Chapter 2
Noether’s First Theorem

We here are concerned with Lagrangian theory on fibre bundles (Chap. 1). In this
case, Noether’s first theorem (Theorem2.7) and Noether’s direct second theorem
(Theorem 2.6) are corollaries of the global variational formula (1.36).

2.1 Lagrangian Symmetries

Noether’s theorems deal with infinitesimal transformations of Lagrangian systems.

Definition 2.1 Given a Lagrangian system (0% Y, L) (Definition 1.5), its infinites-
imal transformations are defined to be contact derivations of a real ring 02 Y
[59, 61].

The derivation 9 € 00 go Y (1.16) is termed contact if the Lie derivative Ly (1.18)
along ¥ preserves an ideal of contact forms of a DGA 0%, i.e., the Lie derivative
L, of a contact form is a contact form.

Theorem 2.1 The derivation ¥ (1.16) is contact if and only if it takes a form

¥ =0 0 + 070+ D [da@’ — yiut) 4y, 40197 2.1)
0<|A|

Proof The expression (2.1) results from a direct computation similar to that of the
first part of Biacklund’s theorem [76]. One can then justify that local functions (2.1)
satisfy the transformation law (1.17). O

Comparing the expressions (2.1) and (B.81) enables one to regard the contact

derivation ¢ (2.1) as the infinite order jet prolongation

v =J% (2.2)
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18 2 Noether’s First Theorem

of its restriction '
v =09, + 0 (2.3)

to a ring C*®(Y). Since coefficients v* and v’ of v (2.3) generally depend on jet
coordinates yi‘ of bounded jet order 0 < |A| < N, one calls v (2.3) the generalized
vector field. It can be represented as a section of the pull-back bundle

JNY xTY — JVyY.
Y

Let ¢ and ¥’ be contact derivations (2.1) whose restrictions to a real ring C*°(Y)
are generalized vector fields v and v’, respectively. Certainly, their Lie bracket [, ©']
is a contact derivation. Its restriction to C*°(Y) reads

[v, V'l = [P ™) =9’ WHI3 + [P ") — ' (V)] 24)
We call it the bracket of generalized vector fields [v, U']y. It obeys a relation
[Jv, J®V'T = J®([v, V']). (2.5)

If v and v’ are vector fields on Y, their bracket (2.4) is the familiar Lie one.

The contact derivation ¥ (2.1) is said to be projectable, if the generalized vector
field v (2.3) projects onto a vector field v*9; on X, i.e., its components 9+ depend
only on coordinates on X. In particular, it is readily observed that the bracket (2.4)
of projectable generalized vector fields also is projectable.

Every contact derivation ¢ (2.1) admits the canonical splitting

9 =0n + 0y =+ JPvy = v + Wi + D davdftl, (2.6)
0<|A]

v=uvp +uy =v'd + @ -y, vMd = vid 4 vy 0, 2.7)
into the horizontal and vertical parts ¥y and ¥y, respectively [59].

Theorem 2.2 Any vertical contact derivation

O =J% =09 + ZdAviaiA, v =109,

0<|A]
obeys the relations
Vdu¢ = —du(P]4), (2.8)
Ly(du¢) =duLyg), ¢ € OLY. (2.9)

Proof 1t is easily justified that, if ¢ and ¢’ satisfy the relation (2.8), then ¢ A ¢’ does
well. Then it suffices to prove the relation (2.8) when ¢ is a function and ¢ = Gj'x.
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The result follows from the equalities

104 =vh, du(ly) = vl ,dxt, dub, =dx* A6, ,,

d; o vilaiA = vga[A od.
The relation (2.9) is a corollary of the equality (2.8). (]

Given a Lagrangian system (0% Y, L), let us consider the Lie derivative Ly L
(1.18) of its Lagrangian L along the contact derivation ¢ (1.9). The global decom-
position (1.36) results in the following corresponding splitting of L L.

Theorem 2.3 Given a Lagrangian L € 0°%"Y, its Lie derivative Ly L along the
contact derivation ¥ (2.6) fulfils the first variational formula

LyL = vy |6L +dy(ho(W]EL)) + ZLdy (vy]w), (2.10)

where E is the Lepage equivalent (1.37) of L and hy is the horizontal projection
(1.13).

