Chapter 2
Matrix Games with Payoffs of Triangular
Fuzzy Numbers

2.1 Introduction

The matrix game theory gives a mathematical background for dealing with com-
petitive or antagonistic situations arise in many parts of real life. Matrix games have
been extensively studied and successfully applied to many fields such as eco-
nomics, business, management, and e-commerce as well as advertising. As stated in
Chap. 1, however, the assumption that all payoffs are precise common knowledge
to both the players is not realistic in many antagonistic decision occasions. In fact,
more often than not, in real antagonistic situations, the players are not able to
exactly estimate payoffs in the game due to lack of adequate information and/or
imprecision of the available information on the environment [1, 2]. This lack of
precision and certainty may be appropriately modeled by using the fuzzy set [3-6].
As a special case of fuzzy sets, intervals which are also called fuzzy intervals or
interval-valued fuzzy sets are used to deal with fuzziness in matrix games.
Consequently, we have extensively studied interval-valued matrix games. From
now on, we focus on studying fuzzy matrix games with payoffs represented by
fuzzy numbers such as triangular fuzzy numbers and trapezoidal fuzzy numbers.
Fuzzy matrix games were firstly solved by developing the fuzzy linear pro-
gramming method based on ranking functions of fuzzy numbers and auxiliary linear
programming models [7-9]. However, Campos’ methods [7-9] provided only crisp
solutions with interpretation of fuzzy semantics. Their results were generalized to
multi-objective matrix games with fuzzy payoffs and fuzzy goals [10, 11]. Bector
and Chandra [12], Bector et al. [13, 14], and Vijay et al. [15] proposed linear
programming methods for solving fuzzy matrix games based on certain duality for
linear programming with fuzzy parameters. These works cannot provide member-
ship functions of the gain-floor and loss-ceiling for the players even though they are
very much desirable. The above methods were essentially the same as that of
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Campos [7] but certain modifications were made to help in having a better
understanding of the same. Obviously, all the aforementioned methods are
defuzzification ones based on suitable ranking functions, which are not easily
chosen. In these methods, the obtained solutions closely depend on ranking func-
tions and more or less involve in subjective factors such as attitudes and preference.
On the other hand, these methods provided only defuzzification ones of the
gain-floor and loss-ceiling for the players, whose membership functions cannot be
explicitly obtained even though they are very much desirable. Moreover, it is not
always sure that the obtained defuzzification gain-floor and loss-ceiling for the
players are identical. This case is not rational and effective. From viewpoints of
logic and the concept of matrix games with fuzzy payoffs, the gain-floor and
loss-ceiling for the players should be fuzzy and identical since the expected payoffs
are a linear combination of fuzzy payoffs and the matrix games are zero-sum.

Li [16] (with reference to [17]) proposed the two-level linear programming
method for solving matrix games with payoffs of triangular fuzzy numbers, which
was called as Li’s model by Bector and Chandra [12] and Larbani [18]. In Li’s
model [16], the obtained gain-floor and loss-ceiling for the players are fuzzy and
their membership functions can be explicitly obtained. However, Li’s model cannot
always guarantee that the gain-floor and loss-ceiling for the players are identical and
hereby any fuzzy matrix game with payoffs of triangular fuzzy numbers has a fuzzy
value, which is not rational since the matrix game is zero-sum. As far as we know,
there is no method which can always guarantee that the gain-floor and loss-ceiling
for the players are identical and hereby the matrix game with fuzzy payoffs has a
fuzzy value, whose membership functions can be explicitly obtained. In this
chapter, we will focus on studying matrix games with payoffs of triangular fuzzy
numbers. Selecting triangular fuzzy numbers to express fuzzy payoffs stems from
the fact that in many management applications they provide a very convenient
object for the representation of imprecision and uncertain information in payoffs.
On the one hand, triangular fuzzy numbers allow the modeling of a wide class of
fuzzy numbers. Intervals and real numbers are special cases of triangular fuzzy
numbers. On the other hand, triangular fuzzy numbers are easily extended to
trapezoidal fuzzy numbers. Using triangular fuzzy numbers, we also have the
freedom of being or not being symmetric. Another positive feature of the triangular
fuzzy numbers is the ease of acquiring the necessary parameters. An additional
consideration in using the triangular fuzzy number is the ease with which it can be
manipulated in the context of the application.

In this chapter, we will propose some important concepts of solutions of matrix
games with payoffs of triangular fuzzy numbers and develop auxiliary linear pro-
gramming models and methods for solving matrix games with payoffs of triangular
fuzzy numbers. Stated as earlier, it is easy to see that some linear programming
models and methods proposed in this chapter are easily extended to establish those
for matrix games with payoffs of trapezoidal fuzzy numbers.
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2.2 Triangular Fuzzy Numbers and Alfa-Cut Sets

A fuzzy number a with the membership function y;(x) is a special fuzzy subset of
the real number set R, which satisfies the following two conditions [3]:

1. there exists at least a real number x; € R so that y;(x) = 1;
2. the membership function u;(x) is left and right continuous, depicted as in
Fig. 2.1.

In the following, we mainly review a special and an important forms of fuzzy
numbers: triangular fuzzy numbers.

Triangular fuzzy numbers are a special case of fuzzy numbers. A triangular fuzzy
number a = (al ,a",a") is a special fuzzy number [3], whose membership function
is given as follows:

= f ol < x <"
‘i - f m
T x=a
iD= e e (2.1)
= ifad"<x<a
0 else,

where @™ is the mean of &, @’ and a” are the lower and upper limits (bounds) of &,
respectively, depicted as in Fig. 2.2. The set of triangular fuzzy numbers is denoted
by T(R).

Obviously, if a' = ™ = @', then the triangular fuzzy number @ = (d',a”, a") is
reduced to a real number. Conversely, a real number is easily rewritten as a

l

4
1
U5 (x)
0 a am am a X
Fig. 2.1 A fuzzy number
A
1
H;(x)
0 al a/n ar X

Fig. 2.2 A triangular fuzzy number
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triangular fuzzy number. Thus, the triangular fuzzy number can be flexible to
represent various semantics of uncertainty such as ill-quantity [5].

If @ >0 and a" > 0, then @ = (a',a™,a") is called a non-negative triangular
fuzzy number, denoted by @>0. If @’ > 0, then & is called a positive triangular
fuzzy number, denoted by a > 0. Conversely, if a” <0 and d' <0, then & is called a
non-positive triangular fuzzy number, denoted by a <O0. If a” <0, then a is called a
negative triangular fuzzy number, denoted by a <O0.

Let @ = (d',a”,d") and b = (b, b, ") be two triangular fuzzy numbers. Then,
their arithmetical operations can be expressed as follows:

a+b=(d+b,d"+b",a" +b") (2.2)
and

. Jdt,Ja", da") if >0
A = { Ezar,zam,ialg if 1<0, (23)
where /1 € R is a real number.

A a-cut set of the triangular fuzzy number a = (a',d™,a") is defined as
a(o) = {x|uz(x) > a}, where o € [0, 1]. Thus, for any o € [0, 1], we can obtain a a-
cut set of the triangular fuzzy number a, which is an interval, denoted by
a(o) = [ak(a), a®(«)]. Tt is easily derived from Eq. (2.1) that

[

ak(a) = ad" + (1 — a)d’
and

a®(a) = ad™ + (1 — a)a".
In particular, we have

a(l) = [a"(1),a"(1)] = [a", a"] = a"
and
a(0) = [a"(0),a"(0)] = [d', a'].
According to the operations over intervals [19], we can easily have:
[a"(a),a®(2)] = a[a", a"] + (1 — a)[d’,a"] = aa(1) + (1 — a)a(0), (2.4)

which means that any a-cut set of an arbitrary triangular fuzzy number can be
directly obtained from its 1-cut set and O-cut set, depicted as in Fig. 2.3.

According to the representation theorem for the fuzzy set [5], using Eq. (2.4),
any triangular fuzzy number @ = (a',a™, a") can be expressed as follows:
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Fig. 2.3 o-cut sets of a A
triangular fuzzy number 1
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0€[0,1]

where o ® a(a) is defined as a fuzzy set, whose membership function is given as
follows:

() = o ifx € a(x)
Hypa(a)\X) = 0 otherwise.

Equation (2.5) means that any triangular fuzzy number can be directly con-
structed through using its 1-cut set and O-cut set.

From the aforementioned discussion, we summarize the conclusion as in
Theorem 2.1, which will be used to construct the fuzzy values of matrix games with
payoffs of triangular fuzzy numbers.

Theorem 2.1 Any triangular fuzzy number and its o-cuts have the relations (1) and
(2) as follows:

1. Any a-cut of a triangular fuzzy number can be directly obtained from both its
1-cut and 0-cut;

2. Any triangular fuzzy number can be directly constructed by using both its 1-cut
and 0-cut.

Proof According to the concept of «-cuts of triangular fuzzy numbers and the
representation theorem for the fuzzy set, it is easy to prove that (1) and (2) of
Theorem 2.1 are valid (omitted).

2.3 Fuzzy Multi-Objective Programming Models of
Matrix Games with Payoffs of Triangular Fuzzy
Numbers

2.3.1 Order Relations of Triangular Fuzzy Numbers

In contrast with the intervals’ ranking or order relation as stated in Sects. 1.3 and 1.4,
it is very difficult to rank (or compare) fuzzy numbers. Ramik and Rimanek [20]
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gave the definition of the order relation “<” for general fuzzy numbers. In this
section, the order relations “<” and “> " are used only for triangular fuzzy num-
bers, not for general fuzzy numbers as stated in Sect. 2.2. To be more precisely, we
give the meaning of the order relations “<” and “> for the triangular fuzzy
numbers in Definition 2.1 as follows.

Definition 2.1 Let & = (d',a",a’) and b = (b',b™,b") be two triangular fuzzy
numbers. Then, @ < b if and only if a' <b', a<b, and @’ <¥’. Similarly, a > b if
and only if d>bl,a>b,and a" > V"

The validity of Definition 2.1 may be discussed in a similar way to that of fuzzy
numbers [20].

“<” and “> are fuzzy versions of the order relations “<” and “>" in the
three-dimension Euclidean space R?, and have the linguistic interpretation
“essentially less than or equal to” and “essentially greater than or equal to”,
respectively.

Analogously, a<b if and only if < b and & # b. a > b if and only if a > b and
a+b.

From Definition 2.1, a triangular fuzzy number a € T(R) may be regarded as a
three-dimension vector and the order relations “ <> and “ > ” are similar to those in
the three-dimension Euclidean space R®. Thus, the definition of maximizing and
minimizing triangular fuzzy numbers can be given as follows.

Definition 2.2 Let &= (a',a",a") be any triangular fuzzy number.
A maximization problem of triangular fuzzy numbers is expressed as follows:

max{ala € Q3NT(R)},

which is equivalent to the multi-objective mathematical programming model as
follows:

max{a'}
max{a"}
max{da"}

ae s
st.{ d<da"<a

a',a”, and a" unrestricted in sign,

where T(R) is the set of triangular fuzzy numbers as stated in Sect. 2.2, Q5 is the set
of constraints in which the variable a should be satisfied according to requirements
in the real situation.

