10.3)
T Jo T Jo

Thus
G,=2I/T, H,=0 (2.1.10.4)

The response x(¢) is also periodic
xX(t) = Ao/2+ D" Aycos(wnt) + D By sin(wyt) (2.1.10.5)

The parameters A, and B,, are derived as in Problem 1.8. Equations (2.1.10.11) and
(2.1.10.12) in Problem 1.8 give

21 (—mw? 4+ k)
A, = — L 2.1.10.6
"TT [(=mwl + k)% + (we0)?] ( )
21 wn€
B, = (2.1.10.7)

T [(—mw? + k)2 + (Wnc)?]

The summation can be carried out as discussed in Example 1.5. The result (2.1.10.7)
is also obtained if the solution in Example 1.6 is expanded in a Fourier series.

2.1.11 Example 1.11

The equation of motion for the 1-DOF system is

mi+kx =F; k=ko(l+id) 2.1.11.1)
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Letx = x¢ - /' and F = Fy - €', Equation (2.1.11.1) gives
x = Fy- e/ (k — mw?) (2.1.11.2)

The velocity is .
v=x =iw- Fy- e/ (k — mw?) (2.1.11.3)

The time average of the potential energy of the system is

- _ ko |FO|2
U=R[k22]=k g =2 2.1.11.4
e = ko A = e T + (koo ( )
The time average of the kinetic energy is
2 2
. : mw | Fol
T =mxt/2 = *14 = . 2.1.11.5
e R K2 L
The time average of the input power to the system is
fle Ll Re(F.v*)= . |Fol” wkod (2.1.11.6)
— — . e -V —_ — . I .
2 2 (ko — mw?)? + (kob)2
Since 6 = wc/ ko it follows from Eq. (2.1.11.6) that
_ ] Fol?w? 27 -
fl=- [Folw’e 2 2.1.11.7)

2 (ko — mwd)? + (koo)? m

For viscous losses the parameter ¢ is constant. The time average of the input power
to the system is thus proportional to the kinetic energy of the system. For structural
damping ¢ = a/(mw) which means that for harmonic excitation the power input is
proportional neither to the kinetic nor to the potential energy.

2.1.12 Example 1.12

Two differential equations are given

mh + ch + koh = 6(t — 7) (2.1.12.1)

mx + cx + kox = F(t) (2.1.12.2)
Oh Oh

h=h(t—7)= — = ——.

ot or
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Thus Eq.(2.1.12.1) is also written

2p h
m%—c% + koh = 0(t — 1) (2.1.12.3)

Multiply (2.1.12.3) by x(7)and integrate over 7. The result is

) 2 .
/ dr|: g 5 X %x —l—kohx] =/ drd(t — )x(1) =x(@) (2.1.12.4)

o or o

Partial integration of the first expression inside the bracket gives

oh ™ © Oh Ox Oh
o= = 2.1.12.
[m—xi| + /_ dr |: m c—x + kohxi| x(1) ( 5)

However, x tends to zero as t — F00. Equation (2.1.12.5) is reduced to

o
/ dr —ma—ha—x — ca—hx + kohx | = x(¢) (2.1.12.6)
oo ot Ot or

By setting x = x(7) Eq.(2.1.12.2) is written

O*x O0x
mﬁ+ca +k()x = F(’T)

This equation is multiplied by 4(# — 7) and integrated over 7 resulting in

o) 82 Ox 00
/ dT(mh— + ch— + kohx) = / drF(T)h(t — 1)
o0 or? or —00

Following the same procedure as above the expression is reduced to
° Oh 0. 0 o
/ dT(—m——x + h—x + kohx) = / drF(r)h(t — 1) (2.1.12.7)
oo or ot or —0
Subtracting (2.1.12.7) from (2.1.12.6) gives

/°° dr [_Cg_ix _ Ca_xh} _ x(;)—/oo ArF(Mh(—7)  (2.1.12.8)

oo or

The integral on the left-hand side is

/oo dr [_Ca(hx):| = _¢ [h.X](ZOOO =
PSS or
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Thus Eq.(2.1.12.8) is simplified to
(e.¢]
x(1) = / drF(T)h(t — 1) (2.1.12.9)
—00

h(t —7) =0 for T > t. Thus

'
x(t) = / drF(T)h(t — 1)

—00

2.1.13 Example 1.13

In the first case the equation of motion for the 1-DOF system is
mi+kx=F;, k=ko(1+id) (2.1.13.1)

Let x = xo - ¢/“" and F = Fp - ¢/*’. Multiply Eq.(2.1.13.1) by £* and derive the
time average of the input power as

_ 1 1
f= SRe(Fv*) = JRe [mii* + ko(1 + i0)x5*] (2.1.13.2)

Since x = iwx it follows that

wkd |x|?

= = wké |%|> = 2wdU (2.1.13.3)

In the second case, the equation of motion for the 1-DOF system is
mxX+cx +kox=F (2.1.13.4)

Let x = xo - ¢/“ and F = Fp - ¢/*'. Multiply Eq.(2.1.13.4) by £* and derive the
time average of the input power as

_ 1 1
= ERe(Fv*) = ERe [mxx* 4+ cxx* + kox)'c*] (2.1.13.5)

Again X = jwx etc. Thus,

_ 1 0|2 - _
fl = JRe(Fv") = c'g' —clif =<7 (2.1.13.6)

where 7T is the kinetic energy of the system.
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2.2 Chapter 2
2.2.1 Example 2.1
The Fourier Transform (FT) of /(¢) is according to Eq. (2.3)
00 ) 1 [} o
HWw) = / dt -h(t)-e ' = — dre™ P11 gin(wor) 2.2.1.1)
—00 mwo Jo
The function sin(wgt) is written
. 1 iwyt —iwpt
sin(wnt) = - (e n ) (2.2.12)
i

Equations (2.2.1.1) and (2.2.1.2) give

H(w) =

: /oo dr - {e—t(ﬂ—iwn+iw) _ e—t(ﬂ+iw,,+iw)}
2imwy Jy

_ 1 2iwy, 22.13)
C 2imwy, [ B2+ w? — w? +2iwf o

By setting 3 = w3d/(2w) and w? = wj — % in Eq.(2.2.1.3) H(w) is obtained as

2 : 2
wy — w* +iwgd

1 1
Hw)=—" |:2—i| 2.2.1.4)
m
This is the FT of h(¢t) and Aalso according to Eq.(2.15) the transfer or frequency
response function H (w) = F(w)/X(w) of a 1-DOF system described by the equation

of motion
mx + cx +kx = F(t) with c =2mg

2.2.2 Example 2.2

F(t) is a periodic function with the period T, i.e. F(t + T) = F(t). According to
Eq.(1.66) F(t) can be expanded in a Fourier series as
a o0
F(t) =5 + > lancoswyt + by sinwyt] (2.2.2.1)
2 n=1
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Fig. 2.4 Periodic force as F(t)
function of time

[e—— . —>

T/2 T t

where w, = 2mn/T. The parameters a, and b,, are obtained from

2 (T 2 (T
a, = —/ dt - F(t)coswyt; b, = —/ dt - F(t) sinwyt; (2.2.2.2)
T Jo T Jo

The function F'(¢) is shown in Fig.2.4.
The parameters a,, and b, are obtained from Eq.(2.2.2.2) as

24 (T2 2A [sinwnt 17/?
ap = — dt-coswnt=—|:smw" ] =0
T Jo Wn o
2AT
ag="-==A
T 2
2A [coswyt1° 2A
b, = 2= - [1 — cos(mn)] (2.2.2.3)
T wn  Jrpp Twn
2A
b, = — -2 for n odd
2mn

b, =0 for n even

The autocorrelation function R g (7) is for the periodic function F () defined as

T
Rpp(T) = %/0 F(@)F(t + 7)dt (2.2.2.4)

where the function F(¢) is given by Eq. (2.2.2.1). The integration of cross terms like
sin(wy,t) cos(wy,t) gives:

1 (T 0 form #n

—/ dt - by, sin(wyt)by, sin [w,(t + T)] = 1 b2

T Jo 7” cos(wy7) form=n
(2.2.2.5)

Further,

1 T ap .
— dt - —b,sinw,t =0 (2.2.2.6)
T Jo 2
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Thus

A\? 24\ 1
={=) + — ECOSW,,T (2.2.2.7)

The two-sided power spectral density Srr(w) is defined as
0 .
Srr(w) = / Rpp(r) - e 'Tdr (2.2.2.8)
—0oQ

where Rpp(7) is given in Eq. (2.2.2.4). From Eq. (2.4) it follows that

0 7 A\2 . A\2
/_ (E) e WA = 21 (E) 5((4)) (2229)

Equations (2.40) and (2.41) give

© 24\ 1 i T (24\*
/ — ) —coswyT-e dr==—) [0(w—wy) + 6w+ wy)]
™

o\ ) 2 2
(2.2.2.10)
Consequently, the Egs. (2.2.2.7)—-(2.2.2.10) yield for w, = 27n/T

A\? A\?
Spr(w) =27 (E) Sw)+2m > (%) [6(w — wn) + 6(w + wn)]

n odd

2.2.3 Example 2.3

The inverse FT of H(w) is given in Eq.(2.2) as
1 [ )
h(t) = —/ H(w) - e'“"dw (2.2.3.1)
27 J o

The frequency response function H (w) is defined as

1

H =
@ ml(W] — w?) + iw3d]

(2.2.3.2)

The function H(w) has poles when w(z) — W+ iw(z)d = 0 or when wy2 =
Fwon/1 +1id &~ Fwo(l +id/2) for 6 <« 1. According to Eq.(1.81) 6 = 2w6/w(2).
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Im Im

Wy w

Re ) ) Re

Path C)

Path G,

Fig. 2.5 Paths of integration

The loss factor § is negative for w < 0 and positive for w > 0. Considering this the
poles are:

Wi =wo(14i6/2): w) = —wo(l—i6/2); 6= ‘Zwﬂ/wg‘

The function A (¢) as defined in Eq.(2.2.3.1) is derived by a contour integration in
the complex plane. The choice of path depends on ¢ as indicated in Fig.2.5.

When the radius of the semicircle goes to infinity, the integral along the curved
path of C; approaches zero since for t > 0

e >0 as |w| — oo and Im(w) > 0

Thus for ¢t > 0
h(t) = ¢ H(w)-e'dw (2.2.3.3)
Ci

The procedure of the contour integration is discussed in Sect. 2.7. For ¢t > 0 the poles
are w; = wo(l +id6/2) and wr = —wo(1 —i6/2):

2 eiw,,t
) =27 > —
® ngZ;Zﬂ'm(—an)
i piwo(1+i8)1/2 piwo(1=i8)1/2
T om | —2wo(1 +i6/2) t 2w = i5/2)
_ i . e—w&/Z e—iwol B eiwot
2mwo (1—i6/2) (1+i6/2)

—lwot __ elwot

15 iwot —iwgt
11622 T11022 (e v te 0)]

"N
2mwy
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i o012 [ —2i - sinwpt 12 cos wyt ]

=— +
2mwy 1+/2)?%  14(/2)?

~ 1w sin(wot) (2.2.3.4)
muwo

for |§| < 1 and r > 0. For r < 0 the contour integration is along the path C; to
ensure that the integration along the semicircle goes to zero as the radius increases.
The contour includes no poles. For r < 0

ht)=— | Hw)- e“"dw=0
C

Thus fort < 0, h(t) = 0.

2.2.4 Example 2.4

The equation of motion for the 1-DOF system is
mX +kx =F withk =ko(1+i0)

According to Example 2.2 the force F' can be expanded in a Fourier series as

A 2A .
F(r) = 3 + Z: E~sm(wnt); wy =27mn )T

odd
The displacement x (¢) is expanded in a similar way. Thus
x(t) = Xo+ D X, - sin(wyt)
OZd
The coefficients X,, are obtained as

2A

nm(k — mw,%)

Xo=A/Qk); Xp=

The velocity v is

V=X = anX,l - cos(wpt)
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The time average of the velocity squared is consequently given by

1 T 4A\> 1 1 k
2 2 . 2
‘z_'/ dt')UIZZ(_)'_z 2 v Asn [’ Yo0T
T Jo —\ T 2m= | (wy — w?)? 4+ wyo m
odd

Alternative method
The FT of the displacement of the system is written

A

X=F-H

The FT of the velocity is consequently © = % = iwF - H where for k = ko(1 + i6)
and ko/m = wg the frequency response function is

1
H=———; |H=

1
k—mw?’ m2[(W3 — wh)? + wié?]

The power spectral density Sy, is according to Eq. (2.53)

Sy = w? |H|2 - Srr;  Srr from Example 2.3

) o0 4A\% 1 1
’vz‘z/oodevv(f)ZZn:(T) -ﬁ{(wé_wﬁ)2+w352}

odd

2.2.5 Example 2.5

In the first case the two-sided power spectral density is given as
Guxw)=a for fi=fo—-(B/2)< f< fo+B/2=fr=
Sex(w) =a/2 for —H < f<—fiand fi< f < fo (22.5.1)

The autocorrelation function is defined in Eq. (2.34). Thus

1 © .
Ryx(T) = 2_/ Six (W) -e'Tdw

T J—00

a —wr wy
— [/ elUJwa + / elUJwa}
4m —w2 wi

a w) . ) a w)
= — dw [e“” + e"“”] = —/ dw - cos(wT)

ar Sy, 27 Jo
=4 [sin(wT)]? = 4 [sin(woT + 7BT) — sin(woT — 7BT)]
27T L 2nr
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=4 cos(woT) - sin(wBT)
T

__aBsin(rBT)

- cos(woT) (2.2.5.2)
7BT

In the second case, Gy, (w) = a for 0 < f < B. This expression is obtained by set-
ting fo = B/2inEq.(2.2.5.1). The autocorrelation function is given by Eq. (2.2.5.2)
as

N
Roy(r) = q - pSITBT) - cos(or) (2.2.5.3)
TBT

But wg = 27 fo = wB. This inserted in Eq. (2.2.5.3) gives the autocorrelation func-
tion

sin(2wBT)
Riyx(t)=a-B——— 2.2.54)
27T BT

2.2.6 Example 2.6

The force F(t) exciting the mass of a simple 1-DOF system is given by
F(t) = A-sin(wit) +£@) = f(t) +£@) (2.2.6.1)

The force £(¢) is random. According to Eq.(2.24) the auto correlation function
Rpp(7) can be written

Rpp(T) = Ryp(T) + Ree(T) (2.2.6.2)
The power spectral density G pr(w) is
Grr(w) =Gsr(w) + Gee(w) (2.2.6.3)

According to Eq.(2.41) and Eq. (2.2.6.3) the power spectral density G rr (w) is
A2
Grr(w) = TA%(w — w1) + Gge = TA%S (W — wi) + T (2.2.6.4)
wo
The frequency response function H (w) is given in Eq. (2.17). Thus

1
m2[(WE — wH)? + (Wi

|H|> = (2.2.6.5)
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From (2.53) the one-sided power spectral density for the velocity is given by
Guu() = |H?] - Grrw) (2.2.6.6)

Further, from Eq. (2.54) the time average of the velocity squared is
1 o

2= — Gy (w)dw (2.2.6.7)
2w 0

The Egs. (2.2.6.4)—(2.2.6.6) inserted in Eq. (2.2.6.7) give

o _ A2 wzé(w —wi)
v — w -
2 Jo m2[(w? — w)? + (W§6)?]
A2 [e'¢) w2
+ 2 dw
4w “ wom?[(w? — wd)? + (W3d)?]

A2 w? 1
2 | mAw - w2+ (w25)2] 45kom
The second integral is solved as described in Sect. 2.7 using

k
dw - and w% =0
m

o @—wd) (WD wid

/ > g(w) _ mg(wo)

2.2.7 Example 2.7

The equation of motion for the simple 1-DOF system is
mX + cx + kx = Fy - sin(wqt) (2.2.7.1)
From the Eqgs. (1.57) and (1.60) the displacement x () is obtained as

. FO
4 A 2272
x(1) o sin(wit + ); 0 m[(w(z) — w22 4 (25w)2]1/2 ( )

The time average of the potential energy is

2
=—k — / x2dr = =2 (2.2.7.3)
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The time average of the kinetic energy is

B 1 1 T 2, A2
0

The results (2.2.7.3) and (2.2.7.4) give

- W 2 k
T = (—) -U; w(% = —
Wo m (2.2.7.5)

7 =V only when wy = wy

2.2.8 Example 2.8

A lightly damped 1-DOF system is excited by a force with the FT F. The FT of
the response of the system is x. The system is described by the frequency response
function H (w). Thus according to Eq. (2.15)

£=H-F (2.2.8.1)
The FT of the velocity is

b =iwHF (2.2.8.2)
The one-sided power spectral density for the velocity is from Eq. (2.53) given by

Gy =W |H)? - Gpp (2.2.8.3)

For the problem discussed G g is defined as

Grr = 4a/(@* + w?) (2.2.8.4)

The frequency response function for a 1-DOF is given by Eq. (2.17). Thus

1
H? = 2.2.8.
|H] m2[(W? — w})? + (Wi (228.5)

The time average of the velocity squared is given by (2.54).
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By inserting the Eqs. (2.2.8.4) and (2.2.8.5) in this expression the time average of
the velocity squared is obtained as

1 [ 1 [o°

2= — Gppdw = — / Gy (w)dw
27 Jo 41 J_
a

./oo w?dw
T S @) (@2~ wg)? + (@56)?]

(2.2.8.6)

The integral is solved using Eq. (2.63). Thus the result is

-2 a
© wodm2(a? + w§)

2.2.9 Example 2.9

Equation of motion
mX+k(x—y)=F (2.2.9.1)
The force on foundation is (Fig.2.6)
Fr=k(x—1y) (2.29.2)
The FT of the displacements x and y are obtained by inserting in Eqs.(2.2.9.1)

and (2.2.9.2)Athe substitutions x — X -exp(iwt),y — y-exp(iwt),F — F-exp(iwt)
and Fy — Fy% - exp(iwt). The point mobility of the foundation is Yy = y/F. Thus

iwy =Fp- Yy (22.9.3)

Fig. 2.6 Mass-spring system F
mounted on a foundation
having the point mobility Y s
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The point mobility of the mass at the excitation point is:

Y =%/F =iwi/F (2.2.9.4)
The elimination of y and F by inserting (2.2.9.2) and (2.2.9.3) in (2.2.9.1) and by

using the substitutions x — X - exp(iwt) etc. the point mobility Y at the excitation
point is

iw+kYy
Y = . (2.2.9.5)
k —mw? + imwkY ¢
2.2.10 Example 2.10
Equation of motion for the mass
mi+k(x—y)=F (2.2.10.1)

By making the substitutions x — £ - ¢/, y — §.¢“and F — F - ¢ in
Eq.(2.2.10.1) the result is

F(=m? +k) —ky=F (2.2.10.2)

The FT of the force on the foundation is I:" f = k(X — ¥). The FT of the velocity of
the foundation is 9y = iwy = F Y. The combination of these expressions gives

iw = Yk - 3) (2.2.10.3)

The elimination of  from Egs.(2.2.10.2) and (2.2.10.3) gives

A Yk
§=F. — s (2.2.10.4)
—imw3 + iwk — mw?kY ¢
The FT of the velocity is thus
F .Yk
b= iwd = s (2.2.10.5)
—mw? + k + imwkY
According to definition v = 13 rYyror
fe= oY (2.2.10.6)



2.2 Chapter 2 53

According to Eq.(2.55) the time average of the input power to a structure, in this
case the foundation, is written

_ 1 o0
M=— / Re(G py)dw (2.2.10.7)
2w 0

The one-sided power spectral density G r,, is

ﬁ*'ﬁ—zl' jof I 6, 2 2.2.10.8)
R e T LA 7 (2.2.10.

Gry =2 lim
T—o0

The point mobility Y ¢ of the foundation is in this case defined as being real.
From Eq.(2.2.10.5) G, is obtained as

12
A2 2
L 74K
Gy lim 2 = lim .
T—oo T  T—oo T  (k—mw?)?+ (mwYrk)?
2 2
— Grr. Y rk| CGer [Yr|” -
m2[(W§ — w?)? + (WY fk)?] (W2 — )2 + (WY k)2
(2.2.10.9)
where wg = /k/m.
For Y real the Egs. (2.2.10.8) and (2.2.10.9) give
Yyowp
Gry=GFrF - (2.2.10.10)

(W? — wd)? + (WYrk)?
The time average of the power to the foundation is from Eq. (2.2.10.7).

For white noise excitation of the mass G rr is constant. For Yy independent of
frequency the result is

=

GFF'Y.)"W(A; /oo dw
27 0 W2—wh?+ (WYrk)?
For |wY k| < 1

GFF’YfWS _ GFF'UJ(Z) _ GFF

fi= 9 _ _
4wy (Y rk/wo) 4k 4m

This means that the power fed into the foundation only depends on the mass and the
force if the mobility of the foundation is low. Compare the result given in Eq. (2.67).
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2.2.11 Example 2.11

The total displacement of the mass is defined as z = x 4+ y where x and y are
uncorrelated. The power spectral G, density is thus

G, =G+ Gy (2.2.11.1)

The FT of the displacement x is

A

i=F-H (2.2.11.2)

where F is the FT of the force exciting the system and H the frequency response
function of the system. From Eq.(2.2.11.2) it follows that

G =Grr |HI? (22.11.3)
The cross-spectral density G g, is
Gr:=Grc+Gry (2.2.11.4)

Since F and y are uncorrelated it follows that Gy, = 0. The cross-spectral density
G ry is obtained from Eq.(2.2.11.2) as

Grx=H - -Gpr (2.2.11.5)
For Gry = 0 Egs.(2.2.11.4) and (2.2.11.5) give

Gr,=H - Grr (2.2.11.6)
The coherence function as defined in Eq. (2.45) is

,72 _ |GFz|2
Fx GFF . GZZ

By inserting Eqs.(2.2.11.1) and (2.2.11.6) in this definition the result is

GFel? |HI* - |GrFl?
Ve, = E = = (2.2.11.7)
Grr-Gz  Grr-(Grr|HI” +Gyy)
For G g real, G2FF = |Grrl* Considering this Eq. (2.2.11.7) is written
H>- G 1
Vi = | FF <1 (22.11.8)

|HI* - G%p+Grr -Gy 1+Gy/(IHI* Gpr)

Equality holds only when Gy, = 0 i.e. for no external noise.
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2.2.12 Example 2.12

The time average of the power input to system is using Eq. (1.81), 2w = w%é

_ % S Swid
N =/ Ff(w)“’ 0 (2.2.12.1)
—o0 2mm [(W§ — wH)? + (W§6)?]
Considering the result (2.63) the solution to Eq.(2.2.12.1) is
fi = Srro) (2.2.12.2)
2m

2.2.13 Example 2.13

A function x(¢) is according to Eq.(1.66) expanded in a Fourier series in the time
interval —7/2 < t < T /2. The series is written

o
2
x(t) = %0 +> (@ncoswnt + by sinwn);  wy = %" (2.2.13.1)

n=1
Since cos¢ = (€Y +e7'¥)/2 and sinp = (e’ —e7¥) /2i it follows that
(2.2.12.1) can be written

o0
x(t)y= D AT (2.2.13.2)

n=—oo

Equation (2.2.12.2) is multiplied by e=>™**/T k an integer, and integrated with
respect to time. Thus,

T/2 ' 00 T/2 '
/ dr - x(p)e 2mHIT = Z/ di- A, - 2™OOT T (22.133)

T/2 Y )
T/2 ,
The integral on the right-hand side is / dr- A, - 2™ R/T T forn =k
—7/2

otherwise zero. Thus in combination with (2.2.13.3) the parameters A, in (2.2.13.2)
are

T/2 )
/ dr - x(t)e 7T = A, . T (2.2.13.4)
-T2
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As T — oo the summation in (2.2.13.2) tends to an integral. Define w = 27n/T

and dn = Tdw/(27) and A, T = X(w) and insert in (2.2.13.2) and (2.2.13.4). The
result is

1 © .
x(t) = —/ dw - X (w)e'!
27

—00

Fw) = /OO dr - x(t)e "

—00

2.2.14 Example 2.14

According to definition

Rix(mM) =E[x()x(t+7)]=E[x(t —7)x(t)] =

T = B3+ D) = B[~ 0] =
d®Ryy _ d : : . Ry 2
& ZEE [x(t — 1)i()]=—E [x(t—T)x(t)]=>[ 12 l:O:—E[x ()]

2.3 Chapter 3

2.3.1 Example 3.1

The displacement along the beam or the x-axis is given by
& = Asin(wt — kjx) (2.3.1.1)

For a thin beam o, and o, are assumed to be zero across the beam. Inserting o, =
o, = 01in Eq. (3.6) gives

¢
Ey =&, = —VEx = —I/a (2.3.1.2)
For £ = A sin(wt — k;x) it follows that
0 0
ey =21 = % A cosr — kix) (2.3.1.3)

Oy Ox
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By integrating (2.3.1.3) the displacement 7 is obtained as

n=vkiA-y-cos(wt — kix) (2.3.1.4)
The displacement at the surface, i.e. for y = /2, is according to Eq.(2.3.1.4)

vkiAh

n(h/2) =

- cos(wt — kyx) (2.3.1.5)

In a similar way; €, = 8_< and
Z

vk;Ab

(=vkiA-z-cos(wt —kix)and ¢ (b/2) =

-cos(wt —kix)  (2.3.1.6)

2.3.2 Example 3.2
The kinetic energy per unit volume is
_ P, 2, 2
r,=2{&+i?+

Inserting Egs. (2.3.1.1), (2.3.1.4), and (2.3.1.6) from Example 3.1 in this expression
gives
T, =2{&+i?+ &)

242
A
- ”‘”2 {cos® (Wt — kix) + 12 (k)2 sin®(wr — kix)

+ 12 (zky)? sin®(wt — kix))

The time average of kinetic energy per unit length

1 T h/2 b/2 2A2bh k2 h2+b2
le—/ dt/ dy dz- 7, =~ 4 A )
T Jo —np2 " Jobp2 4 12

For kjh <« 1 and kjb <« 1,7} is

_ pw?A%bh

T
! 4
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2.3.3 Example 3.3

The displacement along the x-axis is defined as

E=fx—at); a=E/p (2.33.1)
The intensity I is
I =—0y, € (2.3.3.2)
Equation (2.3.3.1) gives
oy =E- g—i =E- f'(x —at) (2.3.3.3)
E= % =—c f'(x —qt) (2.3.3.4)

Equations (2.3.3.3) and (2.3.3.4) inserted in (2.3.3.2) give
I = Eq-[f'x —an)]’ (23.3.5)
The energy flow is
Po=1,-S=EqS[f'(x—an] (2.3.3.6)

where S is the cross-sectional area of the beam. For a thin beam and neglecting
contraction, the kinetic and potential energies per unit length are

Sp (06N> Spc}
77=—p'(—§) =2 —an)

2 ot 2
SE
= [ — C,t)]z (2.3.3.7)
_SE (9¢\* _SE 2
v="2F. (5) = [Fex-an] (233.8)

The energy flow is from Eqs. (2.3.3.6)—(2.3.3.8) obtained as
II=c(Z+U) (2.3.3.9)

The energy flow IT is equal to the total energy per unit length times the speed of
propagation.
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Fig. 2.7 Semi infinite beam Y
excited by a force at x =0
Oy
F DR T

2.3.4 Example 3.4

The force induces a wave propagating along the positive x-axis. See Fig.2.7. The
displacement & of the wave can according to Sect. 3.4 be written as

§=flx—qt) (2.3.4.1)
The normal stress o, in the beam is

0
o, =E- % =E-f'(x—qt) (2.3.4.2)
Ox
At the boundary x = 0, —o - § = F. Thus from Eq.(2.3.4.2) and for x =0
F(t) =SE- f'(x —ct) (2.3.4.3)

Let —¢;t = (. Inserting this in Eq. (2.3.4.3) gives
0
F(=¢/c) = SE - a—]g or

1
FO = / a¢ - F(=C/er) (23.4.4)

For F(t) = Fpsin(wt) =

Fo=Ho / ¢ - sin(~w¢/a) = ¢ cos(iot/en)

For ( = x — ¢t,

Ex,)=f(x—qt)=

cos [w(x/c — )]
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2.3.5 Example 3.5

The torsional angle in the shaft is

2 Part 2 Solutions

0 = Oy sin(k;x —wt); ky = w/p/G (2.3.5.1)
The torsion 7 in the shaft is according to Eq. (3.59)
00
T=r-G- (2.35.2)
Ox
The potential energy per unit length of the shaft is
U = /dS -G -~2)2 (2.3.5.3)
. 00 . . .
with dS = 27rdr andy =r - rh The potential energy is rewritten as
X
u=2["arc (L) = Trt 2
= — r-r = — : e
T2 Ox 4
- %R“-eg.k%-cos (kix —wt) - G
= %R“ - 0262 p cos (kx — wr) (23.5.4)
In a similar way, the kinetic energy per unit length is
(r0)2 T a2
7= =4 PR ()
- % pR*? - 03 cos? (kyx — wi) = U) (23.5.5)
The intensity along the shaft is
06 00
Ly=-7-r-0=-r’G- o B (2.3.5.6)

The resulting energy flow is

R R
IT= / 2nrdr-I, = 27rG/ dr - r3% . %
0 0 Ox Ot

G 4
= 2r . 63 < kw cos? (kjx — wt)
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) TR*0}w? |G
= cos”(kx —wt)———— | —
2 p

7TR49% 2
= Tctorsion - cos”(kx — wt)

= Corsion (71 + U))

where the speed of propagation is ciorsion = «/G/p. Compare the result of
Example 3.3.

2.3.6 Example 3.6

The potential energy per unit volume of a solid is according to Eq. (3.17)

v
1—-2v

UU=G[5§+5§+53+ (ex + ey + )% + (V) + 72, +75:)/2

(2.3.6.1)

Shear effects neglected means that 7y, = 7x; = 7y, = 0. Further for a thin beam
oy = 0; = 0 which as discussed in Example 3.1 gives

€y = —VEyx; &; = —Véx (2.3.6.2)
From Eq. (3.72)
0w
Ex = —2- e (2.3.6.3)

By inserting Egs. (2.3.6.2) and (2.3.6.3) in (2.3.6.1) and neglecting shear the result is

_ 1%
T 2(14v) 1-2v

E *w\’
== 2 (a_x’;’) (2.3.6.4)

Uy g2 I1+21/2+ (1 —21/)2]

The potential energy per unit length is

b/2 h/2 E , 92w 2
dydzv =/ dy dz- — -z (—)
/ Y a2 Ox?
E bh® [Pw\’ . D (9w\>
2 12 \ox2) 2 \ox?

Width of beam is b and height /. The result is the same as given by Eq. (3.84).

U
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2.3.7 Example 3.7

The equation governing the lateral displacement 7 of a string is

2 2
% _ Clz . % —0 237.1)
The general solution to this equation is
n= f(x —cst) + glx + cst) (23.7.2)
The velocity 7 of the string is
N, 1) = —cs - f(x —cst) + ¢ - g (x + cst) (2.3.7.3)
The initial conditions are
n(x,0) = f(x) + g(x) = cos(mx/L) (2.3.7.4)
0(x, 00 =0= f'(x) =g (x) = f(x) = g(x) (2.3.75)

Considering the symmetry Eqs. (2.3.7.4) and (2.3.7.5) give
1
fx)=gkx) = 5 cos (mx/L) (2.3.7.6)

Thus f(x—cst) = 1/2-cos[m(x — cst)/L]and g(x+cst) = 1/2-cos[m(x+cst)/L]
and from (2.3.7.2)

n(x,t) =1/2 - {cos[n(x — cst)/L] + cos [m(x + cst)/L]}
= cos(mx /L) - cos(mest /L)

2.3.8 Example 3.8

The wave equation for flexural waves in a thin homogeneous beam is according to
Eq.(3.77) for F' =0

F*w m w

At g =0 (2.3.8.1)

Att = 0 the beam is at rest but has a certain displacement. The initial conditions are

wx, 0) = e~ C20%. 4i(x 0) =0 (2.3.8.2)
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The spatial FT of w(x, t) is defined as

Oo .
Wk, 1) = / w(x, 1) - e " dx
—00
Thus
1 ~ ikx
wx,t)=— | wx,t)-edk
2T

The Egs. (2.3.8.4) and (2.3.8.1) yield

’ 2
g ,om 0w
A =0

The general solution to the Eq. (2.3.8.5) is

Wk, 1) = A -sin(Q1) + B - cos(Q1)

Q=k>/D'/m' =k*3; B=+D/m

63

(2.3.8.3)

(2.3.84)

(2.3.8.5)

(2.3.8.6)
(2.3.8.7)

According to the initial condition (2.3.8.2), the velocity is equal to zero for 7 = 0
or w(x,0) = 0. Thus according to Eq.(2.3.8.3) w = 0. The parameter A defined
in Eq.(2.3.8.6) is consequently equal to zero. From (2.3.8.6) it also follows that

B = w(k, 0). The Egs. (2.3.8.2) and (2.3.8.3) give
o

B =w(k,0) =/ dx . e~ @/2a)° —ikx
—00

The exponent is rewritten as

_ (zx_a)2 —ikx = — [(;—a) + ika]z — (ka)?

Equation (2.3.8.9) inserted in (2.3.8.8) gives

o0
w(k,0) = ¢~ ka)? / o/ Qa)tikal 4,

—0Q
o0 o2 T
However, dx-e™?* = [—, thus
—0 q

W(k,0) = 2a/m - e~*k* = B

(2.3.8.8)

(2.3.8.9)

(2.3.8.10)

(2.3.8.11)
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2 Part 2 Solutions
Equations (2.3.8.11) and (2.3.8.6) in (2.3.8.4) =

k2 —ik’3
2a\/m /°° dk - o~k +ikx |:elﬁt+—elt:| (2.3.8.12)
27(' —0 2

w(x,t) =

The expression inside the bracket is equal to

cos(kzﬂt) = cos(Q21)

The exponent in the integral is rewritten as

2
| 2
— K2 Clz-f-iﬂt Lk = — k\/m— ix B X |
[ ] 2(a? +ift) 4(a® +ipt)
(2.3.8.13)
Equations (2.3.8.12) and (2.3.8.13) =
x2 XZ
wee,n = 2 | @ . /T
27

R S ™
+e 4a-ipn . [—— | (2.3.8.14)
Ja tipt v aLzﬂr}

The expression (a® — ift) is written as

a’ —ift =a*+ (1p)? - ¥

tan ¢ = —ft/a* (2.3.8.15)
The Eqgs. (2.3.8.14) and (2.3.8.15) give the displacement of the beam as

w =

a 1 P U PR U= 1)
] 7 ¢ Ha*+B0% 4T Lo Hat+(007]
2 /a? + (ﬁt)Z

This expression is simplified to

2x2
e Ha*+(Bn7 Btx? )
) = —— - - @
w(x, 1) = - G Sl P T
1+
a*

D/
with ¢ = arctan (b’t/az) and § =,/ —.
m
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2.3.9 Example 3.9

Case 1:
A simple bending wave is propagating along the beam. The displacement w (x, t) is

w=A- e (2.3.9.1)
According to Eq. (3.91), the energy flow in the beam is
=wDx A (23.9.2)
The time average of the velocity squared is

_ 1 w2 A2
2 2 jwl? = |A|

= — 2.393
V= sw > ( )
The expressions (2.3.9.2) and (2.3.9.3) give
= 2 ’,.3=2
I[I=—DFkv (2.3.9.4)
w

The energy flow is correctly measured by means of one accelerometer if the evanes-
cent and reflected waves can be neglected.
Case 2:

The wave field is composed of a propagating wave and an evanescent wave and
given by

w=A-¢ —i-e) (2.3.9.5)
The energy flow is

I, =wD'x> |A)? (2.3.9.6)

The time average of the velocity squared is

2 w? |A|2 2k —
72 = T {1 +e " +2Re - [i - cos(kx) —1i-[i- Sin(ﬁx)]]}
Al?
= —| 2' w?- {1 + 725 4 2sin(kx) -e_’”} (2.3.9.7)

The measured energy flow based on the measured velocity by means of just one
accelerometer is

_ 2
M, = —D'x*%? (2.3.9.8)
w
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where 92 is defined in Eq.(2.3.9.7). The ratio between the true and the measured
(2.3.9.9)

power flow is thus
n, 1
M, 14 e 255 4 2sin(kx) - e ¥

Case 3:
A propagating and reflected wave are given by
w=A-e . (e7" 4 X et (2.3.9.10)
The energy flow in positive direction of the beam is
M, =wD's® |A)? (2.3.9.11)
(2.3.9.12)

The velocity squared is
72 = o2 ’AZ( [1 + 2Re(X - £2%) + ‘ij]

The ratio between the energy flow in the positive direction and the energy flow
(2.3.9.13)

measured by just one accelerometer is
1

I,
M  1+42Re(X -e2r) + | X2

2.3.10 Example 3.10

The bending moment M ;y is defined by Eq.(3.112) as
h/2
M)’Cy = / Tyyzdz (2.3.10.1)
—h/2
where, according to Egs. (3.127) and (3.129)
VEYE
Toy = GyyYay and Gy ~ —¥ 2 (2.3.10.2)
y = Sy YT 21+ ymmy)
(2.3.10.3)

The shear v,y is defined in Eq.(3.111) as
Pw

Ty =T O0x0y
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Egs. (2.3.10.1) through (2.3.10.3) give
M /h/2 EEy 2 O W JELE,
, = — - Z = —
* —npp (M4 /oxTy) Ox0y 12(1 + /vxvy)

The bending stifnesses Dy and D, are defined in Eq.(3.131). This equation is
rewritten as

(2.3.10.4)

Ech?/12 = Dy(1 — vyvy) and Eyh® /12 = Dy(1 — vyvy) (2.3.10.5)

Equations (2.3.10.4) and (2.3.10.5) give

VDxDy(1 — vy1y) 9w 9w
M. & =— =—/DD,(1 -/ ) ——  (2.3.10.6
*y (1 + Jvxvy)  0x0y x Dy Vel 0x0y ( )

2.3.11 Example 3.11

The propagation of L-waves in the beam cause the displacement ¢ along the axis of
the beam which is oriented along the x-axis of a coordinate system. The displacement
is defined as

Ea,t) = A-expliwt —kx)]; ki =w\/g (2.3.11.1)

where k; is the wavenumber for L-waves. The time average of the intensity is accord-
ing to Eq. (3.58) and using (2.3.11.1) obtained as

-1 o¢ 9g*| _ 1 v ey wkiEo AP
I, = 2Re[Eax- 5 ]_ 2Re{EA( ik)(—iw)A*} = 5
(2.3.11.2)

The time average of the energy flow I, in the beam with the cross-sectional area
S is

M, = SI, = SEokiw/2 = c;/(SEok? /2) = c1Sw?p/2; e =w/k  (2.3.11.3)
where ¢; is the speed of propagation of longitudinal waves.

