
Chapter 2
Elastic Scattering by a Conservative Potential

2.1 Scattering Amplitude and Scattering Cross Section

In quantum mechanics the relative motion of a projectile and a target is described
by a complex-valued wave function ψ which depends on the relative distance r
of the projectile from the target. The wave function is assumed to obey the time-
independent Schrödinger equation for a particle with (reduced) mass μ in the po-
tential V (r),

[
− �

2

2μ
Δ + V (r)

]
ψ(r) = Eψ(r). (2.1)

In order to describe elastic scattering at energy E = �
2k2/(2μ), we look for

solutions of (2.1), which at large distances obey boundary conditions corresponding
to an incoming plane wave and an outgoing, scattered spherical wave, as sketched
in Fig. 2.1,

ψ(r)
r→∞∼ eikz + f (θ,φ)

eikr

r
. (2.2)

Although a real scattering event is a time-dependent process, the description via
stationary solutions of the time-independent Schrödinger equation is adequate in
most experimental situations [30]. The explicit form of the two terms on the right-
hand side of (2.2) implies that the motion of the particle is asymptotically (r → ∞)
free, which places some constraints on the large-distance behaviour of the potential
V (r). Unless stated otherwise, we assume that the potential falls off faster than 1/r2

at large distances, r2V (r)
r→∞−→ 0.

The particle flux associated with the quantum mechanical wave function is de-
scribed via the current density j(r). Classically, j(r) would be the product of particle
density and velocity. In the corresponding quantum mechanical expression, the ve-
locity is replaced by p̂/μ, where p̂ = (�/i)∇ is the momentum operator conjugate
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Fig. 2.1 Schematic
illustration of the incoming
plane wave and the outgoing
spherical wave as described
by a solution of (2.1) obeying
the boundary conditions (2.2)

to r,

j(r) = �
[
ψ∗(r) p̂

μ
ψ(r)

]
= �

2iμ
ψ∗(r)∇ψ(r) + cc; (2.3)

“cc” stands for the complex conjugate of the preceding term.
From the first term on the right-hand side of (2.2) we find that the current density

associated with the incoming plane wave is jin = êz�k/μ, corresponding to a wave
of unit spatial density moving with velocity υ = �k/μ in the direction of êz, the unit
vector in z-direction. The second term on the right-hand side of (2.2) describes an
outgoing spherical wave, modulated by the scattering amplitude f (θ,φ), which has
the physical dimensions of a length. Inserted in (2.3) this term generates an outgoing
current density which is given to leading order by

jout(r) = �k

μ

∣∣f (θ,φ)
∣∣2 êr

r2
+ O

(
1

r3

)
, (2.4)

where êr = r/r is the radial unit vector. Asymptotically, the flux of particle den-
sity scattered into the solid angle dΩ = sin θdθdφ is limr→∞ jout(r) · ds with
ds = êrr

2dΩ , i.e., (�k/μ)|f (θ,φ)|2dΩ . The differential scattering cross section
is given by this flux, normalized to the incoming current density |jin| = �k/μ,

dσ = ∣∣f (θ,φ)
∣∣2

dΩ,
dσ

dΩ
= ∣∣f (θ,φ)

∣∣2
. (2.5)

Integrating over all directions θ,φ yields the integrated or total elastic scattering
cross section,

σ =
∫

dσ

dΩ
dΩ =

∫ 2π

0
dφ

∫ π

0
sin θdθ

∣∣f (θ,φ)
∣∣2

. (2.6)

As in the classical case, see Eqs. (1.37), (1.38) in Sect. 1.3, σ has the physical di-
mensions of an area; dσ can be interpreted as the area in the plane perpendicular
to the direction of incidence, through which the incoming flux passes which is scat-
tered into the outgoing direction dΩ . Correspondingly, σ describes the area through
which all the flux passes which is scattered at all.
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Each solution of the stationary Schrödinger equation (2.1) fulfills the continuity
equation in the form,

∇ · j = −∂ρ

∂t
= 0, or, equivalently,

∮
j · ds = 0. (2.7)

This states that the net flux through any closed surface vanishes, which is an expres-
sion of particle conservation. For the surface of a large sphere with radius r → ∞,
the integrated contribution from the incoming plane wave, Iin = ∮

jin · ds, vanishes
because of symmetry. The contribution Iout from the outgoing current density is
positive unless the scattering amplitude f (θ,φ) vanishes identically,

Iout = lim
r→∞

∮
jout(r) · ds = �k

μ

∫ ∣∣f (Ω)
∣∣2dΩ = �k

μ
σ. (2.8)

The fact that Iin +Iout does not vanish does not contradict Eq. (2.7), because the total
current density j is not merely the sum of jin and jout, but contains a contribution
from the interference of plane and spherical waves,

j(r)
r→∞∼ jin + jout(r) + jint(r). (2.9)

The interference term is, including terms up to O(1/r2),

jint(r)
r→∞∼ �

2μ
f (θ,φ)

[
k

eik(r−z)

r
(êr + êz) + i

eik(r−z)

r2
êr

]
+ cc + · · · , (2.10)

where · · · stands for vector contributions orthogonal to êr. The contribution of this
interference term to the flux through the surface element ds = êrr

2dΩ of a sphere
with large radius r is,

jint(r) · ds = �

2μ
f (θ,φ)eikr(1−cos θ)

[
kr(1 + cos θ) + i

]
dΩ + cc. (2.11)

The contribution Iint = limr→∞
∮

jint(r) · ds to the total flux through the surface of
the sphere with large radius r is obtained by integrating the expression (2.11) over
dΩ and taking the limit r → ∞. The contribution due to the “i” in the square bracket
vanishes, because limγ→∞

∫ 1
−1 f (x)eiγ (1−x)dx = 0, with kr ≡ γ , x = cos θ . A non-

vanishing result is obtained from the preceding term proportional to kr via the iden-
tity

lim
γ→∞γ

∫ +1

−1
(1 + x)f (x)eiγ (1−x)dx = 2if (1), namely, (2.12)

Iint = lim
r→∞

∫ 2π

0
dφ

∫ +1

−1
d cos θ jint(r) · ds

= �

μ
2π if (θ = 0) + cc = − �

μ
4π	[

f (θ = 0)
]
. (2.13)
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Particle conservation requires that Iint exactly cancels the contribution Iout as given
in (2.8), so

σ = 4π

k
	[

f (θ = 0)
]
. (2.14)

Equation (2.14) is known as the optical theorem. It shows that destructive interfer-
ence between the plane wave and the scattered wave in the forward direction θ = 0
compensates the loss of flux through the scattering process. Note that f (θ,φ) be-
comes independent of φ for θ = 0.