Definition 2.3 Leta = (d/,a™,a") be any triangular fuzzy number. A minimization
problem of triangular fuzzy numbers is described as follows:



2.3 Fuzzy Multi-Objective Programming Models ... 71

min{ala € QsNT(R)},

which is equivalent to the multi-objective mathematical programming model as
follows:

min{a'}
min{a"}
min{a"}
ae Qy
st.{d<da"<da

a',a”, and a" unrestricted in sign,

where 24 is the set of constraints in which the variable a should be satisfied
according to requirements in the real situation.

Definitions 2.2 and 2.3 can be used to transform corresponding fuzzy opti-
mization problems of matrix games with payoffs of triangular fuzzy numbers into
multi-objective linear programming models, which may be solved by using the
existing multi-objective programming methods [21, 22].

2.3.2 Concepts of Solutions of Matrix Games with Payoffs
of Triangular Fuzzy Numbers

Let us consider matrix games with payoffs of triangular fuzzy numbers, where the
sets of pure strategies and the sets of mixed strategies for the players I and II
respectively are Sy, S,, Y, and Z defined as in Sect. 1.2. Assume that the payoff
matrix of the player I is given as follows:

Bl ﬁ2 ﬁn
o [an an Aln
A — (7 _ 0 a a ceea
A= (aij>m><n = 72 A 2 2n ’
(Sm aml &mZ e amn
where a; = (aU, ay,ay) (i= ..,m; j=1,2 ... n) are triangular fuzzy num-

bers defined as in Sect. 2.2. Then, a matrix game with payoffs of triangular fuzzy
numbers is expressed with A for short.

According to Egs. (2.2) and (2.3), the fuzzy expected payoff (or value) of the
player I can be computed as follows:
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E(A) =y"Az =

Ms

m n m n m n
(zza,,yzzﬁzza,,yzz],zzazm)

i=1 j= i=1 j=1 i=1 j=1 i=1 j=1

which is a triangular fuzzy number.

As the matrix game A with payoffs of triangular fuzzy numbers is zero-sum,
according to Eq. (2.3), the fuzzy expected payoff of the player II is equal to

m

ECA) =y (A =33 Cagyg

i=1 j=1

( ZZ“UYIZJ’_ZZ%WW ZZ%M,)

i=1 j= i=1 j=1 i=1 j=1

which is also a triangular fuzzy number. Thus, in general, the player I’s gain-floor
and the player II's loss-ceiling should be triangular fuzzy numbers, denoted by
o= (v, v") and & = (!, ™, "), respectively.

Since the fuzzy expected payoffs of the players and the player I’s gain-floor and
the player II’'s loss-ceiling are triangular fuzzy numbers, thus according to
Definitions 2.2 and 2.3, the concept of solutions of matrix games with payoffs of
triangular fuzzy numbers may be given by using that of the Pareto optimal solution
as follows. Bector et al. [13, 14] firstly introduced the notion of reasonable solutions
of fuzzy matrix games, which is a generalization of that of fuzzy matrix games [23].

Definition 2.4 Let v = (v/,v",v") and @ = (o, w™, ") be triangular fuzzy

numbers. Assume that there exist mixed strategies y* € Y and z* € Z. Then,
(y*,z*,0,®) is called a reasonable solution of the matrix game A with payoffs of
triangular fuzzy numbers if it satisfies both the following conditions:

1. yTAz>D

and

2. y'Az* < @

foranyze Zandy €Y.

If (y*,z*,0,®) is a reasonable solution of the matrix game A with payoffs of
triangular fuzzy numbers, then v and @ are called reasonable values for the players I
and II, y" and z" are called reasonable (mixed) strategies for the players I and II,
respectively.

The sets of all reasonable values b and @ for the players I and II are denoted by
U and W, respectively.

As stated earlier, Definition 2.4 only gives the notion of reasonable solutions of
matrix games with payoffs of triangular fuzzy numbers rather than the notion of
optimal solutions. Thus, we give the concept of solutions of matrix games with
payoffs of triangular fuzzy numbers as in the following Definition 2.5.
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Definition 2.5 Assume that there exist v* € U and @ € W. If there do not exist any
veU @®#0v)and @ € W (@ # @) so that

L " <b

and

2. & >,

then, (y*,z*,0*,®*) is called a solution of the matrix game A with payoffs of
triangular fuzzy numbers, y* and z~ are called a maximin (mixed) strategy and a
minimax (mixed) strategy for the players I and I, b* and @* are called the player I's

gain-floor and the player II’s loss-ceiling (or fuzzy values for the players I and II),
respectively.

Let

with the membership function
py- (x) = mxi“{/la* (%), Hae () }-

Then, V* is called a fuzzy equilibrium value of the matrix game A with payoffs of
triangular fuzzy numbers, depicted as in Fig. 2.4.

It is easy to see from Fig. 2.4 that a fuzzy value V* of the matrix game A with
payoffs of triangular fuzzy numbers must not be always a (normal) triangular fuzzy
number.

2.3.3 Fuzzy Linear Programming Method of Matrix Games
with Payoffs of Triangular Fuzzy Numbers

According to Definitions 2.4 and 2.5, the maximin (mixed) strategy y* € Y and
gain-floor v* for the player I and the minimax (mixed) strategy z* € Z and
loss-ceiling w* for the player II can be generated by solving the fuzzy mathematical
programming models:

Fig. Z.fl A fuzzy equilibrium 4 1, (x) 1 (x)
value V* 1

v
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max{D}
yTAz>b forallz e Z

sedVEY (26)
b€ T(R)

b unrestricted in sign

and
min{®}
yTAz< @ forally ey
R €z (2.7)
| @eT®R)
o unrestricted in sign,
respectively.

It makes sense to consider only the extreme points of the sets ¥ and Z in the
constraints of Eqs. (2.6) and (2.7) since “ <”and “>” preserve the ranking order
when triangular fuzzy numbers are multiplied by positive scalars according to
Eq. (2.3) and Definition 2.1. Then, Eqs. (2.6) and (2.7) can be converted into the
fuzzy mathematical programming models as follows:

max{d}
m _

ZZUy,ZlN) (j:1727...,n)
=1

15

iyi =1 (2.8)

ylZO (1:17277’")

b€ T(R)

U unrestricted in sign

S.t.

and

min{®}

Sp=1 (2.9)

s.t.Q j=I

@ unrestricted in sign,
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respectively, where v and o are fuzzy variables, y; (i=1,2,...,m) and z;
(G =1,2,...,n) are decision variables.

According to the operations of triangular fuzzy numbers, in general, we can
draw an important conclusion, which is summarized as in Theorem 2.2.

Theorem 2.2 Assume that (y*,0*) and (2%, ®*) are optimal solutions of Egs. (2.8)
and (2.9), respectively. Then, v* and @&* are triangular fuzzy numbers and v* < &*.

Proof Due to the assumption that (y*,0*) and (z*,®*) respectively are optimal
solutions of Egs. (2.8) and (2.9), then according to Egs. (2.2) and (2.3), it follows
that 0* and @* are triangular fuzzy numbers. Furthermore, it follows from Egs. (2.8)
and (2.9) that

i.e., b < @*. Thus, we have finished the proof of Theorem 2.2.

Theorem 2.2 means that the player I’s gain-floor “essentially cannot exceed” the
player II’s loss-ceiling in the sense of Definition 2.1.

Equations (2.8) and (2.9) are general fuzzy mathematical programming models
which may involve in different solutions [24, 25]. But in this section, the fuzzy
optimization is made in the sense of Definition 2.2 or Definition 2.3. In the following,
we will focus on studying the solving method and procedure of Egs. (2.8) and (2.9).

According to Definitions 2.1-2.3, Eqgs. (2.8) and (2.9) can be converted into the
multi-objective mathematical programming models as follows:

max{v'}
max{v"}

max{v"}
;aijyizvl (jzlvzv"'vn)

Saly v (j=1,2,...,n)
i=1 (2.10)

m

2dmzo (j=12,...n)
=

ol <o <o’

Z%—l

yl>0 (i=1,2,...,m)

v/, 0™, and v unrestricted in sign

S.t.
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and
min{a'}
min{w™}
min{e"}
n
Zaszjﬁw[ (l:172a am)
j=1
n
Zag?zj <o" (i=1,2,...,m)
= (2.11)
n
st Zayzjgwr (1—1,2, am)
s.t.¢ j=1
) <om<ao
n
>h=1
j=1
ijo 021727"'7n)
o!,w™, and o unrestricted in sign,
respectively.

For the above multi-objective mathematical programming models, there are few
standard ways of defining a solution. Normally, the concept of Pareto optimal
solutions/efficient solutions is commonly-used [4, 21, 22]. There exist several
solution methods for them such as utility theory, goal programming, fuzzy pro-
gramming, and interactive approaches. However, in the following, we develop a
fuzzy linear programming method based on Zimmermann’s fuzzy programming
method [24] with our normalization process.

Firstly, we can compute the positive ideal solution and negative ideal solution of
Eq. (2.10) through solving three linear programming models with different objec-
tive functions, respectively. Specifically, using the simplex method of linear pro-
gramming, we solve the linear programming model as follows:

max{v'}
Zaﬁjyizvl G=12,..,n)
i=1
Yodiyi>v" (j=1,2,...,n)
i=1

Za;jyizur G=12,..,n)
i=1

S.t.
Ul < ™" < v"
m
>yi=1
i=1

>0 (i=1,2,....m)

v/,v", and v" unrestricted in sign,
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denoted its optimal solution by (y!* v/t v+ pi+),
Analogously, using the simplex method of linear programming, we solve the
linear programming model as follows:

max{v"}
m
EagjinUl G=12,....n)
iz
m
z;al'.}’yiznm G=1,2,...,n)
iz

m
st z%afj}’iZUr (].:1727"'7’1)
L9 i=

ol <o <o’
m
Yyi=1
i=1

ylZO (121727,7’1)
!

v, 0", and v" unrestricted in sign,

denoted its optimal solution by (y>* v+ v™+ 2+). We solve the linear pro-
gramming model as follows:

max{v"}

m

gaﬁjyizd (i=1,2,...,n)
=

m
Z}ag‘lyizvm 021727"'7’1)
i=

m

Za:;iyizl)r (].:1,2,...,}’1)
i=1

ol <o <y’

m

Yyi=1

i=1

ylZO (1:17277’”)

o/, v, and v’ unrestricted in sign,

S.t.

denoted its optimal solution by (y*>* v+ v+ p3+),

Thus, the positive ideal solution of Eq. (2.10) can be obtained as
(' om0t = (T um2F p3F). The negative ideal solution of Eq. (2.10)
can be defined as follows:

("=, 0" 07 = (min{o" T |t = 1,2,3),

min{v™ " |t = 1,2,3}, min{v" " |t = 1,2,3}).
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Hereby, the relative membership functions of the three objective functions in
Eq. (2.10) can be defined as follows:

1 if ol > ol t
I_ -
v —v )
(V') = if o'~ <ol <ot
I+ _ - =
0) v
0 if vl <vl™,
1 if v >t
. ot = n
N (V™) = if " <o <™
Uer pm—
0 if v <"~
and
1 if o" >0 "
o — )
(V) =¢ ———— ifv~ < <v't
ot — '
0 if " <0,
respectively.

