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Abstract. We investigate sublinear-space computability relation among
the directed graph vertex connectivity problem and its related prob-
lems, where by “sublinear-space computability” we mean in this paper
O(n'~#)-space and polynomial-time computability w.r.t. the number n of
vertices. We demonstrate algorithmic techniques to relate the sublinear-
space computability of directed graph connectivity and undirected graph
length bounded connectivity.

1 Introduction and Preliminaries

Space complexity is one of the important complexity measures. In general algo-
rithms with small complexity are important, but recently, due to the increase
of data size, we face demands for sublinear-space algorithms in various appli-
cations, that is, demands for algorithms using much smaller working memory
than input data size. Sublinear-space computability is also important from a
theoretical view point for understanding the nature of computation. For exam-
ple, the famous L = NL question is about the O(logn)-space computability of
the following directed graph connectivity problem. (Although we formulate in
this paper connectivity problems as a problem of asking the connectivity of a
given pair of vertices, the space complexity is the same even if we consider the
connectivity for all pairs of vertices.)

stConn (Directed Graph Connectivity)

input: Directed graph G = (V, E) and vertices s,t € V.
task: Determine whether there exists a path from s to .
size parameter: The number of vertices, denoted by n.

In order to understand the O(logn)-space (in)computability of stConn, dif-
ferent versions of this connectivity problem have been investigated, and various
important results have been obtained. For example, the breakthrough result of
Reingold [7] shows that the connectivity is O(logn)-space decidable for undi-
rected graphs. On the other hand, not so much has been studied for a bit more
relaxed o(n)-space computability. In this paper, we consider one of such o(n)-space
bounds, that is, O(n'~¢)-space bound defined by “saving” parameter £ > 0.
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The stConn problem may not be solvable in O(logn)-space, but it may still
be solvable in o(n)-space and and polynomial-time. In fact, Barnes et al. [3] gave
an O(n/2vV™°&™)_space and polynomial-time algorithm. But we aim for a stronger
o(n)-space bound, that is, O(n!~¢)-space computability as Widgeson asked in
[8]. Here we also require! the polynomial-time computability, which is crucial
from both theoretical and practical view points. In fact, we have an O((logn)?)-
space (and O(n!°8™)-time) algorithm for stConn from Savitch’s theorem. We
do not want to go beyond the polynomial-time bound for reducing working
memory. Thus, in this paper we consider both polynomial-time and O(n'~¢)-
space computability, which we will call sublinear-space computability throughout
this paper.

Recently, sublinear-space computability has been shown for some graph
classes [1,2,4,6]. For example, for the directed planar graph connectivity prob-
lem, we have an O(y/n)-word-space and polynomial-time algorithm [2]. Unfortu-
nately, however, an essential gap seems to exist to extend it to the general case.
In this paper we would like to identify a requirement/restriction that makes the
problem difficult. Certainly, directedness is a key for the hardness because the
connectivity is decidable in O(logn)-space for undirected graphs. As an alter-
native to directedness, we consider “bounded length” requirement; that is, we
consider the problem that asks, for a given b, whether there is a path from s to
t consisting of at most b edges, in other words, s is connected to ¢ by a path
of “length” at most b. Let us use UstConnj, to denote this version of undi-
rected graph connectivity problem. It has been known that stConn is O(logn)-
reducible to UstConnyp; that is, the difficulty of solving stConn in O(log n)-space
can be transformed to UstConny,, or more specifically, we have stConn ¢ L =
UstConnyy, ¢ L. We ask in this paper whether this type of relation holds for their
sublinear-space computability.

As a main result, we show a way to relate the sublinear-space computability
of UstConnyy, to that of stConn with almost same saving. This can be regarded as
an sublinear-space approximately preserving reduction. We also explain the idea
of a similar sublinear-space approximately preserving reduction. Therefore, we
can conclude that directedness and length bound are computationally equivalent
requirements also in the sublinear-space computability context. While we leave
it open to extend this technique to other NL problems, we show similar relation
holds for another graph connectivity problem and its length bounded version,
which we hope to give us a hint to obtain a more general technique relating
sublinear-space computability.