2.2 Lippmann–Schwinger Equation and Born Approximation

The Schrödinger equation (2.1) can be rewritten as
(

E + �
2

2μ
Δ

)
ψ(r) = V (r)ψ(r) (2.15)

and transformed into an integral equation with the help of the free-particle Green’s
function G (r, r′), which fulfills

(
E + �

2

2μ
Δr

)
G

(
r, r′) = δ

(
r − r′) (2.16)

and is explicitly given by

G (r, r′) = − μ

2π�2

eik|r−r′|

|r − r′| . (2.17)

A wave function ψ(r) obeying the integral equation

ψ(r) = eikz +
∫

G (r, r′)V (r′)ψ(r′)dr′ (2.18)

necessarily obeys the Schrödinger equation (2.15). This would also hold, if the first
term eikz were replaced by e−ikz or any other solution of the “homogeneous” ver-
sion, [E + (�2/(2μ))Δ]ψ(r) = 0, of Eq. (2.15).1

Equation (2.18) is called the Lippmann–Schwinger equation. It is essentially
equivalent to the Schrödinger equation (2.1), but has the advantage, that the bound-
ary conditions (2.2) are automatically fulfilled. To see this we make use of the ex-
plicit form of the Green’s function (2.17) for |r| � |r′|:

G
(
r, r′) = − μ

2π�2

eikr

r

[
e−ikr·r′ + O

(
r ′

r

)]
, (2.19)

1Equation (2.15) is homogeneous, whether or not the right-hand side is replaced by zero. The
present terminology is adapted from applications to genuinely inhomogeneous differential equa-
tions, where the right-hand side is a given function independent of the solution being sought.
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where kr = kêr is the wave vector which has the same length as the wave vector
kêz of the incoming plane wave but points in the direction of the radial vector êr
(without prime). Inserting (2.19) into (2.18) gives the asymptotic form (2.2) with

f (θ,φ) = − μ

2π�2

∫
e−ikr·r′

V
(
r′)ψ(

r′)dr′. (2.20)

Equation (2.20) is an exact expression for the scattering amplitude f , but its eval-
uation requires the knowledge of the exact solution ψ of the Schrödinger (or

Lippmann–Schwinger) equation. If, in addition to fulfilling r2V (r)
r→∞−→ 0, the po-

tential is less singular than 1/r2 at the origin, r2V (r)
r→0−→ 0 (and a continuous func-

tion of r), then the integral on the right-hand side of (2.20) converges for all values
of kr.

If the influence of the potential V can be regarded to be small, the Lippmann–
Schwinger equation (2.20) can be used to construct a perturbation series. Inserting
the explicit form (2.18) for ψ(r′) into (2.20) gives

f (θ,φ) = − μ

2π�2

[∫
dr′e−ikr·r′

V
(
r′)eikz′

+
∫

dr′e−ikr·r′
V

(
r′)∫

dr′′G
(
r′, r′′)V (

r′′)ψ(
r′′)]. (2.21)

Repeatedly inserting the explicit form (2.18) for the exact wave function ψ gen-
erates a series of approximations ordered by the number of times the potential V

appears in the (multiple) integral. This series is called the Born series. Keeping only
the first term on the upper line of Eq. (2.21) defines the Born approximation in first
order,

f Born(θ,φ) = − μ

2π�2

∫
dr′e−ikr·r′

V
(
r′)eikz′ = − μ

2π�2

∫
dr′e−iq·r′

V
(
r′),

(2.22)
where �q is the momentum transferred from the incoming wave travelling in the
direction of êz to the outgoing wave travelling in the direction of êr,

q = k(êr − êz). (2.23)

The scattering amplitude in Born approximation is essentially the Fourier transform
of the potential; its dependence on the scattering angle(s) enters through the wave
vector of momentum transfer (2.23). The polar angle θ is related to the wave number
q = |q| via

q = 2k sin(θ/2), (2.24)

see Fig. 2.2. If the potential V is real and radially symmetric, V = V (r), then f Born

is a real function depending only on the wave number q . The scattering amplitude
in Born approximation thus necessarily violates the optical theorem (2.14).
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Fig. 2.2 Illustration of the
relation (2.24) connecting the
polar angle θ with the wave
vector q of momentum
transfer

Inserting eikz′′
for ψ(r′′) in the integral in the lower line of Eq. (2.21) defines the

second-order Born approximation. Including the contribution
∫

G (r′′, r′′′)V (r′′′)dr′′′
paves the way to higher-order terms.

2.3 Radially Symmetric Potentials

2.3.1 Angular Momentum

When the potential is radially symmetric, V (r) = V (r), the orbital angular momen-
tum L̂ = r × p̂ is a conserved quantity. The three components of L̂ commute with
L̂2 but not with each other, [L̂x, L̂y] = i�L̂z. The space of angular functions can
be spanned by simultaneous eigenstates of L̂2 and one component of L̂, which is
usually chosen to be L̂z. In coordinate representation, these states are the spheri-
cal harmonics Yl,m(θ,φ), which are labelled by the angular momentum quantum
number l and the azimuthal quantum number m,

L̂2Yl,m(θ,φ) = l(l + 1)�2Yl,m(θ,φ), l = 0,1,2, . . . ;
L̂zYl,m(θ,φ) = m�Yl,m(θ,φ), m = −l,−l + 1, . . . , l − 1, l.

