
Chapter 2
Matrix Games with Payoffs of Triangular
Fuzzy Numbers

2.1 Introduction

The matrix game theory gives a mathematical background for dealing with com-
petitive or antagonistic situations arise in many parts of real life. Matrix games have
been extensively studied and successfully applied to many fields such as eco-
nomics, business, management, and e-commerce as well as advertising. As stated in
Chap. 1, however, the assumption that all payoffs are precise common knowledge
to both the players is not realistic in many antagonistic decision occasions. In fact,
more often than not, in real antagonistic situations, the players are not able to
exactly estimate payoffs in the game due to lack of adequate information and/or
imprecision of the available information on the environment [1, 2]. This lack of
precision and certainty may be appropriately modeled by using the fuzzy set [3–6].
As a special case of fuzzy sets, intervals which are also called fuzzy intervals or
interval-valued fuzzy sets are used to deal with fuzziness in matrix games.
Consequently, we have extensively studied interval-valued matrix games. From
now on, we focus on studying fuzzy matrix games with payoffs represented by
fuzzy numbers such as triangular fuzzy numbers and trapezoidal fuzzy numbers.

Fuzzy matrix games were firstly solved by developing the fuzzy linear pro-
gramming method based on ranking functions of fuzzy numbers and auxiliary linear
programming models [7–9]. However, Campos’ methods [7–9] provided only crisp
solutions with interpretation of fuzzy semantics. Their results were generalized to
multi-objective matrix games with fuzzy payoffs and fuzzy goals [10, 11]. Bector
and Chandra [12], Bector et al. [13, 14], and Vijay et al. [15] proposed linear
programming methods for solving fuzzy matrix games based on certain duality for
linear programming with fuzzy parameters. These works cannot provide member-
ship functions of the gain-floor and loss-ceiling for the players even though they are
very much desirable. The above methods were essentially the same as that of
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Campos [7] but certain modifications were made to help in having a better
understanding of the same. Obviously, all the aforementioned methods are
defuzzification ones based on suitable ranking functions, which are not easily
chosen. In these methods, the obtained solutions closely depend on ranking func-
tions and more or less involve in subjective factors such as attitudes and preference.
On the other hand, these methods provided only defuzzification ones of the
gain-floor and loss-ceiling for the players, whose membership functions cannot be
explicitly obtained even though they are very much desirable. Moreover, it is not
always sure that the obtained defuzzification gain-floor and loss-ceiling for the
players are identical. This case is not rational and effective. From viewpoints of
logic and the concept of matrix games with fuzzy payoffs, the gain-floor and
loss-ceiling for the players should be fuzzy and identical since the expected payoffs
are a linear combination of fuzzy payoffs and the matrix games are zero-sum.

Li [16] (with reference to [17]) proposed the two-level linear programming
method for solving matrix games with payoffs of triangular fuzzy numbers, which
was called as Li’s model by Bector and Chandra [12] and Larbani [18]. In Li’s
model [16], the obtained gain-floor and loss-ceiling for the players are fuzzy and
their membership functions can be explicitly obtained. However, Li’s model cannot
always guarantee that the gain-floor and loss-ceiling for the players are identical and
hereby any fuzzy matrix game with payoffs of triangular fuzzy numbers has a fuzzy
value, which is not rational since the matrix game is zero-sum. As far as we know,
there is no method which can always guarantee that the gain-floor and loss-ceiling
for the players are identical and hereby the matrix game with fuzzy payoffs has a
fuzzy value, whose membership functions can be explicitly obtained. In this
chapter, we will focus on studying matrix games with payoffs of triangular fuzzy
numbers. Selecting triangular fuzzy numbers to express fuzzy payoffs stems from
the fact that in many management applications they provide a very convenient
object for the representation of imprecision and uncertain information in payoffs.
On the one hand, triangular fuzzy numbers allow the modeling of a wide class of
fuzzy numbers. Intervals and real numbers are special cases of triangular fuzzy
numbers. On the other hand, triangular fuzzy numbers are easily extended to
trapezoidal fuzzy numbers. Using triangular fuzzy numbers, we also have the
freedom of being or not being symmetric. Another positive feature of the triangular
fuzzy numbers is the ease of acquiring the necessary parameters. An additional
consideration in using the triangular fuzzy number is the ease with which it can be
manipulated in the context of the application.

In this chapter, we will propose some important concepts of solutions of matrix
games with payoffs of triangular fuzzy numbers and develop auxiliary linear pro-
gramming models and methods for solving matrix games with payoffs of triangular
fuzzy numbers. Stated as earlier, it is easy to see that some linear programming
models and methods proposed in this chapter are easily extended to establish those
for matrix games with payoffs of trapezoidal fuzzy numbers.
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2.2 Triangular Fuzzy Numbers and Alfa-Cut Sets

A fuzzy number ~a with the membership function l~aðxÞ is a special fuzzy subset of
the real number set R, which satisfies the following two conditions [3]:

1. there exists at least a real number x0 2 R so that l~aðx0Þ ¼ 1;
2. the membership function l~aðxÞ is left and right continuous, depicted as in

Fig. 2.1.

In the following, we mainly review a special and an important forms of fuzzy
numbers: triangular fuzzy numbers.

Triangular fuzzy numbers are a special case of fuzzy numbers. A triangular fuzzy
number ~a ¼ ðal; am; arÞ is a special fuzzy number [3], whose membership function
is given as follows:

l~a xð Þ ¼
x�al
am�al if al � x\am

1 if x ¼ am
ar�x
ar�am if am\x� ar

0 else,

8>><
>>: ð2:1Þ

where am is the mean of ~a, al and ar are the lower and upper limits (bounds) of ~a,
respectively, depicted as in Fig. 2.2. The set of triangular fuzzy numbers is denoted
by T(R).

Obviously, if al = am = ar, then the triangular fuzzy number ~a ¼ ðal; am; arÞ is
reduced to a real number. Conversely, a real number is easily rewritten as a
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Fig. 2.1 A fuzzy number
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Fig. 2.2 A triangular fuzzy number
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triangular fuzzy number. Thus, the triangular fuzzy number can be flexible to
represent various semantics of uncertainty such as ill-quantity [5].

If al � 0 and ar [ 0, then ~a ¼ ðal; am; arÞ is called a non-negative triangular
fuzzy number, denoted by ~a� 0. If al [ 0, then ~a is called a positive triangular
fuzzy number, denoted by ~a[ 0. Conversely, if ar � 0 and al\0, then ~a is called a
non-positive triangular fuzzy number, denoted by ~a� 0. If ar\0, then ~a is called a
negative triangular fuzzy number, denoted by ~a\0.

Let ~a ¼ ðal; am; arÞ and ~b ¼ ðbl; bm; brÞ be two triangular fuzzy numbers. Then,
their arithmetical operations can be expressed as follows:

~aþ ~b ¼ ðal þ bl; am þ bm; ar þ brÞ ð2:2Þ

and

k~a ¼ ðkal; kam; karÞ if k� 0
ðkar; kam; kalÞ if k\0;

�
ð2:3Þ

where k 2 R is a real number.
A a-cut set of the triangular fuzzy number ~a ¼ ðal; am; arÞ is defined as

~aðaÞ ¼ fxjl~aðxÞ� ag, where a 2 ½0; 1�. Thus, for any a 2 ½0; 1�, we can obtain a a-
cut set of the triangular fuzzy number ~a, which is an interval, denoted by
~aðaÞ ¼ ½aLðaÞ; aRðaÞ�. It is easily derived from Eq. (2.1) that

aLðaÞ ¼ aam þð1� aÞal

and

aRðaÞ ¼ aam þð1� aÞar:

In particular, we have

~að1Þ ¼ ½aLð1Þ; aRð1Þ� ¼ ½am; am� ¼ am

and

~að0Þ ¼ ½aLð0Þ; aRð0Þ� ¼ ½al; ar�:

According to the operations over intervals [19], we can easily have:

½aLðaÞ; aRðaÞ� ¼ a½am; am� þ ð1� aÞ½al; ar� ¼ a~að1Þþ ð1� aÞ~að0Þ; ð2:4Þ

which means that any α-cut set of an arbitrary triangular fuzzy number can be
directly obtained from its 1-cut set and 0-cut set, depicted as in Fig. 2.3.

According to the representation theorem for the fuzzy set [5], using Eq. (2.4),
any triangular fuzzy number ~a ¼ ðal; am; arÞ can be expressed as follows:
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~a ¼
[

a2½0;1�
fa� ~aðaÞg ¼

[
a2½0;1�

fa� ½a~að1Þþ ð1� aÞ~að0Þ�g; ð2:5Þ

where a� ~aðaÞ is defined as a fuzzy set, whose membership function is given as
follows:

la�~aðaÞðxÞ ¼ a if x 2 ~aðaÞ
0 otherwise:

�

Equation (2.5) means that any triangular fuzzy number can be directly con-
structed through using its 1-cut set and 0-cut set.

From the aforementioned discussion, we summarize the conclusion as in
Theorem 2.1, which will be used to construct the fuzzy values of matrix games with
payoffs of triangular fuzzy numbers.

Theorem 2.1 Any triangular fuzzy number and its a-cuts have the relations (1) and
(2) as follows:

1. Any a-cut of a triangular fuzzy number can be directly obtained from both its
1-cut and 0-cut;

2. Any triangular fuzzy number can be directly constructed by using both its 1-cut
and 0-cut.

Proof According to the concept of a-cuts of triangular fuzzy numbers and the
representation theorem for the fuzzy set, it is easy to prove that (1) and (2) of
Theorem 2.1 are valid (omitted).

2.3 Fuzzy Multi-Objective Programming Models of
Matrix Games with Payoffs of Triangular Fuzzy
Numbers

2.3.1 Order Relations of Triangular Fuzzy Numbers

In contrast with the intervals’ ranking or order relation as stated in Sects. 1.3 and 1.4,
it is very difficult to rank (or compare) fuzzy numbers. Ramik and Rimanek [20]

Fig. 2.3 a-cut sets of a
triangular fuzzy number

2.2 Triangular Fuzzy Numbers and Alfa-Cut Sets 69

http://dx.doi.org/10.1007/978-3-662-48476-0_1
http://dx.doi.org/10.1007/978-3-662-48476-0_1


gave the definition of the order relation “ ~� ” for general fuzzy numbers. In this
section, the order relations “ ~� ” and “ ~� ” are used only for triangular fuzzy num-
bers, not for general fuzzy numbers as stated in Sect. 2.2. To be more precisely, we
give the meaning of the order relations “ ~� ” and “ ~� ” for the triangular fuzzy
numbers in Definition 2.1 as follows.

Definition 2.1 Let ~a ¼ ðal; am; arÞ and ~b ¼ ðbl; bm; brÞ be two triangular fuzzy
numbers. Then, ~a ~� ~b if and only if al � bl, a� b, and ar � br. Similarly, ~a ~� ~b if
and only if al � bl, a� b, and ar � br.

The validity of Definition 2.1 may be discussed in a similar way to that of fuzzy
numbers [20].

“ ~� ” and “ ~� ” are fuzzy versions of the order relations “� ” and “� ” in the
three-dimension Euclidean space R3, and have the linguistic interpretation
“essentially less than or equal to” and “essentially greater than or equal to”,
respectively.

Analogously, ~a ~\~b if and only if ~a ~� ~b and ~a 6¼ ~b. ~a ~[ ~b if and only if ~a ~� ~b and
~a 6¼ ~b.

From Definition 2.1, a triangular fuzzy number ~a 2 TðRÞ may be regarded as a
three-dimension vector and the order relations “ ~� ” and “ ~� ” are similar to those in
the three-dimension Euclidean space R3. Thus, the definition of maximizing and
minimizing triangular fuzzy numbers can be given as follows.

Definition 2.2 Let ~a ¼ ðal; am; arÞ be any triangular fuzzy number.
A maximization problem of triangular fuzzy numbers is expressed as follows:

maxf~aj~a 2 X3\TðRÞg;

which is equivalent to the multi-objective mathematical programming model as
follows:

maxfalg
maxfamg
maxfarg

s:t:

~a 2 X3

al � am � ar

al; am; and ar unrestricted in sign;

8><
>:

where T(R) is the set of triangular fuzzy numbers as stated in Sect. 2.2, X3 is the set
of constraints in which the variable ~a should be satisfied according to requirements
in the real situation.

Definition 2.3 Let ~a ¼ ðal; am; arÞ be any triangular fuzzy number. A minimization
problem of triangular fuzzy numbers is described as follows:
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minf~aj~a 2 X4\TðRÞg;

which is equivalent to the multi-objective mathematical programming model as
follows:

minfalg
minfamg
minfarg

s:t:

~a 2 X4

al � am � ar

al; am; and ar unrestricted in sign;

8><
>:

where X4 is the set of constraints in which the variable ~a should be satisfied
according to requirements in the real situation.

Definitions 2.2 and 2.3 can be used to transform corresponding fuzzy opti-
mization problems of matrix games with payoffs of triangular fuzzy numbers into
multi-objective linear programming models, which may be solved by using the
existing multi-objective programming methods [21, 22].

2.3.2 Concepts of Solutions of Matrix Games with Payoffs
of Triangular Fuzzy Numbers

Let us consider matrix games with payoffs of triangular fuzzy numbers, where the
sets of pure strategies and the sets of mixed strategies for the players I and II
respectively are S1, S2, Y, and Z defined as in Sect. 1.2. Assume that the payoff
matrix of the player I is given as follows:

~A ¼ ð~aijÞm�n ¼

b1 b2 � � � bn
d1
d2
..
.

dm

~a11 ~a12 � � � ~a1n
~a21 ~a22 � � � ~a2n
..
. ..

. � � � ..
.

~am1 ~am2 � � � ~amn

0
BBB@

1
CCCA ;

where ~aij ¼ ðalij; amij ; arijÞ (i ¼ 1; 2; . . .;m; j ¼ 1; 2; . . .; n) are triangular fuzzy num-
bers defined as in Sect. 2.2. Then, a matrix game with payoffs of triangular fuzzy
numbers is expressed with ~A for short.

