Chapter 2
Connections on Lie Groupoids
and Lie Algebroids

In this chapter we shall describe several different notions of connection. As well as
introducing connections on Lie groupoids (path connections) and on Lie algebroids
(infinitesimal connections) we shall see how these ideas are related to the classical
concepts of covariant derivatives and, more generally, connections on vector bundles.

2.1 Path Connections on Lie Groupoids

There are several related concepts of connection in the general theory of fibre bundles.
One such concept involves the lifting of a curve in the base manifold M to ‘horizontal’
curves in E, in a way that is consistent with the group action on the fibres of the bundle.
The various lifts can then be used to determine diffeomorphisms between the fibres
at different points on the base curve. It is possible to describe a similar notion for a
locally trivial Lie groupoid, and we shall see in the next chapter, when we consider
groupoids of fibre morphisms, how the two concepts are related.

The lifting operations we are going to consider will have the important property
that the lift must be invariant under reparametrization. This property allows us to start
by considering the lift of a curve defined on the specific interval [0, 1], rather than on
an arbitrary interval. We shall then show how this is sufficient for us to specify the
lift of a curve defined on the whole of R, or indeed, on an arbitrary nonempty open
interval. We will also be able to specify the lift of a vector field by lifting its flow.

We recall our convention that a curve need be only continuous and piecewise
smooth, rather than smooth on the whole of its domain.

Let G be a locally trivial Lie groupoid with manifold M of identities. A path
connection on G is a map I" taking each curve ¢ : [0, 1] — M to a hboxcurve
¢ :[0,1] — G, satisfying the following conditions (these are slightly different
from those given in [30], but are more directly suited to our purposes):

e c"(0) = L)
e ac’(t) = ¢(0) and Bct (1) = c(t) for all t € [0, 1];
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28 2 Connections on Lie Groupoids and Lie Algebroids

e if [a,b] C [0,1] and x : [0, 1] — [a, b] is a (smooth) diffeomorphism then
" ox =r,o(cox)! where p = " x(0);

e if ¢ is smooth at ¢ € [0, 1] with tangent vector ¢(¢) € T.;)M then ¢ is smooth at
t with tangent vector ¢ (¢) € Tor(yG;

e if ¢;(0) = c2(0) = x, say, and if ¢;(0) = ¢,(0) € T M, then él;(O) = ézr 0 €
T.G;

e the correspondence .M — T G given by ¢(0) — ¢T'(0) is linear, and determines
asmoothmapy:TM — TG.

We may now use the path connection to lift curves defined on R. The idea is to imagine
the complete curve as a sequence of short curves defined on intervals [z, n+1],' and
to translate the curves in the sequence so that they are defined on [0, 1]. We shall,
in stages, prove an appropriate reparametrization property for the lifted curve on R.
So, given a curve ¢ : R — M, we define for each n € Z the curve ¢,, : [0, 1] > M
by c,(t) = c(n + t), and then define the map ¢" : R — G by

") = (ch (t —n)) - n
where t € [n, n + 1) and where

L) (n=0)
en=q61(D-pur (1> 0)
(Cll;(l))71 * Pn+l (I’l < 0)

We observe that all the groupoid products are defined, and that ¢, = ¢! (1) - ¢,
for any n € Z.

Lemma 2.1.1 The map ¢ : R — G is continuous and satisfies the conditions that
") = 1), and that ac” (t) = ¢(0) and e’ (1) = c(t) forall t € R.

Proof Tt is immediate that ¢! is continuous at all points except, possibly, integer
points n € R. It is also immediate that lim,_, ;. c"(t) = c"(n); to demonstrate
continuity from the left we note that

lim ¢"() = lim ¢/, t—(n—1) - py =c (1)@,

t—n— t—n— n n
using the continuity of c}:_ , on I, whereas

r r r
C (i’l) =C, (0) cPn = 1L',,(O) *Pn = $n = Cn_l(l) * Pn—1-

We also see that

We have temporarily suspended our convention that n = dim M, and for the rest of this section we
shall use n as an arbitrary integer.
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c"(0) = ¢4 (0) - 0o = 1ey0) * Leo) = Lo
that

act (t) = aley) = a(lyg) = c(0)

and that

Bt (1) = Bey (1 = n) = ¢t — n) = (). O

We have not yet shown that ¢" is piecewise smooth, as in principle it could fail to be
smooth at infinitely many integral values of ¢, although we shall see in due course that
this cannot happen. We can, though, use the continuity of ¢ to see that ¢, = ! (n),
because

c"m =limc"(n—e) =lime, (1 =) gu1 =, (1) ou1 = o0
£e— e—

We now establish the reparametrization property in detail.

Lemma 2.1.2 Ifb > 0 and x : [0, 1] — [0, b] is an increasing diffeomorphism
then c' o x = (co x)' as maps I — G.

Proof Let n be the largest integer not greater than b. If n = 0 then [0, ] C [0, 1] so
that the result is an immediate consequence of the reparametrization property of c';
we may therefore assume that n > 1.

Puta; = x (k) fork =0,1,...,n Let6 : [0, 1] = [ax, ar + 1] C I be given
by 0;(s) = x ! (s + k), so that 6y is a diffeomorphism; as x (6 (s)) = s + k, we see
that c(x(0k(s))) = c(s + k) = cx(s) for s € I, so that

COXOQk:Ck.

We also know, using the reparametrization property of the curve (c o x)' : [0, 1] —
g, that

(coX) O(s) = (coxob) (5) (cox) b(0) =cp(s) (cox) (@)
We now argue recursively on k. Suppose that (c o )" (a;) = c' (k), so that (c o

T (Ok(s)) = ¢ (5) - " (k) for s € [0, 1]; then, putting 7 = 6 (s) € [a, ar+1] so that
s = x(t) — k, we see that

(cox)"() = cf (x(t) —k) - " (k) = "x(®)

using the definition of ¢! for values x(¢) € [n,n + 1) and the continuity of ¢" at
n + 1. To justify the recursive step we put t = a4 to see that (c o )" (ax41) =
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c"x(ars1) = " (k+1), and we note that ag = 0 so that (cox)" (ap) = 1.0) = ¢! (0)
to start the recursion.

We have shown, therefore, that ¢!y (t) = (c o x)" (¢) for all ¢ € [0, a,]; a slightly
modified version of the same argument shows that the result also holds where ¢ €
[a,, 11 and x(¢) € [n, b], so we conclude that ¢” oy = (c o x)'. O

Corollary 2.1.3 Ifb > 0 and x : [0, b] — [0, 1] is an increasing diffeomorphism

then ¢ o x = (c o )" as maps [0, b] — G.
Proof As x~!:[0, 1] — [0, b] we have
1 BE b

(cox) ox ' =(coxox~

so that

(cox) =cox. O

Now for any b € Rlett, : R — R denote the translation map t,(¢) = b + ¢, for any
b > 0lets, : R — R denote the scaling map s,(¢#) = bt, and letr : R — R denote
the reflection map r(¢) = —z.