Preliminaries. We use standard notions and notation in graph theory and com-
putational complexity theory. In this paper we consider both directed and undi-
rected graphs, but we may assume that a graph is directed unless it is specified
as undirected. A directed edge is denoted by an order pair of vertices, e.g., (u,v),

! Any O(logn)-space algorithm is (modified to) a polynomial-time algorithm; thus, it
is not necessary to require the polynomial-time computability when discussing the
log-space computability.
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whereas an undirected edge is denoted by a set of vertices, e.g., {u,v}. In the
directed case, by a “path” we mean the sequence of directed edges having one
direction from its source vertex to destination vertex. For any path, its length
is the number of edges on the path. For any vertices v and v, a shortest path
from u to v is a path from u to v with the smallest length, and by leng(u,v) we
denote the length of the shortest path from u to v.

We basically follow the standard machine based framework for discussing
time and space complexity. We consider that input data is given separately in a
read-only memory area, and space complexity is the amount of working memory
used for computation. Precisely speaking, we should measure the number of
bits; but in our context we may ignore a O(logn) factor and use the number
of working variables to measure space complexity. Throughout this paper we
use n denote the number of vertices of a given graph, which is regarded as the
main size parameter for all problems considered in this paper. We do not use
the number of edges as a size parameter. This is because (i) the number of edges
does not seem to be so relevant for discussing polynomial-time computability
and space complexity, and (ii) we indeed have a polynomial-time and O(n)-size
algorithms for various connectivity problems.

2 Length Bounded Undirected Graph Connectivity

As explained in Introduction, motivated by the O(logn)-space computability of
the undirected connectivity problem, we consider its length bounded version.
That is, the following problem. (In this paper we use [k] to denote {0,1,...,k}
instead of {1,...,k}.)

UstC0nn1b
input: Undirected graph G = (V, E), s,t € V, and integer b € [n — 1].
task: Determine whether there exists a path between s and ¢ of length < b.

Nothing is known for the sublinear-space computability of this problem. Here
we assume the following sublinear-space computability of this problem. That is,
we assume that ¢ saving holds for this problem. We discuss whether a similar
saving can be implied from this assumption for stConn.

Assumption 1. There is an algorithm Algo_UstConny, that solves UstConnyy,
in polynomial-time and O(n'~¢)-space.

It has been well known that UstConny, is also NL-complete problem. In
particular, there is a standard log-space many-one reduction from stConn to
UstConnyy,, and any O(logn)-space algorithm solving UstConnyy, can be used to
give an O(logn)-space algorithm for stConn. Let us recall this reduction first.

Consider any instance (G, s,t) of stConn, where G = (V, E) is a directed
graph and s and t are vertices in V. The reduction creates a “layered” undirected
graph nG = (nV,nE) that is defined by
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nV ={(i,v)|i € [n—1Jandv € V }, and
nE = {{(i,u), (i +1,v)}|i € [n—2]and (u,v) € E }
U{{G,u),i+1u)}|i€[n—2anduecV}.

Then it is easy to see the following property holds. Thus, a mapping (G, s,t) to
(nG,(0,s),(n —1,t),n — 1) is a reduction from stConn to UstConnyp,.

Claim. For any s,t € V, there is a path from s to ¢ in G if and only if there is
a path from (0, s) to (n — 1,¢) in nG of length n — 1.

Let Algo_red denote the algorithm solving stConn by using this reduction
method and Algo_UstConny,. Note that the instance given to Algo_UstConny,
has n? vertices. Thus, we have the following complexity bounds.

Lemma 1. Algo_red solves stConn in polynomial-time and O((n?)1=¢)-space.

Note that O(n?(1=)) = O(n'~(2s=1)); this space bound is still sublinear if
€ > 0.5. But clearly, the saving got reduced considerably due to the increase of
the graph size, i.e., the number of vertices, by the reduction.

