Chapter 2
Mappings on Metric Spaces

In process of the development of general topology, because of the participation of
various branches of mathematics and the driving of internal problems, a vast diver-
sity of classes of topological spaces were evolved. Detailed analysis and extensive
classification of these objects appear in different poses and with different expressions
are the necessary conditions for the existence of general topology and form its main
internal tasks [31]. At the 1961 Prague Topological Symposium, Alexandroff [3]
raised two kinds of questions:

Question 2.0.1 (/3]) Which spaces can be represented as images of “nice” (e.g.
metric or zero-dimensional, etc.) spaces under “nice” continuous mappings?

Question 2.0.2 (/3]) Which spaces can be mapped onto “nice” spaces by “nice”
mappings?

The idea of classifying spaces by mappings caused by Alexandroff’s questions
leads to a method of mutual classifications of spaces and mappings. Alexandroff [4]
and Arhangel’skil [31] thought that the essence of this method is the following three
fundamental problems which are closely tied up with one another:

Question 2.0.3 (/31/]) Under what circumstances can each space of a given class
</ be mapped onto a space of a class Z by means of a mapping belonging to a class
F?

Question 2.0.4 (/31]) If the class .% («7) of spaces are images of spaces of type </
by mappings of type .%, then what internal properties can the spaces belonging to
F () have?

Question 2.0.5 (/31]) Let F (&, #) denote the class of mappings whose domain
is a member of the class 7 and whose range is a member of the class #. Let 5

be some other class of mappings. What are the properties of mappings of the class
F (A, B) NI

These general formulations involve, in particular, the following question:
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Question 2.0.6 (/31]) What topological properties are preserved by these and other
mappings?

The significance of the idea of mutual classifications of spaces and mappings,
i.e. Alexandroff-Arhangel’skii’s questions, is that to reveal the internal properties of
various classes of topological spaces by mappings, and to use mappings as a link
connecting the multifarious topological spaces in one. Practice shows this principle
not only instilled fresh blood to general topology in many classic topics, but also
produced many new research directions, and brought the prosperity of general topol-
ogy from the late 60s to the whole 80s in the 20th century [4, 238]. As a supplement,
readers can read the survey papers [268, 298].

Which classes of spaces can be regarded as the “nice” classes of spaces in Alexan-
droff’s questions?

Which classes of mappings can be regarded as the “nice” classes of mappings in
Alexandroff’s questions?

We start from the class of metrizable spaces, and to show that quotient map-
pings, pseudo-open mappings, open mappings and closed mappings really satisfy
the requirements of being “nice” mappings. In this chapter, we follow the idea of
Alexandroff and look for some important intrinsic properties of images or preimages
of metric spaces.

All the mappings in Sect.2.1 are assumed to be continuous mappings, and all
the mappings in Sects.2.2-3.9 are continuous onto mappings.

2.1 Classes of Mappings

In this section, we give definitions for certain classes of mappings and investigate
their basic properties. The relationships between different mappings are very exten-
sive. Here we only describe several properties needed in the subsequent sections.
The mapping lemma (see Proposition 2.1.12) reflects the relationships between the
transformations of mappings.

Definition 2.1.1 Letf : X — Y be a mapping.

(1) f is called a quotient mapping [50] if, for each U C Y with f~(U) € 1(X),
Uet(Y).

(2) fis called a pseudo-open mapping [26] if, for each y € Y with f~!1(y) C V €
(X),y € f(V)°.

(3) f is called a countably bi-quotient mapping [424] if, for each y € Y and each
countable open family % in X covering f~'(y), there is P € %" such that
yEf(P)°.

(4) f is called an open mapping [42] if f (V) € 7(Y) whenever V € 7(X).

(5) fis called a closed mapping [196] if f(F) € t°(Y) whenever F € 7°(X).

We first point out two basic relationships between mappings. Let f : X — Y be
amapping. If A C X, B C Y, then
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(1) f'B)CAS BCY —f(X—A);
2) fANf~'(B) =f(A)NB.

Proposition 2.1.2 (1) Every open mapping is a countably bi-quotient mapping,
every countably bi-quotient mapping is a pseudo-open mapping and every
pseudo-open mapping is a quotient mapping.

(2) Every closed mapping is a pseudo-open mapping.

Proof We only need to prove that every closed mapping is a pseudo-open mapping
and every pseudo-open mapping is a quotient mapping.

Letf : X — Y be a mapping.

Assume that f is a closed mapping. If y € Y and f~'(y) C V € t(X), then
yeY—f(X—-V)Cf(V),soyef(V)°. Thusf is a pseudo-open mapping.

Assume that f is a pseudo-open mapping. If U C Y and f~!(U) € 7(X), then for
anyy e U,f~'(y) Cf~'(U),soy € U° and hence U € t(Y). Thus f is a quotient
mapping. |

There exist examples to show that not every pseudo-open mapping is a composi-
tion of an open mapping and a closed mapping [38].
Below we consider mappings with some additional conditions on fibers.

Definition 2.1.3 Letf : X — Y be a mapping.

(1) fiscalled a compact mapping [471] (resp. a countably compact mapping, an L-
mapping, an s-mapping) if, for every y € Y, f~!(y) is a compact (resp. countably
compact, Lindelof, separable) set in X.

(2) f is called a peripherally compact mapping [471] (resp. peripherally countably
compact mapping, peripheral L-mapping) if, for each y € Y, 3f ! (y) is a com-
pact (resp. countably compact, Lindelof) set in X.

(3) f is called a perfect mapping [471] if f is a closed compact mapping.

(4) f is called a quasi-perfect mapping if f is a closed countably compact mapping.

Obviously, every quasi-perfect mapping is a countably bi-quotient mapping.

Definition 2.1.4 Letf : X — Y be a mapping.

(1) f is called a compact-covering mapping [331] if, for every K € J£ (Y), there is
L € 2 (X) such that f(L) = K.

(2) f is called a sequence-covering mapping [424] if, for every S € .7 (Y), there is
L € # (X) such thatf(L) = S.

(3) f iscalled a sequentially quotient mapping [64] if, for every S € .#(Y), there is
L € & (X) such that f(L) is a subsequence of S.

We should note that in the different literatures, the definitions of mappings crown
to “sequence-covering mappings” in the name may be different [167].
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Remark Suppose ¢ is a mapping property. An image (resp. a preimage) of a space
under a mapping having the property ¢ is briefly called a ¢ image (resp. preimage)
of a space. For example, an image of a space under a compact mapping is called a
compact image of a space. A ¢ image of a space and the range space is regular (resp.
completely regular, normal) is called a regular (resp. completely regular, normal) ¢
image of a space. The definition of a regular (resp. completely regular, normal) ¢
preimage of a space is similar.

In the following, we give characterizations of some classes of mappings.

Proposition 2.1.5 ([26]) Let f : X — Y be a mapping. Then f is a pseudo-open
mapping if and only if for every B C Y, fp is a quotient mapping.

Proof Supposef is a pseudo-open mapping. ThenforeveryB C Y, fz : f~'(B) — B
is a pseudo-open mapping, and hence f3 is a quotient mapping.

Conversely, for each y € Y with f~'(y) ¢ V € 1(X),ify ¢ f(V)°, let Z =
Y —f(V);ify € Z—Z, let F = Z U {y}, then Z is not closed in F. Since f5 is a
quotient mapping, f ~!(Z) isnotaclosed setinf ~!' (F), so thereisx € f~1(Z)Nf ' (y),
and hence y = f(x) € f(f~1(Z)), as a consequence, Z C f(f~1(Z)). Thus,

YEY—f(V) T Y —f(V) CfX=V),

it follows that f~' (y) N (X — V) # @, a contradiction. Therefore f is a pseudo-open
mapping. |

A mapping satisfying the equivalent condition of being a pseudo-open mapping
in the above proposition is called a hereditarily quotient mapping [26].
Proposition 2.1.6 ([64]) Let f : X — Y be a mapping. Then f is a sequentially
quotient mapping if and only if for each F C Y, F is a sequentially closed (resp.
sequentially open) set in Y whenever f ' (F) is a sequentially closed (resp. sequen-
tially open) set in X.

