2. Metrizable Compact Spaces

Our theme is the connections between the topology of X and the abstract properties of
C(X). In this chapter we consider a simple, natural category of compact spaces: the
metrizable ones.

We show that for a compact Hausdorff space X, metrizability is reflected in
separability of C(X). We consider two special spaces, the Hilbert cube and the Cantor set.
We show that they are generic in the following sense: The metrizable compact Hausdorff
spaces are precisely the closed subspaces of the Hilbert cube, and the quotients of the
Cantor set.

2.1  The most accessible topological spaces are the metrizable ones. We open this
chapter by stating some standard results about metrizable compact spaces.
(1) We have already mentioned: /n a metrizable compact space, every sequence has a
convergent subsequence.
(2)  Every metrizable compact space is separable (i.e. has a countable dense subset).
(3)  On a compact metric space every continuous function is uniformly continuous.
Here a comment is in order.

A function f on a set X is, be definition, uniformly continuous under a metric d on
X if for every € > 0 there isa § > 0 such that

x,y€X,dx,y)<d = |f(x) - f¥)I<e

Uniform continuity is not a topological property: A function may be uniformly continuous
under a metric d; and not under a metric d, that determines the same topology. However,
this cannot happen if the topology is compact.

2.2  Theorem Let (X4, dq), (X3, ds,), ... be metric spaces and putX = [, X,,. Forx €
X andn € N letx, be then-th coordinate ofx, so that x = (x,)nen- Define

d(x,y) = supp (dn(tn yu) An7H - (x,y €X).
Thend is a metric on X. The topology it determines is the product topology, i.e., if (Xg) aea
isanetinX andx € X, then

d(xg,x) S0 o dn(xa_n, xn) ) (n € N).
In particular, the coordinate maps X — X, are continuous.
Proof (I) First, a preparatory observation: If 5, t,u, ¢ € [0,0) and u < s + t then
UAc<sAc+tAc.
(The right hand member is s + t or itis atleast c.)
(I)  Consequently, if x,y,z € X, then for every n
dp Gty Yn) AN < dn G, ) AT+ dn (Y, 2) AnTH < d(x,y) +d(, 2).
By taking the supremum over n one sees that d satisfies the triangle inequality, and
actually is a metric.
(II)  Let (xq)qea beanetin X andletx € X.

o Ifd(x, x) 2, 0: Take nin N; we prove dn(xa_n, xn) .
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For sufficiently large a we have
71> d(xg, x) = dp(Xegm Xn) AR
then d(x,, x) cannot be strictly less than d,, (xa_n, xn). Thus, d,, (xa,n, xn) < d(xg, x)ifais
large enough, and dn(xa,n, xn) So.

o If dn(xa_n, xn) 5 0 for every n: Let € > 0. Choose N in N with N™! < ¢. For
sufficiently large «,

dn(xa,n,xn) <& forn=1,..,N.

For such « it follows from the definition of d that d(x,,x) <e. =
Theorem 2.2 is especially of interest in conjunction with Tychonoff’s Theorem 1.22:

2.3  Theorem A Cartesian product of countably many metrizable compact spaces
is metrizable and compact.

24  Examples (1) The metrizable compact space [0,1]V is called the Hilbert cube.
(The same name is sometimes given to [—1,1]V. Topologically, these spaces are
indistinguishable.)

In Theorem 2.8 we prove that every metrizable compact space is homeomorphic
with a subspace of [0,1]V.

(2) Another special metrizable compact space is {0,1}".

The elements of {0,1}N are the indicators of the subsets of N. With the natural
metric on {0,1} (the distance between 0 and 1 being 1), Theorem 2.2 yields the metric d
on {0,1}M:

d(ly, 1) = sup I4(n) — 1) An~1

The following is a different “incarnation” of {0,1}N. Let P(N) be the collection of all
subsets of N. The formula A4 — 1, determines a bijection P(N) — {0,1}N. For A,B c N
we have |1, — 1| = 1,,5 where

AAB=(AUB)\(ANB).
Consequently, we can make a metric § on P(N) by
8(A,B) = suppeaap n"
(the right hand member being 0 if A A B = @); this metric renders P(N) a compact space
and the map 4 +— 1, an isometry.
(3) For every bounded closed interval [a, b] we consider two subintervals

[a,b], = [a,a + b%] and [a, b]; == [b —b%,b].