We introduce two algorithmic ideas to suppress this graph size increase of the
standard reduction. For this we consider the length bounded connectivity also
in a directed graph, and we introduce the notion of “bounded length” below.
Consider any directed graph G = (V, E), and let leng(u,v) denote the length
from w to v on this graph. For any u,v € V and for any b € [n — 1], we define
leng bl(u, v,b) by

leng(u, v), if leng(u,v) < b, and
41, otherwise.

leng bl(u,v,b) = {

We call this function bounded length. When necessary, we write leng bl(G: u, v, b)
for explicitly expressing the length is considered on G. Note that deciding
whether leng bl(u,v,b) # L is exactly the length bounded connectivity on the
directed graph G. We can generalize the reduction based algorithm Algo_red
to determine whether leng_bl(u,v,b) # L in polynomial-time and O((bn)!~¢)-
space. Let us still use Algo_red to denote this algorithm, and let ¢;.q(bn) denote
a polynomial time bound for Algo_red to determine leng _bl(u,v,b) # L.

Clearly, the graph size increase can be suppressed if stConn can be solved by
using only leng bl(-,-,b) with small b. One simple idea is to compute bounded
length recursively. For example, consider the following graph G(b) = (V, E(b)),
where

E(b) = { (u,v) |leng-bl(u,v,b) # L }.

Apply Algo.red on G(b) to determine leng bl(G(b):u,v,b) # L. Whenever
Algo_red needs to see whether an edge (u,v) exists in G(b), we run Algo_red on
G to determine leng bl(G: u,v,b) # L. Clearly, we have leng bl(G(b): u,v,b) # L
if and only if leng bl(G: u,v,b?) # L, and it is easy to see that this depth two
recursion for deciding leng bl(G(b): u,v,b) # L can be done in O((treq(bn))?)-
time and O(2(bn)!~¢)-space.
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We can extend this idea and use Algo_red on G"(b) = (V, E" (b)), where E" (b)
is defined inductively by E"(b) = { (u,v)|leng bl(G"*(b):u,v,b) # L }. Let
Algo_red” denote the algorithm that determines leng bl(G"~1(b):u,v,b) # L
by using Algo_red recursively up to depth r. That is, Algo_red” determines
leng bl(G"1(b):u,v,b) # L <= lengbl(G:u,v,b") # L. Thus, for solving
an stConn instance (G, s,t), it is enough to compute leng bl(G™~1: s,t,b) with
b=n'/" by Algo_red”. This gives the following bounds.

Lemma 2. For any r > 1,Algo_red” solves stConn in O((teq(n't1/7)")-time
and O(rn( /0= space.

Remark. Though the parameter v need not be a constant for the algorithm, it
must be a constant in order to bound the running time by polynomial. Then we
can simplify the above space bound by

O(n(1+1/r)(l—s)) — O(nl—((1+1/r)5—1/7’)) ]

Hence, the saving of Algo_red” is (1+1/r)e —1/r.

Unfortunately, the above saving is still not so good. In order to have a non-
trivial saving we need to choose r > 1/e, which makes the time bound very high
(while it is still polynomial). We can overcome this problem by using the idea
in [3]. Barnes et al. [3] gave a weak sublinear-space algorithm. Their algorithm
is a combination of two algorithms B1 and B2; algorithm B2, which is used by
Bl as a subroutine, is in fact computes the bounded length, i.e., leng bl(-,-, L)
for relatively small L. Here we use the B1 part of their algorithm.