Proof Suppose f is a sequentially quotient mapping. Suppose F C Y andf~!(F)isa
sequentially closed set in X. If F is not a sequentially closed set in Y, then F contains
a sequence {y,} such that y, — y € ¥ — F, and hence there exist a sequence {x;} in
X and a subsequence {y,,} of {y,} such that x; ef’l(yn,) andx; — x € f~'(y). Then
x € f~1(F), and hence y € F, a contradiction.

Conversely, let {y,} be a sequence in Y such that y, — y. We may assume y,, # y
for every n € N. Since {y, : n € N} is not a sequentially closed setin ¥, U{f ' (y,) :
n € N} is not a sequentially closed set in X. However, £~ (y) U (U{f ~'(y,) : n € N})
is a sequentially closed set in X, so there is {py} C U{f~'(y,) : n € N} such that
pr — x € f~1(y). Since each f~!(y,) is a sequentially closed set, there are at most
finitely many p; belong to any fixed f~!(y,), so we can pick a subsequence {y,,} of
{va} and py, € f~'(n). Let L = {x} U {py, : i € N}. Then L € .(X) and f(L)
contains a subsequence of {y} U {y, : n € N}. Thus f is a sequentially quotient
mapping. |
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Proposition 2.1.7 ([119]) Letf : X — Y be a mapping. Thenf is a closed mapping
if and only if for eachy € Y withf~'(y) C U € 1(X), there is V € t(Y) such that
yeVandf~'(V) c U.

Proof Suppose f is a closed mapping. For each y € Y with f~1(y) C U € ©(X),
take V=Y —f(X —U). Thenye V e t(¥Y)andf~(V) C U.

Conversely, suppose F € 7¢(X). Then foranyy € Y —f(F),f'(y) CX —F €
7(X) holds, and hence there is V € t(Y) such thaty € V and f~' (V) C X — F, so
VNf(F) = &, and it follows that f (F) € 7¢(Y). Thus f is a closed mapping. W

Proposition 2.1.8 ([32]) Letf : X — Y and g : X — Z be mappings. If f is a
perfect mapping, then f Ag is a perfect mapping.

Proof Let h = fA g. Then h can be expressed as the composition of the following
two mappings:

dyAg: X —>XxZ, fxidz:XxZ—>YXxZ.

Since idy separates points from closed sets in X, by the diagonal theorem idy A g is
a closed embedding, hence a perfect mapping. Because both f and id; are perfect
mappings, f x idz is a perfect mapping. So 4 is a perfect mapping. |

Corollary 2.1.9 Assume that @ is a closed hereditary and finitely productive topo-
logical property. If there exist a one-to-one mapping f : X — Y and a perfect
mapping g : X — Z, where Y and Z have ®, then X also has ®.

Proof Puth = fA g : X — Y x Z. By Proposition 2.1.8, & is a perfect mapping.
Since 4 is a one-to-one mapping, /4 is a closed embedding, so X also has &. |

Proposition 2.1.10 ([70]) If X is a compact space, then for any space Y, wy : Y X
X — Y is a perfect mapping.

Proof Obviously, 7y is a compact mapping. Let F € t°(Y x X). If y ¢ m(F),
then ({y} x X) N F = &, so there is an open subset V of Y containing y such that
(VxX)NF =g, and hence V N (F) = . As a consequence, ; (F) € t°(Y).
Thus m; is a closed mapping. ]

In the second part of this section, we discuss more precise relationships between
different classes of mappings under certain conditions. We first introduce two con-
cepts.

Definition 2.1.11 (1) A space X is called a strongly Fréchet—Urysohn space [424]
if, for every decreasing sequence {A,} of sets in X with x € ﬂneN A, there is
x, € A, for each n € N such that x, — x.

(2) Xiscalledak-space [136]if, foreachA C X, A € t(X) provide KNA € 7¢(X)
for any K € 7 (X).
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Obviously, first countable space = strongly Fréchet—Urysohn space = Fréchet—

Urysohn space = sequential space = k-space. By the definitions, strongly Fréchet—
Urysohn spaces are additive and hereditary; k-spaces are additive, open hereditary
and closed hereditary.

Proposition 2.1.12 (The mapping lemma) Let f : X — Y be a mapping.

(1)
(2)
(3)
4)
(5)

If Y is a k-space and f is a compact-covering mapping, then f is a quotient
mapping [331].

IfY is a sequential space andf is a sequentially quotient mapping or a sequence-
covering mapping, then f is a quotient mapping [64, 424].

IfY is a Fréchet-Urysohn space and f is a quotient mapping, then f is a pseudo-
open mapping [26, 133].

If Y is a strongly Fréchet—Urysohn space and f is a quotient mapping, then f is
a countably bi-quotient mapping [336].

If X is a sequential space and f is a quotient mapping, then f is a sequentially
quotient mapping [64].

Proof (1) Suppose F C Y andf’l(F) € 1°(X). Foreach K € #Z(Y), thereis L €

2)

3)

“4)

J# (X) suchthatf (L) = K. Since f~'(F)NL € # (X),FNK =f(f"'(F)NL)
H(Y) Ct(Y),s0 F € t°(Y). Thus f is a quotient mapping.

If f is a sequence-covering mapping, then by replacing 2 (Y) with . (Y), the
proof for f being a quotient mapping is similar to that in (1).

Let f be a sequentially quotient mapping. If F C Y and f~'(F) € t°(X), then
f~1(F) is a sequentially closed set in X. By Proposition 2.1.6, F is a sequentially
closed setin Y, so F' € t¢(Y), thus f is quotient mapping.

Supposey € Yandf~'(y) C Ve t(X).Ifye Y —f(V)°, theny € Y —f(V),
thus there is a sequence {y,} C Y — f(V) such thaty, — y. Let

Z={y,:neN}, F=f12).

ThenF C f~'(Z) = FUf~!(y).Sincef~'(y) C Vand VNF = @,f ' (»)NF =
@,50F e 1°(X),and hence f'(Y —Z) =X — F e t(X), thus Y — Z € 7(Y),
a contradiction. As a consequence, y € f(V)°, so f is a pseudo-open mapping.
If f is not a countably bi-quotient mapping, then there existy € Y and a countable
family {U;};cn of open subsets in X covering f~!(y) such that for every n €
N, y e Y = f(Uic, UD° = Y — f(U;, Up). Since Y is a strongly Fréchet—
Urysohn space, there is y, € Y _f(Uign U,) for each n € N such that y, — y.
Let E = {y, : n € N} and F = {y} U E. By (3) and Proposition 2.1.5, fr is a
quotient mapping. Since E is not a closed subset of F, f~'(E) is not a closed
subset off’1 (F),sothereisx € f~1(E) ﬂf’l (), and hence there is m € N such
that x € U,,. It follows that there is k > m such that f~!(y,) N U,, # @, thus
Yk € f(Uy), a contradiction. So f is a countably bi-quotient mapping.




2.1 Classes of Mappings 59

(5) If F C Y and f~'(F) is a sequentially closed set in X, then f~!(F) is a closed
setin X, so F is a closed set in Y, and hence F is a sequentially closed set in Y.
By Proposition 2.1.6, f is a sequentially quotient mapping. |

Proposition 2.1.13 Letf : X — Y, where X is of the point Gs-property. If one of
the following is true, then f is a sequentially quotient mapping.

(1) f is a sequence-covering mapping.
(2) fisaclosed mapping and X is a regular space [291].

Proof (1) If § € .#(Y), then there is K € J# (X) such that f(K) = S. Denote
S = {y)U{y, : n € N}, where y, — y. Pick x, € f~'(y,) N K for each
n € N. Since X is a space of the point Gs-property, by Theorem 1.7.7, there is
a subsequence {x,,} of {x,} such that x,, — x € f~!(y). Thus f is a sequentially
quotient mapping.