Lemma 2.1.4 Ifk € Z then
CF e} tk = }"(.]‘(k) [e] (C o tk)r.
Proof If k = 0 there is nothing to prove; we consider the case k > 0. Take ¢ €

[7,n+ 1) so that t(¢) € [k + n, k + n + 1), and note that ¢ o t; = ¢;. Now for any
Jj € Z we have

(cot);(1) = it +K) = c(t +j + k) = ¢ (0)
so that (¢ o t;); = ¢j4«. Thus from the definition,

(cot) @) =(cot) @t —n)-(cot)l ,(1)-...-(cot)' (1)

=t =D i (D (D)

if n > 0, with a similar (but ascending rather than descending) formula when n < 0.
Similarly, when k£ 4+ n > 0 we have

() = cp (@) —k —n) - cpy (D - (D)

=i, (t—n) - cpp (D) - (D)

so that in this case

@) =(cot) @) -cp (D) -...-c" (1) =(cot)' (@) - (k).
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The same result holds, with appropriate modifications to the details of the calcula-
tions, for all k € Z and all n € Z because the recurrence formula ¢; = cj.[l (D) - pj-1

(or j = (cot); (1) - 1) holds for any j € Z. O

Lemma 2.1.5 For the reflection map r : [—1, 1] — [—1, 1] we have
(cor)l =clor.

Proof Let x : [0,1] — [0, 1] be the diffeomorphism x(f) = 1 — ¢, so that r :
[0, 1] — [—1, 0] satisfiesr =t_; o x. Then
clor=clot oy
=rrpo(cotptoy
= rer(—1) © Feotyr(1y © (Cot_y o )"
= Fer(_1) O Freot_pr(1y © (com)';

but
(cot ' () - c"(=1) ="t (1) = " (0) = 1.

We then see that r=! : [—1, 0] — [0, 1] also satisfies (cor)" = ¢! or, showing that
the relationship holds for all # € [—1, 1]. ([l

Lemma 2.1.6 Ifb € (0, 1) then
Moty =rargo(coty)l.

Proof We first consider the case where ¢ € [n,n 4+ 1 — b] for some n € Z, so that
t,(t) € [n+ b, n + 1]. We note that

tusptis, it , () =b(b 't —n)+ D) +n=1+b=1,)
where
nt1—b] =5 [0.1=b] 25 106 =11 25 116~ =5 (b, 1] 2 [n+b,n+11,
so that

crotbzcrotnosbotlosbqoLn (D
=rrmol(co t) os,otjos, 10t
=romo(cot,o sp)l otj 08,1 0ty

r
= Fel(n) O Fieotyosy)T(1) © (ot 08,0t) osp-10t_,
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r

= Tel(n) © Feotyos,)T(1) © (ot 08,0t 08)-1)" ot_, 2)
r

= Tl (n) © Feotyos) (1) © Ficotyosyotyos, 1) (—n) © (C ot 085 0tp 0851 0ty)

r
= T (n) © Fcotyosp) (1) © Ficotyospotyos, 1) (—n) © (€ 0 1)

where step (1) is justified by Corollary 2.1.3 with x = s; because t;s,-1t_,(¢) €
[1,b7'] C [0, b~ "], and step (2) is justified by Lemma 2.1.2 with y = s;,-1 because
t_,(®) € [0, 1 —b] C [0, 1]. We now note that

(cotyosy)' (1) -c"(n) = (coty)'sp(1)-c"(n)
=(cot) (b)-c"(n)
=ct,(b)
=c"(n+b)

and t, os, ot os,-1 = 1,15 so that

(cotyospotio Sbfl)r(—n) -(cotyo Sb)r(l) . cr(n) =(co tn+h)r(—n) . cr(n + b)
= Crtn+b(_n)
="
from which we see in this case that ¢ oty = ror) 0 (coty)'.
Suppose, instead, that € [n + 1 — b, n + 1] for some n € Z, so that t,(r) €
[n 4+ 1,n 4 1 + b]. The argument used above fails at step (1) because the image of

Sp 18 not contained in 7 so that we cannot appeal to Corollary 2.1.3. Instead we note
that

tsprto syt () =n+1— b ' =@t —n)—1) =1+b=1t0),
where

Mt1—bn+1] -5 [1—b 1] > [=1.b—1] -5 [0.5] 2=

-1

10,01 5 [—1,0] =5 [0, 1] -5 [0,5] =5 [n+ 1+ 1+ b,

and a similar but slightly longer argument, now in addition using Lemma 2.1.5, shows
that once again ¢ ot, = r.rgy o (coty)l. O

Corollary 2.1.7 Ifa € R then
CF ot, = Tel(a) © (co ta)r~

Proof If a € Z then the result has already been established; so let a = k + b where
b e (0,1)and k € Z. Then
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r _ T _ r _ r
¢ oty =c otyoty =rarp o(coty) oty =reorp) o reo,)ru o (cotyoty)
and

cotpoty =cotyyp=cot,,
(cot)t(k) - " (b) =" oty(k) = " (k +b) = " (a). 0

We therefore obtain the general reparametrization result.

Proposition 2.1.8 If[a, b] C R and if x : [0, 1] — [a, b] is a diffeomorphism then
cFonrpo(cox)F
where = c" (x(0)).

Proof Suppose first that x is an increasing diffeomorphism, so that x(0) = a. Put
xo = t_s0x,sothat xg : [0, I] — [0, b — a] is again an increasing diffeomorphism.
Considering the curve ¢, = cot, : R — G we have

r r r r
c oty=roroc,, ¢, o Xo = (ca 0 X0)
and therefore
r r r r r
c ox=c olgoxg="Ter@0C, ©X0o="Tcr(@°(Ca®X0) =Trer@o(cox) .

If instead x is a decreasing diffeomorphism then x o r is an increasing diffeomor-
phism, so that

r r r
C oXOr =rrnroyo(coxor) =roygol(cox) or

and the result follows. O
Corollary 2.1.9 Ifc is smooth at t € R then so is c*'; thus ¢ is piecewise smooth.

Proof If t ¢ Z and c is smooth at ¢ then ¢ is smooth at 7 by construction, because
the curve ¢, is smooth at # — n, its lift ¢! is smooth at ,,, and groupoid multiplication
is smooth.

Consider n € Z and puta = n — 1, b = n + 1. Define the diffeomorphism
x : [0, 1] = [a, b] by x(¢) = 2t +n — 1, so that

I T —1
c =rc.r(n_1)o(cox) ox .