16 2 Metrizable Compact Spaces

Iteration of this construction yields intervals [a, b]o, [@, b]go1, €tc.
Starting with I := [0,1] we obtain the intervals
I, i, (MEN; iy, ..., in € {0,1}).
Define subsets Dy, Dy, D, ... of [0,1] by
Do :=1[01], Dp = Uy, 1 (neN).
Then Dy, © D; © D, o ---. Each D,, is a union of 2™ bounded closed intervals and hence is
compact.

[

[0.1]

Dy

D,
_ — _ — _ — __D3

-- -- -- -- -- -- -- == D,

The intersection of all these D,,,
]D) = nn Dn,
is known as the Cantor set; it is a compact subset of [0,1].
The Cantor set is homeomorphic to {0,1}". More explicitly: The function

frx— 280 %,37" (x € {0,13Y)

is a homeomorphism of {0,1}N onto D. Proof: The coordinate functions x + x,, are
continuous. Hence, f, being the uniform limit of the functions

x—2¥N_ %37,
is continuous. If n € Nand iy, ..., i, € {0,1}, then f (i, ..., iy, 0,0,0, ...) is the left end point
of the interval I; _; . (Proof by induction.) From this it follows that, if x = (iy,i,..) €
{0,13V, then f(x) is the unique element of N, I, iy
Then it is not hard to see that f is a bijection {0,1}N — D. By 1.28(3) f must then
be a homeomorphism. (In particular, there exists a bijection P(N) — D, so D is not

countable.)
For more about D, see Exercise 2.12.

Among the metrizable compact spaces the Hilbert cube and the Cantor set take special
positions. In Theorem 2.7 we will see that every metrizable compact space is
homeomorphic to a subspace of the Hilbert cube and to a quotient of the Cantor set. We
need some preparation. First, alemma showing a connection between the two.

2.5 Lemma There exists a continuous surjection D — [0,1]N.
Proof As DD is homeomorphic with {0,1}¥ we are done if we can find a continuous
surjection w: {0,1}N — [0,1]N.

Choose a bijection f: N X N — N. The formula
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(w(5)),, = Zispm 2~ (s € {0,1}N,n e N)
defines a map w: {0,1}"¥ — [0,1]N.
e (wissurjective:) Let xy, %y, ... € [0,1]; we make an s in {0,1}" with (w(S))n = x,, for
each n. Every element of [0,1] can be written as ¥'i2, & 2~ with suitable &;,,, ...in {0,1}.

Consequently, for each n there is a sequence (fi("))_ N of elements of {0,1} with
LE

Xy = Zifi(n) 27% Define s € {0,1}N by

Sp(im) = {l.(") (i,n € N).
Then (w(s))n =x, (neN).
* (wis continuous:)For each i and n in N the (coordinate) function s+ s¢(;) is
continuous {0,1}¥ — R. By uniform convergence, for each n the function s — Y}; sf(i,n)Z‘i
is continuous, i.e. the function s — (w(s))n is continuous. But that means precisely that

w is continuous (1.20(2)). =

2,6 Lemma Let Y be a nonempty closed subset of D. Then there exists a
continuous map ¢:D — Y with ¢(y) =y (y €Y).
Proof (in the language of 2.4(3)) In this proof, [0,1] and the intervals I; ; are called
“blocks”. A block is said to be “useful” if it contains an element of Y. For every x € D the
blocks that contain x form a decreasing sequence
[0,1] 21, 2 L, 2 - (*)
whose intersection is {x}.
If B is a block we let B* be the smallest useful block that has B as a subset. (Such a
B* exists.) If x € D\Y the smallest useful block containing x is denoted J,.
For every useful block B we arbitrarily choose a point a(B) in B NnY. Now we
define ¢: D — Y by
px)=xifxeY
p(x) = a(J,) if x € D\Y.
All we have to prove is that ¢ is continuous. Actually, we show that
lo(x) — ()| < 3lx -yl (x,y € D).
Let x,y € D. In proving the above inequality we may assume x # y and |x — y| <
371, Then there exist a unique N in N with
37Vl < |x—y| <37V
and a unique block B of length 37" with x,y € B. We distinguish two situations.
(D (B is useful.) If x € Y, then ¢(x) = x; otherwise J, € Band ¢(x) = a(J,) € Jy € B.In
either case, ¢ (x) € B. By the same token, ¢(y) € B. But B is an interval with length 37V,
so () —()| <3V <3-37¥ 1 <3|x—yl.
(ID) (B is not useful.) As x € D\Y, a glance at (*), above, shows the useful blocks having B
as a subset are precisely the useful blocks having x as an element. Consequently, B* is ],
and ¢(x) = a(J,) = a(B*). Similarly, ¢(y) = a(B*), so |p(x)—e®»)|=0<3|x—
yl. =
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In the following theorem we turn to the theme of the book: The connection between
properties of X and those of C(X). Here we view C(X) as a normed vector space under the
sup-norm. (See “Conventions and Notations”.)