(2) Let {y,} be any nontrivial sequence converging to y in Y. Pick x, € f~'(y,)
for each n € N. Since f is a closed mapping, each subsequence of {x,} has
an accumulation point. Let x be an accumulation point of {x,} and let {V,,} be a
sequence of open neighborhoods of x, such that, Vn+1 C V,and {x} = ﬂn ey Va
Take a subsequence {#;} of {x,} such that#, € Vj. Let p be an accumulation point
of any subsequence of {#:}. Thenp € [ keN Vi, SO p = x, which means that x is
the only accumulation point of {#;}, and hence {#;} is a convergent subsequence
of {x,}. Thus f is a sequentially quotient mapping. |

Lemma 2.1.14 ([330, 336]) Let f : X — Y be a closed mapping, where X is a
normal space or a countably paracompact space. If Y is a g-space or a strongly
Fréchet—Urysohn space, then f is a peripherally countably compact mapping.

Proof If there is y € Y such that 3f ~' (y) is not a countably compact set in X, then
df~!(y) contains a discrete countable closed subspace {x; : i € N}. Since X is a
normal space or a countably paracompact space, there is a locally finite family {V; :
i € N} of open subsets in X such that x; € V; (see Theorem A.1.11 in Appendix A).

(1) When Y is a g-space, let g be a g-function on Y. Since x; € 3f ' (), we can
select by the inductive method

zeVinf g, y) —f"(), and
Zis1 € Vit N @G+ 1,9) — 7 (0 f@1)s - f @)D

Since f(z;) € g(i,y), {f(z;)} has an accumulation point. But z; € V; and f is a
closed mapping, {f(z;)} has no accumulation point, a contradiction.
(2) Suppose Y is a strongly Fréchet-Urysohn space. Since x; € V; N 3f~' (v),

yefWy—brcrJw - o)

jzi
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So there is y; € f(Uj>i Vi) — {y} for each i € N such that y; — y. Since
{Vi : i € N} is alocally finite family and f is a closed mapping, there is a
subsequence {y; } of {y;} such that {y; : k € N} is a discrete closed setin ¥, a
contradiction. |

Lemma 2.1.15 ([330)) If f : X — Y is an onto mapping, then there is a closed
subspace Z of X, such that, for each'y € Y, (fiz)~'(y) is either a singleton or the

nonempty set 3f ~L (y).

Proof For eachy € Y, pick p, € f~(y). Let

Z=Uf "0 :of ') # 2y Uipy s of ) = @)

Since

X-z=ul{'or:ar'm#aJ
U o = of o) = @),

Z € t°(X). Obviously, foreachy € Y, (fiz)~!(y) is either a singleton or the nonempty
set 3f ' (v). |

Proposition 2.1.16 ([330]) Let X be a paracompact space. If f : X — Y is a closed
onto mapping, then f is a compact-covering mapping.

Proof For each nonempty compact set K in ¥, by Lemma 2.1.14, fx is a peripherally
compact mapping. By Lemma 2.1.15, there is a closed subspace L of f~'(K) such
that fx., is a perfect onto mapping, so L € 7 (X) and f(L) = K. |

Since every Lindelof regular space is a paracompact space, by Proposition 2.1.16,
every closed onto L-mapping of a regular space is a compact-covering mapping.

Question 2.1.17 (/341]) Characterize the class of spaces Y such that every closed
onto mapping f : X — Y is a countably bi-quotient mapping.

Lemma 2.1.14 derives a general question:

Question 2.1.18 (/460]) Let f : X — Y be a closed mapping. Find additional
conditions for X or Y, such that, with these conditions, 9f -1 (v) has nice properties
foreachy e Y.

Theorem 2.2.2, Lemmas 2.7.20and 2.7.21, Theorems 3.4.16, 3.8.16 and Corollary
3.8.17 etc. are all associated with this problem.
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2.2 Perfect Mappings

The importance of perfect mappings in the mapping theory, same as the role of
compact spaces in general topology, is without rebuke. The main purpose of this
section is to give characterizations of images and preimages of metric spaces under
perfect mappings. To this end, we introduce a series of generalized metric spaces,
such as p-spaces and so on. We also introduce a metrization theorem of adjunction
spaces obtained by Y. Liu and L. Liu [315] and other relevant metrization theorems.

Theorem 2.2.1 ([363, 441]) Perfect mappings preserve metrizability.

Proof Letf : X — Y be a perfect mapping, where X is a metrizable space. In virtue
of the Stone theorem, X is a paracompact space, so Y is a paracompact space (see
Corollary A.1.3 in Appendix A). To prove that Y is a metrizable space, we only need
to prove that Y is a developable space. By Theorem 1.3.5, there is a development
{%,} for X such that %, is a star-refinement of %,. Then,

(1.1) for each nonempty compact set K in X, {st(K, %)}y is a neighborhood base
of Kin X.
Foreveryy € Y and n € N, put

Uyn =St ), %),
Wy =Y —f(X = U,,),

Vo =f (Wy).

Then f~1(y) C Uy ,. It follows that

(1.2) ye Wy and f~1(y) C Vy, C Uy .

(1.3) {W, 1}nen is a local base of y.
Since f is a closed mapping, W, , is an open set in Y. If W is an open neigh-
borhood of y, then f~'(y) C f~'(W). By (1.1), there is n € N such that
stF~1(y), %) C fHU(W), ie. Uy, C f71 (W), so W,, € W. Thus (1.3) is
proved.
By (1.2), f7'(») C Vyut1, and by (1.1), there is m > n + 1 such that
Uy,m C Vy,n+l~

(1.4) Ify e W, then W_,, C W, ..
Fix x € f~!(y). Since f ' (y) C Voo C Uomy x € st(F1(z), %), so there is
U, € %, such that x € U, and

G#@QNUCF ' @NUpm CF @ N Vg,

and hence z € f(V; ,+1) = W, ,11. As a consequence, we obtain ®):f'2) C
Vy.n+1. Below we prove W, C W, ,,.

Suppose t € W, ,. Since f~1(t) C U, . s € st(f~'(z), %,) whenever s €
£~1(t), and hence there is U; € %, such that s € Uy and f~'(z) N U, # @.
Take s’ € f~(2) N Uy. By (#), f71(2) C Uppsrs 50 8 € S0, Zr)s
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and hence there is Uy € %4 such that s’ € Uy and f'(0) N Uy # @. Tt
follows that s’ € U; N Uy. Take s” € f~'(y) N Uy. Since %, refines %1,
s, 8" € UgU Uy C st(Uy, ,41)- Because %, is a star-refinement of %,
there is Vy € %, such that

s € st(Uy, Ups1) C Vg Cst(f '), %) = Uy .

Sof’l(t) C Uy, and hence t € W, ,.. It follows that W, ,, C W, .

For eachn € N, let #,, = {W, ,}yey. If y € Y and W is a neighborhood of y,
then by (1.3), there is n € N such that W, , C W. By (1.4), thereism € N
such that st(y, #,) C W, ,. Thus {st(y, #,)}sen is a local base of y, so {#}}
is a development for Y, and hence Y is a developable space. |

It should be noticed that when f : X — Y is a perfect mapping, for a cover % of
X {Y—f(X—U) : U € %} may not be a cover of Y. For example, let X = I x {0, 1}.
Take X as a subspace of R? with the Euclidean topology. Let A = {(0, 0), (0, 1)},
Y =X/Aandletf : X — Y be the quotient mapping. Then f is a perfect mapping.
Take % = {I x {0}, 1 x {1}}. Then % is an open cover of X, and for any U € %,
f0,0) ¢Y —f(X -U).

The closed image S; x N/({0} x N) of the metric space S; x N is a copy of the
sequential fan S,,. To make a closed image of a metric spaces being metrizable, some
additional conditions are necessary.

Theorem 2.2.2 (The Hanai-Morita—Stone theorem) If f : X — Y is a closed
mapping and X is a metric space, then the following are equivalent:

(1) Y is a metrizable space.

(2) Y is a strongly Fréchet—Urysohn space [336].
(3) f is a peripherally compact mapping [363, 441].
(4) f is a countably bi-quotient mapping [336].