We first show that leng bl(G: u,v,b") is indeed sublinear-space computable
by using decision algorithm Algo_red’ and its modification. The idea is simple.
Consider any u,v € V. If leng bl(u,v,b") = L, then we are done. (Here and
below by leng_bl(,-,:) we mean leng bl(G: -, -).) Otherwise, it suffices to test
whether leng_bl(u,v,d) # L holds for all d € [b” — 1]; we have leng_bl(u,v,b") =
d with the minimum d such that leng bl(u,v,d) # L holds. Note here that
d = ag + aib+ axb® + - + a,_1b" ! for some ag,...,a,—1 € [b—1]. Then we
can test whether leng bl(u,v,d) # L holds by using a layered graph (rV,rE’)
similar to (rV,rE). Here rE’ is defined as follows: for each ¢ > 0, 7E’ has an edge
{(i,u), (i + 1,v)} if and only if leng_bl(u,v,a;b") # L, which can be tested by
using a slightly modified Algo red*!. Hence, leng bl(u,v,d) # L can be tested
in time O(ted (11)tred (b0)7) = O(trea(bn)"+1) and in space O((rn)t ==+ (bn)=¢)
= O((bn)!~#) (since we may assume that r < b). Therefore, leng_bl(u,v,b") is
computable as follows.

Lemma 3. We have an algorithm Algo bl that computes leng bl(G:u,v,b") in
O(b"tea(bn) 1) -time and O((bn)*~¢)-space.

Next we introduce a key tool, namely, a small “separator.” Consider any
instance for stConn, i.e., G = (V, E) and s,t € V, and fix them in the following
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explanation. Let L be an algorithm parameter that is determined later. For any
j € [L —1], let V; be a subset of V' defined by

V; = {v]|leng(s,v)mod L = j }.

Family {V;},c;r—1) has several important properties. First, it is a partition
of the set of vertices of V' reachable from s; and hence, there should be some j,
such that |V},| < n/L. We use such Vj, to record the reachability from s, thereby
reducing the space complexity for memorization. Another important property,
though it is trivial, is that each V; is a separator of all shortest paths of length
> j. More specifically, for any j € [L — 1], if leng(s,v) > j, then there should
be some vertex u in Vj that is on one of the shortest paths from s to v and for
which leng(u,v) < L holds; thus, once we have V;,, we only need to compute,
for each u € Vj,, its bounded length to ¢, i.e., leng bl(u, ¢, L), to determine the
connectivity from s to ¢.

These properties justify the following algorithm outline for deciding connec-
tivity from s to ¢ in G: (1) Compute V; for each j € [L — 1] from j = 0 to
L — 1. If the algorithm finds that |V;| > n/L, then it stops the computation
of V; and moves to the computation of Vj;;. On the other hand, move to the
next step as soon as V; with appropriate size can be computed. (2) Compute
leng bl(u,t, L) for each u € Vj,. Output “yes” if there is some u € V}, such that
leng bl(u,t, L) # L. Otherwise, output “no.” This is essentially the B1 part of
the algorithm of Barnes et al., and we name the algorithm that solves stConn
following this outline as Algo_Betal; note that we assume that the algorithm
Algo bl of Lemma3 is used here for computing the bounded length.

Now it remains to implement the above step (1). Below we give a procedure
for computing Vj for a given j € [L — 1]; the actual computation of (1) is to use
this procedure to find jo for which the procedure successfully computes Vj,. For
this procedure, we can again use the bounded length. In [3] B1 is stated as a
breadth first algorithm, but here for the sake of later explanation, we state it as
a “closest vertex first” algorithm, which can be regarded as a variation of the
Dijkstra’s algorithm. In the following procedure, we use a variable D to denote
the set of vertices in V; whose length from s has been determined, and for any
v € D, we use d[v] to record this length. For any u € D and v € V' \ D, we define
a function cost_via(u,v) by

cost_via(u,v) = d[u] + leng_bl(u, v, L).

That is, cost_via(u,v) is the length of a path from s to v that has u in V;. It is
easy to see that u is the vertex in V; on the path closest to v.