Using Zimmermann’s fuzzy programming method [24], Eq. (2.10) can be
converted into the linear programming model as follows:

max {1}

m
Zaijizl)l 0:1,2,...,’1)
i=1
m
Z}al’.}’inU"’ G=12,...,n)
-

m
Xgaayizvr (].:1,27...,71)
i=

l)l _ Ul_ Z (UH— _ vl—)’7
s.t. Um _ l)m— 2 (Um+ _ l)m_)i’[
o — o' Z (Ur+ _ Uri)i’[
Dlévmgvr

m

Yvi=1

i=1

0<n<1

inO (i: 1,2,...,m)

vl, ™

(2.12)

, and v” unrestricted in sign,

Where 77 = min{nv’(ul)v ’11)’” (Um)7 '/Iu' (Dr)}'
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Solving Eq. (2.12) by using the simplex method of linear programming, we can
obtain the optimal or maximin (mixed) strategy y* and gain-floor & for the player L.

In the same way to the above consideration of Eq. (2.10), according to
Eq. (2.11), using the simplex method of linear programming, we can solve the
linear programming model as follows:

S.t.{ j=1

>0 (j=1,2,...,n)

o', ", and " unrestricted in sign,

denoted its optimal solution by (z'*, '+ "'+ ). Analogously, we can
solve the linear programming model as follows:

min{w"}

S.t.< j=1

o', o™, and ®" unrestricted in sign,

denoted its optimal solution by (2%, W™, ™+, w'?*). We can solve the linear
programming model as follows:



80 2 Matrix Games with Payoffs of Triangular Fuzzy Numbers

S.t.< j=1

z>0 (i=1,2,...,n)

o', »™, and o’ unrestricted in sign,

denoted its optimal solution by (2>, 0" @™+ wB+).

Then, the positive ideal solution of Eq. (2.11) can be obtained as
(@', 0™ o) = (0", ™ * w371, The negative ideal solution of Eq. (2.11)
can be defined as follows:

(0, 0", o) = (max{o |t = 1,2,3},

max{o™ " |t =1,2,3}, max{0” " |r = 1,2,3}).

Hereby, the relative membership functions of the three objective functions in
Eq. (2.11) can be defined as follows:

1 if ol <!t
! 1+
i w — W . _
p(,)l((l)) = P if o't <o <!
0 if o > o',
1 if 0" <omt
wm _ mer .
Po(@") = ——— —  if "t <" <"
oM — wm+ -
0 if @™ > ™"
and
1 if o <ot
wr _ wr+ .
pw’(wr) = — if (,L)r+ <" S '
' — wr+
0 if o >w"

)

respectively.
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Using Zimmermann’s fuzzy programming method [24], Eq. (2.11) can be
converted into the linear programming model as follows:

j=1
wl_wl+2(wlf_wl+)p (213)
s.t.d " — "t Z (wmf _ wm+)p

W — 't > (0 — o )p
ol <" <o’

’2121'21

=

0<p<lI

z>0 (j=1,2,...,n)

o', ™, and " unrestricted in sign,

where p = min{p, ("), pu (™), p,r (")}
Solving Eq. (2.13) by using the simplex method of linear programming, we can
obtain the optimal or minimax (mixed) strategy z and loss-ceiling &* for the player II.

Example 2.1 Let us consider a simple numerical example of matrix games with
payoffs of triangular fuzzy numbers. Assume that the payoff matrix for the player I
is given as follows:

) B B,
A= 4 (18,20,23)  (—21,—18,—16) .
5, \(=33,-32,-27)  (38,40,43)

According to Eqgs. (2.12) and (2.13), we can construct two linear programming
models for the players I and II, respectively. Using the simplex method of linear
programming, we can easily obtain their optimal solutions whose components are
given as follows:

y: = (0.648,0.352)",

7t = (—0.254,1.715,4.746),
n; = 0.501,

7 = (0.534,0.466)",

@ = (0.241,2.303,5.601)
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Fig. 2.5 The fuzzy equilibrium value V;

and
p1 = 0.500,
respectively. Furthermore, we have

x—0.241
2.062

0.885 if x = 2.065

17 () =9 4746 —
3.031

0 else.

if 0.241 <x<2.065

if 2.065 <x <4.746

Therefore, there exists a fuzzy equilibrium value 2.065 with the possibility of
0.885. In other words, the fuzzy value of the matrix game A, with payoffs of
triangular fuzzy numbers is “around 2.065”. Or the player I’s minimum reward is
0.241 while his/her maximum reward is 4.746. The player I can win any inter-
mediate value x between 0.241 and 4.746 with the possibility i (x), depicted as in

Fig. 2.5.

2.4 Two-Level Linear Programming Models of Matrix
Games with Payoffs of Triangular Fuzzy Numbers

Stated as in Sect. 2.3, Egs. (2.10) and (2.11) are multi-objective linear programming
models, which may be solved by several methods [21, 22]. However, in this sec-
tion, we develop a two-level linear programming method for solving Egs. (2.10)
and (2.11).

In Eq. (2.10), the three objective functions (i.e., v, v, and v") should have
different priority. In fact, the objective functions may be written as the triangular
fuzzy number b = (v, v™,v"), where v is the mean (or center) of the triangular
fuzzy number ¥, and v’ and v" are lower and upper limits (or bounds) of the
triangular fuzzy number v, respectively. The priority of the objective function v™
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should be higher than that of both the objective functions v! and v”, and the priority
of v’ and v may be identical because the priority of the mean of the triangular fuzzy
number is much higher than that of its lower and upper limits according to the fuzzy
sets [3, 4, 24]. Hence, Eq. (2.10) may be regarded as a two-level linear program-
ming problem. Its first priority is given to the objective function v™. Its second
priority is given to the objective functions v’ and v". Thus, solving Eq. (2.10)
becomes solving the following linear programming models [i.e., Egs. (2.14) and
(2.15)] successively. To be more specific, we give its procedure as follows.

According to Eq. (2.10), the linear programming model in the first level is
constructed as follows:

max{v"}
m
ZaﬁjinUl 021727"'7;1)
i=1

m
Yodiyi>v" (j=1,2,...,n)
i=1

m

Yoapyi>v (j=1,2,....n) (2.14)
S.t.< i=1 -
Ul < M < N
m
Yoyi=1
i=1
ylZO (1217277’”)
v, 0™, and v" unrestricted in sign,
where y; (i = 1,2,...,m), v/, v™, and v" are decision variables. Using the simplex

method of linear programming, we can obtain its optimal solution by

(y*7 Ulo) Um*a Dr0)7 Where y* = (yik?y;a . '7yy*n)T'
Combining with Eq. (2.10), the linear programming model in the second level is
constructed as follows:

max{v'}
max{v"}
l;agjyjfzul G=12,...,n)

Yoagyi>v (j=1,2,...,n) (2.15)
i=1

l)l > DlO

o' > UrO

S.t.

v/ and v’ unrestricted in sign,

where v' and v" are decision variables.
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In Eq. (2.15), adding the constraints v’ >v'® and v" >v™® aim to improve the
objective functions v’ and v’, respectively. It is the real reason why the second-level
linear programming model [i.e., Eq. (2.15)] is introduced after the first-level linear
programming model [i.e., Eq. (2.14)].

It is easy to see from Eq. (2.15) that the constraints of the variable v/ are
independent of those of the variable v". Therefore, Eq. (2.15) can be decompounded
into the two linear programming models as follows:

max{v'}
a i=1,2,...,n
s.t. U, 2 O
v’ unrestricted in sign
and
max{v"}
a i=1,2,...,n
Sdyizv ) o
5.t 0
V">

v" unrestricted in sign.

Solving Egs. (2.16) and (2.17) by using the simplex method of linear pro-
gramming, we can obtain their optimal solutions v** and v™*, respectively.

It is not difficult to prove that (y*, ") is a Pareto optimal solution of Eq. (2.10),
where * = (v, 0™, v™) is a triangular fuzzy number. Thus, the optimal (or
maximin) mixed strategy y" and the gain-floor v* for the player I can be obtained.

In the same way to the above consideration of Eq. (2.10), the three objective
functions ', @™, and " of Eq. (2.11) should have different priority. Namely, the
priority of the objective function ™ should be higher than that of both the objective
functions o/, and ", and the priority of o' and @ should be assumed to be
identical in that ™, !, and " are the mean and the lower and upper limits of the
triangular fuzzy number @ = (o', ™, "), respectively. Thus, Eq. (2.11) may be
regarded as a two-level linear programming problem. Its first priority is given to the
objective function ™. Its second priority is given to the objective functions ' and
o”". As a result, solving Eq. (2.11) turns into solving the following two linear
programming models [i.e., Eqs. (2.18) and (2.19)] successively.
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According to Eq. (2.11), the linear programming model in the first level is
constructed as follows:

min{w™}

Yap <o (i=1,2,...,m) (2.18)
s.t.q =1 7

o',®", and " unrestricted in sign,

where z; G = 1,2,...,n), o', ®", and " are decision variables. Solving Eq. (2.18)
by using the simplex method of linear programming, we can easily obtain its
. . x 00 . mx .10 * % «\T
optimal solution (z*, 0", @™, w™), where z* = (z},25, .. .,2}) -
Combining with Eq. (2.11), the linear programming model in the second level is
constructed as follows:

min{w'}
min{w"}

n
aszfga)l (i=1,2,...,m)
J=1

n ) 2.19
Yoapg <o (i=1,2,...,m) (2.19)
S.t.q j=1
ol < o

o < er

o' and " unrestricted in sign,

where @' and " are decision variables.

Analogously, adding the constraints o' < ™ and »" < ™ in Eq. (2.19) aim to
improve o' and o', respectively.

It is easy to see from Eq. (2.19) that the constraints of the variable o' are
independent of those of the variable «”. Therefore, Eq. (2.19) can be decom-
pounded into the linear programming models as follows:
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min{w'}
- 1 ! :
azr <o (i=1,2,....,m
,;1 v ( ) (2.20)
SEQ <
o' unrestricted in sign
and
min{e"}
n
atzt <o i:1727...7m
Jg v ( ) (2.21)
S.t

o <’

o unrestricted in sign.

Solving Egs. (2.20) and (2.21) through using the simplex method of linear
programming, we can easily obtain their solutions »” and ', respectively.

It is not difficult to prove that (z*, ®*) is a Pareto optimal solution of Eq. (2.11),
where @* = (™, ™, ™) is a triangular fuzzy number. Thus, the optimal (or
minimax) mixed strategy z~ and the loss-ceiling &* for the player II can be obtained.

Hence, (y*,z", 0", &)*)T and V* = 0* A @* are a solution and a fuzzy equilibrium
value of the matrix game A with payoffs of triangular fuzzy numbers, respectively.