Proof By Theorem 2.2.1, Lemmas 2.1.14, 2.1.15 and Proposition 2.1.12 (the map-
ping lemma), we only need to prove that countably bi-quotient mappings preserve the
strongly Fréchet—Urysohn property. Let {A,} be a decreasing sequence of sets in Y.
Ify € (e An» then there is x € ! (y) such thatx € (), f ' (A,). Because other-
wise,f~1(y) C U,enX —f~"(A,)), so thereism € Nsuchthaty € f(X—f~1(4,,)°,
and hence A,, N f(X — f~1(A,)) # @, a contradiction. Thus there is x, € f~'(A,)
such that x,, — x, so f(x,) € A, and f(x,) — Y. |

The above result is a deformation of the Hanai—Morita—Stone theorem. In fact, the
Hanai—Morita—Stone theorem can be described as follows: if f : X — Y is a closed
mapping and X is a metric space, then Y is a metric space if and only if Y is a first
countable space, if and only if f is a peripherally compact mapping. Its prototype is
a result of Vainstein [471]: every closed mapping from a metric space onto a metric
space is a peripherally compact mapping. The Hanai—-Morita—Stone theorem is also
called the Morita—Hanai—Stone theorem.
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Assume that X and Y are two disjoint spaces. Let A be a closed subset of X and
letf : A — Y be a continuous mapping. The quotient space Z of X & Y obtained
by mapping x and f(x) (Vx € A) to one point is called the adjunction space and
is often denoted as X Uy Y. The quotient mapping p : X ® ¥ — Z is called the
adjunction mapping [69]. The following metrization theorem of adjunction spaces
can be regarded as an application of Theorem 2.2.2.

Recall the concept of a natural mapping (or an obvious mapping). Let {Xy}oca be
acoverof X. PutZ = G}a s Xo. Foreach a € A, denote the homeomorphism from
the subspace X,, of Z onto the subspace X,, of X as h,. Then & : Z — X is called a
natural mapping (or an obvious mapping) if hjx, = hy for each @ € A.

Theorem 2.2.3 ([67,315]) If X and Y are metric spaces, then X Uy Y is a metrizable
space if and only if X Uy Y is a first countable space.

Proof Let Z = X Uy Y. Assume that Z is a first countable space. By the mapping
lemma (see Proposition 2.1.12), p is a pseudo-open mapping. Let X; = cly (X — A),
Z] = Clzp(X — A)

(3.1) If Bis aclosed set of Xj, then f(B) is a closed set of Y.
Suppose y € Y — f(B). Then there are disjoint open sets U and V in X
containing B and f ! (y) respectively. Let W = VU Y, G = p(W)°. Then W
is a neighborhood of p~'(p(y)) = (Y} Uf~'(y) in X @ Y, so p(y) € G, and
hence p~'(G) N (U — A) = @. Since B C cly(U — A), p"'(G) Nf(B) = @.
Thus f(B) is a closed setin Y.

(3.2) p1 =ppx, : X1 = Z; is a closed mapping.
It is easy to verify that Z; = p(X —A)U{y € Y : f1(y) N 0A # @}, and
hence p(X;) = Z;. By (3.1) and pyx—4 = idx_4, p1 is a closed mapping.

(3.3) X Ur Y is a metrizable space.
By (3.2) and Theorem 2.2.2, Z; is a metrizable closed subspace of X U, Y.
Since p(Y) is homeomorphic to Y, p(Y) is a metrizable closed subspace of
XUp Y. Letg : p(Y) ®Z — X U, Y be the natural mapping. Then ¢q is a
perfect mapping. By Theorem 2.2.1, X Uy Y is a metrizable space. |

Example 2.2.4 ([315]) A non-metrizable adjunction space.

(1) LetX =1%— {(0,0), (1,0)} and Y = L. Give X and Y the Euclidean subspace
topology. Let A = {(x,0) : 0 < x < 1}, and define f : A — Y by f(x, 0) = x.
Then f~'(y) is a compact set for every y € Y. Since f(A) = (0, 1) is not a closed
setin Y, by (3.1) in the proof of Theorem 2.2.3, X U, Y is not a first countable
space.

(2) The definitions of X and A are same as thatin (1). Take Y = {0}. Definef : A — Y
by f(A) = {0}. By using the notions in the proof of Theorem 2.2.3, we have
X, =X,Zy =Zand p; : X; — Z; is a closed mapping. Since 8p1_1(0) =Ais
not compact in X, Z; is not a metrizable space.

Below we introduce a characterization of perfect preimages of metric spaces.
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Lemma 2.2.5 ([162, 469)) If {%,} be a sequence of open covers of a space X such
that %,y star-refines %U,, then there is a pseudo-distance d on X such that

(1) foranyy € X,y € (\,en St(x, %,) if and only if d(x, y) = 0;
(2) U is an open subset of (X, d) if and only if for each x € U, there ism € N such
that st(x, %,) C U.

Proof Denote %, = {X}. For every x, y € X, define
D(x,y) =inf{27" : y € st(x, %)},

n
d(x,y) =inf[ZD(x,-,x,-H) neN, x;€X, xp=xandx,.1 =y¢.
i=0

Then d is a pseudo-distance on X, and by using the inductive method, we know that,
whenever n > 2,

n—1

D(x,y) < 2D(x.x1) +4 D D(x;, Xiy1) + 2D (x;, y).

i=1

So D(x,y)/4 < d(x,y) < D(x,y), and hence (1) holds. Since for every x € X and
neN,
Stx, Zna) = B(x, 1/2""%) C B(x,1/2") C st(x, %),

(2) holds. [ |

Theorem 2.2.6 [360] (The Morita theorem) A space X is a quasi-perfect preimage
of a metric space if and only if X is an M-space.

Proof The necessity. Letf : X — Y be a quasi-perfect mapping, where Y is a metric
space. Then there is a development {%,} for Y such that %, star-refines %,. For
each n € N, define .%, = f~'(%,). Then %, star-refines .%,. If x € X and {x,}
is any sequence in X with x, € st(x,.%#,), then f(x,) € st(f(x), %), and hence
f(x,) — f(x). Since f is a quasi-perfect mapping, {x,} has an accumulation point.
Thus {.%,} is an M-sequence in X, and hence X is an M-space.

The sufficiency. Let {%},} be an M-sequence in X. By Lemma 2.2.5, there is a
pseudo-distance d on X such that

(6.1) foreachy e X,y € ﬂneN st(x, %,) if and only if d(x, y) = 0;

(6.2) U is an open set in (X, d) if and only if for each x € U, there is m € N such
that st(x, %,) C U.
Define an equivalence relation “~” on X as follows: forevery x,y € X, x ~y
if and only if d(x,y) = 0. Let ¥ =X/~ be the quotient set, and define
p Y xY — Rt by p([x], [y]) = d(x,y), then (Y, p) is a metric space.
We prove thatf : X — Y is a quasi-perfect mapping. Since f =1 (B, ([x], €)) =
Bi(x,¢) € 1(X) forevery x € X and ¢ > 0, f is a continuous function.
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First, we prove that {st(x, %) }.en 1s a neighborhood base of the set {x} =
Mpen St(x, % ) in X. In fact, since %, star-refines %,, s (x, 1) C
st(x, %), so st(x, Z,+1) C st(x, %,). By the convergence lemma, {st(x,
) }nen 1s a neighborhood base of the countably compact closed set [x] in
X. Now, we can prove f is a quasi-perfect mapping. In fact, on the one
hand, f~'([x]) = [x] is a countably compact set in X. On the other hand,
if x ¢ f~Y(f(H)) for any H € t°(X), then [x] N H = &, and hence
there is m € N such that st(x, %,) N H = @. If y € st(x, Z,+1), then
St(Y, Ups1) C st(x, %), thus [y]NH = @, s0 st(x, % me1) Nf " (F(H)) = 2,
and hencef’l(f(H)) € 7°(X). It follows that f(H) € t°(Y). Therefore f is a
quasi-perfect mapping. |

By the properties of paracompact spaces, we obtain the following corollaries.

Corollary 2.2.7 ([360]) A space X is a perfect preimage of a metric space if and
only if X is a paracompact M -space.

Corollary 2.2.8 ([368]) Every paracompact M-space is a strong X -space.

Proof If X is a paracompact M-space, then there is a metric space Y and a perfect
mapping f : X — Y. Let % be a o-locally finite base for ¥ and let 7 = {f~'(y) :
y € Y}. Then f~' (%)~ is a o-locally finite closed (mod k)-network w.r.t. J# in X.
So X is a strong X'-space. |

M-spaces and paracompact M-spaces characterize the quasi-perfect preimages
and the perfect preimages of metric spaces respectively. These spaces are just the
spaces sought in Alexandroff’s questions (see Question 2.0.2). In the second part of
this section, we give characterizations of these spaces and discuss the metrization
problems of them.