According to Eqs. (2.2) and (2.3), the fuzzy expected payoff (or value) of the
player I can be computed as follows:
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~Eð~AÞ ¼ yT~Az ¼
Xm
i¼1

Xn
j¼1

~aijyizj ¼
Xm
i¼1

Xn
j¼1

alijyizj;
Xm
i¼1

Xn
j¼1

amij yizj;
Xm
i¼1

Xn
j¼1

arijyizj

 !
;

which is a triangular fuzzy number.
As the matrix game ~A with payoffs of triangular fuzzy numbers is zero-sum,

according to Eq. (2.3), the fuzzy expected payoff of the player II is equal to

~Eð�~AÞ ¼ yTð�~AÞz ¼
Xm
i¼1

Xn
j¼1

ð�~aijÞyizj

¼ �
Xm
i¼1

Xn
j¼1

arijyizj;�
Xm
i¼1

Xn
j¼1

amij yizj;�
Xm
i¼1

Xn
j¼1

alijyizj

 !
;

which is also a triangular fuzzy number. Thus, in general, the player I’s gain-floor
and the player II’s loss-ceiling should be triangular fuzzy numbers, denoted by
~t ¼ ðtl; tm; trÞ and ~x ¼ ðxl;xm;xrÞ, respectively.

Since the fuzzy expected payoffs of the players and the player I’s gain-floor and
the player II’s loss-ceiling are triangular fuzzy numbers, thus according to
Definitions 2.2 and 2.3, the concept of solutions of matrix games with payoffs of
triangular fuzzy numbers may be given by using that of the Pareto optimal solution
as follows. Bector et al. [13, 14] firstly introduced the notion of reasonable solutions
of fuzzy matrix games, which is a generalization of that of fuzzy matrix games [23].

Definition 2.4 Let ~t ¼ ðtl; tm; trÞ and ~x ¼ ðxl;xm;xrÞ be triangular fuzzy
numbers. Assume that there exist mixed strategies y	 2 Y and z	 2 Z. Then,
ðy	; z	;~t; ~xÞ is called a reasonable solution of the matrix game ~A with payoffs of
triangular fuzzy numbers if it satisfies both the following conditions:

1. y	T~Az ~�~t
and
2. yT~Az	 ~� ~x
for any z 2 Z and y 2 Y .

If ðy	; z	;~t; ~xÞ is a reasonable solution of the matrix game ~A with payoffs of
triangular fuzzy numbers, then ~t and ~x are called reasonable values for the players I
and II, y* and z* are called reasonable (mixed) strategies for the players I and II,
respectively.

The sets of all reasonable values ~t and ~x for the players I and II are denoted by
U and W, respectively.

As stated earlier, Definition 2.4 only gives the notion of reasonable solutions of
matrix games with payoffs of triangular fuzzy numbers rather than the notion of
optimal solutions. Thus, we give the concept of solutions of matrix games with
payoffs of triangular fuzzy numbers as in the following Definition 2.5.
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Definition 2.5 Assume that there exist ~t	 2 U and ~x 2 W . If there do not exist any
~t 2 U (~t 6¼ ~t	) and ~x 2 W (~x 6¼ ~x	) so that

1. ~t	 ~�~t
and
2. ~x	 ~� ~x,
then, ðy	; z	;~t	; ~x	Þ is called a solution of the matrix game ~A with payoffs of
triangular fuzzy numbers, y* and z* are called a maximin (mixed) strategy and a
minimax (mixed) strategy for the players I and II, ~t	 and ~x	 are called the player I’s
gain-floor and the player II’s loss-ceiling (or fuzzy values for the players I and II),
respectively.

Let

~V	 ¼ ~t	 ^ ~x	

with the membership function

l~V	 ðxÞ ¼ min
x
fl~t	 ðxÞ; l~x	 ðxÞg:

Then, ~V	 is called a fuzzy equilibrium value of the matrix game ~A with payoffs of
triangular fuzzy numbers, depicted as in Fig. 2.4.

It is easy to see from Fig. 2.4 that a fuzzy value ~V	 of the matrix game ~A with
payoffs of triangular fuzzy numbers must not be always a (normal) triangular fuzzy
number.

2.3.3 Fuzzy Linear Programming Method of Matrix Games
with Payoffs of Triangular Fuzzy Numbers

According to Definitions 2.4 and 2.5, the maximin (mixed) strategy y	 2 Y and
gain-floor ~t	 for the player I and the minimax (mixed) strategy z	 2 Z and
loss-ceiling ~x	 for the player II can be generated by solving the fuzzy mathematical
programming models:

Fig. 2.4 A fuzzy equilibrium
value ~V	
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maxf~tg

s:t:

yT~Az ~�~t for all z 2 Z

y 2 Y

~t 2 TðRÞ
~t unrestricted in sign

8>>><
>>>:

ð2:6Þ

and

minf~xg

s:t:

yT~Az ~� ~x for all y 2 Y

z 2 Z

~x 2 TðRÞ
~x unrestricted in sign;

8>>><
>>>:

ð2:7Þ

respectively.
It makes sense to consider only the extreme points of the sets Y and Z in the

constraints of Eqs. (2.6) and (2.7) since “ ~� ” and “ ~� ” preserve the ranking order
when triangular fuzzy numbers are multiplied by positive scalars according to
Eq. (2.3) and Definition 2.1. Then, Eqs. (2.6) and (2.7) can be converted into the
fuzzy mathematical programming models as follows:

maxf~tg

s:t:

Pm
i¼1

~aijyi ~�~t ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

yi ¼ 1

yi � 0 ði ¼ 1; 2; . . .;mÞ
~t 2 TðRÞ
~t unrestricted in sign

8>>>>>>>>>><
>>>>>>>>>>:

ð2:8Þ

and

minf~xg

s:t:

Pn
j¼1

~aijzj ~� ~x ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

zj ¼ 1

zj� 0 ðj ¼ 1; 2; . . .; nÞ
~x 2 TðRÞ
~x unrestricted in sign;

8>>>>>>>>>><
>>>>>>>>>>:

ð2:9Þ
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respectively, where ~t and ~x are fuzzy variables, yi (i ¼ 1; 2; . . .;m) and zj
(j ¼ 1; 2; . . .; n) are decision variables.

According to the operations of triangular fuzzy numbers, in general, we can
draw an important conclusion, which is summarized as in Theorem 2.2.

Theorem 2.2 Assume that ðy	;~t	Þ and ðz	; ~x	Þ are optimal solutions of Eqs. (2.8)
and (2.9), respectively. Then, ~t	 and ~x	 are triangular fuzzy numbers and ~t	 ~� ~x	.

Proof Due to the assumption that ðy	;~t	Þ and ðz	; ~x	Þ respectively are optimal
solutions of Eqs. (2.8) and (2.9), then according to Eqs. (2.2) and (2.3), it follows
that ~t	 and ~x	 are triangular fuzzy numbers. Furthermore, it follows from Eqs. (2.8)
and (2.9) that

~t	 ¼
Xn
j¼1

~t	z	j ~�
Xn
j¼1

ð
Xm
i¼1

~aijy
	
i Þz	j

¼
Xm
i¼1

ð
Xn
j¼1

~aijz
	
j Þy	i ~�

Xm
i¼1

~x	y	i ¼ ~x	;

i.e., ~t	 ~� ~x	. Thus, we have finished the proof of Theorem 2.2.
Theorem 2.2 means that the player I’s gain-floor “essentially cannot exceed” the

player II’s loss-ceiling in the sense of Definition 2.1.
Equations (2.8) and (2.9) are general fuzzy mathematical programming models

which may involve in different solutions [24, 25]. But in this section, the fuzzy
optimization is made in the sense of Definition 2.2 or Definition 2.3. In the following,
we will focus on studying the solving method and procedure of Eqs. (2.8) and (2.9).

According to Definitions 2.1–2.3, Eqs. (2.8) and (2.9) can be converted into the
multi-objective mathematical programming models as follows:

maxftlg
maxftmg
maxftrg

s:t:

Pm
i¼1

alijyi � tl ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

amij yi � tm ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

arijyi � tr ðj ¼ 1; 2; . . .; nÞ

tl � tm � trPm
i¼1

yi ¼ 1

yi � 0 ði ¼ 1; 2; . . .;mÞ
tl; tm; and tr unrestricted in sign

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

ð2:10Þ
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and

minfxlg
minfxmg
minfxrg

s:t:

Pn
j¼1

alijzj �xl ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

amij zj�xm ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

arijzj �xr ði ¼ 1; 2; . . .;mÞ

xl �xm �xrPn
j¼1

zj ¼ 1

zj � 0 ðj ¼ 1; 2; . . .; nÞ
xl;xm; and xr unrestricted in sign;

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

ð2:11Þ

respectively.
For the above multi-objective mathematical programming models, there are few

standard ways of defining a solution. Normally, the concept of Pareto optimal
solutions/efficient solutions is commonly-used [4, 21, 22]. There exist several
solution methods for them such as utility theory, goal programming, fuzzy pro-
gramming, and interactive approaches. However, in the following, we develop a
fuzzy linear programming method based on Zimmermann’s fuzzy programming
method [24] with our normalization process.

Firstly, we can compute the positive ideal solution and negative ideal solution of
Eq. (2.10) through solving three linear programming models with different objec-
tive functions, respectively. Specifically, using the simplex method of linear pro-
gramming, we solve the linear programming model as follows:

maxftlg

s:t:

Pm
i¼1

alijyi � tl ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

amij yi � tm ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

arijyi � tr ðj ¼ 1; 2; . . .; nÞ

tl � tm � trPm
i¼1

yi ¼ 1

yi � 0 ði ¼ 1; 2; . . .;mÞ
tl; tm; and tr unrestricted in sign;

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:
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denoted its optimal solution by ðy1þ ; tl1þ ; tm1þ ; tr1þ Þ.
Analogously, using the simplex method of linear programming, we solve the

linear programming model as follows:

maxftmg

s:t:

Pm
i¼1

alijyi � tl ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

amij yi � tm ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

arijyi � tr ðj ¼ 1; 2; . . .; nÞ

tl � tm � trPm
i¼1

yi ¼ 1

yi � 0 ði ¼ 1; 2; . . .;mÞ
tl; tm; and tr unrestricted in sign;

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

denoted its optimal solution by ðy2þ ; tl2þ ; tm2þ ; tr2þ Þ. We solve the linear pro-
gramming model as follows:

maxftrg

s:t:

Pm
i¼1

alijyi � tl ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

amij yi � tm ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

arijyi � tr ðj ¼ 1; 2; . . .; nÞ

tl � tm � trPm
i¼1

yi ¼ 1

yi � 0 ði ¼ 1; 2; . . .;mÞ
tl; tm; and tr unrestricted in sign;

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

denoted its optimal solution by ðy3þ ; tl3þ ; tm3þ ; tr3þ Þ.
Thus, the positive ideal solution of Eq. (2.10) can be obtained as

ðtlþ ; tmþ ; trþ Þ ¼ ðtl1þ ; tm2þ ; tr3þ Þ. The negative ideal solution of Eq. (2.10)
can be defined as follows:

ðtl�; tm�; tr�Þ ¼ ðminftltþ jt ¼ 1; 2; 3g;
minftmtþ jt ¼ 1; 2; 3g;minftr3þ jt ¼ 1; 2; 3gÞ:
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Hereby, the relative membership functions of the three objective functions in
Eq. (2.10) can be defined as follows:

gtlðtlÞ ¼
1 if tl � tlþ
tl � tl�

tlþ � tl�
if tl� � tl\tlþ

0 if tl\tl�;

8><
>:

gtmðtmÞ ¼
1 if tm � tmþ

tm � tm�

tmþ � tm�
if tm� � tm\tmþ

0 if tm\tm�

8>><
>>:

and

gtrðtrÞ ¼
1 if tr � trþ

tr � tr�

trþ � tr�
if tr� � tr\trþ

0 if tr\tr�;

8>><
>>:

respectively.
Using Zimmermann’s fuzzy programming method [24], Eq. (2.10) can be

converted into the linear programming model as follows:

maxfgg

s:t:

Pm
i¼1

alijyi � tl ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

amij yi � tm ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

arijyi � tr ðj ¼ 1; 2; . . .; nÞ

tl � tl� � ðtlþ � tl�Þg
tm � tm� � ðtmþ � tm�Þg
tr � tr� � ðtrþ � tr�Þg
tl � tm � trPm
i¼1

yi ¼ 1

0� g� 1

yi � 0 ði ¼ 1; 2; . . .;mÞ
tl; tm; and tr unrestricted in sign,

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð2:12Þ

where g ¼ minfgtlðtlÞ; gtmðtmÞ; gtrðtrÞg.
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Solving Eq. (2.12) by using the simplex method of linear programming, we can
obtain the optimal or maximin (mixed) strategy y* and gain-floor ~t	 for the player I.