Example 2.2 Let us consider a simple numerical example which is taken from
Campos [7]. Suppose that the payoff matrix for the player I is given as follows:
~ B B,
A, = & [ (175,180,190) (150,156,158) ,
5, \ (80,90,100) (175,180, 190)

where all elements of the above payoff matrix A, are triangular fuzzy numbers.
According to Eq. (2.14), the linear programming model in the first level can be
constructed as follows:

max{v"}

175y, + 80y, > vf
150y, + 175y, > vl
180y, + 90y, > v™
156y; + 180y, > v™
190y; 4+ 100y, >v"
158y, + 190y, >v"

l)l S " S v"

S.t.

yi+y=1
y120,5%2>0

Ul , "

, and 0" unrestricted in sign.
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Solving the above linear programming model by using the simplex method of linear
programming, we can obtain its optimal solution (y*,v? v v™0), where
y* = (0.7895, 0.2105)T, v = 61.398, v™* = 161.05, and v"° = 163.063.

According to Egs. (2.16) and (2.17), the two linear programming models in the
second level can be constructed as follows:

mx
b

max{v'}
v < 154.9996
v <155.2633
v’ >61.398

v’ unrestricted in sign

and

max{v"}
" <171.0523
v" <164.737
v" >163.063

v" unrestricted in sign,

respectively. It is easy to see that v™* = 154.9996 and v"* = 164.737 are the solu-
tions of the above two linear programming models, respectively.

Therefore, the optimal (or maximin) mixed strategy and the gain-floor for the
player I are y* = (0.7895, 0.2105)T and ?* = (154.9996, 161.05,164.737),
respectively.

Analogously, according to Eq. (2.18), the linear programming model in the first
level can be constructed as follows:

min{®w"}

175z; + 150z, <
80z + 1752 < o'
180z; + 156z, < ™
90z; + 180z, < ™
190z; + 158z < "
100z; + 190z, < "
o' <" <o

S.t.

4+ =1
ZIZOaZZZO

o', ", and " unrestricted in sign.
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Solving the above linear programming model by using the simplex method of
linear programming, we can obtain its optimal solution (z*, »"°, ™, ™), where

7= (O.2105,0.7895)T, o' = 158.8984, o™ = 161.05, and '® = 339.61.
According to Egs. (2.20) and (2.21), the two linear programming models in the
second level can be constructed as follows:

min{w'}
o' >155.2633
o' >154.9997

S.t.
o' < 158.8984
o' unrestricted in sign

and

min{w"}

o >164.737
. " >171.0523

s.t.

" <339.61

" unrestricted in sign,

respectively. It is easy to see that o™ = 155.2633 and o’ = 171.0523 are the
solutions of the above linear programming models, respectively.
Thus, the optimal (or minimax) mixed strategy and the loss-ceiling for the player

II are obtained as z* = (0.2105,0.7895)T and @* = (155.2633,161.05,171.0523),
respectively. Furthermore, we can obtain the fuzzy equilibrium value of the matrix

game A, with payoffs of triangular fuzzy numbers as follows:
V' =" Ad* = (155.2633,161.05,164.737),

which means that the fuzzy value of the matrix game A, with payoffs of triangular
fuzzy numbers is “around 161.05”. In other words, the player I’s minimum reward is
155.2633 while his/her maximum reward is 164.737. He/she could win any inter-
mediate value x between 155.2633 and 164.737 with the possibility py. (x) as follows:

Y 1952633 e 1550633 <x < 161.05
57867

@ 1 if x = 161.05
Hy\X) =3 164.737 —
163737 =% e 161,05 <x < 164.737

3.687
0 else,

depicted as in Fig. 2.6.
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Fig. 2.6 The fuzzy 4
equilibrium value V*

1

My (X)

>
>

O | 1549996 1552633 161.05 164.737 171.0523  x

It is easy to see from Fig. 2.6 that the fuzzy equilibrium value V* is a triangular
fuzzy number.

Campos [7] solved the above matrix game A, with payoffs of triangular fuzzy
numbers by deriving two auxiliary fuzzy linear programming models according to
four different kinds of ranking methods for fuzzy numbers, and obtained its four
fuzzy values and optimal mixed strategies, respectively. The optimal mixed
strategies for both the players provided by Campos [7] are almost the same as that
generated by using the two-level linear programming method proposed in this
section. However, the ranking method for fuzzy numbers needs to be determined a
priori, when the method proposed by Campos [7] is employed to solve the matrix
game A, with payoffs of triangular fuzzy numbers. Obviously, it is difficult for the
players to determine what kind of ranking methods should be chosen. Moreover,
the fuzzy values generated by using the method proposed by Campos [7] closely
depend on some additional parameters which are not easy to be chosen for the
players.

2.5 The Lexicographic Method of Matrix Games
with Payoffs of Triangular Fuzzy Numbers

Let us continue to develop an effective method for solving Egs. (2.10) and (2.11)
stated as in Sect. 2.3.

As stated in Sect. 2.4, the three objective functions ol, v, and V" in Eq. (2.10)
have different priority. Consequently, solving Eq. (2.10) becomes solving the fol-
lowing linear programming problem which consists of the two linear programming
models [i.e., Egs. (2.14) and (2.22)].

Firstly, we solve Eq. (2.14) by using the simplex method of linear programming
and obtain its optimal solution, denoted by (y°, v v v"?), where

T
W=0009 0.
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Then, combining with Eq. (2.10), the bi-objective linear programming model is

constructed as follows:

max{v'}
max{v"}

m

261{;;)’1‘20[ 0:1721"'5’1)
-

m

doagyi>v™ (j=1,2,...,n)
i=1

ay; >o" i=1,2,...,n
,-:21 izt ) (2.22)

st UZ < P S N

120 (i: 1,2,...,m)
v and v" unrestricted in sign,

~

where y; (i = 1,2,...,m), v’, and v" are decision variables.

The objective functions v/ and v in Eq. (2.22) may be regarded as equal
importance, i.e., they have identical weights. Therefore, Eq. (2.22) can be aggre-
gated into the linear programming model as follows:

vl + U}"
max
2

m
2615;;)’1‘20, 0:1727"')n)
i=

m
2a§}’y,~20’”* G=12,...,n)
=

Za;inDr (]: 172,...,71)
=’ (2.23)

st UZ < P S N

120 (i: 1,2,...,m)
v and v" unrestricted in sign.




2.5 The Lexicographic Method of Matrix Games ... 91

Using the simplex method of linear programming, we can obtain the optimal
solution of Eq. (2.23), denoted by (y*, v, v™), where y* = (y},y5, . . .,y*m)T.

It is not difficult to prove that (y*,9*) is a Pareto optimal solution of Eq. (2.10),
where v* = (v*,v™*,0™) is a triangular fuzzy number. Thus, the maximin (or
optimal) mixed strategy y* and the gain-floor i* for the player I can be obtained.

In the similar way, solving Eq. (2.11) turns into solving the following linear
programming problem which consists of Egs. (2.18) and (2.24).

Solving Eq. (2.18) by using the simplex method of linear programming, we can
rO)

T

easily obtain its optimal solution (z°, ", @™, ™), where 2° = (9,29, ...,2%)".
Combining with Eq. (2.16), the bi-objective linear programming model is con-
structed as follows:

min{a'}
min{w"}

= =2 (2.24)

std o <o™ <o

J=1
7 >0 G=1,2,...,n)

o' and o unrestricted in sign,

where z; = 1,2,...,n), o', and " are decision variables.

Analogously, the objective functions o' and " in Eq. (2.24) may be regarded as
equal importance, i.e., they have identical weights. Then, Eq. (2.24) can be
aggregated into the linear programming model as follows:
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(737)
min
2

n
Zagjzjga)l (i=1,2,...,m)
=

n
Yoaiz <™ (i=1,2,...,m)
=1

j
st o' <™ <o
ol < o

o < er
n

>z =1

=

z>0 (i=1,2,...,n)

o' and " unrestricted in sign.

az<o" (i=1,2,...,m)
o i (2.25)

Solving Eq. (2.25) by using the simplex method of linear programming, we can
easily obtain its optimal solution (z*, ", w™), where z* = (z},25, . . .,z;‘l)T.

It is easily proved that (z*, @*) is a Pareto optimal solution of Eq. (2.11), where
@* = (o', ™, ™) is a triangular fuzzy number. Thus, the minimax (or optimal)
mixed strategy z  and the loss-ceiling @* for the player II can be obtained.

From the above discussion, we can summarize the process of the lexicographic
method of matrix games with payoffs of triangular fuzzy numbers as follows.

Step 1: Construct the linear programming model according to Eq. (2.14), and
solve it by using the simplex method of linear programming;

Step 2: Construct the linear programming model according to Eq. (2.23), and
solve it by using the simplex method of linear programming;

Step 3: Construct the linear programming model according to Eq. (2.18), and
solve it by using the simplex method of linear programming;

Step 4: Construct the linear programming model according to Eq. (2.25), and
solve it by using the simplex method of linear programming;

Step 5: Obtain the solution of the matrix game A with payoffs of triangular fuzzy
numbers, stop.

Example 2.3 Let us employ the above lexicographic method to solve the matrix

game A, with payoffs of triangular fuzzy numbers given in Example 2.2. Namely,
the payoff matrix for the player I is given as follows:



2.5 The Lexicographic Method of

Matrix Games ... 93

] B, 2
A, = & ((175,180,190) (150,156, 158)
5> \ (80,90,100) (175,180, 190) )

According to Eq. (2.14), the linear programming model can be constructed as

follows:

max{v"}

S.t.

ol <

l)l

7
,U

175y; + 80y, < v
150y, + 175y, <!
180y; 4+ 90y, <v™
156y; 4+ 180y, <v™
190y; + 100y, <v”
158y + 190y, <v”

" <v"

yit+y=1
y120,3%22>0

", and v unrestricted in sign.

Solving the above linear programming model by using the simplex method of linear

programming, we can obtain i
nents are given as follows:

y* = (0.789,0.211)", v

According to Eq. (2.23), th

follows:
max{

s.t.

ts optimal solution (y°, v, v*,v™%) whose compo-

0 — 61.408, ™ = 161.06, v"* = 163.073.

e linear programming model can be constructed as
! r
[ V)

)

175y, + 80y, > o
150y, + 175y, > !
180y, + 90y, > 161.06
156y, + 180y, > 161.06
190y; + 100y, > v"
158y; 4+ 190y, > v"

' <161.06 <v"

vl >61.408

v >163.073
nt+y=1
120,220

v and v" unrestricted in sign.
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Solving the above linear programming model by using the simplex method of
linear programming, we can obtain its optimal solution (y*,v”,v"™) whose com-
ponents are given as follows:

y* = (0.789,0.211)T, v"* = 154.955, v™* = 164.752.

Therefore, the maximin (or optimal) mixed strategy and the gain-floor for the
player I are obtained as y* = (0.789,0.211)" and 7* = (154.955,161.06, 164.752),
respectively.

Analogously, according to Eq. (2.18), the linear programming model can be
obtained as follows:

min{w™}

175z + 150z, < o
80z, + 1752 < o'
180z 4+ 156z, < ™
90z, + 180z, < w™
190z; + 158z <"
100z; + 190z, < "

(,l)l < o™ < "

S.t.

a+n=1
ZIZ()?ZZZO

o', ", and " unrestricted in sign.