Definition 2.2.9 (/17]) A space X is called a submetrizable space if X is the preimage
of a metric space under a one-to-one mapping.

Obviously, X is a submetrizable space if and only if there exists a metrizable
topology on X which is coarser than the topology on X. Every submetrizable space is
ao“-space with a G}-diagonal. Submetrizability is additive, hereditary and countably
productive.

Proposition 2.2.10 ([320]) A space X is a submetrizable space if and only if X has
a Gs-diagonal sequence {%,} such that U, star-refines U,.

Proof If X is a submetrizable space, then there exist a metric space Y and a one-to-
one mappingf : X — Y.Let{.%#,} be adevelopment for Y such that .%,, star-refines
F,.For each n € N, define %, = f~'(.#,). Then {%,} is a G;-diagonal sequence in
X and %, star-refines %,.
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Conversely, there is a pseudo-distance d on X satisfying the conditions (1) and
(2) of Lemma 2.2.5. Since {%,,} is a Gs-diagonal sequence in X, for every x,y € X,
d(x,y) = 0if and only if x = y. So d is a distance on X. Because each B,;(x, ¢) is an
open set in X, the metrizable topology derived by d is coarser than the topology for
X. ]

Corollary 2.2.11 ([65]) Every paracompact space with a Gs-diagonal is a sub-
metrizable space.

Theorem 2.2.12 ([93]) A space X is a metrizable space if and only if X is an M -space
with a Gs-diagonal.

Proof We only need to prove the sufficiency. By the Morita theorem and Chaber
theorem, there exist a metric space Z and a perfect mapping g : X — Z, and hence
X is a paracompact space. By Corollary 2.2.11, there exist a metric space Y and a
one-to-one mapping f : X — Y. By Corollary 2.1.9, X is a metrizable space. |

The above theorem can be restated as follows: a perfect (or quasi-perfect) preimage
of a metric space is metrizable if and only if it has a Gs-diagonal. For the sake of
convenience, we say that a topological property @ satisfies the perfect preimage
Gs-diagonal theorem provided thatif f : X — Y is a perfect mapping, X is a regular
space with a Gs-diagonal and Y has the property @, then X also has @.

Example 2.2.13 A preimage of [ under a finite-to-one closed mapping may have no
Gs-diagonal, the Alexandroff double-arrow space is such an example.

Suppose X is the Alexandroff double-arrow space (see Example 1.8.9 and we still
use the notations in Example 1.8.9). Letf : X — I be the projection mapping, where
I has the Euclidean topology. Then f is an at most two-to-one closed mapping. It is
easy to verify that X has no Gs-diagonal.

Because of the above example, when discussing the problem whether a perfect
preimage of a space in the class € belongs to €, where € is a class of gener-
alized metric spaces, generally the condition that “having a Gs-diagonal” should
be attached. This is the origin of “the perfect preimage Gs-diagonal theorem”. Of
course, we also can discuss so called “the perfect preimage o *-theorem” and so on.
Since the situation is similar, we shall not make the repeat.

In the last part of this section, we give some characterizations of paracompact
M-spaces.

Definition 2.2.14 A regular space X is called a p-space [25] if there is a sequence
{%,} of families of open sets in X such that

(1) each %, covers X;

(2) foreachx € X, (), St(X, %)) C X.
If we also have

(3) foreachx € X, (,cn St(x, %) = () en StX, %),
then X is called a strict p-space [31]. The sequence {%;} above is said to be a
pluming or a strict pluming in X.
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Since every locally compact space is an open set in its Cech—Stone compactifi-
cation, every locally compact space is a p-space. Some internal characterizations of
strict p-spaces and p-spaces make them more convenient to be used.

Proposition 2.2.15 ([91]) A completely regular space X is a strict p-space if and
only if there is a strict p-sequence in X, i.e. there is a sequence {%,} of open covers
of X such that

(1) foreachx € X, C, = ﬂneN st(x, %,) is a compact subset of X;
(2) foreachx € X, {st(x, %,) }nen is a neighborhood base of Cy in X.

Proof The necessity. Let {.%#,} be a strict pluming on X. We may assume that .%,
partially refines .%,. For each n € N, put %, = .%,x. We prove the sequence {%,}
of open covers of X is a strict p-sequence in X.

(1) Foreach x € X, Cy = (),en St(x, F) = (e St(x, F,) is a closed subset of
BX contained in X, so C, is a compact set in X.

(2) Foreachx € Xand C, C U € t(X), thereis G € t(BX) suchthat GNX = U.
Then {G} U {BX — st(x, .%#,) : n € N} covers the compact space X, so there is
m € N such that st(x, .%,,) C G, and hence st(x, %,) C G, thus {st(x, %) }nen
is a neighborhood base of C; in X.

The sufficiency. Let {%},} be a strict p-sequence in X. For each n € N, take
Fn C T(BX) such that .Z,x = %,. Then .#, is a cover of X and for each x € X,
Muen St Z) C Npen SUXL F) C Nyen S, F0). Iy € oy St F) — C,
pick W € t(BX) such thaty € W and W N C, = @, then there is m € N such
that st(x, %,) N W = @, so st(x,.%,) N W = &, and hence y ¢ st(x,.%,), a
contradiction. Therefore, (1), st(x, #,) C C,. Consequently, [,y St(x, .%,) =
Mhen Stx, Z,) C X. |

Thus, every space with a strict p-sequence is a w A-space. Obviously, the property
of having a strict p-sequence is countably productive [158].

Theorem 2.2.16 ([77]) A completely regular space X is a p-space if and only if there
is a p-sequence in X, i.e. there is a sequence {%,} of open covers of X such that for
everyx € Xandn €N, ifx € U, € U, then

(1) Dy = (), Un is a compact set in X;

(2) {ﬂngk U, }ken s a network of D, in X.

Proof The necessity. Let {£2,} be a pluming in X. Choose a sequence {%},} of open
covers of X satisfying that for every n € N and U € %, there is P € &, such
that clgx U C P. We prove that {%,} is a p-sequence in X. For each x € X and any
sequence {U,} of open sets in X with x € U, € %,, put D, = ﬂneN U,.
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(1) Since (e ClpxUn C (en S, &) C X,

D, = (XN clgxUy,) = () clpx U,
neN neN

is a compact set in X.
(2) LetD, C U € 1(X). Take G € t(B8X) suchthat U = GNX. Then {G}U{BX —
clgx U, : n € N} covers BX, so there is k € N such that ﬂngk clgxU, C G, and

hence ﬂngk U, C U. Thus, {ﬂngk U, ken is a network of D, in X.

The sufficiency. Let {%,} be ap-sequence in X. Foreachn € N, take &, C t(8X)
such that &, x = %,. Then &, covers X. Letx € X. If y € [, oy St(x, &) — X,
then there is a sequence {P,} of subsets of 8X such that {x, y} C P, € &,, and hence
ﬂneN P, N X is a compact set in X, so there exist G € 7(BX) and k € N such that
MNu<k PnNX C G CclgxG C BX — {y}. Let

W= {[)Pu] N(BX —clpxG).

n<k

Then WNX = @. However,y € W € 7(8X), so WNX # &, a contradiction. Thus
Mhen Stx, &) C X. Therefore, {2,} is a pluming in X. [ ]

Obviously, the property of having a p-sequence is countably productive [158].

A space X is called an isocompact space [49] if every countably compact closed
set in X is a compact set. Every submetacompact space is an isocompact space (see
Theorem A.4.2 in Appendix A).

Corollary 2.2.17 Let X be an isocompact regular space. If X is a wA-space, then
X has a p-sequence.

Proof For the wA-sequence {%,} in X, take a sequence {7} of open covers of X
such that ¥, refines %,. By the convergence lemma, {7,} is a p-sequence in X. W

Theorem 2.2.18 ([77, 156]) For every submetacompact regular space X, the fol-
lowing are equivalent:

(1) X has a strict p-sequence.
(2) X has a p-sequence.
(3) X isawA-space.

Proof We only need to prove (2) = (3) = ().