In the same way to the above consideration of Eq. (2.10), according to
Eq. (2.11), using the simplex method of linear programming, we can solve the
linear programming model as follows:

minfxlg

s:t:

Pn
j¼1

alijzj �xl ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

amij zj �xm ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

arijzj �xr ði ¼ 1; 2; . . .;mÞ

xl �xm �xrPn
j¼1

zj ¼ 1

zj � 0 ðj ¼ 1; 2; . . .; nÞ
xl;xm; and xr unrestricted in sign;

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

denoted its optimal solution by ðz1þ ;xl1þ ;xm1þ ;xr1þ Þ. Analogously, we can
solve the linear programming model as follows:

minfxmg

s:t:

Pn
j¼1

alijzj �xl ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

amij zj �xm ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

arijzj �xr ði ¼ 1; 2; . . .;mÞ

xl �xm �xrPn
j¼1

zj ¼ 1

zj � 0 ðj ¼ 1; 2; . . .; nÞ
xl;xm; and xr unrestricted in sign,

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

denoted its optimal solution by ðz2þ ;xl2þ ;xm2þ ;xr2þ Þ. We can solve the linear
programming model as follows:
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minfxrg

s:t:

Pn
j¼1

alijzj �xl ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

amij zj �xm ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

arijzj �xr ði ¼ 1; 2; . . .;mÞ

xl �xm �xrPn
j¼1

zj ¼ 1

zj � 0 ðj ¼ 1; 2; . . .; nÞ
xl;xm; and xr unrestricted in sign;

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

denoted its optimal solution by ðz3þ ;xl3þ ;xm3þ ;xr3þ Þ.
Then, the positive ideal solution of Eq. (2.11) can be obtained as

ðxlþ ;xmþ ;xrþ Þ ¼ ðxl1þ ;xm2þ ;xr3þ Þ. The negative ideal solution of Eq. (2.11)
can be defined as follows:

ðxl�;xm�;xr�Þ ¼ ðmaxfxltþ jt ¼ 1; 2; 3g;
maxfxmtþ jt ¼ 1; 2; 3g;maxfxr3þ jt ¼ 1; 2; 3gÞ:

Hereby, the relative membership functions of the three objective functions in
Eq. (2.11) can be defined as follows:

qxlðxlÞ ¼
1 if xl �xlþ

xl � xlþ

xl� � xlþ if xlþ\xl �xl�

0 if xl [xl�;

8>><
>>:

qxmðxmÞ ¼
1 if xm �xmþ

xm � xmþ

xm� � xmþ if xmþ\xm �xm�

0 if xm [xm�

8>><
>>:

and

qxrðxrÞ ¼
1 if xr �xrþ

xr � xrþ

xr� � xrþ if xrþ\xr �xr�

0 if xr [xr�;

8>><
>>:

respectively.
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Using Zimmermann’s fuzzy programming method [24], Eq. (2.11) can be
converted into the linear programming model as follows:

maxfqg

s:t:

Pn
j¼1

alijzj �xl ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

amij zj �xm ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

arijzj �xr ði ¼ 1; 2; . . .;mÞ

xl � xlþ � ðxl� � xlþ Þq
xm � xmþ � ðxm� � xmþ Þq
xr � xrþ � ðxr� � xrþ Þq
xl �xm �xrPn
j¼1

zj ¼ 1

0� q� 1

zj � 0 ðj ¼ 1; 2; . . .; nÞ
xl;xm; and xr unrestricted in sign;

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð2:13Þ

where q ¼ minfqxlðxlÞ; qxmðxmÞ; qxrðxrÞg.
Solving Eq. (2.13) by using the simplex method of linear programming, we can

obtain the optimal or minimax (mixed) strategy z* and loss-ceiling ~x	 for the player II.

Example 2.1 Let us consider a simple numerical example of matrix games with
payoffs of triangular fuzzy numbers. Assume that the payoff matrix for the player I
is given as follows:

~A1 ¼
b1 b2

d1
d2

ð18; 20; 23Þ ð�21;�18;�16Þ
ð�33;�32;�27Þ ð38; 40; 43Þ

� �
:

According to Eqs. (2.12) and (2.13), we can construct two linear programming
models for the players I and II, respectively. Using the simplex method of linear
programming, we can easily obtain their optimal solutions whose components are
given as follows:

y	1 ¼ ð0:648; 0:352ÞT;
~t	1 ¼ ð�0:254; 1:715; 4:746Þ;
g	1 ¼ 0:501;

z	1 ¼ ð0:534; 0:466ÞT;
~x	
1 ¼ ð0:241; 2:303; 5:601Þ
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and

q	1 ¼ 0:500;

respectively. Furthermore, we have

l~V	
1
ðxÞ ¼

x� 0:241
2:062

if 0:241� x\2:065

0:885 if x ¼ 2:065
4:746� x
3:031

if 2:065\x� 4:746

0 else:

8>>>>>><
>>>>>>:

Therefore, there exists a fuzzy equilibrium value 2.065 with the possibility of
0.885. In other words, the fuzzy value of the matrix game ~A1 with payoffs of
triangular fuzzy numbers is “around 2.065”. Or the player I’s minimum reward is
0.241 while his/her maximum reward is 4.746. The player I can win any inter-
mediate value x between 0.241 and 4.746 with the possibility l~V	

1
ðxÞ, depicted as in

Fig. 2.5.

2.4 Two-Level Linear Programming Models of Matrix
Games with Payoffs of Triangular Fuzzy Numbers

Stated as in Sect. 2.3, Eqs. (2.10) and (2.11) are multi-objective linear programming
models, which may be solved by several methods [21, 22]. However, in this sec-
tion, we develop a two-level linear programming method for solving Eqs. (2.10)
and (2.11).

In Eq. (2.10), the three objective functions (i.e., tl, tm, and tr) should have
different priority. In fact, the objective functions may be written as the triangular
fuzzy number ~t ¼ ðtl; tm; trÞ, where tm is the mean (or center) of the triangular
fuzzy number ~t, and tl and tr are lower and upper limits (or bounds) of the
triangular fuzzy number ~t, respectively. The priority of the objective function tm

Fig. 2.5 The fuzzy equilibrium value ~V	
1
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should be higher than that of both the objective functions tl and tr, and the priority
of tl and tr may be identical because the priority of the mean of the triangular fuzzy
number is much higher than that of its lower and upper limits according to the fuzzy
sets [3, 4, 24]. Hence, Eq. (2.10) may be regarded as a two-level linear program-
ming problem. Its first priority is given to the objective function tm. Its second
priority is given to the objective functions tl and tr. Thus, solving Eq. (2.10)
becomes solving the following linear programming models [i.e., Eqs. (2.14) and
(2.15)] successively. To be more specific, we give its procedure as follows.

According to Eq. (2.10), the linear programming model in the first level is
constructed as follows:

maxftmg

s:t:

Pm
i¼1

alijyi � tl ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

amij yi � tm ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

arijyi � tr ðj ¼ 1; 2; . . .; nÞ

tl � tm � trPm
i¼1

yi ¼ 1

yi � 0 ði ¼ 1; 2; . . .;mÞ
tl; tm; and tr unrestricted in sign;

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

ð2:14Þ

where yi (i ¼ 1; 2; . . .;m), tl, tm, and tr are decision variables. Using the simplex
method of linear programming, we can obtain its optimal solution by
ðy	; tl0; tm	; tr0Þ, where y	 ¼ ðy	1; y	2; . . .; y	mÞT.

Combining with Eq. (2.10), the linear programming model in the second level is
constructed as follows:

maxftlg
maxftrg

s:t:

Pm
i¼1

alijy
	
i � tl ðj ¼ 1; 2; . . .; nÞ

Pm
i¼1

arijy
	
i � tr ðj ¼ 1; 2; . . .; nÞ

tl � tl0

tr � tr0

tl and tr unrestricted in sign;

8>>>>>>>>>><
>>>>>>>>>>:

ð2:15Þ

where tl and tr are decision variables.
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In Eq. (2.15), adding the constraints tl � tl0 and tr � tr0 aim to improve the
objective functions tl and tr, respectively. It is the real reason why the second-level
linear programming model [i.e., Eq. (2.15)] is introduced after the first-level linear
programming model [i.e., Eq. (2.14)].

It is easy to see from Eq. (2.15) that the constraints of the variable tl are
independent of those of the variable tr. Therefore, Eq. (2.15) can be decompounded
into the two linear programming models as follows:

maxftlg

s:t:

Pm
i¼1

alijy
	
i � tl ðj ¼ 1; 2; . . .; nÞ

tl � tl0

tl unrestricted in sign

8>>><
>>>:

ð2:16Þ

and

maxftrg

s:t:

Pm
i¼1

alijy
	
i � tr ðj ¼ 1; 2; . . .; nÞ

tr � tr0

tr unrestricted in sign:

8>>><
>>>:

ð2:17Þ

Solving Eqs. (2.16) and (2.17) by using the simplex method of linear pro-
gramming, we can obtain their optimal solutions tl	 and tr	, respectively.

It is not difficult to prove that ðy	;~t	Þ is a Pareto optimal solution of Eq. (2.10),
where ~t	 ¼ ðtl	; tm	; tr	Þ is a triangular fuzzy number. Thus, the optimal (or
maximin) mixed strategy y* and the gain-floor ~t	 for the player I can be obtained.

In the same way to the above consideration of Eq. (2.10), the three objective
functions xl, xm, and xr of Eq. (2.11) should have different priority. Namely, the
priority of the objective function xm should be higher than that of both the objective
functions xl, and xr, and the priority of xl and xr should be assumed to be
identical in that xm, xl, and xr are the mean and the lower and upper limits of the
triangular fuzzy number ~x ¼ ðxl;xm;xrÞ, respectively. Thus, Eq. (2.11) may be
regarded as a two-level linear programming problem. Its first priority is given to the
objective function xm. Its second priority is given to the objective functions xl and
xr. As a result, solving Eq. (2.11) turns into solving the following two linear
programming models [i.e., Eqs. (2.18) and (2.19)] successively.
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According to Eq. (2.11), the linear programming model in the first level is
constructed as follows:

minfxmg

s:t:

Pn
j¼1

alijzj �xl ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

amij zj �xm ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

arijzj �xr ði ¼ 1; 2; . . .;mÞ

xl �xm �xrPn
j¼1

zj ¼ 1

zj � 0 ðj ¼ 1; 2; . . .; nÞ
xl;xm; and xr unrestricted in sign;

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

ð2:18Þ

where zj (j ¼ 1; 2; . . .; n), xl, xm, and xr are decision variables. Solving Eq. (2.18)
by using the simplex method of linear programming, we can easily obtain its
optimal solution ðz	;xl0;xm	;xr0Þ, where z	 ¼ ðz	1; z	2; . . .; z	nÞT.

Combining with Eq. (2.11), the linear programming model in the second level is
constructed as follows:

minfxlg
minfxrg

s:t:

Pn
j¼1

alijz
	
j �xl ði ¼ 1; 2; . . .;mÞ

Pn
j¼1

arijz
	
j �xr ði ¼ 1; 2; . . .;mÞ

xl �xl0

xr �xr0

xl and xr unrestricted in sign;

8>>>>>>>>>><
>>>>>>>>>>:

ð2:19Þ

where xl and xr are decision variables.
Analogously, adding the constraints xl �xl0 and xr �xr0 in Eq. (2.19) aim to

improve xl and xr, respectively.
It is easy to see from Eq. (2.19) that the constraints of the variable xl are

independent of those of the variable xr. Therefore, Eq. (2.19) can be decom-
pounded into the linear programming models as follows:
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minfxlg

s:t:

Pn
j¼1

alijz
	
j �xl ði ¼ 1; 2; . . .;mÞ

xl �xl0

xl unrestricted in sign

8>>><
>>>:

ð2:20Þ

and

minfxrg

s:t:

Pn
j¼1

arijz
	
j �xr ði ¼ 1; 2; � � � ;mÞ

xr �xr0

xr unrestricted in sign:

8>>><
>>>:

ð2:21Þ

Solving Eqs. (2.20) and (2.21) through using the simplex method of linear
programming, we can easily obtain their solutions xl	 and xr	, respectively.

It is not difficult to prove that ðz	; ~x	Þ is a Pareto optimal solution of Eq. (2.11),
where ~x	 ¼ ðxl	;xm	;xr	Þ is a triangular fuzzy number. Thus, the optimal (or
minimax) mixed strategy z* and the loss-ceiling ~x	 for the player II can be obtained.

Hence, ðy	; z	;~t	; ~x	ÞT and ~V	 ¼ ~t	 ^ ~x	 are a solution and a fuzzy equilibrium
value of the matrix game ~A with payoffs of triangular fuzzy numbers, respectively.

Example 2.2 Let us consider a simple numerical example which is taken from
Campos [7]. Suppose that the payoff matrix for the player I is given as follows:

~A2 ¼
b1 b2

d1
d2

ð175; 180; 190Þ ð150; 156; 158Þ
ð80; 90; 100Þ ð175; 180; 190Þ

� �
;

where all elements of the above payoff matrix ~A2 are triangular fuzzy numbers.
According to Eq. (2.14), the linear programming model in the first level can be

constructed as follows:
maxftmg

s:t:

175y1 þ 80y2 � tl

150y1 þ 175y2 � tl

180y1 þ 90y2 � tm

156y1 þ 180y2 � tm

190y1 þ 100y2 � tr

158y1 þ 190y2 � tr

tl � tm � tr

y1 þ y2 ¼ 1

y1 � 0; y2 � 0

tl; tm; and tr unrestricted in sign:

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:
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Solving the above linear programming model by using the simplex method of linear
programming, we can obtain its optimal solution ðy	; tl0; tm	; tr0Þ, where
y	 ¼ ð0:7895; 0:2105ÞT, tl0 ¼ 61:398, tm	 ¼ 161:05, and tr0 ¼ 163:063.

According to Eqs. (2.16) and (2.17), the two linear programming models in the
second level can be constructed as follows:

maxftlg

s:t:

tl � 154:9996

tl � 155:2633

tl � 61:398

tl unrestricted in sign

8>>><
>>>:

and

maxftrg

s:t:

tr � 171:0523

tr � 164:737

tr � 163:063

tr unrestricted in sign;

8>>><
>>>:

respectively. It is easy to see that tl	 ¼ 154:9996 and tr	 ¼ 164:737 are the solu-
tions of the above two linear programming models, respectively.

Therefore, the optimal (or maximin) mixed strategy and the gain-floor for the
player I are y	 ¼ ð0:7895; 0:2105ÞT and ~t	 ¼ ð154:9996; 161:05; 164:737Þ,
respectively.

Analogously, according to Eq. (2.18), the linear programming model in the first
level can be constructed as follows:

minfxmg

s:t:

175z1 þ 150z2 �xl

80z1 þ 175z2 �xl

180z1 þ 156z2 �xm

90z1 þ 180z2 �xm

190z1 þ 158z2 �xr

100z1 þ 190z2 �xr

xl �xm �xr

z1 þ z2 ¼ 1

z1 � 0; z2 � 0

xl;xm; and xr unrestricted in sign:

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:
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Solving the above linear programming model by using the simplex method of
linear programming, we can obtain its optimal solution ðz	;xl0;xm	;xr0Þ, where
z	 ¼ ð0:2105; 0:7895ÞT, xl0 ¼ 158:8984, xm	 ¼ 161:05, and xr0 ¼ 339:61.

According to Eqs. (2.20) and (2.21), the two linear programming models in the
second level can be constructed as follows:

minfxlg

s:t:

xl � 155:2633

xl � 154:9997

xl � 158:8984

xl unrestricted in sign

8>>><
>>>:

and

minfxrg

s:t:

xr � 164:737

xr � 171:0523

xr � 339:61

xr unrestricted in sign;

8>>><
>>>:

respectively. It is easy to see that xl	 ¼ 155:2633 and xr	 ¼ 171:0523 are the
solutions of the above linear programming models, respectively.