2.7  Theorem Let X be a nonempty compact Hausdorff space. Then the following
statements are equivalent.

(o) X is metrizable.

(B) X is homeomorphic to a subspace of [0,1]N.

) There exists a continuous surjection D — X.

(8)  C(X) is separable relative to the topology induced by the norm ||. || -

(e) There is a countable collection of continuous functions on X that separates the

points of X.
Proof of the implications (o) = (g) = (B) = (a) and (B) = (y) = (8) = (¢).
(@)= (¢) Choose a metric d for X. For a€ X let a* be the function x+—

d(a,x) (x € X). By 2.1(2), X has a countable dense subset A. Then {a*:a € A} is a
countable collection of continuous functions; we claim that it separates the points of X.
Indeed, let x, y € X be so that a*(x) = a*(y) for all a € A. There is a sequence (a,), in A
with a, — x. For every n we have d(a,, x) = d(a,,y),so a, — y.Then x = y.

©®©=0 It follows from (¢) that there is a sequence (f;,), of continuous functions
X — [0,1] that separates the points of X. Then the map

frx— (G0, 2(0),..) (xeX)

is a continuous injection X — [0,1]N. According to 1.28(3) f(X) is homeomorphic to X.
B) = () By theorem 2.2, [0,1] is metrizable. Then so is every subspace of [0,1]".
B = We may as well assume that X actually is a subspace of [0,1]N. Then, by
compactness, X is closed.

By Lemma 2.5 there exists a continuous surjection w: D — [0,1]N. Then w~1(X) is
anonempty closed subset of D, and Lemma 2.6 provides a continuous surjection ¢: D —
w™1(X). The composition w ° ¢ is a continuous surjection D — X.

)= () Choose a continuous surjection 7: D — X. This t inducesamap T: C(X) —
¢ (D) by

T(f)=feot (feCX)).

The map T is linear and thanks to the surjectivity of 7 it satisfies

1Tl = lfll (f € CCO).
Consequently, T is a isometry relative to the metrics determined by the sup-norms. Hence,
we only have to prove that C (D) is separable. We use the notations of 2.4(3).

Forn € N, let C,, be the space of all functions on D,, that are constant on each of the
intervals I, ; . There are precisely 2™ such intervals, so C, is a 2"-dimensional vector
space. If we put C,(D) := {g|D: g € C,}, then C,(D) is a finite dimensional, and in
particular separable, linear subspace of C(D). We prove that U, C,(D) is dense in C(D).

Let f € C(D), € > 0; we look for a g in U, C,(D) with ||f — glle < &. By the
uniform continuity of f there is an n with
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xy€eD, |x-y[<3™" = |[f-fOI=<e
For x € D (and this n) let x* be the left end point of the interval [
x*€Dand |x —x*| <37, s0
IfCx) = fx)] <e.
Consequently, if we define a function g on D by
g =f(x") (xeb)
then |f(x) —g(x)| < eforallx inD, so ||f — glle < &. Moreover, g € C,(D).
%) =(9) Let G be a countable dense setin C(X).If x,y € X and x # y, there exists a
continuous function f on X with f(x) = 1, f(y) = 0 (Urysohn, 1.28(5)). Choosing g in G
with [|f — glle < Y2wehave g(x) #g(y). =

i;..i, that contains x; then
i

2.8  Corollary Let X be a compact Hausdorff space and letY be a Hausdorff space
such that there exists a continuous surjection X — Y. (ThenY is compact; see 1.28(1).) /f
X is metrizable, thensois Y. m

29  Exercise (referring to 2.2) Let A be an uncountable set. Prove that the spaces
{0,1}4 and [0,1]“ under the product topology are not metrizable. (In a metrizable space,
a singleton subset is an intersection of countably many open sets.)