The correctness of the procedure will be explained in the next section for a
more general procedure. Here we analyze the time and space complexity bounds
of Algo Betal. Note that the most time consuming part is the computation
of the bounded length leng bl(-,-, L), and it is easy to see that the bounded
length is computed at most O(Ln?) times; thus, by using Algo bl of Lemma 3
for computing the bounded length, we can bound the total running time by
O(Ln®L(tyea(L'™n))" 1), which is roughly poly(n)”. On the other hand, we can
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procedure for computing V;
dfs] « 0; D« {s};
while v_min # 1 do {
v_min < 1; cost_min < 4o0;
for each v € V'\ D do {
u_closest < argmin{ cost_via(u,v) |u € D };
cost «— cost_via(u_closest, v);
if leng bl(u_closest,v, L) = L
A cost < cost_min then {
v_min < v; cost_min < cost;

}
}

if v.min # L then {
D < DU {vmin}; d[v] ¢ cost_min;
if |D| > n/L then report failure and stop;
}
}

return D as V};

Fig. 1. Procedure for computing V; in Algo_Betal

bound the space complexity of Algo_Betal by O(n/L -+ (L'/"n)'~¢). This space
bound is (approximately) minimized by choosing L to satisfy n/L = (L'/"n)'~¢,
or equivalently, n® = L'*(1=2)/7 With this choice of L, we can bound the space
complexity by O(n®), where

Theorem 1. Using the sublinear-space algorithm assumed by Assump-
tion 1, algorithm Algo Betal solves stConn in O((poly(n))")-time and
O(n'=(=1/ 1)) _space.

a=1

We may regard this result as a reduction from stConn to UstConny, that
preserve approximate sublinear-space computability, where by “approximate”
we mean that one can get a saving as arbitrarily close to the original saving. Here
let us call intuitively our construction of algorithm Algo Betal as a sublinear-
space approximately preserving reduction without giving any formal definition.
Naturally we may ask whether this sublinear-space approximately preserving
reduction exits also from UstConny, to stConn. Here again we can use a similar
idea to show such a reduction.

Consider any instance (G, s,t,b) of UstConnyp,, where G = (V, E) is an undi-
rected graph, s,t € V, and b € [n — 1]. We consider a layered directed graph
nG = (nV,nE) defined by
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nV ={(i,v)|i € [blandv € V }, and
nE = {((i,u), (i +1,v))|i € [b — 1] and {u,v} € E }
U{{(,v),(i+1u)}|ic[b—1]andueV}.

Then again it is easy to see that leng bl(s,¢,b) # L if and only if there is a
directed path from (0,s) to (b,t) in nG. Therefore, using an argument similar
to the above, we can also define a sublinear-space approximately preserving
reduction from UstConnyy, to stConn. The detail construction as well as giving
a formal definition to the notion of “sublinear-space approximately preserving
reduction” is left to the interest reader.

3 Another Example: Two Vertex Distance Problem

Although we have close sublinear-space computability relation between stConn
and UstConnyy, it is not so clear whether similar relation holds with the other
NL-problems. While we have not been able to develop a general result, we can
show some example result that would give us a hint for applying our technique
to other problems.

We consider here the problem of computing the “distance” between two ver-
tices in a directed and weighted graph. A weighted graph is a graph whose edge
is given a cost. In this explanation we assume that each cost is a positive inte-
ger; furthermore, in order to avoid introducing another size parameter, we also
assume that each cost can be expressed by poly(logn) bits so that cost compu-
tation can be trivially done in poly(logn)-space. For specifying a cost at each
edge, we use a cost function, a mapping from an edge to its cost. For example, a
weighted directed /undirected graph is given by G = (V| E, ¢), where ¢ is a map-
ping from FE to its cost. Consider any pair of vertices u and v of some weighted
graph. For any path from u to v, its weight is the sum of the cost of edges on the
path. A lightest path from u to v is a path from u to v with the smallest weight,
and the distance from u to v (denoted by dist(s,t)) is the weight of the lightest
path from u to v. We will keep using “length” to mean the number of edges and
“shortest path” to mean a path (connecting a specified pair of vertices) with the
smallest number of edges. In summary we consider the following problem.

stDist (Two Vertex Distance Problem)

input: Directed and weighed graph G = (V, E,¢), s,t € V, and d > 0.
task: Determine whether dist(s,t) < d.

Remark. For simplicity we assume in this paper that weights are integers
expressed in poly(logn) bits.