Suppose that ¢ is smooth at n, so that ¢ o x is smooth at % and therefore (c o x)' is
smooth at % As x~! is smooth at n and groupoid multiplication is smooth, it follows
that ' is smooth at n. It follows that there are only finitely many values of ¢ for which
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! is not smooth. At the points where ¢! is not smooth, all left and right derivatives
must nevertheless exist because they do for the curves ¢, and c!'; thus ¢! is piecewise
smooth. ]

It is clear that a similar approach can be used to give the lift of a curve defined
on an arbitrary open interval containing zero. We may then define the lift of a vector
field by lifting the curves in its flow. This is not completely straightforward, as the
integral curve through x € M will lift to give a curve through 1, € G, resulting in a
vector field along 1,,; we may, however, extend this to a vector field on the whole of
G by right translation.

Proposition 2.1.10 [fa vector field X on M has a global flow ) : M x R — M then
the map " : G x R — G defined by

P, 1) = L) = ro(Wp) (@),

where 13, is the curve in M given by g, (t) = ¥ (B(p), 1), is the flow of a vector
field X" on G. The same formula, where the map 1" is defined on a proper subset of
G x R, may be used where X does not have a global flow.

Proof Fix s € R.If r € R then

1/},‘"3(4,9)ts (t) = 7;[)(3(99) (S + t) = VI;ZJX‘Hﬂ(SD) = %%5(90) = wtd)ﬁ(ap) (S) = st’i(;)(Av) (t)
so that wﬂ(@ oty = ,(/)U)x’i(g)(f)' Thus

(¢5(¢))r ot,=r (Wp)T (s) © (wﬂ(w) © tS)F = TWy)T () © (wﬂl'am(S))r

using Lemma 2.1.7, so that

%ys) = ¢<rr¢o<wm>ﬁ>(x>
= @/’(ij(,,m)-v
= F@hpi)" (5)¢ © Wﬂ((nvawws)-w)r
=T O T () © ('l/)’t//'ﬁ(w (S))F
=r,0 (w‘g(g,))r ot
=y, ot

and we see, putting ¥ () = ¥' (¢, 1), that

YUy () = YU () = Uy () = ¥ o (1) = (s + 1) = ¥, ().
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As in addition
Uy (p) = 1/),5(0) = ro(Wp)" ) = re(ly,,0) = re(1s,) = @,

we see that ! satisfies the pseudogroup property for a flow. As each curve v, is
smooth, it follows that each curve w,}; =r,0 (qu(p))r is smooth and hence defines
a tangent vector

X5 = 9L(0) = rp ()" (0) € T,G.

We must now show that the resulting vector field X" on G given by ¢ > X[ is
smooth. If ¢ = 1, for x € M then

Xi, = @0)"(0) = 74.(0) = y(X,)
where v : TM — TG is the smooth map associated with I". Thus in general
Xg = r¢*7(X[3(¢))a

showing that X I'. G — TG is a smooth map.
The argument where X does not have a global flow is similar, taking account of
the domains of the maps involved. (]

2.2 Infinitesimal Connections on Lie Algebroids

A path connection on G is the groupoid version of a fibre bundle connection on
E — M given by horizontal lifts of curves. The latter may also, though, be given in
infinitesimal terms as a type (1, 1) tensor field on E with the property that it maps
lifts of tangent vectors in TM in a well defined way to horizontal tangent vectors in
TE (that is, to vectors tangent to horizontal curves in E). This infinitesimal approach
permits a definition of the curvature of the connection, as the extent to which the
induced mapping from vector fields on M to vector fields on E fails to preserve
the Lie bracket. We apply a similar approach to path connections on Lie groupoids,
although here it is sufficient to define the infinitesimal version on the associated Lie
algebroid.

We have, in fact, already seen the infinitesimal version of a path connection on
a locally trivial Lie groupoid: it is the map v : TM — TG associated with a path
connection I'.

Lemma 2.2.1 The map -y associated with the path connection T’ on G satisfies o, o
v =0and B, oy = idy.

Proof Takev € T,M withc(0) = x,¢(0) = v.Fromac' (1) = ¢(0) and B¢ (f) = c(t)
we see that a,. ¢ (0) = 0 and 3.¢7(0) = é(0). O
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Corollary 2.2.2 The map ~y takes its values in the Lie algebroid AG =
ker oy, O

We shall therefore say that an infinitesimal connection on a general transitive
Liealgebroid .A, not necessarily arising from a Lie groupoid, is a vector bundle
morphism v : TM — A that is also a section of the anchor map p : A — TM. Thus
an infinitesimal connection is a particular type of algebroid-valued 1-form on M.

We have mentioned that a transitive Lie algebroid may be written as a term in a
short exact sequence

0>K5 AL TM >0

where j is the inclusion map. We may therefore define, for any infinitesimal con-
nection 7y, an associated map w : A — IC, its kernel projection, which is the unique
vector bundle morphism satisfying w oj = idxc and jow + v o p = id 4. (In [30] the
kernel projectionis called the reform of the infinitesimal connection.) We also note
the following result.

Lemma 2.2.3 [fvy: TM — Ais an infinitesimal connection and £ is any section of
A then the Lie derivative L¢y takes its values in the kernel K.

Proof This follows from Lemma 1.6.1 because

po ££7 = £po§(p oY) = £po£ idpy = 0. O

We may now, for any infinitesimal connection v : TM — A, define its curvature
RY : X(M) x X(M) — sec(A) by

RI(X,Y)=vo[X, Y] —l[yoX,yo Y],

so that R” measures the failure of v to be a morphism of Lie algebroids. If R” = 0
the infinitesimal connection + is said to be flat.

Lemma 2.2.4 The curvature R is tensorial, so that it may be represented by a map
TM xy TM — A (and therefore may be regarded as an A-valued 2-form on M); in
fact it takes its values in the kernel bundle IC.

Proof The tensorial property follows from

RIX.fY) =vo[X,fY]—[yoX,yofY]
=70 (fIX. Y]+ X)Y) —[yoX.f(yo V)]
=7 ofIX, Y1+ XN (vo¥) =flyoX,(yo V) = ((poyoX)f)(yoY)
=7yof[X.Y]—flyoX.(yo V]
=fR7(X,Y).

As R" is obviously skew-symmetric, it is an A-valued 2-form.
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From the properties of the anchor map we also see that
pollvoX,yoY][=[povyoX,poyoY]=I[X,Y]

and povyo[X,Y] = [X, Y], sothat po R"(X, Y) = 0, showing that R” is in fact a
K-valued 2-form. O

Lemma 2.2.5 The curvature R" is given in terms of the kernel projection w of v by

R'(po&,pon) =—-wol&,nl+[§wonl+wo& nll—lwog, wonl;

in addition the relationship

wol§,nl —llwo&wonll=R"(po&,pon)+Leyo(pon) —Lyyo(pol)
holds.

We appeal here to the definition of the Lie derivative by a section £ of A given
in Sect. 1.6: note that « is a vector bundle morphism TM — A, that is, it is an
example—indeed the prime example—of the first case discussed in that section.