The time average of the total energy %; per unit length of the beam is according
to Eq.(3.58) and using (2.3.11.1) written as
2:|

s s
=5 [pwz |A]> + EK? |A|2] = Sp? 14 (2.3.11.4)

23

Ox

2 E
ot 2

E = l+‘UZ=§ 3

- S[p‘as
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The Eqgs.(2.3.11.3) and (2.3.11.4) give

Iy =c-E (2.3.11.5)

2.3.12 Example 3.12

The total energy £, per unit volume is

_Ec (96Y (9
£, 7(5) +§(E) (23.12.1)
Thus
Of, =% 0% 4% 0% (2.3.12.2)
o= T ox \oxor ) T Por \ o2 T

The displacement ¢ should satisfy the wave equation for L-waves or

0%
xa_xg . pa_tf =0 (2.3.12.3)

Equations (2.3.12.2) and (2.3.12.3) give

g . 0 0%¢ ¢ (9%¢ _ 0 [0¢ 0¢
E@u—Exa—x(axat)-i-ExE (ﬁ) —Exa—x |:({9_XE:| (2.3.12.4)

According to definition

o,
/dV ;‘J +/dydzlx =0 (2.3.12.5)

Equation (2.3.12.4) inserted in the first integral of (2.3.12.5) yields

O o [o6 9€] _ o6 o¢
/dV B _/dxdydzExax [8x . 8t:| _/dSEx |:8x "B (2.3.12.6)

Thus, Egs.(2.3.12.5) and (2.3.12.6) give

_ o6 o8] 23
b= E"[ax'ar}_ 7 o

which is the intensity of a plane L-wave propagating in the x-direction of a coordinate
system.




2.4 Chapter 4 69

2.4 Chapter 4

2.4.1 Example 4.1

The incident T-wave is reflected as T- and L-waves as discussed in Sect. 4.3. The plate
is oriented in the x-y-plane. Only waves propagating in this plane are considered.
Thus the vector potential governing the T-waves is written ¢ = (0,0, ¢). The
incident and reflected waves are shown in Fig.2.8.

Assume

Y =expli(wt —k;-cosB-x —k;-sing - y)}
+ B -exp{i(wt +k;-cosB-x —k;-sinf - y)}
¢ =C -expli(wt+k-cosa-x —k;-sina-y)} 24.1.1)

The wavenumbers for T- and L-waves are k; and k; respectively. The angle of inci-

dence for the T-wave is (3. The direction of the induced L-wave is given by «. The

amplitude of the incident wave is unity. The unknown amplitudes are B and C.
The displacements of the L- and T-waves are according to Eq. (4.24)

_% oy _0¢ O (2.4.12)

5_3)6 oy’ ”_ay Ox

For an infinitely stiff edge, the displacements in both the x- and y-directions are
equal to zero. Thus, the boundary conditions are

The boundary conditions in combination with Egs. (2.4.1.1) and (2.4.1.2) give
ki -cosa-C —ky-sinf — Bk, -sin =0
[—kl-sina'C—i-k,~cosﬁ—Bk,~cosﬁ=O (24.14)

Fig. 2.8 A T-wave is L
incident on an infinitely stiff

edge and reflected as T- and

L-waves T
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The solutions are

_cos(a+ ) _ 2sinacos

= m, = Cos(a —ﬂ) (2415)

The amplitude of the induced L-wave is v/ (0¢/0x)2 + (0¢/dy)? = k;C. The ampli-
tude of the reflected T-wave is k; B. The ratio I" between the amplitudes of the
reflected L-wave and the reflected T wave is obtained from Eq. (2.4.1.5) as

ki-C 2k sinacos3  2sinfcosf3

r= ki-B  kicos(a+ ) cos(a+ f) 24.16)
The angle « is given by Eq.(4.21) as
sina = (¢;/¢;) sin B 2.4.1.7)
Thus
cosa = \/ [1 = (c1/e)?sin? B] (2.4.1.8)
The Egs. (2.4.1.6)—(2.4.1.8) give
r= sin(26) (2.4.1.9)

cos B[1 — (c1/c)? sin? 5]1/2 — (¢;/c;) sin® 8

For (¢;/c;)sin3 > 1 cosa, Eq.(2.4.1.8), is imaginary. The reflected L-wave as
defined in Eq. (2.4.1.1) is consequently nonpropagating.

2.4.2 Example 4.2

An L-wave is incident on the junction x = 0 as shown in Fig.2.9. L- and T-waves
are reflected at the junction in plate 1. L- and T-waves are also transmitted to plate
2. The resulting wave fields are

Plate 1

¢1 =expli(wt —kj-cosa-x —k;-sina -y}
4+ R-expf{i(wt+kj-cosa-x —k;-sina-y)} 24.2.1)
Y1 =Z -exp{i(wt +k;-cosB-x —ks-sinf-y)} 2.4.2.2)
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Fig. 2.9 An L-wave incident
on a discontinuity and
reflected and transmitted as
L- and T-waves

Plate 2
¢ =T -expfi(wt —k;-cosa-x —k;-sina - y)} (2.4.2.3)

Py =W -expli(wt —k;-cosfB-x —k;-sin(-y)} (24.2.4)

The wavenumbers for the L- and T-waves are k; and k; respectively. Due to the
boundary conditions at x = 0 and Eq. (4.21) it follows that

sina = (¢/c;) sin 3 (2.4.2.5)

There are four unknown amplitudes R, Z, T, and W in the Egs.(2.4.2.1) and
(2.4.2.2). Thus four boundary conditions are required. Based on the expressions
defining the wavefields the displacements and stresses are obtained from Egs. (3.6),
(4.24), and (4.46) as

Displacements
d¢ O, ¢ 9y
=— - — 2.4.2.6
&= Ox * oy Oy’ " dy Ox ( )
Stresses
_E o&  on E 0%¢ 2¢ %)
Ux_l—yz.[a_x—i_ 3y] 1—v2? [@+Vﬁ+(l ¥ Ox0dy
2.4.2.7)

o E 821/1 82111 0%
=G- S 2
Ty =G [ay T ox Ox ] 2(1 +v) ‘ 9y2  ox2 * 0x0y

At the boundary the displacement in plate 1 must be equal to the displacement in
plate 2 along the common junction in both the x- and y-directions. The resulting
forces along the junction must also be equal in the x- and y-directions. Thus
Boundary conditions at junction x = 0

] (2.4.2.8)

& =& (2.4.2.9)

n=m (2.4.2.10)
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(oxh)) = (0xH)y; (2.4.2.11)
(Txyh)l = (TxyH)z ; (24.2.12)

The unknown parameters are solved from these boundary conditions.
The incident L-waves in plate 1 are according to Eq.(2.4.2.1) given by

oin = exp {i(wt —k; -cosa-x —k; -sina - y)} (2.4.2.13)

The resulting incident intensity on the junction in plate 1 is from (3.19)

(i) = gRe {00 (O — 70 - ")

1 E- ¢ kw E- > kw
=—Re L -cosa(cosza—f—l/ . sinza)—i—L sin? o cos o
2 1—12 1+v
1 Ewk} o] 1 Ewk}
=—-Re{——— -cosa =—- - COs & (2.4.2.14)
2 1—12 2 1-12

The incident energy flow per unit length is according to Eq. (3.57) and Eq. (2.4.2.14)
equal to

_ _ 1 Ewkl?’
x)ign =N Ux), =70 - COS «x
() h- () 2h .z (2.4.2.15)

In a similar way, the transmitted energy flow is

_ - H Ewkl?’ ) 3 )
(1'1)6)trams =H (Ix)[rans =5 ~(1 — IT|” - cos o+ Gwk; cos 3 - |W]|

(2.4.2.16)
The ratio between the incident and transmitted energy flow is (ITy)in/(I1y)trans-

2.4.3 Example 4.3

Equation (4.51) is given as

, (1—1vH12

Ky —2k2k5 2+ v — V) — kG - 3 —k§-C=0 (2.4.3.1)

where

k3 = w?p/E and C = (1 + 1)*(5 — 4v)/2 (2.4.3.2)


http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_4

2.4 Chapter 4 73

For h — 0 the solution k, to Eq.(2.4.3.1) is given by the wavenumber for a thin
plate under flexure. Thus ky — [k§ - 12(1 — yz)/h2]1/4.

If & is sufficiently small, terms which do not include 1/ 4 or k, can be neglected
and Eq.(2.4.3.1) is written

k2(1 12

kK —202k3Q2 4+ v — 1) — k3 > 0

The solutions to this equation are

k2(1—vH12 12
=kQ+v—17)+ ioh—z} + o(h)

K21 —1v3)12 12
~kEQ2+v—1vH)+ Ioh—2} (2.4.3.3)
The solutions to the last part of Eq. (2.4.3.3) read
1/4
k2(1 —v2)12 K22+ v —1?)
ke =% 1 | — + 0 7 (2.4.3.4)
h 2(ko/ V2 [(1 = v)12]
1/4
k2 =vH12 K22+ v —12)
ko =i { | - 0 7 (2435)
h 2(ko/ M2 [(1 — v2)12]

The time average of the energy flow for a wave w = A - exp [i (wt — ky1x)] 18

Eh3

I:I/ = — k 3 A 2
x 12(1_1/2)0'}( xl) | |
4 3
_ ké(l—y2)12 1/ N k(2)(2 +u— VZ) Eh3 | |2
h? 2ko/ )2 [(1 —v2)12] ] 1201=12)

2.4.4 Example 4.4
Equation (4.49) reads

2
tanh (5h/2) [kf — K21+ 1/)] — k2o tanh (ah/2) (2.4.4.1)


http://dx.doi.org/10.1007/978-3-662-47807-3_4

74 2 Part 2 Solutions
The solution k, to this equation is the wavenumber corresponding to the antiphase
motion of the plate as illustrated in Fig. 4.4b. This is also the wavenumber for the quasi
longitudinal waves illustrated in Fig.3.11. A solution to Eq.(2.4.4.1) is for small &
obtained by expanding Eq. (2.4.4.1) in a Taylor series and including first-order terms
only. Forh — 0

tanh (8h/2) — Bh; tanh(ah/2) — ah (2442)
The Egs. (2.4.4.1) and (2.4.4.2) give

2 _ 2 2 2.2

Oh [ =K (1 + )] =ka20h =

k= 2k2k3 (14 v) + kg (1 + 1)* = k2a? (2.4.4.3)
where according to Eq. (4.38)

o =k2 -k =k — k(1 +v)(1—20)/1 -v) (2.4.4.4)

The solution to Eq.(2.4.4.3) is

ky = w (2.4.4.5)

This is equal to the wavenumber for quasi-longitudinal waves propagating in a thin
plate.

2.4.5 Example 4.5

In the low-frequency region, the entire structure is bending like a thin plate. The
neutral axis is in the symmetry plane of the beam (Fig.2.10).

Fig. 2.10 Cross section of a Y,
sandwich beam
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In the low-frequency region the bending stiffness of the entire structure is accord-
ing to Eq.(4.71)

) H/2 5 E> H/2+h 5 E,
Do=/dy~yE(y)=/ dy-y~- 2+2~/ dy-y" ——5
) 1

- H/2 1=
H3E» E, [H? 5 2.4
= ——h+Hh*+Zh
12(1 — 12) 1—u2[2 + *3 ]
HE, 4 ErhH? for H > h (2.4.5.1)
~ or 4.
2(1-v3)  (1-vd)-2

The mass per unit area of the plate is
o =2p1h + poH (24.5.2)

The wavenumber for bending waves is according to Eq. (4.70)

o2\ 1/
H=(““ ”) for f — 0 (2.4.5.3)

where Do and p are defined in Egs. (2.4.5.1) and (2.4.5.2).
In the high-frequency range the laminates vibrate independently of the core. The
wavenumber corresponds to the wavenumber governing the bending of one laminate

Elh3

= ———— loo=pih
21— "%

o]

Thus the high frequency limit, f — oo, is

1/4
L prw? - 12(1 — v3)
E1h?

The same result is obtained by setting 1 = 2p1h and D = 2D .

2.4.6 Example 4.6

The lateral displacement w(x, ¢) due to the bending of the plate is
w(x, 1) =g - e @) (2.4.6.1)

The normal stress in the plate is according to Eq. (4.56) equal to


http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_4
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E 0w

=T

The resulting bending moment is

e ER 8w 8w
y /_h/zygx YT TR0 -2 ox2 Ox2

The shear stress is according to Eq. (4.56)

L\ ERP JPw
=T\ T 7Y ) 5qa -0 93
4 2(1 —v?) Ox

The resulting shear force per unit width of the plate is

h/2 . En’  dPw Pw
T frng = - = — JR—
! /—h/z o=y 12 (1= 12) %3 x5

2.4.7 Example 4.7

2 Part 2 Solutions

(2.4.6.2)

(2.4.6.3)

(2.4.6.4)

(2.4.6.5)

A flexural plane wave is propagating along the x-axis. The displacement perpendic-

ular to the plate is

n(x,t) =no - exp {i (Wt — Kx)}

(2.4.7.1)

The displacemt in the x-direction is £ and in the y-direction, perpendicular to the
plate, n. There is no displacement along the z-axis. The time average of the intensity

I, in structure is obtained from Eq. (3.19). The result is

1 : .
I, = ERe{—ng* — oy 1} <=0
The normal stress in the plate is according to Eq. (4.56) given by

E ™ , E

ET Aoy e "

The displacement £ is obtained from Eq.(3.109) as

on . : .
£=—y'a=lﬁy~n; £ =—iry-n*

The shear stress is given by Eq. (4.56) as

(2.4.72)

(2.4.7.3)

(2.4.7.4)


http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_3
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_ (" E Py 3 (r E
Tx>,_(4y).2(1_yz)m3_m. )t 2479)

From Eq.(2.4.7.1) it follows that

0= —iwn* (2.4.7.6)

Inserting the expressions (2.4.7.3)—(2.4.7.6) in Eq. (2.4.7.2) gives

- 1 wr3y2E w3 E h?
I = —ReI ——5 ol = (— - yz) : Inolzl

2 1 21 —12) \ 4
1, Ews® [, 1(K*

== : Ay ===~ 2.4.7.7
5 Imol™ =73 [y > ( 1 Y ( )

The time average of the energy flow per unit length is using Eq. (2.4.7.7)

3

2 3
—_ = -D 24.7.8
i = Il Den® 2478)

B h/2 _ )
m=/ Tedy = Iol? - wr®
2

This is the same result as given by Eq. (3.91) by exchanging the amplitude from A
to no.

2.4.8 Example 4.8

The bending of a plate and the corresponding displacements, stresses etc. are given
by (4.44) as:

¢ = exp{i (wf — x)} B sinh (ay) 2.48.1)
W = exp i (wt — kx)} C cosh (By) (2.4.8.2)
where
o= {nz — K21+ )1 —20)/(1 — 1/)}1/2 (2.4.83)
5= {;-;2 —K22(1 4 u)}l/2 (2.4.8.4)

The parameters B and C and the wavenumber « should satisfy (4.46). Thus

B sinh(ah/2) {ﬁz — K+ 1/)} +ikf3C sinh(Bh/2) = 0 (2.4.8.5)


http://dx.doi.org/10.1007/978-3-662-47807-3_3
http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_4
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— 2ikaB cosh(ah/2) 4+ 2C cosh(Bh/2) {52 — k%(] + 1/)} =0 (2.4.8.6)

The displacements and stresses are

9 0y 0 Dy
=7+ ) W= 3 " B (2.4.8.7)

B E 9% ¢ O
T Urna-2w) {”ﬁ =g - A=) axay] (2458

E 0% 0%y 0%
= 2 _— - — 2.4.8.9
A YT [ Oxdy + dyr  Ox? ] ( )
Equations (2.4.8.1), (2.4.8.2) plus (2.4.8.7) yield
1 = exp {i (wt — kx)} {Bacosh(ay) 4+ ixC cosh(SBy)}
The displacement along the centerline y = 0 is
n =-exp{i (wt — kx)}{Ba +ixC} (2.4.8.10)
For h — 0 Eq.(2.4.8.5) yields (sinh x ~ x)
Ba{i? — (1 + ) +irnC =0
Ba[k* —k2(1
e - _Bals 20( +0)] (2.48.11)
B
The result (2.4.8.11) inserted in the expression (2.4.8.10) gives
K2 —ki(1+v)
=expli(wt —kx)}-Ba{l— — 0 "7
n=expli ) | K2 = 2k3(1 + v)
k(1 +v)
=expli(wf —kx)} - Ba- | ——2 2.4.8.12
pli ) [ e rer ( )
The displacement along the x-axis is
0 0
&= a—¢ + 8_w = exp {i(wt — kx)} - {—ikBsinh(a - y) + SC sinh(( - y)}
X y

fory « 1,sinh(a-y) = a - yetc. =
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. , iB*C
E=expli(wt —kx)}-y-{—ic}jaB + (2.4.8.13)
K
This result in combination with Eq. (2.4.8.11) gives
_ ) k3(1+v)
& =expli(wt —kx)}-y- (—ikaB) - - (2.4.8.14)
K
Equations (2.4.8.12) and (2.4.8.14) yield for x > kg
L 0
§=—y-{—irln=—y- 8—77 (2.4.8.15)
x

The normal stress oy is obtained from Eqgs. (2.4.8.1), (2.4.8.2), and (2.4.8.8) as
£ fiwr — )
= ¢Xx -
1+ ) (1 —2p) CPUWE= R
: {[ua2B — 2B — u)] sinh () + (1 — 20) (i) BC sinh (ﬁy)}
(2.4.8.16)

Ox

Since h « 1 it follows that sinh(ay) &~ ay etc. By using these approximations in
Eq.(2.4.8.16) the result reads

exp {i (wt — kx)}

Ox

_ E
(4 (1-2v)
yva k“B(l —v)a— (1 =2v)ik3“C (2.4.8.17)

Equations (2.4.8.11) and (2.4.8.17) =

_ Eyaf
A4+ (1 -2v)

: {[uaz — 20— u)] +(-2w) [f& K21+ u)]}

Oy exp {i (wt — kx)}

_ Eyaf . B . (1 4+v) (1 —=2v)

= —(1 T d ) exp {i (wt — kx)} [ko—(l s ]
E E

= ﬁk%aB exp {i(wt — kx)} = myﬁzn

The displacement 7 is defined in Eq. (2.4.8.10). For x > ko

E E %
- = y(-= 2.4.8.1
Ox = T2 1_V2y( 2 (2.4.8.18)
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The shear stress is obtained from Egs. (2.4.8.1), (2.4.8.2), and (2.4.8.9) as

Ty =G {—2imB cosh(ay) + C( + £2) cosh(ﬁy)} - exp i (Wi — Kx))
(2.4.8.19)
B + k2 =2[K> — k2 (1 4 )] (2.4.8.20)

The parameter C is given in Eq. (2.4.8.6). Equation (2.4.8.19) is rewritten as

cosh (ah/2) cosh(By)
cosh (Bh/2)

Ty =G (=2ika) B[cosh(a -y) — ] -exp {i (wt—krx)}

(2.4.8.21)
For ah /2 « 1 the cosh terms can be expanded in Taylor series as

(a-y)?

cosh(a-y) =1+ >

The expression inside the large bracket of Eq.(2.4.8.21) is using this expansion
written as

cosh (ah/2) cosh(3 - y)
B cosh (3h/2)

[+mm1®+ww1
PGS 8

J = cosh(a - y)

2
2 (- h)?
L
a? B (@ B @@=, (n)
R + — — = yi— (=
2 8 8 2 2 2
(2.4.8.22)
Equations (2.4.8.3), (2.4.8.4), and (2.4.8.22) give
2 2
I~ _k<zl(1_+y§_) . % [(;) _ y2} (2.4.8.23)

The shear stress is consequently given by

EK3(1 + n\?
Txy = — 2((1(_ sz) : {(E) - y2] - €Xp {l (WI - ISJ)C)}

2
. L%] . {_,-,gag} (2.4.8.24)
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This expression in combination with Eq. (2.4.8.12) finally gives the shear stress inside
a thin plate as
n\? 2 E n
=—(l=z) — e — 2.4.8.25
Ty [(2) Y } 21— 12) o3 ( )

2.4.9 Example 4.9

The wavenumber is according to the text given by
lro, 2 4 2 2,m2]Y? 12
k=213 [k + k7] [4n* + &7 = /7)) (2.4.9.1)

The wavenumber « for bending waves is proportional to /f whereas k; and k; are
proportional to f. In the high-frequency range, for k; and k; > k, the asymptotic
solutions to Eq. (2.4.8.1) are

ky = +k; and ky = &k, /T
The first solution represents an L-wave. The second solution should equal the

wavenumber k, for a Rayleigh wave defined in Eq. (4.57). The equality &k, /T = k,
gives according to Eq. (4.57)

kt/ﬁ = X,wv/p/E where k; = wy/2(1 +v)p/E
These expressions give
T =2(1+v)/X? (2.4.9.2)

For v = 0.3 the parameter X, is given as 1.74 in Table 4.2. The Timoshenko constant
T is thus obtained as 0.86 for v = 0.3.

2.4.10 Example 4.10

According to Eq. (4.46) the normal and shear stresses are

E 0% 0%¢ %1
= Trna—w) |Yae T Vg 2550

(2.4.10.1)


http://dx.doi.org/10.1007/978-3-662-47807-3_4
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2 2 2
E [2@ oY éw] (2.4.10.2)

YT o0t |Toxr T 92 T axz

The boundary conditions are oy = 0 and 7, = 0 for y = 0. By inserting the
expressions given for ¢ and v in Eq. (2.4.10.1), the first boundary condition gives

Bjeh/? [(kf — k(1 —v) — ukf] = (—ik,)(1 — 20)BC2e"?  (2.4.10.3)

where

» (L 0)(1 = 20)

kP = k2 T—7 and k§ = w?p/E (2.4.10.4)

Equation (2.4.10.3) is satisfied if

Cy _iexplh(a—B)/21{k} — k(1 + 1)}

B, = P (2.4.10.5)
The second boundary condition 7y, = 0 for y = 0 gives
2(—iky ) Bie? 4 CrePM2 (3% + k%) = 0 (2.4.10.6)
where
B =k —2k3(1 +v)
The ratio C,/Bj is from Eq. (2.4.10.6) obtained as
Gy explh(a— 5)/2] (iky) (2.4.107)

Bl [k -k +v)]

The results (2.4.10.5) and (2.4.10.7) must be identical for the boundary conditions
to be satisfied. Equality holds when

Kaf = [kf — k(0 + ,,)]2 (2.4.10.8)

The solution to Eq. (2.4.10.8) is the wavenumber for Rayleigh waves. Consequently,
the potentials ¢ and 1) given in the problem satisfy the boundary conditions o, = 0
and 7y, = 0 for y = 0, i.e. on the surface of the semi-infinite solid.
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2.4.11 Example 4.11

The potentials governing the displacement induced by Rayleigh waves are according
to Eq. (4.68) given as

¢ Aeayei(wt—k Xx)

W = iAeDel@i= kx)[ kz(l—uz)]/(krﬂ) 2.4.11.1)
The normal and shear stresses are given by Egs. (4.54) and (4.55) as
E ¢ 2¢ 321/1
== — — - — 2
o (1+1/)(1—2V)[ Vo T T g =y ]
E ¢ % 0%

xy = 2 2.4.112
™ 0 I 8x3y+8y2 8x2] ( )

The displacements in the x- and y-directions are

_06 Oy 0 N
§—ax+ay, ”_ay B (2.4.11.3)

For zero displacement in the z-direction, the time average of the intensity in the
x-direction is given by

1.= %Re {—0:& — Ty} (2.4.11.4)
The intensity in the y-direction is

Iy = %Re {—oyi* — Ty€¥) (24.11.5)
The intensity component I_y is equal to zero since there are no waves propagating

along the y-axis.

2.5 Chapter 5

2.5.1 Example 5.1

Notations—see Fig.5.17.

The junction is hinged—no bending moment transferred from beam 1 to beam 2.
Only L-waves in beam 1. No force along the axis of beam 2. Thus only F-waves in
beam 2.


http://dx.doi.org/10.1007/978-3-662-47807-3_4
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Beam 1 Incident and reflected L-waves. Time dependence e
51 — e—ikx + Aleikx

k-wavenumber for L-waves.
Beam 2 Transmitted F-waves. Time dependence e'*’.

Wy = Aze_mx + Aze™

k-wavenumber for F-waves.
Boundary conditions (x =0; y =0)

Displacement
ESl+w=0
Bending moments
Me—D 0w _
dy?
Forces, x-direction
Fiy + F2 =0
lezhE-%; F2x=—D’o%
Ox 0y3

There are no forces in the y-direction.
Boundary condition (2.5.1.3) =

1+A1+A+A3=0

Boundary condition (2.5.1.4) =
Ay = A3

Boundary condition (2.5.1.5) =
—iSEk[l — A1 =iD'k*[As + i A3]

Introduce the parameters

2 Part 2 Solutions

(2.5.1.1)

(2.5.1.2)

(2.5.1.3)

(2.5.1.4)

(2.5.1.5)

(2.5.1.6)

(2.5.1.7)

(2.5.1.8)

D'k3
8 = ——; S-cross section area of beam, S =b-h
SEk
o _b-nE pbh - w2
= , K =
12 D’
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The incident and transmitted energy flows are

_ EkS _
iy = — T Tl = 0D’ |42 (2.5.1.9)

The ratio between the energy flows is

I, 1
- = 5 (2.5.1.10)
Iirans 26 |A2|
The amplitude A; is obtained from the Egs. (2.5.1.6)—(2.5.1.8) as;
Ay = 2 (2.5.1.11)
T T B2+ o
The results (2.5.1.10) and (2.5.1.11) give
I 2)2 2
M _ (B4+2" 47 (25.1.12)
Htrans 8/8
2.5.2 Example 5.2
Notations as in Example 5.1.
Beam 1 (incident and reflected F-waves)
wy = e 4 At 4 Ape"™ (2.5.2.1)
Beam 2 (transmitted L-wave)
& = Aze™ 0 (2.5.2.2)
Boundary conditions (x = 0; y = 0)
w; =& (2.5.2.3)
8w,
— =0 2524
E%) ( )
Fiy = Fy (2.5.2.5)
Pw 3
Fiy=—-D—~; F,=SE== 2.5.2.6
1y ax3 2y ay ( )
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The incident and transmitted energy flows are

wEkS

/.3, 1
IMin =wD'k”;  Iyans =

- |A3)? (2.5.2.7)

The amplitude A3 is obtained from the boundary conditions (2.5.2.3)—(2.5.2.5) as

40

BT

(2.5.2.8)

The results (2.5.2.7) and (2.5.2.8) give

iy 28 Q+B)*+52

1:Itrams B |A3|2 B 86

The same result as for Problem 5.1.

2.5.3 Example 5.3

All plates are equal. Each plate equally excited by bending at the common junction.
The same wave field is induced in every plate.
Plate 1

Incident and reflected fields. Time dependence ¢/

wi = e " 4 ALl 4 Ape"™ (2.5.3.1)

Platen )
Transmitted field. Time dependence ¢'“".

w, = Bre Y + Bye ™Y (2.5.3.2)
No translatory motion at junction.
w;=0forx=0; w, =0fory, =0 (2.5.3.3)
The boundary conditions (2.5.3.3) give
1+A;+A,=00r Ay = —1— A (2.5.34)

Bi+ By =0o0r B =—B; (2.5.3.5)
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Rotation around the junction is the same for every plate. Thus

owq owy,
7 2.5.3.
o 3y (2.5.3.6)

This boundary condition in combination with the expressions (2.5.3.1) and (2.5.3.2)
give

—14+A—iAy=—-B1+iB;
The results (2.5.3.3)—(2.5.3.6) give
Al=—-By1—1i (2.5.3.7)

The forcing bending moment is equal to the sum of the reacting moments

N
M= M, with M, =—D -0%w,/0x> (2.5.3.8)
n=2
Equations (2.5.3.1), (2.5.3.2) and (2.5.3.8) give
—1—A;1+Ay=(N—1)(—B; + By) (2.5.3.9)

Use the results (2.5.3.3), (2.5.3.4), (2.5.3.7), and (2.5.3.9) =

1—i
B = 2.5.3.10
1 N ( )
The incident energy flow is [Ty, = wDx>
Transmitted energy flow in beam 7 is
Hians = wDK> - | B> = T 2 (2.5.3.11)
trans = WUK™ - [D1]” = m‘N2
The attenuation R across the junction between beam 1 and beam 7 is
R = 10log(ITjy /Tirans) = 10log(N?/2) (2.5.3.12)

2.5.4 Example 5.4

Assume a time dependence exp(iwt). Let the wavenumber for L-waves be k =

w+/p/E (Fig.2.11).
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The width of the
beams is equal to b.

it IOl @ n e —

Fig. 2.11 An infinite beam with a discontinuity

Beam 1
Incident and reflected L-waves

& =e 4 Rk (2.5.4.1)

Beam 2
Transmitted and reflected L-waves

&H = Al . e~ ikx + B . kX or

2.54.2)
& = Asin(kx) + B cos(kx)
Beam 3
Transmitted L-wave
&G =T e k=D (2.5.4.3)
Boundary conditions
Atx =0
Displacement
H=6 (2.5.4.4)
Forces
S| 3
h-——=H.== 2.5.4.5
Ox 0x ( )
Atx =L
Displacement
=& (2.5.4.6)
Forces
0 0
H ﬁ =h- ﬁ 2.54.7)

Cox Oox
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The four boundary conditions give the parameters R, T, A, and B. The parameter
T is obtained as

T =[cosa+isina(h/H + H/h)/2]”" where a = kL

The ratio between the time averages of the incident and transmitted energy flows are

I, 1 sinkL) (h H\T?
-0 - =1+ - = (2.5.4.8)
Htrans |T| 2 H h

Whenever @« = kL = nm, or when the wavelength is a multiple of the length L,
there is no transmission loss across the discontinuity. Maximum transmission loss is
obtained for o = kL = nm + /2.

For kL <« 1 sin(kL) &~ kL. For this particular case Eq.(2.5.4.8) is approxi-
mated by

My ~ — 2 P YL (22 2
Pl | TUEE/2) BH = HIE =1+ 45 [Hh (1 h)} (254.9)

2.5.5 Example 5.5

Assume a time dependence exp(iwt). Let the wavenumber for L-waves in beam 1 and
3 be k; = w+/p1/E1. The wavenumber for L-waves in beam 2 is ky = w+/p2/Es.
Beam 1

Incident and reflected L-waves

& = e X L R MY (2.5.5.D)

Beam 2
Transmitted and reflected L-waves

& = Asin(kyx) + B cos(kox) (2.5.5.2)

Beam 3
Transmitted L-wave

&G =T ¢ k=D (2.5.5.3)
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Boundary conditions

Atx =0
Displacement
=& (2.5.5.4)
Forces
23} 0&
h-Ey— =h-E,—= 2.555
o 25, ( )
Atx =1L
Displacement
=& (2.5.5.6)
Forces
0 0
no5 22 g g %8 (2.5.5.7)
Ox Ox

The four boundary conditions give the parameters R, T, A, and B. The parameter
T is obtained as

T = [cos o + i sin W(E 1k /Exks + Eaky/Erk1)/2]7'  where a = kL

The ratio between the time averages of the incident and transmitted energy flows are

_ 2

IT; 1 in(ko L E E

Tlin L sin(koL)  [Eipr [ E2p2 (2.55.8)
Mtrans |T| 2 Ezp Eipi

For an elastic interlayer between for example concrete or steel beams the properties
of the materials are such that E1p; > Esp>. If in addition o < 1, Eq.(2.5.5.8) is
simplified to

lzlin wL 2
~ 1+ |:— . \/E1p1:| (2.5.5.9)

I trans 2E,

Compare Fig.5.27.

2.5.6 Example 5.6

The width of structures is b. Assume b < 1 (Fig.2.12)


http://dx.doi.org/10.1007/978-3-662-47807-3_5
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Fig. 2.12 Infinite beam with b

a blocking mass

@ —

T

M = pBbH; m' = pBh

_bBH®  MH?*
YT T

B EBK3
T

D/

14
T [m’wz/D’]

The mass of the blocking mass is M and its mass moment of inertis is /,,. The
bending stiffness of the beam is D’ and the wavenumber for F-waves propagating
along the beam is «. If the blocking mass is sufficiently narrow, b < 1, the distance
between the beams can be neglected in the low frequency range. Assume a time
dependence exp(iwt).