Solving the above linear programming model by using the simplex method of
linear programming, we can obtain its optimal solution (z°, w® @™ ™) whose
components are given as follows:

2% = (0.211,0.789)", 0" = 158.908, ™ = 161.06, v = 339.62.

According to Eq. (2.25), the linear programming model can be obtained as
follows:
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. {w’—i—w’}
min
2

175z; + 150z, < o
80z; + 1752 < o'
180z; + 156z, < 161.06
90z; + 180z, < 161.06
190z; + 158z < "
100z; + 190z, < "

' <161.06 <"
! <158.908

" <339.62
zu+zn=1
2120,22>0

o' and " unrestricted in sign.

S.t.

Solving the above linear programming model by using the simplex method of
linear programming, we can obtain its optimal solution (z*, ™, »"*) whose com-
ponents are given as follows:

75 = (0.211,0.789)", " = 155.275, 0™ = 171.01.

Thus, the minimax (or optimal) mixed strategy and the loss-ceiling for the player
II are obtained as z* = (0.211,0.789)T and @* = (155.275,161.06,171.01),
respectively.

Furthermore, the fuzzy equilibrium value of the matrix game A, with payoffs of
triangular fuzzy numbers can be obtained as follows:

V=" A@" = (155.275,161.06, 164.752),

which means that the fuzzy value of the matrix game A, with payoffs of triangular
fuzzy numbers is “around 161.06”. In other words, the player I’s minimum reward is
155.275 while his/her maximum reward is 164.752. He/she could win any inter-
mediate value x between 155.275 and 164.752 with the possibility . (x) as follows:

X 155275 155975 < 1< 161.06
5785
o) if x = 161.06
v\ =9 164752 — x
202X 161, < 164.
ooy i 161.06<x< 164752
else,

depicted as in Fig. 2.7.
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Fig. 2.7 The fuzzy 4
equilibrium value V* 1
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2.6 Alfa-Cut-Based Primal-Dual Linear Programming
Models of Matrix Games with Payoffs of Triangular
Fuzzy Numbers

We firstly discuss a simple example of matrix games with payoffs of triangular
fuzzy numbers.

Example 2.4 Let us consider a specific matrix game A° with payoffs of triangular
fuzzy numbers in which the player I’s payoff matrix is given as follows:

B i3 Bs Ba
s [ (8,85,10) (5,7.8)  (14,16,18)  (5,7.8)
— & | (14,16,18) (35,4,5) (=5,-3,—-1) (2,3,35)
53 (11,12, 14) (53 38) (879711) (57778)
8¢ \(=5,-3,-2) (=1,0,2) (20,21,25) (33,4,5)

By intuition observation or using the ranking relation of triangular fuzzy num-
bers and in the same way to crisp matrix games, it is easy to see from the
minimax/maximin criteria [4, 26] that there are four pure strategy saddle points
(31, B2), (81, B4)» (33, B), (93, B) Tor (1, 2), (1, 4), (3, 2), (3, 4)] and the matrix
game A° with payoffs of triangular fuzzy numbers has a fuzzy value V° = (5,7,8),
which is also a triangular fuzzy number. The fuzzy value means that the player I
wins (5, 7, 8) whereas the player II loses (5, 7, 8) [or II wins —V0 = (—8,-7,-5)]
when I and II use the optimal pure strategies d; (or d3) and f3, (or f3,), respectively.

Unfortunately, in general, it is not always sure that there are pure strategy saddle
points in matrix games with payoffs of triangular fuzzy numbers. Therefore, in the
same way to crisp matrix games, we need to consider the players’ mixed strategies
y and z as stated in Sect. 1.2 or Sect. 2.3. Thus, stated as in Sect. 2.3.2, the player I’s
gain-floor © = (v/, 0™ v") and the player II's loss-ceiling @ = (o', ®™, @") are tri-
angular fuzzy numbers. Moreover, it is always sure that v <@ according to
Theorem 2.2.

In a similar way to Definition of the value of crisp matrix games [26], if D
then their common value is called the fuzzy value of the matrix game A with
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payoffs of triangular fuzzy numbers, i.e., V =0 = @&. In other words, the matrix
game A with payoffs of triangular fuzzy numbers has a fuzzy value V. Obviously, V
is a triangular fuzzy number also, denoted by V = (V!, V" V").

2.6.1 Interval-Valued Matrix Games Based on Alfa-Cut Sets
of Triangular Fuzzy Numbers

Stated as earlier, for any a€[0, 1], a-cut sets of the triangular fuzzy numbers a; =

(aﬁj, ag.’,afj) are intervals, which are easily obtained by using Eq. (2.4) as follows:

aij(o) = [afj(a),ag(oc)] = [oa + (1 - oc)aﬁj, aay + (1 — o)a]. (2.26)

Let us consider an interval-valued matrix game A(oc) with the payoff matrix
A(2) = (a5(2)),,.,» Whose elements &;(o) are the intervals given by Eq. (2.26).
a;;(o) represents the interval-valued payoff of the player I when the players I and II
use the pure strategies 6; €Sy and f3; € S,, respectively. Naturally, the player 1Is
payoff is the interval —a;(a) = [~aj(x), —aj(«)] according to the arithmetic
operations over intervals in Sect. 1.3.1.

Taking any value a;;(a) in the interval-valued payoffs a;(«) = [af}(oc), ag(a)], we
consider a (crisp) matrix game A (o) with the payoff matrix A (o) = (a;()),,x,,- It is
easy to from Egs. (1.3) and (1.4) that the player I’s gain-floor v(«) in the matrix
game A (a) is closely related to all a;;(«). That is to say, v(a) is a function of a;;(«)
in the interval-valued payoffs a;(o), denoted by v(o) = v((a;(«))). Similarly, the
optimal mixed strategy y* (o) for the player I is a function of all a;;(«) also, denoted
by y* (o) = y* ((a;(a))).

In the same way to the above analysis, it is easy to see from Eqgs. (1.6) and (1.7)
that the loss-ceiling p(a) and corresponding optimal mixed strategy z*(o) for the
player II in the matrix game A (o) are functions of all a;(o) in the interval-valued
payoffs a;(a), denoted by u(a) = w((a;())) and z*(o) = z*((a;(2))).

According to Egs. (1.3) and (1.4), we can easily prove that the player I’s
gain-floor v((a;())) in the matrix game A(«) is a non-decreasing function of all
a;j(2) in the interval-valued payoffs a;(«). In fact, for any a;(e) and aj;(«) in the

interval-valued payoffs a;(a), if a;;(2) <aj;(2), then

m m
> viay(®) < D vidly(=)
i=1 i=1

duetoy;>0(@{=1,2,...,m)and Y -, y; = 1, where y is any mixed strategy of the
player 1. Hence, we have
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m m
i (1 < i .
lrglgn{Zyzay(oc)} < lrglgn{ lyzal,(oc)},

i=1 i=

which directly infers that

m m
. . ,
max min E ia;i(0) » < max min E i (o
yevy 1<j<n{l,l yiei( )} yevy 1<j<n{l,l vidi(@) 0
ie.,

v((a(2))) < v((aj(«))),

where A’ () = (@;(e1)) 5, is the payoff matrix of the player I in the matrix game
Al ().

According to the minimax theorem of matrix games [4, 26], the matrix game
A(a) has a value, denoted by V(o) = V((a;())). Obviously, V(«) = v(a) = p(a).
From the above discussion, V((a;(«))) is a non-decreasing function of all a;(«) in
the interval-valued payoffs a;(a).

Stated as earlier, the value of the interval-valued matrix game A («) is an interval.
The upper bound V& (o) of the player I’s gain-floor in the interval-valued matrix game
A(2) and corresponding optimal mixed strategy y**(a) are v& (o)) = v¥((a(2))) and
y* = y®((af(2))), respectively. According to Eq. (1.5), (v*(x),y*(«)) is an
optimal solution to the linear programming model as follows:

max{v®(«)}
S (@i @) 20k (@) (=12, .n)
i=1
" 2.27

st St =1 227)
W@)>0 (i=1,2,...,m)
vR (o) unrestricted in sign,

where yR(a) (i =1,2,...,m) and vf(a) are decision variables.
Without loss of generality [26], assume that v®(x) > 0. Let
R
@y =5 1o m). 2.28
i (OC) !)R(OC) (l it} 7m) ( )

Then, x8(2) >0 (i=1,2,...,m) and
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1
(o)

) -

1

(2.29)

m
i=

Combining with Eq. (2.26), Eq. (2.27) can be transformed into the linear pro-
gramming model as follows:

min{iff(oc) }
i=1

" (2.30)
. > led + (1 —o)aj]xf(a) > 1 (j=1,2,...,n)

xR(x) >0 (i=1,2,...,m),

where xf (o) (i =1,2,...,m) are decision variables.

Solving Eq. (2.30) by using the simplex method of linear programming, we can
obtain its optimal solution, denoted by x®*(at) = (xf* (), x%* (), ..., xR (a))".
According to Egs. (2.28) and (2.29), the upper bound ¥ (o) and the optimal mixed
strategy y** (o) = (Y®* (a), y¥* (), . . ., y®*(«))" can be obtained, respectively, where

(2.31)

and
V() = R (@) (2) (i=1,2,...,m). (2.32)

Analogously, the lower bound vE(x) of the player I's gain-floor in the
interval-valued matrix game A () and corresponding optimal mixed strategy y=* (o)
are v (o) = v*((aj(2))) and y** = y™*((aj(«))), respectively. Then, according to
Eq. (1.5), (v£(«),y"*()) is an optimal solution to the linear programming model as
follows:

max{v"(x)}

;nlafj(oc)yf(oc)ZUL(oc) G=1,2,....n)

1

m 2.33
std Sk =1 (2.33)
i=1

Vi) >0 (i=1,2,...,m)

vl (o) unrestricted in sign,

where y5(o) (i =1,2,...,m) and v’(x) are decision variables.
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Without loss of generality [26], assume that vX(a) > 0. Let

i (o) V() (i=1,2,...,m). (2.34)
Then, x*(a) >0 (i = 1,2,...,m) and
S ) = (2.35)
. vl (o)

Combining with Eq. (2.26), Eq. (2.33) can be transformed into the linear pro-
gramming model as follows:

)

m

Ms

(2.36)
> o + (1 = w)ajlxi(0) =1 (j=1,2,...,n)

xL()>O (i=1,2,...,m),

1

w1
—
—_

where xt (o) (i =1,2,...,m) are decision variables.

Solving Eq. (2.36) by using the simplex method of linear programming, we can
obtain its optimal solution, denoted by x*(a) = (x1*(at), x5*(0), . .., x5 (a))".
According to Egs. (2.34) and (2.35), the lower bound vL(oc) and the optimal mixed
strategy y&* (o)) = (V5 (2), ¥5* (@), . . ., ¥5*(2))" can be obtained, respectively, where

. 1
S v 237

and
v (o) = vE()x (o) (i=1,2,...,m). (2.38)

Thus, the lower bound vE(e) and upper bound vX(«) and corresponding optimal
mixed strategies can be obtained. Hence, the player I’s gain-floor in the
interval-valued matrix game A (o) is obtained as an interval v(c) = [vE(a), VR ()],
which is a a-cut set of D, i.e., ¥(a) = 0(x).