Proof As[po&, ponl=pol&, nl, the first formula follows from

Ri(po&, pon)=vopoll&,nll—lyopo& yoponl
=[50l —wol&,nl —[§—wo&,n—wonl
=-—wol&,nl+ [ wonl+[wol& nl—lwof wonl.

Rearranging, we obtain

[wolwonll+woll,nll =ML wonl+lwo&,nll =R (po&,pon)

so that the second formula follows from

—fwol, wonll+woll€,nll =—[§wonl —lwo&,nl+2woll,nl +R"(poé,pon)
=[&voponl+lyepol, nl
—2y0poll&.nl+R"(po& pon)
=Leyo(pon) —Lyyo(po&) +R(po& pomn). O

As atensorial map TM x TM — K C A the curvature R” has a Lie derivative by
any section ¢ of A given by

LRNX, V=L RXNDI=R'([po&X.Y) —R'(X,[po& YD.
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Corollary 2.2.6 The Lie derivative of the curvature may be written as

(LRNX,Y)=Leyo X, Y] —[LeyoX,voY —[[voX, Leyo Y.
Proof This follows from

[E.RX.NI=[05vo X, YT - [ [voX,yo Y]]
R'([po&, X],Y)=vollpo&, X.Y]=[yo[po&, X],yoY]
R'(X,[po&, YD =v0lX,[po&, Y]l =[yoX,yolpo&, Yl

and

Leyo X, YI=[volX, Yl —volpo& [X, Y]]
[LeyoX,voYI =[IE, voXll,yo Y —[yolpo&, X],yo Y]
[voX,LeyoYI=[yvoX,[§,vyoYII—[voX,volpo&, YII. 0

All the above applies to infinitesimal connections defined on general transitive Lie
algebroids: but if a Lie algebroid is obtained from a locally trivial Lie groupoid with
a path connection, we may consider the map +y associated with the path connection
as an infinitesimal connection on the Lie algebroid. This correspondence between
path connections and infinitesimal connections is a bijection.

Theorem 2.2.7 If " is a path connection on a locally trivial Lie groupoid G over
M then the associated map v : TM — AG is an infinitesimal connection on AG.
Furthermore, every infinitesimal connection on AG arises in this way from a unique
path connection T on G.

Proof By definition 7y is a smooth vector bundle morphism projecting to the identity
on M, and from Lemma 2.2.1 it is a section of p = (,; it is therefore an infinitesimal
connection.

Conversely, suppose v : TM — AG is an infinitesimal connection. Let ¢ :
[0, 1] — M be a curve; we wish to construct a lifted curve ¢ : [0, 1] — G satisfying
the conditions for the lift by a path connection and such that fy(é (O)) =¢(0). AsGis
locally trivial, for each ¢ € [0, 1] there is an open neighbourhood U, of ¢(¢) and a triv-
ialization T, : U; x G x U; — Gy, where G = G, (o) (Lemma 1.1.1). By compactness
we may choose finitely many of these neighbourhoods, Uy, U,, ..., U,, covering
¢([0, 11). As in the proof of Lemma 1.1.1 we may assume that each ¢ ([0, 11) N U; is
connected and that the U; are indexed so that ¢(0) € U, and ¢(1) € U, and so that
wemay findc(t;) e UyNUjy  forl <i<m—1land0 <t < -+ <t,_; <1;put
to=0andt, = 1.

If ¢ is not smooth on any interval [#;, ;1 ], further subdivide that interval, so that
the result is a sequence of subintervals where ¢ is smooth on each subinterval, and
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where the image of each subinterval lies completely within one of the trivialization
neighbourhoods U. We shall demonstrate the existence of a unique lifted curve
segment ¢ satisfying the condition ’y(é (O)) = ¢1'(0) and defined on the first of these
intervals [0, a] where a < f;; this will be the first segment of a lifted curve defined
on the whole of [0, 1]. Subsequent segments may be defined recursively in a similar
way, using the reparametrization property.

Put U = U and T = Ty so that ¢([0,a]) C U. For each ¢ € [0, a] we have a
tangent vector ¢(t) € T, U, and hence an element y(¢(¢)) of the Lie algebroid fibre
AcnGu C Ty, Gu. Using the trivialization we may write

1, (T, Gv) = TeyU & 9R ® Ten U
where gr = T Guo) Ge(0) 1s the opposite Lie algebra of G = G, (), and hence we may
write, explicitly,

T, (AcGu) = TeyU @ gr @ {0r,,0}-

We may therefore, using B,vc(t) = pyc(t) = ¢(t), put

T, e = (é0), v(), Or,,,0)

where v : [0, a] — gR is a curve in gR.

We now observe that there is a unique curve g : [0, a] — G with g(t) = ryp.v(t)
and g(0) = 1, so that v is the right Darboux derivative of g; as the interval [0, a] is
one-dimensional, questions of monodromy do not arise and g may be defined on the
whole of [0, a]. We may therefore define a lifted curve " [0,a]l = Gy by

") =1(c(t), gt), c(0)).

It is clear that cie® (1) = ¢(0) and Bcl (f) = c(¢) for all ¢ € [0, a]; we also see that
T, ' (1) = (6. §(0). Or,v) (1a)
= (é(t)’ g (1), OTc(mU)
= Fe.g0.c« (€0, v(D), 07,,v)
= rT*‘<cF(z>>*T;175(f)

—1 .
=T, rcr(,)*vc(t)
so that

&N () = rer ()
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forall¢ e [0, a], and that in particular ¢'' (0) = ~¢(0). The reparametrization property
of ¢! follows from the uniqueness of the solution curve g.

We need to see that this construction does not depend upon the particular choice
of local trivializations for G, and it is sufficient to demonstrate this for an alternative
trivialization T : U x G x U — Gy. We may therefore write

~1 .
T, ,.YC(Z) = (C([), v(t), OT,(,)U)

where v : [0, a] — gp is another curve in gr, and therefore obtain another curve
g : 10, al = G with g(t) = r5»«0(t) and §(0) = 1¢; define ¢l 1 [0,a] — Gy by

& (1) = T(c(0), §(1), c(0)),
so that as before we will have
ir _ .
¢ (D) = re@yc(t)

and therefore )
P € (1) = € (). ()

Now consider the curve T~ 0 &' in T~ (Gu); this will satisfy

T2 (1) = (c(0). §0). €(0))

for some curve g in G with g(0) = 14, so that

T;lér(t) = (é(t)’.é(t)vOTdo)U)' (1b)

It follows from (1a), (1b) and (2) that

Tt Te (€0, §(0), 07, 1) = 7ol T(E@), §(0), 07, 0)

and therefore that )
P (D) = roh 40 = (D),

so that § = ¢ by uniqueness; thus ¢ = ¢I.