Beam 1
Incident and reflected flexural waves

wy =e 4 R 4 XM (2.5.6.1)

Beam 2
Transmitted flexural waves

Wy =T e " 4 y. e (2.5.6.2)

Boundary conditions at x = 0

Displacement
w] = w2 (2.5.6.3)
Rotation
awl 8w2
—_—= 2.5.64
Ox Ox ( )
Forces

F—F =M - (2.5.6.5)
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Bending moments
9* (0
My— My =1, — (ﬂ) (2.5.6.6)
Equation (2.5.6.5) =

FPwy, Pw; WM
o3 "3 = D - wy (2.5.6.7)

Equation (2.5.6.6) =

owy 82w2 82w1

2 /

W, - —==-D". _
{ Ox2 Ox?2

o (2.5.6.8)

The boundary conditions give the amplitudes R, T, X and Y. The ratio between
incident and transmitted energy flows is given by

Min /Ty = 1/|T? (2.5.6.9)

2.5.7 Example 5.7

The direction of the energy flow caused by a propagating and an evanescent wave is
discussed in Sect.5.2. Compare the Eqgs. (5.35) and (5.36). The energy flow induced
by just one evanescent wave is obtained by considering a wave defined as:

w= A -expf{iwt — kx} (2.5.7.1)
The wavenumber is given by k = xo(1 — in/4). Thus

w = A -exp{i(wt + koxn/4) — kox} (2.5.7.2)

Using the expression (2.5.7.2) and considering the discussion in Sect. 5.2, the energy

flow is written
Rel D Pw\ [ow)* D PPw\ { Pw\"
. e . — — — . — —
Ox3 Ot Ox? OxOt

Re{D (=K - w(—iw)w* — D nz-(iwm*)ww*}

I:I:

l\JI'—‘l\)I'—‘ | =

~Re[D’ wl]? - w[m — K’k ]} (2.5.7.3)


http://dx.doi.org/10.1007/978-3-662-47807-3_5
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http://dx.doi.org/10.1007/978-3-662-47807-3_5
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Forn <1
K~ k(1 —i3n/4) (2.5.7.4)
K2~ K31 —in/2) s w3 _
K* ~ ko1 +in/4) ] powTRT R k(1 —in/4) (2.5.7.5)
The Eqgs. (2.5.7.3)—(2.5.7.5) give
-1
1= 3 -Re [D/. |w|2w/£(3) {i +3n/4—i _77/4}] (25.7.6)

The bending stiffness is D’ = D (1 4 in) and |w|? = |A|? - e~2%0%  In combination
with Eq.(2.5.7.6) these expressions give

= Z Dy - wky - |A|? - e 2r0x

The energy flow is positive. = The wave travels along the positive x-axis.
2.5.8 Example 5.8
According to Eq. (5.50) the far field solution is

w(r, t) = /i [ Ujil)eim‘ _ ienr] woeiwt
e

~ I (I+10)
VLT

for r > 1. The amplitude wy is obtained from Eq. (5.53) as

] wo - exp [i (wt — kr)] (2.5.8.1)

wo = —i Fy/(8K>D) (2.5.8.2)

when F and w are defined positive in the same direction. The far field solution at a
distance r from the excitation point is

w(r, 1) = _Fo [M] “exp i (wt — Kr)] (2.5.8.3)
8k2D | /kr

2.5.9 Example 5.9

From Eq. (2.5.9.3) in the previous example, the displacement in far field at a distance
r from an excitation point is


http://dx.doi.org/10.1007/978-3-662-47807-3_5
http://dx.doi.org/10.1007/978-3-662-47807-3_5
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w(r,t) = _Fo_ [u] -exp [i (wt — Kr)] (2.5.9.1)
8k2D | /7rr

The force exciting the plate is F(t) = Fpexp(iwt). In the far field, the energy flow
per unit length is Eq. (5.55)

_ 1 Fw\ (ow\* Pw [ Pw\"
fl, = 5 Re [D. (W) (E) -2 (M) ] (2.5.9.2)

The total power passing a circle with radius r is
I:Itot =2nr - I:Ir (2593)
Using Eq. (2.5.9.3) the derivatives of w are, for r — oo, given by

ow ) *w ) Fw 3
— = (—ir) w; =—Kw;, —5 =IKw
or

or or?

These expressions in combination with Eq. (2.5.9.2) give

_ Fol*w
H,:Dm3w|w|2— | Fol

= 2594
327 DK2r ( )

The total power passing a circle with radius r is from Eq. (2.5.9.3) equal to

=12
_ |FolPw  |F| w
S ] B 2595
U7 16DK2 ~ 8DK2 ( )

According to Eq. (5.54) the point mobility Y for an infinite plate is

1

iwt

For a plate exited by a point force F = Fy - ¢'“" the input power to the plate is

Hin:%Re{Fw)*}; v=F.Y =

=2

o _RP o RE_ REP _|F
in =T R = 172~ 16Dgr2  8Dor2
16 (ph Do) 0K 0k

(2.5.9.7)

For no losses in the plate Mo = iy as given by Egs. (2.5.9.5) and (2.5.9.7).
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2.5.10 Example 5.10

A plane flexural wave is incident on a straight junction between two semi infinite
plates. The angle of incidence is «. The angle is such that sina > k/k| where
x1 and kp are the wavenumbers for flexural waves propagating in the plates 1 and
2. The incident wave is propagating in plate 1.The amplitudes of the reflected and
transmitted waves are given in Eq. (5.126) as

Uy —iU

R=—_"123 (2.5.10.1)
U —il,
.y

7= S8 (2.5.10.2)
U —iU;

where according to Eq. (5.125)

U =vZ2 +sina+YV1+sina; Uy =Ycosa—ivsin?a — Z2
Us = —Ycosa —ivsin?a — Z2; sina > ka/ki (2.5.10.3)

Equations (2.5.10.1) and (2.5.10.3) give

Uy —Vsin2a— Z2+iY cosa
Uy —Vsinfa—Z2—iY cosa

R =

Thus

U, — 2 Z2 2 Y 2
(Uy — V/sin" « )+ (Y cos o) _q (2.5.10.4)
(Uy — Vsin? o« — Z2)2 + (Y cos a)?

The incident energy flow is reflected completely when sin v > k2 /K1.

IRI> =

2.5.11 Example 5.11

According to Eq. (5.129) the transmission cofficient across the joint is
(@) =1~ |R? @2.5.11.1)
The angle of incidence is «. The amplitude of the reflected wave is

Uy —iUjs

R=———0r—+
U —il,

(2.5.11.2)


http://dx.doi.org/10.1007/978-3-662-47807-3_5
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with

U1=\/Z2+sin2a+Y\/1+sin2a; Ug:x/m+Ycosa

Us =vVZ2—sin*a—Ycosa (2.5.11.3)

Forsin o < x»/k1 the functions Uy, U and U3 are all real. Thus using Egs. (2.5.11.1)
and (2.5.11.2) the transmission coefficient is obtained as

U? —U?
@) =1-|RF=2—3 (2.5.11.4)
Ui +Uj
Equations (2.5.11.4) and (2.5.11.3) give
4y V' Z2 — sin?
Tla)= 2oL A A (2.5.11.5)
Ui +U;
According to Eq.(5.126) |T|? is
4
TR = S22 2.5.11.6)
U? + U3
This expression in combination with Eq.(2.5.11.5) gives
5 72 —sin? o
(@) = |T]"Y ——— (2.5.11.7)
COS &

2.5.12 Example 5.12

The transmission coefficient between the two plates is given by Egs. (2.5.11.7) and
(2.5.11.6) in the previous example. The coupled semi-infinite plates are identical.
Thus according to Eq.(5.125) the parameters ¥ and Z are both equal to unity. For
Y = Z = 1the Eqs.(2.5.11.6) and (2.5.11.7), Example 5.11, give

() = |T|)? = (cos a)?/2 (2.5.12.1)

For normal incidence o = 0 and 7(0) = 1/2. The average transmission coefficient
T is according to Eq.(5.133)

w/2
T4 = / 7 () cos ada (2.5.12.2)
0
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The Eqgs. (2.5.12.1) and (2.5.12.2) give

m/2 1
Td = / 7(a) cos ada = 3 / da [cosa — sin? a]
0
Ir. . 3,4,
=3 [sma — (sina) /3]0 —1/3 (2.5.12.3)
The ratio between the transmission coefficients for random and normal incidence is
thus

74/7(0) = 2/3 (2.5.12.4)

2.6 Chapter 6

2.6.1 Example 6.1

The wave equation governing L-waves propagating in a beam is

¢ p 0%
— —=.—=0 2.6.1.1
ox2 E 01 ( )
Assume a solution
Ex, 1) = g(1) - p(x) (2.6.1.2)
Thus, as discussed in Sect. 6.1
>
T R 2.6.1.3
o2 Tk ( )
d>g E
ST 42 2g=0 (2.6.1.4)
dxz2  p
The general solution to Eq.(2.6.1.3) is written
@ = Asin(kx) + B cos(kx) (2.6.1.5)

The boundary conditions for clamped edges are

p=0 forx =0andx =L (2.6.1.6)


http://dx.doi.org/10.1007/978-3-662-47807-3_6
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The Eqgs.(2.6.1.5) and (2.6.1.6) give
B=0; sinkL)=0 = k=nn/L (2.6.1.7)
Thus
oy = sin(nmx /L) (2.6.1.8)

According to Egs. (6.19) and (6.22) the natural frequencies or eigenfrequencies are

k Eq11/2 Eq11/2
fp=2m0 _Fa JEOLT 20 (2.6.1.9)
27 27 0 2L p
The eigenfunctions ¢, are orthogonal since
L
/ On(X)pmx)dx =L/2 form =n
0
=0 form #n (2.6.1.10)

2.6.2 Example 6.2

Following the procedure outlined in Example 6.1, the general solution to the differ-
ential equation (2.6.2.3) in the previous example is written

@ = Asin(kx) + B cos(kx) (2.6.2.1)
The boundary conditions are
=0 forx =0anddy/dx =0forx =L (2.6.2.2)
The Eqgs.(2.6.2.1) and (2.6.2.2) give
B=0; cos(kL)=0 = k,=n(n+1/2)/L (2.6.2.3)
Thus
on = sin(kpx) (2.6.2.4)

According to Egs. (6.19) and (6.22) the natural frequencies or eigenfrequencies are

fn=

wn()_k_n.[@]1/2=n+1/2.lﬂll/2 (2.6.2.5)

2 2nm p 2L p


http://dx.doi.org/10.1007/978-3-662-47807-3_6
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The eigenfunctions ¢, are orthogonal since

L
/ on(X)pmx)dx =L/2 form =n
0

=0 form#n (2.6.2.6)

2.6.3 Example 6.3

The displacement £ in the resiliently mounted beam is defined as

§(x, 1) = p(x) - g(t) (2.6.3.1)

The function ¢ should satisfy the differential equation

2

%
= Ko =0 (2.63.2)

Let the stiffness of each resilient mount be defined by the spring constant k. At each
end of the beam, the force due to the normal stress in the beam should equal the
spring force. Thus the boundary condition at each end of the beam is

k€ =08 = ES% atx =0 (2.6.3.3)
Ox

At the other end the boundary condition is

k= —0S=—ESP atx=1 (2.6.3.4)
Ox

The cross-sectional area of the beam is S. The Egs. (2.6.3.1), (2.6.3.3) and (2.6.3.4)
give the boundary condition

ES dy
=—.— atx=0 2.63.5
T T ( )
and
ES dy

_ . tx=1L 2636
L ( )
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The general solution to Eq.(2.6.3.2) reads
p(x) = Asin(kx) + B cos(kx) (2.6.3.7)
Equations (2.6.3.5) and (2.6.3.7) give for x = 0
A =ksB/(SEk) (2.6.3.8)

and forx = L

SE
. [Ak cos(kL) — Bksin(kL)] 4+ Asin(kL) + Bcos(kL) =0 (2.6.3.9)

S

The Eqgs. (2.6.3.8) and (2.6.3.9) give

2
2. ka -cos(kL) = |:(ka) - 1:| -sin(kL)

There is an infinite number of solutions to this equation. Let the solutions be &, and
define o, as o, = k, L as being the solution to

SEqy,
Lk,

SEqy, 2 {
Lk;
The eigenfunctions ¢, are obtained from (2.6.3.7) and (2.6.3.8) by replacing k by
ky. Thus

tan(ay,) =

(2.6.3.10)

wn = A(SEky,/ k) cos(k,x) + A sin(k,x) (2.6.3.11)
By for example setting A = 1 the eigenfunction is reduced to

SEk,
ks

wn(x) = sin(k,x +,) tan-vy, = (2.6.3.12)

The eigenfunctions are orthogonal since the Eq. (6.17) is satisfied.

When the stiffness of the resilient interlayer is made increasingly stiff or when
kg — oo, then tan(a,) — O and tan(vy,) — 0 giving o, = 7, = nw/L and
n = sin(nmx /L). This is the eigenfunction for a beam with clamped ends. If on the
other hand, k; — 0 the ends tend to be free and ¢, — cos(k,x).


http://dx.doi.org/10.1007/978-3-662-47807-3_6
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2.6.4 Example 6.4

For an eigenfunction to satisfy periodic boundary conditions the requirements are
©n(0) = (L) (2.6.4.1)
[00n/0x]x=0 = [Opn/Ox]x=L (2.6.4.2)

The eigenfunctions should satisfy Eq.(6.11). The general solution to this equation
reads

pn(x) = Ay sin(k,x) + B, cos(k,x) or
wn(x) = Cy sin(k,x + ap) (2.6.4.3)
For ¢, to satisfy Egs. (2.6.4.1) and (2.6.4.2) k, must equal k, = n7/L. The bound-

ary conditions are then satisfied by Eq.(2.6.4.3) for any A,, B,, C, or «,. For an
eigenfunction ¢, (x) = sin(k,x + o) orthogonality holds since

L L
/ ©n(x)pm(x)dx = / sin(kyx + ) sin(kyx + oy )dx
0 0

L
= (1/2)/ {cos [x(ky, — kp) + (an — )] — cos [x (ky + kp) + (0 + o)1}
0

=0 form #n
=L/2 form=n>20

= L(sincuo)2 form=n=0

2.6.5 Example 6.5

The clamped beam shown in Fig.2.13 is excited by a force F = Fy - ¢/“! at x = x.
The forced response of the beam is

E(x, 1) = h(x) - ™! (2.6.5.1)

Fig. 2.13 A clamped beam 3

excited by a force F



http://dx.doi.org/10.1007/978-3-662-47807-3_6

102

The displacement £ (x, t) should satisfy the wave equation

P p ¢ F-dx—x))
ox2 E 02 SE
Consequently,
dz_h+k2.h:_M; k2:w_2p
dx? SE E

The solutions to Eq.(2.6.5.3) are
h_ = Ay sin(k;x) + By cos(kix) 0 < x < xg
hy = Axsink;(L —x) + Bacoski(L —x) x1 <x<L
The boundary conditions are
h_(0)=0
hi(L)=0
h_(x1) = hy(x1)
][] -5
dx |,y dx |,y SE
The Egs. (2.6.5.6)—(2.6.5.9) give
B =0
B, =0

Ay sin(k;xy) = A sink; (L — xp)
F
ki [Az cosk; (L — x1) + A cos(kix1)] = SE

The solutions are

Fo - sin(k;xq)

Ay = ————
SEk; sin(k;L)

Al — Fo-sink;(L — x1)
' = T SEk sin(k L)

2 Part 2 Solutions

(2.6.5.2)

(2.6.5.3)

(2.6.5.4)

(2.65.5)

(2.6.5.6)
(2.6.5.7)

(2.6.5.8)

(2.6.5.9)

(2.6.5.10)
(2.6.5.11)

(2.6.5.12)

(2.6.5.13)

(2.6.5.14)

(2.6.5.15)
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The response is
E(x, 1) = Fo(x) - " - G(x |x1)

sin(k;x1) - sink; (L — x)

G(x|x1)=Gi(x|x1) = SEk sin(iL)

sink;(L — x1) - sin(k;x)
G(x|x1) = Ga(x |x1) SEksnoL) 0<x<x<L

2.6.6 Example 6.6

The response £ of the beam excited by a force F’is according to Eq.(6.51) given by

L X L
E(x, 1) = /0 F'(s,0)G(x|5)ds = /0 F'(s,0)G1(x [s)ds +/ F'(s, )G (x s)ds
! (2.6.6.1)
The Green’s function for a beam with clamped ends is given in Eq. (6.53). Thus, the
response is given by

Fy . 1

1) = —— . iwt |~
S0 D) = = s D)

X L
[/ dg - sin(k;) - sink;(x — L) +/ dg-sink;(s — L) - sin(klx)]
0 X

FO iwt 1
—_9. R o
L ¢ SEhsmmgn @
(2.6.6.2)

The function £2(x)is

1
2(x) = T {sink;(x — L) -[1 — cos(k;x)] + sin(k;x) - [cosk;(x — L) — 1]}

1 . . .

=z {sin(k;L) + sink;(x — L) — sin(k;x)}
(2.6.6.3)
The Eqgs. (2.6.6.2) and (2.6.6.3) give the response of the beam as
E(x,t) = —E ceter. ; -{sin(k;L) + sink;(x — L) — sin(k;x)}
T SEKZsin(kL) ! ! !

(2.6.6.4)
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2.6.7 Example 6.7

The differential equation governing the response of the beam is

P _p P _ _Fxn

— === 2.6.7.1
ox2 E 012 SE ( )
The external force per unit length is
F .
F'(x.) = - ¢! sin (%) (2.6.7.2)
The response is written as
Ex ) =" D" Coonl) (2.6.7.3)

where the eigenfunction satisfying the boundary conditions for a clamped beam is
n(x) = sin (nmx/L) (2.6.7.4)
The eigenfunction satisfies
P (x) = —knpn;  kn =n7/L (2.6.1.5)

& and o, satisfy the same boundary conditions. The Egs. (2.6.7.1)—(2.6.7.3) give

ch '@Z+kz22Cn Cop = —% - sin (%)
> Coon- [k,2 - k,%] - —SZ:L - sin (”L—x) (2.6.7.6)

Multiply Eq. (2.6.7.6) by ¢, and integrate over x. The result is

F L . (OTX\ . (TX
Cn <g0n|g0n>|:k12—k,2l:|:—SE—L o dx-sm(T)-sm(T)
C,-L F L
Z . [k12 — ,21] = ———— - — forn =1, otherwise zero. Thus
SEL 2
—-F
C Cp,=0 forn#1 (2.6.1.7)

T SEL-[K2 -k
The Egs. (2.6.7.3) and (2.6.7.7) give the response as

—F - ¢! .sin (mx/L)
SEL - [k} — (7/L)?]

Ex, 1) = (2.6.7.8)
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Fig. 2.14 A beam clamped ¢
at one end and excited by a )
force at the other end 7 F ,

=0

2.6.8 Example 6.8

The displacement £ of the beam is governed by the differential equation (Fig.2.14)

¢ p 8¢ _ F1)-dx-L)
BT E ST sE (2.6.8.1)

For t < 0O the beam is at rest and § = § = 0. For ¢t < 0 the general solution to
Eq.(2.6.8.1) is £ = Ax + B. The beam is clamped at x = 0. Thus £(0) = 0 yields
B = 0. For x = L the boundary condition is

d¢ —i _E
(a)m =58 7 ‘&0=% (2.6.8.2)

According to Eq. (6.13) the eigenfunction for a clamped-free beam is
wn(x) = sin(kyx); knp = (m/L)Y(n +1/2) (2.6.8.3)

For t > 0 the external force F (¢) is zero. The displacement of the beam is for ¢t > 0
written as

£, 1) =D ga() - pu(x) (2.6.8.4)
The function g, () satisfies the differential equation (6.18), i.e.
K2gs + (p/E)iin = 0;  E = Eo(1 +in) (2.6.8.5)
Introduce w,, as

wn = (E/0)?  ky = (Eo/p)V? - (1 +in/2) ky = wno - (1 +in/2)
wno = (Eo/p)kn (2.6.8.6)

The solution to Eq. (2.6.8.5) can according to Eq. (6.20) be written as

Gn (1) = [An cos(wont) + By sin(wpot)] - e <m0 /2 (2.6.8.7)


http://dx.doi.org/10.1007/978-3-662-47807-3_6
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The initial condition is f(x, 0) = 0. Equation(2.6.8.4) gives ¢,(0) = 0. From
Eq.(2.6.8.7) B, = 0 and g,(0) = A,. The Egs.(2.6.8.2), (2.6.8.4), and (2.6.8.7)
give

F
0 =D Ann) = o (2.6.8.8)

The eigenfunctions are orthogonal thus

F L
Ap {pn | ou) = ﬁ : A dx - x - sin (k,x)
F
A, - (L)2) = SER sin [7(n + 1/2)] (2.6.8.9)
n
The response for r > 0
X, 1) = n - 0n(x) - cos(wont) - e
£Cx, 1) An - @n(x) - cos(wont) - €0/ (2.6.8.10)
with
2FL

M= SE i T

on(x) = sin [(x/L)(n + 1/D1; won = (7/L)(n + 1/2)/Eofp

2.6.9 Example 6.9

The differential equation governing the displacement of a beam which is excited by
a force at mid-point is

¢ p2 P& Fo-dx—L/2)

ol E a2 sp  explwon) (2.6.9.1)
Assume a solution
E(x, 1) = expliwot) - D Cp - pu(x) (2.69.2)
where the eigenfunctions for the clamped been are
on(x) = sin (kpx) ; ky = % (2.6.9.3)

The eigenfunction satisfies the equation

en(x) = —knon (2.6.9.4)
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The eigenfunction ¢, (x) and £(x) satisfy the same boundary conditions. Thus
Eq.(2.6.9.2) can be inserted in Eq. (2.6.9.1) giving the result

F
> Cu-n [kf - kﬁ] =~ 0 —L/2) (2.6.9.5)
where k% = wé p/E. Equation (2.6.9.5) is multiplied by ¢, and integrated over x.
(CuL/2) - [k} - kg] — —[F/(SE)] - sin (n7/2) (2.6.9.6)
The Eqgs. (2.6.9.2) and (2.6.9.6) give

o0

_ 2F - exp(iwgpt) . sin(nmx /L) sin(nm/2)
§0 D = =7 2 (nm/L)2 — K2

(2.6.9.7)
n=1

For frequencies well below the first natural frequency k; < 7/L, Eq.(2.6.9.7) is
written

2F -exp(iwpt) | sin(mwx/L) sin(3wx /L)
§0D=——7 I (/L) — k2 (3m/L)? — k?
sin(57x /L)
Sm/L?—k ]

Thus for k; <« 7/L the response is approximately given by

§lx, 1) ~ (2.6.9.8)

2F - exp(iwot) isin(wx/L)]
SEL (/L)?

2.6.10 Example 6.10

The velocities and forces at the two ends of the coupled beams are related as
(Fig.2.15)

Fig. 2.15 Two coupled Y1 v
beams. Beam 1 is mounted
to an infinitely stiff structure F F,
T
-« - 2 —
1
z=2L
=1L
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vy V1 vl
[FZ]=[A]2-[A]1-{Fl]=[3]-iFl]

Since S| = 45, the matrices [A]; and [A], are written
aiy an ar a2
Al = i [Al =
LAl |:t121 022} [AL2 [46121 azz]
The elements a;; are defined in Eq.(6.110) as

ail = axp =cos(k;L); aip = —iwsin(k;L)/(SEk;);
ayy = —iSEk; sin(k;L)/w

Equation (2.6.10.1)

= vy =By v+ B2 Fi
F, =By -vi+ By - Fi

2 Part 2 Solutions

(2.6.10.1)

(2.6.10.2)

(2.6.10.3)

(2.6.10.4)
(2.6.10.5)

The boundary conditions are F, = v; = 0. Equation (2.6.10.5) gives

By -Fi =0 and By =0
According to the Egs. (2.6.10.1) and (2.6.10.2), By is
By =ap - ay/4+ a3
Equations (2.6.10.3) and (2.6.10.6) give for By; = 0.
— [sin(k;L)1? /4 + [cos(k;L)]* = 0
The solution to Eq.(2.6.10.7) is
tan(k;L) = £2; k1L = arctan(2) ~ 1.1

The first eigenfrequency fi is

ki 0
=en (27rL> r

(2.6.10.6)

(2.6.10.7)

(2.6.10.8)

(2.6.10.9)
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Fig. 2.16 A beam mounted (a)
between two structures each T N F
having a point mobility ¥ :
=0 z=1L
(b)

2.6.11 Example 6.11

The forces acting on the beam and the resulting velocities are shown in Fig.2.16b.
The velocities at the two ends are according to Eqs. (6.95) and (6.96) given by

bi=—F - Y11+ F- Yy (2.6.11.1)
132=13'2~Y22—13'1-Y12 (2.6.11.2)
where
Yy =Y w dYp =Y w (2.6.11.3)
= = —— an = = 0. .
=12 = TS Ek tan(k L) 2= 52 = TS Bk sin(k L)

The mobility of the adjoining structure is Y. According to Fig.2.16b

A

y=F-Y andtp=—F-Y (2.6.11.4)

Equations (2.6.11.1), (2.6.11.2), and (2.6.11.4) give

Fi-Y=—F - Y1+ F- Yy (2.6.11.5)
— B Y=F -Yn—F Y (2.6.11.6)

By eliminating l:"I and I:"Q from Eqgs. (2.6.11.4) and (2.6.11.5) the result is

Y+Yu = Y
Yin Y + Y

(2.6.11.7)

If Y is known the frequency or rather the natural frequency satisfying Eq. (2.6.11.7)
can be calculated numerically. For the special case that the adjoining structure is a
rigid mass M then F=iwMbdand Y = v/F = 1/(iwM). For this particular case
Eq.(2.6.11.7) gives:


http://dx.doi.org/10.1007/978-3-662-47807-3_6
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Fig. 2.17 Stiff mass (a) (b)

mounted on a rod F F
M y

[SEkl sin(k L) + w>M cos(k,L)] = M (2.6.11.8)

As M — o0, Eq.(2.6.11.8) approaches cos(k;L) = %1. The solution to this limiting
case is kL. = nm and the resulting eigenfrequencies are f, = [n/(2L)]vV/Eo/p.
These are also the eigenfrequencies for a clamped beam. For M = 0 Eq.(2.6.11.8)
reads sin(k; L) = 0 giving the eigenfrequencies for a free beam. The solution is again
k;L = n. The corresponding eigenfrequencies are f, = [n/(2L)] v/Eo/p.

2.6.12 Example 6.12

According to Fig.2.17.

F—F=iwM -1 (2.6.12.1)
vi=F Yo+ F-Y» (2.6.12.2)
m=F -Yo+F-Y» (2.6.12.3)
nw=—-FKNRY (2.6.12.4)

Y is the mobility of the foundation. The transfer mobilities Y;; are given by
Eq.(6.96) as

iw
Yi=Yp=——"——"— 2.6.12.5
=27 "SFk - tan(k, L) ( )
iw
Yo=Y = (2.6.12.6)

"~ SEK, -sin(k/L)
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Fig. 2.18 Two coupled z
beams. One end clamped and Z F.et
the other excited by a force |

The Eqgs. (2.6.12.1) through (2.6.12.4) give

Yo =Yoo ¥l iwM-Yin-Y [Yp+Y]]™
Y12 Y12 Y12

h=F [in

(2.6.12.7)
The Eqgs. (2.6.12.5)—(2.6.12.7) give

2 .
M - ki L
F2 =F. w — COS(le)
SEk;
YSEk; - sin(k; L
+i~[ 1 - sin(k L)

-1
- WwMY - cos(le)] ] (2.6.12.8)
w
The power induced in the plate is

-1 w_ |Bl?
nmzi.Re.{Fz.uz}z 5 -ReY

2.6.13 Example 6.13

The displacements in the beams are (Fig.2.18)
Beam 1

& = Apsin(kix) + Brcos(kix); 0<x <Ly (2.6.13.1)
Beam 2

& = Assin[ka(x — L))+ Bacos [ka(x — L1)]; L1 <x < Li+Ls (2.6.13.2)

The boundary conditions are:

§1=0 for x=0 (2.6.13.3)

§1=8 for x=1,4 (2.6.13.4)
) )

SlElﬁ = SzEzﬁ for x =1L; (2.6.13.5)
Ox Ox

0
F= SZE2§ for x =Li+L, (2.6.13.6)
X
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The boundary conditions (2.6.13.3)—(2.6.13.6) give when introducing o = k1L and
B=kyL>

B =0 (2.6.13.7)
Arsina = By (2.6.13.8)
S1E1k1Ajcosa = ShErkrAn (2.6.13.9)
SyErkr[Apcos 3 — Bysinf3] = F (2.6.13.10)

The Egs. (2.6.13.8)—(2.6.13.10) give
A1 = F/[S1E k| cosacos 3 — SyErk; sin o sin 3] (2.6.13.11)

The velocity v at the junction between the two beams is vy (L1) = iw&;(L1). Thus
from Egs. (2.6.13.1), (2.6.13.7) and (2.6.13.11)

vi(Ly) = iwFsina/ [S{Ek cos acos § — Sy Erky sin asin 3] (2.6.13.12)

2.6.14 Example 6.14

The external force exciting the beam at x = L /2 is F(t) = Fpexp(iwt). As defined
by Eq.(6.110) a transfer matrix [A] for a straight and homogeneous beam of length
L/2 is given by

[A] = [cosa —iwsina/A:| (2.6.14.1)

—iAsina/w cos o

where o = kL /2 and A = SEk and k the wavenumber for L-waves. The velocities
v1 and vy are equal to zero for the beam being clamped. The displacement of beam 1
is
1 t) sin(k
0.1y = L . o) sinten) (2.6.14.2)
jw sin «

where v (¢) is the velocity at the excitation point. According to Eq. (6.116) velocities
and forces shown in Fig. 2.19 are related as

v | V] 0
[ le = [A]-[A] I P ] +[A] [ F] (26.143)

where F is the external force. However the beam is clamped. Thus v; = vy = 0.
Equation (2.6.14.3) gives


http://dx.doi.org/10.1007/978-3-662-47807-3_6
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=0 z=L/2 z=1L

Fig. 2.19 A clamped beam excited at midpoint

F1 = —F -sina/sin(2a) (2.6.14.4)
F, = F1-cos(2a) + F -cosa = F [cosa — sina - cos(2a) / sin(2a) ]
= F -sina/sin(Qa) (2.6.14.5)
For beam 1
Vo _ . V1
i F. ] = [A] < Fy ] (2.6.14.6)

where F, is the force acting on the beam at the excitation point. For v Eq. (2.6.14.6)
gives

vg =cosa - v] —iwsinaF| /A = iw(sin a)zF/ [sin(2a)] (2.6.14.7)

The displacement for beam element 1 is obtained from Eqs. (2.6.14.2) and (2.6.14.7)
as

i . .v_o - sin(kox) = F(t)sin(kx)  Foexp(iwr) sin(kx)

§(x, 1) = - =
iw sina 2Acosa 2SEk cos «

(2.6.14.8)

2.6.15 Example 6.15

According to Eq. (6.17), the eigenfunctions are orthogonal if the function / is equal
to zero for m # n where [ is defined as

d deom 1"
I=|pn=2t g, 20 (2.6.15.1)
dx dx ],
The boundary conditions are
d d
SO om forx=0; " = g, forx=L (2.6.15.2)
dx dx

The boundary conditions (2.6.15.2) inserted in (2.6.15.1) result in I = 0, i.e.
fOL PYmpndx = 0.


http://dx.doi.org/10.1007/978-3-662-47807-3_6
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For m = n and ¢, = sin(k,x + ay,)

L L L 1
/ Ompmdx = / sinz(knx + ay)dx = — — — [sin(4ay,) — sin(2ay,) ]
0 0 2 4k,

where o, = k, L and according to Problem 6.3

SE«y,
Lk

() -]

L

Thus / Ympndx =0form #n and/ Ymendx # 0 for m = n. Consequently,
0 0

the eigenfunctions are orthogonal.

2
tan(a,) =

2.6.16 Example 6.16

The cross-sectional area of beam I'is S and for beam II 2. The length, Young’s mod-
ulus and density of each beam are denoted L, E and p respectively. The wavenumber

2 1/2
k for longitudinal waves is defined as k = (%) . The quantity kL is defined

as a.
Beam I
The point and transfer mobilities for beam I are defined as

iw

vi=vL=——— —vY 2.6.16.1
1 22 SEktan o A ( )
yLoyl 1@ _y 2.6.162
12 21 SEk sin o B ( )

Beam II
The point and transfer mobilities for beam II are defined as

vl —yll— @y 2.6.16.3

1 22 2SEk tan o A/ ( )

v =yl =—— ¥ _yp (2.6.16.4)
2SEk sin «

The velocities and forces at the ends of the beams are related as
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Beam I
vi = FiY], + F.Yd, = FiYa + F,.Yp

vy = FiY, + Fy Yl = FiYp + F.Ya
Beam I1
v = —F Y| + BYH = —F.Ya/2+ F>Yp)2
v =FRYY - FYY = —F.Yp/24 FYa/2
Equations (2.6.16.6) and (2.6.16.7) give

_ FYp —2FYp
T 3Y4

Equations (2.6.16.9) and (2.6.16.5) give

3y2 —2y2 Y2
=F|=4A "8 |1 B
V1 1 { 37 ]+ 23YA

Equations (2.6.16.9) and (2.6.16.8) give

3Y2 —y2 Y2
=h|—4A_ Bl 4B
v2 2 |: Y ] + 13YA
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(2.6.16.5)

(2.6.16.6)

(2.6.16.7)

(2.6.16.8)

(2.6.16.9)

(2.6.16.10)

(2.6.16.11)

According to definition, the velocities at the two ends of the total structure can also

be written as

vi = FiY + RYY and v, = FiYS + FY5Y

(2.6.16.12)

Equations (2.6.16.10), (2.6.16.11), (2.6.16.12) and (2.6.16.1) and (2.6.16.2) give

ylot _ _3Y§ —2Y3 _iw@ cos? o — 2)
1 3Y4 3SEk sin v cos o
2 .
ylot _ ytot _ YB — _ W
21 12 3Y4 3SEK sin acos «

6Y4 3Y4

ylot _ 3Yi - ng _ 3Y,§ - 2Y1§ _ _iw( cos2a —1)
2 6SEk sin o cos «
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2.7 Chapter 7

2.7.1 Example 7.1

The eigenfunction ¢, (x) should satisfy the differential Eq. (7.3) or

d4g0n
dx4

+rton =0 (2.7.1.1)

The general solution to Eq. (2.7.1.1) is
n(x) = Apsin(kyx) + Az cos(kpx) + Az sinh(k,x) + A4 cosh(kpx) (2.7.1.2)
The boundary conditions for a sliding edge are

o,(x)=p, =0forx =0andx =L (2.7.1.3)

n =

Introduce 3 = kL. The boundary conditions in combination with Eq.(2.7.1.1) give
for x=0

Al + A3 =0 (2.7.1.4)
—Al+A3=0 (2.7.1.5)

Equations (2.7.1.4) and (2.7.1.5) give A1 = Az = 0. The boundary conditions at
x = L give

—Apsin 3+ Agsinh 3 =0 (2.7.1.6)

Ajpsin 3 4+ Agsinh3 =0 2.7.1.7)

Equations (2.7.1.6) and (2.7.1.7) give A4 sinh 3 = 0. This is only satified if A4 = 0.
ForEgs. (2.7.1.6) and (2.7.1.7) to equal zero sin 8 must also equal zero. This condition
is satisfied for 3 = nm. Thus the eigenfunctions are ,, = cos(k,x); k, = nm/L for

n=0,1,2,....
The eigen function ¢;, is orthogonal since

/‘Pm(x) “pn(x)dx = /OL cos (%) - cos (%) dx =0 form #n

Form =n >0

/ om () - pn(0)dx = L2
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Form =n =0

/ om () - on(X)dx = L

2.7.2 Example 7.2

The centre frequencies f. for the octave bands are 63, 125, 250, 500, 1000, 2000,

4000, and 8000 Hz. The upper frequency limit for an octave band is f, - +/2. The

lower limit is f,/+/2. The natural frequencies are obtained from Eq. (7.14) as
fo=wn/@m)=kK2- L. C (2.7.2.1)

where C is a constant. According to Table 7.2

Lr1 =4.73004 for fi =52Hz Eq. (2.7.2.1) = C =2.3242
The consecutive natural frequencies are obtained from Eq.(2.7.2.1) and Table 7.2.
Lky =7853 = f,=143Hz

Lr3 =10.996 = f3=271Hz

Qn+ 12 .72
4

2 |f 1 /f 1
2 D=—/= =—=—-=
@n+1) mV C - TV C 2
The number of modes for frequencies below f is
1 1
n=Int-{ — i - =
(7r c 2

The number of modes in an octave band with centre frequency f, is (Table2.1)

L fe-vV2 1 1 f 1
nap=Int- | = ——— | —Int- | = _Z
m ™\ Cc.- V2 2

Lk, =02n4+1)-7w/2 = f=C-
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Table 2.1 Number of modes per OB
fe/Hz |63 125 250 500 1000 2000 4000 8000
nAf 1 1 1 2 2 3 5 6

2.7.3 Example 7.3

The beam is excited by a point force at x = x1. The one-sided power spectral density
of the force is G r. For white noise excitation G rr is constant. The time average
of the total energy F, of mode 7 is according to Eq. (7.66) given by

_ 1
E, = Gpp - 02 (x}) » ————— 2.7.3.1
n FF - ©5,(x1) M, - won ( )

The modal mass M, is M,, = m’L/2. The frequency band Af includes N natural
frequencies where

1

NearoNy=ar |l L (2.7.3.2)
/ py| Varf

Ny is the modal density defined in Eq.(7.20) and f the centre frequency of the
frequency band.

2 o nmxyy .1 o .
The average of ¢, (x1) = sin (T) is > The total energy within the band is

7\ 1/4 G
FEnp=N-Fp=Af - (ﬂ) : F (2.7.3.3)
/ " D}, J2rf - 8m-m' fn
The power input to mode n is according to Eq. (7.65)
M, = Gry2(x1)/@2m'L) (2.7.3.4)

The power input within the frequency band A f with the centre frequency f is
May = NI, (2.7.3.5)

Again it has been assumed that the average of <p,2, (x1) = sin?(nmx /L) is 1/2.


http://dx.doi.org/10.1007/978-3-662-47807-3_7
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The Egs. (2.7.3.2), (2.7.3.4), and (2.7.3.5) give

fla, = NOEE _ ap m \"*__Grr (2.7.3.6)
ATV T D)) JZmf -Am’

The Eqgs.(2.7.3.3) and (2.7.3.6) give

Maf = wountEay (2.73.7)

2.7.4 Example 7.4

The one-dimensional equation governing L-waves is

0%¢ B
Ox?

