
Chapter 2
Models for Polymer Chains

In this chapter a brief description is given of several fundamental models for
polymer chains, both discrete and continuous, the latter being obtained as a contin-
uous limit of the former under certain conditions. The unperturbed chains without
excluded volume are considered throughout the chapter but all basic equations are
valid for both unperturbed and perturbed chains unless otherwise noted. Thus the
symbol h� � � i is used without the subscript 0 to denote an conformational average
even in the unperturbed state, for simplicity.

2.1 Discrete Models

2.1.1 Average Chain Dimensions

Consider a single chain composed of n C 1 identical main chain atoms, say carbon
atoms, which are joined successively by single bonds and which are numbered 0, 1,
2, � � � , n from one end to the other. Let ri be the vector position of the ith carbon
atom (i D 0, 1, � � � , n) in the instantaneous configuration of the chain, as depicted in
Fig. 2.1. The vector li defined by

li D ri � ri�1 .i D 1; 2; � � � ; n/ (2.1)

is called the ith bond vector, whose magnitude li is the bond length. The angle �i

(i D 1, 2, � � � , n � 1) between the vectors li and liC1 is the supplement of the ith
bond angle. The angle between the two planes containing li�1 and li, and li and liC1,
respectively, defines the internal rotation angle �i (i D 2, � � � , n � 1) about the ith
bond, which is chosen to be zero when li�1 and liC1 are situated in the trans position
with respect to each other. For the present purpose, both li and �i may be fixed at
constant values (except for hypothetical cases), ignoring atomic vibrations. This is
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Fig. 2.1 Instantaneous
configurations of a discrete
chain and its various
configurational quantities
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the discrete model. In what follows, we assume that li D l and �i D � for all i, for
simplicity.

Now the end-to-end vector R D rn � r0 of the chain is the resultant of n bond
vectors, that is,

R D
nX

iD1

li ; (2.2)

so that the mean-square end-to-end distance hR2i as a measure of the average chain
dimension is given by

hR2i D
nX

iD1

nX

jD1

hli � lji

D nl2 C 2
X X

1�i<j�n

hli � lji : (2.3)

Further, if Si is the vector distance of the ith carbon atom from the center of mass
(C.M.) of the chain, the radius of gyration S is defined by

S2 D 1

n C 1

nX

iD0

S 2
i : (2.4)

Assume that an equal mass is centered at each carbon atom, and by definition, we
have

nX

iD0

Si D 0 : (2.5)
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If Rij D Sj � Si is the vector distance between the ith and jth carbon atoms, then we
obtain the well-known formula for the mean-square radius of gyration hS2i, which
is another measure of the average chain dimension,

hS2i D 1

.n C 1/2

X X

0�i<j�n

hR 2
ij i : (2.6)

The simple derivation of Eq. (2.6) is given in the earlier book (MTPS) [1].
Note that Eqs. (2.3) and (2.6) are valid for both unperturbed and perturbed chains.

2.1.2 Random-Flight Chains: The Gaussian Chain

The simplest hypothetical discrete model is obtained by setting hli � lji D 0 for
i ¤ j in Eqs. (2.3); thus it has no correlations between any two bonds even with the
uniform distribution of � in its possible range from 0 to � , so that

hR2i D nl2 : (2.7)

This is the random-flight chain or the freely jointed chain; it is also called the
random-coil model [2]. For this chain hR2i is proportional to n.

Now suppose that the initial (0th) carbon atom is fixed at the origin of a Cartesian
coordinate system and let P.R/dR then be the probability of finding the terminal
(nth) carbon atom in the volume element dR D dxdydz at R.x; y; z/. In the
asymptotic limit of large n the distribution function P.R/ of R for this chain is
found to be [1, 3, 4]

P.R/ D
�

3

2�nl2

�3=2

exp

�
� 3R2

2nl2

�
: (2.8)

That is, in this limit the random-flight chain becomes the Gaussian chain. As is
readily seen from Eq. (2.8), the latter chain has the same second moment hR2i D nl2

as the former for arbitrary n. For the Gaussian chain we also have the well-known
relation [1, 5]

hS2i D 1

6
hR2i : (2.9)

2.1.3 Freely Rotating Chains

Next we consider a model in which both l and � are fixed but in which the
distribution of �i is uniform in its range from �� to � . This model is called the
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freely rotating chain. In this case it is easy to show that hli � liC1i D l2 cos � (i D 1,
� � � , n�1) and in general hli � lji D l2 cosj�i � (i < j). On performing the summations
in the second line of Eqs. (2.3) after substitution of this result, we obtain [6–8]

hR2i D nl2
1 C cos �

1 � cos �
� 2l2 cos �

1 � cosn �

.1 � cos �/2
: (2.10)

For this case, if 0 < � < �=2, hR2i=n increases monotonically with increasing n
and approaches the constant l2.1 C cos �/=.1 � cos �/; that is [2],

hR2i D nl2
1 C cos �

1 � cos �
for n � 1 : (2.11)