2.10 Exercise (referring to 2.2) Reconsidering the proof one sees that in the definition
of d the term “n~!” may be replaced by “a,” where (a,,), is any sequence in (0, o) that
converges to 0. Other options are available.

In the situation of 2.2, define

S(x,y) = Endn(xnﬂyn)/\z_n (X,y € X).
Show that § is a metric determining the product topology. (The inequality in (I) of the
proof of 2.2 may be useful.)

2.11 Exercise (Refers to 2.4(2).) On P(N) we impose the topology induced by 6.

(1) Let (4,), be a sequence in P(N) with A; c 4, c -+ and A := U,A,. Prove
A, — A

(2) Let (An), be adisjoint sequence in P(N). Prove A, — 0.

(3) Let P € P(N).Prove that the maps A — AN Pand A — A U P of P(N) into P(N)
are continuous.

(4) Let f:N — N. Prove that the map 4 — f~1(4) is continuous. (Use convergence,
not the metric.)

2.12 Exercise (Refers to 2.4(3))

(1)  Show that %; and % lie in D.

(2) D, contains no interval with a length exceeding 37". It follows that (the closed
set) D contains no interval at all.
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Extra: The Cantor Set and Variations

The Cantor set D was invented in 1874 by Henry John Stephen Smith and independently
by Georg Cantor in 1883 who used it to make an injective map of P(N) into R, showing
that R is not countable. It has many curious properties.

2E.1 Exercise 2.12(2) shows that D contains no intervals: D is “tenuous”, so to speak.
On the other hand, the set
D+D:={x+y:xyeD}
covers all of [0,2]. To see this, take z in [0,2]. Every element of [0,1] can be written as
0.5:5283... oOr Yo s, 107"
for certain sy,s,,... € {0,1,2,...,9}. Similarly, we have %z = Ym1Zy - 37" with suitable

24,7y, ... € {0,1,2}. For each n, choose x, and y, in {0,1} such that z,, = x,, + y,. Putting
x=2)x, 3 "andy =2y, 3 "wegetx +y = z,whereas x,y € D according to 2.6.

2E.2 Related to the Cantor set is the Cantor function.
Imagine constructing D by successively making the sets Dq, Dy, .... While this is
going on we make a function u on [0,1] as follows. In the first step the interval G,z) is

omitted from [0,1]; we give u the value % at all points of (i,g) In the second step the

. 12 7 8 . . 1 12 3
intervals (;,5) and (3,;) are omitted; we give u the value Jon (;,;) and the value Lon

8 . . .
(g, ;) We continue in this way.

Dy

We obtain an increasing function, defined on [0,1]\ID. On each of the intervals omitted in
the construction of D this function is constant, its value being a rational number whose
denominator is a power of 2. It is not difficult to extend this function to an increasing
surjection [0,1] — D, the Cantor function. (It's graph is known as the Devil’s Staircase.) It
is continuous and maps D onto [0,1].

2E3 Let 1,73, ... € (0,1). At the n" stage of the construction of D we had 2" disjoint
intervals at our disposal and from each we omitted the middle third part. Now we can

carry out a similar construction but omitting not a fraction %, but a fraction r; in the first

step, a fraction r, in the second, and so on. We obtain sets [0,1] = E; 2 E; D E, D ---.Each
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E, is a union of 2" closed intervals of the same length, [, say; then [, =1,
h=30-m)lL=51-ml, ..

This construction leads to a set E := N, E, that is homeomorphic with D but may
have different geometrical properties. For instance, its Lebesgue measure A(E) is

=17
which is 0 for the Cantor set but positive if ), r;, < oo.

We can also make a “distorted” Cantor function, a function u: [0,1] — [0,1] that is
continuous, increasing and maps E onto [0,1]. Trivially this function is differentiable at
every point of [0,1]\E; less trivially, at almost every point of E (in the Lebesgue sense) it
is differentiable and its derivative has the value A(E) 1.

2E.4 Theorem 2.7 says something of D as a topological space. For another topological
property of D we need a technical term: A topological space X is said to be
“zerodimensional” if the subsets of X that are both closed and open form a base for the
topology. Thus, zerodimensionality of X is equivalent to the following:

If U € X isopen and a € U, then thereis a

set W, closed and open, witha € W c U.
D is zerodimensional. Indeed, it is not hard to see that a subset of R is zerodimensional if
and only if it contains no intervals.

The following theorem obtains: Every metrizable compact space that is

zerodimensional and has no isolated points is homeomorphic with D.
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