¢

SE PS5 = —F (2.7.4.1)

A beam is clamped at both ends. The eigenfunction ¢, is ¢, (x) = sin(nmx/L).

The eigenvalue k, of the eigenfunction is k, = nw/L. Thus ¢/ = —kﬁgpn. The
displacement ¢ is expanded along the eigenfunctions as
£, 1) =D palx) - ga() (27.42)

The displacement ¢ and the eigenfunction ¢, satisfy the same boundary conditions.
Equation (2.7.4.2) can therefore be inserted in Eq. (2.7.4.1). The result is

D (=SE gy ki on—pS-pn-ijn) =—F (274.3)

n

Multiply by ¢, and integrate over x

9n (on | on) SE - gn -k + pS (o | o) Gn = (F' | on) (2.7.4.4)

The norm of the eigenvector is (y, |p,) = L/2. Together with Eq.(2.7.4.4) this
gives
SELK?  SL

o= i = (F | o) (2.7.4.5)

9n -

Introducing the modal stiffness K, modal mass M,, and modal force F;, Eq.(2.7.4.5)
is written

gnKn+Gu-M, =F, (2.7.4.6)



120 2 Part 2 Solutions
By identifying the modal parameters using the Eqs. (2.7.4.5) and (2.7.4.6) the result is

K, = SELk?/2 = SE(nm)*/2L); M, = pSL/2 = M/2 (2.7.4.7)

L
Fo=(F" | ¢n) = /O F'(x) - u(x) -dx (2.7.48)

where M is the total mass of the beam.

2.7.5 Example 7.5

The forces are random and uncorrelated. The system—the vibrating beam is linear.
The power spectral density of the velocity is therefore equal to the sum of the power
spectral densities induced by each force. The response wi (x, ¢) of the beam caused
by the force Fje'*! is written wy(x,t) = yj(x)e'®!. If Fy is the FT of the force
function then y; is the FT of the displacement. The function y; (x) should satisfy the
differential Eq. (7.30). Thus

d4y1 4 Fi L

— — KTy = —6x— — 2.7.5.1

T oY 4 ( )
The eigenfunction for a simply supported beam is

pn(x) = sin(kyx); Ky, =nm/L (2.7.5.2)

The eigenfunctions are orthogonal. The eigenfunction satisfies the differential equa-
tion

d*o,/dx* — Ko, =0 (2.7.5.3)
The function y;(x) is written
Y1) =D Cp-pn(x) (2.7.5.4)

The displacement and the eigenfunction satisfy the same boundary conditions, i.e.
Eq.(2.7.5.4) can be inserted in Eq. (2.7.5.1). The result using Eq.(2.7.5.3) is

> Cunlry — k) = [F1d(x — L/4)] /D’ (2.7.5.5)
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Equation (2.7.5.5) is multiplied by ¢, and integrated over x. The norm of the eigen-
vector is L /2. Thus

(CaL)2) - (5 — kY = Fion(L/4)/D' =

2F1p,(L/4
c, — 190 (L/4)

= 2.7.5.6
D'L(k} — k%) ( )

The velocity vy (x, t) of the beam due to F7 is v] = iwy; ¢!“! The FT of the velocity
of the beam is

D1(x, w) = iwy(x) = Zian -~ on
1
The space average of the square of FT of velocity is (0%) = I fOL #2dx which gives

! 2R < en(L/4)
A2\ 2 2 _ 1
(01) = 5 D W 1Gal* = (D/L)zZ|H%_H4|

The one-sided power spectral density of the velocity is thus

202 ©2(L/4)
(D’L)z |I€3—I€4|2

Guwi1 = GFF 2.7.5.7)

By writing x* = m’(27 f)?/D’ and £} = m'(2x f,)*/D{, where f, are the natural
frequencies of the simply—supported beam Eq.(2.7.5.7) is rewritten as

2f2 ©2(L/4)
Gl = Grr, 2758
RN VEIpYS Y 2 (2= 22 = (f20)?] ( .

where M = m'L.
The power spectral density G2 due to the force F; is obtained in a similar way as

2f2 @2(3L/4)
M2Q2m)2 “— |(f2 — )2 = (f2n)?]

Gu2=GFr2 (2.7.5.9)

However, Grr1 = Grr2 = Grp and ga,%(L/4) = goﬁ(SL/4). The total power
spectral density G, is thus

12 Z ©2(3L/4)
M22m)2 & [(f2 — )2 — (f20)?]

Gy = Guy1 + G2 =4GFr (2.7.5.10)
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Fig. 2.20 Cross section of H
beam

< ]
h H
< /107
where
©2(3L/4) =sin*(3nm/4) =0  forn=0,4,8,...
©2(3L/4) =sin*(Bnm/4) =1/2 forn=1,3,5,... (2.7.5.11)
©2(3L/4) = sin*(3nm/4) = 1 forn = 2,6, 10, ...
2.7.6 Example 7.6
The mass per unit length is
m' =3H-h-p. (2.7.6.1)

The neutral axis is at the symmetry plane of the beam. See Fig.2.20. The bending
stiffness D’ of the beam is

, H/2 ) H2 EhH3
D=—E. dy h-y*+H-h.-—1— (2.7.62)
up 4 3

The first natural frequency for a clamped beam is obtained when kL = 4.73—
Table 7.2 s
The wavenumber k is Kk = [m’cu2 / D’] /* The first natural frequency is

2 7 1/2
fi=o (ﬂ) [B/I 2.7.6.3)

zﬂ L m

For a steel beam E = 2.1 x 10'! N/m? and p = 7600 kg/m>. The length of the
beam is 5 m. The first natural frequency of the beam is obtained from Eq. (2.7.6.3) as

1 (473\% (EH2)'?
2 5 9p
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(a) M

8
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8
Il
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Fig. 2.21 A simply supported beam excited by a bending moment

2.7.7 Example 7.7

The displacement of the beam is given by
w(x, 1) = y(x) - ! (2.7.7.1)

The displacement to the left of the bending moment exciting the beam is given y_ (x).
See Fig.2.21. The solution to the right of the excitation point is y4 (x). The solutions
can according to Egs. (7.31) and (7.32) be expressed as

y_ = A1 sin(kx) + A cos(kx) + Az sinh(kx) + A4 cosh(kx) 2.7.7.2)
v+ = Bysin[k(L — x)] + Bacos[k(L — x)] + Bz sinh [k(L — x)]
~+ Bygcosh [k(L — x)] (2.7.7.3)

The beam is simply supported at each end. The boundary conditions at x = 0 and
x = L are

y-(0)=y"(0)=0 (2.7.7.4)
y+(L) =y{(L)=0 (2.7.7.5)

The Eqgs. (2.7.7.2) through (2.7.7.5) give
Ay=A4=By=B4=0 (2.7.7.6)
The boundary conditions at x = x; are
y_ =yy (2.7.7.7)

v =y (2.7.7.8)
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The sum of the bending moments should equal zero or M = M_ — M resulting in

the boundary condition

M:D’|:

d?y, d*y_
dx? dx? |

There is no external force. Thus,

&y _ Ly for
_— = X=X
dx3 dx3 !

(2.7.7.9)

(2.7.7.10)

Let @« = kx1 and = k(L — x1). The boundary conditions (2.7.7.7)-(2.7.7.10) give:

Ajsina + Azsinh o = By sin 3 + B3z sinh 8
Ajcosa+ Azcosha = —Bjcos3 — Bycosh 3
M = D'k*{A;sina — Az sinh o — By sin 3 + Bj sinh 3}

— Ajcosa + Az cosha = Bycos 3 — Bycosh 3

The solutions to Egs. (2.7.7.11)—(2.7.7.12) are

Al — M-cos3 Bl — M - cosa
YT ODR sin(eL)” ' T T 2D/RZ - sin(kL)
M -cosh 3 M - cosh
Az = 5 3

" 2D'k2 -sinh(kL)’

~ 2D's? - sinh(kL)

(2.7.7.11)
(2.7.7.12)
(2.7.7.13)

(2.7.7.14)

(2.7.7.15)

(2.7.7.16)

The results (2.7.7.2), (2.7.7.6), (2.7.7.15), and (2.7.7.16) give the displacement of

the beam.

2.7.8 Example 7.8

The displacement of the beam can by using Green’s function and Eq. (7.42) be written

as:

L X
w(x,t)z/0 F’(C,t)~G(CIX)dC=/O F'(¢,1) - G1(Clx)d¢

L
+/ F/(C.1) - G (¢ |x) dC

(2.7.8.1)
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For a beam with simply supported ends Green’s function is defined in Eq. (7.40). The
force F/ per unit length exciting the beam is

F'(x,t) = (F/L)sin(mx/L) - exp(iwt) (2.7.82)

Equations (2.7.8.1) and (2.7.8.2) in combination with Eq. (7.40) give

e’ F[sink(L — x) Y (TS i
(1) — F / . sin (—) -sin kg - dg
2D'k3 L | sin(kL) 0 L
sinh k(L — x) Y (TS i
_ Sinhe(L — %) sin (_) - sinh (k<) - dg
sinh(kL) 0 L
. L
SLLGA VY B () -sink(L = o) - ds
sin(kL) Jx L
inh L
_ M . sin (E) -sinh (L —¢) - dg
sin(kL) Jx L

_F- e sin(kx)
T LD - [(m/L)* — k4

2.7.9 Example 7.9

The force per unit length exciting the beam is
F'(x,t) = (F/L)sin(rx/L) exp(iwt) = f(x)exp(iwt) (2.7.9.1)

The displacement is _
w(x, 1) = wx) - ev! (2.7.9.2)

The function w(x) should satisfy the equation

— — KW = i f(x) = (F/L)sin(mx/L) (2.7.9.3)

The beam is simply supported. The displacement can be expanded in a series by
means of the eiegenfunctions ¢, (x) or

w= > Cy-pu(x); @a(x)=sin(nmx/L) (2.7.9.4)
The eigenfunctions must satisfy the differential equation

d*on

— = Faen fn = (/L) (2.79.5)
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The displacement w(x) and the eigenfunction ¢, (x) satisfy the same boundary con-
ditions. Equation (2.7.9.4) can therefore be inserted in Eq. (2.7.9.3). The result, con-
sidering Eq.(2.7.9.5), is
4 4y _ ’
> Cun - (i — &Y = f/D (2.7.9.6)

The expression is multiplied by ¢,, and integrated over the length of the beam

(CuL/2) - (5 — K = (f lon) /D’ (2.7.9.7)
where
F L F
(f|<Pn)=Z'/0 sin(%)win(%)odxzz forn =1
F L
(f Lon) =+ /0 sin (%) - sin (%) dx=0 forn#£1  (27.98)
Forn =1
F F Lwt s L
C,=C; = o () = e sn/L)

2.7.10 Example 7.10

The modal energy for the beam is according to Eq. (7.66)

E = G rriy(x1)

= 2.7.10.1
" 2m’ Lwonn ( )

The total energy within a frequency band, width A f and centre frequency f is
E=Ny-Af - (En) (2.7.10.2)

where Ny is the modal density and (@n) the average of , with respect to the
coordinates of the excitation point. The average of @% (x1) is 1/2. The modal density
is given by Eq. (7.20) as

/

N m |t L 2.7.10.3
f‘[ﬁ] J2rf 7103
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Fig. 2.22 An infinite k k
number of coupled i m
mass-spring systems T,y , Topn

The Egs. (2.7.10.1)~(2.7.10.3) give

m ]1/4 Grr C

o . T A ) = (DA (2.7.10.4)

@:Af-[

where C is a constant. The ratio between energies before ; and after the changes

E» is
= 1 93/4 1 pr /4
E1 _ [m_f] [—3] [@} =[1.2P¥411.41Y*10 ~ 12.5 (2.7.10.5)
E> my D m

or 10 - log(E/E,) = 11dB.

2.7.11 Example 7.11

The equation of motion for mass n is (Fig.2.22)

mxy + k(x, — xp41) +k(xy —x,-1) =0 2.7.11.1)
Assume:
Xyl =P x, =27 x, (2.7.11.2)
and
Xn—1 =Xp/2; 2] £1 (2.7.11.3)
Let the time dependence be exp(iwt). This gives X, = —w?x,,. Considering this the

basic equation (2.7.11.1) is written
—mw? +k(1—z)+k(1—1/2) =0 (2.7.11.4)
The parameter wy is defined as wy = +/k/m. Equation (2.7.11.4) now reads
2 —2[2— @/w?]+1=0 2.7.11.5)

There is no attenuation of the wave motion as long as |z| = 1
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The solution to Eq.(2.7.11.5) is

1/2
z=1-(1/2)(w/wo)* + [(1/4)(w/w0)4 - (W/wo)z] (2.7.11.6)

The minus sign in front of the bracket must be neglected since |z| < 1 and | x,4+1 | <
| xp |
For w > 2wy zis real and less than unity resulting in an attenuated wave.
Forw=2wg z=1
For 0 < w < 2wg zis complex and equal to

2, . 2 4142
2= 1= (1/D@/w0)? i [ @/wo)? = (1/4)w/w0)*] 2.7.11.7)

Consequently, [zl = 1. Forw =0, z=1.

Thus there is attenuation of the wave motion as long as 0 < w < 2wy.

If an infinite homogeneous beam exposed to L-waves is modelled as an infinite
number of mass spring systems, each mass Am and each stiffness Ak representing
a section Ax of the beam would be

Am = pSAx; Ak=ES/Ax (2.7.11.8)

The cross-sectional area of the beam is S, the E-modulus E, and density p. The

Ak E
natural frequency wyq is obtained as wg = m - W — oo as Ax — 0.
m p(Ax

The parameter z is obtained from (2.7.11.7) when excluding higher order terms in
1/Ax as

z=14iw/wy=1+iwAx/p/E (2.7.11.9)

However, z = /¥ = ¢/*** where )\ is a wavenumber for longitudinal waves propa-

gating in an infinite beam. For Ax < 1
7=e€% = MY = 1 +i)Ax (2.7.11.10)
Equations (2.7.11.9) and (2.7.11.10) give A = Fw+/p/E which is equal to the

wavenumber for L-waves propagating along the positive or negative axis of a slender
beam.

2.7.12 Example 7.12

Let the time dependence be ¢/“’?. The equation of motion for mass # is (Fig.2.23)

mi, + kQxp, — Xpq1 — Xn_1) = F - &' (2.7.12.1)
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Fig. 2.23 An infinite T2 Ty1 Z, Ty Ty
number of coupled MW
mass-spring systems. One —

mass excited by a force et

The disturbances in the infinite chain are propagating away from the mass #.
On the right-hand side of the excitation point the displacements can, according to
Floquet’s theorem (7.99), be written

Xndl =2 Xn) Xn42 =2 Xpgl = 2% Xp (27.12.2)

It is required that 0 < |z| < 1. On the left-hand side the disturbances are also
propagating away from the excitation point. Thus again

Xnol =2 Xn;, Xn—2 =2 Xn_1=2"%n (2.7.12.3)
The Eqgs. (2.7.12.1) through (2.7.12.3) give

F. eiwt =x, - { _mwz + 2k — 2kZ} (2.7.12.4)

By introducing w(% = k/m the displacement x,, of the mass being excited is obtained
from Eq. (2.7.12.4) as

F - eiwt
X, = > (2.7.12.5)
1w
2k{—=|—) +1-z2
2 \wo
The equation of motion for mass n + 1 is
mi,4+1 +k [2xn+1 — Xy — x,H_g] =0
This equation in combination with Eq. (2.7.12.2) gives
Xnil - { —mw? + 2%k — k)7 — kz} ) (2.7.12.6)

For Eq.(2.7.12.6) to be satisfied it follows that

2-2; [1 - (w/w0)2/2] $1=0 (2.7.12.7)
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Fig. 2.24 Beam simply K )
supported at one end and free
at the other

as already shown in Example 7.11. The solution to Eq. (2.7.12.7) is considering that
0<zl <1

z=1—[w/wl® /2 + \/ [w/wol* /4 — [w/wo]*> for w > 2wy (2.7.12.8)

z=1—[w/wol*/2 - i\/[w/w0]2 — [w/wol* /4 for0 < w < 2wy (2.7.12.9)

The displacement of the mass n is given by the results (2.7.12.5), (2.7.12.8) and
(2.7.12.9) as

F - eiwt
Xy, = — for w > 2wy (2.7.12.10)
2ky/[w/wol* /4 — [w/wol?
iF e
Xy = for 0 < w < 2wy (2.7.12.11)

B 2k [w/wol? — [w/wol* /4

When including losses k and wp are complex, the displacement is therefore finite.

2.7.13 Example 7.13

The displacement of the beam is w(x, 1) = p(x)g(¢) where according to Eq.(7.5) ¢
is (Fig.2.24)

p = Ajpsin(kx) + Az cos(kx) + Az sinh(kx) + A4 cosh(kx) (2.7.13.1)
The first few derivatives of ¢ are

¢ =k -{Ajcos(kx) — Ay sin(kx) 4+ Az cosh(kx) + Ay sinh(xkx)) (2.7.13.2)
@ =k>. {—A1sin(kx) — Ay cos(kx) + Az sinh(kx) + A4 cosh(kx)} (2.7.13.3)
" =K> - {—Aj cos(kx) + Az sin(kx) + A3 cosh(kx) + A4 sinh(kx)} (2.7.13.4)

The boundary conditions for the beam are
©(0) =¢"(0) =0 (2.7.13.5)

©"(L)=¢"(L)=0 (2.7.13.6)
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The Egs.(2.7.13.1), (2.7.13.3), and (2.7.13.5) give
Ay =A4=0 (2.7.13.7)
The Eqgs. (2.7.13.1), (2.7.13.3), and (2.7.13.4) give with § = KL
—A;-sinf+ Az -sinh3 =0 (2.7.13.8)
—Aj-cos+ Az -cosh3 =0 (2.7.13.9)
The Eqgs. (2.7.13.8) and (2.7.13.9) are only satisfied when tan 3 = tanh 3, i.e., there
is an infinite number of solutions to this equation corresponding to the eigenvalues
kyn. The eigenvalues are the solutions to
tan(x, L) = tanh(x, L) (2.7.13.10)
For A1 = 1 the eigenfunctions are

in () + sinh (k,x) - sin(k, L) 27.13.11)
= sin(k,x 7.13.
on " sinh(r, L)

2.7.14 Example 7.14

G and w satisfy the equations

d4
D. o f — ' w = F'(x) (2.7.14.1)
X
d*G
fo— —m'w? G = 0(x — xq) (2.7.14.2)
dx?

Equation (2.7.14.1) is multiplied by G and Eq.(2.7.14.2) by w. The result is

d4
G- d_lf —m'w? w-G=F(x)- Gx|xo) (2.7.14.3)
X
d*G
D/'w'd_4—m’w2.w.G=w.5(x—xo) (2.7.14.4)
X

Equation (2.7.14.3) is subtracted from Eq.(2.7.14.4) resulting in

d*G d*w
D’ [w.@—c-m} =—F .G+w-5x—xp) (2.7.14.5)
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Equation (2.7.14.5) is integrated with respect to x giving

L d4G d4 L L
1=D/{/ dx[w._c.w =/ dx~w(x)-6(x—x0)—/ dxF'G
4 4
0 dx dx 0 0

(2.7.14.6)
Integrate the left-hand side by parts. This gives

I=D[w'GN/_G'w/,/_w/’G//+G/'w/,]g+/d.x'(w//'G”_GU'wN)

:[w-GW—G-w”/—w/-G”—i—G’-w”]é -0

for any of the natural boundary conditions.
For I = 0 Eq.(2.7.14.6) gives

/dx ~w(x) - 86(x —xg) = / F'(x)-G(x |xp) - dx or
L
w(xp) =/ F'(x)-G(x |xg) - dx (2.7.14.7)
0
Since G(x |xg) = G(xq |x) it follows that
L
w(x) =/ ds - F'(9) - G(x [5)
0
For F'=F'.¢¥! =

L
w(x, 1) =eiwf/ ds- F'(<) - G(x [s) (2.7.14.8)
0

2.7.15 Example 7.15

The transfer matrix for beam [/ is [A] ;. The elements a;; are given in Eq. (7.95) with
B = k€. For beam I the matrix is [A], with § = k(L — &). The wavenumber is .
The field parameters at the support 2 are according to Eq. (7.98) (Fig.2.25).

w? w1 0
O e 0
Mi =[A], - [A]; - Mll +IAL - (2.7.15.1)
F2 2 Fl 1 F

However, [A], - [A]; = [A] where [A] is the transfer matrix for the entire beam.
The elements a;; are given in Eq. (7.95) by letting 3 = L. For a simply supported
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Fig. 2.25 A simply F-e“t
supported beam excited by a I l Jid
force 1f 12

beam w; = wy = M| = M> = 0. These boundary conditions in combination with
Eq.(2.7.15.1) give

0 0 0
| _ 6 0
0 = [A]- 0 +[A], - 0 (2.7.15.2)
P ) Fi 1 F

This matrix equation can also be expressed as

O=ap-O1+au-F1+ (ala)2- F (2.7.15.3)
Oy =ay - O1+ay - F1+ (a) - F (2.7.15.4)
0=a3-01+az-F1+(az)2-F (2.7.15.5)
Fr =aq - O1 +agq - F1 + (aga)2 - F (2.7.15.6)

Equations (2.7.15.3) and (2.7.15.5) give

[012 6114] . I 01 ] - _F. I (a14)2 ]
azp aszg Fy (a34)2

Or| _ _p |azau B | (a1a)2
[ Fi ] =-F [a32 a34:| [ (a34)2] 2.7.15.7)
The Eqgs.(2.7.15.4) and (2.7.15.6) give
Or| _|anaxn || 61 ] (a24)2
[ 2 ] - [a42 a44} [ Fy ] +F [ (a44)2] 27.158)

For 0 < x < £ the displacement w of the beam is obtained from (7.91) and (7.93) as
w = Ajsin(kx) + Ap cos(kx) + Az sinh(kx) + A4 cosh(kx)

For a simply supported beam Ay = A4 = 0 and from (7.93)

1 ) F 1 6 F
Al:i — 4+ ; Az3=—<- g — — or

k  D'K3 2| « DK3

At _1[1/k 1/(D'K) O,
[As] T2 [1/5 —1/(1)%3)} : { Fi ] (2.7.15.9)
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For £ < x < L the displacement is
w = Cisink(L —x)+ Crcos k(L — x) + Czsinh k(L — x) + C4cosh k(L — x)

For a simply supported beam C» = C4 =0

G| 1[1/k 1/(D'K3) &,
{ Cs } T2 [w —1/<D%3>} ' H F ] G0

The parameters ®1, @,, F1 and F; are obtained from Eqgs. (2.7.15.7) and (2.7.15.8).

2.7.16 Example 7.16

For a clamped-clamped beam

cosh(k, L) — cos(k, L) . .
n = cosh(k,x) — cos(kyx) — Sinh(ryL) — sin(ryL) - [ sinh(k,x) — sin(k,x)]
" " (2.7.16.1)

The eigenvalues &, are the solutions to
cos(ku L) - cosh(k, L) =1 (2.7.16.2)

When k,L — oo then cosh(k,L) — o0. Thus, Eq.(2.7.16.2) is only satisfied if
cos(kp, L) = 0 or when x,L = 7/2 + n for n large.
The last part of Eq. (2.7.16.1) is written

cosh(k, L) — cos(k, L) l4+e 2 —2.ePn. cos(kyL)
= Ssinh(knL) — sin(knL) 1 — e—201 —2-e=Pn - sin(r,L)
On = kL ~ w/2 +nm for n large
1
T 1-2-¢Pn-sinj,

I ~142-¢ 7 . sing, (2.7.16.3)

Equations (2.7.16.1) and (2.7.16.3) give

efinX e~ FnX
n=—3 + S~ cos(kinX)
KnX —KpX
- [1 +2. ¢ -sinﬂn] : [67 _¢ — - sin(nnx)]

A sin(kpx) — coS(knx) + e "% —sin 3, - 0
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For kpx > 1 and k, (L — x) > 1 it follows that e *»* « 1 and ¢"*~L) « 1. For
these cases, the eigenfunctions and eigenvalues are for n large

O = sin(kpx) — cos(ripx) = /2 - sin(kpx — 7/4) (2.7.16.4)
Ko = (n +1/2)/L (2.7.16.5)

For a beam with free ends and for n > 4

Yn = V2. sin(kpx — m/4) and K, = w(n + 1/2)/L (2.7.16.6)
For a beam clamped at x = 0 and simply supported at x = L and forn > 4

on = /2 sin(knx — 7/4) and K, = w(n + 1/4)/L (2.7.16.7)
For a beam clamped at x = 0 and free at x = L and forn > 4

Yn = V2. sin(kpx — m/4) and K, = w(n — 1/2)/L (2.7.16.8)

2.7.17 Example 7.17

The equation of motion for mass 7 is

mi, + k(x, — Xp41) + k(X —xp—1) =0 (2.77.17.1)

By setting x,, 11 = x, - ¢/and m¥, = —mw?

(2.7.17.1) the result is

X, and inserting these expressions in

2

cosp=1— 2”7%; W2 =k/m (2.7.17.2)
The equation of motion of mass 1 is
mxX1 4+ k(x; — xp) +kx; =0 (2.7.17.3)
The equation of motion for mass N is
miy +k(xy —xy—1) =0 (2.7.17.4)

The general solution for x,, is

Xp = Z - €™ = Acos(np) + Bsin(ny) (2.7.17.5)
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This expression inserted in Eq.(2.7.17.3) gives

o1«
— = X1 =X
2(,0(2) 1 2

By inserting (2.7.17.2) and (2.7.17.5) the result is
AQ2 cos® p —cos2p) = B(sin2¢ — 2sinpcosp) =0 (2.7.17.6)

Consequently, the displacement is written x,, = B sin(n¢). This expression inserted
in Eq.(2.7.17.4) gives

(1 —w?/wd) - sin(Ny) = sin[(N — 1)¢] (2.7.17.7)

Equation (2.7.17.2) gives wz/w% = 2(1 — cos ). This expression in combination
with (2.7.17.6) gives

sin(Nyp)(2cosp — 1) = sin[(N — 1)p] or

2 cos[p(N + 1/2)]sin(p/2) =0 (2.7.17.8)
1+2
The solutions are ¢, = 2nm and @, = %_{_?) The corresponding natural

frequencies are
k. k . [x(1+2n)
=2,/—- 2)=2,/—" _ 27179
Wn \/m sin(p, /2) \/m sm[ 4N+2} ( )

2.7.18 Example 7.18

Forx < L/2, w(x) = w_(x);forx > L/2, w(x) = w4(x) = w_(L — x). The
solution is symmetric with respect to x = L /2. General solution,

w_ = Ajsinkx + Ay cos kx + Az sinh kx + A4 cosh kx (2.7.18.1)

Boundary conditions

w=w =0 forx=0 (2.7.18.2)
w =0 (2.7.18.3)
w" = —F/@2D) (2.7.18.4)

forx =L/2
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Leta = kL/2.
Equations (2.7.18.1) and (2.7.18.2) give

Ay +A4=0;, A1+A3=0 (2.7.18.5)
Equations (2.7.18.1), (2.7.18.3) and (2.7.18.5) give
Aq(cosa — cosha) — Ap(sina + sinha) =0 (2.7.18.6)

Equations (2.7.18.1), (2.7.18.4) and (2.7.18.5) give

F

— —— = —Aj(cosa + cosha) + Ay (sin o — sinh ) (2.7.18.7)
2D'k3

Equations (2.7.18.6) and (2.7.18.7) give

Al (2.7.18.8)

F sin « + sinh «
" 4D'k3 \sin acosh o + sinh av cos o

The force at the support at x = 0 is

F_(0)=—D'w"(0)=—D'r’(—A| + A3) =2A,D's>
F sin o + sinh «
2 \sin « cosh a + sinh v cos o

The bending moment at x = 0 is

M_(0) D'w" (0) F cos o — cosh
— = — w = —
- 2k \ sin « cosh a + sinh av cos o

2.8 Chapter 8

2.8.1 Example 8.1

The natural frequencies f;,, for a simply supported rectangular plate are in Eq. (8.16)

given as
o Dy m \> n\?2
Fon =2\ o [(z) +(1)) ] LD
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This expression is rewritten

Fom = (C/Lfc) [m2 + (nLy /Ly)z]

where C is a constant.
Case 1

Ly=Ly; S=L,L,=1L2
Equations (2.8.1.2) and (2.8.1.3) give
fon = (C/S) (m® +n?)
Form=n=1, f;1 =20Hz= C/S = 10, thus
Foun =10 - (m* + n?)
Case 2
Ly=2Ly; S=LLy=12)2
Equations (2.8.1.2) and (2.8.1.6) give
o = 1C/(28)](m* + 4n)
However, C/S = 10, thus
fon = 5(m* + 4n?)

The results are

Case 1 Case 2
m n fmn/Hz m n fun/Hz
1 1 20 1 1 25
2 1 50 2 1 40
1 2 50 3 1 65
3 1 100 1 2 85
1 3 100 4 1 100
3 2 130 2 2 100
2 3 130 3 2 125
3 3 180 5 1 145

2 Part 2 Solutions

(2.8.1.2)

(2.8.1.3)

(2.8.1.4)

(2.8.1.5)

(2.8.1.6)

(2.8.1.7)

(2.8.1.8)
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2.8.2 Example 8.2

Let the corners of the plate be at (0, 0), (L, 0), (Lx, Ly)and (0, Ly). The differential
equation governing the forced response of a plate is given by Eq. (8.20). For the static
case w = 0. For a static force F at (L, /2, Ly/2) Eq.(8.20) reads

V2(Viw) = (F/D) - 6(x — Ly/2) - 8(y — Ly/2) (2.8.2.1)

For a simply supported plate the response w can be expanded by means of the
orthogonal eigenfunctions

Omn(x,y) =sin(mnx/Ly) - sin(nmy/Ly) (2.8.2.2)
The eigenfunctions satisfy the equation
V2(V20n) = Kby Pmns Fy = (/L)% + (n/Ly)* (2.8.2.3)
The solution w is written

w =" CounPmn (2.8.2.4)

m,n

The Eqgs. (2.8.2.1) through (2.8.2.4) give

D Con VP (V0un) =D Counbimypmn=(F/D) - 5(x — Ly /2) - 6(y = L/2)
(2.8.2.5)
This operation is allowed since w and (,,, satisfy the same boundary conditions.
According to standard procedure Eq.(2.8.2.5) is multiplied by ¢, and integrated
over the entire plate area to determine the parameters C,,,. Since the norm of ¢,
iS (@Ymn | Ymn) = LxLy /4 it follows that

ConkimnLxLy/4 = (F/D)mn(Ly/2, Ly/2) (2.8.2.6)

The response w is obtained from Eqs. (2.8.2.4) and (2.8.2.6) as

U)(.X, y) _ Z 4FS0mn(Lx/2, Ly/z) . gpmn(‘x, y)

(2.8.2.7)
DL Lyk%,

m,n

Att = 0 the static force F' is removed. The response of the plate is for r > 0 written
as

u(x,y,t) ZZ Omn (X, ¥) [Amn €O8(Wmnt) + Byp sin(wpnt)] - €xp [—wmnnt /2]
m,n

(2.8.2.8)
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The result is obtained following the procedure discussed in Sect.7.2. Consequently,

Winn = K2,/ Do/ (2.8.2.9)

where Dy is the real part of the bending stiffness of the plate, 1 its mass per unit area
and 7 the lossfactor. At + = 0 the plate is at rest having the displacement w(x, y)
given by Eq. (2.8.2.7). The initial conditions are

ux,y,0)=wkx,y) = ZCmngomn; u(x,y,00=0 (2.8.2.10)

m,n

Equations (2.8.2.8) and (2.8.2.10) give A,;, = Cun and By, = 0. The response of
the plate for ¢+ > 0 is consequently

_ 4F ppn(Ly/2, Ly/z) “Omn(X, y) - cO8(Wmnt) - eXP(—wWmnnt /2)
u(x’y’t)_z LxLyDliﬁm

m,n

(2.8.2.11)

2.8.3 Example 8.3

The angular frequency w for the first mode is according to Eqs. (8.86) and (8.87)
given by

> _ D[] dxdy[(9°F/0x*)* +2(9°F /0x9y)* + (9 F /0y*)*]

2.8.3.1
ph [ dxdyF? ( )

w

The displacement F for the first vibrational mode is approximated by
F=A (x4 — 23 L, + xLi) (y4 —2y3L, + ny,) —A-g()-h(y) (2.83.2)
Introduce the notations
Ly Ly ’ Ly )
n=[Targe n=[Caw)s n= [ ago)
0 0 0

Ly ) Ly 2 Ly " 2
m= [Caaont m= [T Ee)s me= [ o)
(2.83.3)
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Equations (2.8.3.1) through (2.8.3.3) give

D LH +2LH, + I1H
WS Bt hh A (2.8.3.4)
ph I H,
I =L)-(31/630); H, =L (31/630)
L=L]-(17/35); Hy=L]-(17/35)
I3 =L -(144/30); Hs = L3 - (144/30) (2.8.3.5)
Since Ly = 3L, Eqs.(2.8.3.4) and (2.8.3.5) give
2
2D [82-31-144-21 4 18- (17 630/35)°] _D L0408
ph L} 34.312 ho L*
(2.8.3.6)

The first natural frequency, assuming a displacement given by Eq. (2.8.3.2) and esti-
mated by means of the Ritz technique, is obtained from Eq.(2.8.3.6) as

| D 1 | D 1
(f11) estimated = w/(2m) = p_h : m -4/120.405 = p_h . 27TL§) -10.973
(2.8.3.7)

The correct value is according to Eq. (8.16)

Fideoree = = | 2 ! 2+ LY |_ (2 ! 10.966 (2.8.3.8)
11 correct_2 ph L, Ly = ph 27TL§] .

The relative error is 6 x 1074,

2.8.4 Example 8.4

According to Eqs. (8.86) and (8.87), the first natural frequency f1; of the clamped
plate can be written as

D [[dxdy[(8>F/0x?)? + 2(0*F/0x0y)? + (9*F /0y*)?]
Qm)? [ dxdypuF?
D I
Tpem?

2
fii=

(2.8.4.1)
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The bending stiffness of the plate is D and its mass per unit area is p. The function
F is defined as

F(x,y) =gh(y); gx) =1—cos@mx/Ly); h(y)=1—cos2my/Ly)

(2.8.4.2)
The function I is according to Egs. (2.8.4.1) and (2.8.4.2)

[ = / / dxdy[hz(y) @)Lt (cos2mx /L))
+ () - (2m/Ly)* (cos(27ry/Ly))2]

+2 / / dxdy 2r/Ly)? (27/Ly)” (sin@ry/Ly))* (sin@mx /L))
(2.8.4.3)

With [ dx (cos(2mx/Ly))? = Ly/2 and [;* dxg?(x) = 3L, /2 it follows that

= Ly @m)* 22 2 (2.8.4.4)
I I A £ 7
9L, L,
J =22 (2.8.4.5)
4
With Ly = L - § and Ly = L/§ Egs.(2.8.4.1) through (2.8.4.5) give
» _ D (2m)* 4 4
= S [35 +3/¢ +2] (2.8.4.6)
The ratio f11(€)/f11(1) is thus
fii©) [3§4+3/§4+2]‘/2
= 2.8.4.7
Ju() 8 ( )

The first natural frequency of a rectangular plate with a constant area has a minimum
when the sides have the same length, i.e. when & = 1.