From Eq. (2.6) with Eq. (2.10), we also obtain [9, 10]

hS2i D l2

6

1 C cos �

1 � cos �
n C l2

6

1 � 6 cos � � cos2 �

.1 � cos �/2

C l2

6

�1 C 7 cos � C 7 cos2 � � cos3 �

.1 � cos �/3

1

n C 1

� 2l2 cos2 �

.1 � cos �/4

1 � cosnC1 �

.n C 1/2
: (2.12)

Similarly, we can calculate the average hR � u0i with u0 D l1=l being the unit
vector in the direction of the first bond l1 as follows,

hR � u0i D l�1

nX

iD1

hl1 � lii D l
1 � cosn �

1 � cos �
: (2.13)

The scalar product R � u0 is the projection of R in the direction of l1, as depicted in
Fig. 2.2. If we assume again that 0 < � < �=2, we have

lim
n!1hR � u0i D l

1 � cos �
: (2.14)

Fig. 2.2 Persistence of the
component of li in the
direction u0 D l1=l of the first
bond in a freely rotating chain
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The quantity on the left-hand side of Eq. (2.14) is called the persistence length [11,
12], and we denote it by q. The origin of this term is that the situation is similar
to that encountered in the kinetic theory of gases, in which the component of the
velocity u of a particle in its initial direction u0 persists after collisions. We have
q > l for the freely rotating chain and q D l for the random-flight chain. Thus q is
often used as a measure of chain stiffness but this is not always correct [13, 14] (see
also below).

2.1.4 Chains with Coupled Rotations: The Rotational Isomeric
State Model

In the real chain with fixed bond lengths and bond angles there are hindrances to
internal rotations and �i is not uniformly distributed. In this case the chain has
a potential energy E.f�n�2g/ as a function of all .n � 2/ internal rotation angles
f�n�2g D �2, � � � , �n�1, so that the average hli � lji in Eqs. (2.3) must be calculated
statistical-mechanically with the Boltzmann factor or the chain conformational
partition function Z,

Z D
Z

expŒ�E.f�n�2g/=kBT�df�n�2g ; (2.15)

where kB is the Boltzmann constant, T is the absolute temperature, and df�n�2g D
d�2 � � � d�n�1.

For illustration, we consider the simplest of such chains with coupled rotations,
that is, the one only with the rotational potential E1 about each bond and the
correlation E2 between rotations about two successive bonds. In fact, higher-order
neighbor interactions of this kind may be neglected in many cases. The total
rotational potential E may then be written in the form

E.f�n�2g/ D
n�1X

iD2

Ei.�i�1; �i/ ; (2.16)

where

Ei.�i�1; �i/ D E1i.�i/ C E2i.�i�1; �i/ (2.17)

with E22 D 0. In particular, a hypothetical chain with Ei D E1i is called the
chain with independent rotations. The potential E1i may be regarded as close to the
potential E.�/ about the central C–C bond in n-butane, which has three minima
corresponding to the three stable conformations or rotational isomers: trans (t)
(� ' 0ı), gaucheC (gC) (� ' 120ı), and gauche� (g�) (� ' �120ı), as
illustratively shown in Fig. 2.3. On the other hand, E2i becomes very large for the
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Fig. 2.3 Internal-rotational
potential of n-butane. The
dashed lines represent the
RIS approximation
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conformation .�i�1; �i/ D(gC, g�) or (g�, gC). This is the so-called pentane effect
[15, 16].

With such potentials, however, the mathematical treatments become very diffi-
cult. It is therefore convenient to introduce an assumption such that �i takes only
the three or more discrete values corresponding to the potential minima, t, gC, g�,
and so on, thus approximating E1i by a finite set of discrete levels or sharp square-
well potentials at those �i, as shown in the dashed lines in Fig. 2.3 [17, 18]. This is
the rotational isomeric state (RIS) model. Equation (2.15) with Eq. (2.16) may then
be reduced to

Z D
X

f�n�2g

n�1Y

iD2

u��;i ; (2.18)

where

u��;i D expŒ�Ei.�; �/=kBT� (2.19)

with �, � D t, gC, g�, � � � . Thus the problem becomes equivalent to that of the
one-dimensional Ising model [19–23].

The results for hR2i are often given for the characteristic ratio Cn defined by [23]

Cn D hR2i=nl2 : (2.20)

In Fig. 2.4 values of Cn so calculated are plotted against log n for polymethylene
(PM), poly(dimethylsiloxane) (PDMS), isotactic polystyrene (i-PS), and syndiotac-
tic poly(methyl methacrylate) (s-PMMA), for illustration.
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Fig. 2.4 Characteristic ratio
Cn for typical flexible
polymers
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2.2 Continuous Models

For a discrete chain of n bonds, each of length l, we define the total contour length
L and the contour distance s (0 � s � L) of the ith carbon atom from the initial (0th)
one along the chain by the equations

L D nl ; s D li ; (2.21)

respectively. We let n ! 1 and l ! 0 at constant L (and i ! 1 at constant s) in
such a way that the discrete chain contour becomes a continuous and differentiable
space curve. This is the continuous model which is mainly considered in this book.
It is specified by certain additional conditions imposed in the limiting process [11,
13, 14, 24].