Thus, the optimal (or minimax) mixed strategy and the loss-ceiling for the player
II are obtained as z	 ¼ ð0:2105; 0:7895ÞT and ~x	 ¼ ð155:2633; 161:05; 171:0523Þ,
respectively. Furthermore, we can obtain the fuzzy equilibrium value of the matrix
game ~A2 with payoffs of triangular fuzzy numbers as follows:

~V	 ¼ ~t	 ^ ~x	 ¼ ð155:2633; 161:05; 164:737Þ;

which means that the fuzzy value of the matrix game ~A2 with payoffs of triangular
fuzzy numbers is “around 161.05”. In other words, the player I’s minimum reward is
155.2633 while his/her maximum reward is 164.737. He/she could win any inter-
mediate value x between 155.2633 and 164.737with the possibility l~V	 ðxÞ as follows:

l~V	 ðxÞ ¼

x� 155:2633
5:7867

if 155:2633� x\161:05

1 if x ¼ 161:05
164:737� x

3:687
if 161:05\x� 164:737

0 else;

8>>>>><
>>>>>:

depicted as in Fig. 2.6.
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It is easy to see from Fig. 2.6 that the fuzzy equilibrium value ~V	 is a triangular
fuzzy number.

Campos [7] solved the above matrix game ~A2 with payoffs of triangular fuzzy
numbers by deriving two auxiliary fuzzy linear programming models according to
four different kinds of ranking methods for fuzzy numbers, and obtained its four
fuzzy values and optimal mixed strategies, respectively. The optimal mixed
strategies for both the players provided by Campos [7] are almost the same as that
generated by using the two-level linear programming method proposed in this
section. However, the ranking method for fuzzy numbers needs to be determined a
priori, when the method proposed by Campos [7] is employed to solve the matrix
game ~A2 with payoffs of triangular fuzzy numbers. Obviously, it is difficult for the
players to determine what kind of ranking methods should be chosen. Moreover,
the fuzzy values generated by using the method proposed by Campos [7] closely
depend on some additional parameters which are not easy to be chosen for the
players.

2.5 The Lexicographic Method of Matrix Games
with Payoffs of Triangular Fuzzy Numbers

Let us continue to develop an effective method for solving Eqs. (2.10) and (2.11)
stated as in Sect. 2.3.

As stated in Sect. 2.4, the three objective functions tl, tm, and tr in Eq. (2.10)
have different priority. Consequently, solving Eq. (2.10) becomes solving the fol-
lowing linear programming problem which consists of the two linear programming
models [i.e., Eqs. (2.14) and (2.22)].

Firstly, we solve Eq. (2.14) by using the simplex method of linear programming
and obtain its optimal solution, denoted by ðy0; tl0; tm	; tr0Þ, where
y0 ¼ ðy01; y02; . . .; y0mÞT.

Fig. 2.6 The fuzzy
equilibrium value ~V	
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Then, combining with Eq. (2.10), the bi-objective linear programming model is
constructed as follows:

maxftlg
maxftrg

s:t:

Pm
i¼1

alijyi � tl ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

amij yi � tm	 ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

arijyi � tr ðj ¼ 1; 2; . . .; nÞ

tl � tm	 � tr

tl � tl0

tr � tr0Pm
i¼1

yi ¼ 1

yi � 0 ði ¼ 1; 2; . . .;mÞ
tl and tr unrestricted in sign;

8>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>:

ð2:22Þ

where yi (i ¼ 1; 2; . . .;m), tl, and tr are decision variables.
The objective functions tl and tr in Eq. (2.22) may be regarded as equal

importance, i.e., they have identical weights. Therefore, Eq. (2.22) can be aggre-
gated into the linear programming model as follows:

max
tl þ tr

2

� �

s:t:

Pm
i¼1

alijyi � tl ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

amij yi � tm	 ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

arijyi � tr ðj ¼ 1; 2; . . .; nÞ

tl � tm	 � tr

tl � tl0

tr � tr0Pm
i¼1

yi ¼ 1

yi � 0 ði ¼ 1; 2; . . .;mÞ
tl and tr unrestricted in sign:

8>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>:

ð2:23Þ
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Using the simplex method of linear programming, we can obtain the optimal
solution of Eq. (2.23), denoted by ðy	; tl	; tr	Þ, where y	 ¼ ðy	1; y	2; . . .; y	mÞT.

It is not difficult to prove that ðy	;~t	Þ is a Pareto optimal solution of Eq. (2.10),
where ~t	 ¼ ðtl	; tm	; tr	Þ is a triangular fuzzy number. Thus, the maximin (or
optimal) mixed strategy y* and the gain-floor ~t	 for the player I can be obtained.

In the similar way, solving Eq. (2.11) turns into solving the following linear
programming problem which consists of Eqs. (2.18) and (2.24).

Solving Eq. (2.18) by using the simplex method of linear programming, we can
easily obtain its optimal solution ðz0;xl0;xm	;xr0Þ, where z0 ¼ ðz01; z02; . . .; z0nÞT.

Combining with Eq. (2.16), the bi-objective linear programming model is con-
structed as follows:

minfxlg
minfxrg

s:t:

Pn
j¼1

alijzj �xl ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

amij zj �xm	 ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

arijzj �xr ði ¼ 1; 2; . . .;mÞ

xl �xm	 �xr

xl �xl0

xr �xr0Pn
j¼1

zj ¼ 1

zj � 0 ðj ¼ 1; 2; . . .; nÞ
xl and xr unrestricted in sign;

8>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>:

ð2:24Þ

where zj (j ¼ 1; 2; . . .; n), xl, and xr are decision variables.
Analogously, the objective functions xl and xr in Eq. (2.24) may be regarded as

equal importance, i.e., they have identical weights. Then, Eq. (2.24) can be
aggregated into the linear programming model as follows:
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min
xl þxr

2

� �

s:t:

Pn
j¼1

alijzj �xl ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

amij zj �xm	 ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

arijzj �xr ði ¼ 1; 2; . . .;mÞ

xl �xm	 �xr

xl �xl0

xr �xr0Pn
j¼1

zj ¼ 1

zj � 0 ðj ¼ 1; 2; . . .; nÞ
xl and xr unrestricted in sign:

8>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>:

ð2:25Þ

Solving Eq. (2.25) by using the simplex method of linear programming, we can
easily obtain its optimal solution ðz	;xl	;xr	Þ, where z	 ¼ ðz	1; z	2; . . .; z	nÞT.

It is easily proved that ðz	; ~x	Þ is a Pareto optimal solution of Eq. (2.11), where
~x	 ¼ ðxl	;xm	;xr	Þ is a triangular fuzzy number. Thus, the minimax (or optimal)
mixed strategy z* and the loss-ceiling ~x	 for the player II can be obtained.

From the above discussion, we can summarize the process of the lexicographic
method of matrix games with payoffs of triangular fuzzy numbers as follows.

Step 1: Construct the linear programming model according to Eq. (2.14), and
solve it by using the simplex method of linear programming;

Step 2: Construct the linear programming model according to Eq. (2.23), and
solve it by using the simplex method of linear programming;

Step 3: Construct the linear programming model according to Eq. (2.18), and
solve it by using the simplex method of linear programming;

Step 4: Construct the linear programming model according to Eq. (2.25), and
solve it by using the simplex method of linear programming;

Step 5: Obtain the solution of the matrix game ~A with payoffs of triangular fuzzy
numbers, stop.

Example 2.3 Let us employ the above lexicographic method to solve the matrix
game ~A2 with payoffs of triangular fuzzy numbers given in Example 2.2. Namely,
the payoff matrix for the player I is given as follows:

92 2 Matrix Games with Payoffs of Triangular Fuzzy Numbers



~A2 ¼
b1 b2

d1
d2

ð175; 180; 190Þ ð150; 156; 158Þ
ð80; 90; 100Þ ð175; 180; 190Þ

� �
:

According to Eq. (2.14), the linear programming model can be constructed as
follows:

maxftmg

s:t:

175y1 þ 80y2 � tl

150y1 þ 175y2 � tl

180y1 þ 90y2 � tm

156y1 þ 180y2 � tm

190y1 þ 100y2 � tr

158y1 þ 190y2 � tr

tl� tm � tr

y1 þ y2 ¼ 1

y1 � 0; y2 � 0

tl; tm; and tr unrestricted in sign:

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

Solving the above linear programming model by using the simplex method of linear
programming, we can obtain its optimal solution ðy0; tl0; tm	; tr0Þ whose compo-
nents are given as follows:

y0 ¼ ð0:789; 0:211ÞT; tl0 ¼ 61:408; tm	 ¼ 161:06; tr0 ¼ 163:073:

According to Eq. (2.23), the linear programming model can be constructed as
follows:

max
tl þ tr

2

� �

s:t:

175y1 þ 80y2 � tl

150y1 þ 175y2 � tl

180y1 þ 90y2 � 161:06

156y1 þ 180y2 � 161:06

190y1 þ 100y2 � tr

158y1 þ 190y2 � tr

tl � 161:06� tr

tl � 61:408

tr � 163:073

y1 þ y2 ¼ 1

y1 � 0; y2 � 0

tl and tr unrestricted in sign:

8>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>:
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Solving the above linear programming model by using the simplex method of
linear programming, we can obtain its optimal solution ðy	; tl	; tr	Þ whose com-
ponents are given as follows:

y	 ¼ ð0:789; 0:211ÞT; tl	 ¼ 154:955; tr	 ¼ 164:752:

Therefore, the maximin (or optimal) mixed strategy and the gain-floor for the
player I are obtained as y	 ¼ ð0:789; 0:211ÞT and ~t	 ¼ ð154:955; 161:06; 164:752Þ,
respectively.

Analogously, according to Eq. (2.18), the linear programming model can be
obtained as follows:

minfxmg

s:t:

175z1 þ 150z2 �xl

80z1 þ 175z2 �xl

180z1 þ 156z2 �xm

90z1 þ 180z2 �xm

190z1 þ 158z2 �xr

100z1 þ 190z2 �xr

xl �xm �xr

z1 þ z2 ¼ 1

z1 � 0; z2 � 0

xl;xm; and xr unrestricted in sign:

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

Solving the above linear programming model by using the simplex method of
linear programming, we can obtain its optimal solution ðz0;xl0;xm	;xr0Þ whose
components are given as follows:

z0 ¼ ð0:211; 0:789ÞT; xl0 ¼ 158:908; xm	 ¼ 161:06; xr0 ¼ 339:62:

According to Eq. (2.25), the linear programming model can be obtained as
follows:
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min
xl þxr

2

� �

s:t:

175z1 þ 150z2 �xl

80z1 þ 175z2 �xl

180z1 þ 156z2 � 161:06

90z1 þ 180z2 � 161:06

190z1 þ 158z2 �xr

100z1 þ 190z2 �xr

xl � 161:06�xr

xl � 158:908

xr � 339:62

z1 þ z2 ¼ 1

z1 � 0; z2 � 0

xl and xr unrestricted in sign:

8>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>:

Solving the above linear programming model by using the simplex method of
linear programming, we can obtain its optimal solution ðz	;xl	;xr	Þ whose com-
ponents are given as follows:

z	 ¼ ð0:211; 0:789ÞT; xl	 ¼ 155:275; xr	 ¼ 171:01:

Thus, the minimax (or optimal) mixed strategy and the loss-ceiling for the player
II are obtained as z	 ¼ ð0:211; 0:789ÞT and ~x	 ¼ ð155:275; 161:06; 171:01Þ,
respectively.

Furthermore, the fuzzy equilibrium value of the matrix game ~A2 with payoffs of
triangular fuzzy numbers can be obtained as follows:

~V	 ¼ ~t	 ^ ~x	 ¼ ð155:275; 161:06; 164:752Þ;

which means that the fuzzy value of the matrix game ~A2 with payoffs of triangular
fuzzy numbers is “around 161.06”. In other words, the player I’s minimum reward is
155.275 while his/her maximum reward is 164.752. He/she could win any inter-
mediate value x between 155.275 and 164.752 with the possibility l~V	 ðxÞ as follows:

l~V	 ðxÞ ¼

x� 155:275
5:785

if 155:275� x\161:06

1 if x ¼ 161:06
164:752� x

3:692
if 161:06\x� 164:752

0 else;

8>>>>><
>>>>>:

depicted as in Fig. 2.7.
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2.6 Alfa-Cut-Based Primal-Dual Linear Programming
Models of Matrix Games with Payoffs of Triangular
Fuzzy Numbers

We firstly discuss a simple example of matrix games with payoffs of triangular
fuzzy numbers.

Example 2.4 Let us consider a specific matrix game ~A0 with payoffs of triangular
fuzzy numbers in which the player I’s payoff matrix is given as follows:

~A0 ¼

b1 b2 b3 b4
d1
d2
d3
d4

ð8; 8:5; 10Þ ð5; 7; 8Þ ð14; 16; 18Þ ð5; 7; 8Þ
ð14; 16; 18Þ ð3:5; 4; 5Þ ð�5;�3;�1Þ ð2; 3; 3:5Þ
ð11; 12; 14Þ ð5; 7; 8Þ ð8; 9; 11Þ ð5; 7; 8Þ
ð�5;�3;�2Þ ð�1; 0; 2Þ ð20; 21; 25Þ ð3:5; 4; 5Þ

0
BB@

1
CCA :

By intuition observation or using the ranking relation of triangular fuzzy num-
bers and in the same way to crisp matrix games, it is easy to see from the
minimax/maximin criteria [4, 26] that there are four pure strategy saddle points
ðd1; b2Þ, ðd1; b4Þ, ðd3; b2Þ, ðd3; b4Þ [or (1, 2), (1, 4), (3, 2), (3, 4)] and the matrix
game ~A0 with payoffs of triangular fuzzy numbers has a fuzzy value ~V0 ¼ ð5; 7; 8Þ,
which is also a triangular fuzzy number. The fuzzy value means that the player I
wins (5, 7, 8) whereas the player II loses (5, 7, 8) [or II wins �~V0 ¼ ð�8;�7;�5Þ]
when I and II use the optimal pure strategies d1 (or d3) and b2 (or b4), respectively.