Using this procedure for each of the successive segments we may, for any curve
¢ : [0,1] = M, construct a lifted curve ¢! : [0, 1] — G satisfying the required
properties, and in this way we define the path connection I' whose infinitesimal
connection is 7. O
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2.3 Connections and Projectability

In Sect. 1.4 we defined full morphisms of Lie groupoids and of Lie algebroids, and
indicated that these would be appropriate types of morphism to use when considering
whether objects were ‘projectable’. We now use these morphisms to investigate the
projectability of path connections on Lie groupoids, and of infinitesimal connections
on Lie algebroids.

Let G, H be Lie groupoids with manifolds M, N of identities, and suppose that
(P, p) is a full morphism from G to H. We shall say that the path connection I on G is
projectable to H if, whenever ¢y, ¢, : [0, 1] — M are curves satisfying poc; = pocs,
then the lifted curves clf, 021" : [0, 1] — G satisfy P o cl; =Po cg.

Now let s¢ : [0, 1] — N be a curve, and suppose initially that there is a neigh-
bourhood U C N of (0) and a local section ¢ : U — M such that »(t) € U for all
t € [0, 1]. The composite ¢ o s is then a curve in M satisfying p o (¢ 0 1) = » with a
1ift (s 0 5)" in G. Define the lifted curve ! : [0, 1] = Hby 37" =Po (o) ;
by projectability this does not depend on the choice of local section . If there is no
such neighbourhood U then split s into finitely many segments and carry out the
procedure described above for each segment individually, combining the results to
obtain the lifted curve s .

Proposition 2.3.1 [f the path connection T’ on G is projectable to 'H then the lifting
operation T'" is a well-defined path connection on 'H, and for any curve ¢ : [0, 1] —
M we have (p o c)rp =Pocl.

Proof We first describe the lifting procedure in detail for arbitrary curves in N.

Let »r : [0, 1] — N be a curve. For each ¢t € [0, 1] let U; be a neighbourhood
of »(¢) which is the domain of a section ¢; : U, — M; by compactness we may
choose finitely many of these neighbourhoods, Uy, U, ..., U,, covering %([0, 1]),
with corresponding local sections ¢;. As in the proof of Lemma 1.1.1 we may assume
that each ([0, 1]) N U; is connected and that the U; are indexed so that 5(0) € U,
and (1) € U,,, and so that we may find »(#;) € U; N U;yy for 1 <i <m — 1 and
O0<t < <ty_1 < lyputty =0andt, = 1. Define curves s; : [0, 1] - N,
1 <i<mby

i) = (1t + (1= Dti),

so that s;(¢) € U; for all ¢ € [0, 1]; define the lifted curves %irp by %[FP =Po(5o
)" . Finally, noting that

anz (1) = 35(0) = s(ti1) = s51(1) = Brs (1)

for 2 <i <mandany ¢ € [0, 1], define the lifted curve P by
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t—1t pft
P = (= to<t<t
r? n—1 1
w (1) = t—t]
P — i P
r p t’ 3 (1) oy <t<t, 2<i<m
i T bi—1

We must check that 5" does not depend on the choices made. Suppose thatry < 1,
and that U 1 1S some other nelghbourhood of %(O) with local section ¢ : U M
where 2(t) € U1 for 0 <t < 1, where t; < 1;. Let 5, 4 : [0,1] — N be the
corresponding initial curve segments, so that » (f) = #,7 and 3, (t) = 1. Then, for
0 <t <1, wehave

L) = 7 (1) = P(ct 05)" (1) — P& 0 s)" (i)
I n I

by projectability of I'. If we now let x : [0, 1] — [0, #;/7;] be given by (1) = t,¢/1
then x is a diffeomorphism with the property that sc; = 7 o x, so that

~ t R n t R n t
A7) =P o %1)r<t—) =P(oxo X)F(t—) =Po %1)FX(I—)
1 1 1

by the reparametrization property of T, using the fact that (¢ o 3¢)"x(0) = (¢ o
J’:tl)r(O) = 161 5(0)- But

~ n t R n t
P o %1)FX(—) =P o %I)F(A—)7
151 5]

and this is the first segment of the curve that would be obtained by lifting with the
local section <] rather than the local section ;. A similar argument may be applied
recursively to show that the whole lifted curve 7 s independent of the particular
choice of partition [0 = ty, 1, t2, ..., tu—1, t,u = 1] and of the particular choice of
local sections ;.

We now check that the lifted curve ! does indeed satisfy the conditions for a
path connection.

First, we see that

7 0) =547 0) = P51 0 5)7(0) = P(1esa0) = L@ = Loy = L)

and that

ar (1) = aH( r” (%) Sy .%fp(n) = ap (1)
[
= apP(si 0 2)' (0) = pag (i o 321)" (0) = p(sy 0 31)(0) = 3¢ (0) = 3(0)

(with the appropriate modification when 0 < ¢ < t|) whereas
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By () = ﬁH(%F” (ﬁ) ) W %l”’m)

ti— 1]
P t—1ti-1 rft—ti-1
= By ( ) = BrP(si o 5) (
ti =t 1 — 1]
t—ti— 1 —ti— t—ti—
r ! i
= pPg(si o ) (7) =P<i%i( ) = %i( ) = x(1).
1 —ti—1 [l tp—ti—1
FP

The reparametrization condition " o x = r, 0 (30 Y)©, where ¢ = ' x(0),
is obtained from the reparametrization condition for I" using an argument similar to
that given when showing that I'” is well defined.

Now let ¢ : [0, 1] — M be a curve, and suppose that there is a local section
¢ : U — M of p such that pc(t) € U for all ¢ € [0, 1]. By definition (p o ¢)” =
Po(sopoc)t; but the two curves sopoc and ¢ satisfy the condition po (sopoc) = poc,
sothat (sopoc)” = ¢ by projectability. We therefore see that (poc)T” = Poc’. By
reparametrization the same result holds if it is necessary to subdivide ¢ into several
segments.

Next, suppose that s is smooth at ¢ € [0, 1], and arrange the subdivision of [0, 1]
suchthat#;_; <t < t; forsome 1 <i < m;put? = tt; + (1 — £)t;_;. Then s is
smooth at 7, as is <; o 54. So (s; 0 5¢;)' is smooth at 7, and then 57" = P o (¢; 0 )"
is also smooth at 7, showing that 2" is smooth at 7.

Now suppose that two curves s, s, : [0,1] — N satistfy (0) = 3(0)
and 7 (0) = 35(0), and that there is a local section ¢ : U — M such that
51 (10, 11), ([0, 11) C U.Put ¢; = g o 3 and ¢ = < 0 35, s0 that ¢;(0) =
§71(0) = ¢302(0) = ¢2(0) and ¢1(0) = 341 (0) = 6.30(0) = ¢1(0); thus

27 (0) = Pl (0) = Puik (0) = 547 (0).

Clearly the same result will hold if the domain of ¢ is simply a neighbourhood of
#1(0) = 22(0).