(2.25)

The general structure2 of the spherical harmonics is,

Yl,m(θ,φ) = eimφ sin|m|(θ)Poll−|m|(cos θ), (2.26)

where Polλ(x) stands for a polynomial of degree λ in x. They are orthonormal,

∫
Yl,m(Ω)∗Yl′,m′(Ω)dΩ =

∫ 2π

0
dφ

∫ +1

−1
d cos θYl,m(θ,φ)∗Yl′,m′(θ,φ)

= δl,l′δm,m′ , (2.27)

and obey the following relations:

Yl,m(θ − π,φ + π) = Yl,−m(θ,φ) = (−1)lYl,m(θ,φ). (2.28)

2For precise definitions of the Yl,m and other special functions see Appendix B.
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For vanishing azimuthal quantum number, m = 0, the spherical harmonics do not
depend on φ and are proportional to Legendre polynomials [1] of cos θ ,

Yl,m=0(θ) =
√

2l + 1

4π
Pl(cos θ). (2.29)

The Legendre polynomials fulfill the orthogonality relation

∫ 1

−1
Pl(x)Pl′(x)dx = 2

2l + 1
δl,l′ , (2.30)

and for two vectors a, b, with |a| ≤ |b| we have

1

|a − b| =
∞∑
l=0

|a|l
|b|l+1

Pl(cos θ), (2.31)

where θ is the angle between a and b. For |a| = |b| Eq. (2.31) yields

∞∑
l=0

Pl(cos θ) = 1

2 sin(θ/2)
. (2.32)

2.3.2 Partial-Waves Expansion

For a radially symmetric potential, the Schrödinger equation (2.1) is rotationally
invariant, but the boundary conditions (2.2) for the scattering wave function ψ(r) are
not. So ψ is not an eigenfunction of angular momentum, but it can be expanded in
eigenfunctions of angular momentum. Since rotational symmetry around the z-axis
is conserved both by the Schrödinger equation (2.1) and the boundary conditions
(2.2), the azimuthal quantum number m is conserved. Since the incoming plane
wave has m = 0, the same can be assumed for the full wave function ψ(r), which
thus no longer depends on the azimuthal angle φ,

ψ(r) = ψ(r, θ) =
∞∑
l=0

ul(r)

r
Pl(cos θ). (2.33)

Equation (2.33) represents an expansion of the full scattering wave ψ(r) in par-
tial waves, each such partial wave being labelled by its orbital angular momentum
quantum number l. The contribution of each partial wave is determined by its radial
wave function ul(r). From the spherical representation of the Laplacian we have

− �
2

2μ
Δ = − �

2

2μ

(
∂2

∂r2
+ 2

r

∂

∂r

)
+ L̂2

2μr2
, (2.34)
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and inserting the expansion (2.33) into the Schrödinger equation (2.1) leads to the
equations

[
− �

2

2μ

d2

dr2
+ l(l + 1)�2

2μr2
+ V (r)

]
ul(r) = Eul(r) (2.35)

for the radial wave functions ul(r). The 1/r on the right-hand side of (2.33) ensures
that the radial Schrödinger equation (2.35) contains only the second and not the first
derivative of ul , so it has the form of a Schrödinger equation for a particle moving
in one dimension under the influence of the effective potential

Veff(r) = V (r) + Vcent(r), Vcent(r) = l(l + 1)�2

2μr2
, (2.36)

subject to the condition that the coordinate r is nonnegative, r ≥ 0. In the space of
all possible radial wave functions in the lth partial wave, the unitary scalar product
of two radial wave functions, ul and ũl is defined as

〈ul |ũl〉 =
∫ ∞

0
ul(r)

∗ũl(r)dr. (2.37)

The effective potential (2.36) is essentially the same as in the classical description,
see Eq. (1.11) in Sect. 1.2, except that the square of the angular momentum in the
centrifugal potential is expressed via its quantum mechanical eigenvalue l(l + 1)�2.

2.3.3 Scattering Phase Shifts

In the absence of the potential V (r), the radial Schrödinger equation (2.35) repre-
sents the angular momentum components of the free-particle wave equation, and its
solutions can be written as functions of the dimensionless product kr . Two linearly
independent solutions of the radial free-particle equation are,

u
(s)
l (kr) = krjl(kr), u

(c)
l (kr) = −kryl(kr), (2.38)

where jl and yl stand for the spherical Bessel functions of the first and second kind,
respectively (see Appendix B.4 and Ref. [1]). Their asymptotic behaviour is given
by

u
(s)
l (kr)

kr→∞= sin

(
kr − l

π

2

)
+ O

(
1

kr

)
,

u
(c)
l (kr)

kr→∞= cos

(
kr − l

π

2

)
+ O

(
1

kr

)
.

(2.39)
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For small values of kr , the radial free-particle wave functions (2.38) behave as,

u
(s)
l (kr)

kr→0∼
√

π(kr)l+1

2l+1Γ (l + 3
2 )

[
1 − (kr)2

4l + 6

]
,

u
(c)
l (kr)

kr→0∼ 2lΓ (l + 1
2 )√

π(kr)l

[
1 + (kr)2

4l − 2

]
.

(2.40)

The wave function u
(s)
l is the physical, regular solution; u

(c)
l is an unphysical, irreg-

ular solution. For l > 0, the irregular solution u
(c)
l is not square integrable due to the

divergence at r → 0; for l = 0 its contribution proportional to 1/r in the full wave
function (2.33) would lead to a delta-function contribution in Δψ , which cannot be
compensated by any other term in the Schrödinger equation (2.1).