Unfortunately, in general, it is not always sure that there are pure strategy saddle
points in matrix games with payoffs of triangular fuzzy numbers. Therefore, in the
same way to crisp matrix games, we need to consider the players’ mixed strategies
y and z as stated in Sect. 1.2 or Sect. 2.3. Thus, stated as in Sect. 2.3.2, the player I’s
gain-floor ~t ¼ ðtl; tm; trÞ and the player II’s loss-ceiling ~x ¼ ðxl;xm;xrÞ are tri-
angular fuzzy numbers. Moreover, it is always sure that ~t� ~x according to
Theorem 2.2.

In a similar way to Definition of the value of crisp matrix games [26], if ~t ¼ ~x,
then their common value is called the fuzzy value of the matrix game ~A with

Fig. 2.7 The fuzzy
equilibrium value ~V	
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payoffs of triangular fuzzy numbers, i.e., ~V ¼ ~t ¼ ~x. In other words, the matrix
game ~A with payoffs of triangular fuzzy numbers has a fuzzy value ~V . Obviously, ~V
is a triangular fuzzy number also, denoted by ~V ¼ ðVl;Vm;VrÞ.

2.6.1 Interval-Valued Matrix Games Based on Alfa-Cut Sets
of Triangular Fuzzy Numbers

Stated as earlier, for any a2½0; 1�, a-cut sets of the triangular fuzzy numbers ~aij ¼
ðalij; amij ; arijÞ are intervals, which are easily obtained by using Eq. (2.4) as follows:

~aijðaÞ ¼ ½aLijðaÞ; aRijðaÞ� ¼ ½aamij þð1� aÞalij; aamij þð1� aÞarij�: ð2:26Þ

Let us consider an interval-valued matrix game ~AðaÞ with the payoff matrix
~AðaÞ ¼ ð~aijðaÞÞm�n, whose elements ~aijðaÞ are the intervals given by Eq. (2.26).
~aijðaÞ represents the interval-valued payoff of the player I when the players I and II
use the pure strategies di 2 S1 and bj 2 S2, respectively. Naturally, the player II’s
payoff is the interval �~aijðaÞ ¼ ½�aRijðaÞ;�aLijðaÞ� according to the arithmetic
operations over intervals in Sect. 1.3.1.

Taking any value aijðaÞ in the interval-valued payoffs ~aijðaÞ ¼ ½aLijðaÞ; aRijðaÞ�, we
consider a (crisp) matrix game AðaÞ with the payoff matrix AðaÞ ¼ ðaijðaÞÞm�n. It is
easy to from Eqs. (1.3) and (1.4) that the player I’s gain-floor mðaÞ in the matrix
game AðaÞ is closely related to all aijðaÞ. That is to say, vðaÞ is a function of aijðaÞ
in the interval-valued payoffs ~aijðaÞ, denoted by vðaÞ ¼ tððaijðaÞÞÞ. Similarly, the
optimal mixed strategy y	ðaÞ for the player I is a function of all aijðaÞ also, denoted
by y	ðaÞ ¼ y	ððaijðaÞÞÞ.

In the same way to the above analysis, it is easy to see from Eqs. (1.6) and (1.7)
that the loss-ceiling lðaÞ and corresponding optimal mixed strategy z	ðaÞ for the
player II in the matrix game AðaÞ are functions of all aijðaÞ in the interval-valued
payoffs ~aijðaÞ, denoted by lðaÞ ¼ xððaijðaÞÞÞ and z	ðaÞ ¼ z	ððaijðaÞÞÞ.

According to Eqs. (1.3) and (1.4), we can easily prove that the player I’s
gain-floor tððaijðaÞÞÞ in the matrix game AðaÞ is a non-decreasing function of all
aijðaÞ in the interval-valued payoffs ~aijðaÞ. In fact, for any aijðaÞ and a0ijðaÞ in the
interval-valued payoffs ~aijðaÞ, if aijðaÞ� a0ijðaÞ, then

Xm
i¼1

yiaijðaÞ�
Xm
i¼1

yia
0
ijðaÞ

due to yi � 0 (i ¼ 1; 2; . . .;m) and
Pm

i¼1 yi ¼ 1, where y is any mixed strategy of the
player I. Hence, we have
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min
1� j� n

Xm
i¼1

yiaijðaÞ
( )

� min
1� j� n

Xm
i¼1

yia0ijðaÞ
( )

;

which directly infers that

max
y2Y

min
1� j� n

Xm
i¼1

yiaijðaÞ
( )

� max
y2Y

min
1� j� n

Xm
i¼1

yia
0
ijðaÞ

( )
;

i.e.,

tððaijðaÞÞÞ� tðða0ijðaÞÞÞ;

where A0ðaÞ ¼ ða0ijðaÞÞm�n is the payoff matrix of the player I in the matrix game
A0ðaÞ.

According to the minimax theorem of matrix games [4, 26], the matrix game
AðaÞ has a value, denoted by VðaÞ ¼ VððaijðaÞÞÞ. Obviously, VðaÞ ¼ vðaÞ ¼ lðaÞ.
From the above discussion, VððaijðaÞÞÞ is a non-decreasing function of all aijðaÞ in
the interval-valued payoffs ~aijðaÞ.

Stated as earlier, the value of the interval-valued matrix game ~AðaÞ is an interval.
The upper bound vRðaÞ of the player I’s gain-floor in the interval-valued matrix game
~AðaÞ and corresponding optimal mixed strategy yR	ðaÞ are vRðaÞ ¼ tRððaRijðaÞÞÞ and
yR	 ¼ yR	ððaRijða))Þ, respectively. According to Eq. (1.5), ðvRðaÞ; yR	ðaÞÞ is an
optimal solution to the linear programming model as follows:

maxftRðaÞg

s:t:

Pm
i¼1

aRijðaÞyRi ðaÞ� tRðaÞ ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

yRi ðaÞ ¼ 1

yRi ðaÞ� 0 ði ¼ 1; 2; . . .;mÞ
tRðaÞ unrestricted in sign,

8>>>>>>><
>>>>>>>:

ð2:27Þ

where yRi ðaÞ (i ¼ 1; 2; . . .;m) and tRðaÞ are decision variables.
Without loss of generality [26], assume that tRðaÞ[ 0. Let

xRi ðaÞ ¼
yRi ðaÞ
tRðaÞ ði ¼ 1; 2; . . .;mÞ: ð2:28Þ

Then, xRi ðaÞ� 0 (i ¼ 1; 2; . . .;m) and
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Xm
i¼1

xRi ðaÞ ¼
1

tRðaÞ : ð2:29Þ

Combining with Eq. (2.26), Eq. (2.27) can be transformed into the linear pro-
gramming model as follows:

min
Xm
i¼1

xRi ðaÞ
( )

s:t:

Pm
i¼1

½aamij þð1� aÞarij�xRi ðaÞ� 1 ðj ¼ 1; 2; . . .; nÞ

xRi ðaÞ� 0 ði ¼ 1; 2; . . .;mÞ;

8<
:

ð2:30Þ

where xRi ðaÞ (i ¼ 1; 2; . . .;m) are decision variables.
Solving Eq. (2.30) by using the simplex method of linear programming, we can

obtain its optimal solution, denoted by xR	ðaÞ ¼ ðxR	1 ðaÞ; xR	2 ðaÞ; . . .; xR	m ðaÞÞT.
According to Eqs. (2.28) and (2.29), the upper bound vRðaÞ and the optimal mixed
strategy yR	ðaÞ ¼ ðyR	1 ðaÞ; yR	2 ðaÞ; . . .; yR	m ðaÞÞT can be obtained, respectively, where

vRðaÞ ¼ 1Pm
i¼1 x

R	
i ðaÞ ð2:31Þ

and

yR	i ðaÞ ¼ vRðaÞxR	i ðaÞ ði ¼ 1; 2; . . .;mÞ: ð2:32Þ

Analogously, the lower bound vLðaÞ of the player I’s gain-floor in the
interval-valued matrix game ~AðaÞ and corresponding optimal mixed strategy yL	ðaÞ
are vLðaÞ ¼ tLððaLijðaÞÞÞ and yL	 ¼ yL	ððaLijðaÞÞÞ, respectively. Then, according to
Eq. (1.5), ðmLðaÞ; yL	ðaÞÞ is an optimal solution to the linear programming model as
follows:

maxftLðaÞg

s:t:

Pm
i¼1

aLijðaÞyLi ðaÞ� tLðaÞ ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

yLi ðaÞ ¼ 1

yLi ðaÞ� 0 ði ¼ 1; 2; . . .;mÞ
tLðaÞ unrestricted in sign,

8>>>>>>><
>>>>>>>:

ð2:33Þ

where yLi ðaÞ (i ¼ 1; 2; . . .;m) and tLðaÞ are decision variables.
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Without loss of generality [26], assume that tLðaÞ[ 0. Let

xLi ðaÞ ¼
yLi ðaÞ
tLðaÞ ði ¼ 1; 2; . . .;mÞ: ð2:34Þ

Then, xLi ðaÞ� 0 (i ¼ 1; 2; . . .;m) and

Xm
i¼1

xLi ðaÞ ¼
1

tLðaÞ : ð2:35Þ

Combining with Eq. (2.26), Eq. (2.33) can be transformed into the linear pro-
gramming model as follows:

min
Xm
i¼1

xLi ðaÞ
( )

s:t:

Pm
i¼1

½aamij þð1� aÞalij�xLi ðaÞ� 1 ðj ¼ 1; 2; . . .; nÞ

xLi ðaÞ� 0 ði ¼ 1; 2; . . .;mÞ;

8<
:

ð2:36Þ

where xLi ðaÞ (i ¼ 1; 2; . . .;m) are decision variables.
Solving Eq. (2.36) by using the simplex method of linear programming, we can

obtain its optimal solution, denoted by xL	ðaÞ ¼ ðxL	1 ðaÞ; xL	2 ðaÞ; . . .; xL	m ðaÞÞT.
According to Eqs. (2.34) and (2.35), the lower bound mLðaÞ and the optimal mixed
strategy yL	ðaÞ ¼ ðyL	1 ðaÞ; yL	2 ðaÞ; . . .; yL	m ðaÞÞT can be obtained, respectively, where

vLðaÞ ¼ 1Pm
i¼1 x

L	
i ðaÞ ð2:37Þ

and

yL	i ðaÞ ¼ vLðaÞxL	i ðaÞ ði ¼ 1; 2; . . .;mÞ: ð2:38Þ

Thus, the lower bound vLðaÞ and upper bound vRðaÞ and corresponding optimal
mixed strategies can be obtained. Hence, the player I’s gain-floor in the
interval-valued matrix game ~AðaÞ is obtained as an interval ~mðaÞ ¼ ½vLðaÞ; vRðaÞ�,
which is a a-cut set of ~t, i.e., ~vðaÞ ¼ ~tðaÞ.

In the same analysis, the upper bound lRðaÞ of the player II’s loss-ceiling in the
interval-valued matrix game ~AðaÞ and corresponding optimal mixed strategy zR	ðaÞ
are lRðaÞ ¼ xRððaRijðaÞÞÞ and zR	ðaÞ ¼ zR	ððaRijðaÞÞÞ, respectively. According to

Eq. (1.8), ðlRðaÞ; zR	ðaÞÞ is an optimal solution to the linear programming model as
follows:
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minfxRðaÞg

s:t:

Pn
j¼1

aRijðaÞzRj ðaÞ�xRðaÞ ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

zRj ðaÞ ¼ 1

zRj ðaÞ� 0 ðj ¼ 1; 2; . . .; nÞ
xRðaÞ unrestricted in sign;

8>>>>>>>><
>>>>>>>>:

ð2:39Þ

where xRðaÞ and zRj ðaÞ (j ¼ 1; 2; . . .; n) are decision variables.

Without loss of generality [26], assume that xRðaÞ[ 0. Let

tRj ðaÞ ¼
zRj ðaÞ
xRðaÞ ðj ¼ 1; 2; . . .; nÞ; ð2:40Þ

thus, we have

Xn
j¼1

tRj ðaÞ ¼
1

xRðaÞ : ð2:41Þ

Combining with Eq. (2.26), Eq. (2.39) can be converted into the linear pro-
gramming model as follows:

max
Xn
j¼1

tRj ðaÞ
( )

s:t:

Pn
j¼1

½aamij þð1� aÞarij�tRj ðaÞ� 1 ði ¼ 1; 2; . . .;mÞ

tRj ðaÞ� 0 ðj ¼ 1; 2; . . .; nÞ;

8><
>:

ð2:42Þ

where tRj ðaÞ (j ¼ 1; 2; . . .; n) are decision variables.
Solving Eq. (2.42) by using the simplex method of linear programming, we can

obtain its optimal solution, denoted by tR	ðaÞ ¼ ðtR	1 ðaÞ; tR	2 ðaÞ; . . .; tR	n ðaÞÞT.
According to Eqs. (2.40) and (2.41), the upper bound lRðaÞ and the optimal mixed
strategy zR	ðaÞ ¼ ðzR	1 ðaÞ; zR	2 ðaÞ; . . .; zR	n ðaÞÞT can be obtained, respectively, where

lRðaÞ ¼ 1Pn
j¼1 t

R	
j ðaÞ ð2:43Þ

and

zR	j ðaÞ ¼ lRðaÞtR	j ðaÞ ðj ¼ 1; 2; . . .; nÞ: ð2:44Þ
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Analogously, the lower bound lLðaÞ of the player II’s loss-ceiling in the
interval-valued matrix game ~AðaÞ and corresponding optimal mixed strategy zL	ðaÞ
are lLðaÞ ¼ xLððaLijðaÞÞÞ and zL	ðaÞ ¼ zL	ððaLijðaÞÞÞ, respectively. Then, according
to Eq. (1.8), ðlLðaÞ; zL	ðaÞÞ is an optimal solution to the linear programming model
as follows:

minfxLðaÞg

s:t:

Pn
j¼1

aLijðaÞzLj ðaÞ�xLðaÞ ði ¼ 1; 2; . . .;mÞ
Pn
j¼1

zLj ðaÞ ¼ 1

zLj ðaÞ� 0 ðj ¼ 1; 2; . . .; nÞ
xLðaÞ unrestricted in sign;

8>>>>>>>><
>>>>>>>>:

ð2:45Þ

where xLðaÞ and zLj ðaÞ (j ¼ 1; 2; . . .; n) are decision variables.