2.8.5 Example 8.5

The corners of the simply supported plate are at (0, 0), (Ly,0), (Lx, Ly) and at
(0, Ly). A point force Fo - '“" excites the plate at (xg, yo). The displacement of the
plate is w(x, y) - ¢'“!. The differential equation governing w is

V2(VZw) — k*w = (Fy/D) - 6(x — x0) - 6(y — y0) (2.8.5.1)
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where k* = pw?/D, p being the mass per unit area of the plate and D its bending
stiffness. The orthogonal eigenfunctions ¢,,, for a simply supported plate are

@mn = sin(mmx/Ly)sin(nmy/Ly) (2.8.5.2)
The eigenfunctions satisfy the equation
V(Y2 0mn) = K Pmns Ko = (mm/Ly)* + (nm/Ly)> (2.8.5.3)

The displacement is written

W, y) = D Coun - Pon (2.8.5.4)
m,n

The displacement w and the eigenfunction ,,, satisfy the same boundary conditions.
Consequently, Eq. (2.8.5.4) can be inserted in the basic differential equation (2.8.5.1)
resulting in

> ConV (V2 0un) = D Counti*omn = (Fo/D) - 5(x — x0) - 5(y — yo) (2.8.5.5)

The Eqgs. (2.8.5.3) and (2.8.5.5) give

D Conlbimy = £ Pmn = (Fo/D) - 5(x — x0) - 6(y — y0) (2.8.5.6)

Equation (2.8.5.6) is multiplied by ¢,,, and integrated over the plate area. The eigen-
functions being orthogonal with the norm (@, | @mn) = LxLy/4 give

Conn (Kt — kYL Ly /4 = (Fo/D) - omn(x0, Y0) (2.8.5.7)

Using Eq. (8.16) and the definition of the wavenumber « it follows that

Ko = m)2(u/Do) f2, and k* = (2m)%(u/D) f> where f, is the natural fre-
quency for mode (m, n) and D = Dy(1+in), n being the loss factor of the structure.
The parameters C,,, are thus obtained from Eq.(2.8.5.7) as

4Fopmn (X0, Y0)

Cmn = M2, + i — 2

M =puL,L, (2.8.5.8)

The total mass of the plate is M. The space and time averages of the velocity squared
of the plate is

_ 1 1 1
(%) = T // drdy > liww]* = §Zw2 |Conn | (2.8.5.9)
xby
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since [[ dxdypmnpri = LyLy/4if m = k and n = [,otherwise zero. If only the first
mode is considered Eq. (2.8.5.9) gives

AU S SO 16 FZ (pmn(x0, ¥0))?
N — C =
(%) g [C11l QmAM2(FL — 2+ (nf2)2]
B 0
M2~ D2+ fD3

(2.8.5.10)

where Q is a constant.
Two cases are considered.
Case 1
M = My;n = 0.01;Dg = Dy; f = 09 - fi1. These parameters inserted in
Eq.(2.8.5.10) give

i ~ 0 _ Q- 100
T MR A[(1/0.81 — 1)2 4 (0.01/0.81)%]  M?f4-5.52

(2.8.5.11)

Case 2

M =1.35-M;;n=0.1; Dy = 1.2 - Dy. The first natural frequency f1; of the plate
is changed since both the mass and the stiffness of the plate are changed. The first
natural frequency is

fi1 = (&3,/2m)y/ Do/ = (53, /27)y/1.2D1/(1.35M)
= (f/0.9)y/1.2/1.35 =1.048 - f

These parameters inserted in Eq. (2.8.5.10) give

N 0 __0-100
(1.35)2M7 f4[(1.048% — 1)2 + 1.0484/1002] M7 f*-3.96

(03) (2.8.5.12)
The velocity level of the plate is increased due to the changes. The main reason being

that after the change the new natural frequency of the plate is closer to the frequency
of the force exciting the plate. The velocity level increase is

>
AL, = 10 - log [EU_%;] — 10 - log(5.52/3.96) = 1.4dB
v

2.8.6 Example 8.6

The corners of the simply supported plate are at (0,0), (Lx,0), (Ly, Ly) and at
(0, Ly). Two forces excite the plate one Fj - e at (Ly/4; L y/2) and another one
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—Fp - e at (3Lx/4; Ly/2). The displacement of the plate is w(x, y) - e'“! The
differential equation governing w is

VA(V2w) =k w=(Fo/D)-[6(x — L /4)5(y = Ly /2) = 6(x =3Ly /4)5(y — L, /2)]
(2.8.6.1)

where k* = puw?/D, ;1 being the mass per unit area of the plate and D its bending

stiffness. The orthogonal eigenfunctions ¢,,, for a simply supported plate are

@mn = sin(mmx/Ly)sin(nmy/Ly) (2.8.6.2)
The eigenfunctions satisfy the equation
V(Y2 0mn) = K Pmns  Kon = (mm/Ly)* + (nm/Ly)> (2.8.6.3)

The displacement is written

wx,y) = > Coun - Pon (2.8.6.4)

m,n

The displacement w and the eigenfunction ,,,, satisfy the same boundary conditions.
Consequently, Eq. (2.8.6.4) can be inserted in the basic differential equation (2.8.6.1).
The parameters Cy,, using the procedure outlined in Example 8.5 are obtained as

__ 4Fysin(nm/2) [sin(mm/4) — sin(3mm/4)]

DL Ly(k}, — k)
_ —8Fysin(nm/2) cos(mm/2) sin(mm/4)

mn

(2.8.6.5)
DL Ly(K}, — &%)
Cun #0form =2,6,10etcandn =1, 3, 5 etc.
The time average of the kinetic energy is
- L,L
T = // dxdy% liww|? = xl—éy“ W2 |Coun? (2.8.6.6)

since [[ dxdypmnpri = LxLy/4 if m = k and n = [, otherwise zero. Using
Eq. (8.16) and the definition of the wavenumber « it follows that nfnn = (2m)%(1/ Do)

nzm and k* = (277)2(u/ D)f 2 where fmn 1s the natural frequency for mode (m, n)
and D = Dy(1 + in), n being the loss factor of the structure. The parameters |Cyy,;, |2
are thus obtained from Eq. (2.8.6.5) as

(Coal” = ol D M=plily  (2867)
mn M2(27T)4[(fn2m _f2)2+(,,7f’72m)2]’ xLy .8.6.



http://dx.doi.org/10.1007/978-3-662-47807-3_8

146 2 Part 2 Solutions

form = 2,6, 10 etc and n = 1, 3, 5 etc. The total mass of the plate is M. The time
average of the kinetic energy is obtained from Eqgs. (2.8.6.6) and (2.8.6.7) as

T=> |Fol” /2 (2.8.6.8)
MQm)[(f2, = D2+ W f2)?]

m,n

form =2,6,10etcand n = 1, 3, 5 etc.

2.8.7 Example 8.7

The corners of the simply supported plate are at (0, 0), (Ly,0), (Ly, Ly) and at
(0, Ly). A force f(x, y)e''per unit area excites the plate. The function f(x, y) is

f@.y) = Fo-xy(Ly — x)(Ly — y)/(LcLy)? (2.8.7.1)

The displacement of the plate is w(x, y) - ¢/“’. The differential equation governing
w is

Vi(V2w) — k*w = f(x,y)/D (2.8.7.2)

where k* = pw?/D, p being the mass per unit area of the plate and D its bending
stiffness. The orthogonal eigenfunctions ,,, for a simply supported plate are

@mn = sin(mmx/Ly)sin(nmy/Ly) (2.8.7.3)
The eigenfunctions satisfy the equation
V2(V20un) = KibnPmni Koy = (mm/Ly)? + (nm/Ly)? (2.8.7.4)

The displacement is written

w(x, )’) = Z Con - Pmn (2.8.7.5)

m,n

The displacement w and the eigenfunction ,,, satisfy the same boundary conditions.
Consequently, Eq. (2.8.7.4) can be inserted in the basic differential equation (2.8.7.1).
The parameters C,,, using the procedure outlined in Example 8.5 and are obtained as

_ 4(f | omn)
DL Ly(k}, — %)

(2.8.7.6)

mn
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where, using Egs. (2.8.7.1) and (2.8.7.3)

(F Vomn) = [ [ dxdys e y)omn e,
A |:2'cos(m7r) sin(mw):| |:2-cos(n7r) sin(n7r):|
=ry .

(mm)3 (mm)? (nm)? (nm)?

(2.8.7.7)

The displacement w is given by Egs. (2.8.7.5), (2.8.7.6) and (2.8.7.7).

2.8.8 Example 8.8

The corners of the simply supported plate are at (0, 0), (Lx,0), (Lx, Ly) and at
(0, Ly). The corners of the limp material are at (L, /4, L /4), (Lx/4,3Ly/4), BLx/
4,3Ly/4) and at (3L, /4, L /4). The total area of the plate is S and the area of the
added material is So. The stiffness of the plate and thus the potential energy of the
plate is not changed by the addition of the limp mass. The added mass influences the
kinetic energy. The angular frequency w of the system can according to Eq.(8.87)
be written as

2 C

° T [ dxdyp(x, y)F2(x, y) (2.8.8.1)

where C is a constant proportional to the potential energy of the plate. The mass
per unit area of the plate is u(x, y). For the first mode of vibration F(x,y) =
sin(mx/Ly) - sin(mwy/Ly).
Case 1

u(x,y) = po = M/(LxLy) where M is the total mass of the plate. Equa-
tion (2.8.8.1) gives

) c 4C

w- = = —
po [ dxdyF2(x,y) M

(2.8.8.2)

Case 2

pwx,y) =po forO0<x < Ly/4and 3L, /4 <x < Ly
and0<y<Ly/4and3L,/4<y< L,
w(x, y) = 2up otherwise
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The integral in the denominator of Eq. (2.8.8.2) is

//dxdyu(x VF(x,y) = // dxdypoF? + // dxdypo F?

3L, /4 3L, /4
=M/4+ uo/ dx (sin(ﬂx/Lx))z/ dy (sin(mry/Ly))?
Ly /4 Ly/4
— M/4. [1 F (/24 1/71')2] (2.8.8.3)

The ratio between the natural frequencies before and after the change is

(fll)casel

5 1/2
(fll)ca%e2 - [1 + (1/2 + l/ﬂ-) ] (2884)

2.8.9 Example 8.9

The plate is simply supported along the edges y = 0 and y = L, and free along the
edges x = 0 and x = L. The displacement w of the plate is w(x, y) - exp(iwt). For
a plate with two opposite sides simply supported the function w can, according to
Eq. (8.49), be written as

W@, y) = D Xa()pn(3):  a(y) = sin(nmy/Ly) (2.8.9.1)

For free vibrations the functions X;, should satisfy Eq. (8.51) with F = 0. Thus

a*x, d2X, 4
T~ 2kt X — kX, =0 (2.89.2)
kY= pw?/D; k2= (nm/Ly)? (2.8.9.3)

By introducing

= /K2 —k2 and ky = /K% + k2 (2.8.9.4)

the general solution to Eq. (2.8.9.2) is written
X, = Ay sin(k1x) + Az cos(k1x) + Az sinh(kox) + Agcosh(kox)  (2.8.9.5)
The displacement of mode (1,1) is w11 (x, y) = X1(x)®1(y). The boundary condi-

tions corresponding to simply supported edges along the lines y = 0and y = L, are
satisfied by the function ¢ . For free edges along the two other boundaries the bending
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and force should equal zero. Thus according to Table 3.3, (p. 104), w1 should satisfy

*wyy wiy

My, =-D [ 52 +v e :| =0 forx=0andx =L, (2.8.9.6)
83 83

F/=-D [ 81;)3“ r@- u)ax'g;z} —0 forx=0andx =L, (2897

The expression wi(x, y) = X1(x)p1(y) and the Eqgs.(2.8.9.6) and (2.8.9.7) give
forx =0andx = L,

X KX, | =0 Xy Q2 — V)k> il _y (2.8.9.8)
Lz =0, |[=—-Q—-vki—|= .8.9.
dx? 141 dx3 U dx

The Eqgs. (2.8.9.5) and (2.8.9.8) give a system of equations which in matrix form is

Ay
A
B] - =0;
B 101 =0
Ay
0 7<H% + ,/k%) 0 (;;% - ,/k%)
- [} +@-wid] o 2-c-vk] o
1| R + ( V) 1 K | K5 ( V) 1
[B] = 2. 2 2. 2 22 22
75'(,%1 +1/kl) 7C(n‘1 +1/kl) SH(K2 7ukl) CH(Kzfukl)

—k|C [w% +e- u)kﬂ K18 [h% +e- V)k%:l Ky CH [n-% —e- 1/)kﬂ Ky SH [h% —- y)kﬂ
(2.8.9.9)
where @« = k1L, and 8 = KkyLy and S = sina, C = cosa, CH = cosh § and
SH = sinh (. The first natural frequency for the plate with two opposite simply
supported edges and with the two remaining sides free is the solution to Det[B] = 0.
There are two simple limiting cases. The first when L, — o0. In the limit Ky = 0
and k| = ky = k and a = . For this particular case the matrix [B] is

0 —K2 0 K2
m=| 5% Q0 0 (28.9.10)
T | —k%sina —k2cosa k%sinh o K% cosh o o
—k3cosa K3sina k3 cosha k3 sinh
The determinat of [ B] is zero when
cosa-cosha =1 (2.8.9.11)

which according to Table 7.3 gives the natural frequency for a beam with both ends
free.
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The other simple case is when L, — oo leading to sinh 3 &~ cosh § — oo. The
determinant of [B] is for this case zero when o = 0. The first natural frequency is
consequently the solution to x = /L, which is equivalent to the natural frequency
of a beam simply supported at both ends.

2.8.10 Example 8.10

The total potential energy of the system is stored in the plate and in the two springs.
The potential energy stored in one spring with the spring constant s is 5/2 - (Ax)?
where Ax is the compression of the spring. Assuming a deflection Fof the first
vibrational mode of the plate where

F(x,y) =sin(nx/Ly)sin(wy/Ly) (2.8.10.1)

it follows that the maximum potential energy stored in the plate and the springs is
U D//dd O*F 2+2 O*F 2+ *F\’

= — X —_—

max T Y1\ ox2 Ox0y 0y?

% [P 30 + P, o) | (2.8.10.2)

+

where (x1, y1) and (x2, y2) are the coordinates for the mounting of the springs. The
Eqgs.(2.8.10.1) and (2.8.10.2) give

Umax = (1/2) - [DLXL S A+ s - sin(n/2) - (sinz(ﬂ/4) n sin2(37r/4))]
—(1/2)- [DLxLyn‘]‘l/4 + s] (2.8.10.3)

with k3, = (7/Ly)*+ (W/Ly)z. According to Egs. (8.22) and (8.23), the first natural
frequency f1; is the solution to the expression

DL, L.k} /4 +
@r fin)? =2vmax/ [//dxdquz} = ’;LL“VT% u (2.8.10.4)
X y

The mass per unit area of the plate is p and the total mass M of the plate is M =
puLyLy. The first natural frequency is thus

4 1/2
fi = 1 DH11+4S (2.8.10.5)
n=a " i .8.10.
. . . . 4s W
The expression is only valid for small pertubations, i.e. o <L

DkY, M
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2.8.11 Example 8.11

According to Eq. (8.39), the time average of the modal energy of a plate excited by
white noise with a one-sided power spectral density G rF is

Epmn = Grr/@wuanM) (2.8.11.1)
where M is the total mass of the plate and 7 its loss factor. For viscous losses and
white noise excitation &, is constant and idependent of the mode numbers m and
n. This is equipartition of energy. The total energy within a frequency band Af is
thus

Eng =Ny Af - En (2.8.11.2)

where N is the modal density for the plate or

LyLy |ph S [ph
= —_— === 2.8.11.3
Nf 2 Dy 2V Dy ( )

S being the area of the plate. Equations (2.8.11.1)—(2.8.11.3) give

- S [ ph GFF
=Af - | — — 2.8.11.4
Ear f 2\ Dy AdwunnM ( )

The total energy is also given by

Eap = M{|7])ar (2.8.11.5)

Equations (2.8.11.4) and (2.8.11.5) give

. S | ph GFrF
2

—Af. 228 2.8.11.6
q” ’W ! 2\ Do dwpmnM? ( )

Dy = Eoh? / [12(1 — v*)] and M = phS inserted in (2.8.11.6) give

_ S |pl2(1 —v3) Grr C
2

—AF.2 i = 2.8.11.7
(’v ‘)A'f f 2 Eoh? Awpnnp*h2S%  nhd ( )

where C is a constant.
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2.8.12 Example 8.12

An eigenvalue problem is given by

Lom = AnPm (2.8.12.1)
The operator L is

L=L9 49 (2.8.12.2)

The operator Q is small as compared to L which corresponds to an undisturbed
case for which

LO,0 = 0,0 (2.8.12.3)

Define eigenvalues and eigenfunctions as

Am = A0 £ AD 42D (2.8.12.4)
(O)JFZ‘“W +Zb Fo0 4 (2.8.12.5)

Equations (2.8.12.2), (2.8.12.4), and (2.8.12.5) inserted in (2.8.12.1) yield when
neglecting higher order terms

L+ 0) [w D WHELES W w]

= [\ + 22 + 2] [@“’) + Za 0O+ me,gpg@} (2.8.12.6)
r
Solving this expression and neglecting third- and fourth-order terms the result is
LOGO 4 Z amn LO 0O 4 Z b LO 5
+0eY + zamn 04 + zbm, 04"
— A0 L0 4 O Zamnwn
42O Z by, (p(m ADLO 4 (D) Z e ® + AD Zb o

+ )\5’3)@3) + )\'(2) Zamnw(O) + )\(2) Zb 90(0) (2.8.12.7)
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The unperturbed solution should, as given by Eq. (2.8.12.1), satisfy

0) (0 0) (0
LOLO — A0 ;0

Pm

Terms of the first order should satisfy Eq. (8.114) or

> amL®e® + 00 = /\«))z 20 ® + AD O (2.8.12.8)
n

Terms of third or fourth order are Z by Q(,o(o) )\f,% ) Z by <p§0),
r

(2) ZamnSD and )\(2) Z b 4,0(0)

Neglecting terms of third and higher orders in Eq.(2.8.12.7) and using Eqgs.
(2.8.12.3) and (2.8.12.8), Eq.(2.8.12.7) is reduced to

Z bmrL(O) © + z Amn Q‘p(O)

r#Em n#m

=2ADD b + A D e + AP o (2.8.12.9)
r#m n#Em

where accordmg to Eq.(2.8.12.1) L<0)<p(0) Aﬁo)goﬁo). Equation (2.8.12.9) is multi-
plied by cpm and integrated. The result is

bmm)‘ﬁr?) (@ﬁr?) ‘ 90;;?)>+ Zamn< ;0) ‘ QSO(O)>

= 2AOpm < ©) ‘ ¢(0)>+A(” < ©) ‘ 90(0)>+/\(2)< (0) ’ <p<0)>

(2.8.12.10)
However, a;, = by = 0. Thus Eq. (2.8.12.10) gives
(2) _ . _ Qnm .
)‘m = Z Aun Qmns  Amn = W,
n#Em n
On = <<p‘°) ‘ Q¢(°)> < © ‘ <p(0)> (2.8.12.11)

The parameters by, are obtained by multiplying Eq. (2.8.12.9) by wﬁo) and integrating

and using L@ ¢ (0) )\(O) 9 The result is

b A (6 | @)+ > amn (¢ | 067

n#Em

= Dy A©) <<p<0) ) s0(°)>+a A(1><¢<0> ‘ (p(O>>
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Thus

Z Amn Qrn — amr>\£nl)
n#m

by = 050 (2.8.12.12)
However, A,(nl) = Qmm reducing Eq.(2.8.12.12) to
> ann Qrn — @mr Qmm
by = 2 YO (2.8.12.13)
2.8.13 Example 8.13
Following the discussion in Sect. 8.10, Eq. (8.121), the operator L is
L=L94+0; LO= %vzvz; 0= Df“vzvz (2.8.13.1)

The eigenfunction for the unperturbed case is @5,? ). The eigenvalue, including second-
order terms, is

A = A0 £ AD 4 2D (2.8.13.2)
where from Eqs. (8.116) and (8.119)

0 0 0), (0. 1 0
AD = {0 LOAD): A = (0

Qcp(o)> (2.8.13.3)

Equation (2.8.12.11) in Example 8.12 reads

0
- \n

n

O = | 06) /{0 | tp(o)> (2.8.13.4)
The eigenfunctions for a simply supported plate are

09 = sin(mmx/Ly) sin(nmy/Ly) (2.8.13.5)
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Equations (2.8.13.3) and (2.8.13.5) give as presented in Eq. (8.122)

2
D mm 2 nm 2
M = i “3’"2[(5) +(L—y)} (2.8.13.6)
4D AM 2
Agnn__?.v K [30519;(,0)] (2.8.13.7)

where AM is the added mass and M the mass of the plate and r( the coordinates for
the added mass. The second-order term is given by Eq.(2.8.13.4) as

) _ Onm Qmn
A2 — Z NI (2.8.13.8)
n#m n
In 2D
0 0)
P iy BT VPR OO [
mn mnrs = <(p£(g) L)0’(2)> = [ M Prs \F0 0
(2.8.13.9)
(0) (0)
Opm — O _M__LL_D.%.“ [ )(r)][(o)(r)]
nm rsmn — <gp5’?2l gpgl))l> - /LL M Sor_s 0 (pmn 0
(2.8.13.10)

Equations (2.8.13.8), (2.8.13.9), and (2.8.13.10) give

oo (ro>] [6¢0]

2D = M[MM} mzz[ ra—y (2.8.13.11)

Including the second-order terms, the eigenvalue is obtained from (2.8.13.6),
(2.8.13.7), and (2.8.13.11) as

mn

D
A = A0 AN + A2 = ?#

- 4AM[ © 0)]2+[4AM] ZZ [@E?Z(ro)wm)(ro)f

Lo —]

The summations do not include the case for which r = m and s = r simultaneously.
The eigenfrequencies are

= — A (2.8.13.12)
2
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2.8.14 Example 8.14

The critical frequency is according to Eq.(8.134) higher for the top plate than for
the bottom plate or f.» > f.1. The velocity-level difference between the bottom and
top plates is thus given by Egs. (8.132) and (8.136) as

T6(f4 — f3)*(Lx + Ly)

2 ¢3/2 2
26f2 fcl c2

AL, =Cy+25log f; C2=10log |: :| (2.8.14.1)

The parameters changed are the thickness of the top plate, the stiffness of the
resilient layer, and the loss factor. Further f.» > f.1. The parameter C, is, using the
Eqgs. (8.134) and (8.135), reduced to

1)
Cr, =101 — |+ K 2.8.14.2

where K is a constant. The material parameters for the two floors are using Table 8.7,
p.352:

Floor1 6§ =02;E, =42 x 10°N/m?;h, =4 x 103 m

Inserting these values in Eq. (2.8.14.2) gives C» = K — 15 dB.

Floor2 §=0.28;E, =13 x 10°N/m% h, =2 x 10 m

Inserting these values in Eq.(2.8.14.2) gives C» = K — 3 dB.

In the high-frequency region the improvement is

(C2)fi0or2 — (C2)fivor1 = 12dB

2.8.15 Example 8.15

The eigenfrequencies for an isotropic rectangular plate with free edges are given by
Eq.(8.90) as

7 Do | (Gu\' (Ga\' 20ndn +20(HpHy — Jndy)
Jon==5—"{\-—) t\+—) + 3
2\ ph Ly Ly (LxLy)
(2.8.15.1)
Let an orthotropic plate have the bending stiffness Dy in the x-direction and Dy in the
y-direction. The torsional rigidity B of the plate is approximated by B = /D, Dy as
discussed in Sect. 3.10. For describing the displacement and eigenfrequencies of this

type of orthotropic plate a coordinate transformation can be made in such a way that
the orthotropic plate with the dimensions L, and L, is replaced by an isotropic plate

with the bending stiffnesDy = /D, Dy and the dimensions L, (Dy/Dx)l/8 and

1/2
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Ly (DX / Dy) '8 in the x- and y-directions of the plate. By inserting these transforms
in Eq.(2.8.15.1) the result is

T |1 Gn\* G, \*
=— |—. D, (2™ D, (22
Jmn =5 ph[ (L) " )(Ly)
20y + 20(Hyp Hy — T dy) 112
+ /;Dny mIn + 20(Hy 271 m n)] (2.8.15.2)
(LxLy)

where p is the density of the plate 4 its thickness and L, and L, the lengths of the
two sides.

2.8.16 Example 8.16

The eigenfrequencies for a simply supported rectangular plate are

_m Do [(mY (Y 28.16.1
=3 | (1) () @810

According to the discussion in Sect. 8.6, the eigenfrequencies for the same plate but
with clamped edges are

1/2

© |Dy [(Gu\* (G.\* 2H.,H,
=_ [ =. - _— - 2.8.16.2
T 2V ph |:(Lx) +(Ly) +(LxLy)2 ( :

For m > 2 the parameters G, and H,, are approximated by

2
Gm=m+1/2; Hy, =G> (1 - ) (2.8.16.3)
m

Equations (2.8.16.2) and (2.8.16.3) give as m and n approach infinity
1/2
x Do [(Gu\* [Gu\* 262627"
Jon = S —\7—) t\+) + 5772
2 P Lx Ly (LxLy)
7 Dy | (Gm) (G 2
2\ ph Ly Ly
T | Do m\?2 n\?
> = /—(l—) +|— (2.8.16.4)
2\ p Ly L,y
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Consequently, for high mode numbers the natural frequencies for clamped edges,
Eq.(2.8.16.4), are the same as for a simply supported plate, Eq. (2.8.16.1).
However, the limiting eigenfrequencies for the same plate but with free edges are

2

x Do [(Gu\* (Gu\* 201 -1G2G2]"
f’””HEVp_h'[(Lx) +(L_y) MTAAE

oo (L_x L, “\L) \L,

2.8.17 Example 8.17

Consider the eigenvalue problem
Lw=>Xw; L=L"+Q (2.8.17.1)
Equation (2.8.17.1) is rewritten
Lo + Qw = Aw and again as Low — \w = —Qw=f (2.8.17.2)

The function f is introduced as a source function. The orthogonal eigenfunctions

<p,(10) satisfy

L0 = )0, (2.8.17.3)

The solution to Eq.(2.8.17.2) is written

w= Z Crp® (2.8.17.4)
n

Equations (2.8.17.2), (2.8.17.3) and (2.8.17.4) give

S £ R C 11" B
RN Y CUZONY R Py ) AV R
o2 (6 | gu
I w<f?>>(H>ﬁ°>)

n Pn
The unknown function w appears on both the left- and right-hand sides of the equa-
tion. A solution can be obtaned by using an interative method. The first step is to

(2.8.17.6)
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assume that in Eq.(2.8.17.6) w — (ng) and A — )\510) as Q — 0. The resulting
solution is denoted ¢, and obtained from Eq.(2.8.17.6) as

9051(3)< (0)‘Q30n> <0)< )’Qson>
TR T R

m m#n
(2.8.17.7)

(e | 0o
(o [ ”) (v 7)

The result (2.8.17.7)i.e p, = K <p(0) + Z -+ - is inserted on the right-hand side of

m#n
Eq.(2.8.17.7). The process is repeated in an iterative way

<o>< ©) ‘ 0K (0>>
on = KO +%< 5 ‘ (0)>(A /\(0))
(0)< 0) ‘ Q¢(0)> < 0) ‘ QKSD(O)>

+ Z Z< 0 ‘¢§3>>()\_)\$>) M’O) ‘ (p;O)}()\—A;O)) +

K = (2.8.17.8)

m#n p#n \Pm
(2.8.17.9)

which gives

_ 0) Sﬁm an 901(4(1)) OmpQpn
I +n§‘( - ) g‘;( ~A0) (= AP)

(2.8.17.10)
where
Omn = <<p‘0) ’ Q¢(0)> < © \ <p(°)> (2.8.17.11)
However, according to Eq.(2.8.17.8)
0 < (O) ‘ Q<p”>
K ()\n — )\ >) S M Mo (2.8.17.12)

i
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By inserting ¢, given by Eq.(2.8.17.10) in (2.8.17.12) the result is

(o) = [ + 3 L

0)
m#nA — A\m

Onm Qmp O pn
t22 (= A9) (pAnp_Ag?’) +}

m#n p#n
(2.8.17.13)

which gives A, as

Qnm an Qnm Qm Q n
M= A+ 0+ PXp (2.8.17.14)
mzaén A = A E; (V= A) (=)

Again )\, is found on both the left and right-hand sides of the equation. However,
Ancan be solved by iteration in a rather convenient way.

2.9 Chapter 9

2.9.1 Example 9.1

-2
The kinetic energy is 7 = %, the potential energy &/ = 0 and the potential energy

due to the external force is A = — F,x. Hamilton’s principle (9.4) yields

t me
(5/ dt (T + Fxx) = /dt (mxéx + F0x) =0 (2.9.1.1)
I
Partial integration of the last integral gives

15
/dt (M 0% + Fedx) = [6x - mx]? — / " dr [0x (mi — F)]=0  (2.9.1.2)

n

For x (t1) = x(#;) = Oitfollows that the parenthesis of the last integral of Eq. (2.9.1.2)
must be zero. Thus F, = mX.

2.9.2 Example 9.2

The kinetic and potential energies are 7 = mz>/2; U = mgz. Hamilton’s principle
(9.2) gives


http://dx.doi.org/10.1007/978-3-662-47934-6_9
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(5/dt [m22/2 - mgz] =/dt [mz0z —mgdz] = [miéz];f
- /dtéz (m% +mg) =0 (2.92.1)

The equation of motion is Z + g = 0. The initial conditions are

z(0) = 0 and z(0) = z¢ (2.9.2.2)
Thus, Egs.(2.9.1.1) and (2.9.1.2) give

z=z0—gt*/2fort >0 (2.9.2.3)

and until impact.

2.9.3 Example 9.3

Let the beam be oriented along the x-axis of a coordinate system. The length of the
beam is L, cross section S, density p, and Young’s modulus E. The displacement
along the x-axis is £. The kinetic energy of the beam is 7 = fOL dxm’é2 /2, where
m’ = pS.

Z3%
2 ox
The potential energy induced by the external forces is

The potential energy is U =

L
A=4F-£0) — F,-&(L) —/ dx F'(x)&(x) (2.9.3.1)
0
Hamilton’s principle gives

I%) L
5/lzdt(T—U—A):/ dt/ dx |:m§5§ SE%%+F5§{|
f fn 0 ox O

I
+/2 dt [FES =0 (2.9.3.2)
41

Partial integration of the first part of Eq. (2.9.3.2) gives

[a [ asoe (3525wt )]+ [ ase[ -2 ()] =0

(29 3.3)
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For Eq. (2.9.3.3) to be zero, it follows that

SE— —m'é = —F' (2.9.3.4)

ox2
The boundary conditions are obtained from the last integral of Eq. (2.9.3.3) as

F:ES? oré =0 forx=0andx =1L (2.9.3.5)
X

2.9.4 Example 9.4

Equations (9.35) and (9.36) give

20 4 3 2
GSIa _86]+2D, [5 _%]Jr OV _p_o (2941

o2 oxt  ox o
ow 928 Pw P3| 028
— G5 Y ) et Y e
{ 5] 1oz T202 [ % axZ} o
(2.9.4.2)

Set w = Wexpl[i(wt —kx)], 5 = Bexpli(wt — kx)]. Equations (2.9.4.1) and
(2.9.4.2) give

W(G.Sk* — m'w?) + BQik* D, — ikG,S) = F} (2.9.4.3)
B[G.S + (D1 + 2D2)k*> — Lw*]1 + W[2ik’ D> — ikG,S] =0 (2.9.4.4)

Eliminating B from (2.9.4.3) and (2.9.4.4) gives
2D DYkOW — 2k* DS ILW 4+ k*G,SD|W
— [(D} +2DY)m’ + G SL| KWW — w? G, Sm'W + m' [,w* W
= G SF,+k* (D} +2D}) F} — W*1,F (2.9.4.5)

Interpreting (—ik)" W as 0"w/0x" and (iw)"W as 0"w/0t" etc give together with
Eq.(2.9.4.5)

, Ow Oow o*w
= 201Dy o5 + 2Dl s + GeSD 5
—[(D'y +2D')m’ + GoSI,] —as T Gosm EY g, 20
1 2)m w edM —— T M ly———7
0x201% or? ot
O*F' O*F'
= G.SF' — (D' +2D"3) — o Tl (2.9.4.6)


http://dx.doi.org/10.1007/978-3-662-47934-6_9
http://dx.doi.org/10.1007/978-3-662-47934-6_9

2.9 Chapter 9 163

2.9.5 Example 9.5

From Egs. (9.50)—(9.52), the following expressions are obtained

*w h2 9*w o0& 0&
D D —G———G — - —) = 2.9.5.1
(D1 + 3) T T How Iy 0x2 (6‘x 8x> ( )
9? he Ow
Ein T8 +G——+G—(§3 &) =0 (2.9.5.2)
Ox2 hy Ox
%&; . he Ow
Eihz— — G———G— =0 2953
3sh35 5 P33 — Ity O (& —&) ( )
Neglecting {, the last two equations (2.9.5.2) and (2.9.5.3), are written
9%
X195 + Aa— +B(EG—£6)=0 (2.9.5.4)
028 4% g ey (2.9.5.5)
o2 o 3—¢&1) = 9.0,
with
he 1
X; = Ehi; A=G-%: B=G— (2.9.5.6)
hy hy
a"e . . .
Set i (—ik)" £. Solving &1 and &3 from Egs. (2.9.5.4) and (2.9.5.5) gives
X
- ikwAXs 295.7)
"7 TI2X X5 + BX, + BX3 o
ikwAX
= — 2.9.5.8
8= "X Xs + BX1 + BX, ( )
Thus
o) o) KwAX) + X
98 061\ _ wAX: + X5) (2.9.5.9)
ox Ox k2X1X3+ BX| + BX;
" w " w
Writing — = (—ik)" w — = (iw)" w and inserting these expressions plus

(2.9.5.9) and p = 0in (2.9.5.1) yields
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(D1 4 D3)k®wX1 X3 + B(X1 + X3)(D1 4+ D3)k*w + pok® X1 X3
h2

+ B(X| + X3)poth + Gh—ewk4X1X3

2

+ wk?B(X| + X3)Ghy — K> Aw(X| + X3) =0 (2.9.5.10)

1

0
Considering that 3 g (—ik)" w the Eq.(2.9.5.10) is rewritten

X"
66w+84w B(X1+X3) Gh? po  [WB(X1+X3) 0%
Ox6 = Ox4 X1X3 ho(D1 + D3) D1+ D3 X1X3 Ox2

Ow (X1 + X3)Ghe(Bhe = A)] _
Ox? h2X1X3(D1 + D3) B

However, Bh, — A = 0. The resulting differential equation is thus

86w 8411) Ho 321'13
— —Z(1 —wZ|=0 295.11
Ox6 ( +y)3x4+D1+D3|:(“)x2 v ] ( )
where
Z_g[E1h1+E3h3] Vo [h2+(h1+h3)/2]2[ Eih) E3hy }
hy | EihiEzhs |’ (D1 + D3) E1hy + Ezh3

2.9.6 Example 9.6

1
The requirement is A < To where A is defined in Eq.(9.78) as

k2 kr \2 ke \2 23 2.6
A=—L 14 (2L forv =03, () = 20+0 ~3
412 kLT, ki T, T2 0.932

(2.9.6.1)

Thus

(2.9.6.2)

K2 W [ ER2 7 ()
pw?12 12

12
Consequently, (hx)? < To or approximately hx < 1.
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2.9.7 Example 9.7

According to definitions in Sect. 8.6.
Rayleigh-Ritz
The max potential energy is given by

2 2 2 62
Unnax = g/dxdyi (Cla d CQ%) + (C 91 e, ¢>2)

Ox2 Ox2 0y 0y?
1 &
2 C
+ (C18x8y+ 23x5‘y) I

It follows that
Mo _ 1y [ as]c (%)2 + (%)2 +2 (—62¢1 )2
ac; / [ M\ ax2 dy? Ox0y
o1\ (02 o1\ (062
rel (52) (52)  (57) (55)
2(55) (52
Ox0y Ox0y
etc.

The max kinetic energy is

Toax = 22 / dxdy [C161 + Cagal?

Thus

aTmaX
0C

= fiw /dxdy [C1¢1 +C2¢1¢2]

The elements in the matrix (8.94) are
0%¢
a11=D/dS|:(ax21) (
2 2
a22=D/dS[(a ¢2) (%y ) +2(§ (/)2) ]
2 2 82 62
an = = D/d%(%?)(%?)+(af)( =)
2(50:) (7))
0x0y 0x0y

8¢
o ) 2 axay”
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b1 =M/d5¢%; b1y = by =M/d5¢1¢2; by =M/d5¢%

The first few natural frequencies are obtained by setting the determinant of the matrix
[A] equal to zero, where

2 2

Al |an—w b1y a;p — wbyn
[A] = 2, 2,
a1 — why axn — why

Garlekin
The method is discussed in Sect.9.9. For no external forces, the parameters B;
are equal to zero. The elements in the matrix [A] defined in Eq.(9.106) are

Aij = / ds [0 V2(V26)) = 610 |
Partial integration gives
0} 2 ) 2

e faf(52) +(52) o(22) ]

2 2 2 2
e [ (52) (52 (52)22)

>

2 () (axay) e d’“’”}
~ P\ () (P ..
Ap =D | dS o2 + y? +2 Ox0y — w3

The natural frequencies are obtaind by setting the determinant of [A] equal to zero.
The results show that A;; = a;; — Wb, j- Thus, the Rayleigh—Ritz and Garlekin
methods give the same natural frequencies.