For a potential V (r) less singular than 1/r2 at the origin, the effective potential
(2.36) is dominated near r = 0 by the centrifugal term, so we can expect two linearly
independent solutions of (2.35), u

reg
l and uirr

l (r), whose small-distance behaviour is

u
reg
l (r)

r→0∝ rl+1, uirr
l (r)

r→0∝ r−l . (2.41)

Here u
reg
l denotes the physical, regular solution; uirr

l is an unphysical, irregular so-
lution. In the following, we shall mostly be dealing with regular solutions of the
radial Schrödinger equation, which vanish for r → 0, and we shall dispense with
the superscript “reg” unless it is explicitly needed.

At large distances, the effective potential (2.36) is again dominated by the cen-
trifugal term, because we have assumed that V (r) falls off faster than 1/r2. The
regular solution of the radial Schrödinger equation (2.35) can, at large distances,
be taken to be a superposition of the two radial free-particle wave functions (2.38)
obeying (2.39),

ul(r)
r→∞∝ Au

(s)
l (kr) + Bu

(c)
l (kr)

r→∞∝ sin

(
kr − l

π

2
+ δl

)
, (2.42)

with tan δl = B/A. Since the potential is real, we can assume that ul is, except for a
constant complex factor, a real function of r , so that the ratio B/A and the phase δl

are real. The phases δl , l = 0,1,2, . . . , contain the information about the effect of
the potential on the asymptotic behaviour of the wave function (2.33). They are
called scattering phase shifts, because they determine the scattering amplitude, as
shown in the following.

The partial-waves expansion of the incoming plane wave is

eikz =
∞∑
l=0

(2l + 1)iljl(kr)Pl(cos θ), (2.43)

where the jl are the spherical Bessel functions of the first kind, already introduced
in Eq. (2.38). At large distances, the full wave function consists of the plane wave
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(2.43) and an outgoing spherical wave according to (2.2). The scattering ampli-
tude f depends only on the polar angle θ , because the whole wave function does
not depend on the azimuthal angle φ. We expand f into partial-wave contributions,

f (θ) =
∞∑
l=0

flPl(cos θ), (2.44)

with constant coefficients fl , the partial-wave scattering amplitudes. Expressing the
sum of plane and spherical wave in the form (2.33) gives an explicit expression for
the asymptotic behaviour of the radial wave functions,

ul(r)
r→∞∼ il

[
2l + 1

k
sin

(
kr − l

π

2

)
+ fle

i(kr−lπ/2)

]

= il
[(

2l + 1

k
+ ifl

)
sin

(
kr − l

π

2

)
+ fl cos

(
kr − l

π

2

)]
. (2.45)

Comparing Eqs. (2.45) and (2.42) shows that the coefficients of the sine and cosine
terms in the square bracket in the lower line of (2.45) can be interpreted as the
coefficients A and B in (2.42), for which tan δl = B/A. With the coefficients in
(2.45),

cot δl = A

B
≡ 2l + 1

kfl

+ i ⇒ cot δl − i = e−iδl

sin δl

= 2l + 1

kfl

, (2.46)

which leads to

fl = 2l + 1

k
eiδl sin δl = 2l + 1

2ik

(
e2iδl − 1

)
. (2.47)

With (2.45) the asymptotic form of the radial wave functions is,

ul(r)
r→∞∼ 2l + 1

k
ileiδl sin

(
kr − l

π

2
+ δl

)
, (2.48)

and the asymptotic form of the full wave function (2.33) is

ψ(r)
r→∞∼

∞∑
l=0

2l + 1

kr
ileiδl sin

(
kr − l

π

2
+ δl

)
Pl(cos θ). (2.49)

The explicit expression, (2.44) with (2.47), for the scattering amplitude allows us
to express the differential scattering cross section in terms of the scattering phase
shifts δl ,

dσ

dΩ
= ∣∣f (θ)

∣∣2 = 1

k2

∑
l,l′

ei(δl−δl′ )(2l + 1) sin δl

(
2l′ + 1

)
sin δl′Pl(cos θ)Pl′(cos θ).

(2.50)
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For the integrated scattering cross section we can exploit the orthogonality (2.30) of
the Legendre polynomials,

σ =
∞∑
l=0

4π

2l + 1
|fl |2 = 4π

k2

∞∑
l=0

(2l + 1) sin2 δl = π

k2

∞∑
l=0

(2l + 1)
∣∣e2iδl − 1

∣∣2
. (2.51)

The integrated scattering cross section is the incoherent sum of the contributions
σ[l],

σ =
∞∑
l=0

σ[l], σ[l] = 4π

k2
(2l + 1) sin2 δl. (2.52)

The maximum contribution of a given partial wave l to the integrated cross section
is realized when δl is an odd multiple of π

2 , so sin2 δl = 1,

(σ[l])max = 4π

k2
(2l + 1). (2.53)

2.3.4 Normalization of Radial Wave Functions

A radial wave function ub(r) describing a negative-energy bound state in a given
partial wave l is square-integrable and can be normalized to unity,

〈ub|ub〉 =
∫ ∞

0
ub(r)

∗ub(r)dr = 1. (2.54)

The regular solutions u
(k)
l (r) of the radial Schrödinger equation at positive energies,

E = �
2k2/(2μ) [k > 0], are orthogonal,

〈
u

(k)
l

∣∣u(k′)
l

〉 =
∫ ∞

0
u

(k)
l (r)∗u(k′)

l (r)dr = 0 for k �= k′, (2.55)

but the integral diverges for k = k′, because the integrand is asymptotically propor-
tional to sin2(kr − π

2 l + δl). We can write

〈
u

(k)
l

∣∣u(k′)
l

〉 ∝ δ
(
k − k′), (2.56)

but this relation is not so useful as long as the proportionality constant is not known.
For pure sine waves of unit amplitude, u

(k)
s = sin(kr) [k > 0], it is easy to see

that
〈
u(k)

s

∣∣u(k′)
s

〉 =
∫ ∞

0
sin(kr) sin

(
k′r

)
dr = π

2
δ
(
k − k′). (2.57)

The right-hand side of Eq. (2.57) remains unchanged, if we replace the wave func-
tions u

(k)
s by regular solutions of the radial Schrödinger equation which behave
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asymptotically as sin(kr − π
2 l + δl). For k �= k′ this follows according to (2.55).