(2) = (3). Let {%,} be a p-sequence in X, where %, refines %,. Foreachn € N,
take a f-sequence {7}, j}jen in X such that ¥, ; refines %, A (/\m’i<n Yn.i). For each
k € N, let %, = 7.1. We prove {¥;} is a wA-sequence in X. Suppose x € X and
{x¢} is a sequence in X satisfying x; € st(x, #;). Then there are strictly increasing
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sequences {k;}, {j;} in N such that k.1 > j; and I < [(#4,,)x] < Ro. Foreachn € N,
since {xy, : i > n} C st(x, %,,,) C st(x, %,,) and ¥ ; refines %,, we may assume
that there is U,, € %, such that {x;, : i > n}U {x} C U,, so {x,} has an accumulation
point, and hence {x;} has an accumulation point.

(3) = (1). Let {%,,} be awA-sequence in X. By Lemma 1.4.8, there is a sequence
{#,} of open covers of X such that ¥, refines ¥, A %,, and for each x € X,
Mauen St 7)) = (Npen St 7)) C (,en St(x, %,). By the convergence lemma,
{#,} is a strict p-sequence in X. [ |

Corollary 2.2.19 For every paracompact space X, the following are equivalent:

(1) X is an M-space.
(2) X isawA-space.
(3) X is a p-space.

By Corollaries 2.2.19, 2.2.8 and Theorem 1.5.11, paracompact p-spaces and para-
compact M-spaces are countably productive [25, 360].

Corollary 2.2.20 ([25]) Every cosmic p-space is metrizable.

Proof Let X be a cosmic p-space. Then X is a paracompact p-space with a G-
diagonal. It follows from Corollary 2.2.19 and Theorem 2.2.12 that X is
metrizable. |

An earlier version of the above corollary is a result proved by Arhangel’skii [21]
that every cosmic compact space is metrizable.

A Tychonoff space X is said to be Cech-complete ifitis a G5-set in some Hausdorff
compactification of it. It is easy to see that a Tychonoff space X is Cech-complete if
and only if it is a Gs-set in every Hausdorff compactification of it. A space is a Cech-
complete paracompact space if and only if it can be mapping by a perfect map onto
a complete metric space [135]. The problem of characterizing the perfect preimages
of metric spaces was posed by Alexandroff [3]. To solve this problem, Arhangel’skii
[25] introduced the concept of p-spaces and proved the following theorem.

Theorem 2.2.21 [25] (The Arhangel’skii theorem) A space is a paracompact p-
space if and only if it can be mapped onto a metrizable space by a perfect mapping.

Proof Firstly, if X is a Tychonoff space, Y is a p-space and f : X — Y is a perfect
mapping, then X is also a p-space. Indeed, let {7} be a pluming of the space Y
in the Cech—Stone compactification Y. Since f : X — Y is perfect, the extension
F : BX — BY of the mappingf satisfies the condition (X —X) C BY—Y.Foreach
neN,let?, = F~'(%,). Then {#,} is a pluming of the space X in 8X. In fact, for
eachx € X, F([,,en St(x, 7)) C (yen SLF (), %,) C Y, thus (), st(x, %) C X.

The scheme of the proof of the main part of the theorem is as follows. Let {%,}
be a pluming of a paracompact space X in the Cech—Stone compactification SX. We
construct by induction a sequence {7,} of open covers of X satisfying the condi-
tions: (1) for each x € X and each n € N the closure cly(st(x, #;)) is contained in
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some element of %,; (2) ¥, is a refinement of ¥;; (3) ¥,41 is a star refinement
of 7,. Points x,y € X are said to be equivalent if y € (), St(x, %,). Then the
canonical mapping from X to the space Y of equivalent classes corresponding to
the above equivalence is the required perfect mapping from X onto the metrizable
space Y. |

This theorem generalizes the characterization of Cech-complete paracompactness
given by Frolik [135]. It shows that the p-space property is a “genuine” generalization
of Cech-completeness.

Example 2.2.22 (1) There is a locally compact space (hence a p-space) which is
not isocompact, for example w; .

(2) There is a p-space which is not locally compact, for example the space P of
irrationals.

(3) These is a non-regular developable space without any p-sequence [156].
LetS ={(x,y):x,yeR,y>0}, L={(x,0):x € R}and X = SUL. Denote
the Euclidean subspace topology on X by t*. Define the half-disc topology on
X as follows [437]:

T={t"tU{{x}uSNU):xeL, xeUer"}.

Then (X, 7) is called a half-disc topological space. It is easy to verify that X is
not a regular space, and by using spherical neighborhoods of points in R?, it is
also easy to show X is a developable space.

If X has a p-sequence {%,}, then for x = (0,0) € X and each n € N, fix
U, € (%,), and take a neighborhood {x} U (S N B(x, 2r,)) of x contained in
U, where B(x, 2r,) is a spherical neighborhood of x in R? and 7y < 7y
Let x, = (r,,0). Then x, € k<n Uy, and hence the sequence {x,} has an
accumulation point, which contradicts the fact that {x, : n € N} is a discrete
closed subset of X. Consequently, X has no p-sequence.

(4) There is a locally compact, submetrizable space which is not a 8-space [162].
Let B be the Bernstein set in the real line R (see Example 1.8.5). Then every
uncountable closed set in R meets both B and R — B. Let {B, : o < 2“} be the
family of all the countable sets in B the closures of which in R are uncountable.
For each o < 2, by the transfinite induction, pick x,, € By —(BU {xg: B <a})
andxy , € By suchthatx, , — x,.LetX = BU{x, : o < 2¢}. Define a topology
for X as follows: each point in B is isolated; the elements of a neighborhood base
of x, have the form {x,} U {xy, : n > m},m € N.

Obviously, X is a locally compact submetrizable space. Let H = {x, : @ < 2“}.
Then H is a closed set in X. If X is a §-space, then by Theorem 1.7.7, X is a
semi-stratifiable space, and hence X has a sequence {U,} of open sets such that
H = ),y Un. If some B — U, is uncountable, then there is « < 2 such that
B, C B — U,, and which contradicts the fact that x, , — x, € U,, thus every
B—U, is countable. Since B is uncountable, Bﬁ(ﬂnEN U,) # &, acontradiction.

(5) p-spaces and M-spaces are independent.

The space X in the above (4) is a p-space which is not an M-space. On the other


http://dx.doi.org/10.2991/978-94-6239-216-8_1
http://dx.doi.org/10.2991/978-94-6239-216-8_1

2.2 Perfect Mappings 71

hand, let X be the Frolik space [134],1.e. N C X C BN and X is a countably
compact subspace of BN with cardinality not greater than ¢. Then X is an M-
space. Since every compact set in X is a finite set, X is not a k-space, hence X is
not a p-space (see Propositions 2.4.10 and 2.4.11).

Question 2.2.23 (/162]) Is every normal Moore space submetrizable?

Question 2.2.24 (/158]) Is the product of a strict p-space and a wA-space a wA-
space?

2.3 Quotient Mappings

By taking quotient mappings as its core, in this section, we give the characterizations
of quotient images, pseudo-open images and countably bi-quotient images of metric
spaces, and show that they are just sequential spaces, Fréchet—Urysohn spaces and
strongly Fréchet—Urysohn space respectively. As applications, we give the character-
izations of quotient images of normally metric spaces and connected metric spaces.
This topic relies on the mapping properties of generalized sequentiality properties.

Proposition 2.3.1 (1) k-spaces and sequential spaces are preserved by quotient
mappings [133, 228].

(2) Fréchet—Urysohn spaces are preserved by pseudo-open mappings [26, 133].

(3) Strongly Fréchet—Urysohn spaces are preserved by countably bi-quotient map-
pings [424].

Proof Letf : X — Y be a mapping.

(1) Supposef is aquotient mapping and X is a k-space. If a subset A of Y satisfies that
foreachK € 7 (Y),ANK € t°(Y),thenforeachL € # (X),ANf(L) € t°(Y),
sof'"A)NL=f"1"ANf(L)NL e t¢X), and hence f~!(A) € t°(X), thus
A € t°(Y). Consequently, Y is a k-space.