2.9.8 Example 9.8

The first two expressions of (9.93) are:

¢ 1—vd* 14v 9% -2 .
—_— —_— - =0 2.9.8.1
o2 3 o T 2 axay  En© (2.9.8.1)

14+v 0% 1—vd*ny %y 1-17
2 Ox0y 2 9x2  9y? Eh

i =0 (2.9.8.2)


http://dx.doi.org/10.1007/978-3-662-47934-6_9
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Using a scalar and a vector potential, the displacements £ and 7 are are according to
Eq.(4.5) given by (no z dependence)

9 oy 9 Oy
f—g*'g» ”_ay B (2.9.8.3)

Equation (2.9.8.3) inserted in (2.9.8.1) yields
ax 2t 0 T T2 o T T Em

82¢+1—u32¢ 1+ya2¢+1—u2
Oy \ Ox2 2 Oy? 2 Ox? Eh

82(]5 1-vd¢ 1+vd¢p 11—
8x ¢

LW z/J) 0 (2.9.84)

or

0 ) 1 -2 2 0 (1-v_, 1 —12 5
(v < V2w —0 (2.98.
( ot uw¢)+ay( vy uww) 0 (298.5)

Ox Eh

Or since p = ph

9 (v2 o, 1—v\ 0 (o 204+0)p 5 \
6x< o+ huwd)) (z)a—y(V\IJ—}-—E ww)_O
(2.9.8.6)

The expression inside the first parenthesis of Eq. (2.9.8.6) is the differential equation
for longitudinal waves and the expression inside the second represents the differential
equation for transverse waves, compare Eq. (4.8).

2.9.9 Example 9.9

The equation governing the vibration of a Timoshenko beam is given by Eq. (9.60)
as
o*w *w ,0%w o*w
GeSDy 5 =[Dim' + GeSIL] 555 +GeSm' 55 +m IwW =0 (299.1)
The boundary conditions for a simply supported beam are according to Table9.2
given by
w=0; 96/0x=0 (29.9.2)

For free vibrations, no external forces, the displacements w and (3 satisfy the same
differential equation (2.9.9.1). Let

w = A;sinkix + Ay cos k1x + Az sinh kpx + A4 cosh kpx (2.9.9.3)


http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47807-3_4
http://dx.doi.org/10.1007/978-3-662-47934-6_9
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(8 = Bpsink1x + By cos k1x + B3z sinh kox + By cosh kpx (2.9.9.4)

By setting w = Q -expl[i(wt — xx)] in Eq.(2.9.9.1) the wavenumber & is the solution
to the equation

G.SD{k* — [Dim' + G SI ] w*k* — W*G S’ +w'm'I, =0  (2.9.9.5)

The four solutions are written x = +x1 and kK = *iks.
The displacements w and 3 should satisfy Eq. (9.36) with D, = 0. Thus

Ow 2%p %3
—GQS[E—B]—D§@+IJJW=O (2.9.9.6)
This gives
G Slil G Slﬂ
By = Ay 6,2 5 Bi=-42 6,2 FT
G.S + Dik] —w=1 G.S + Dik] — w1
G.S G.S
By = As ed k2 . By=A en k2

’ 4
G.S — D|r3 — w2l G.S — D|r3 — w2,

(2.9.9.7)
The boundary conditions are satisfied for Ay = A3 = A4 = By = B3 = B4 =0
and x1 = nm/L. The natural angular frequencies w, are the solutions to Eq.(2.9.9.5)

with K = nm/L or

G.SD{(nm/L)* — [Dim’ + G SI,|wi(nm/L)* — w2G,Sm' + wim'I, = 0
(29.9.8)

2.9.10 Example 9.10

According to Eq. (4.32), the wavenumbers describing bending of a Timoshenko beam
are

12112
[k + K/ Ty | + [ + 6 = K2/ T3)?) ] (2.9.10.1)

N =

k1=:|:I

| 127 1/2
ky = 4 IE [k + K2/ T | = [46* + 6} = K2/ T)? ] (2.9.10.2)


http://dx.doi.org/10.1007/978-3-662-47934-6_9
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where T} is the Timoshenko constant and

12N /4 3
k1=wﬁ; k,:w\/z; K:(mw ) ;o om' = 8p; D/=bh E
E G D’ 12
(2.9.10.3)
The height of the beam is 4, its width b, and cross-sectional area S = bh. In the low-
frequency region, the solutions are k| = £« and k; = =%ik. For high frequencies,
k] —> :f:kl and k2 —> k;/m.
Let the force excite the beam at x = 0. For x > 0 and a time dependence e
assume the displacements w and 3 to be

iwt

w= Aje ¥ 4 AyeRex, 3= BeT X 4 jByeTikeY (2.9.10.4)

The displacements w and 3 should for D} = 0 satisfy Eq.(9.36) or

ow 025 0%p
T,GS | — — D— —1'— =0 2.9.10.5
b (ax 6)'% ox P ( )
Equations (2.9.10.4) and (2.9.10.5) give
I —D'k> —TpGS 2] — D'k —T,GS
A =B 2@ LU0 Y, =gt 2 b (2.9.10.6)
kiT,GS kT, GS

The boundary conditions at the excitation point, x = 0, are given by (9.61)

ow
— =0 (2.9.10.7)
Ox
F ow
—=T,GS|— — 2.9.10.8
5 b ( o ﬁ) ( )
Equations (2.9.10.4) and (2.9.10.7) give
k1Al = —ky Ay (2.9.10.9)

Equations (2.9.10.7) and (2.9.10.4) inserted in (2.9.10.8) result in

F
B B, = — 2.9.10.10
1+ B2 2T,GS ( )
Equations (2.9.10.9) and (2.9.10.6) give
2] —D'k? —T,GS
B, — —p Lo 1~ 1,GS) (2.9.10.11)

W21, — D'k5 — T,GS)


http://dx.doi.org/10.1007/978-3-662-47934-6_9
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Equations (2.9.10.10) and (2.9.10.11) give

_iF (W, —D'k3 —T,GS)
"~ 2T3GS D'(k? — k3)

B (2.9.10.12)

The displacement at the excitation point is

ko —k ko —k 2] — D'k* — T,GS
w(O)=A1+A2=A1(2k 1)231(2 1)(w w 1 — Ty )

1 k? T,GS

(2.9.10.13)

Equations (2.9.10.12) and (2.9.10.13) give

| F(ky — k1) (W21, — D'k? — T,GS) (W1, — D'k> — T,GS
w(o) = Lk k)@, 2 b 2)(“) 2 L= TGS 59.10.14)
2(kiT,GS)2D' (k? — k3)
The point mobility is

y _ iww® _ wW?I), — D'k3 — T,GS)(w’I/, — D'k} — T,GS) (2.9.10.15)

F 2(k1Tp,GS)2D' (k1 + k2)

For an Euler beam G — oo and ki — « and kp — ik resulting in Eq.(2.9.10.15)
being reduced to

-k

Y = (2.9.10.16)

dm’'w

This is the point mobility of an Euler beam as derived in Eq. (5.39).

2.9.11 Example 9.11

The corners of a rectangular and homogeneous plate with constant thickness are
located at (0, 0), (L, 0), (Lx, Ly) and (0, Ly). The mass per unit area of the plate
is p and its bending stiffness is D. The plate is excited by a pressure p(x, y). The
displacement is w. The pressure and displacement are positive in the same direction.
Resulting forces and moments are indicated in Fig.2.26.

The potential energy per unit area of the plate is given by Eq.(3.124) as

D Pw\> Pw\> 0w 0w Pw \*
-2 (& VY Lo (ZE) (E2) 120 -
“=3 [(axz) #(57) +2(55) (55) 200 (55)

(2.9.1171)
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oT,
oM, o 3:!/%‘1/
MI/J:J" dyIAU
L DY
e >
s
it T,
) T+ o Az
oM, ,
T\ Y M+ —tAs
vy DY
x/
N\\'\\
(b)
MY M
oT,
(c) Tyt ay“Ayx
T,
Z,
b
Fig. 2.26 Forces and moments acting on a plate element
The kinetic energy per unit area is
ow\?
Ts = g (5) (2.9.112)
The potential energy induced by external forces is
Ly ow ow
A=-— wpdxdy — Tow—M——-M —| d
Jfj s = | [ "ox ”ay}o ’
Lx ow ow 1ty
— Tyw—M — — M. —| dx 29.11.3
o [y -, ey



172 2 Part 2 Solutions
where T, is the the force per unit length of the plate along x = 0 or x = L, and
M, is the bending moment per unit length around a line parallel to the x-axis. T},
is the the force per unit length of the plate along y = 0 or y = Ly and M; is
the bending moment per unit length around a line parallel to the y-axis. M ;y is the

bending moment per unit length due to shear.
According to Hamilton’s principle, Eq. (9.4)

123 n
5/ dt// dxdy(Ts — Us) —5/ dtA =0 (2.9.11.4)
1 S 1

The first part of Eq.(2.9.11.4) is obtained as

5/ dt//dxdyTS——u/ dt//dxdy 5w+u//dxdy|:—6w:|
=— d dxdy—4 29.11.5
u/ﬂ t//sxyatzw @115

The displacement is zero for t = #; and 1.
The second part of Eq.(2.9.11.4) is

12 & 2w Psw 9w 02w
-6 dr dxdyldg = —D dr dxdy | — -+ — .
/tl //S rHS /rl //S e |:5’x2 Ox?2 + 9yz  09y?

D/le//d d 2w 6w N 0w 8w Lo )a2w 925w
_ yow gow  Sow grow _ v gow
f s B ox2  9y? oy2  ox? 0x0y 0x0y

(2.9.11.6)

The last part of Eq.(2.9.11.4) gives

Ly B Sw b
—6y/ dtA = / dl[//dxdyp5w+/ dy |:Tx(5w —M;ﬁa—w —M;yil]
X y 0

, d6w Adw Ly
+/0 dx |:Ty5w— oy M;yﬁ}o } (2.9.11.7)

Partial integration of the various expressions of Eq.(2.9.11.6) gives
f2 Pw  9*ow
-D dr dxdy | — - —5- dr dxdydwD—
/,. //s”[axz aﬁ} / //”‘“
f Ly Pw 5w  Dw
— dr dyD . — -0 29.11.8
/t1 /0 Y |: 0x2  Ox Ox3 wi| ( )

0
e Fw  sw 2 *w
—D dr // dxdy [— . i| = —/ dr // dxdydwD—-
/zl s dy?  0y? " s oy
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norhs ow dow  Pw 7
— [ a / de[ Rl -6wi| (29.11.9)
/ oy 9y 0y} 0

2

0w 62(5w n *w
82w dow
D D .
/ dt/ dxv |:3x28y ] / dt/ dyv [(%C By i|

(2911 10)

2 2
_D/ dt//dxdy[aw.a&w} /dt//dxdyéwl/D 3
dy? dy?
+/ dt/yd D[ W 5] /dt/Lxd D[ w a(sw]v
vD | —— - dw - xvD | —  —
1 0 Y axayz 0 I3l 0 6)/2 Ox 0

(2.9.11.11)
D/ dt//dd 2(1 — )= 2 Fw 00w
- —v
A 0x0y 8x8y
L,

4w Ly 8311) )
=-2(1—v)D d dxd —(5 — dx | —— 4§
(-2 / t[//s Y oxZayr /0 x[axzay “’L

Ly Pw w1
dy| ——  — 29.11.12
+ y[axay 9y ]0] ( )

If the order of integration is changed the result of Eq.(2.9.11.12) is

52

D/ dt//dd 21 — )2 026w
S Y oxdy oxdy
*w Ly 9w Ly
— 20-wp | 4 dedy-TY s [Ty 2 s
= / ’[//S D ox9y Y /0 y[axaﬁ “’]0

+/Lyd P obw]™ (2.9.11.13)
0 Y Ox0y Ox ] T

By adding the two solutions (2.9.11.12) and (2.9.11.13) and by dividing by a factor
2 the result is

w  9*6w
—p [ ar[[ dxdy|201 -
/ I// xy|:( V)axay 8x8yi|
ow

——2(1-vD | dt dedy—T" 5w

= / U/s ooy ]
%) Ly 8311) Lx

—d=-vp | arl = ay| L2 sw
=v / [ | y[axayz L




174

82

Ly w
d .
+/o Y [8xay

Lyd o*w
+/0 y[axay '

Ly L,
]
3x 0 0

|
dy 1o

Pw
0x20y

2 Part 2 Solutions

L,
. 5w]
0

(2.9.11.14)

A summation of all contributions, Egs. (2.9.11.5), (2.9.11.7), (2.9.11.8), (2.9.11.9),
(2.9.11.10), (2.9.11.11), and (2.9.11.14) gives

e Ly osw1™ L d5w L
/ dt[//dxdyG16w+/ dy [Gz—w] +/ dx |:G3—w:|
1 s 0 Ox 0 0 dy 0

L, 3 Ly L
+/ dy [G4ow]y™ +/ dx [G55w]0“‘]
0 0

) Ly Odw X Ly ASw Ly
+/ dr / dy [Gﬁ—] +/ dy [07— =0 (29.11.15)
n 0 dy 0 Ox
where
Gr = 0w . D84w D84w D *w
=Tl TP T g T Py 5x28y2
4 *w
D———-2D(1 —-v)——
g 0x20y? (1= 0x20y?
=p — VE(V2u) — 62_w (2.9.11.16)
=p P 9.11.
0w 9w
/
0w 0w
Gi=—-M. —-D——vD— 2.9.11.18
3 X B2 D=3 ( )
Bw 3 3
G4 =T, D D 2(1 = v)D———
4=l Ox3 v Ox0y? +2-v) Ox0y?
3w 3w
=T, +D——~ 2—v)D—— 2.9.11.19
M TR P ( )
Gs =T, + D 3w+ p B +2(1 =)D w
124 — UV —_—
> 0y3 0x20y 0x20y
Pw Pw
=Ty + D— 2—v)D—— 2.9.11.20
+ 3y +@2-v) ax20y ( )
Ge=—M_ —(1—v)D Fw (2.9.11.21)
6 = Ty v 90y 9.11.
82
Gy =M, —(1—)D—r (2.9.11.22)

0x0dy
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For the expression (2.9.11.15) to equal zero all integrals must also equal zero.
For G equal zero it follows that either w = 0 or

w

V2(Viw) + Wom =P (2.9.11.23)

This is the governing equation for a plate in flexure.

For the second integral to be zero either w/0x or G is zero along the sides
x = Ly and x = 0 of the plate. Thus, along these sides the requirements are

M- D62w 0w

5 W_VDa_yz orOw/Ox =0forx =0andx =L, (2.9.11.24)

For the fourth integral to be zero the requirements are

T Da3w @ D Pw
x =— _ — v -
Ox0y?

73 orw=0forx =0and x = L, (2.9.11.25)
X

For the sixth integral to be zero the requirements are

2

0~w
M., =—1-v)D
Y (1=v) Ox0y

or Ow/0dy =0forx =0and x = L, (2.9.11.26)

The corresponding expressions along the y-axis are

P 2
M, = —Da—yf - uDa—xf or dw/dy =0fory=0andy =L, (2.9.11.27)
.= _pov 2 —1v)D Ow 0f Oandy =L, (2.9.11.28)
) = —UD——— — — UV —F Or = or = an = . .
Y dy3 0x20y v Y Y Y
M (1—1)D Fw o /0x = 0 f Oandy =L, (2.9.11.29)
e — UV or Jw X = or = an = . .
) Ox0dy Y Y y

For the side x = L to be simply supported the requirements are w = 0 and M, = 0.
For w to be zero along the side it follows that also Jw/0Jy = 0. Thus, the boundary
conditions are

0w
w = 0; Fr (2.9.11.30)
For the same side to be clamped the requirements are
ow
w = 0; =0 (2.9.11.31)

o =
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For a free edge M; =0and T, =0or

O*w O*w Pw L2 Pw
—V)——
Ox? Ox3 Ox0y?

=0 (2.9.11.32)

The moment M ;y is in general different from zero.

In principle for a free edge there are three boundary conditions. Along the edge
x = L, the three apparent boundary conditions are M)’,, T, and M)’Cy equal to zero.
However, only two conditions can be satisfied since the displacement of the plate
is governed by a fourth-order differential equation. This anomaly was in the 19th
century considered by Cauchy, Navier, Kirchhoff, and Lord Kelvin amongst others.
It was suggested by Kirchhoff that the effect of the twisting moment M)’Cy can be

included as a force, i.e.

M}/Cy D63w 0 D Pw
= —0D—F — — UV -
dy Ox3 Oxdy?

T, = —D(% (Vzw) L2

This expression was obtained directly in Eq.(2.9.11.24) using Hamilton’s principle.
Lord Kelvin concluded that for a thin plate the detailed description of the stresses in
the plate can not be given within a distance equal to the plate thickness to the edge.
This is in accordance with the principle of Saint-Venant. Consequently, for a free
edge there are two boundary conditions to be satisfied. For the edge x = L, these
are

0w Pw Pw Pw
I L LY o, TP 0ol
Ox2 v dy? Ox3 t@=v Ox0y?

The same result—two boundary conditions—is obtained from Hamilton’s principle
if instead of Eq.(2.9.11.14) the Eq.(2.9.11.12) is used to derive the function Gg.

2.10 Chapter 10

2.10.1 Example 10.1

The kinetic and potential energies of the system are
T =m@ET+%3)/2; U = k[(x1 —x2)> +x7 +x31/2— Fix1 — Faxo+U, (2.10.1.1)

Based on the Egs. (10.6) and (10.23), the resulting equations governing the displace-
ments of the masses are

mx; +kQxy —x2)=F;; miy+kQxy—x1)=F (2.10.1.2)
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In matrix form this is equivalent to

01

_ 2 -1 . _ Fi iwt
K_k|:_l 2], F_IFZ]e

The eigenvalues for the undamped system are obtained from Eq.(10.12) as

M-X+K-X=F: M=m[10:|;
(2.10.1.3)

2% —mA  —k
det[ _k 2k_m]=o (2.10.1.4)

By introducing wg = k/m the result is

A1 = 3wi and Ay = W} (2.10.1.5)

The eigenvectors X, corresponding to A, are obtained from Eq.(10.13) as

(K —\M]X, = [K — \M] [2} -0 (2.10.1.6)

_1x _ -1 . X1 _ 1
S R i AR 1 I H

According to (10.18) and (10.20), the displacement of the masses are given by

-+ F -1 ot Fi + F, 1 o
= 6k — 2mu? [ 1 ]ew + % — 2mw2 [ 1 ] e (2.10.1.8)

2.10.2 Example 10.2

The ratio between the mobilities is

YsS

12 [P
—= =cos(k;L); k = —
Yls1 (kL) 1=« E

The mass of the mountis m = pSL. Thusm - 0 = p - 0=k — 0 =
cos(k;L) — 1. Consequently, the ratio ¥}, /¥7,=1 for a mass-less spring.
The equivalent mobility for a mount is defined by Eq. (10.54) as

s ys s ys
Y11Y22 — Y12Y21

Y;, = - (2.10.2.1)
12
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For Y}, = Y3, = —iw/[SEk tan(k;L)] and Y}, = Y35, = —iw/[SEk; sin(k;L)] the
result is

( iw )2 (cosz(le) 1

, SEk; sin?(k;L)  sin®(k/L) iw |

S — —

Yy, = — : = SEL sin( L) (2.10.2.2)
SEk; ) sin(k;L)

For m — 0 then k;, — 0 and sin(k;L) — k;L. Thus Yesq —

iw
——— asm —
SE/L

0. However, SE/L is according to Eq.(3.4) equal to k., of a mass-less spring.
Consequently,

s iw
qu — . asm — 0 (2.10.2.3)
eq

2.10.3 Example 10.3

The beam is oriented along the x-axis. The bending moment is exciting the beam at
x = 0. The displacement w, time dependence exp(iwt), of the beam is given by

wy = Are " 4 Ble "™ forx > 0; w_ = Are " 4 Bre " for x <0
(2.10.3.1)
Boundary conditions at the excitation point are

w(0) = w_(0); w'(0) = w’ (0); D[w(0) = w_(0)] = M: w/(0) = w”(0)

(2.10.3.2)
Equations (2.10.3.1) and (2.10.3.2) give
Al = M A»=—-B; =B (2.10.3.3)
1= gap = A= 1= B>
The velocity of rotation around the y-axis is
by = L (2 wrAr(1— iy = M 14 i) (2.10.3.4)
Y - /- e == l - == l . . .
wy =7\ Y wKA| i 1D

According to definition &, = Y, M. Thus from Egs. (2.10.3.3) and (2.10.3.4)

Yuo (141) (2.10.3.5)

W
T 4xD’
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Fig. 2.27 A resilient mount Fy

consisting of a rubber l

cylinder coupled at both ends /

to stiff masses i / "
T g

2.10.4 Example 10.4

The mobility for each mass is Y3y = 1/(iwM). According to Fig.2.27, the following
equations are obtained

A A

A A ] - A U2

FA—Flzy—m; FB—FZZW (2.10.4.1)
0y = F\Yy1 + BxYo = FaY| + FpYl, (2.10.4.2)
Uy = ﬁzY]] + ﬁ1Y21 = ﬁBYIII + ﬁAY£1 (2.10.4.3)

The mobilities for the entire construction are denoted Yi’j.
The equalities Y11 = Y2, Y12 = Y21, Y|, = Y}, and Y], = Y}, have been used.
Equation (2.10.4.1) inserted in (2.10.4.3) yields

Ayt A vt
v Yy + vk,

ﬁ](Yll—Yf1)+I:"2(Y21—Y2tl)= ym

(2.10.4.4)

Equation (2.10.4.4) in combination with 0, = ﬁz Yii+ F 1Y21 results in

Fy )
= Y—,[Ym(Yn —Y{) - YuYjl+ YT[Ym(YZI —Y3) — YuYjl (2.104.5)
11 11

A

U1
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However, 9 is also given by Eq.(2.10.4.3). An identification of parameters gives

1
Yiv= [V (Y = Yi)) = Yo Yy (2.10.4.6)
1
R
= Y [Y" (Y21 — Yyy) — Y11Y5] (2.10.4.7)
1

The Eqgs. (2.10.4.6) and (2.10.4.7) give

YY)+ Y™ (YE)? — Y (Y])?

Y1 = (2.10.4.8)
Yu — Y1t1)2 - (Y211)2
YE(Yy)? = Y"YL Y 4+ Yy Y YE
Yy = Y20 21l l ot (2.10.4.9)
Ym — Yll) - (Y21)
2.10.5 Example 10.5
According to Sect. 10.10 and using the notations of Fig. 10.21, Vol. 2
0o = Fox YR YIS =Y = 1/(iwM) (2.10.5.1)
The point mobility of the foundation Y/ is
1 1 [12(1 =)
fe —— = [ 7 2.10.5.2
8/uD  8h? pE ( )
Equation (10.116) gives
Fp= % (2.10.5.3)
r= YY) /Y +Y"Y /Y, + YY) /Y], + Y5, Y /Y T
For an infinitely stiff mount Eq. (10.117) gives
. Do
o= —— 2.10.5.4
RS ( )
According to Eq.(6.96),
iw iw
Y=Yy = Y=Y = 2.10.5.5
=722 SEk tan(k; L)’ 127 "2 SEk; sin(k;L) ( )


http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
http://dx.doi.org/10.1007/978-3-662-47934-6_10
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According to Egs. (10.53) and (10.54),

iwsin(k;L)
Y = —— 2.10.5.6
“ = " SEK ( )

Equations (2.10.5.5) and (2.10.5.6) inserted in (2.10.5.3) gives

A 00

Fy = : — - (2.10.5.7)
(Y™ +YF)cos(k;L) + i sin(k;L)[Y"Y f SEk; Jw + w/(SEk;)]
The insertion loss is thus
I}O
IL =20log || =201log
Fy
(Y™ + Yy cos(k;L) + i sin(k; L)[Y"™ Y/ SEk; Jw + w/(SEk;)]
(Ym 4+ Yf)
(2.10.5.8)
here k; = kio(1 — in/2), ¥/ = — 20 =)y 1
where k; = —i , =— [—, = .
L= R0t 812 oE oM

2.10.6 Example 10.6

When the source is turned off the external force Fey; is zero. Thus vg = 0. The source
is excited by a force Fy parallel to F> in Fig.2.28.

Fig. 2.28 A stiff mass
mounted on a rod which in
turn is mounted to a
foundation having the point
mobility Y

7777, _tv
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The measured point mobility between the mount and the source is

(Y"™)measured = Om/ Fo (2.10.6.1)
The velocity vy, is, for vy = 0 obtained from (10.107) as

O = —Y"(Fy + Fp) (2.10.6.2)
The Egs. (10.114) and (10.115) give

b = B2Y§ — FpYsy Op = BY) — FrYsy: Oy =Fpy/  (2106.3)

By eliminating by, F r and ¥ ¢ it is found that

Om Y™ (Y5 Y + YY)
Fy YHYT +YhYe +Y"Y 4+ YMY5,
YR Yoy Y/ Vi)

(Ym)measured =

= (2.10.6.4)
VI Yeq Yo/ Vi + Y YT )Y + YY) YY)
For a mass less spring Y{, /Y], = Y3,/Y], =1 and v/ « Y},. Thus
) Y™ (Y 4+ Y,)
(Ym)measured = Tm “ (2.10.6.5)

Fy Y/ +Yy,+Ym
In a similar way, the measured point mobility of the foundation is obtained as

b YI(Y™+Ye)
v/ = AT T led) 2.10.6.6
( )measured Fo Y/ T qu Tym ( )

2.10.7 Example 10.7

From Problem 10.6, Eq.(2.10.6.5)

Y'Y 4 Yeq)
(Y™ measured = m = 0 (2.10.7.1)
The measured point mobility of the foundation is obtained from Problem 10.6,
Eq.(2.10.6.6) as

YA +Ye)

f _
(Y’ Y measured = 2 Yeg + ¥ =0 (2.10.7.2)


http://dx.doi.org/10.1007/978-3-662-47934-6_10
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From Egs. (10.133) and (10.134)

Y/ +v ym
o = Om R e (2.10.7.3)
Y/ + Y,y
. Y+, +Ym
bo = by (Y—; (2.10.7.4)

The four unknown parameters Y, Y/, Y4 and vg are solved from the Eqgs. (2.10.7.1)
through (2.10.7.4). Thus,

. (0702 — 301)

Vo = == ~
V1 (V1Q2 — 1201)

(2.10.7.5)

where v, = vo and vy = vy.

2.10.8 Example 10.8

Set Y" = Uy, +iVy and Y/ = Ur +iVy. According to (10.111), the power input
to the foundation is

ReGri = Gy - —FY__ s (2.10.8.1)
e = . = . .10.8.
n VoV |Yf n Ym’2 vovo U, + Uf)2+ (Vy + Vf)2
Differentiating with respect to Uy and V¢ gives
Uy +Up)*+ (Vy+ V)2 204U, + Uy
dan( v+ U+ (Vy +Vy) f(12;+ j).de
[((Un +Up)? 4 (Vi + V5)?]
2U(Vy +V
- AR/ V—T (2.10.8.2)
[(Un +Up)?+ (Vi + V§)?]
For dGp = O the result is
2Uf(Vy+Vy) =0 (2.10.8.3)
Uy +Up)* + (Vy + V§)? =2U Uy +Uys) =0 (2.10.8.4)

For a nontrivial solution to Egs. (2.10.8.3) and (2.10.8.4), it follows that

Uy=Usand V, = —Vy = v/ = (y™)* (2.10.8.5)


http://dx.doi.org/10.1007/978-3-662-47934-6_10
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2.10.9 Example 10.9

For any solid the displacement can be described by a combination of longitudinal and
transverse waves. The L-waves are governed by the differential equation, Eq. (4.8) as
0? 0? ?
—¢+—¢+—¢+ 2(]5 0 (2.10.9.1)
<

Let the ratio between full and model scale dimensions be Z. Let the coordinates for
the full scale structure be x, y and z and for the model scale x| = x/Z, y1 = y/Z
and z; = z/Z. Since 9/0x = (1/Z)0/dx it follows that the wave equation can be

written as
1 (0% 0% 82¢
Gl t 3+ 53 =0
or
o ¢  0*¢ Z2w?
+ 4+ )+ =0 2.10.9.2
(ax] 8y] 0z 2 cl2 ¢ ( )

Thus by introducing w; = Zw the initial differential equation is reduced to

Py o PP\ w
A AT ) [t P R 2.10.9.3
(5 + 5+ 3) - e

which is on the form as the initial governing equation. By reducing the length scale
by a factor Z, the frequency must be increased by the same factor Z.

The same discussion can be carried out for transverse waves. Every quantity like
Helmbholtz numbers type <L or k; L or mobilities etc derived using the basic equation
for longitudinal and transverse waves must satisfy the conditions. So for x| = x/Z
etc it follows that f1 = Zf.

2.10.10 Example 10.10

According to Eq. (10.47), the Bishop model for a circular mount, radius a, is governed
by the equation

ox2  E o2 2E  oxor?

825 p 825 pI/2a2 846 P2 v2at 865
* (5) @ +v -5z =0

(2.10.10.1)
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Assuming & = A - expli (wt — kpx)] the wavenumber k;, is obtained as

222 2at —1/2
p wpra 4(;))
ky=w |2 1220 4 (2 2 —1 2.10.10.2
b=NE [ 2E “\E — @+ )} ( )

The normal stress o, should according to Eq. (10.48) satisfy the expression

0oy 9%¢
—— =p— 2.10.10.3
ox o ( )
Equations (2.10.10.1) and (2.10.10.3) give
doy 0?¢  pra® 9% p* v2a* 2 9%¢
=F— . - — 2 —1)——=— (2.10.104
ox ot T2 aver T E 6 @ TV Damas )
An integration with respect to x gives
o8 pta® 93¢ p* v2a* 2 ¢
=FE— . - = 2 -1H)— 2.10.10.5
= E T T mar T E 6 T Vaas )

2.10.11 Example 10.11

Assume that the displacement of the mass is x and the displacement of the foundation
is y. The external force exciting the mass is F(t) = Fp - sin(w; ). The equation of
motion for the mass is

mi + k(x —y) = F(t) or
mx +kx = F(t) + H(t) (2.10.11.1)

where H(t) = ky is the force on the mass caused by the motion of thg f_ounda-
tion. The FT of x is obtained by substituting x by Xe'“’, F and H by Fe'*' and
H e respectively. The FT of x is obtained from Eq.(2.10.11.1) as
F+H F+ky
[ (2.10.11.2)
k —muw mwj — w? + iw}s)

where k = ko(1 + id) and wy = +/ko/m.

The FT of the velocity is
jw(F + H jw(F + kY
Y Cille o VN o\ il .3 (2.10.11.3)

k—mw? mwj — w? + iw3d)
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The force F and the displacement y are completely uncorrelated since y is random.
Consequently, F and H are also uncorrelated. The two-sided power spectral density
of the force F(t)

Srr = Fg/4-16(f — f1) +6(f + fDl (2.10.11.4)

The two-sided power spectral density for H is defined as

A2
H
Sy = lim — (2.10.11.5)

T—oo T

Since F and H are uncorrelated the power spectral density of the total force acting

on the mass is Spr + Sy .
The two-sided power spectral density of the velocity is obtained as

A2
m L0 % AL
va = lim — = 3 3 m L,
T—oo T m2 [(wo —wh2 4+ (w05)2] T 00 T T
2 2
Sr+k;S
= wz( F 5% y)2 (2.10.11.6)
m? [(w§ — w?)? + (W§)?]
The time average of the velocity squared is defined as
7% = L - Sypdw
21 J_ o
Thus
2 _FG [ @ = )+ 0+ f)]
4 ) m2[(w? — wd)? + (W3d)?]
kG o0 2
4 %Gy / df t; i
2 oo m2[(w? — wd)? + (Wio)?]
_f ot
2 | m2wf — wp)? + @§0)?]
kKGyy [ 2
-
4m —00 mz[(wz - w0)2 + (W()(S)z]
Fy w? Gyyw3
0 1 %o
=75 + 2.10.11.7
2 [ m2[(wi — wd)? + W§6)?] ] 45 ( )

k
The identity 20— w(z) has been used.
m
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The second integral is solved as described in Sect. 2.5 using

dw - =
00 “ (w? — cué)2 + w%)z wgé

/ * g(w) _ mg(wo)

2.10.12 Example 10.12

The equation of motion for the mass is
mx + kx = Fysinw;t (2.10.12.1)

The solution is

Fy

x = Xpsinwit; Xo= 2.10.12.2
0 ! 0 m(wg - w% + iwéé) ( )
The time average of the velocity squared is
2 2 2 2
_ w” | Xo| Ji 1Fol
|‘U|2 = = 2 2 21 %) 202 (210123)
2 (27T)m[(f()_f1) +(f05)]

By increasing the losses by a factor Q the resulting velocity is vp where from
(2.10.12.3)

0P LU — D+ (5 09)°
o> [Ufg = D2+ (f50)2]

(2.10.12.4)

For fo = fi the effect of increasing the losses is significant. However, for f; > fo
the effect is insignificant since typically Q6 < 1.

2.10.13 Example 10.13
The shape function for a circular mount is according to Egs.(10.35) and (10.61)
given by

R

S = m (2.10.13.1)

The apparent E-modulus is for B = 2 according to Eq. (10.59) equal to

E,=E-(1+25% (2.10.13.2)


http://dx.doi.org/10.1007/978-3-662-47807-3_2
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The compression d of the mount due to the static load is

d= FL__ FL (2.10.13.3)
= 7TR2Ea - R2E : N R2 AU10.
T 2L —d)?
For small deflections, d < L, Eq.(2.10.13.3) is reduced to
FL
d~ e (2.10.13.4)
R2E|1+ —
™ [ + 2L2i|

In the same way and ford < L,

R2

According to the Love model, Eq. (10.44) the wavenumber for effective longtudinal

waves is
2.2 p2—1/2
R
=w |12 (2.10.13.5)
E, 2E,

The equivalent stiffness of a mount is according to Eq. (10.53)

R2E .k
kog = ———4<L_ (2.10.13.6)
sin[k; (L — d)]

In the low-frequency region as w — 0 and k; — 0

TR2E, TR2E,

= (2.10.13.7)
L—d L[1—F/(mR?E,)]

keg =

The equivalent stiffness is increasing in the low-frequency region as the force F is
increased.

The first maximum of k., is obtained when Re[k;(L — d)] = =/2, i.e. at the
frequency f where f is the solution to

(l 47T2f2V2pR2)
1 [E 2E
R bl a (2.10.13.8)

F
W (-
TR2E,
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As long as the Love correction, 472 f21>pR? /(2E,), is small the frequency for the
first maximum is increasing for an increasing static load F. The main reason is

that the length of the mount is decreased as the static force is increased. Compare
Figs. 10.10 and 10.18.

2.11 Chapter 11

2.11.1 Example 11.1

The wave equation giving the pressure p in a fluid moving with the vector velocity
u is according to Sect. 11.1 given as

, 1[0 ?

Assume p(x, t) = pgexpli(wt — kx)]. Thus,

0 0 0 .
(E+u-grad)p= <E+ua)p=l(w—uk+)p (2.11.1.2)

Inserting Eq.(2.11.1.2) in Eq. (2.11.1.1) gives

1
— (w — uk)® = k? (2.11.1.3)
C
For u/c = M the solutions are
w w
k+=;/(1+M):ko/(1+M); k_=—;/(1—M)=—ko/(1—M)
(2.11.1.4)

where ko is the wavenumber in a fluid at rest and k- the wavenumber for a wave
propagating in the direction of the flow or in this case along the positive x-axis. k_
is the wavenumber for a wave propagating in the opposite direction.

For M « 1,

ky =ko/(14+ M) ~ko(1—u/c) andk_ = —ko/ (1 — M) ~ —ko (1 + u/c)
(2.11.1.5)


http://dx.doi.org/10.1007/978-3-662-47934-6_10
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2.11.2 Example 11.2

Assume the velocity potential to be

D (x,t) = Po(x) exp(iwt) (2.11.2.1)
The velocity potential should satisfy Eq.(11.19). Thus,

&g = Asinkx + Bcoskx (2.11.2.2)

where k is the wavenumber in the fluid. Since p = —pp0d¢/0t and v, = I¢p/0x it
follows that

p = —iwpo(Asinkx + Bcoskx); vy =k(Acoskx — Bsinkx) (2.11.2.3)
The boundary conditions are
vy =ugforx =0and p/vy = Zforx =L (2.11.2.4)

The boundary conditions give

A:@; B:@ I:Zc.oskL—pocsinkL 2.112.5)
w w \iZsinkL + poccoskL
2.11.3 Example 11.3
Conservation of momentum
0 .
E(p,v)—i—v-dlv(p,v)—i—gradp =0 (2.11.3.1)
Conservation of mass 9
9Pt 4 div(pw) = 0 (2.11.32)
ot
The divergence of Eq.(2.11.3.1) gives
div(p;v) + div(p;v) + div[v - div(p;v)] + Vzp =0 (2.11.3.3)
The time derivative of (2.11.3.2) gives
5‘2;),« . . . .
+ div(p;v) 4 div(p;v) =0 (2.11.3.4)

0t?
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Equation (2.11.3.3) minus Eq. (2.11.3.4) yields

2 &p

p— proie —div[v - div(p;v)] (2.11.3.5)

Equations (11.15), (11.16) and (11.18) give dp/dp = 1/6‘2. Thus, Eq.(2.11.3.5) is
rewritten as

2

9
32v2y - 8—; = —div[v - div(p,v)] (2.11.3.6)

If the term on the right-hand side is neglected the basic wave equation is obtained
if also the relationship between p and p is considered. The source term, which has
a quadruple character is non-negligible in a region of violent fluid motion. Equa-
tion (2.11.3.6) is usually impossible to solve exactly.