For k = k′ we can divide the integral from r = 0 to r = ∞ into a finite integral from
r = 0 to some arbitrarily large but finite radius rlarge, and an integral from rlarge to
r = ∞, which is the infinite part that determines the prefactor of the delta function.
In the latter integral, the radial wave function is well described by the sine with unit
amplitude, and the shift of argument, −π

2 l + δl , does not affect the result. We can
thus define regular radial wave functions that are normalized in wave number as
follows:

u
(k)
l (r)

r→∞∼
√

2

π
sin

(
kr − l

π

2
+ δl

)
=⇒ 〈

u
(k)
l

∣∣u(k′)
l

〉 = δ
(
k − k′). (2.58)

The identity

δ
(
k − k′) = dE

dk
δ
(
E − E′) = �

2k

μ
δ
(
E − E′) (2.59)

leads to the appropriate definition of the regular radial wave functions ū(E)
l , which

are normalized in energy,

ū(E)
l (r)

r→∞∼
√

2μ

π�2k
sin

(
kr − l

π

2
+ δl

)
=⇒ 〈

ū(E)
l

∣∣ū(E′)
l

〉 = δ
(
E − E′).

(2.60)

2.3.5 Radial Lippmann–Schwinger Equation

The radial Schrödinger equation (2.35) can be rewritten as

[
E + �

2

2μ

d2

dr2
− l(l + 1)�2

2μr2

]
ul(r) = V (r)ul(r) (2.61)

and transformed into an integral equation with the help of the radial free-particle
Green’s function Gl (r, r

′), which fulfills

[
E + �

2

2μ

d2

dr2
− l(l + 1)�2

2μr2

]
Gl

(
r, r ′) = δ

(
r − r ′) (2.62)

and is explicitly given by

Gl

(
r, r ′) = − 2μ

�2k
u

(s)
l (kr<)u

(c)
l (kr>); (2.63)

here u
(s)
l and u

(c)
l stand for the regular and irregular free-particle radial waves as

defined in (2.38), and r< stands for the smaller while r> stands for the larger of the
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two radial coordinates r and r ′. A wave function obeying the integral equation

ul(r) = u
(s)
l (kr) +

∫ ∞

0
Gl

(
r, r ′)V (

r ′)ul

(
r ′) (2.64)

necessarily obeys the radial Schrödinger equation (2.61). This would also hold if
the first term u

(s)
l (kr) were replaced by any other solution of the “homogeneous”

version [E + · · · ]ul(r) = 0 of Eq. (2.61).3

Equation (2.64) is the radial Lippmann–Schwinger equation in the lth partial
wave. Asymptotically, r → ∞, we can assume r = r> and r ′ = r< in the radial
Green’s function, so the factor u

(c)
l (kr>) = u

(c)
l (kr) can be drawn out of the integral

over r ′,

ul(r)
r→∞∼ u

(s)
l (kr) −

[
2μ

�2k

∫ ∞

0
u

(s)
l

(
kr ′)V (

r ′)ul

(
r ′)dr ′

]
u

(c)
l (kr). (2.65)

Comparing with Eq. (2.42) shows that the coefficient of u
(c)
l (kr) in (2.65) is the

tangent of the scattering phase shift,

tan δl = − 2μ

�2k

∫ ∞

0
u

(s)
l (kr)V (r)ul(r)dr. (2.66)

The expression on the right-hand side of (2.66) cannot be evaluated explicitly,
because it still contains the (usually unknown) exact solution ul of the radial
Schrödinger equation. It does, however, offer a possibility for approximation in the
spirit of the Born approximation. Replacing ul(r) in the integrand in (2.66) by the
regular free-particle radial wave u

(s)
l (kr) gives an explicit but approximate expres-

sion for tan δl , in the spirit of the first-order Born approximation:

tan δBorn
l = − 2μ

�2k

∫ ∞

0

[
u

(s)
l (kr)

]2
V (r)dr. (2.67)

Note that the right-hand side of (2.67) is a smooth function of k that always remains
finite. Hence δBorn

l as function of k can never cross an odd multiple of π
2 . Equa-

tion (2.67) can only be a useful approximation when the phase shifts are restricted
to a small interval around zero (or an integer multiple of π ); for potentials which
are bounded and short ranged, this happens both in the limit of high energies and in
the limit of large angular momentum quantum numbers l, see Sect. 2.6.4.

3See footnote in Sect. 2.2.
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2.3.6 S-Matrix

The asymptotic behaviour of the radial wave function (2.48) can be written as

ul(r)
r→0∼ 2l + 1

2k
il+1[e−i(kr−lπ/2) − e2iδl e+i(kr−lπ/2)

]

= 2l + 1

2k
i2l+1[e−ikr − (−1)le2iδl e+ikr

]
. (2.68)

In both lines of (2.68), the square bracket contains an incoming radial wave pro-
portional to e−ikr... and an outgoing radial wave proportional to e+ikr.... The factor
e2iδl in the outgoing wave is the contribution of the lth partial wave to the scattering
matrix or S-matrix,

Sl = e2iδl . (2.69)

For the radial potential V (r), the S-matrix is diagonal, because there is no coupling
between the radial Schrödinger equations (2.35) of different l.

The S-matrix is unitary, which, for the partial-wave contribution (2.69) means
|Sl | = 1. This is an expression of particle conservation and is fulfilled as long as
the scattering phase shifts δl are real. Equation (2.53) is based on the assumption,
that the phase shifts are real, i.e., that the S-matrix is unitary. Its right-hand side
(4π/k2)(2l + 1) is hence called the unitarity limit of the contribution of the respec-
tive partial wave to the integrated scattering cross section.