Now let s¢ : [0, 1] — N satisfy »(0) =y, 5(0) = w € T,N and put ~P(w) =
P (0), so that fyP is a well-defined map TyN — Ty /H. If ¢ : [0, 1] — M satisfies
p o ¢ = s in some neighbourhood of zero then

d r
_p, &
=0 dt

dpoc)”
dt

_d(Po ch)
- dt

1=0 =0

so that v¥ o p, = P, o 7, where y(v) = ¢ (0), v = ¢(0).

Finally let U be a neighbourhood of y and let ¢ : U — X be a local section of p,
so that p, o ¢, = idyy. Then

YPley =77 opiog =Pioyos,

so that v% is a smooth fibre-linear map TN — T'H. O
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We now consider the projectability of infinitesimal connections on Lie algebroids.
Let A — M and B — N be Lie algebroids, and let (P, p) be a full Lie algebroid
morphism from A to 5. We shall say that the infinitesimal connection + is projectable
to B if, whenever vy, v, € TM with p,(v)) = p.(v2), then Py(vy) = Pvy(vy). If v is
projectable, define its projection 4" : TN — B by, for w € TN, choosing v € TM
with p,(v) = w and setting 7" (w) = Py(v).

Proposition 2.3.2 The map " is an infinitesimal connection on B.

Proof First, take wy, w, € T,N for some y € N, and choose x € M such that
p(x) = y. As p is a submersion we may find vy, v, € T M such that p,(v;) = w
and p,.(v2) = ws. Then 4" (w1) = Py(v;) and v (w,) = Py(v,), so that

87" (w1) = TEPY(v1) = prAY(V1) = p(x) = pTAY(V2) = TEPY(v2) = 757 (wy),

showing that 77 is well defined. To see that it is fibred over the identity on N, take
w € T,N and as before choose x € M such that p(x) = y. Taking v € TM such that
p«(v) = w we see that

57" (W) = TPY(V) = pay(v) = p(x) = y.

To show that 7” is smooth at w € T,N, choose a neighbourhood U of y and a local
sectiong : U — M of p, so that, : TU — TM satisfies p, o ¢, = (idy)s = idyy.
Then v*|,,, = P o7 o, showing that 4" is smooth.

It also follows from this that, restricted to the fibre 7, N, 'yP |y = P| 46() © | o() OSsy
is a composition of linear maps and so is linear. Furthermore, the rank of each map
in the composition does not depend on the choice of fibre to which it is restricted,
so that the composite map v” has constant rank on TU. Although the map ¢ is only
a local section of the surjective submersion p, different maps ¢, will all have the
same constant rank dim M (even if M is not connected), and as v and P have global
constant rank it follows that v has constant rank throughout TM and is therefore a
vector bundle morphism.

Finally, for any w € TN take v € TM with w = p,(v) so that

ppy" (W) = ppPy(v) = pupay(v) = pi(v) = w;

thus " is a section of the anchor map pg, confirming that " is indeed an infinitesimal
connection. (I

Lemma 2.3.3 If v is a projectable infinitesimal connection and X is a projectable

vector field on M then the section v o X of A is projectable; in addition (y o X)F =
P

v o XP.
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Proof If x1,x, € M satisfy p(x;) = p(xy) then, because p.X,, = p.X,, by pro-
Jjectability of X, we see that Py(X,,)) = Py(X,,) by projectability of +y, so that the
section v o X is projectable.
Now lety € N, and let x € M satisfy p(x) = y. By definition the section (y o X)”
of B3 satisfies
(70 X)"() = P((y 0 X)) = Py(X,);

but the section v o X7 satisfies
(" o X" () =" (X?) =4 pu(X) = Py(X,)

so (yoX)P =~P o xP. |

Corollary 2.3.4 The curvature R’ of the projected infinitesimal connection *
satisfies
R (X, v") = (R'(X, 1))’

Proof A straightforward calculation gives
R”/,P (Xp’ YI’) — ’YP ° [XD, YP] _ [[,YP ° Xp’ ,YP ° Yp]]
=10 [X.YP — [/ o X?, 7" 0 ¥7]
P
=(volX.Y]) —[(yoX)". (yo ']

= (yolX,¥]) = [yoX,yoV]"
= (R, )" O

2.4 The Kernel Derivative of an Infinitesimal Connection

In this and the following sections we turn our attention to various notions of covariant
derivative associated with an infinitesimal connection on a Lie algebroid.

Lety : TM — Abe aninfinitesimal connection. We define an operator on sections
k of the kernel I — M, the kernel derivative, by V;}R =[voX,k].

Lemma 2.4.1 The operator V" is a covariant derivative.

Proof The operator is clearly R-linear in both variables, and

Vg =y o (), k1 = [f (y 0 X), &1l = f[v o X, k]l = ((p o k) ) (y 0 X) = f gk
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whereas

Vi(fr) =y o X, fel =flv o X, 6l + ((poy o X)f )k = Vi + (XK. O
Note that the formula [y o X, £]] does not define a covariant derivative on sections &
of A because the condition p o £ = 0 is needed to ensure that V;( =fVy.

Lemma 2.4.2 The kernel derivative V7 is a derivation of the Lie algebra bracket
{-, -} on the fibres of KC:

Vi{k, A} = (Vik, A} + (K, VIAL

Proof The Lie algebra bracket is the restriction to /C of the Lie algebroid bracket on
sections of .4, so that this is just the Jacobi identity again:

Vil A} =1y o X, (e, MM = [y o X, s, AT = [y 0 X, &0, AT+ [T, [y 0 X, AT
= [Vyr, Al + [, Vg Al = {Vyr, A} + {5, VAL 0

We may apply the kernel derivative to the curvature of .

Lemma 2.4.3 The curvature R" of the infinitesimal connection satisfies the identity
F(VIR(Y,2)) + R (X, [Y,Z]) =0

where f indicates the cyclic sum over X, Y and Z.

Proof We have

Vi(R'(Y.2) =[yoX.yolY,ZIl = [yoX.[yo Y,y o ZIl
=vo[X, [V, ZI| - R'X,[Y,Z]) = [y o X, [y o Y,y o Z]I.

The result now follows by the Jacobi identity for both brackets. (I

This single identity generalizes the two Bianchi identities of standard connection
theory, and in fact incorporates them both as we shall show later: it is therefore called
the Bianchi identity.