Without loss of generality [26], assume that xLðaÞ[ 0. Let

tLj ðaÞ ¼
zLj ðaÞ
xLðaÞ ðj ¼ 1; 2; . . .; nÞ; ð2:46Þ

then

Xn
j¼1

tLj ðaÞ ¼
1

xLðaÞ : ð2:47Þ

Combining with Eq. (2.26), Eq. (2.45) can be converted into the linear pro-
gramming model as follows:

max
Xn
j¼1

tLj ðaÞ
( )

s:t:

Pn
j¼1

½aamij þð1� aÞalij�tLj ðaÞ� 1 ði ¼ 1; 2; . . .;mÞ

tLj ðaÞ� 0 ðj ¼ 1; 2; . . .; nÞ;

8><
>:

ð2:48Þ

where tLj ðaÞ (j ¼ 1; 2; . . .; n) are decision variables.
Solving Eq. (2.48) by using the simplex method of linear programming, we can

obtain its optimal solution, denoted by tL	ðaÞ ¼ ðtL	1 ðaÞ; tL	2 ðaÞ; . . .; tL	n ðaÞÞT.
According to Eqs. (2.46) and (2.47), the lower bound lLðaÞ and the optimal mixed
strategy zL	ðaÞ ¼ ðzL	1 ðaÞ; zL	2 ðaÞ; . . .; zL	n ðaÞÞT can be obtained, respectively, where
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lLðaÞ ¼ 1Pn
j¼1 t

L	
j ðaÞ ð2:49Þ

and

zL	j ðaÞ ¼ lLðaÞtL	j ðaÞ ðj ¼ 1; 2; . . .; nÞ: ð2:50Þ

Thus, the lower bound lLðaÞ and upper bound lRðaÞ and corresponding optimal
mixed strategies for the player II can be obtained. Hereby, the player II’s
loss-ceiling in the interval-valued matrix game ~AðaÞ is obtained as an interval
~lðaÞ ¼ ½lLðaÞ; lRðaÞ�, which is a a-cut set of ~x, i.e., ~lðaÞ ¼ ~xðaÞ.

It is easy to see that Eqs. (2.30) and (2.42) are a pair of primal-dual linear
programming models. Therefore, the minimum of

Pm
i¼1 x

R
i ðaÞ (i.e., the maximum of

tRðaÞ) is equal to the maximum of
Pn

j¼1 t
R
j ðaÞ (i.e., the minimum of xRðaÞ) by the

duality theorem of linear programming, i.e.,

vRðaÞ ¼ lRðaÞ:

In the same way, Eqs. (2.36) and (2.48) are a pair of primal-dual linear pro-
gramming models. Hence, we have

vLðaÞ ¼ lLðaÞ:

Therefore, the player I’s gain-floor ~vðaÞ ¼ ½vLðaÞ; vRðaÞ� is equal to the player
II’s loss-ceiling ~lðaÞ ¼ ½lLðaÞ; lRðaÞ�, i.e., ~vðaÞ ¼ ~lðaÞ. Namely, the players’
gain-floor and loss-ceiling have a common interval-type value. According to
Definition of the value of matrix games [26], the interval-valued matrix game ~AðaÞ
has an interval-type value, denoted by the interval ~VðaÞ ¼ ½VLðaÞ;VRðaÞ�, where
~VðaÞ ¼ ~vðaÞ ¼ ~lðaÞ. Essentially, ~VðaÞ is a a-cut set of ~V of the matrix game ~A with
payoffs of triangular fuzzy numbers. Noticing the fact that ~VðaÞ ¼ ~tðaÞ ¼ ~xðaÞ for
any a 2 ½0; 1�. According to the concept of a-cuts and the representation theorem
for fuzzy sets [5], we directly have ~V ¼ ~t ¼ ~x, which infers that the player I’s
gain-floor ~t is equal to the player II’s loss-ceiling ~x (or the players’ gain-floor and
loss-ceiling have a common value) and hereby the matrix game ~A with payoffs of
triangular fuzzy numbers has the fuzzy value ~V , which is also a triangular fuzzy
number as stated in Sect. 2.2.

Example 2.5 Let us again consider the matrix game ~A0 with payoffs of triangular
fuzzy numbers, which is given in Example 2.4.

For any a 2 ½0; 1�, we can obtain the interval-valued matrix game ~A0ðaÞ whose
interval-valued payoff matrix is given as follows:
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~A
0ðaÞ ¼

b1 b2 b3 b4
d1
d2
d3
d4

½8þ 0:5a; 10� 1:5a� ½5þ 2a; 8� a� ½14þ 2a; 18� 2a� ½5þ 2a; 8� a�
½14þ 2a; 18� 2a� ½3:5þ 0:5a; 5� a� ½�5þ 2a;�1� 2a� ½2þ a; 3:5� 0:5a�
½11þ a; 14� 2a� ½5þ 2a; 8� a� ½8þ a; 11� 2a� ½5þ 2a; 8� a�

½�5þ 2a;�1� 2a� ½�1þ a; 2� a� ½20þ a; 25� 4a� ½3:5þ 0:5a; 5� a�

0
BBB@

1
CCCA:

According to the minimax/maximin criteria and the ranking methods of inter-
vals, it is easy to see that the players’ gain-floor and loss-ceiling have a common
interval-type value, i.e., ~v0ðaÞ ¼ ~q0ðaÞ ¼ ½5þ 2a; 8� a�. Therefore, there are still
the four pure strategy saddle points ðd1; b2Þ, ðd1; b4Þ, ðd3; b2Þ, ðd3; b4Þ [or (1, 2),
(1, 4), (3, 2), (3, 4)] and the interval-valued matrix game ~A0ðaÞ has an interval-type
value ~V0ðaÞ ¼ ½5þ 2a; 8� a�. Noticing that a 2 ½0; 1� is arbitrary. Hence, the
player I’s gain-floor in the aforementioned matrix game ~A0 with payoffs of trian-
gular fuzzy numbers is equal to the player II’s loss-ceiling, i.e., ~t0 ¼ ~x0 ¼ ð5; 7; 8Þ.
Thus, the matrix game ~A0 with payoffs of triangular fuzzy numbers has a fuzzy
value ~V0 at the pure strategy saddle points ðd1; b2Þ, ðd1; b4Þ, ðd3; b2Þ, and ðd3; b4Þ,
where ~V0 ¼ ~t0 ¼ ~x0 ¼ ð5; 7; 8Þ. Obviously, these results are the same as those
obtained in Example 2.4.

Likewise, for the aforementioned interval-valued matrix game ~A0ðaÞ, according
to Eqs. (2.30), (2.36), (2.42), and (2.48), we can easily obtain the player I’s
gain-floor ~m0ðaÞ ¼ ½5þ 2a; 8� a� and optimal mixed strategy y	 ¼ ð0:5; 0; 0:5; 0ÞT
as well as the player II’s loss-ceiling ~l0ðaÞ ¼ ½5þ 2a; 8� a� and optimal mixed
strategy z	 ¼ ð0; 0:5; 0; 0:5ÞT. Then, the interval-valued matrix game ~A0ðaÞ has an
interval-type value ~V0ðaÞ, where ~V0ðaÞ ¼ ~m0ðaÞ ¼ ~l0ðaÞ. Hereby, the matrix game
~A0 with payoffs of triangular fuzzy numbers has the fuzzy value ~V0 ¼ ð5; 7; 8Þ and
corresponding optimal mixed strategies for the players I and II are y	 ¼
ð0:5; 0; 0:5; 0ÞT and z	 ¼ ð0; 0:5; 0; 0:5ÞT, respectively, where
~V0 ¼ ~t0 ¼ ~x0 ¼ ð5; 7; 8Þ.
Example 2.6 Let us use the proposed method in this section to solve the specific
matrix game ~A2 with payoffs of triangular fuzzy numbers given in Example 2.2.
The payoff matrix of the player I is ~A2 given as in Example 2.2 and the pure and
mixed strategies of the players I and II are crisp.

According to Eqs. (2.30) and (2.42), the linear programming models are con-
structed as follows:

minfxR1 ðaÞþ xR2 ðaÞg

s:t:

½180aþ 190ð1� aÞ�xR1 ðaÞþ ½90aþ 100ð1� aÞ�xR2 ðaÞ� 1

½156aþ 158ð1� aÞ�xR1 ðaÞþ ½180aþ 190ð1� aÞ�xR2 ðaÞ� 1

½xR1 ðaÞ� 0; xR2 ðaÞ� 0

8><
>:
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Table 2.1 Upper and lower bounds of interval-type values of the interval-valued matrix games
and the players’ optimal strategies

a 0 0.1 0.2 0.3

VRðaÞ 166.3934 165.8317 165.2757 164.7257

ðyR	1 ðaÞ; yR	2 ðaÞÞT (0.7377,
0.2623)

(0.7426,
0.2574)

(0.7475,
0.2525)

(0.7525,
0.2475)

ðzR	1 ðaÞ; zR	2 ðaÞÞT (0.2623,
0.7377)

(0.2574,
0.7426)

(0.2525,
0.7475)

(0.2475,
0.7525)

VLðaÞ 155.2083 155.7927 156.3771 156.9615

ðyL	1 ðaÞ; yL	2 ðaÞÞT (0.7917,
0.2083)

(0.7915,
0.2085)

(0.7912,
0.2088)

(0.7910,
0.2090)

ðzL	1 ðaÞ; zL	2 ðaÞÞT (0.2083,
0.7917)

(0.2085,
0.7915)

(0.2088,
0.7912)

(0.2090,
0.7910)

~VðaÞ ¼ ½VLðaÞ;VRðaÞ� [155.2083,
166.3934]

[155.7927,
165.8317]

[156.3771,
165.2757]

[156.9615,
164.7257]

a 0.4 0.5 0.6 0.7

VRðaÞ 164.1818 163.6441 163.1126 162.5876

ðyR	1 ðaÞ; yR	2 ðaÞÞT (0.7576,
0.2424)

(0.7627,
0.2373)

(0.7679,
0.2321)

(0.7732,
0.2268)

ðzR	1 ðaÞ; zR	2 ðaÞÞT (0.2424,
0.7576)

(0.2373,
0.7627)

(0.2321,
0.7679)

(0.2268,
0.7732)

VLðaÞ 157.5459 158.1303 158.7148 159.2992

ðyL	1 ðaÞ; yL	2 ðaÞÞT (0.7908,
0.2092)

(0.7906,
0.2094)

(0.7904,
0.2096)

(0.7902,
0.2098)

ðzL	1 ðaÞ; zL	2 ðaÞÞT (0.2092,
0.7908)

(0.2094,
0.7906)

(0.2096,
0.7904)

(0.2098,
0.7902)

~VðaÞ ¼ ½VLðaÞ;VRðaÞ� [157.5459,
164.1818]

[158.1303,
163.6441]

[158.7148,
163.1126]

[159.2992,
162.5876]

a 0.8 0.9 1.0

VRðaÞ 162.0692 161.5575 161.0526

ðyR	1 ðaÞ; yR	2 ðaÞÞT (0.7785,
0.2215)

(0.7840,
0.2160)

(0.7895,
0.2105)

ðzR	1 ðaÞ; zR	2 ðaÞÞT (0.2215,
0.7785)

(0.2160,
0.7840)

(0.2105,
0.7895)

VLðaÞ 159.8837 160.4682 161.0526

ðyL	1 ðaÞ; yL	2 ðaÞÞT (0.7899,
0.2101)

(0.7897,
0.2103)

(0.7895,
0.2105)

ðzL	1 ðaÞ; zL	2 ðaÞÞT (0.2101,
0.7899)

(0.2103,
0.7897)

(0.2105,
0.7895)

~VðaÞ ¼ ½VLðaÞ;VRðaÞ� [159.8837,
162.0692]

[160.4682,
161.5575]

161.0526
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and

maxftR1 ðaÞþ tR2 ðaÞg

s:t:

½180aþ 190ð1� aÞ�tR1 ðaÞþ ½156aþ 158ð1� aÞ�tR2 ðaÞ� 1

½90aþ 100ð1� aÞ�tR1 ðaÞþ ½180aþ 190ð1� aÞ�tR2 ðaÞ� 1

tR1 ðaÞ� 0; tR2 ðaÞ� 0;

8><
>:

where xR1 ðaÞ, xR2 ðaÞ, tR1 ðaÞ, and tR2 ðaÞ are decision variables.
For some given special values of a 2 ½0; 1�, solving the above two linear pro-

gramming models by using the simplex method of linear programming, we can
obtain their optimal solutions xR	ðaÞ ¼ ðxR	1 ðaÞ; xR	2 ðaÞÞT and tR	ðaÞ ¼ ðtR	1 ðaÞ;
tR	2 ðaÞÞT, respectively. Combining with Eqs. (2.31), (2.32), (2.43), and (2.44), we
obtain the upper bounds of the interval-type values of the interval-valued matrix
games and corresponding optimal strategies for the players I and II, depicted as in
Table 2.1.

Analogously, according to (2.36) and (2.48), the linear programming models are
constructed as follows:

minfxL1ðaÞþ xL2ðaÞg

s:t:

½180aþ 175ð1� aÞ�xL1ðaÞþ ½90aþ 80ð1� aÞ�xL2ðaÞ� 1

½156aþ 150ð1� aÞ�xL1ðaÞþ ½180aþ 175ð1� aÞ�xL2ðaÞ� 1

xL1ðaÞ� 0; xL2ðaÞ� 0

8><
>:

and

maxftL1ðaÞþ tL2ðaÞg

s:t:

½180aþ 175ð1� aÞ�tL1ðaÞþ ½156aþ 150ð1� aÞ�tL2ðaÞ� 1

½90aþ 80ð1� aÞ�tL1ðaÞþ ½180aþ 175ð1� aÞ�tL2ðaÞ� 1

tL1ðaÞ� 0; tL2ðaÞ� 0;

8><
>:

where xL1ðaÞ, xL2ðaÞ, tL1ðaÞ, and tL2ðaÞ are decision variables.
For the given special values of a 2 ½0; 1�, solving the above linear programming

models by using the simplex method of linear programming, we can obtain their
optimal solutions xL	ðaÞ ¼ ðxL	1 ðaÞ; xL	2 ðaÞÞT and tL	ðaÞ ¼ ðtL	1 ðaÞ; tL	2 ðaÞÞT ,
respectively. Combining with Eqs. (2.37), (2.38), (2.49), and (2.50), we obtain the
lower bounds of the interval-type values of the interval-valued matrix games and
corresponding optimal strategies for the players I and II, depicted as in Table 2.1.