For real δl , the scattering amplitude (2.44) with the partial-wave amplitudes
(2.47) can be decomposed into real and imaginary parts as follows:

f (θ) =
∞∑
l=0

2l + 1

k

[
cos δl sin δl + i sin2 δl

]
Pl(cos θ). (2.70)

For the forward direction, θ = 0, we insert Pl(1) = 1 and recall Eq. (2.51),

	[
f (θ = 0)

] =
∞∑
l=0

2l + 1

k
sin2 δl = k

4π
σ, (2.71)

thus recovering the optical theorem (2.14). The unitarity of the S-matrix is an ex-
pression of particle conservation. Note that the radial Born approximation (2.67)
yields real phase shifts and a unitary S-matrix, so it is compatible with particle
conservation. This is in contrast to the Born approximation (2.22) for the scatter-
ing amplitude. For a radially symmetric potential V , the Born scattering amplitude
(2.22) is a real function of the modulus of the momentum transfer vector (2.23) and
necessarily violates the optical theorem.
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2.3.7 Determination of the Scattering Phase Shifts

The boundary condition ul(r)
r→0∝ rl+1 uniquely determines the radial wave func-

tion except for a constant factor. The scattering phase shifts δl can be calculated
by integrating the radial Schrödinger equation (2.35) with this boundary condition
from small r to a finite radius rm, where the potential V (r) has already fallen off
sufficiently to be negligible. Matching the logarithmic derivative u′

l/ul to the log-
arithmic derivative of a superposition (2.42) of the free-particle wave functions at
r = rm yields tan δl .

Due to the influence of the potential at short distances, the nodes (beyond r = 0)
and antinodes of the radial wave function ul(r) are shifted relative to those of the
regular free-particle wave function u

(s)
l . This leads to asymptotic spatial shifts dl ,

which are related to the phase shifts δl by dl = δl/k, as can be seen by writing ul as

ul(r)
r→∞∝ sin

[
k

(
r + δl

k

)
− l

π

2

]
. (2.72)

For a repulsive potential V , the radial wave function is suppressed at small dis-
tances and its nodes (beyond r = 0) and antinodes are pushed to larger values of r

by the potential; the spatial shifts, and hence also the phase shifts, are negative. The
simplest example is scattering by a hard sphere of radius R. For r > R, the potential
vanishes, and the radial wave function can be written as Au

(s)
l (kr) + Bu

(c)
l (kr), see

Eq. (2.42). The wave function must vanish for r ≤ R, so the inner boundary condi-
tion is pushed out from r = 0 to r = R. The condition Au

(s)
l (kR) + Bu

(c)
l (kR) = 0

yields

B

A
= −u

(s)
l (kR)

u
(c)
l (kR)

= jl(kR)

yl(kR)
, δl = arctan

(
jl(kR)

yl(kR)

)
. (2.73)

From (2.40) and (2.39), the low- and high-energy behaviour of the hard-sphere
phase shifts is

δl
kR→0∼ − π

Γ (l + 3
2 )Γ (l + 1

2 )

(
kR

2

)2l+1[
1 −

(
kR

2

)2( 1

l − 1
2

+ 1

l + 3
2

)]
,

δl
kR→∞∼ −kR + l

π

2

(2.74)

for l > 0, while δl=0 = −kR for all k. Note that the high-energy behaviour in the
lower line of (2.74) implies that the radial wave function (2.72) has the same asymp-
totic behaviour in all partial waves in the high-energy limit,

ul(r)
r→∞,kR→∞∝ sin(kr − kR). (2.75)

This is because, for any angular momentum l, the radial classical turning point al-
ways reaches the radius R of the hard sphere at a sufficiently high energy, and the
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Fig. 2.3 Scattering phase
shifts (2.73) for scattering by
a hard sphere of radius R

influence of the centrifugal potential diminishes continuously as the energy rises
further above this value. The phase shifts (2.73) for scattering by a hard sphere are
shown in Fig. 2.3 for partial waves from l = 0 to l = 5.

For an attractive potential, the oscillations are of smaller wavelength in the in-
teraction region and a given node (beyond r = 0) or antinode is pulled in to shorter
distances by the potential; the spatial shift and the phase shift are positive. The be-
haviour of the phase shift depends on whether the effective potential features an
attractive well that is deep enough to support one or more bound states, and the
near-threshold behaviour of the phase shift depends sensitively on whether or not
there is a bound state close to threshold.

2.3.8 Near-Threshold Behaviour of the Scattering Phase Shifts

The leading near-threshold behaviour of the phase shifts can be derived from the
small-argument behaviour of the free-particle solutions. At distances r beyond the
range of the potential, the radial wave function ul(r) is a superposition of the free-
particle wave functions (2.38); towards threshold, k → 0, the product kr tends to
zero so we can make use of the small-argument expressions (2.40),

ul(r)
kr→0∝ u

(s)
l (kr) + tan δlu

(c)
l (kr)

∼
√

πkl+1

2l+1Γ (l + 3
2 )

[
rl+1 + tan δl

22l+1Γ (l + 1
2 )Γ (l + 3

2 )

πk2l+1rl

]
. (2.76)

Directly at threshold, the radial Schrödinger equation (2.35) has a regular solution
u

(0)
l (r) which is defined up to a constant by the boundary condition u

(0)
l (0) = 0 and

is function of r only. The wave function (2.76) must become proportional to this
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k-independent solution for k → 0, so in the second term in the square bracket in
the lower line of Eq. (2.76), the k-dependence of tan δl must compensate the factor

k2l+1 in the denominator, tan δ
k→0∝ k2l+1. More explicitly,

tan δl
k→0∼ − π

Γ (l + 1
2 )Γ (l + 3

2 )

(
alk

2

)2l+1

. (2.77)

The characteristic length al appearing on the right-hand side of (2.77) is the scatter-
ing length in the lth partial wave.