Clearly this problem is in NL. But it is not clear that a similar sublinear-
space (approximately) preserving reduction from this problem to, e.g., stConn.
Yet, we can still consider similar relation to its undirected and length bounded
version. More specifically, consider the following problem.
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UstDistyy,
input: Undirected and weighed graph G = (V, E,c), s,t € V, d > 0,
and b € [n —1].

task: Determine whether dist_bl(s,t,b) < d.

Here dist_bl(s, ¢, ) is the length bounded distance from s to ¢, that is, the weight
of the lightest path from s to ¢ of length < b; we assume that dist_bl(s,¢,b) = L
if there is no path of length < b from s to t. We use dist_bl(s,t,b) also for
directed graphs. Note that even if there is a path from s to ¢ of length < b (i.e.,
dist_bl(s,¢,b) # L), we may not have dist_bl(s,t,b) = dist(s,t). (Cf. We have
leng bl(s,t,b) = leng(s,t) if leng_bl(s,,b) # L.)

We again base an assumption that UstDist;, has a polynomial-time and
O(n'~¢)-space algorithm, which we denote as Algo_UstDisty,. Using this algo-
rithm, we show a sublinear-space algorithm for stDist with an approximately
same saving. The problems are somewhat complicated compared with stConn
and UstConny,, which is mainly due to the above mentioned difference between
leng_bl and dist_bl. Thus, for deriving the sublinear-space computability of stDist
(based on Algo_UstDisty,) there are some points where the previous argument
need to be modified appropriately. We explain below such points.

Let us consider one instance for stDist; that is, a directed and weighted
graph G = (V,E,c) and s,t € V. As before, our first step is to develop an
algorithm based on a log-space many-one reduction from stDist to UstDistyy,.
More specifically, for any u,v € V and any bound b > 0, we define a layered and
weighted undirected graph bG = (bV, bE, c¢™) as before, with which we can decide
whether dist_bl(G:u,v,b) < d for a given d by using Algo_UstDisty,. Then we
can use a binary search to determine the value of dist_bl(G: u,v,b). This algo-
rithm is polynomial-time and O((bn)!~¢)-space. The second step is also similar
to the previous argument. We use a recursive way to compute dist_bl(u,v,d")
in O(r(bn)'~¢)-space, while the computation time grows to poly(bn)". Here
again we first define a decision algorithm and uses it to compute the value
of dist_bl(u,v,b") by a binary search. Now an interesting point is the last step
where we use the idea of the algorithm of Barnes et al.

We introduce some new notions. Consider any two vertices u,v € V. Note
that a lightest path from u to v may not be unique. A shortest path among such
lightest paths is called a best path. Note that there may be still more than one
best paths, but we do not need to distinguish them in the following discussion.
We introduce a function bpleng that gives the length of a best path; that is,
bpleng(u,v) is the length of a best path from u to v. We also consider its length
bounded version. For any integer b > 0, consider lightest paths from u to v of
length < b; then a length b bounded best path is a shortest one among such
lightest paths, and bpleng_bl(u,v,b) is the length of this length bounded best
path. In other words, bpleng bl(u,v,b) is the length of a shortest path with
weight dist_bl(u, v, b). In the previous argument, we explained a way to compute
leng(u, v,b), i.e., the length of a shortest path from u to v within length bound
b. Here we can use a similar technique; we only need to modify the algorithm so
that it computes the length of a shortest path within length bound b with weight
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d, for d = dist_bl(u,v,b) computed beforehand. In this way, we can compute
bpleng_bl(u,v,b") in poly(bn)"-time and O(r(bn)!~¢)-space.

With two functions dist_bl and bpleng_bl, we now explain how to generalize
the idea of Barnes et al. The key point is to use the length of a best path to
partition V. For a given parameter L, we consider a family {V;},ci—1), where
for each j € [L — 1], V; is defined by

V; = {v|bpleng(s,v) mod L = j}.