In the above argument, actually we proved the following stronger result: Let A
be any subset of Y. If AN f(L) € t°(Y) for each L € J# (X), then A € t°(Y).
Replace 7 (Y) and 2 (X) in the above proof with . (Y) and . (X) respectively,
we obtain the result that sequential spaces are preserved by quotient mappings.

(2) Suppose f is a pseudo-open mapping and X is a Fréchet—Urysohn space. If
yeAcCYandf ') Nf1A) =@, theny € fX —f~1(A)° C Y —4,a
contradiction. So there is x € f~!(y) Nf~1(A), it follows that there is a sequence
{x,} € f~'(A) such thatx, — x, thus {f(x,)} C Aandf(x,) — y.Consequently,
Y is a Fréchet—Urysohn space.

(3) was proved in Theorem 2.2.2. |

Definition 2.3.2 Let.%# be a cover of a space X. We say that X has the weak topology
with respect to .% [117], or say that X is determined by .% [167] provided that for
any A C X, A € t°(X) if and only if forevery F € #,ANF € t°(F).
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Obviously, X is a k-space (resp. sequential space) if and only if X has the weak
topology with respect to 7 (X) (resp. . (X)).

Proposition 2.3.3 ([167]) Suppose % isa coverof X andZ = @ F. Letf : Z — X
be the natural mapping. Then f is a quotient mapping if and only if X has the weak
topology with respect to F.

Proof Suppose f is a quotient mapping. For eachA C X,if ANF € t°(F) whenever
F € Z, thenf ' (A) € t°(Z), and hence A € 7°(X), thus X has the weak topology
with respect to .% . If X has the weak topology with respect to .% and A C X satisfies
f1(A) e t°(Z), thenforeach F € #,ANF e t¢(F), and hence A € t¢(X), so f is
a quotient mapping. |

Theorem 2.3.4 ([136]) For every space X, the following are equivalent:

(1) X is a k-space.
(2) X is a quotient image of a paracompact locally compact space.
(3) X is a quotient image of a locally compact space.

Proof (1) = (2). If X is a k-space, then X has the weak topology with respect
to J# (X). By Proposition 2.3.3, X is a quotient image of the paracompact locally
compact space P # (X).

(2) = (3) is obvious.

(3) = (1). We only need to prove that every locally compact space is a k-space.
Suppose Y is alocally compact space and A C Y.IfA ¢ t¢(Y),thenthereisy € A—A.
Let V be an open neighborhood of y such that V e #(Y). Theny € VN A -V NA,
so VNA ¢ t¢(Y), and hence Y is a k-space. |

Corollary 2.3.5 Let X be a k-space. If every compact subset of X is of the point
Gs-property, then X is a sequential space.

Proof By Theorem 1.7.7, € ¢ (X) is a first countable space. Since X is a quotient
image of @ # (X), by Proposition 2.3.1, X is a sequential space. |

Replace J# (X) in the proof of Theorem 2.3.4 with .’(X), we get some charac-
terizations of quotient images of metric spaces.

Theorem 2.3.6 ([133]) For every space X, the following are equivalent:

(1) X is a sequential space.
(2) X is a quotient image of a locally compact metric space.
(3) X is a quotient image of a metric space.

By using the mapping lemma (see Proposition 2.1.12), we obtain the following
characterizations of pseudo-open images and countably bi-quotient images of metric
spaces.

Theorem 2.3.7 ([26, 133]) For every space X, the following are equivalent:


http://dx.doi.org/10.2991/978-94-6239-216-8_1

2.3 Quotient Mappings 73

(1) X is a Fréchet—Urysohn space.
(2) X is a pseudo-open image of a locally compact metric space.
(3) X is a pseudo-open image of a metric space.

Theorem 2.3.8 ([424]) For every space X, the following are equivalent:

(1) X is a strongly Fréchet-Urysohn space.
(2) X is a countably bi-quotient image of a locally compact metric space.
(3) X is a countably bi-quotient image of a metric space.

In the second part of this section, we investigate quotient images of two special
classes of spaces. We first introduce one special class of metric spaces, the quotient
images of spaces in this class are metrizable spaces.

Definition 2.3.9 (/367]) A metric space (X, d) is call a normally metric space, if
X? is compact in X.

The normally metric space X defined by Mréwka [367] is that there is a metric d
on X such that for each pair A, B of disjoint closed sets in X, d(A, B) > 0. Mréwka
proved that this definition is equivalent to Definition 2.3.9. We do not use this fact
in this book.

Theorem 2.3.10 ([11,210]) For every metric space X, the following are equivalent:

(1) X is a normally metric space.
(2) Every closed image of X is a metric space.
(3) Every quotient image of X is a metric space.

Proof (1) = (3). Letf : X — Y be a quotient mapping. Denote a countable dense
subset of the compact metric space X by D = {a; : i € N}. Define

B ={B(a;,1/j) :i,j e N}, % = A".
Then % is a countable family in X. For each U € 7(X), let

HU) = (Y —fX? = U) Nf(U),
GiU)=X~-f'fx—omn¢E ') -,
G(U) =X —f'fx =) nU.

Then f~'(H(U)) = G1(U) U G,(U). Since G(U) C X — X%, G,(U) € t(X) and
HU) € t(Y). Let

W ={HWU):Ue%}U{{y}:yeY —fX)}.

To prove Y is a metric space, we show that Y is a paracompact space and # is a
o-locally finite base for Y.
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(10.1) Y is a paracompact space.
For any open cover ¥ of Y, thereis #” € # < such that f (X¢) ¢ U#". Then
V'U{{y}:y €Y —UY"}is alocally finite open refinement of ', and hence
Y is a paracompact space.

(10.2) # is abase for Y.
Foreveryy € Yandy € V e t(Y), we may assume that there is x € X¢ such
that y = f(x). Then thereis U € % suchthat XNf~1(f(x)) c U C f~1(V),
soye HU) C V.

(10.3) # is a o-locally finite base.
Denote the set of all the finite subfamilies of {H(U) : U € %} covering
F(X?) by {Z,}ien, because % is countable. For each i € N, let

Vi=ZiU{{y}:yeY -UZ}

Then # = J,;.y #; and #; is locally finite.

(3) = (2) is obvious. Below we prove (2) = (1). If x4 ¢ 7 (X), then X4 contains
a countable discrete closed subspace Z. Let f : X — X/Z be the quotient mapping.
Then is a closed mapping and 9f ~' ([Z]) = Z is not a compact set in X. By Theorem
2.2.2, X/Z is not a metric space, a contradiction. Thus X4 e #(X). |

Corollary 2.3.11 ([476]) A space X is a compact metric space if and only if each
image of X is a metric space.

Proof We only need to prove the sufficiency. By Theorem 2.3.10, X is a normally
metric space. If X is not a compact space, then X contains a countable discrete
closed subspace Z C X — X¢. LetY = X — Z. Take 7; = 7(X)|y and take a non-
metrizable Hausdorff topology on Z as 1,. Since (Z, 11)z) is a clopen subspace of X,
idy : X — (Y, 11) & (Z, 1) is a continuous mapping. However, (Y, 11) & (Z, 12) is
not a metric space, a contradiction. Consequently, X is a compact metric space. W

Corollary 2.3.12 ([210]) For every metric space X, the following are equivalent:

(1) Every quotient image of X is a metric space.

(2) Every quotient image of X is a first countable space.

(3) Every quotient image of X is a Fréchet—Urysohn space.

(4) Every quotient mapping on X is a countably bi-quotient mapping.
(5) Every quotient mapping on X is a pseudo-open mapping.

Proof (1) = (2) = (4) = (5) = (3) is obvious. We only need to prove (3) = (1).
If X4 ¢ J# (X), then X? contains a countable discrete closed subspace {x, : n € w}.
Take a discrete family {U, : n € w} of open sets in X such that x,, € U,. To each
n € w, take a sequence {x, u}m C U, suchthatx, , — x,.LetY =X —{x, : n € N}.
Define a mapping f : X — Y by

xO,I‘L’ X = xn, n e Nv
x, xevY.

f(x):[
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Give Y the quotient topology induced by f. Then the Hausdorff space Y contains a
copy of Arens space S,, and hence Y is not a Fréchet—Urysohn space, a contradiction.
Consequently, X¢ € .# (X). By Theorem 2.3.10, every quotient image of X is a metric
space. |

Example 2.3.13 ([272]) There exist a metric space X and a quotient mapping f :
X — Y such that f is neither a closed mapping nor an open mapping.