The proportionality to k2l+1 in (2.77) expresses growing suppression with in-
creasing l due to the influence of the centrifugal barrier separating the asymptotic
region of free-particle motion from the interaction region at small distances. It is
typical for the l-dependence of quantum mechanical quantities involving a centrifu-
gal barrier and is generally referred to as Wigner’s threshold law.

Equation (2.77) implies that the leading behaviour of the partial-wave scattering
amplitude (2.47) is

fl
k→0∝ k2l , (2.78)

which means that small l-values dominate the scattering amplitude (2.44) and the
scattering cross sections (2.50), (2.51) at low energies. For s-waves, Eq. (2.77) reads

tan δ0
k→0∼ −ak, (2.79)

where we have dropped the subscript on the a, as is customary. The s-wave scat-
tering length a in (2.79) is generally referred to as the scattering length, a concept
introduced by Fermi and Marshall in 1947 [15]. From (2.78) it follows that only the
s-wave retains a nonvanishing contribution to the scattering amplitude (2.44) in the
limit k → 0,

lim
k→0

f (θ) = f0P0 ∼ −a =⇒ lim
k→0

dσ

dΩ
= a2 and lim

k→0
σ = 4πa2. (2.80)

For hard-sphere scattering, the scattering length is the radius of the sphere, and
the threshold limit of the quantum mechanical integrated scattering cross section is
4πR2, which is four times the classical cross section, see Eq. (1.39) in Sect. 1.3.

The definition (2.79) of the scattering length for s-waves is universally accepted.
For l > 0, the definitions of the scattering length vary. Some authors, e.g. [44],
even call the whole coefficient of k2l+1 in (2.77) scattering length, although this
coefficient has the physical dimension of a length to the power 2l +1. The definition
(2.77) ensures that al is a length and that for scattering by a hard sphere of radius R

we have al = R for all l, as can be seen by comparing with (2.74).
With (2.77), the threshold solution of the radial Schrödinger equation (2.35) be-

haves asymptotically as,

u
(0)
l (r)

r→∞∝ rl+1 − a2l+1
l

r l
, (2.81)
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so the scattering length appears as the zero of the asymptotic behaviour of the thresh-
old solution of the radial Schrödinger equation. The leading term in (2.81) is pro-
portional to rl+1 and comes naturally by integrating outwards under the centrifugal
potential. The proportionality of the next-to-leading term to r−l is not so universal
and is subject to conditions on the asymptotic fall-off of the potential V (r). For a

potential falling off asymptotically as an inverse power of r , V (r)
r→∞∝ 1/rα , α > 2,

the next-to-leading term is proportional to r−l only if

α > 2l + 3, (2.82)

as is shown later in Sect. 2.6. The definition (2.77) of the partial-wave scattering
length and the behaviour (2.81) of the threshold wave function apply only for po-
tentials which fall off faster than 1/r2l+3 at large distances. The s-wave scattering
length is well defined for potentials falling off faster than 1/r3, the p-wave (l = 1)
scattering length for potentials falling off faster than 1/r5.

When the scattering length vanishes, the threshold solution (2.81) is asymptot-
ically proportional to rl+1, just as the regular solution of the radial Schrödinger
equation for the centrifugal potential alone. An infinite scattering length, |al | → ∞,
implies that the threshold solution of the radial Schrödinger equation (2.35) decays
as 1/rl for large distances. For l > 0 this means that there is a normalizable wave
function solving the radial Schrödinger equation at E = 0, i.e., a bound state exactly
at threshold.

For s-waves, Eq. (2.81) reads

u
(0)
l=0

r→∞∝ r − a ∝ 1 − r

a
. (2.83)

An infinite s-wave scattering length means that the threshold solution becomes con-
stant at large distances. One speaks of a bound state at threshold in this case as well,
even though the wave function is not normalizable.

The scattering length depends very sensitively on whether there is a bound state
very close to threshold, or whether the potential just fails to bind a further bound
state. This is easily demonstrated via the simple but instructive example of an at-
tractive sharp-step potential,

V (r) =
{−VS for r ≤ L,

0 for r > L,
VS = �

2K2
S

2μ
. (2.84)

When KSL = π
2 , which corresponds to a depth VS equal to the energy E0 =

(π
2 �)2/(2μL2), the potential (2.84) has a threshold solution which becomes con-

stant for r > L. For a slightly deeper step, VS = 1.4E0, the potential supports a
weakly bound state at the energy Eb ≈ −0.189E0, indicated by the horizontal dot-
ted brown line in the left half of Fig. 2.4; the associated bound-state wave function
is shown as dashed brown line. As is customary in such illustrations, the zero-axis
for a wave function is chosen to lie at the energy for which it solves the Schrödinger
equation. The threshold solution at E = 0 (solid blue line) is not very different
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Fig. 2.4 Sharp-step potential (2.84). The energy is given in units of E0 = ( π
2 �)2/(2μL2). For

VS = E0, the s-wave radial Schrödinger equation has a zero-energy solution which becomes con-
stant for r ≥ L. The left half of the figure shows the case VS = 1.4E0, for which the potential
supports a bound state at the energy Eb ≈ −0.189E0, indicated by the horizontal dotted brown
line. The bound-state wave function is shown as dashed brown line, and its zero-axis lies at its
energy Eb. The threshold solution is shown as solid blue line with zero-axis at E = 0; for r > L it
is a linear function which cuts the axis at a distance defining the scattering length a. The right half
of the figure shows the case VS = 0.8E0, for which there is no bound state; the threshold solution
(solid blue line) is a straight line for r > L, and the extrapolation of this line to smaller r-values
leads to an intersection with the r-axis at a large negative value, corresponding to a large negative
scattering length a