In any case we can define the unit vector u.s/ tangent to the curve at the contour
point s, that is,

u.s/ D dr.s/

ds
(2.22)

with ri D r.s/ being the radius vector, as depicted in Fig. 2.5. Equation (2.22) is
the continuous limit of li=l with li being given by Eq. (2.1). The end-to-end vector
R may then be expressed in terms of u as

R D r.L/ � r.0/ D
Z L

0

u.s/ds (2.23)

as the continuous limit of Eq. (2.2), so that we have

hR2i D
Z L

0

Z L

0

hu.s1/ � u.s2/ids1ds2 (2.24)
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Fig. 2.5 Instantaneous
configurations of a
continuous chain and its
configurational quantities
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as the continuous limit of Eqs. (2.3). If R.s1; s2/ is the vector distance between the
contour points s1 and s2 (s1 � s2), Eq. (2.6) becomes

hS2i D 1

L2

Z L

0

ds1

Z L

s1

ds2hR2.s1; s2/i : (2.25)

For the unperturbed chain there holds the relation hR2.s1; s2/i D hR2.s/i with s D
s2 � s1 [1], and therefore Eq. (2.25) reduces to

hS2i D 1

L2

Z L

0

.L � s/hR2.s/ids: (2.26)

Necessarily, we have, for the continuous chain above,

u2.s/ D 1 for 0 � s � L : (2.27)

Indeed, this relation is satisfied by the Kratky–Porod (KP) wormlike chain [11] and
also the helical wormlike (HW) chain [13, 14] treated in this book. In anticipation of
the results we here note only that the former is obtained as a continuous limit of the
freely rotating chain, while the latter is obtained from a discrete chain with coupled
rotations by some coarse-graining, followed by the continuous-limiting process.
However, in order to make the model more tractable, the constraint of Eq. (2.27)
is often relaxed, thereby leading to various modifications [13, 25, 26] of the former.
Further, we note that for the continuous chain the Kuhn segment length AK and the
persistence length q are defined by

AK D lim
L!1.hR2i=L/ ; (2.28)

q D lim
L!1hR � u0i (2.29)

with u0 D u.0/, which in general satisfy the relation

AK D 2q; (2.30)
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but that neither AK nor q is a measure of chain stiffness except for the KP chain
[13, 14].

Finally, we consider a continuous Gaussian chain and give some fundamentals
related to it. Its hR2i must be given by

hR2i D lL : (2.31)

This is rather the defining equation for the “bond length” l for the chain of total
contour length L. It is evident that the above-mentioned continuous limit of the
random-flight chain cannot be taken to obtain this continuous chain when hR2i and
L are given. Its rigorous treatment requires an elaborate maneuver [25, 27]. Thus we
follow instead a simple fashion to regard L merely as a continuous variable for very
large n in the discrete random-flight chain, as usually done [1, 4, 28]. This suffices
for the present purpose (see also Appendix 1 in Chap. 3). It is then convenient to
rewrite Eq. (2.8) as

P.RI L/ D
�

3

2�lL

�3=2

exp

�
�3R2

2lL

�
: (2.32)

This P.RI L/ is the solution of the differential equation

�
@

@L
� l

6
r 2

R

�
P.RI L/ D 0 (2.33)

subject to the boundary condition

P.RI 0/ D ı.R/; (2.34)

where r 2
R is the Laplacian operator with respect to R and ı.R/ is a three-

dimensional Dirac delta function.
Now we introduce the Green function G.RI L/ defined by

G.RI L/ D P.RI L/ for L > 0

D 0 for L < 0; (2.35)

where P.RI L/ is given by Eq. (2.32). Equation (2.33) with Eq. (2.34) may then be
reduced to

�
@

@L
� l

6
r 2

R

�
G.RI L/ D ı.L/ı.R/: (2.36)
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If we integrate both sides of Eq. (2.36) over L from �� to � with � being positive
and small, then the left-hand side becomes

Z �

��

@G.RI L/

@L
dL D G.RI �/; (2.37)

and the right-hand side becomes ı.R/, so that we have

lim
L!C0

G.RI L/ D ı.R/: (2.38)

Thus the solution of Eq. (2.36) is indeed that of Eq. (2.33) subject to the boundary
condition of Eq. (2.34). If L is regarded as “time,” Eq. (2.33) or (2.36) is just the
diffusion equation associated with the random process (position) r.s/ of a Brownian
particle with diffusion coefficient l=6 at a long time.

Note that for this chain the bond correlation function hu.s1/ � u.s2/i is formally
given by

hu.s1/ � u.s2/i D lı.s1 � s2/ ; (2.39)

because substitution of this equation into Eq. (2.24) recovers Eq. (2.31).
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