In the same analysis, the upper bound u® () of the player II’s loss-ceiling in the
interval-valued matrix game A (o) and corresponding optimal mixed strategy z* ()
are (*(a) = o®((afi(2))) and z*(x) = 2" ((a}(«))), respectively. According to
Eq. (1.8), (u®(x),z® («)) is an optimal solution to the linear programming model as
follows:
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s.t. izR(oc) =1 (2.39)

®® (o) unrestricted in sign,

where @ («) and zf(x) (j = 1,2,...,n) are decision variables.
Without loss of generality [26], assume that w®(«) > 0. Let

(i=12,...n), (2.40)

thus, we have

() = ) (2.41)

=1

Combining with Eq. (2.26), Eq. (2.39) can be converted into the linear pro-
gramming model as follows:

max{i t]R(ot)}
=1

n 2.42
o] + (1 = a)af]f(0) <1 (i=1,2,...,m) (242)

s.t.{ j=1
R LR
6(“)20 (]—1,2,...,”),

where tf(oc) (G=1,2,...,n) are decision variables.

Solving Eq. (2.42) by using the simplex method of linear programming, we can
obtain its optimal solution, denoted by £&*(a) = (/& («), & (1), ..., 1% (a))".
According to Egs. (2.40) and (2.41), the upper bound uf () and the optimal mixed
strategy 78 () = (2% (), 28*(a), . . ., 28 (@))" can be obtained, respectively, where

1

S VAT C)

(2.43)

and

sz*(oc) = 1R () (2) (j=1,2,...,n). (2.44)
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Analogously, the lower bound pl(ax) of the player II's loss-ceiling in the
interval-valued matrix game A (c) and corresponding optimal mixed strategy z** (o)
are p" (o) = o"((af())) and 2" (o) = 2" ((ajj(«))), respectively. Then, according
to Eq. (1.8), (uX(),z"*(«)) is an optimal solution to the linear programming model
as follows:

min{ " ()}
gaf;(oc)sz(oc) <ol@) (i=1,2,...,m)

s.t. isz(a) =1 (2.45)

J=1

@)>0 (j=1,2,....n)

o’ (o) unrestricted in sign,

where w"() and zj(2) (j = 1,2,...,n) are decision variables.
Without loss of generality [26], assume that w” () > 0. Let

to) =" (j=1,2,...,n), (2.46)

then

0 =

=1

(2.47)

Combining with Eq. (2.26), Eq. (2.45) can be converted into the linear pro-
gramming model as follows:

n (2.48)

oaf + (1 — Waglef(0) <1 (i=1,2,...,m)

1
Ao)>0  (j=1,2,...n),

where tll‘(oc) (j=1,2,...,n) are decision variables.
Solving Eq. (2.48) by using the simplex method of linear programming, we can
obtain its optimal solution, denoted by *(a) = (£ (), 2k (a), . . ., 14 (a))".

According to Egs. (2.46) and (2.47), the lower bound u* () and the optimal mixed
strategy 72 (o) = (24 (a0), 25" (), . . ., 25" (@))" can be obtained, respectively, where
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") == (2.49)
HAS =5 '

and
() = ph () () (j=1,2,...,n). (2.50)

Thus, the lower bound () and upper bound u® () and corresponding optimal
mixed strategies for the player II can be obtained. Hereby, the player II's
loss-ceiling in the interval-valued matrix game A (o) is obtained as an interval
(o) = [ub (o), uR ()], which is a a-cut set of @, i.e., ji(2) = @(a).

It is easy to see that Eqs. (2.30) and (2.42) are a pair of primal-dual linear
programming models. Therefore, the minimum of > | xX(a) (i.e., the maximum of
vf(a)) is equal to the maximum of Y 7, 7f(«) (i.e., the minimum of " («)) by the
duality theorem of linear programming, i.e.,

() = i ().

In the same way, Eqs. (2.36) and (2.48) are a pair of primal-dual linear pro-
gramming models. Hence, we have

Vi (2) = ().

Therefore, the player I's gain-floor v(2) = [v*(«),v®()] is equal to the player
II’s loss-ceiling fi(2) = [pl (o), uR ()], ie., v(o) = fi(e). Namely, the players’
gain-floor and loss-ceiling have a common interval-type value. According to
Definition of the value of matrix games [26], the interval-valued matrix game A (o)
has an interval-type value, denoted by the interval V(o) = [VE(a), VE()], where
V(a) = ¥(at) = ji(er). Essentially, V() is a a-cut set of V of the matrix game A with
payoffs of triangular fuzzy numbers. Noticing the fact that V(o) = 0() = @(«) for
any o € [0,1]. According to the concept of a-cuts and the representation theorem
for fuzzy sets [5], we directly have V = b = @, which infers that the player I’s
gain-floor 0 is equal to the player II’s loss-ceiling  (or the players’ gain-floor and
loss-ceiling have a common value) and hereby the matrix game A with payoffs of

triangular fuzzy numbers has the fuzzy value V, which is also a triangular fuzzy
number as stated in Sect. 2.2.

Example 2.5 Let us again consider the matrix game A° with payoffs of triangular
fuzzy numbers, which is given in Example 2.4.

For any o € [0, 1], we can obtain the interval-valued matrix game A°(«) whose
interval-valued payoff matrix is given as follows:
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By B Bs Ba
o1 /[8+0.50,10 — 1.5¢]  [5+20,8 — ¢ (14 4 2a, 18 — 24 [5+20,8— 0]
A'@)= 6 | [14420,18—24] [3.54050,5—a] [-5+20,—1—22] [242,3.5—0.50
03 11+, 14 —20] [5+20,8 —d [8+a, 11 — 24 [5+20,8—0]
04 [-5+20,—1 —2d] [—140,2 -4 20+a,25 —4a]  [3.5+40.52,5—0]

According to the minimax/maximin criteria and the ranking methods of inter-
vals, it is easy to see that the players’ gain-floor and loss-ceiling have a common
interval-type value, i.e., () = p°(a) = [5+4 20, 8 — «]. Therefore, there are still
the four pure strategy saddle points (01, f5,), (61, B4), (93, B), (03, B4) [or (1, 2),
(1, 4), (3, 2), (3, 4)] and the interval-valued matrix game ;10(0() has an interval-type
value VO(a) =[5+ 20,8 — o]. Noticing that o € [0,1] is arbitrary. Hence, the
player I’s gain-floor in the aforementioned matrix game A° with payoffs of trian-
gular fuzzy numbers is equal to the player II’s loss-ceiling, i.e., ?° = @° = (5,7, 8).
Thus, the matrix game A° with payoffs of triangular fuzzy numbers has a fuzzy
value V° at the pure strategy saddle points (51, f,), (1, B4), (93, B2), and (3, Ba),
where V0 = i® = @° = (5,7,8). Obviously, these results are the same as those
obtained in Example 2.4.

Likewise, for the aforementioned interval-valued matrix game Zlo(oz), according
to Egs. (2.30), (2.36), (2.42), and (2.48), we can easily obtain the player I's
gain-floor ¥°(a)) = [5+ 2, 8 — ] and optimal mixed strategy y* = (0.5,0,0.5,0)"
as well as the player II's loss-ceiling fi®(a) =[5+ 20,8 — & and optimal mixed
strategy z* = (0,0.5,0,0.5)". Then, the interval-valued matrix game A°(«) has an
interval-type value V°(a), where V°(a) = #°(a) = fi°(). Hereby, the matrix game
A" with payoffs of triangular fuzzy numbers has the fuzzy value V° = (5,7,8) and
corresponding optimal mixed strategies for the players I and II are y* =
(0.5,0,0.5 0) and z* =(0,0.5,0,0.5)", respectively, where
VO =" =@ = (5,7,8).

Example 2.6 Let us use the proposed method in this section to solve the specific

matrix game A, with payoffs of triangular fuzzy numbers given in Example 2.2.

The payoff matrix of the player I is A, given as in Example 2.2 and the pure and
mixed strategies of the players I and II are crisp.

According to Egs. (2.30) and (2.42), the linear programming models are con-
structed as follows:

min{o () + ()

(1800 + 190(1 — o)]xR (o) + [900 + 100(1 — )] (o) >
s.6.4 [1560+ 158(1 — a)| (a) + [180z + 190(1 a)]xg(a)>1
e (o) 2 0,65 () = 0

o
o
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Table 2.1 Upper and lower bounds of interval-type values of the interval-valued matrix games
and the players’ optimal strategies

o 0 0.1 0.2 0.3
VR (o) 166.3934 165.8317 165.2757 164.7257
(R (a), y&* (ar)) T (0.7377, (0.7426, (0.7475, (0.7525,
0.2623) 0.2574) 0.2525) 0.2475)
(R (e), 2R ()T (0.2623, (0.2574, (0.2525, (0.2475,
0.7377) 0.7426) 0.7475) 0.7525)
VL(oc) 155.2083 155.7927 156.3771 156.9615
(O (), yE* (o))" (0.7917, (0.7915, 0.7912, (0.7910,
0.2083) 0.2085) 0.2088) 0.2090)
(25 (o), 2+ ()" (0.2083, (0.2085, (0.2088, (0.2090,
0.7917) 0.7915) 0.7912) 0.7910)
V() = [VE(), VR(@)] | [155.2083, [155.7927, [156.3771, [156.9615,
166.3934] 165.8317] 165.2757] 164.7257]
o 0.4 0.5 0.6 0.7
VR(oz) 164.1818 163.6441 163.1126 162.5876
(R (@), y&* (o))" (0.7576, (0.7627, (0.7679, (0.7732,
0.2424) 0.2373) 0.2321) 0.2268)
(8 (o), 22 (o))" (0.2424, (0.2373, (0.2321, (0.2268,
0.7576) 0.7627) 0.7679) 0.7732)
VL(oc) 157.5459 158.1303 158.7148 159.2992
(0 (o), ¥ (@) (0.7908, (0.7906, (0.7904, (0.7902,
0.2092) 0.2094) 0.2096) 0.2098)
(2 (@), 2% (o)) (0.2092, (0.2094, (0.209, (0.2098,
0.7908) 0.7906) 0.7904) 0.7902)
V() = [VE(), VR()] | [157.5459, [158.1303, [158.7148, [159.2992,
164.1818] 163.6441] 163.1126] 162.5876]
o 0.8 0.9 1.0
VR (o) 162.0692 161.5575 161.0526
(yf*(a%yl;*(a)f (0.7785, (0.7840, (0.7895,
0.2215) 0.2160) 0.2105)
(2 (), 22 ()" (0.2215, (0.2160, (02105,
0.7785) 0.7840) 0.7895)
VE(a) 159.8837 160.4682 161.0526
(yf*(oc),yg*(ac))T (0.7899, (0.7897, (0.7895,
0.2101) 0.2103) 0.2105)
(2 (@), 25 (o)) (0.2101, (02103, (02105,
0.7899) 0.7897) 0.7895)
V() = [VE(a), VR(w)] | [159.8837, [160.4682, 161.0526
162.0692] 161.5575]
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and

max {1}’ () + 15 () }
[1800+ 190(1 — o)]eR (cr) + [1560 + 158(1 — )] R (o )<:1
$.6.4 [900+ 100(1 — o0)]eR () + [1800 + 190(1 — o)) R (1) <
R(2) > 0,8(x) 20,

where x8 (), x¥ (o), R (), and 5 (o) are decision variables.