Lemma 2.4.4 The curvature RV of V7 is related to the curvature RY of y as follows:

RVX,V)k = [k, R (X, V)] = {r, RV (X, Y)).
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Proof

RY(X,Y)k = VyVik = ViVik — Vi y
=[yoX.[yo Y.kl =[yoY.[vo X, kIl = [y o [X. Y], K]
= [k, v o [X, Y]] — [k, [y o X, v o YT
= [k, R'(X, V)] = {r, " (X, V)}. 0

We may use the kernel derivative to define a ‘differential’ on KC-valued p-forms on
M. Writing sec(lC ® /\p(T*M)) for the C*°(M)-module of K-valued p-forms on M,
an infinitesimal connection 7y defines a map of modules

dy : sec(lC ® /\‘”(T*M)) — sec(IC ® /\pH(T*M)),

which we call the exterior kernel differential, as follows:

p+l
dvQ(X1, Xa, ... Xpp1) = D _(=D)'V] (X1, . X Xp1)

r=1
+ > DO XL X K K X))
1<r,s<p+1

p+1

=D =DMy o X, 0X1. ... X, .. Xpr1)]

r=1

+ D DO X)X K X Xp)
1<r,s<p+1

The formula has obvious similarities with a well-known one for the exterior derivative
of a p-form, and the fact that the exterior kernel differential is a module map can be
deduced in the same way as the fact that the exterior derivative has that property can.

But dy- is not in general a coboundary operator of course.

Lemma 2.4.5 The Bianchi identity for vy, namely
$(VIR'(Y.2)) +R'(X.[Y.Z])) =0,

may be expressed using the exterior kernel differential as

dv-R" = 0. (]
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2.5 Covariant Algebroid Derivatives

We now wish to generalize the idea of a covariant derivative, replacing vector fields
by sections of a Lie algebroid A — M. The operators we describe may be defined
on any vector bundle over M, and are independent of any infinitesimal connection
on A.

As motivation, consider a vector bundle 7 : E — M with a covariant derivative
operator V giving, for every section o of E and any vector field X on M, a new section
Vxo of E. As every Lie algebroid A — M supports an anchor map p : A — M,
we may also define the derivative of a section of E by a section £ of A to be V,.¢0,
its derivative by the vector field p o &. This observation suggests that, given a vector
bundle and a Lie algebroid over the same base manifold M, we could define a more
general type of covariant derivative operator. So a covariant algebroid derivative
on E, ormore specifically an A-derivative on E, willbe defined to be an R-linear
map D from sec(A) to R-linear operators sec(E) — sec(E), £ — Dy, such that for
f € C®(M) and o € sec(E)

Dy¢o = fD¢o
D¢(fo) = fDeo + (po ) (f)o.

Thus D behaves much like an ordinary covariant derivative operator arising from a
linear connection; and indeed a ‘TM-derivative’ on E is just a covariant derivative in
the ordinary sense.

As in the case of an ordinary covariant derivative operator, the first of these
conditions ensures that (D¢o)(x) depends only on the value of £ at x, so one may
also think of D as defining, for each a € A,, an R-linear operator D, from local
sections of E defined near x to E,. From the second condition it follows that if
p(a) = 0 then D,o depends only on the value of ¢ at x, and D, then defines a linear
map of E, to itself. Likewise, if D and D are two A-derivatives on the same vector
bundle E then for each £ € sec(A), Dg — D¢ is a vector bundle morphism of E.

There is an obvious generalization of the concept of curvature to .4-derivatives.
For any A-derivative D we set

C(& mo = D¢(Dy,0) — D, (D¢o) — Dye 0.

Then C (&, n)o € sec(E); it depends C*°(M)-linearly on all of its arguments, and it
is skew-symmetric in the first two. For each £, i € sec(A), C(&, n) is a vector bundle
morphism of E. The object C so defined s called the curvature of D. An A-derivative
whose curvature vanishesis said to be flat.

For A-derivativeson A we can also define the forsion T of D,

T, n) = Den— Dy& — [1€, nll;
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T, n) € sec(A), and depends C°°(M)-linearly and skew-symmetrically on its
arguments. Notice that if D is an .A-derivative on A so is D* defined by

Din = Dy& + €, nli;

D* is called the A-derivative on A dual to D. Then
T(&, n) = D¢n — Den.

For an A-derivative on A, the operator D extends in the obvious way to tensor-type
objects, such as its torsion 7', so that

Moreover, the curvature and torsion of an .A-derivative on A satisfy Bianchi identities,
which may be derived in exactly the same way as those for an ordinary covariant
derivative on TM: in particular

F(CE M+ DT (0, Q) +T(TE ), Q) =0

(cyclic sum)—the first Bianchi identity for D.

2.6 Representations and Semidirect Sums

Let A — M be a Lie algebroid, and let D be an A-derivative on E — M. We have
a particular interest in A-derivatives with vanishing curvature: flat A-derivatives. A
flat A-derivative D satisfies

Dy¢yy = D¢ o Dy — Dy 0 D¢ = [Dg, D]

for all £, n € sec(A) and therefore defines a homomorphism from sec(.A) with the
Lie algebroid bracket to the space of linear operators on sec(E) with the commutator
bracket; it is therefore called a representation of A on E. A flat A-derivative on A
itself is called a self-representation of A.

If A is transitive and K is its kernel then for any x € sec(K) and £ € sec(A),
[, k1 € sec(K); and furthermore if we set D¢k = [€, <] then D is an A-derivative
on /C, which by the Jacobi identity is flat. The corresponding representation is called
the canonical representation of A. The kernel K is a Lie algebra bundle with Lie
algebra bracket which is just the restriction of the Lie algebroid bracket. Now for the
canonical representation

D¢l[k, Al = [Dek, AT+ [k, DeAll
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forall k, A € sec(K), again by the Jacobi identity, which is to say that D is a derivation
of the Lie algebra bracket on K. We may regard the canonical representation as a
template for the kernel derivatives of infinitesimal connections on 4, because for
any such connection v we have

Vit = [y 0 X, k]l = D,oxk.

We have already observed that the kernel derivative of an infinitesimal connection
does not extend to the whole of 4, and for the same reason 1 — [&, n]] does not
define an A-derivative on A: there is no canonical self-representation of A. Self-
representations of a Lie algebroid which extend the canonical representation, that is,
which reduce to it when restricted to acting on /C, are therefore of particular interest,
as we shall see in Chap. 7.

Now suppose we have a short exact sequence of vector bundles over M,

0—>B—>V£>A—>O,

where A is a Lie algebroid with bracket [[-, -]l and B is a bundle of Lie algebras with
bracket {-, -}, and suppose also that there is a representation D of A on B satisfying
the derivation property

De{k, A} = D¢k, A} + {K, DeA}

where £ is a section of A and &, A are sections of . If it is the case that the short
exact sequence of sections

0 — sec(B) — sec(V) — sec(A) — 0

splits, so that we can write sec()) = sec(A) @ sec(B3), then we can define a bracket
on sections of V by the formula

L€ ). (7. VI” = (L€ 71 DA = Dy + (1, A})

Proposition 2.6.1 The bracket [[-, -1 is a Lie bracket under which V becomes a Lie
algebroid with anchor map p o P where p is the anchor of A. If A = TM then B is
the kernel of V.