For a ¼ 1, it is easy to see from Table 2.1 that the value of the interval-valued
matrix game is ~Vð1Þ ¼ 161:0526 when the player I employs the optimal strategy
ð0:7895; 0:2105ÞT and the player II employs the optimal strategy ð0:2105; 0:7895ÞT,
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respectively. It is noticed that the upper and lower bounds of the interval-type value
of the interval-valued matrix game are identical, i.e., VLð1Þ ¼ VRð1Þ ¼ 161:0526.
Namely, the interval-type value ~Vð1Þ degenerates to the real number 161:0526.
Moreover, the player I’s optimal strategies yR	ð1Þ ¼ ðyR	1 ð1Þ; yR	2 ð1ÞÞT and yL	ð1Þ ¼
ðyL	1 ð1Þ; yL	2 ð1ÞÞT are identical, i.e., yR	ð1Þ ¼ yL	ð1Þ ¼ ð0:7895; 0:2105ÞT. The
player II’s optimal strategies zR	ð1Þ ¼ ðzR	1 ð1Þ; zR	2 ð1ÞÞT and zL	ð1Þ ¼
ðzL	1 ð1Þ; zL	2 ð1ÞÞT are identical, i.e., zR	ð1Þ ¼ zL	ð1Þ ¼ ð0:2105; 0:7895ÞT.

In the same way, for a ¼ 0, it is easy to see from Table 2.1 that the value of the
interval-valued matrix game is the interval ~Vð0Þ ¼ ½155:2083; 166:3934�. The
player I wins (i.e., the player II loses) the upper bound VRð0Þ ¼ 166:3934 of the
value ~Vð0Þ when the player I employs the optimal strategy yR	ð0Þ ¼
ð0:7377; 0:2623ÞT and the player II employs the optimal strategy
zR	ð0Þ ¼ ð0:2623; 0:7377ÞT, respectively. The player I wins (i.e., the player II
loses) the lower bound VLð0Þ ¼ 155:2083 of the value ~Vð0Þ when the player I
employs the optimal strategy yL	ð0Þ ¼ ð0:7917; 0:2083ÞT and the player II employs
the optimal strategy zL	ð0Þ ¼ ð0:2083; 0:7917ÞT, respectively.

For a ¼ 0:6, it is easy to see from Table 2.1 that the value of the interval-valued
matrix game is the interval ~Vð0:6Þ ¼ ½158:7158; 163:1126�. The player I wins (i.e.,
the player II loses) the upper bound VRð0:6Þ ¼ 163:1126 of the value ~Vð0:6Þ when
the player II employs the optimal strategy yR	ð0:6Þ ¼ ð0:7679; 0:2321ÞT and the
player II employs the optimal strategy zR	ð0:6Þ ¼ ð0:2321; 0:7679ÞT, respectively.
Likewise, the player I wins (i.e., the player II loses) the lower bound VLð0:6Þ ¼
158:7148 of the value ~Vð0:6Þ when the player I employs the optimal strategy
yL	ð0:6Þ ¼ ð0:7904; 0:2096ÞT and the player II employs the optimal strategy
zL	ð0:6Þ ¼ ð0:2096; 0:7904ÞT, respectively. The obtained results in Table 2.1 for
the other values a 2 ½0; 1� are similarly explained.

2.6.2 Linear Programming Method of Matrix Games
with Payoffs of Triangular Fuzzy Numbers

Usually, computing fuzzy values of matrix games with payoffs of triangular fuzzy
numbers is not easier than that in Example 2.5. In the sequent, we focus on
developing an effective and a simple method which can explicitly and quickly
compute fuzzy values of matrix games ~A with payoffs of triangular fuzzy numbers.

For a ¼ 1, according to Eqs. (2.30) and (2.48), the linear programming models
are constructed as follows:
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min
Xm
i¼1

xRi ð1Þ
( )

s:t:

Pm
i¼1

amij x
R
i ð1Þ� 1 ðj ¼ 1; 2; . . .; nÞ

xRi ð1Þ� 0 ði ¼ 1; 2; . . .;mÞ

8<
:

ð2:51Þ

and

max
Xn
j¼1

tLj ð1Þ
( )

s:t:

Pn
j¼1

amij t
L
j ð1Þ� 1 ði ¼ 1; 2; . . .;mÞ

tLj ð1Þ� 0 ðj ¼ 1; 2; . . .; nÞ;

8><
>:

ð2:52Þ

where xRi ð1Þ and tLj ð1Þ (i ¼ 1; 2; . . .;m; j ¼ 1; 2; . . .; n) are decision variables.
Obviously, Eqs. (2.51) and (2.52) are a pair of primal-dual linear programming

models. Then, the minimum of
Pm

i¼1 x
R
i ð1Þ (i.e., the maximum of tRð1Þ) is equal to

the maximum of
Pn

j¼1 t
L
j ð1Þ (i.e., the minimum of xLð1Þ) by the duality theorem of

linear programming [26], i.e., vRð1Þ ¼ lLð1Þ.
Analogously, for a ¼ 1, according to Eqs. (2.36) and (2.42), the linear pro-

gramming models are constructed as follows:

min
Xm
i¼1

xLi ð1Þ
( )

s:t:

Pm
i¼1

amij x
L
i ð1Þ� 1 ðj ¼ 1; 2; . . .; nÞ

xLi ð1Þ� 0 ði ¼ 1; 2; . . .;mÞ

8<
:

ð2:53Þ

and

max
Xn
j¼1

tRj ð1Þ
( )

s:t:

Pn
j¼1

amij t
R
j ð1Þ� 1 ði ¼ 1; 2; . . .;mÞ

tRj ð1Þ� 0 ðj ¼ 1; 2; . . .; nÞ;

8><
>:

ð2:54Þ

where xLi ð1Þ and tRj ð1Þ (i ¼ 1; 2; . . .;m; j ¼ 1; 2; . . .; n) are decision variables.
Obviously, Eqs. (2.53) and (2.54) are a pair of primal-dual linear programming

models. According to the duality theorem of linear programming, we have
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vLð1Þ ¼ lRð1Þ. Combining with the above discussion, it directly follows that
vLð1Þ ¼ vRð1Þ ¼ lLð1Þ ¼ lRð1Þ. Thus, ½vLð1Þ; vRð1Þ� ¼ ½lLð1Þ; lRð1Þ� degenerates
to a real number. Hence, VLð1Þ ¼ VRð1Þ ¼ vLð1Þ, i.e., ~Vð1Þ is a real number. It is
derived from the notation of the triangular fuzzy number ~V ¼ ðVl;Vm;VrÞ that
Vm ¼ VLð1Þ ¼ VRð1Þ. Namely, the mean of the fuzzy value ~V can be directly
obtained by solving one of Eqs. (2.51)–(2.54).

In the same way, for a ¼ 0, according to Eqs. (2.30) and (2.42), the linear
programming models are constructed as follows:

min
Xm
i¼1

xRi ð0Þ
( )

s:t:

Pm
i¼1

arijx
R
i ð0Þ� 1 ðj ¼ 1; 2; . . .; nÞ

xRi ð0Þ� 0 ði ¼ 1; 2; . . .;mÞ

8<
:

ð2:55Þ

and

max
Xn
j¼1

tRj ð0Þ
( )

s:t:

Pn
j¼1

arijt
R
j ð0Þ� 1 ði ¼ 1; 2; . . .;mÞ

tRj ð0Þ� 0 ðj ¼ 1; 2; . . .; nÞ;

8><
>:

ð2:56Þ

which infer that vRð0Þ ¼ lRð0Þ.
Analogously, according to Eqs. (2.36) and (2.48), the linear programming

models are constructed as follows:

min
Xm
i¼1

xLi ð0Þ
( )

s:t:

Pm
i¼1

alijx
L
i ð0Þ� 1 ðj ¼ 1; 2; . . .; nÞ

xLi ð0Þ� 0 ði ¼ 1; 2; . . .;mÞ

8<
:

ð2:57Þ

and

max
Xn
j¼1

tLj ð0Þ
( )

s:t:

Pn
j¼1

alijt
L
j ð0Þ� 1 ði ¼ 1; 2; . . .;mÞ

tLj ð0Þ� 0 ðj ¼ 1; 2; . . .; nÞ;

8><
>:

ð2:58Þ
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which infer that vLð0Þ ¼ lLð0Þ.
It is easily derived from the above discussion that ~Vð0Þ ¼ ~vð0Þ ¼ �lð0Þ.

According to the notation of the triangular fuzzy number ~V ¼ ðVl;Vm;VrÞ, it
follows that Vl ¼ VLð0Þ ¼ mLð0Þ and Vr ¼ VRð0Þ ¼ mRð0Þ, which mean that the
lower and upper bounds of the fuzzy value ~V can be directly obtained by solving
either Eqs. (2.55) and (2.57) or Eqs. (2.56) and (2.58). Obviously,
~Vð0Þ ¼ ½VLð0Þ;VRð0Þ� ¼ ½Vl;Vr�.

Thus, according to Eq. (2.4), any a-cut set of the fuzzy value ~V of the matrix
game ~A with payoffs of triangular fuzzy numbers can be obtained as

½VLðaÞ;VRðaÞ� ¼ ½aVm þð1� aÞVl; aVm þð1� aÞVr�:

Hereby, according to Eq. (2.5) or the representation theorem for the fuzzy set [5],
the fuzzy value ~V can be expressed as

~V ¼
[

a2½0;1�
fa� ~VðaÞg ¼

[
a2½0;1�

fa� ½aVm þð1� aÞVl; aVm þð1� aÞVr�g;

which means that ~V can be explicitly obtained by using both its 1-cut set and 0-cut
set of fuzzy payoffs.

2.6.3 Computational Analysis of a Real Example

Let us continue to consider the specific matrix game ~A2 with payoffs of triangular
fuzzy numbers given in Example 2.2. The players’ pure and mixed strategies are
crisp and the player I’ payoff matrix is ~A2 as stated in Example 2.2.

1. Computational results obtained by the proposed Alfa-cut-based primal-dual
linear programming method

Using Eq. (2.51), the linear programming model is constructed as follows:

minfxR1 ð1Þþ xR2 ð1Þg

s:t:

180xR1 ð1Þþ 90xR2 ð1Þ� 1

156xR1 ð1Þþ 180xR2 ð1Þ� 1

xR1 ð1Þ� 0; xR2 ð1Þ� 0;

8><
>:

where xR1 ð1Þ and xR2 ð1Þ are decision variables. Solving the above linear program-
ming model by using the simplex method of linear programming, we obtain its
optimal solution xR	ð1Þ ¼ ðxR	1 ð1Þ; xR	2 ð1ÞÞT, where
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xR	1 ð1Þ ¼ 1
204


 0:0049; xR	2 ð1Þ ¼ 1
765


 0:0013:

According to Eqs. (2.31) and (2.32), we obtain Vm and corresponding optimal
mixed strategy yR	ð1Þ ¼ ðyR	1 ð1Þ; yR	2 ð1ÞÞT for the player I, where

Vm ¼ vRð1Þ ¼ 1
1

204 þ 1
765

¼ 52020
323


 161:0526;

yR	1 ð1Þ ¼ 52020
323

� 1
204

¼ 255
323


 0:7895

and

yR	2 ð1Þ ¼ 52020
323

� 1
765

¼ 68
323


 0:2105:

Analogously, according to Eq. (2.55), the linear programming model is con-
structed as follows:

minfxR1 ð0Þþ xR2 ð0Þg

s:t:

190xR1 ð0Þþ 100xR2 ð0Þ� 1

158xR1 ð0Þþ 190xR2 ð0Þ� 1

xR1 ð0Þ� 0; xR2 ð0Þ� 0;

8><
>:

where xR1 ð0Þ and xR2 ð0Þ are decision variables. Solving the above linear program-
ming model, we obtain its optimal solution xR	ð0Þ ¼ ðxR	1 ð0Þ; xR	2 ð0ÞÞT, where

xR	1 ð0Þ ¼ 9
2030


 0:0044; xR	2 ð0Þ ¼ 8
5075


 0:0016:

According to Eqs. (2.31) and (2.32), we obtain Vr and corresponding optimal
mixed strategy yR	ð0Þ ¼ ðyR	1 ð0Þ; yR	2 ð0ÞÞT for the player I, where

Vr ¼ vRð0Þ ¼ 1
9

2030
þ 8

5075

¼ 2060450
12383


 166:3934;

yR	1 ð0Þ ¼ 2060450
12383

� 9
2030

¼ 9135
12383


 0:7377

and

yR	2 ð0Þ ¼ 2060450
12383

� 8
5075

¼ 3248
12383


 0:2623:
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According to Eq. (2.57), the linear programming model is constructed as
follows:

minfxL1ð0Þþ xL2ð0Þg

s:t:

175xL1ð0Þþ 80xL2ð0Þ� 1

150xL1ð0Þþ 175xL2ð0Þ� 1

xL1ð0Þ� 0; xL2ð0Þ� 0;

8><
>:

where xL1ð0Þ and xL2ð0Þ are decision variables. Solving the above linear program-
ming model, we obtain its optimal solution xL	ð0Þ ¼ ðxL	1 ð0Þ; xL	2 ð0ÞÞT, where

xL	1 ð0Þ ¼ 19
3725


 0:0051; xL	2 ð0Þ ¼ 1
745


 0:0013:

According to Eqs. (2.37) and (2.38), we obtain Vl and the optimal mixed
strategy yL	ð0Þ ¼ ðyL	1 ð0Þ; yL	2 ð0ÞÞT for the player I, where

Vl ¼ vLð0Þ ¼ 1
19

3725
þ 1

745

¼ 3725
24


 155:2083;

yL	1 ð0Þ ¼ 3725
24

� 19
3725

¼ 19
24


 0:7917

and

yL	2 ð0Þ ¼ 3725
24

� 1
745

¼ 5
24


 0:2083:

Therefore, the fuzzy value of the matrix game ~A2 with payoffs of triangular
fuzzy numbers can be directly obtained as
~V 0	 ¼ ðVl;Vm;VrÞ ¼ ð155:2083; 161:0526; 166:3934Þ, whose membership func-
tion is given as follows:

l~V 0	 xð Þ ¼

x� 155:2083
5:8443

if 155:2083� x\161:0526

1 if x ¼ 161:0526
166:3934� x

5:3408
if 161:0526\x� 166:3934

0 else,

8>>>>><
>>>>>:

depicted as in Fig. 2.8.