For some given special values of a € [0, 1], solving the above two linear pro-
gramming models by using the simplex method of linear programming, we can
obtain their optimal solutions x®*(c) = (x®*(a), & ()" and £ (2) = (& (),
t§*(ot))T, respectively. Combining with Egs. (2.31), (2.32), (2.43), and (2.44), we
obtain the upper bounds of the interval-type values of the interval-valued matrix
games and corresponding optimal strategies for the players I and II, depicted as in
Table 2.1.

Analogously, according to (2.36) and (2.48), the linear programming models are
constructed as follows:

min{x (o) +x3 (o)}
(1800 + 175(1 — o) ]xf (o) 4 [900t + 80(1 — )] (o) > 1
s.0.4 15604+ 150(1 — )] () -+ [1800 4 175(1 — e)}ek(a0) > 1
xf() > 0,25 () >0

and

max{ry () + 15 ()}
1800+ 175(1 — a0)] (o) + [1560 + 150(1 — 1))k (o) < 1
s.t.¢ [90a +80(1 — ar)]r (o) + [1800 4 175(1 — )] (o) < 1
() 2 0,k(2) >0,

where xi(a), x5 (), t4(a), and #5(a) are decision variables.

For the given special values of « € [0, 1], solving the above linear programming
models by using the simplex method of linear programming, we can obtain their
optimal ~ solutions  x* () = (x/*(a), x5* ()" and (o) = (¥ (), 25" ()",
respectively. Combining with Egs. (2.37), (2.38), (2.49), and (2.50), we obtain the
lower bounds of the interval-type values of the interval-valued matrix games and
corresponding optimal strategies for the players I and II, depicted as in Table 2.1.

For o = 1, it is easy to see from Table 2.1 that the value of the interval-valued
matrix game is \7(1) = 161.0526 when the player I employs the optimal strategy

(0.7895,0.2105)" and the player IT employs the optimal strategy (0.2105,0.7895)",



2.6 Alfa-Cut-Based Primal-Dual Linear Programming ... 107

respectively. It is noticed that the upper and lower bounds of the interval-type value
of the interval-valued matrix game are identical, i.e., V(1) = VE(1) = 161.0526.
Namely, the interval-type value \7( 1) degenerates to the real number 161.0526.
Moreover, the player I’s optimal strategies y®* (1) = (y®*(1),y%*(1))" and y**(1) =
(2 (1),y5*(1))" are identical, i.e., y®*(1) =y (1) = (0.7895,0.2105)". The
player II's optimal strategies z%*(1) = (Z8*(1),2%(1))" and z"(1) =
(2(1),25*(1))" are identical, i.e., 2%*(1) = z*(1) = (0.2105,0.7895)".

In the same way, for o = 0, it is easy to see from Table 2.1 that the value of the
interval-valued matrix game is the interval V(0) = [155.2083,166.3934]. The
player I wins (i.e., the player II loses) the upper bound VZ(0) = 166.3934 of the
value V(0) when the player I employs the optimal strategy y**(0) =
(0.7377,0.2623)" and the player II employs the optimal strategy
Z%(0) = (0.2623,0.7377)", respectively. The player I wins (i.e., the player II
loses) the lower bound VZ(0) = 155.2083 of the value V(0) when the player I
employs the optimal strategy y**(0) = (0.7917,0.2083)" and the player II employs
the optimal strategy z-*(0) = (0.2083,0.7917)", respectively.

For o = 0.6, it is easy to see from Table 2.1 that the value of the interval-valued
matrix game is the interval V(0.6) = [158.7158, 163.1126]. The player I wins (i.e.,
the player II loses) the upper bound VX(0.6) = 163.1126 of the value V(0.6) when
the player II employs the optimal strategy y**(0.6) = (0.7679,0.2321)" and the
player II employs the optimal strategy z%*(0.6) = (0.2321,0.7679)", respectively.
Likewise, the player I wins (i.e., the player II loses) the lower bound V£(0.6) =
158.7148 of the value V(0.6) when the player I employs the optimal strategy
y£(0.6) = (0.7904,0.2096)" and the player II employs the optimal strategy
7(0.6) = (0.2096,0.7904)", respectively. The obtained results in Table 2.1 for
the other values o € [0, 1] are similarly explained.

2.6.2 Linear Programming Method of Matrix Games
with Payoffs of Triangular Fuzzy Numbers

Usually, computing fuzzy values of matrix games with payoffs of triangular fuzzy
numbers is not easier than that in Example 2.5. In the sequent, we focus on
developing an effective and a simple method which can explicitly and quickly
compute fuzzy values of matrix games A with payoffs of triangular fuzzy numbers.

For o = 1, according to Eqgs. (2.30) and (2.48), the linear programming models
are constructed as follows:
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" . (2.51)

and

(2.52)

where xf(1) and #7(1) (i = 1,2,...,m; j = 1,2,...,n) are decision variables.
Obviously, Eqgs. (2.51) and (2.52) are a pair of primal-dual linear programming
models. Then, the minimum of Y ", x¥(1) (i.e., the maximum of v?(1)) is equal to
the maximum of 37 | #£(1) (i.e., the minimum of (1)) by the duality theorem of
linear programming [26], i.e., V¥ (1) = ut(1).
Analogously, for « = 1, according to Egs. (2.36) and (2.42), the linear pro-
gramming models are constructed as follows:

. . (2.53)

and

(2.54)

where x*(1) and tf(l) (i=1,2,...,m;j=1,2,...,n) are decision variables.
Obviously, Egs. (2.53) and (2.54) are a pair of primal-dual linear programming
models. According to the duality theorem of linear programming, we have
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vE(1) = pR(1). Combining with the above discussion, it directly follows that
vE(1) =R (1) = pb(1) = pR(1). Thus, (1), vR(1)] = [uE(1), uR(1)] degenerates
to a real number. Hence, VZ(1) = VR(1) = v*(1), i.e., V(1) is a real number. It is
derived from the notation of the triangular fuzzy number V = (V/, V" V") that
V™ = VE(1) = VR(1). Namely, the mean of the fuzzy value V can be directly
obtained by solving one of Eqgs. (2.51)-(2.54).

In the same way, for o = 0, according to Egs. (2.30) and (2.42), the linear
programming models are constructed as follows:

min{zm:xf(o)}

1

m (2.55)
Sapk0) =1 (=12...n)

S.t.q i=1
*0)>0 (i=1,2,...,m)

and

max{ rjR(O)}
j=1
" (2.56)
Yapf(0) <1 (i=1,2,...,m)

s.t.< j=

R P
1 0)>0 (j=1,2,...,n),
which infer that vR(0) = u&(0).
Analogously, according to Eqgs. (2.36) and (2.48), the linear programming
models are constructed as follows:

(2.57)
oz =12
s.t.< i=1
sz(O)ZO (1_1727 7m)
and
max{ y th(O)}
=1
(2.58)
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which infer that v£(0) = u(0).

It is easily derived from the above discussion that V(0) = #(0) = f(0).
According to the notation of the triangular fuzzy number V = (V! V" V"), it
follows that V! = VE£(0) = v£(0) and V" = VE(0) = v*(0), which mean that the
lower and upper bounds of the fuzzy value V can be directly obtained by solving
either Egs. (2.55) and (2.57) or Egs. (2.56) and (2.58). Obviously,
V(0) = [VH(0), VE(0)] = [V', V7],

Thus, according to Eq. (2.4), any a-cut set of the fuzzy value V of the matrix
game A with payoffs of triangular fuzzy numbers can be obtained as

[VE(a), VR(0)] = [aV™ + (1 — ) V!, aV™ 4 (1 — ) V"].

Hereby, according to Eq. (2.5) or the representation theorem for the fuzzy set [5],
the fuzzy value V can be expressed as

U {a® V(x) U {o@ [aV"+ (1 — o)V, aV" + (1 — a)V']},

ael0,1] a€l0,1]

which means that V can be explicitly obtained by using both its 1-cut set and O-cut
set of fuzzy payoffs.

2.6.3 Computational Analysis of a Real Example

Let us continue to consider the specific matrix game A, with payoffs of triangular
fuzzy numbers given in Example 2.2. The players’ pure and mixed strategies are

crisp and the player I’ payoff matrix is A, as stated in Example 2.2.

1. Computational results obtained by the proposed Alfa-cut-based primal-dual
linear programming method

Using Eq. (2.51), the linear programming model is constructed as follows:

mm{x’*( )+ (1)}
80xR (1) +90x5(1) >
s.t.¢ 156xR ()+180xR()
xf(1) >0, x5(1) >0,

where x¥(1) and x5(1) are decision variables. Solving the above linear program-
ming model by using the simplex method of linear programming, we obtain its

optimal solution x®*(1) = (x®*(1),x8(1))", where
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1 1
X (1) = ==~ 0.0049, x5*(1) = — ~ 0.0013.

According to Egs. (2.31) and (2.32), we obtain V" and corresponding optimal
mixed strategy y**(1) = (y®*(1),y%*(1))" for the player I, where

1 52020
V=Vl =—— = ~ 161.0526,
50 T 7z 323

B 52020 I 255
~ 323 “204 323

YR (1) ~ 0.7895

and

52020 1 68
Rx

_2200 L 08 0210s.
2 (D=3 %565 =333

Analogously, according to Eq. (2.55), the linear programming model is con-
structed as follows:

min{x{'(0) +3(0)}
190x%(0) + 100x5(0) > 1

s.t.{ 158x%(0) +190x5(0) > 1

xR(0)>0, x£(0) >0,

where x%(0) and x%(0) are decision variables. Solving the above linear program-

ming model, we obtain its optimal solution x®*(0) = (x%*(0), x8*(0))", where

9 8
4 (0) = 5030~ 0.0044, x5(0) = 075 ™ 0.0016.