Proof The bracket [-,-]” is thestandard semidirect sum bracket on sec(V) =
sec(A) @ sec(B); skew-symmetry and R-bilinearity are obvious, and the Jacobi
identity is a straightforward calculation using the facts that D is flat and that D¢ is a
derivation. By construction

Poll(& k), 0. M1 = P(L€ 11 DeA =Dy +{k, A}) = €. 7] = [P0 (& ). Po (1. V)],
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so that
poPoll& k), NP =[poPo(&K),poPo(n Nl

Finally if f € C*°(M) then

1€ 2, £ G VTP = (I€.£11l De(fA) = Dy + (1. N}
= (F1€. 71 + (0 0 OF)0. DA+ (0 0 OF + 11, A — /Dy
= £ (& 10 DEX = Dy + (5, A}) + (00 OF) (0, V)
=1 &), (1. VTP + (0o Po (€, 0)f) (1, V).

Itis clear that the restriction of [[-, -]° to Bis {-, -}, soif A = TM then it is immediate
that B3 is the kernel of V. O

Corollary 2.6.2 Suppose that K — M is a Lie algebra bundle, with bracket {-, -},
which as a vector bundle is equipped with a flat TM-connection whose covariant
derivative operator V is a derivation of {-, -}. Then the vector bundle TM @y K can
be given the structure of a transitive Lie algebroid by defining the bracket of sections
by

LG 1), (¥, 1 = (IX, Y1, VxA = Vys + (s, A])

and the anchor by po (X, k) = X. Furthermore, X — (X, 0) defines an infinitesimal
connection vy, such that R" = 0. O

We have already seen an example of the construction given in the above corollary,
namely the Lie algebroid of the trivial Lie groupoid M x G x M described in Propo-
sition 1.3.2, where the covariant derivative Vyx of the section x of the trivial Lie
algebra bundle M x g is taken as the Lie derivative of the corresponding g-valued
function <, namely

Vxk = Vx(id, &) = (id, X (R)).

An example of the construction in the substantive proposition, where the short exact
sequence of vector bundles does not have a canonical splitting but the induced
sequence of sections does, comes when we considerthe jet bundle of a Lie alge-
broid 7: A — M.

As 7 is by definition a vector bundle, its first jet bundle 7, : J lr 5 Misalso a
vector bundle, with the vector space structure on its fibres inherited from the vector
space structure on the set of global sections of 7. It is a standard construction that
J17 is part of a short exact sequence of vector bundles

0> AQTM - J'1 > A—0

where themap 1 o : J'7 — Aisgivenby 71 (j1£) = £(x); the injection AQT*M —
J!'7 arises by observing that the map of sections ¢ ® df + j'(f€) — f(j'€), where
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f € C*®(M), gives awell-defined pointwise map. A splitting of this sequence amounts
to a linear connection on the vector bundle 7, as we shall see in the next section; but
the sequence of sections does have a canonical splitting j' : sec(A) — sec(J'7), so
that any section of 7| : J'7 — M may be written uniquely as a sum j'¢ 4+ Q where
& is a section of A and Q is an A-valued 1-form on M, regarded as a section of J Lr.

We first define a bracket on the sections of A ®y T*M, regarded as vector bundle
morphisms TM — A, by

{P,O}=QopoP—PopoQ.

Itis easy to check that this bracket is well-defined pointwise, and defines the structure
of a Lie algebra bundle on A ® T*M. If, for instance, P and Q are both infinitesimal
connections on A (that is, p o P = p o Q = idy,) then {P, Q} is just the difference
Q—P.

We next define a family of endomorphisms of sec(A ® T*M), parametrized by
sections of .4, by setting

D:(n@0) =151 ®0+1nQ® Ll

where &, 7 are sections of .4 and 6 is a 1-form on M, and extending by R-linearity.
Each Dy is a derivation, and it may easily be shown that D is a representation of
Aon A® T*M, so we conclude that the bracket [[-, -]” together with the map
poTio:J'T — TM provide a Lie algebroid structure on J'7.

2.7 Linearizing a Connection

We conclude this chapter with some remarks about general connections on vector
bundles, with no particular reference to Lie algebroids.

One way of describing a general connection on the vector bundle 7 : E — M
is by specifying a smooth complement H to the vertical sub-bundle V7 C TE; this
complement may be described equivalently as the image of a horizontal lift operator,
whereby a vector field X on M is mapped to a vector field X" on E. The direct
sum decomposition TE = H @ V' gives rise to a projection operator Py which, as
mentioned in the introduction to Sect. 2.2, may be regarded as a type (1, 1) tensor
fieldon E.

There is no reason why a connection in this general form should be linear (and
therefore correspond to a covariant derivative operator). It is, however, always pos-
sible to represent such a connection by a map between vector bundles, and hence
obtain a derived linear connection on a pullback bundle by differentiation, using
jet bundles. If £ is a section of 7 : E — M then its jet j ¢ at the point x may be
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identified with the tangent map &, : T\M — T¢E; using this identification we
may construct a canonical tensor field h along the map 7, : J'm — E by setting
hjie(v) = (& o m)4v for any v € Ty E. A connection may then be described by a
section o : E — J'7, so that h o o is a genuine tensor field on E (rather than along
m1.0) giving rise to the decomposition 7TE = H @ V.

We are now able to say that the connection is a linear connection if the map o is
linear: that is, if it provides a splitting of the short exact sequence

0> EQTM - J'n > E— 0,

as we mentioned earlier. Recalling that the corresponding exact sequence of spaces
of sections
0— sec(EQT™*M) — sec(]lﬂ) — sec(E) — 0

has the canonical splitting & > j'¢, we may define a covariant differential
V:sec(E) = sec(EQ T*M), Vé=j¢—0oot

and hence, for any vector field X on M, a covariant derivative Vy acting on sections
of E > M.
If the connection ¢ is not linear, we proceed in the following way.
For any x € M let o, denote the restriction of o to the vector space E,, so that
v Ey — J;7r. The derivative o, is a map E, x E, — J;ﬂ, linear in the second
variable, so we may construct the fibre derivative

.7:027T*E—>117T, fU(Y»Z):U;(y)(YaZ)

where 7*(m) : m*(E) = E Xy E — M is the pullback bundle. There is also a canon-
ical inclusion J'7w C J! (7r*(7r)) as a vector sub-bundle, given by jl¢ — jl(&,0,)
where 0 : M — E is the zero section, and in this way Jo becomes a linear connec-
tion on the pullback bundle 7* (7).

This construction of a derived linear connection will be used in Chap. 12, and it
will be convenient to describe it using coordinates. If (x’, y*) are fibred coordinates
on E then the horizontal lift X — X" is given by

0
—_— > —— —
ox! ox!

(the minus sign is conventional) and the projection operator Py is given by

0 0
d .
’“®(al )

For the jet bundle description we let y¢* be the jet coordinates, so that
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, 0 0
h = dx' i > )
x ®(8x’ +y; 8y‘¥)

thenI'{" = —of' = —y{oo. If in addition (x'; y*, z) are fibred coordinates on 7*(E)
then

ore .
L7, 7o Fo =0.
0y

yioFo=—
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