Proof The formula (2.10) comes from the variational formula (1.36) and the relations
(2.8)—2.9) as follows:

LyL =9]dL+d®W]|L) =[%y]dL —dy.Z Avy]w] + [dy(vy L) +
dy(ZLvylw)] = Vv ]|dL +dy(vu L) + Ldy(vy]w) =
vy]dL — ¥y |dyEr +dy(vy]L) + Ldy (vy|w) =
vyJSL +du(Wy]EL + vy L) + Ldy(vy]w),

where
VvlEL =ho(Wv]EL), vulL =ho(vylEL)
since & — L is a one-contact form and vy = ¥p. O

Definition 2.2 The generalized vector field v (2.7) on Y is called the Lagrangian
symmetry (or, shortly, the symmetry) of a Lagrangian L if the Lie derivative L, L
of L along the contact derivation J*v (2.2) is dy-exact, i.e.,

LywyL = dyo, @2.11)

where o is a horizontal (n — 1)-form.

Remark 2.1 Certainly, the jet prolongation J*v of a generalized vector field v in
the expression (2.11) always is of finite jet order because a Lagrangian L is of finite
order (Sect.3.3). Therefore, we further use the notation J*v for the finite order jet
prolongation of v whose order however is nor specified.
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Theorem 2.4 A glance at the expression (2.10) shows the following.

(i) A generalized vector field v is a Lagrangian symmetry only if it is projectable.

(ii) Any projectable generalized vector field is a symmetry of a variationally trivial
Lagrangian.

(iii) A projectable generalized vector field v is a Lagrangian symmetry if and only
if its vertical part vy (2.7) is well.

(iv) A projectable generalized vector field v is a symmetry if and only if the density
vy |8L is dy-exact.

Remark 2.2 In accordance with the standard terminology, symmetries represented
by generalized vector fields (2.3) are called generalized symmetries because they
depend on derivatives of variables. Generalized symmetries of differential equations
and Lagrangian systems have been intensively investigated [25, 40, 59, 76, 85, 108].
Accordingly, by symmetries one means only those represented by vector fields v = u
on Y. We agree to call them classical symmetries.

Remark 2.3 Owing to the relation (2.5), the bracket (2.4) of Lagrangian symmetries
is a Lagrangian symmetry. It follows that symmetries constitute a real Lie algebra
¢, with respect to this bracket, and their jet prolongation v — J*v (2.2) provides a
monomorphism of this Lie algebra to the Lie algebra 902 Y (1.16).

Remark 2.4 Let v be a classical symmetry of a Lagrangian L, i.e., itis a vector field
on Y. Then the relation
L& = 8Ly« L) (2.12)

holds [53, 108]. It follows that v also is a symmetry of the Euler—Lagrange operator
&, of L (Definition4.5), i.e., L+, &, = 0, and as a consequence it is an infinitesimal
symmetry of the Euler—Lagrange equation €, (1.34) (Definition4.4). However, the
equality (2.12) fails to be true in the case of generalized symmetries.

2.2 Gauge Symmetries: Noether’s Direct Second Theorem

As was mentioned above, the notion of gauge symmetries comes from Yang—Mills
gauge theory on principal bundles (Sect. 8.2). It is generalized to Lagrangian theory
on an arbitrary fibre bundle Y — X as follows [9, 10].

Definition 2.3 Let £ — X be a vector bundle and E(X) a C°°(X)-module of
sections of E — X. Let ¢ be a linear differential operator on E (X) (Definition A.3)
with values into a vector space ¢, of symmetries of a Lagrangian L (Remark?2.3).
Elements

ue = £(§) (2.13)

of Im ¢ are termed the gauge symmetries of a Lagrangian L parameterized by sections
& of E — X. The latter are regarded as the gauge parameters.
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2.2 Gauge Symmetries: Noether’s Direct Second Theorem 21

Remark 2.5 A differential operator ¢ in Definition2.3 takes its values into a vector
space ¥, as a subspace of a C*(X)-module 00 Y seen as a real vector space. The
differential operator ¢ is assumed to be at least of first order (Remark2.7).