According to Egs. (2.31) and (2.32), we obtain V" and corresponding optimal
mixed strategy y&*(0) = (y&*(0),y&*(0))" for the player I, where
1 2060450

V" =R0) = 5 5 = 1353 ~ 166.3934,

2030 5075
2060450 9 9135
Re(0) = ~ 0.7377
() 12383 2030 12383 0.73

and

Re /oy 2060450 8 3248

= ~ 0.2623.
¥ (0) 12383 5075 12383
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According to Eq. (2.57), the linear programming model is constructed as
follows:

where x{(0) and x%(0) are decision variables. Solving the above linear program-
ming model, we obtain its optimal solution x**(0) = (x}*(0), x5*(0))", where
xE*(0) = 1 <0001 x5 (0) = L <0003
YV s T 2 N s T
According to Egs. (2.37) and (2.38), we obtain V! and the optimal mixed
strategy y©*(0) = (y+*(0), y5*(0))" for the player I, where

1 3725
19 1 24

3725 745

3725 19 19
yL* =——X——=—=0.
! ©) 24 x 3725 24 0.7917

Vi =L (0) = ~ 155.2083,

and

3725 15
20) = == X o = —— ~ 0.2083.
¥ (0) = 24 a5~ 24~ 02083

Therefore, the fuzzy value of the matrix game A, with payoffs of triangular
fuzzy numbers can be directly obtained as
V= (VI vm V") = (155.2083,161.0526, 166.3934), whose membership func-
tion is given as follows:

x — 155.2083

i . < .
5 8443 if 155.2083 <x<161.0526

if x =161.0526

pip- (x) = -
1663933 =X 4t 161.0526 <x < 166.3934

5.3408
0 else,

depicted as in Fig. 2.8.
2. Computational results obtained by other methods and analysis

The above numerical example was solved by the two-level linear programming
method proposed in Sect. 2.4 and the lexicographic method proposed in Sect. 2.5.
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Fig. 2.8 The fuzzy value V'* 4
1

Hye (x)

o 155.2083 161.0526 166.3934 X

In this subsection, this matrix game A, with payoffs of triangular fuzzy numbers is
solved by other methods [7, 14]. The computational results are analyzed and
compared to show the validity, applicability, and superiority of the proposed
method in this Section.

(2a) Computational results obtained by Campos’ method

Taking the players’ gain-floor and loss-ceiling as crisp values, following a
similar way to crisp matrix games [4, 26], i.e., according to Egs. (2.8) and (2.9),
using a suitable defuzzification (i.e., linear ranking) function of fuzzy numbers,
Campos [7] constructed the auxiliary linear programming models as follows:

2.59
) (2.59)

n 2.60
;(aﬁj—ka?—ka{j)vfﬁ.’)—l—(l -0)(g+q"+q) (i=1,2,....,m) (2.60)

V>0 (j=1,2,...,n),

w2
—
~

where / € [0,1] and 7 € [0, 1], p; = (pl, p", p}) and q; = (q}, ", q}) are triangular
fuzzy numbers, and

u€ ==L (i=1,2,...,m) (2.61)
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and
€
vf:ﬁ (j=1,2,...,n) (2.62)

are decision variables.

For the aforementioned matrix game A, with payoffs of triangular fuzzy num-
bers, according to Eqgs. (2.59) and (2.60), the linear programming models are
constructed as follows:

min{u +uS'}
545u€ +270uS >3 — 0.29(1 — 2)
s.t.{ 464u€ +545u5 >3 — 0.29(1 — )
ulc >0, ug >0

and

max{v$ +v§}
545v¢ +464v§ <340.46(1 — 1)
s.t.{ 270V + 54505 <3 +0.46(1 — 1)
VIC >0, vzc >0,

where p; = p, = (0.08,0.10,0.11) and ¢, = g, = (0.14,0.15,0.17) are taken
from Campos [7].

Solving the above linear programming models by using the simplex method of
linear programming, and combining with Egs. (2.61) and (2.62), we obtain the
player I's gain-floor and the player II” loss-ceiling and their optimal mixed strate-
gies as follows:

C) = 171745 . 160.8099
7T 356[3—-0.29(1 —4)] 1 —0.0967(1 — 1)’
275 81
*C _+xC\T T T
= (=, 2" ~ (0.7725,0.227
(yl 7y2 ) (356’356) ( ) 5) )

B 171745 . 160.8099
T 356[3+0.46(1 —1)]  1+0.1533(1 — 1)

w*C(T)

and

(€ *C)T — (ﬁ 275
356’356

3% )"~ (0.2275,0.7725)",
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respectively. Obviously, v*¢(1) > w*“(t). Moreover, ®*“(t) is an increasing
function of t € [0, 1] whereas v*©(2) is a decreasing function of 4 € [0, 1]. It easily
follows that v*¢(1) = w*¢(1) = 160.8099 when 4 =t = 1. Thus, Campos [7]
argued that the matrix game A, with payoffs of triangular fuzzy numbers has the
fuzzy value “close to 160.8099”.

(2b) Computational results obtained by Bector et al.’s method

Taking the players’ gain-floor and loss-ceiling as fuzzy numbers, using a suitable
defuzzification function F, according to Egs. (2.8) and (2.9) and the concept of
double fuzzy constraints [7], Bector et al. [14] (with reference to [12, 13]) suggested
the mathematical programming models for the players I and II as follows:

max{F(7*)}
> Fag)y! 2F() — (1= )F(p;) (=12,...,n)
= (2.63)
S.t.¢ &
>y =1
i=1
V>0 (i=1,2,...,m)
and
min{F (")}
> Flay)z <F(@")+(1-oF(g) (i=12,...m)
- (2.64)
=
ZJBZO (/.:1727"')71)5
respectively, where p; and ¢; (i = 1,2,...,m; j=1,2,...,n) are fuzzy numbers,

2 €10,1], T € 10,1].

In the case that A is the matrix game with payoffs of triangular fuzzy numbers,
te, all V=P @ = (0P 0P o), ay = (d),af}, ),
pj = (p},p}”,p}), and §; = (¢, q"",q) (i=1,2,...,m;j = 1,2,...,n) are triangular
fuzzy numbers, using Yager’s index [27], Bector et al. [14] transformed Egs. (2.63)
and (2.64) into the following linear programming models:
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max{v?}
m

D (dy+aj +apy =30 = (L= D +p) +p) (=1.2,-.m)

S.t. Zle -1
i=1
V>0 (i=1,2,...,m)
(2.63)
and
min{?}
n
So(di+af +a)f <3P+ (1 =) (gi+q"+4q;) (i=1,2,...m)
j=1
S.t i: B _ |
2% =
=
ZJBZO (‘]‘:1727 ,l’l),
(2.66)
respectively, where
Bl Bm Br
v =F(P) = % (2.67)
and
Bl Bm Br
b = F(aP) = Wt +om (2.68)

3

For the aforementioned matrix game A, with payoffs of triangular fuzzy num-
bers, according to Egs. (2.65) and (2.66) with p; = p, = (0.08,0.10,0.11) and
g1 = g» = (0.14,0.15,0.17), the linear programming models are constructed as
follows:

max{»*}

545y8 +270y5 > 318 — 0.29(1 — /)
464y% + 54598 > 318 — 0.29(1 — 1)
Wyl =1

Y >0,y5>0
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and

min{w®}
54578 + 46475 <308 +0.46(1 — 1)
27028 + 54525 <3P +0.46(1 — 1)
B+E=1
#>0,2>0,

respectively. Simply computing/solving the above linear programming models, we
can obtain the player I’s gain-floor, the player II’ loss-ceiling, and their optimal
mixed strategies as follows:

171745 0.29(1 — 7)

V) = e b g & 160.8099 40.0967(1 — 4),
075,35 = (%,%)T = (0.7725,0.2275)",
. 171745 0.46(1 — =
(1) = oo~ (3 )~ 160.8009 — 0.1533(1 — 1)
and
(%25 = (%7%)T = (0.2275,0.7725)",
respectively.

Obviously, v*8(2) and w*®(t) remarkably differ from v*¢(1) and »*(t) when
A#1and 1 # 1.

3. Computational result comparison and conclusions

Comparing the aforementioned modeling, methods, and computational results,
we can easily draw the following conclusions.

(3a) Modeling. The players’ gain-floor and loss-ceiling were regarded as trian-
gular fuzzy numbers in the proposed methods in this section and Sects. 2.4,
2.5 and Bector et al.’s [14]. However, they were regarded as real numbers in
Campos’s method [7]. This case is not rational since the players’ expected
payoffs are a linear combination of fuzzy payoffs which are expressed with
triangular fuzzy numbers.

(3b) Process and methods. The proposed method in this section is developed on
the monotonicity of values of matrix games. It always ensures that any
matrix game with payoffs of triangular fuzzy numbers has a fuzzy value,
which is a triangular fuzzy number also. Moreover, the fuzzy value can be
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directly and explicitly obtained by solving the derived three linear pro-
gramming models with data taken from 1-cut set and O-cut set of fuzzy
payoffs. Li’s model as stated in Sect. 2.4 was developed on the ordering
relation of triangular fuzzy numbers [20] and multi-objective programming.
The derived six linear programming models were used to compute the
players’ gain-floor and loss-ceiling. Obviously, Li’s model in Sect. 2.4
depended on the ordering relation. Following a similar way to crisp matrix
games, based on the concept of double fuzzy constraints and ranking func-
tions, Campos’s method [7] regarded the players’ gain-floor and loss-ceiling
as real numbers and hereby suggested two auxiliary linear programming
models. Bector et al.’s method [14] was developed on certain duality of
linear programming with fuzzy parameters. As Bector et al. [12] themselves
pointed out, Bector et al.’s method [14] was essentially the same as that of
Campos [7]. Campos’s method and Bector et al.’s method are defuzzification
approaches, which not only closely depend on ranking functions, parameters,
and adequacies but also cannot explicitly obtain membership functions of the
players’ gain-floor and loss-ceiling.

(3c) Computational results. The proposed method in this section can explicitly
obtain the fuzzy value V"* = (155.2083,161.0526, 166.3934) of the matrix

game A, with payoffs of triangular fuzzy numbers. Li’s model in Sect. 2.4
can  explicitly obtain  the  player I’s gain-floor »* =
(154.9996,161.05,164.737) and the player II’s loss-ceiling &* =
(155.2633,161.05,171.0523) which are not identical. This case is not
rational since the matrix game is zero-sum. Moreover, it is intuitively seen
from Fig. 2.6 that V* = (155.2633,161.05,164.737) is better than i* and
@*. In fact, using Yager’s index F [27], i.e., Eq. (2.67) or Eq. (2.68), we have

_ 154.9996 +161.05 +164.737

F(v") 3 = 160.2622,
F(7) = 155.2633 + 163}.05—&- 164.737 — 1603501
and
F(o') = 155.2633 4+ 161.05+ 171.0523 — 1624552,

3

which infers that F(0*) < F(V*) <F(®"). Therefore, * < V* <®*.

Campos’s method [7] provided crisp values for the players’ gain-floor and
loss-ceiling in the matrix game A, with payoffs of triangular fuzzy numbers. Bector
et al.’s method [14] provided defuzzification values of the players’ gain-floor and
loss-ceiling. Namely, these two methods cannot explicitly obtain membership
functions of the players’ gain-floor and loss-ceiling even though these are very much
desirable. Moreover, these methods cannot always guarantee that the defuzzification
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values are identical and the matrix game A, with payoffs of triangular fuzzy numbers
has a defuzzification value. On the other hand, the defuzzification values closely
depend on not only choice of ranking functions but also the parameters and ade-
quacies, which are difficult to be appropriately determined a priori.

(3d) Computational complexity. The proposed method in this section needs to

solve three linear programming models. Li’s model proposed in Sect. 2.4
needs to solve six linear programming models with additional decision
variables and constraints, which usually may be superabundant and even
contradictable. However, Campos’s method [7] and Bector et al.’s method
[14] need to solve a series of linear programming models for different
parameters and adequacies. Therefore, the computational amount and com-
plexity of the proposed method in this section are less than those of Li’s
model, Campos’s method, and Bector et al.’s method.
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