Fig. 2.5 Scattering length for
the sharp-step potential as
function of the threshold
wave number KS, as given by
Eq. (2.85). Each pole
indicates the existence of a
bound state at threshold; nb is
the number of bound states
supported by the potential for
values of KS between
successive poles

from the bound-state wave function for r ≤ L. For r > L the potential vanishes,
so the threshold solution assumes its asymptotic behaviour (2.83) corresponding
to a linear fall-off; it cuts the r-axis at a value defining the scattering length a

(≈2.8L in the present case). The right half of Fig. 2.4 shows a shallower step,
VS = 0.8E0, for which the potential just fails to support a bound state. The thresh-
old solution (solid blue line) now grows linearly for r > L. Extrapolation of this
linear behaviour to smaller r-values eventually leads to a crossing of the r-axis at a
large negative value, corresponding to a large negative scattering length. The depen-
dence of the scattering length on the potential depth VS, or on the related threshold
wave number KS = √

2μVS/�, can be easily deduced from the threshold solution

u
(0)
l=0(r)

r≤L∝ sin(KSr). Its logarithmic derivative at r = L is KS cot(KSL) which
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must be equal to 1/(L − a) according to (2.83), so [24]

a = L − tan(KSL)

KS
. (2.85)

Figure 2.5 shows the behaviour of the scattering length as function of the threshold
wave number KS. It is typical for the behaviour of the scattering length of a potential
as function of a parameter which can tune the number and positions of bound states
in the potential. The scattering length has a pole whenever there is a bound state
at threshold. Before the first pole (KSL < 0.5π in Fig. 2.5), the potential has no
bound states. The number of bound states increases by one every time KS increases
through a pole.

A quantitative relation between the diverging scattering length and the vanish-
ing eigenenergy of a near-threshold bound state can be derived quite generally as
follows: Assume that there is a bound s-state at an energy Eb = −�

2κ2
b /(2μ) very

close to threshold. Beyond the range of the potential, the radial wave function u
(κb)
l=0

at this energy is proportional to e−κbr and behaves as

u
(κb)
l=0 (r) ∝ 1 − r

[
κb + O

(
κ2

b

)]
(κb < 0). (2.86)

The terms below order κ2
b in (2.86) are compatible with (2.83) if we assume

1

a

κb→0∼ κb + O
(
κ2

b

)
. (2.87)

This is plausible, since the radial Schrödinger equation at energy Eb differs from
the radial Schrödinger equation at threshold by a term of order κ2

b . Equation (2.87)
implies the following relation between the scattering length a and the inverse pene-
tration depth κb of a bound state very near threshold,

a
κb→0∼ 1

κb
+ O

(
κ0

b

)
. (2.88)

Conversely, a large positive scattering length a implies a near-threshold bound state,
whose energy is given by,

Eb = −�
2κ2

b

2μ

a→∞∼ − �
2

2μa2
+ O

(
1

a3

)
. (2.89)

When the potential just fails to bind a further bound state, there may be a solution
uv

l=0 of the s-wave radial Schrödinger equation which is asymptotically proportional
to e+κvr with a very small positive κv. By the same arguments as above, such a solu-

tion of (2.35) gives rise to a large negative scattering length, a
κv→0∼ −1/κv +O(κ0

v ).
In such a situation one speaks of a virtual state at the energy Ev = −�

2κ2
v /(2μ)

[33, 44].
The unambiguous identification of a virtual state poses a problem. The discrete

energy of a genuine bound state is easily found via the condition that the wave
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function must decay to zero as e−κr at large distances. When solving the radial
Schrödinger equation, e.g. by integrating it from smaller to larger r-values, any
contribution from the exponentially growing solution soon becomes dominant and
indicates that the energy under consideration is not a bound-state eigenvalue. On
the other hand, the solution proportional to e+κr cannot be unambiguously defined,
unless the potential vanishes exactly after some finite, preferably short, distance.
Any contribution of the solution proportional to e−κr is soon dominated by the ex-
ponentially growing term, so it is very difficult in practice to decide, whether the
contribution of the decaying solution vanishes exactly or not. This problem is ag-
gravated as κ increases, so the concept of virtual states is most useful very close to
threshold.

For a potential which falls off sufficiently rapidly at large distances, the next-to-
leading behaviour of the scattering phase shifts near threshold, following the leading
term (2.77), can be derived from solutions of the radial Schrödinger equation at
threshold [3]. This is shown below for s-waves, l = 0. We shall drop the subscript
l = 0, but remember that we are dealing with s-waves.

Let u(0) and u(k) be regular radial wave functions that solve the radial Schrödinger
equation at threshold and for wave number k > 0,

d2u(0)

dr2
= 2μ

�2
V (r)u(0)(r),

d2u(k)

dr2
=

(
2μ

�2
V (r) − k2

)
u(k)(r). (2.90)

There are two alternative representations for the integral

Iu(r0) =
∫ r0

0

[
u(0)(r)

d2u(k)

dr2
− u(k)(r)

d2u(0)

dr2

]
dr. (2.91)

One involves multiplying the first of the two equations (2.90) by u(k), the second by
u(0), and integrating the difference; this leads to

Iu(r0) = −k2
∫ r0

0
u(0)(r)u(k)(r)dr. (2.92)

An alternative representation of the integral (2.91) is obtained by partial integration,

Iu(r0) =
[
u(0)(r)

du(k)

dr
− u(k)(r)

du(0)

dr

]r0

0
= u(0)(r0)

du(k)

dr

∣∣∣∣
r0

− u(k)(r0)
du(0)

dr

∣∣∣∣
r0

.

(2.93)
Contributions from the lower limit of integration, r = 0, vanish, because the regular
solutions u(r) vanish for r → 0.

We now repeat the procedure for two (not necessarily regular) radial wave func-
tions, w(0) and w(k), which solve the free-particle radial Schrödinger equation at
threshold and for wave number k > 0,

d2w(0)

dr2
= 0,

d2w(k)

dr2
= −k2w(k)(r). (2.94)
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