2.11.4 Example 11.4

For a tyre rotating at a constant speed U, the gas inside the tyre also rotates. The
resulting velocity potential inside the cavity should satisfy the equation

1 (0 19\
Vo - (= +up-—) @=0 2.11.4.1

c? (31‘ +M’ar 8@) ( )
The pressure and particle velocity inside the fluid are

0 10
_ (2 S92 )o: v=grad® + (0. u,.0 2.11.4.2
P =—po (6t +u9,ra(p) v =grad® + (0, uy,, 0) ( )

. o . S . Ur
Using cylindrical coordinates the velocity inside the tyre is u, = T forrg <r <
0

Ro.
In cylindrical coordinates, the governing differential equation reads

P 100 1 Pd 1|:6'2cp Uy 9*® (Uo)262<1> o

o2 T ror ' r2op2 2 ot Ro 0ot \Ry) 002
(2.11.4.3)
A factored solution is assumed. Thus,

D(r, ¢, 2,1) = g(rh(P)Z(2)e™" (2.11.4.4)


http://dx.doi.org/10.1007/978-3-662-47934-6_11
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The solution is written

[o0)
O p.2.1) = D gun(kmnr)e™? cos(nmz/z0)e™" (2.11.4.5)
m=—o0
The width of the tyre is zg. The function gy, (ki) should satisfy

azgmn 1 8gmn m? w mUy 2 nm 2
_Zgmn =z — | — =0 2.11.4.6
or? +r or rzgm"+ (c+cRo) (ZO) ( )

For k;,,r > 0 a solution is

Gnn Kmnt) = Apn I (ki) + Byn Y (k1)

w  mUp\? nm\? 2
Kyun = [(— 4 0) _ (—) } (2.11.4.7)
c cRoy 20

0 0
The boundary conditions are v, = 8—¢ =0forr =rpand v, = a—(b =0forz=0
r Z

and z = 7
The solution is

M; Z Z Vil Jm(kmnr)y (kmnro)— J/ (kmnI’O)Y (kmnr)]
TkmnZ0€n [J/ (kmn RO)Y/ (kmnro) — (kmnrO)Yr/n (kmnRo)]
(2.11.4.8)
where €, = 1 forn > 0 and ¢, = 2 for n = 0. The parameter V,,,, is determined by
the vibration of the tyre. The velocity potential has maxima whenever

m=—00 n=0

Omn = [Jr/rl (kmn RO)Yr/n (kmnro) — J,; (kmnrO)Y;;g (kmnRp)] =0 (2.11.4.9)

The first few natural frequencies in the air cavity are obtained forn = 0. O, = 0
for ky;, = Amn. The resulting natural frequencies for n = 0 are

c mU
fmo = —()\mo— ) m==l1;£2,... (2.11.4.10)
2w cRy

The dimensions of a standard tyre are ro = 0.21 m, Rg = 0.275 m, z¢o = 0.205
m. The parameter )\, is equal to 4.1, 8.3, 12.4 m~orm = 1,2,3 respectively.
For U = 0 the first few natural frequencies are 221, 449 and 671 Hz. For U # O,
the natural frequencies inside the tyre are split due to the velocity of the tyre. The
frequency split is proportional to the velocity of the tyre.
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2.11.5 Example 11.5

The velocity potential induced by a dipole is according to Eq. (11.66) given as

o(x, 1) = Do(x) exp(iwt)

oo p (14
0= T’ ikr

ike %" x D 1+ 1
47r? ikr

ik 7ikrD 1
_ e PeSv (L (2.11.5.1)
4mr ikr
The pressure in the fluid is
0P : .
p= _pOE = —iwpPo exp(iwt) (2.11.5.2)

The particle velocity v, is

k2D cos ¢ (

. 0% .
v = exp(zwt)a— = expl(iwt — kr)] - 2
r T

1+ 2 + 2
kr  (kr)?
(2.11.5.3)
The time average of the intensity is obtained from Eqgs.(2.11.5.2) and (2.11.5.3) as

- 1 pock® D? cos? ¢
The total power radiated is
_ 2 T _ . pQCD2k4
IT=2nr I, sin pdyp Y — (2.11.5.5)
0

2.11.6 Example 11.6

The velocity potential induced by the vibrating sector on the sphere is written
D(r,0,t) = Do(r, 0) exp(iwt) (2.11.6.1)

According to Eq.(11.73)

Do (r, 0) = Z By Py (cos 0)h' D (kr) (2.11.6.2)


http://dx.doi.org/10.1007/978-3-662-47934-6_11
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The particle velocity on the sphere is
V- (r0, 0) = [0®0/Or lr=ry = D B Pu(cos O)k[h (kro)]
m

= Z Wy Py (cos 6) (2.11.6.3)

The parameters W,, are obtained as

2m+1 (! 2m+1 [0
W,, = m+ / P,(2) f(2)dz = — m+ / Py, (cos O)ug sin 6d6
2 -1 2 b
(2.11.6.4)
For 6y small cosfg = 1 — 95 /2 and Py, (cosfd) ~ 1. Consequently, Eq.(2.11.6.4)
gives

2 1 2 1
= m2+ up(l — cosfp) ~ m+

uob? (2.11.6.5)
Equations (2.11.6.3) and (2.11.6.5) give

m+1 2 hP®k
D) = uoz mt+1 %, (2’") (kr) P, (cos 0) (2.11.6.6)
w4k [y (o))

2.11.7 Example 11.7
The velocity potential is written
D(r, p, 1) = Po(r, ) - exp(iwt) (2.11.7.1)

According to Eq. (11.80), the function @ is

Bo(r, ) = D A - HP (kr) - cos(mep) (2.11.7.2)
m
The particle velocity on the surface of the cylinder is

0r(ro, @) = [060/0rlr—ry = > Am -k [H,f)(kr)] ccos(mp)  (2.11.7.3)

l
r=ro

The velocity of the cylinder is u () = ug for —pp < ¢ < o otherwise zero.
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The boundary condition is also written
u(p) = D Wy cos(mep)
m
©0 2
Wy = u_o/ cos(mf)do _t sin(myg) form > 0
™ -0 mm

Wo = 2uppg form =0 (2.11.7.4)

Equations (2.11.7.1) through (2.11.7.4) give

D(r,p, 1) =

uo - exp(iwt) cpoHéz) (kr)
k [Hy? (kro)Y

= HP(kr) 2¢0 }

— sin(mg) cos(mp) (2.11.7.5)

= H (krg)] mT

2.11.8 Example 11.8

The time average of pressure squared at the observation point is according to
Eq.(11.119) given as

15> = | pol* 4 cos®(kAr) (2.11.8.1)

where | 130|2 is the pressure at the same point under free field conditions.
The frequency average of the measured pressure is

1 f+Af/2 5 )
Plas = —— df |pol*4cos®(@m f Ar/c)
T Af Jr—arn
2 |l [f sintn/ &7/ C)]HM/Z (2.11.82)
= —|pol”|. _— dls.
Af 4 Ar/c f=Af/2
_ | cos(4m fAr/c) sinQ2mAf Ar/c)
2 2
- A 2.11.83
|Play Af | ol [ [+ RN ( )

For fAr/c « 1, cos@nfAr/c) = 1 and sin(2w fAr/c) ~ 2xnfAr/c. Thus,
| 15|2A N 2| ]30|2 and Thus L ,(measured) ~ L ,(freefield) + 3 dB. However, right

on the reflecting surface | ﬁlzA = 4] 130|2 and L ,(measured) ~ L ,(freefield) +6
dB. '
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2.11.9 Example 11.9

The velocity potential induced in the fluid is written
D(r,p, 1) = Po(r, @) - exp(iwt)

Dy (r, p) = Z Ap - HP (kr) - sin(mep) (2.11.9.1)

Only sine terms are considered since the velocity is negative in the upper half plane
and positive in the lower. Due to the reflection in the water surface, assume that under
free field conditions the velocity of the cylinder is u (¢, t) = u(y) - exp(iwt) where
u(p) = —ugfor0 < o < mu(p) =up form < p < 2w
The velocity is written

u(p) = Z W, sin(mep)

g 2
Wy, = —uo/ sin(m@)d&—i—uo/ sin(m6)de
0 s
2uo
=——(1 —cosmm) (2.11.9.2)
m

The resulting velocity potential is

]

Hy (kr)

Q)(r, @, t) - -
= m[HY (kro)

Zuo - eXp(iwt)[ [1 — cos(mm)] sin(me)

Tk
(2.11.9.3)

2.11.10 Example 11.10

Considering the image effects the pressure in the water can be calculated as if the
cylinder is in an unbounded medium. The velocity u(p, t) = u(y) exp(iwt) of the
surface of the cylinder as seen from the water is

u(p) = —up for 0 < ¢ < o and u(p) = ug for —pg < v <0
otherwise zero.
Thus

u(p) = Z W sin(m)
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up [ (¥ . o 2ug
Wnp=—— sin(mp)dp — sin(mp)dy | = ——— [1 — cos(mpg)]
7 LJo —o mm

(2.11.10.1)
The resulting velocity potential is
2ug - exp(iwt)
(b(r, @, l) = — —p
Tk
& Hy (kr) .
| 20—y, L1 cosmpo)] sin(me) (2.11.10.2)
m=1 m[Hm (kro)],

2.11.11 Example 11.11

The equation for an ellipsoid is
2 2 2
X y Z
— - —) =1 2.11.11.1
(Ax) +(Ay) +(Az) ( :

V=S A (2.11.11.2)

The natural frequencies in a room are

N A Y EAN A 2.11.11.3
Jimn =g (a) +(a) *(z) @A

1\? 2 2 2fL 2fL,
Thus | — ) + m + i = 1; where A, = f X;Ayz f );Azz
Ay Ay A, c c

2fL,

c
The number of modes for which /, m, and n all are positive or 1/8 of the total

1 47 4V f3
N = didmdn = - — A AJA, = ——— (2.11.11.4)
8 3 . 3¢3

The modal density is

AN 4nfv

_— 2.11.11.5
f Af 3 ( )
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2.11.12 Example 11.12

At time 71 the source emits a signal which reaches the observer at time 7| or 1] =
t1 +r1/c where ry is the distance between source and observer. At a later time #; + At
the source emits another signal reaching the observer at t; where 1} = 11+ At +r2/c.
The observed time interval is

At =t)—t;=At+ (rn—r1)/c (2.11.12.1)

The vector from the observer to the source at t+ = ¢; is defined as r|. At t = 1, the
vector is rp where

ro=r;+v-At (2.11.12.2)
Thus
13 =r} +u(A1)? 4 2rivAe (2.11.12.3)

For At « 1, =r1 +rivAt/ry. This result inserted in Eq. (2.11.12.1) gives

; riv
At'=At |1+ —

ric

Fiv =rjvcos ¢

where ¢ is the angle between the two vectors as shown in Fig.2.29. The frequency
f of the source as compared to the observed frequency f” are related as

f At 1
—=—=|——1|; riv=rivcosy (2.11.12.4)
f At 14+ riv/(ric)
Thus
At 1
= =f{— 2.11.12.5
f At 1+ wvcosy/c ( )

Fig. 2.29 A noise source
having the vector velocity v
travelling past an observer

Observer
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The frequency of the signal experienced by the observer is decreased as the source

is moving away from the observer and increased as the source is approaching as
compared to the actual frequency of the source.

2.11.13 Example 11.13

Case 1
Let the velocity potential be

@ = Pgexp(iwt) (2.11.13.1)
The function @ should satisfy the wave equation
02Dy /0x> + k> Py = Qpd(x — x0) (2.11.13.2)
The particle velocity is zero at both ends of the duct. The boundary conditions are
0Py/0x =0forx =0andx = L (2.11.13.3)
The resulting eigenfunction are
pn =cos(nmx/L); k, =nn/L (2.11.13.4)

The resulting field inside the duct is @ = @ exp(iwt) where

20Q0%n (x)pn(x0)

&y = _ 2.11.13.5

0=2"7 1 ( )

The FT of the pressure is p = —iwpo®Po. The space average of p? is (|13|2) =

Lon 42
I Jo dx |p|".
The result is
2 2.2
(5% =(wpo)22MforL > x>0 (2.11.13.6)

= - gl

Case 2
The velocity potential is again given by @ = @ exp(iwt). The function @¢ should
satisfy the wave equation

0P /0x* + k> ®y = Qo[d(x — x0) + 5(x + x0)] (2.11.13.7)
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The boundary conditions are
0Py/0x =0forx = —Landx =L (2.11.13.8)
The resulting eigenfunction is
pn =cos(nmx/L); k, =nn/L (2.11.13.9)

The resulting field in the duct is

2Q¢n (x)pn (x0)
&y = = 2.11.13.10
0 Z LE ) ( )
The FT of the pressure is p = —iwpo®Po. The space average of p? is (‘13|2) =
1
— d
5 | axlpl

2 2 2
The resultis {| ) = (wpo)? 3 QA0 gy <1 @113

For 0 < xp < L the results (2.11.13.6) and (2.11.13.11) are identical. As xo — 0
both Egs.(2.11.13.6) and (2.11.13.11) approach the same result

_ |Qo|2
(5)}) = wpo) Z e (2.11.13.12)

However, if the source is assumed to be located at xg = 0 Eq.(2.11.13.2) can not be
solved directly. The solution would involve an intergral of the type

L
I=/ 0 (x)om (x)dx (2.11.13.13)
0

The Dirac function is not defined for x = 0. Junger and Feit, Ref. [165] in vol II,
argue that the solution to Eq. (2.11.13.13) can be written

L
I =/ 5()m (X)dx = o (0)/2 (2.11.13.14)
0

When the source is mounted right on the end section of the duct the source strength
should be doubled. Thus, according to [165], Eq.(2.11.3.2) should be written

D? Do /0x* + kK> Dy = 200 (x)
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The procedure outlined as Case 2 always give a correct answer without any undue
mathematical manipulations. Also the other procedure, Case 1, gives the correct
result if in the final solution the position of the source is allowed to approach the
duct wall.

2.11.14 Example 11.14

The space average of the pressure squared in the room is given by (| 13‘2> =

Z (|ﬁlmn |2> where

l,m,n

2402 f21Q0 1 2, (o)
e1Emenm VA[(f2 — f2 02+ (0 f2,)%]

Imn Imn

(| Prmn|*) = 2.11.14.1)

For sufficiently high frequencies ¢; = €,, = €, = 1. Thus, following the results of
Sect.2.7, the average is given as

20 1 .2 ctoolQol* ¢, (ro) o
)—A—f/df<|l7lmn| )_ Af7r5ﬁmnV2 ’ f_47Tf2V
(2.11.14.2)

ﬁlmn

(

Setting fim, = f the resultis

=2 4epdf Qo h,(ro)
Plmn =

( )= 5.V

(2.11.14.3)

2.11.15 Example 11.15

Equation (11.175) gives R = 25.5 dB with air gap and 35 dB without the gap.

2.11.16 Example 11.16

The energy Ey per unit volume in the room should according to Eq. (11.152) satisfy
the equation

OF
va—t" T CEpA/A + woEYY =TI (2.11.16.1)
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The general solution is

1 ! A
Ep = Ve—At NTT(r)dr: A= :_V + wi, (2.11.16.2)

—00

For TT(¢) = I for 0 < ¢

N

to otherwise zero the result is

Ig -\t
Ev(t)zﬁ(l—e Yfor0 < <1

—A(t—tp)

AV

Hoe

Ey(t) = (1 — e M) = Ep()e M forr > 19 (2.11.16.3)

The pressure in the room is obtained from |p|> = poc>Ey .

2.11.17 Example 11.17

The transforms are given as x| = y(x —ut), y| = y, 2] = 2, ; = y(t —ux/c*) and
~v = c¢/+/c? — u?. Compare Sect. 11.8. Thus,

x =y(x1+ut); t= %xl + 11 (2.11.17.1)
c

0 dx 0 dr 0
_— =t —— 2.11.17.2
5)61 dx; Ox + dx; ot ( )

From (2.11.17.1) dx/dx; = ~ and d¢/dx; = ~u/c*. These expressions inserted in
(2.11.17.2) give

0] 0 yu 0

—_— =y — 4 —— 2.11.17.3
Ox1 T ox + c2 Ot ( )
and
0* , 0? yuy2 0% _yPu o2
_ =N =) — _— 2.11.17.4
ox2 R + (Cz) Or? + ¢ Ox0t ( )
In a similar way
0 ) P ) P , &
— = — — +2 e 2.11.17.5
o = M T e T g ( )
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Thus,
1 0’
Ve - -2
! c? 8t12
0’ u\2 0*d u 9’ P o
=7 (7_2) 2+7_2 tTost 53
Ox c ot c? Ox0t Oy 0z
-y’ v _ 2) >0 272" 0’
c Ox? ¢/ 0r? 6‘2 Ox Ot
82 82 2 82 2
:7(1_ )8x+6 ()aﬂ(_z)
(2.11.17.6)
w2\ !
However, 72 = (1 — —2) . Thus,
c
1 07 1 0%
2 2
——— =V - ——— 2.11.17.
vie c? or? 2 or2 ( 77

2.12 Chapter 12

2.12.1 Example 12.1

The wavenumber x, for flexural waves propagating along a fluid loaded plate (fluid
load on one side) is the solution to Eq.(12.12),

2
Rro gty 2P0 2.12.1.1)
D /K2 — k2

X

For finding a solution as k, — k set Kk, = k(1 4+ §)where £ < 1. Insert this
expression in the basic equation (2.12.1.1). The result is

w?po K4 po
KA+ =kt ———— =+ ——— (2.12.1.2)
Dk/2¢ + ¢4 k26 + €2
For £ « 1 and k = « the equation is approximated by
4g = 1 (2.12.1.3)

pik/2€
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2/3
f*l(mwﬁ) (2.12.1.4)

4\ pk

Thus,

For a 4 mm steel plate with a fluid load of water on one side £ &~ 9/100 for k = k.
For k > k the parameter ¢ is always positive. Consequently, x, > k. This type
of wave does not radiate sound.

2.12.2 Example 12.2

Omitting the time dependence the Eqgs. (12.33) and (12.45) give the sound pressure
in the fluid as

p(x,y,2) = //S iwpov(xg, yo)G(x, ¥, z|x0, Yo, 0)dxodyo (2.12.2.1)
0

G(x,y, zlxo, y0, 0)
expliky (x — x0)+iky(y — yo) —z,/k3 + k3 — k?]
(2 )2/ / dkydky
g [k% 4 k2 — k2

(2.12.2.2)

v(x0, ¥0) = voexp(—ikxp) (2.12.2.3)

Equations (2.12.2.2) and (2.12.2.3) inserted in (2.12.2.1) give

iwpovo/ / ks explikyx +ikyy—z k2+k2 k2]

px,y,2)= ]
(2m)? fiz +12— 12
(2.12.2.4)
o0 o X .
1=/QL/ e~ ok tm=ivoky 4 dy, (2.12.2.5)

1 R

According to definition 6(§ + kx) = oy / e~ X0k +8 qx. Thus, the solution to
T J—o00

Eq.(2.12.2.5) is

I =Q2m)%6k, + k)0 (ky) (2.12.2.6)
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Consequently,

o0 o0
p(x9 Yy, Z) = iwp()v()/ / dkxdky
—00 J =00

explikex + ikyy — 2, /kZ + kg — k2]
k2 + k% — k2

S(ky + k)3 (ky)

Thus,

iwpovo .
p(x,y,7) = ———=exp[—ikx — zvV K2 —k?] fork >k (2.12.2.7)
/K2 — k2 p

The pressure is decaying exponentially away from the plate. No acoustic intensity is
radiated away from the plate.

px, y,2) = % expl—irx —izV/k2 — k2] forx <k  (2.12.2.8)
— K

A pressure wave is propagating away from the plate.

2.12.3 Example 12.3
According to Eq. (12.98), the radiation ratio for f < f. is

Lo+ L
o= h(f/f.) (2.12.3.1)

where h( f/ f.) is a functionindependent on the dimensions of the plate. For L, /L, =
§and LyL, = Sp the sides can be written as Ly = /50§ and L, = +/So/¢&.
Consequently, the radiation ratio is written

= UNVE+VE
' V%o

The radiation ratio has a minimum for a quadratic shape, i.e. for ¢ = 1.

h(f/fe) (2.12.3.2)
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2.12.4 Example 12.4

2 Part 2 Solutions

For a plate with a fluid load on one side, the added mass at the first natural frequency is

) N2 N2 172
0
H= e ! |:(Lx) (Ly):|

Thus, the added mass is

poLxLy

s /L%—i—L;

Ap =

2.12.5 Example 12.5

The radiation ratio is given by Eq.(12.116) as

2
[P @)]

Om =
/

wkro

z=kro
For z — 0 the Hankel function is approximated by
2 2i Z
H,”(z) = 1+; [ln(z) +7] form =0

Thus,

d 2i
< [H,f?(z)] ~Z form=0
dz Tz

Form > 0and z — 0O,

1 m i(m— D! (2\"
H,ﬁf)(z):%(f) +l(m )(_)

2 T z
Consequently,
d rom ozl i2"m!
—HgH® — (2) - (= - =
dz (@) = [Hm (Z)] ~ m! (2) mzmtl

(2.12.4.1)

(2.12.4.2)

(2.12.5.1)

(2.12.5.2)

(2.12.5.3)

(2.12.5.4)

(2.12.5.5)
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Equations (2.12.5.3) and (2.12.5.5) inserted in Eq.(2.12.5.1) give for krg < 1

oo = %(kro) form = 0 (2.12.5.6)
4 (krg\ 2" T!
On = ot (70) form > 0 (2.12.5.7)

2.12.6 Example 12.6

The eigenfunction for ¢, for a clamped beam is from Table 7.2 given as

cosh(k, L) —cos(k,L)

\/_4,011 cosh(k,x) — cos(kpx) sinh(x, L) —sin(k, L)

- [sinh(x,x) —sin(k,x)]

(2.12.6.1)
The eigenvalues ,, are the solutions to cos(x, L) - cosh(k,L) = 1. Forn > 4

knL =7/2 4+ nm (2.12.6.2)
For n large the eigenfunctions can according to Problem 7.16 be approximated by
o = sin(knx — 7/4) + [e_””x — sin(rnL) - ew—“] /N2 (21263)
The radiation area of the cross mode not being cancelled is

/L d 4 AL
n(x)dx = =
0 ¥ ka2 T2+ 1/2)

= §; for n odd (2.12.6.4)
For simply supported edges ¢, = sin(x,x), k, = nm/L. Thus,

L 2 2L
/ PpX)dx = —=—=25 (2.12.6.5)
0

Kn ™

2

(S n
Theratio{ — ) =2| —— — 2asn — o0.
S 1

n+=

The edgemode for a clamped plate would therefore radiate twice as much as the
edge mode for a simply supported plate.
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2.12.7 Example 12.7

For a fluid loaded infinite plate the real part of the point mobility is

1 1/5 . 1/5
w w

ReY = — 2.12.7.1

el foo 10(D3 2) /_10(D1/2 2) ( )

The wavenumber for flexural waves on the plate is

K2

2
w
ph = Happarent® - @ e (2.1272)

w
D \/B +/ Mapparent

Equations (2.12.7.1) and (2.12.7.2) give

| 3 2 1/5
K

ReYjoo = — = (2.12.7.3)
8v/D 10\ 1/

:udppa.rent P 0

The real part of the point mobility is also written
1

8/ D ftapparent

where fiapparent is the apparent mass of the plate at the excitation point. Equa-
tions (2.12.7.4) and (2.12.7.3) give

ReY oo = (2.12.7.4)

1/5 4/5
L o (5) Mapparentpo
apparent — | — 45
4 R
or
2 4/5
4/5 5 p()
Na[/)parent (Z) 4/5 (2.12.7.5)
Ry

The added weight to a reverberant fluid loaded plate (one side) is from (12.15)

Hadd ~ po/Kx (2.12.7.6)

Equations (2.12.7.5) and (2.12.7.6) give
4/5

Happarent 5 2 Happarent 5 25
s \z1) 7 ..~ \1
m 4 [tadd 4

add

&

1.7 (2.12.7.7)
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2.12.8 Example 12.8

The plate is assumed to be completely submerged in water. The possible effects of
reflections in the water surface are neglected. The total mass pi¢ per unit area of the
water loaded plate for f < f, but for frequencies above the first natural frequency
of the plate is according to Eq. (12.15) approximately given as

Heot = po + 2p/ Ko (2.12.8.1)

pr )2\

where o is the mass per area of the plate itself and kg = the

D
wavenumber for the plate in vacuo. The radiation ratio o, is given by Eq. (12.98) as
Ly+L 1 2
G, = sty [m (q + ) + 2 ] (2.12.8.2)
nqkLyLyy/q? — 1 qg—1 g-—1

where L, and L are the lengths of the sides of the rectangular panel. The parameter
q is according to Sect. 12.9 defined as

czul/z 172
= —L 2.12.8.3

For a fluid loaded plate the total mass is frequency dependent as given by Eq.
(2.12.8.1).
The loss factor due to radiation from the plate is given by

_ 2pocar

W ot

(2.12.8.4)

The wave impedance poc is approximately equal to 1.5 x 10° kg/(m? s).

2.13 Chapter 13

2.13.1 Example 13.1

From Eq. (13.39) it follows

fHz) 1 5 63 8 10 125 16 20 25 31.5
Oa 15 16 16 1.7 17 18 19 20 21 23
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fMHz) 40 50 63 80 100 125 160 200 250 315
Oa 24 2.6 27 29 3.1 33 3.5 3.7 39 4.1

f(Hz) 400 500
O 43 45

2.13.2 Example 13.2

The sound transmission loss for an infinite plate is given by Egs. (13.22) and (13.31).

2
The mass per unit area is © = ph and the critical frequency f. = Y

o Dy
2 1200 —v*)p o 1
2w Eoh? h

By changing the thickness from /1 to 4, the sound transmission loss is changed by
AR.Thus AR = 20log(hy/ hy) for f <K f. and AR = 301log(hy/hy) for f > f.

2.13.3 Example 13.3

The function cos[ A, (x — d)] is continuous in the interval 0 < x < a and can be
expanded in a cosine series in this interval. Thus

cos[Apn(x — d)] = D Ajes cos (l%x) (2.13.3.1)

=0

The parameters A; are

2[4 Imx 2 Apn Sin(And)
A = E/o €1 cos[Apn(x — d)] cos (7) = 361—)\3’1” ~n/d)? (2.13.3.2)
A2, =kr— k2, — (njd)? = k> — kP, (2.13.3.3)
Equations (2.13.3.1) to (2.13.3.3) give
2 o A SIN ) Imx
mn mn
cos[Apn (x —d)] = ;‘EIZW cos (7) (2.13.3.4)
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Fig. 2.30 Stiff plate coupled stiff plate
to a cavity

Forx =0

o0
> o=
pors k2 — klzmn 2\ mn tan(M\pnd)

2.13.4 Example 13.4

The plate is located in the y-z-plane at x = 0. The dimensions of the plate are L,
and L. The depth of the cavity is d. The width and breadth of the cavity is the same
as the plate. An external force F exp(iwt) is acting on the infinitely stiff plate. The
velocity v of the plate is (Fig.2.30)

iwbp=F/S—p (2.13.4.1)

where p is the pressure in the enclosed fluid. The FT of the velocity potential in the
fluid is

¢ = L Ccoslkx + D] (2.13.4.2)
k sin(kd)

The FT of the particle velocity 7y is b /Ox satisfying the boundary conditions
Uy = 0forx = —d and Uy = —0 for x = 0. The FT of the pressure p on the plate is

A

v
p = iwp)g——— 2.13.4.3
P = 0 an (kd) ( )
This expression inserted in Eq. (2.13.4.1) yields
0 1
Y=—5=- (2.13.4.4)
F iw[p+ po/(ktankd)]
The mobility of the plate is consequently very low whenever Re(kd) = nm

corresponding to the natural frequencies in the cavity. In the high-frequency range
or rather when kd — oo, tan(kd) — —i and the mobility tends to 1/(iwp) if there
are losses in the fluid or when k is complex.
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2.13.5 Example 13.5

The function Y, (a) is defined as

Yyun (@) ! Sin@And) | | (2.13.5.1)
a) = 13.5.
" [Ann Sin()\mna)]2 2N una
The parameter A, is given by
Amn = /K — k&, — 16k} (2.13.5.2)

The function Y,,,(a) has maxima for kg = kov = +/k2,, + (N7/a)?. Let the
wavenumber ko around this value be described by kg = kon (1 + &). Thus, for

|€] < 1and 6 « 1

2 2
Ay A [(Nﬂ/a)z + ¢ — ié)kg]l/ ~ (N7 /a) [1 + Q- ia)ké/(Nn/a)2]1/

~ (N7/a)+ (€ — ié/Z)ké/(Nw/a) (2.13.5.3)
An expansion of sin(\,,a) in a Taylor series gives
sin(\yna) = sin(N) + a’k3 (€ — i6/2) cos(N7)/(NT) (2.13.5.4)
Thus to the first order of smallness in £ and &

1
(ak3)2(€2 + 62/4)

[Ypn (@) = (2.13.5.5)

2.13.6 Example 13.6

The expression has two poles in the upper half plane, £ = id;/2 and & = id/2.
According to Eq.(2.61), an integration along a path shown in Fig.2.5 gives

d¢ , 1
J = — =12 2.13.6.1
?{ o = 2 e @130

With 7€) = (£ + 67 /4)(€? + 65 /4) the function h'(€) is

W (€) = 266 + 63 /4) + 26(E* + 61 /4) (2.13.6.2)


http://dx.doi.org/10.1007/978-3-662-47807-3_2
http://dx.doi.org/10.1007/978-3-662-47807-3_2
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Thus,

1 1
J =2mi +
m[meﬁﬂ+%M)i®@M—%Mj

87 (01 — 02) 87
- = 2.13.63
(67 —63)5162 (61 + 020102 ( )

2.13.7 Example 13.7

According to Eq.(13.97), the velocity v of a panel separating two rooms is the
solution to

Vi(V2) — kv = Z OminPmn (2.13.7.1)

mn

where is ¢y,,, are the eigenfunction for the cross section of the room. The velocity is
written

V=" Byrger(y.2); V3(Vgqr) =Ky, 9qr (2.13.7.2)
qr

The eigenfunction g, satisfies the boundary conditions of the panel. The eigenfunc-
tions are orthogonal for any of the simple boundary conditions. The amplitudes By
are obtained from (2.13.7.1) and (2.13.7.2) as
_ 1

(kgr - ”4) (gqr|gqr

qu ) z an(‘pmnmqr) (2.13.7.3)

mn
The frequency and space average of the pressure squared in the receiving room is
proportional the space and frequency average of the square of the plate velocity.
Thus,
(%) o > | By | (2.13.7.4)
qr

Assuming as before, Sect. 13.6, that the frequency average of the product Q,,, - Oy
is equal to |Q |2 OmrOns it follows that

(52> . Z Aiﬁ/ dk . Z ((%pmnmqr))z (2.13.7.5)
qr )k;‘r - ,%4‘

mn ((gqr ngr>)2


http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
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The dominating contribution to the velocity squared is given by resonant modes for
kqr ~ k when at the same time the coupling between the modes in the room and on
the plate is maximum. The coupling is maximum when the wavenumber on the plate
coincides or is close to the wavenumber in the y-z-plane of the acoustic field. These
effects can only occur simultaneously if k > ky, &~ x or for f > fc. For kjy, > kyr

the product |(<pmn |9gr) |2 is small and decreases rapidly for increasing k;,,, as k,;fl.
Hence the error is small if the summation in (2.13.7.5) is extended to include all m
and n instead of those for which k,,,, < k. The sum over m and n in Eq.(2.13.7.5) is
rearranged as

((@mn|gqr>)2 1 / /
= ds [ dSoger(r)gaer
2 (9qrlggr))*  (gqrlger))? 09qr (r)gqr (ro)

mn

Z Cinn (F)Pmn (ro) (2.13.7.6)

m,n=0

The completeness relation, as given in for example on p. 254 of Ref. [69] of vol. II,
states

(o)

D un()pmn(r0) = 8- — ro) (2.13.7.7)

m,n=0

Consequently,

(mnlggr))® _
mn ((gqr|9qr))2 «

1
gququ))z /dS/dS()gqr(r)gqr(VO)é(r —rg) =1

(2.13.7.8)
for any orthogonal eigenfunction, i.e. independent of free, clamped or simply sup-
ported boundary conditions for the plate.

Returning to Eq.(2.13.7.5) the velocity squared of the panel is at a certain fre-
quency for which k- ~ k given by

kgr+AK/2
1 dr

~ > (2.13.7.9)
K

4 4
kgr—Ar/2 ‘qu — K ‘

for any boundary condition having orthogonal eigenfunctions.

2.13.8 Example 13.8

Notations etc as in Sect. 13.6. For a one-dimensional simply supported structure
the boundary conditions are v = 9%*v/9y> = 0 for y = 0 = L. The velocity is
v = v1 + vy where, from (13.99) and (13.100)


http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
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o =Z%z—z%i—f(”f0rf<< £ (2.13.8.1)

m m

The complementary and symmeteric function v, is

vy = Bycosk(y — Ly/2) + Bycoshw(y — Ly/2) = Z Vamem (¥)  (2.13.8.2)
m

The boundary conditions yield

B——1 O 1 ki v L 5 On 2.13.8.3
= 2cos(nLy/2)zF( +E) - 2cos(;<;Ly/2)§F (2.13.8.3)

m

_ 1 Om k,2,, "y 1 &
By = 2 cosh(rLy/2) ; A (1 - ?) ~ 2cosh(rLy/2) ; w4
(2.13.8.4)
_1 Qu \[cosk(y = Ly/2)  coshu(y — Ly/2)
v = 2(; — )[ w2 T oohnLy/2) } (2.13.8.5)

By expanding the complementary solution along the eigenfunctions the result is

V2= Vanem () (2.13.8.6)

where the parameters vy, are

4 1 O
S [ — zm
vam = GL |:C0t(/<aLy/2) + ]% A

The parameter vy, is large when Re[cot(xLy/2)] = 0. Therefore, close to a
maximum

4 1 Om
LA - 21387
bam = GL,y |:c0t(mLy/2)i|%: o ( )

The absolute value of this maximum amplitude is 1/2 of the the same amplitude for
a clamped plate. The correction term for a simply suported beam is therefore 1/4 of
the correction term for clamped edge since the transmitted power is proportional to
the square of the velocity.
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2.13.9 Example 13.9

Assume that the transmission losses of the two panels are Ry and R;. The sound
pressure level in the source room is L; and in the receiving room L and in the
cavity Lo. The equivalent absorption areas is A in the cavity and A; in the receiving
room. Thus,

Ly — Lo = Ry +10log(Ao/S) (2.13.9.1)
Lo — Ly =Ry + 101log(A2/S) (2.13.9.2)

These equations give
Ly — Ly =Ry + Ry + 10log(Ap/S) + 101og(A3/S) (2.13.9.3)

The result indicates that the total transmission loss increases with added sound
absorption in the cavity. In practice, there is a limit to the correction. Often
101log(Ap/S) is set to equal 6 dB as an upper limit. Compare Figs. 13.18 and 13.19
in Vol. 2.