Equivalently, the gauge symmetry (2.13) is given by a section E of a fibre bundle

(J'Y X J"EyxTY — J'Y x J"E
Y Y Y

(Definition B.14) such that uz = ¢(§) = Eoé for any section & of E — X. Hence, it
is a generalized vector field u, on a bundle product Y x x E represented by a section
of the pull-back bundle

JY XxE)xT(Y xE) > JY(Y x E),  k =max(r,m),
X Y X X

which lives in TY C T(Y xx E). This generalized vector field yields the con-
tact derivation J*u, (2.2) of a real ring ﬁgo[Y X x E] which obeys the following
condition.

e GivenaLagrangian L € 0%"E C 02"[Y x x E], letus consider its Lie derivative
Lo L = J®u;JdL + d(J*u; | L) (2.14)

where d is the exterior differential on &% [Y xx E]. Then, for any section & of
E — X, the pull-back §*L -, L is dy-exact.

It follows from the first variational formula (2.10) for the Lie derivative (2.14)
that the above mentioned condition holds only if u, is projected onto a generalized
vector field on Y and, in this case, if and only if the density (u,)y |8}, is dy-exact.
Thus, we come to the following equivalent definition of gauge symmetries.

Definition 2.4 Let E — X be a vector bundle. A gauge symmetry of a Lagrangian
L parameterized by sections & of E — X is defined as a generalized vector field u
on Y xx E such that:

(i) a contact derivation ¥ = J*u of a ring ﬁgo[Y X x E] vanishes on a subring
O%E,

(ii) a generalized vector field u is linear in coordinates x4 on J°E, and it is
projected onto a generalized vector field on E, i.e., it takes a form

w={ D wrexg )+ D wtet yhxg | o (2.15)
0<[A|=m 0<[A|=m
(iii) the vertical part of u (2.15) obeys the equality
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Theorem 2.5 By virtue of item (iii) of Definition2.4, u (2.15) is a gauge symmetry
if and only if its vertical part is so.

Gauge symmetries possess the following particular properties.

(i) Let E/ — X be another vector bundle and ¢’ a linear E (X)-valued differential
operator on a C*°(X)-module E’(X) of sections of E' — X. Then u; ¢y = ({ o
¢’) (&) also is a gauge symmetry of L parameterized by sections &’ of E/ — X. It
factorizes through the gauge symmetries u, (2.13).

(ii) The conserved symmetry current ¢, (2.21) associated to a gauge symmetry in
accordance with Noether’s first theorem (Theorem 2.7) is reduced to a superpotential
(Theorem 2.8).

(iii) Noether’s direct second theorem (Theorem?2.6) associates to a gauge sym-
metry of a Lagrangian L the Noether identities (NI) of its Euler—Lagrange operator.

Theorem 2.6 Letu (2.15) be a gauge symmetry of a Lagrangian L, then its Euler—
Lagrange operator L obeys the NI (2.17).

Proof The density (2.16) is variationally trivial and, therefore, its variational deriv-
atives with respect to variables x vanish, i.e.,

Eo= D (=DMdsl@l = yiuiHET = D nl, — Yiup) ds =0 (2.17)
0=14] 0=4]

(see Remark 7.6 for the notation). In accordance with Definition D.1, the equalities
(2.17) are the NI for the Euler—Lagrange operator § L. (I

Remark 2.6 If the gauge symmetry u (2.15) is of second jet order in gauge parame-
ters, i.e., ' ' '
uy = (g x“ +ug X +ug" x5, 0, (2.18)

the corresponding NI (2.17) take a form
ul, & — d, (Wl &) + dy, ()" &) = 0. (2.19)

Let us note that the NI (2.17) need not be independent (Sect. 6.2).

Remark 2.7 A glance at the expression (2.19) shows that, if a gauge symmetry
is independent of derivatives of gauge parameters (i.e., a differential operator ¢ in
Definition 2.3 is of zero order), then all variational derivatives of a Lagrangian equals
zero, i.e., this Lagrangian is variationally trivial. Therefore, such gauge symmetries
usually are not considered.

Remark 2.8 The notion of gauge symmetries can be generalized as follows. Let a
differential operator ¢ in Definition2.3 need not be linear. Then elements of Im ¢
are called the generalized gauge symmetry. However, Noether’s direct second The-
orem?2.6 is not relevant to generalized gauge symmetries because, in this case, an
Euler—Lagrange operator satisfies the identities depending on gauge parameters.
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It follows from Noether’s direct second Theorem?2.6 that gauge symmetries of
Lagrangian field theory characterize its degeneracy. A problem is that any Lagrangian
possesses gauge symmetries and, therefore, one must separate them into the trivial
and nontrivial ones. Moreover, gauge symmetries can be reducible, i.e., Ker ¢ # 0.
Another problem is that gauge symmetries need not form an algebra [48, 60, 63].
The Lie bracket [ug, ugy ] of gauge symmetries ug, ug € Im¢ is a symmetry, but it
need not belong to Im ¢. To solve these problems, we follow a different definition of
gauge symmetries (Definitions 7.4-7.5) as those associated to nontrivial NI by means
of Noether’s inverse second Theorem7.9. They are parameterized by Grassmann-
graded ghosts, but not gauge parameters (Remark 7.7).