2. Computational results obtained by other methods and analysis

The above numerical example was solved by the two-level linear programming
method proposed in Sect. 2.4 and the lexicographic method proposed in Sect. 2.5.
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In this subsection, this matrix game ~A2 with payoffs of triangular fuzzy numbers is
solved by other methods [7, 14]. The computational results are analyzed and
compared to show the validity, applicability, and superiority of the proposed
method in this Section.

(2a) Computational results obtained by Campos’ method

Taking the players’ gain-floor and loss-ceiling as crisp values, following a
similar way to crisp matrix games [4, 26], i.e., according to Eqs. (2.8) and (2.9),
using a suitable defuzzification (i.e., linear ranking) function of fuzzy numbers,
Campos [7] constructed the auxiliary linear programming models as follows:

min
Xm
i¼1

uCi

( )

s:t:

Pm
i¼1

ðalij þ amij þ arijÞuCi � 3� ð1� kÞðplj þ pmj þ prj Þ ðj ¼ 1; 2; . . .; nÞ

uCi � 0 ði ¼ 1; 2; . . .;mÞ

8<
:

ð2:59Þ

and

max
Xn
j¼1

vCj

( )

s:t:

Pn
j¼1

ðalij þ amij þ arijÞvCj � 3þð1� sÞðqli þ qmi þ qri Þ ði ¼ 1; 2; . . .;mÞ

vCj � 0 ðj ¼ 1; 2; . . .; nÞ;

8><
>:

ð2:60Þ

where k 2 ½0; 1� and s 2 ½0; 1�, ~pj ¼ ðplj; pmj ; prj Þ and ~qi ¼ ðqli; qmi ; qri Þ are triangular
fuzzy numbers, and

uCi ¼ yCi
vC

ði ¼ 1; 2; . . .;mÞ ð2:61Þ

Fig. 2.8 The fuzzy value ~V 0	
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and

vCj ¼ zCj
xC ðj ¼ 1; 2; . . .; nÞ ð2:62Þ

are decision variables.
For the aforementioned matrix game ~A2 with payoffs of triangular fuzzy num-

bers, according to Eqs. (2.59) and (2.60), the linear programming models are
constructed as follows:

minfuC1 þ uC2 g

s:t:

545uC1 þ 270uC2 � 3� 0:29ð1� kÞ
464uC1 þ 545uC2 � 3� 0:29ð1� kÞ
uC1 � 0; uC2 � 0

8><
>:

and

maxfvC1 þ vC2 g

s:t:

545vC1 þ 464vC2 � 3þ 0:46ð1� sÞ
270vC1 þ 545vC2 � 3þ 0:46ð1� sÞ
vC1 � 0; vC2 � 0;

8><
>:

where ~p1 ¼ ~p2 ¼ ð0:08; 0:10; 0:11Þ and ~q1 ¼ ~q2 ¼ ð0:14; 0:15; 0:17Þ are taken
from Campos [7].

Solving the above linear programming models by using the simplex method of
linear programming, and combining with Eqs. (2.61) and (2.62), we obtain the
player I’s gain-floor and the player II’ loss-ceiling and their optimal mixed strate-
gies as follows:

v	CðkÞ ¼ 171745
356½3� 0:29ð1� kÞ� 


160:8099
1� 0:0967ð1� kÞ ;

ðy	C1 ; y	C2 ÞT ¼ ð275
356

;
81
356

ÞT 
 ð0:7725; 0:2275ÞT;

x	CðsÞ ¼ 171745
356½3þ 0:46ð1� sÞ� 


160:8099
1þ 0:1533ð1� sÞ

and

ðz	C1 ; z	C2 ÞT ¼ ð 81
356

;
275
356

ÞT 
 ð0:2275; 0:7725ÞT;
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respectively. Obviously, v	CðkÞ�x	CðsÞ. Moreover, x	CðsÞ is an increasing
function of s 2 ½0; 1� whereas v	CðkÞ is a decreasing function of k 2 ½0; 1�. It easily
follows that m	Cð1Þ ¼ x	Cð1Þ ¼ 160:8099 when k ¼ s ¼ 1. Thus, Campos [7]
argued that the matrix game ~A2 with payoffs of triangular fuzzy numbers has the
fuzzy value “close to 160.8099”.

(2b) Computational results obtained by Bector et al.’s method

Taking the players’ gain-floor and loss-ceiling as fuzzy numbers, using a suitable
defuzzification function F, according to Eqs. (2.8) and (2.9) and the concept of
double fuzzy constraints [7], Bector et al. [14] (with reference to [12, 13]) suggested
the mathematical programming models for the players I and II as follows:

maxfFð~vBÞg

s:t:

Pm
i¼1

Fð~aijÞyBi �Fð~vBÞ � ð1� kÞFð~pjÞ ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

yBi ¼ 1

yBi � 0 ði ¼ 1; 2; . . .;mÞ

8>>>>><
>>>>>:

ð2:63Þ

and

minfFð~xBÞg

s:t:

Pn
j¼1

Fð~aijÞzBj �Fð~xBÞþ ð1� sÞFð~qiÞ ði ¼ 1; 2; . . .;mÞ
Pn
j¼

zBj ¼ 1

zBj � 0 ðj ¼ 1; 2; . . .; nÞ;

8>>>>>><
>>>>>>:

ð2:64Þ

respectively, where ~pj and ~qi (i ¼ 1; 2; . . .;m; j ¼ 1; 2; . . .; n) are fuzzy numbers,
k 2 ½0; 1�, s 2 ½0; 1�.

In the case that ~A is the matrix game with payoffs of triangular fuzzy numbers,
i.e., all ~vB ¼ ðvBl; vBm; vBrÞ, ~xB ¼ ðxBl;xBm;xBrÞ, ~aij ¼ ðalij; amij ; arijÞ,
~pj ¼ ðplj; pmj ; prj Þ, and ~qi ¼ ðqli; qmi ; qri Þ (i ¼ 1; 2; . . .;m; j ¼ 1; 2; . . .; n) are triangular
fuzzy numbers, using Yager’s index [27], Bector et al. [14] transformed Eqs. (2.63)
and (2.64) into the following linear programming models:
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maxfvBg

s:t:

Pm
i¼1

ðalij þ amij þ arijÞyBi � 3vB � ð1� kÞðplj þ pmj þ prj Þ ðj ¼ 1; 2; . . .; nÞ
Pm
i¼1

yBi ¼ 1

yBi � 0 ði ¼ 1; 2; . . .;mÞ

8>>>>><
>>>>>:

ð2:65Þ

and

minfxBg

s:t:

Pn
j¼1

ðalij þ amij þ arijÞzBj � 3xB þð1� sÞðqli þ qmi þ qri Þ ði ¼ 1; 2; . . .;mÞ
Pn
j¼

zBj ¼ 1

zBj � 0 ðj ¼ 1; 2; . . .; nÞ;

8>>>>>><
>>>>>>:

ð2:66Þ

respectively, where

vB ¼ Fð~vBÞ ¼ vBl þ vBm þ vBr

3
ð2:67Þ

and

xB ¼ Fð~xBÞ ¼ xBl þxBm þxBr

3
: ð2:68Þ

For the aforementioned matrix game ~A2 with payoffs of triangular fuzzy num-
bers, according to Eqs. (2.65) and (2.66) with ~p1 ¼ ~p2 ¼ ð0:08; 0:10; 0:11Þ and
~q1 ¼ ~q2 ¼ ð0:14; 0:15; 0:17Þ, the linear programming models are constructed as
follows:

maxfvBg

s:t:

545yB1 þ 270yB2 � 3vB � 0:29ð1� kÞ
464yB1 þ 545yB2 � 3vB � 0:29ð1� kÞ
yB1 þ yB2 ¼ 1

yB1 � 0; yB2 � 0

8>>><
>>>:
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and

minfxBg

s:t:

545zB1 þ 464zB2 � 3xB þ 0:46ð1� sÞ
270zB1 þ 545zB2 � 3xB þ 0:46ð1� sÞ
zB1 þ zB2 ¼ 1

zB1 � 0; zB2 � 0;

8>>><
>>>:

respectively. Simply computing/solving the above linear programming models, we
can obtain the player I’s gain-floor, the player II’ loss-ceiling, and their optimal
mixed strategies as follows:

v	BðkÞ ¼ 171745
1068

þ 0:29ð1� kÞ
3


 160:8099þ 0:0967ð1� kÞ;

ðy	B1 ; y	B2 ÞT ¼ ð275
356

;
81
356

ÞT ¼ ð0:7725; 0:2275ÞT;

x	BðsÞ ¼ 171745
1068

� 0:46ð1� sÞ
3


 160:8099� 0:1533ð1� sÞ

and

ðz	B1 ; z	B2 ÞT ¼ ð 81
356

;
275
356

ÞT ¼ ð0:2275; 0:7725ÞT;

respectively.
Obviously, v	BðkÞ and x	BðsÞ remarkably differ from v	CðkÞ and x	CðsÞ when

k 6¼ 1 and s 6¼ 1.

3. Computational result comparison and conclusions

Comparing the aforementioned modeling, methods, and computational results,
we can easily draw the following conclusions.

(3a) Modeling. The players’ gain-floor and loss-ceiling were regarded as trian-
gular fuzzy numbers in the proposed methods in this section and Sects. 2.4,
2.5 and Bector et al.’s [14]. However, they were regarded as real numbers in
Campos’s method [7]. This case is not rational since the players’ expected
payoffs are a linear combination of fuzzy payoffs which are expressed with
triangular fuzzy numbers.

(3b) Process and methods. The proposed method in this section is developed on
the monotonicity of values of matrix games. It always ensures that any
matrix game with payoffs of triangular fuzzy numbers has a fuzzy value,
which is a triangular fuzzy number also. Moreover, the fuzzy value can be
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directly and explicitly obtained by solving the derived three linear pro-
gramming models with data taken from 1-cut set and 0-cut set of fuzzy
payoffs. Li’s model as stated in Sect. 2.4 was developed on the ordering
relation of triangular fuzzy numbers [20] and multi-objective programming.
The derived six linear programming models were used to compute the
players’ gain-floor and loss-ceiling. Obviously, Li’s model in Sect. 2.4
depended on the ordering relation. Following a similar way to crisp matrix
games, based on the concept of double fuzzy constraints and ranking func-
tions, Campos’s method [7] regarded the players’ gain-floor and loss-ceiling
as real numbers and hereby suggested two auxiliary linear programming
models. Bector et al.’s method [14] was developed on certain duality of
linear programming with fuzzy parameters. As Bector et al. [12] themselves
pointed out, Bector et al.’s method [14] was essentially the same as that of
Campos [7]. Campos’s method and Bector et al.’s method are defuzzification
approaches, which not only closely depend on ranking functions, parameters,
and adequacies but also cannot explicitly obtain membership functions of the
players’ gain-floor and loss-ceiling.

(3c) Computational results. The proposed method in this section can explicitly
obtain the fuzzy value ~V 0	 ¼ ð155:2083; 161:0526; 166:3934Þ of the matrix
game ~A2 with payoffs of triangular fuzzy numbers. Li’s model in Sect. 2.4
can explicitly obtain the player I’s gain-floor ~t	 ¼
ð154:9996; 161:05; 164:737Þ and the player II’s loss-ceiling ~x	 ¼
ð155:2633; 161:05; 171:0523Þ which are not identical. This case is not
rational since the matrix game is zero-sum. Moreover, it is intuitively seen
from Fig. 2.6 that ~V	 ¼ ð155:2633; 161:05; 164:737Þ is better than ~t	 and
~x	. In fact, using Yager’s index F [27], i.e., Eq. (2.67) or Eq. (2.68), we have

Fð~t	Þ ¼ 154:9996þ 161:05þ 164:737
3

¼ 160:2622;

Fð~V	Þ ¼ 155:2633þ 161:05þ 164:737
3

¼ 160:3501

and

Fð~x	Þ ¼ 155:2633þ 161:05þ 171:0523
3

¼ 162:4552;

which infers that Fð~t	Þ\Fð~V	Þ\Fð~x	Þ. Therefore, ~t	\~V	\~x	.

Campos’s method [7] provided crisp values for the players’ gain-floor and
loss-ceiling in the matrix game ~A2 with payoffs of triangular fuzzy numbers. Bector
et al.’s method [14] provided defuzzification values of the players’ gain-floor and
loss-ceiling. Namely, these two methods cannot explicitly obtain membership
functions of the players’ gain-floor and loss-ceiling even though these are very much
desirable. Moreover, these methods cannot always guarantee that the defuzzification
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values are identical and the matrix game ~A2 with payoffs of triangular fuzzy numbers
has a defuzzification value. On the other hand, the defuzzification values closely
depend on not only choice of ranking functions but also the parameters and ade-
quacies, which are difficult to be appropriately determined a priori.

(3d) Computational complexity. The proposed method in this section needs to
solve three linear programming models. Li’s model proposed in Sect. 2.4
needs to solve six linear programming models with additional decision
variables and constraints, which usually may be superabundant and even
contradictable. However, Campos’s method [7] and Bector et al.’s method
[14] need to solve a series of linear programming models for different
parameters and adequacies. Therefore, the computational amount and com-
plexity of the proposed method in this section are less than those of Li’s
model, Campos’s method, and Bector et al.’s method.
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