Again {V;};cir—1) is a partition of all vertices of V' connected from s. In
particular, each V; is a separator of all best paths of length > j. Note again that
there must be some V; such that |V;| < n/L. We use one of such Vs, say, Vj,,
to record necessary information to search the lightest (in fact, best) path from
s to all vertices in V. The information we need to keep for each v € Vj, is the
weight (which is in fact distance) and the length of a best path from s to v. It is
easy to see an outline similar to the one explained for Algo Betal works. Here
we only explain the procedure for computing V; for a given j € [L — 1].

procedure for computing V;
d[s], 1[s] <= 0; D« {s};
while v_min # 1 do {
v_min < 1; dist_min < 4o0;
for each v € V\ D do {
u_closest < argmin{ cost_via(u,v)|u € D };
(dist, leng) <+ cost_via(u_closest, v);
if leng = L
A dist < dist_min then {
v_min < v; dist_min < dist; leng_min < leng;
}

}
if v.min # L then {

D+ DU {vmin}; d[v] + dist_min; 1[v] ¢ leng_min;
if |D| > n/L then report failure and stop;
}
t

return D as Vj;

Fig. 2. Procedure for computing V; for the stDist problem

The outline of the procedure is the same as before. We use a variable D to
denote the set of vertices in V; whose best path from s has been determined,
and for any v € D, we use d[v] and l[v] to record the weight and length of its
best path. For any v € D and v € V' \ D, we define a function cost_via(u, v) by

cost_via(u,v) = (d[u] + dist_bl(u,v, L), 1[u] + bpleng_bl(u, v, L), ).
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That is, “cost” is now a pair of the weight and length of the lightest path from
s to v going through u (in D). Then for comparing a pair of such costs, we use
the lexicographic order; that is, compare weights first (and if they are equal)
compare lengths next. For computing u_closest in the procedure, we use this
comparison.

The key point for showing the correctness of this procedure is stated in the
following lemma. Once the lemma is proved, the correctness of the procedure
and the whole algorithm follows easily, which we omit in this paper. The lemma
can be proved by an induction on k, which is also not so difficult and omitted
here.

Lemma 4. Let vi,vs,... be the enumeration of elements of V; under the order
given by our cost comparison. Then for any k > 1,vg is the kth vertex that is
selected as v_min and put into D. Furthermore, values d[v_min] and 1[v_min] at
the point v_min = vy, is put into D are respectively dist(s,vg) and bpleng(s, vi).

Since the other part and the analysis for L is almost the same, we omit the
rest of the argument and state only the result.

Theorem 2. Suppose that there is an algorithm that solves UstDisty, in
polynomial-time and O(n'~¢)-space. Then for any integer v > 0, we have an
algorithm that solves stDist in O((poly(n))")-time and O(n'~ =1/ 1)) _spgce.

Clearly, the sublinear preserving reduction designed for this theorem can be
used as a part of a real algorithm. In fact, as explained in [5], we can mod-
ify the algorithm given in [3] (i.e., the one for B2 explained in the previous
section) to design the one computing both dist_bl(-,-, ") and bpleng bl(-,-,b")
in polynomial-time and O(n/b" 4+ r(b+ n/k))-space (ignoring a logn factor) for
relatively small (but not necessarily constant) r, where k is another algorithm
parameter. By using this algorithm and choosing parameters b, k, and r appro-
priately as explained in [3] we can derive the following weakly sublinear-space
algorithm corresponding to the one for stConn of Barnes et al.

Corollary 3. [5] There exits a polynomial-time and O(n/2V'°8™)-space algo-
rithm for stDist.

4 Concluding Remarks

We showed a way to relate the sublinear-space computability of UstConny, to
that of stConn with almost same saving, which can be regarded as an sublinear-
space approximately preserving reduction. We extend this reduction technique
for relating the sublinear-space computability of stDist and UstDisty,. We then
naturally ask whether similar relation holds for any other NL problems; we
may even need to develop a framework for discussing directedness and length
bound restriction in general. Also it would be interesting if we can give a similar
reduction from, say, stDist to stConn.

In the context of our sublinear-space computability, we do not have to restrict
ourselves to problems in NL. For example, it would be interesting if we can extend
our technique for relating problems in LogCFL, etc.
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