2.13.10 Example 13.10

Returning to Problem 13.4 it was found that the pressure p in a fluid filled cavity was
given by p = iwpgv/ tan(kd) where v was the velocity of an infinitely stiff structure
enclosing the fluid. The velocity is, for harmonic motion, also written v = jwx with
x being the displacement of the plate. Thus,

2 X o w? pox
PO tan(kd) i2d

pP=- for kd « 1 (2.13.10.1)

The “spring constant per unit area” s is obtained as

p _ poc?
ox  d

(2.13.10.2)

If the plates of the double wall structure has the mass per unit area of p¢1 and pp the
double wall resonace is

1
foo L[St € Jpolut ) (2.13.10.3)
27 H1p2 27 dppo


http://dx.doi.org/10.1007/978-3-662-47934-6_13
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Fig. 2.31 Infinite structure /
in between two different @ 2 @
fluids. A plane wave is 7

incident on the structure in
fluid I

Pi1c1 7 P2C2

2.13.11 Example 13.11

The configuration is shown in Fig.2.31. The velocity potentials in space I and space
II are

&1 = expli(wt —k1x)] + R - expli(wt + k1x)] x <0 (2.13.11.1)
& =T - expli(wt — kax)] (2.13.11.2)
The velocity of the plate is v. Thus,
iwpy = p1 — pn = —iwp1(1 + R) +iwp T (2.13.11.3)
Continuity of velocity gives
(0D1/0x) g = (OP11/0x) g =V (2.13.11.4)
The Egs. (2.13.11.1) through (2.13.11.4) give

_ 2ipy
kop —ipika/ ki —ip2

(2.13.11.5)

The incident intensity is (I_ x)l.n = wk1p1/2 and the transmitted intensity (I_ X)trans =
wkap2 IT? /2
The transmission coefficient 7 is

_ (1) srans _ P e 4(pic1)(p2c2)
(L), P12 (Wp)? + (pic1 + p2c2)?

(2.13.11.6)

The result shows that reciprocity holds. If fluid II is water (pyc2) ~ 1.5 X
10° kg/(s mz), fluid L air (p1c1) ~ 415kg/(s m2) the transmission coefficient is almost
independent of the mass y of the plate giving

_ 4pic))
-

~ ~ 1073 (2.13.11.7)
(p2c2)
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2.13.12 Example 13.12

Following the discussion in Sect. 13.3, Eq. (13.45), the velocity of a finite panel is
written

V(3. 2.6) = D Vpntpmn (¥, 2) - expliwt) (2.13.12.1)

mn

According to Eq. (13.57), the modal amplitude v,,, of the panel is

2 1 1
G4 P
v"’”[’”" D o anOund) T N tanOona)

_ pow>d P
T 2D M\ pn tan(A\pnd)

(2.13.12.2)

The wavenumber in a fluid with losses is according to Eq.(11.26) given by k =
ko(1 — i5/2). The parameter A, is

Ann = k& — k2, — i0k3 = Auno(1 — i) (2.13.12.3)

where \,,,0 and ~y are positive and real quantities. Thus,

iAmna _ e—i)\,,ma

e
tan()\mna) = l'(ei/\znnll + e—i/\nma) (213124)
By inserting Eq.(2.13.12.3) in Eq. (2.13.12.4) it follows that
lim tan(Ayna) =1/i  lim tan(\,nd) = 1/ (2.13.12.5)
a— 00 d— 00

In addition )\, = kcosy and k,;, = k sin . Considering this Eq.(2.13.12.2) is
written

dP

Umn = ;

i Dk cos ¢

4114+ ——F (k*sin* p — k*
[+ 2pow?e (ktsin ¢ H)}

(2.13.12.6)

According to Egs. (13.73), (13.79), and (13.80) the space and frequency average of
2 .
p5 is

_2 @2 2 ) .
(Ip2l”) = —— (wpo)” [vmn|” sin p cos pdep (2.13.12.7)
TA2 Jo


http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_11
http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
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According to (13.62) and since 0k = A/(4V)

_ lpowPP Vi _ lpowP? VE

=2
= = 2.13.12.8
<‘p1‘) 32761k 87A, ( )
_ _ Ay [T/? sin ¢ cos pdp
U2l =11 P55 | 13129
2.J0 Dk cos ¢ 4d 4
W(k s @—I’i)

For pin = p1/2 and A| = A; it follows that

/2 : d
= 2/ — SIn p €08 pCY . (2.13.12.10)
0
1+ [ﬂ(k“ sin® ¢ — ,#)}
2w4poc

This expression is the same as that given for an infinite panel. Compare Eq. (13.9)
and Eq. (13.16).

2.14 Chapter 14

2.14.1 Example 14.1

The wave equation for waves in a fluid and assuming a time dependence exp(iwt) is
in cylindrical coordinates given by

’?e 100 10*®
57 o r_27+k¢:0 (2.14.1.1)

where @ is the velocity potential. The general solution to Eq.(2.14.1.1) is

@ =" Apdukr)cos(mp) (2.14.1.2)

m=0

The particle velocity normal to the wall is zero. Thus J,, (krg) = 0, where ry is the
radius of the duct. For each m there is an infinite number of zeros. The first few zeros
are according to Ref. [43] in volume II given as

m=0 m=1 m=72 m=3 m=4 m=>5
0 1.841 3.054 4.201 5.318 6.416
3.832 5.331 6.706 8.015 9.282 10.52

7.016 8.536 9.969 11.346 12.682 13.99


http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
http://dx.doi.org/10.1007/978-3-662-47934-6_13
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The cut-on frequencies are the solutions to krp = a where « is listed in the table
above. The first five cut-on frequencies are obtained for f,, = oy, - ¢/(27ro)where
c is the speed of sound in the fluid and «y, equal to 1.841, 3.054, 3.832, 4.201 and
5.318 forn = 1to 5.

2.14.2 Example 14.2
The bending moment exciting the waveguide at x = 0 can be written as

M exp(iwt) = exp(iwt) D" Muypu(y);  @n(y) =sin(nry/Ly)  (2.14.2.1)
n
The amplitudes M, are
oM (B aM _
M, = - sin(nwy/Ly)dy = —for n odd, otherwise zero  (2.14.2.2)
y 0 i nm

The displacement w of the plate is according to Eq. (14.7) given by

o
w(x, y, 1) = e D ou(y) - (An eI 4B, e—m) (2.14.2.3)

n=1
The boundary conditions are w(0) = 0 and —Dw"(0) = M" = M/L,. Thus

2M
A, = ——— for n odd, otherwise zero, B, = —A, (2.14.2.4)
ntDLyk?

The energy flow in the waveguide is obtained from Eq. (14.10) as

_ 1 i 4M? [/@2 - (n7r/Ly)2]3/2 ]
w
nodd

My = S Re (2.14.2.5)

2.14.3 Example 14.3

Assume the displacement of a beam to be

w = Ay sin(kx) + Ap cos(kx) + Az sinh(kx) + A4 cosh(kx) (2.14.3.1)


http://dx.doi.org/10.1007/978-3-662-47934-6_14
http://dx.doi.org/10.1007/978-3-662-47934-6_14
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The boundary conditions are w(0) = w(L) = 0; w'(0) = v; w' (L) = ;. The
boundary conditions give the parameters A;. The bending moments at each side of
the beam are

d2
M, (0) = —D &w = D/<;2(A2 — Ay) (2.14.3.2)
dx2 x=0
d2w 2 . .
M, (L) =—-D e = Dr“(A1sina+ Aj cosa — Az sinh a — A4 cosh «v)
X7 dx=L
' (2.14.3.3)
where o = kL. The bending moment M,,,, (L) is for a > 1 written
My, (L) = mnYm — an'}/nWhere
cos — sin
X,n = Dy Rmn Qmpn — Kmn S1 CYmn; Y, = Dy, Rmn (2.14.3.4)

n
COS Qn COS Qpn

The bending stiffness of an element between m and n is given by D,,,,. The parameter
Qumn 18 equal to

Omn = Kmn Lmn (2.14.3.5)
where kK, is the wavenumber for flexural waves propagating along the element
between m and n. The length of the element is L,,,. The bending at the other end of
the element is

Min(0) = XonYm — Yinn (2.14.3.6)

By insering Eq.(2.14.3.4) in Eq. (14.25) the elements in the matrix [A] are obtained.

2.14.4 Example 14.4

Equation (14.34) reads

2D DykS — 2D 1,k w? — [m' (D] + 2D5) + I,G . Slk>w?
+ GoS[DYkY —m' W1+ m' T w* =0 (2.14.4.1)

In the low-frequency region and for k, o /w and neglecting terms of w3 and higher
orders the equation is reduced to G, H[ D] kﬁ — m'w?] = 0. Thus,

m'w? 1/4 m' w2 1/4
ky = :i:( o ) and k, = +i ( iy ) as f — 0 (2.14.4.2)
1 1



http://dx.doi.org/10.1007/978-3-662-47934-6_14
http://dx.doi.org/10.1007/978-3-662-47934-6_14
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For k, constant and independent of w the equation is reduced to

G.S 1/2
2D DYkE 4+ G SDk =0 = k, = +i (2;, ) as f— 0  (2.14.4.3)
2

For large w and considering only the highest order of w and assuming k, & w,
Eq.(2.14.4.1) gives

172
2D DL — 2Dk = 0= &y = = (1 2.14.4.4
182Ky vk W™ =0 = ky = D as f > oo (2.144.4)
1
Assuming k, o 4/w gives
— 2Dy Lkiw? +m I w* =0
7, 2N /4 ;o 1/4
k=4 (’;’D‘*’/ ) and k, = +i (—"211;’/ ) as f — 00 (2.14.4.5)
2 2

2.14.5 Example 14.5

The displacement w and angular displacement (3 are given by Eqgs. (14.37), (14.38)
and (14.39). The boundary conditions for a free-free beam are given in Table 14.1.
Neglecting 1/, the boundary conditions are

9B/0x =0; *w/ox* =0; 9*6/0x> =0forx =0andx =L  (2.14.5.1)

The six boundary conditions give a system of equations which in matrix form is
written

0 Xok1 —X3K2 Xyrpe 2L —Xs5K3 Xgrze L
—Xi1k1sink L XokjcoskiL —X3/€26_H2L X4ko —X5K3e_H3L Xeke
0 —/@% n% n%e*“”zL K% n%e*"""L
—n% sinki L —n% coskiL H%e*”zL K% H%67H3L n_%
—Xm% 0 X3n% X4R%€7H2L X5/<§ X@i\%e*’“L
—Xm% cosk1L —Xgﬁ% sink| L Xm%e‘”zL X4/§% Xsnge_’“L X(,/f%
Ay
Az
A3z -0
Ay
As


http://dx.doi.org/10.1007/978-3-662-47934-6_14
http://dx.doi.org/10.1007/978-3-662-47934-6_14
http://dx.doi.org/10.1007/978-3-662-47934-6_14
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The first line is obtained for 93/0x = 0 at x = 0 and the second at x = L. The
third and fourth are for 9?w/dx? = 0 first at x = 0 and then at x = L. The last
two lines are obtained when 9?3/0x> = 0 for x = 0 and x = L respectively. The
eigenfrequencies are obtained as solutions to the determinant of the matrix being
zero.

2.14.6 Example 14.6

Assume

w = ZA,,, sinkyx; (= Z B coskpx; kn =mm/L (2.14.6.1)
m m

Inserting (2.14.6.1) in Egs. (14.28) and (14.29) and neglecting 1/, gives
> sinknx[GoS(Amky,— Bukm) +2D5(Anksy, — Buki) — Apm'w?]
m
= Fo(x — x1) (2.14.6.2)

> cosknX[~GoS(Amkn — Bn) + Bu D'k, — 2D5(Anky, — Bukn)] =0
m

(2.14.6.3)
By multiplying Eq. (2.14.6.2) by sin k;,,x and (2.14.6.3) by cos k;,x and integrating
over the length of the beam the parameters A,, and B,, are solved. The response is
obtained as

2F - ! & sin(mmx /L) sin(mmx; /L)
— 2

w(x,t) = (2.14.6.4)

Lm'  “ Qo220 +in - £
1/2
f = m2n D [2Dé7r2m2 +G.SL% / (2.14.65)
"7 2L2 | m'[(D] +2D5)m*m? + G.SL2) o

2.14.7 Example 14.7

For an infinite beam oriented along the x-axis of a coordinate system and being
excited by a force at x = 0 the displacement w and the angular displacement 3 are
forx >0

wy = Ale—imx +A26—H2x +A3e—ﬁ3x; ﬂl — Ble—imx —i—Bze_Hzx + B36_K3x
(2.14.7.1)


http://dx.doi.org/10.1007/978-3-662-47934-6_14
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The time dependence exp(iwt) has been omitted. The expressions w; and [
of Eq.(2.14.7.1) should satisfy Eq.(14.29). Neglecting I/, the parameters B; are
obtained as

By = —ir1Y1A1; By = —koY2Ay;, B3z = —k3Y3A3 (2.14.7.2)

where

2Dy} + G.S

Y = / 1y 2
(D} + 2Dk + G,S
2
¥y — 2Djk; — GeS (2.14.7.3)
(D} +2D5)K3 — G,S
Ys = 2D)k3-G.S

T (D} +2D)K3—G. S
The boundary conditions at x = 0 are

ow *p

2.14.74
EP ( )

The resulting point mobility is obtained as

iwwi(0)
F
w [nm(n —Y2) +ikik3(Y1 — Y3) — ik ra(Y) — Yz):|

Ysandbeam =

© 2D{kikok3 | w2Y1(Y3 — Ya) — K3Y2 (Y1 — Y3) + w3V3(Y) — Y2)

(2.14.7.5)

2.14.8 Example 14.8

The differential equation governing the displacement of a cylinder is given by
Eq.(14.76) as

R0 K2+ K122 —Kp=0 (2.14.8.1)
B-1v) , 252 h? 2 2 p212
Ky =14+ =——[n* + N R+ s ln® + AR (2.14.8.2)


http://dx.doi.org/10.1007/978-3-662-47934-6_14
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_l-v 25,2, 2 2 22, B kY o 5 0\3
K1_2|:(3+2u))\nR + 0+ (n + ALR?) +(1_V)W(n + A R?)
(2.14.8.3)
(1—-v)

Ko=—2 (1= )NR* + L (n2 + A2R2)4 (2.14.8.4)
0 2 n 12R2 n S

The parameter §2 is defined as

1-v%) R
@ = Ry PI=V) _ Re (2.14.8.5)
E Cl

First assume that the wavenumber A, is A\, o f. In the high-frequency range as
f— o

BN RY
2 2.14.8.6
2 R? ( )
K — 8= K ()\2R2)3 (2.14.8.7)
! 2 12RZ \'n B
(I—v) h* [, 0\
Ko~ 5o (/\nR ) (2.14.8.8)

For high frequencies including only the highest order in f Eq.(2.14.8.1) is reduced
to

3— 1— R
SN R ITENO RO VNSRS 0 2= (2.148.9)
2 2 c
Thus
3—v ANwr Wt 2
- — . m =0 2.14.8.10
mo1—v Cl2 c? 1—v ( )
The solutions are
w w 2 w
Ap=*t—; Ap==+—- =+— (2.14.8.11)
Cl ¢ 1—v ct

The wavenumbers represent L- and T-waves respectively.
In the second case, assume ), o< +/f as for flexural waves. Only including the
highest order of f Eq.(2.14.8.1) is reduced to

Q4h2/\31R4 B

00 =0 2.14.8.12
12R? ( )
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The solutions are

1/4 1/4 1/4
12w? 120%(1 — 1/2) pw?
A =+ == =4 | —— " 7| =4(= 2.14.8.13
" (c};ﬂ) [ Eh? } ( D ) ( )

1/4
A = i (—) (2.14.8.14)

These solutions represent propagating and evanescent flexural waves on a thin flat
plate.

2.14.9 Example 14.9

The sound transmission coefficient 74, diffuse incidence, is given by Eq. (14.101) as

16 2 4 2
=3 ompige 2(“2)'" _ (2.14.9.1)
WLy Ly[(wh, —w?)? 4+ mnwi,)?]

mn

where L = L, and Rpg = Ly.For f > fc,(0/)mn = 1//1 — fc/f. The frequency
average of Eq.(2.14.9.1) is for f > f.

1 [uthw/2 167 pjc*
= A_/ Y S ST R 2 3211 —
W Jw—Aw/2 p=Lx y[(wmn w*)= + (nmnwmn) 1( felf)
(2.14.9.2)
Terms outside the frequency interval w — Aw/2 < w < w + Aw/2 do not contibute

ifn< 1.
~ _ 47 /by
According to (8.19) Aw sV Thus,

Td

2 4
T E—— Vi (2.14.9.3)
dmep= froanv Dol = fe/ fun)
i
By using the relationship f, = 7V Do and by setting f = fun Eq.(2.14.9.3)
m\ Do
is written
_ (p0©)* fe

= 2.1494
= 2 (= o) (2.1494)

This is the same result as (13.29) which is valid for a flat plate for f > f.. The
sound transmission coefficient is the same for a flat plate as for a curved plate for
frequencies well above the ring frequency of the curved plate.


http://dx.doi.org/10.1007/978-3-662-47934-6_14
http://dx.doi.org/10.1007/978-3-662-47934-6_13

2.14 Chapter 14 227

Fig. 2.32 A closed cylinder
exposed to an inner
overpressure

39

2.14.10 Example 14.10

The total force on the end structure of the cylinder is F = Ap - 7R? where R is the
radius of the cylinder. The tension per unit width of the shell is T;. Thus F = 27 RT}
and T = Ap - R/2 (Fig.2.32).

The force F acting on the shell segment is Fy, = 2Ap - R - Ap. The forces acting in
the opposite direction are Fy = 27} sin(Ayp) ~ 2Ty - (Ap). Thus Ty = Ap - R.

2.14.11 Example 14.11

The point mobility for a sandwich beam is derived in Problem 14.7. According to
G.S\ /2

2D}

2
as f — 0. The parameters Y1, Y> and Y3 are defined in Eq. (2.14.7.3), Problem 14.7.
For D, — 0 and G, — oo the parameters Y| and Y, approaches 1. The parameter

G.S\ /2
Y3iSfOI‘I€3=( C) as f — 0

Eq. (14.36), the wavenumbers ~; and 2 approache « and k3 approaches

2D,
G.S
2D, 22— G,.S
2D}
Y; = 2 —0 (2.14.11.1)
C
(D} + 2D§)2Dé —G.S

For Y1 =Y, =1 and Y3 = 0 Eq.(2.14.7.5) Problem 14.7 is reduced to

_ wW(—KK3 + IKK3) _ w( —1) _ (1-ik
© 2D|K2k3(—k:— K2 4D dwm’

(2.14.11.2)

This is the point mobility of an Euler beam given by Eq. (5.39).


http://dx.doi.org/10.1007/978-3-662-47807-3_5
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2.15 Chapter 15

2.15.1 Example 15.1

The spatial autocorrelation function is defined in Eq. (15.4) as
1 X2
Ry (&) = Elu(x)u(x +&)] = lim —/ u(x)u(x + £)dx (2.15.1.1)
X—o00 X J_xp2

For a signal u(x) = A cos(kox) the autocorrelation function is obtained as

2 X2
Ry (§) = Xliﬁmoo X o cos(kx) cos(kox + ko)
2 X2
= lim — [cos(2kox + Eko) + cos(kp&)] dx

X—o002X -X/2
A2
=7 cos(koé) (2.15.1.2)

2.15.2 Example 15.2

The spatial spectral density is defined by Eq.(15.5) as
- o
st = | Run(© expl-ike)ie @.15.2.1)
—0o0

For a signal u(x) = A cos(kox) the autocorrelation function is obtained as (Problem
15.1)

A2
Ruu() = 5 cos(ko®) (2.152.2)

Equations (2.15.2.1) and (2.15.2.2) give

5 o0 ) AZ o0
Suu(k) = / Ruu(f) 'eilkgdf = T/

—0o0 —00

[elf(kofk) + efiﬁ(ko+k)]d£

(2.15.2.3)
According to Eq. (2.4), the result is

~ TA?
Sk) = N [0(k — ko) + 0 (k + ko)] (2.15.2.4)


http://dx.doi.org/10.1007/978-3-662-47934-6_15
http://dx.doi.org/10.1007/978-3-662-47934-6_15
http://dx.doi.org/10.1007/978-3-662-47807-3_2
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2.15.3 Example 15.3

A wave is defined as u(x) = A - sin[wo(t — x/c)]. The autocorrelation function
Ry, (&, T) is obtained as

1 X/2

R = li — d
uu (€, 7) X—)oé%l"ﬁoo XT _x/2 X

T/2
/ dt sinfwo(t — x/c)]sin[wo(t + 7 — x/c — &/c)]
—T/2

A2
= TCOS[wo(T —£&/0)] (2.15.3.1)

The corresponding 2D spectral density is defined as

~ o 0 .
Suu(k, w) :/ d’f/ dr - Ryy(§,7) - e i keren
—00 —0o0
1 oo (o9}
=3 / d¢ / dr
—00 —0o0
. I:efif(k+wo/c)+i7(w07w) + e*if(kfwo/c)+i7'(wo+w):|

=A27% [§(wo/c+k) - S(w—wo)+8(wo/c—Fk) - S(w+wo)]
(2.15.3.2)

2.15.4 Example 15.4

The time and space averages (1%) of a signal u(x, t) = A-sin[wo(t —x/c)]is given by
(%) = Ruu(0,0) (2.154.1)

where
1 o - .
Ru(€.7) = 755 / dk / w8y (k, wye! KT (2.154.2)
—00 —00

From Problem 15.3

Suu(k, w) = A27% [8(wo/c + k) - 6 (w — wp) + d(wo/c — k) - §(w + wo)]
(2.15.4.3)
Equations (2.15.4.2) and (2.15.4.3) give
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2
Ry (&, 1) = A? cos[wo (T — &/c)] (2.15.4.4)

Thus, from Eq.(2.15.4.1)
(@#?) = Ruu(0,0) = A%)2 (2.15.4.5)

The same result is obtained directly by averaging u?(x, r) with respect to time and
space.

2.15.5 Example 15.5
The FT of the velocity at r is
o(r,w) =/iwﬁ(s,w)H(r,s,w)d2s (2.15.5.1)

where H (r, s, w) is given by (15.46) for a simply supported plate.
The cross-power spectral density Sy, (r, w) of the power input to the plate is

1
Spu(r,w) = lim —Re/dzrﬁ(r,w)ﬁ*(r,w)
T—oo T
i e [ NP
= lim —Re [ d“rp(r,w) | d°s(—iw)p™(s,w)H (r, s, w)
T—oo T
=/dzr(—iw)/dszpp(r,s,w)H*(r,s,w)

For “rain on the roof” excitation S,,(r,s,w) = Sp - 6(r — s), see Eq.(15.38).
Consequently,

Spu(r,w) = Re/dzr(—iw)/dst*(r,s,w)SocS(r —5)

:Re/dzr(—iw)H*(r,r,w)So (2.15.5.2)

For a simply supported rectangular plate Eqs. (15.45) and (15.46) give

- A0mn (1) Omn (8)
H(r,s,w)=>" STl (Lt in) — o7 (2.15.5.3)

mn

2 . )
H*(r,s,w) = Z Howppn (I + i) — W7 I0mn () Pmn (5)

2.15.5.4
pLyxLy[(w3, —w?)? + (nw2,)?] ¢ )

mn


http://dx.doi.org/10.1007/978-3-662-47934-6_15
http://dx.doi.org/10.1007/978-3-662-47934-6_15
http://dx.doi.org/10.1007/978-3-662-47934-6_15
http://dx.doi.org/10.1007/978-3-662-47934-6_15
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Equations (2.15.5.2) and (2.15.5.4) give

4wy, om, (r)S
Spv(w) =Re2/d2r legwmnfmnz(") 0 V)
mn NLXLY[(W _wmn) + (nwmn) 1
= T S0 (2.15.5.5)
et p[(w? = wip)? + (nwi,)?]
The time average of the input power is
I 1 o 2.8
fM=—{ dwReS, = —Z/ duw——y 20
27 oo T fo o pl@? = wh)? + (k)7
So _
= Z = Z | (2.15.5.6)
mn mn
Thus,
_ S
My = 22 (2.15.5.7)
2p

The time average of the total energy of mode (m, n) is according to Eq.(15.50)
equal to

S
Eppy = ——— (2.15.5.8)
2 wmnm
Equations (2.15.5.7) and (2.15.5.8) give
o = WinnWEmn (2.15.5.9)

2.15.6 Example 15.6

The procedure is outlined for a plate in Sect. 15.3. Following the same procedure for
a beam the time average of the kinetic energy is

l L ! L o0
- 1
U= ﬂ/ ‘ﬁz)dx =ﬂ/ dx/ —dwSyy (x, X, w) (2.15.6.1)
2 0 2 0 —00 2w
The cross-power spectral density between the velocities at x| and x; is

Spv (X1, X2, w) = // d&1d&w? Sprpr (€1, &2, w)H* (x1, €1, w) H (x2, &2, w)
(2.15.6.2)


http://dx.doi.org/10.1007/978-3-662-47934-6_15
http://dx.doi.org/10.1007/978-3-662-47934-6_15
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The frequency response function is given by

20m (x1)pm (&1)
Lm'[(w? — w?) + inw?]

H(xi,&,w) =) (2.15.6.3)

m

where

pm(x) = sin(kyx); ky =mm/L (2.15.6.4)

The function Sgrpr (€1, &, w) in Eq.(2.15.6.2) is for rain-on-the-roof excitation
given by

Serr(€1, &2, w) = Sod (&1 — &) (2.15.6.5)

This expression inserted in (2.15.6.2) yields

L
SUU(X1,X2,W)=/ dé1w? SoH* (x1, &1, w) H (x2, 1, w)

0
_ 20% 8o Om(X1)om(x2)
T Lm')? ; (w% — w22 + (nwrzn)z (2.15.6.6)

Equation (2.15.6.6) inserted in Eq. (2.15.6.6) gives

= d = 2.15.6.7
4mm’ ;[m “ (Wrzn - w2)2 + (nwyzn)z Z dm'wmn ( )

m

2.15.7 Example 15.7

Consider the integral

. /oo i - [1 —cos(mm) - cos(CLy)] (2.15.7.1)

2 — (mm/Ly)*PPI(¢ + X)? + Y?]

Writing cos({Ly) as cos((Ly) = (eEx + ¢~¢Lx) /2 the expression (2.15.7.1) is
rewritten as

H =t~ H (2.15.7.2)
1 [1 — cos(mm) - e/<Lx]
Hi=3¢4d 2.157.3
2 fcl [(2 — (m7/Ly +ie)?P[(( + X)? + Y7 ( )
1 [1 — cos(mm) - e~i¢Lx]
HB=3¢d 2.15.7.4
T2 /e C[Cz —(mn/Ly + i2)2P[(C + X)2 + 2] ( )
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Fig. 2.33 Integration paths (a) Im (b) Im
in the complex plane

o o

The integration paths are shown in Fig.2.33. Path C; applies to H; and path C» to
H;. The parameter ¢ is a small positive quantity introduced to locate the poles off the
real axis. The poles in the upper half plane are (| = mn/Ly +icand ( = —X +iY.
The poles in the lower half plane are (3 = —mn /Ly —ic and (4 = —X —iY. Both
integrals are zero when integrated along respective semi-circle. Cauchy’s integral
formula reads

W) = "—' 7{ _fQd¢ (2.15.7.5)
27

c ((—z)nt!

where f((z) is the nth derivative of f(z). C is any closed path encircling z in the
counter clockwise direction. After using Eq.(2.15.7.5) and allowing ¢ to approach
zero the results are

L.X
4(mm/Ly)?[(mm/Ly + X)* 4 Y?]
1 —cos(mm) -exp(—iLy X — YLy)
2Y[(X —iY)? — (mm/Ly)?) ]
Ly
th=r-n |4(m7r/Lx>2[(mvr/Lx —-X)7 - 17
1 —cos(mm) -exp(iLyX — YLy)
2Y[(X +iY)? — (mm/L,)?] I

H1=7T<

(2.15.7.6)

(2.15.7.7)

By inserting the proper values for X and Y the results (15.72) and (15.73) are
obtained.

2.15.8 Example 15.8

The average auto spectrum S, of the velocity is given in Eq. (15.78) as

1
Lap gt (2.15.8.1)
D puVD

1
AN
mn

Cmn
12

The summation is over AN modes.


http://dx.doi.org/10.1007/978-3-662-47934-6_15
http://dx.doi.org/10.1007/978-3-662-47934-6_15
http://dx.doi.org/10.1007/978-3-662-47934-6_15
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The mass / is proportional to & and D is proportional to /3. Thus
_ 1 [ 1
Spy X ? D %m (2.15.8.2)

2.15.9 Example 15.9

2\ 174
For a fluid loaded plate ¢+ &~ p/ko. The wavenumber in vacuum s kg = (%) x

1
——. The bending stiffness D h3. From Eq.(2.15.8.2), Problem 15.8,

Vh
- 1
vaO(IL? %

1
For kg o« —= and D o k3 it follows that

Jh

1 [u kg 1

S X5,/ X —— X —57
RN D T koD B4

2.16 Chapter 16

2.16.1 Example 16.1

The potential and kinetic energies of the systems shown in Fig. 16.2 is
T = m137/2+m23y3 /2 + me(G1 + 32)°/8 (2.16.1.1)
U =kiyi )2+ kay3 /2 4 ke(y1 — 2)?/2 (2.16.1.2)

The external forces, gyroscopic coupling and losses give

A= —Fiioy1 — Faor)2 (2.16.1.3)
Fiot = F1 —c1y1 + Gy (2.16.1.4)
Foor = F2 —c2y2 — Gy (2.16.1.5)

Hamilton’s principle, Eq. (9.4) states


http://dx.doi.org/10.1007/978-3-662-47934-6_16
http://dx.doi.org/10.1007/978-3-662-47934-6_9
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6/(T—U—A)dt=0 (2.16.1.6)
Thus, Egs. (2.16.1.1) through (2.16.1.6) give
(m1+me/Hy1 + (ki + k) yr + (me/H)y2 — key2 = Flot (2.16.1.7)
(my +me/)§2 + (k2 + ke)y2 + (me/4) Y1 — keyt = Faror (2.16.1.8)
Inserting Egs. (2.16.1.4) and (2.16.1.5) gives
(my +me /D1 +c1y1 + ky +k)yr + (me /D2 — Gyr — key2 = F1 (2.16.1.9)

(ma+me/A)y2 + 292 + (ko + k) y2 + (me [ Y1 — Gy — keyr = F2 (2.16.1.10)

2.16.2 Example 16.2

The space average of the pressure squared in the room is according to Eq.(11.141)

w? p} 810017 2, (ro)

2
2 2
v Lm,n E1€mEN |k - klmn

.2 1
(|| )=w2ﬂév/vdV|¢o|2= |2

_ 2¢*1Q0l* @7, (ro)
Vim? e cremenl (2 = fip)® + 0 fi,)?]

(2.16.2.1)

For the field to be diffuse there must be a number of sources in the room. The space
average over the room volume is

2.2 4 2
A2 Po 2¢" [ Qol
(lp|") = (2.16.2.2)
121 = a2 ,; e1Emen8L(f2 = fp)? + (0 )]
The frequency average is
_2 1 f+Af/2 5 Cp2f |Q|2
((p| )= —/ (|p|rdf =D L= (2.16.2.3)
Af Jr-arn % 2Vo


http://dx.doi.org/10.1007/978-3-662-47934-6_11
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A
According to Eq. (11.159) 6 = A Thus,
4wV

2 4 2 2 2
>=Z 77/)0];|Q|

Imn

The modal energy per volume is

2
(‘len) 4mp0 2102
(pc?) A
or
_ 4mpfiGo
=TT

The modal energy is constant if A oc f2.

2.16.3 Example 16.3

The last two expressions of Eq. (16.42) are
Mip = M3 + Mg2: M3+ o3 = a3
The energy flow between the systems i and j is
0;j = wnijE — wnjiE,
The power dissipated in system i is
Mgi = wnaiEi
Equations (2.16.3.2) and (2.16.3.3) inserted in (2.16.3.1) give

Er (a3 + 131 +132) (a2 + 121 +123) — m327p23

F3 M3 (Na2 + 1 + 13) + N12123

The ratio between the pressure squared in the rooms is

2 Part 2 Solutions

(2.16.2.4)

(2.16.2.5)

(2.16.2.6)

(2.163.1)

(2.16.3.2)

(2.16.3.3)

(2.16.3.4)

(pi*) E1 Vs _ V3lOnaz + 31 +132) (a2 + 121 + 123) — 132123 ]

(Ipsl) — Es Vi Vinis(maz + 21 + m23) + niams

(2.16.3.5)


http://dx.doi.org/10.1007/978-3-662-47934-6_11
http://dx.doi.org/10.1007/978-3-662-47934-6_16
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2.16.4 Example 16.4

The ratio between the pressured squared in the rooms 1 and 3 is

=12
1A
<|f‘|2> - -3 (2.16.4.1)
(Ipsl 7S
Energy balance requires ITj3 = 143 or
m3Er = (a3 + 130 Es = 1300E3 (2.16.4.2)

The ratio between the pressured squared in the rooms 1 and 3 is also equal to

(1p11%) _ V3E;
(Ips1>)  ViEs

(2.16.4.3)

The total losses in room 3 are according to Eq. (16.49)

Ajzc
8TV

M3tot = (2.16.4.4)

Equations (2.16.4.1) through (2.16.4.4) give

7Sc
8T Vi

m3 = (2.16.4.5)

2.16.5 Example 16.5

In the low-frequency range f < % there are no modes perpendicular to the plate.
The modes (m, n) inside the cavity are given by

I T2+ LAY (2.16.5.1)
T2\ L, Ly T
Following the technique discussed in Sect. 8.1 the number of modes N for frequencies
. 71—L)cLyWZ ..
less than f is N = a2 The modal density is consequently
c
dN 27 fS
=—=— 2.165.2
Ny i = ( )

See Eq.(11.137) for high frequencies.


http://dx.doi.org/10.1007/978-3-662-47934-6_16
http://dx.doi.org/10.1007/978-3-662-47807-3_8
http://dx.doi.org/10.1007/978-3-662-47934-6_11
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2.16.6 Example 16.6

The vibrational field in beam i is diffuse. The energy flows in both directions of the
beam are the same. Consequently, the energy flow (I1;)i, towards the junction is
according to (3.92) equal to

(Mi)in = cgiFi /2 (2.16.6.1)
where E; is the total energy per unit length of beam i. The transmitted flow is

(M) = 73 (M)in = wnijEi = wii; Eii L (2.16.6.2)

The total energy E; of beam i is set to equal E; = EiL;. Equations (2.16.6.1) and
(2.16.6.2) give

U /4.
CgiTij (D(/),) Tij
= = 2.16.6.3
i 2wLi T 2(m)VAL; ( )
2.16.7 Example 16.7
The displacements in the rods, L-waves, are
G=e M f RN G =T (2.16.7.1)

Boundary conditions, displacement and force, at junction at x = 0

(=0 Eoa (%Y —goa (%
§i(0) =¢&;(0); EpiA; (ax )x:O = EgjA; ( o )x:O (2.16.7.2)

Equations (2.16.7.1) and (2.16.7.2) give

-1
T=2(1+ iV Pj 01)

_ (2.16.7.3)
A/ pi Eoi
The incident and transmitted energy flows are
_ A Egik;
i = O (2.16.7.4)
2
_ _ AiEoiki  wAjEojk;|T|?
Htr=7'ijnin=7'ijw SO S Al 2.16.7.5)

2 2


http://dx.doi.org/10.1007/978-3-662-47807-3_3
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From Egs. (2.16.7.3) and (2.16.7.5)

_ AjkjEo; IT?  4AiA;j/piEoi\/p;Eoj

Tij = = 3 (2.16.7.6)
Aiki Eoi (Aiv/piEoi + Aj\/pjEoj)
The transmitted energy flow is
- - - wnijEi TijcgiEi TijNEoiEi
Mo = I = wnsEy: — = = 2.16.7.7
tr ij wntjflt L; L; Li\/ﬁ = ( )
Tij | Eoi
o —0 2.16.7.8
Nij wi\ p ( )
2.16.8 Example 16.8
The energy flow for the left-hand case in Fig. 16.13 gives
1:[‘1’ = lzlzl + I:ISI; 1:1‘1’2 = IZIZZ2 (2.16.8.1)
or
9§ = wnanEy +wniE; — wimEy (2.16.8.2)
The energy balance for the right-hand system in Fig. 16.3 gives
=} = b = b = b
Iy = wnip®Ey + wmiE, — wninE, (2.16.8.4)
= b = b - b
wm1Ey = wni2E| + wna1'E; (2.16.8.5)

The results (2.16.8.2) to (2.16.8.5) is in matrix form given by

_ —a =b
ny o na1 +mz2 =1 &) E
| = _ 2.16.8.6
[ 0 1'[3:| w|: —ni2 a2+ | & EY ( )

which gives

na1+ma =1 Lrmog o } E E
= — _ o 2.16.8.7
[ =12 77d2+7721i| w [ 0 5| & & ( )
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