2.3 Noether’s First Theorem: Conservation Laws

Let (0%Y, L) be a Lagrangian system (Definition 1.5). The following is Noether’s
first theorem.

Theorem 2.7 Let the generalized vector field v (2.7) be a symmetry of a Lagrangian
L (Definition2.2), i.e., let it obey the equality (2.11). Then the first variational formula
(2.10) restricted to the Euler—Lagrange equation &, (1.34) takes a form of the weak
conservation law on-shell

0~ —dy(=ho(W1EL) +0) ~ —du 7, (2.20)
of a symmetry current
S = Jlo,=—ho(P]EL) +0o (2.21)

along a generalized vector field v. It is called the Lagrangian conservation law.

The weak conservation law (2.20) leads to a differential conservation law

0 ( Flros)=0

on classical solutions s of the Euler—Lagrange equation (1.35) (Definition B.13).
This differential conservation law, in turn, yields an integral conservation law

/ & 7, =0, (2.22)
M

where M is an n-dimensional compact submanifold of X with a boundary oM.

Remark 2.9 Of course, the symmetry current _#,, (2.21) is defined with the accuracy
to a dy-closed term. For instance, if we choose a different Lepage equivalent &
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(1.37) in the variational formula (1.36), the corresponding symmetry current differs
from _Z, (2.21) in a dy-exact term. This term is independent of a Lagrangian, and
it does not contribute to the integral conservation law (2.22).

Obviously, the symmetry current _#, (2.21) is linear in a generalized vector field
v. Therefore, one can consider a superposition of symmetry currents

/U—i_jv’:jl#‘rv/? /CUZC/U7 ceR,

associated to different symmetries v and that of weak conservation laws (2.20).

A symmetry v of a Lagrangian L is called exact if the Lie derivative L+, L of L
along J*v vanishes, i.e., L+, L = 0.

In this case, the first variational formula (2.10) takes a form

0=wvy|S8L +dy(ho(J v]EL)),
and results in the weak conservation law (2.20):
0~ dy(ho(J*v]|EL)) ~ —du 2, (2.23)

of the symmetry current ¢, = —ho(J*v]&}).
For instance, let v = v'9; be a vertical generalized vector field on ¥ — X. If it
is an exact symmetry of L, the weak conservation law (2.23) takes a form

0~ —dy(J*v]EL). (2.24)

Definition 2.5 The equality (2.24) is called the Noether conservation law of a
Noether current
S =—J]EL. (2.25)

If a Lagrangian L admits the gauge symmetry u (2.15), the weak conservation
law (2.20) of the corresponding symmetry current ¢, (2.21) holds. We call it the
gauge conservation law. Because gauge symmetries depend on parameter variables
and their jets, all gauge conservation laws possess the following peculiarity.

Theorem 2.8 Ifu (2.15)is a gauge symmetry of a Lagrangian L, the corresponding
conserved symmetry current ¢, (2.21) along u takes a form

Iy =W+dyU = (W' +d,U"")w,, (2.26)
where the term W vanishes on-shell, and U = U"*w,,,, is a horizontal (n — 2)-form.

Proof Theorem?2.8 is a particular variant of Theorem7.11. O

Definition 2.6 A term U in the expression (2.26) is called the superpotential.
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2.3 Noether’s First Theorem: Conservation Laws 25

If a symmetry current admits the decomposition (2.26), one says that it is reduced
to a superpotential [39, 61, 66, 128]. If a symmetry current _# reduces to a super-
potential, the integral conservation law (2.22) becomes tautological.

Remark 2.10 Theorem?2.8 generalizes the result in [66] for gauge symmetries u
whose gauge parameters x* = u* are components of a projection u* 3, of u onto X.

Remark 2.11 In mechanics on a configuration bundle over R (Chap.4), the whole
conserved current (2.26) along a gauge symmetry vanishes on-shell (Theorem4.7).

Sometimes, Theorem 2.8 is called Noether’s third theorem on a superpotential.
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