Suppose X = I x w and 4 is a countable base of the Euclidean topology for I.
Let

VB,m)=Bx ({0}U{neN:n>m}), Be B, meN,;
P ={{x}:xelxNyU{V(B,m):Be A, meN}.

Give X the topology generated by the base Z2. Then X is a regular space and &2 is a
o-discrete base for X, and hence X is a metrizable space. Since the topology for X¢
is the Euclidean subspace topology for I, X¢ is a compact set in X, and hence X is a
normally metric space. Let f : X — 1 be the projection mapping. Then the quotient
mapping f is neither a closed mapping nor an open mapping.

Example 2.3.13 shows that “pseudo-open mapping” and “countably bi-quotient
mapping” in Corollary 2.3.12 cannot be strengthened to “closed mapping” and “open
mapping” respectively. Example 2.3.14 below shows that “closed mapping” or “quo-
tient mapping” in Theorem 2.3.10 cannot be replaced with “countably bi-quotient
mapping” either.

Example 2.3.14 ([272]) There is a metric space which is not a normally metric space
such that every countably bi-quotient image of this space is a metric space.
Foreachn € N,letl, = 1. Put X = @neN I,. Then the metric space X is not a
normally metric space. Let f : X — Y be a countably bi-quotient mapping. Then Y
is a Lindelof, locally compact and locally metrizable space, hence a metric space.

Question 2.3.15 Characterize the class of spaces such that every countably bi-
quotient image of these spaces is metrizable.

Another special class of spaces is the class of connected sequential spaces. Con-
nectedness is invariant under mappings. Is every connected space an image of a
connected metric space [465]?

Definition 2.3.16 (//20]) A space X is called an s-connected space if X cannot
be represented as the union of two disjoint nonempty sequentially open sets. An
s-connected space is also called a sequentially connected space.

Obviously, every connected sequential space is an s-connected space and every
s-connected space is a connected space.

Theorem 2.3.17 ([278]) For every space X, the following are equivalent:

(1) X is a sequence-covering image of a connected metric space.
(2) X is an image of a connected metric space.
(3) X is an s-connected space.
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Proof (2) = (3). We only need to prove that if f : M — X is a mapping and M is
s-connected, then X is also s-connected. Otherwise, X is the union of two disjoint
nonempty sequentially open sets A and B. If {a,} is a sequence in X converging to a
point a € f~'(A), then f(a,) — f(a) € A, so {f(a,)} is eventually in A, and hence
{a,} is eventually in f~'(A). It follows that f~'(A) is a sequentially open set in M.
For the same reason, f~'(B) is also a sequentially open set in M. Thus, M is the
union of two disjoint nonempty sequentially open sets, a contradiction.

(3) = (1). Suppose X is an s-connected space. Let M = @ . (X) and denote
the metric space induced by the topological sum as (M, d). Letq : (M,d) — X be
the natural mapping. Then ¢ is continuous.

Define p : (M x [)> - R as follows:

d(y1,y2) +t1 + 12, y1 # y2,
p(O1, 1), (02, 2)) = [ I — 1], V= s
It is easy to verify that p is a distance on M x I and M is homeomorphic to the
subspace M x {0} of (M x I, p).

Define a binary relation R on M x I as follows: (yi, t;)R(y2, t,) if and only if
q(y1)) = qOn)and t; =1, = l,ory; = y, and t; = t,. Then R is an equivalent
relation. Let Z = (M x I)/R, and let p : M x I — Z be the quotient mapping. For
everyy € M, n € N, put

By =p({(, DYU{G, D 1 q() =q(), 1 —1/n <t <1}).

Define a topology t on Z as follows: when (v,#) € M x I, if t+ # 1, then the
neighborhoods of p(y, ) in Z have the same form as the neighborhoods of (y, 7) in
the product space M x I; if + = 1, each element of a neighborhood base of p(y, t)
in Z has the form B, ,,, n € N. Then (Z, 1) is a regular space and for each U € ,
p~(U) is an open set in (M x I, p). Thus, p is continuous.

(17.1) (Z, t) is a metrizable space.
Assume that 4 is a o -locally finite base for the metric space (M x I, p). Let
Q' be the set of all rational numbers in the interval (1/3, 1) of . Put

Py ={pB):Be B, BCM x][0,1/2)},
Py ={p(y} x (ri,n):yeM, r,rneQ},
Py ={By,:yeM, neN}

P =P UPU P

Then & is a o-locally finite base for (Z, t), and hence (Z, 7) is a metrizable
space.
Define h : M x1,p) - X and f : (Z,7) — X such that h(y,1) =
gq(y)andfop=h.

(17.2) f is a sequence-covering mapping.
Notice that p(E x [0, 1)) € 7 for each open subset E of (M, d) and p(g~" (x) x
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(0, 1]) € tforeachx € X.IfAisanopensetinX,theng~'(A)is anopen setin
(M, d),and hence f = (A) = p(g~" (A) x [0, 1)U(U, e p(g~ () x (0, 1])) €
7. Thus f is continuous. Assume that {x,} is a nontrivial sequence in X
converging to x. By the structure of g, there is a sequence {y,} in (M, d)
converging to y such that g(y) = x and ¢(y,) = x,. Since p((y,, 0), (y,0)) =
dOn,y), n,0) — (y,0). Because p is continuous, p(y,, 0) — p(y, 0).
Since f(p(yn, 0)) = x,, f is a sequence-covering mapping.
(17.3) (Z, t) is an s-connected space.

Otherwise, Z is the union of two disjoint nonempty sequentially open sets C
and D. Obviously, f ~I(x) is an s-connected set in Z, so either f “I(x) c C,or
f~'(x) C D, and hence there exist sets A, Bin X suchthat X = AUB, C =
Ueenf '@ and D = J,pf ' (), i.e. C =f'(A), D =f~'(B). Suppose
{x,}is asequence in X convergingtox € A. By (17.2), there is a sequence {z,}
in Z converging to some point z € f~!(x) such that f(z,) = x,,. Then z € C,
s0 {z,} is eventually in C, and hence {x,} is eventually in A. Consequently, A
is a sequentially open set in X. For the same reason, B is also a sequentially
open set in X, and which contradicts the s-connectivity of X. Thus, Z is an
s-connected space. |

By the mapping lemma (see Proposition 2.1.12), we have the following corollary.

Corollary 2.3.18 ([120, 278]) A space X is a quotient image (resp. pseudo-open
image) of a metric space if and only if X is a connected sequential space (resp.
Fréchet—Urysohn space).

Example 2.3.19 ([278]) There is a connected space which is not an s-connected
space.

Let SR be the Cech—Stone compactification of R. We first prove that for any
p € PR — R, there does not exist nontrivial sequence in R converging to p. In fact,
if there is a nontrivial sequence {x,} in R converging to p, take A = {x,, : n €
N}, and B = {x;,—1 : n € N}, then A, B are disjoint closed sets in R. Since R
is normal, clgr(A) N clgr(B) = & (see Corollary 3.6.4 of Engelking [119]), and
p € clgr(A) Nclgr(B), a contradiction.

Since R is connected, SR is also connected. On the other hand, R is both a
sequentially open set and a sequentially closed setin SRR, so SR is not an s-connected
space.

By Theorem 2.3.17, the connected space SR is not an image of any connected
metric space.

In the last proposition of this section, we give the relationship between Fréchet—
Urysohn spaces and strongly Fréchet—Urysohn spaces by means of products.

Proposition 2.3.20 ([336]) A space X is a strongly Fréchet—Urysohn space if and
only if X X Sy is a Fréchet—Urysohn space.

Proof Suppose X is a strongly Fréchet—Urysohn space. Forany A C X xS, ifp € 4,
we may assume p = (x, 0). For each n € N, define
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A, =ANX x (S; —{1/m:m < n})),
Bn = nl(An)~

Then {B,} is a decreasing sequence of sets in X and x € ﬂneN B,, so there is x,, € B,
such that x, — x, and hence there is {z,} C A such that z, — p. Thus X x S; is a
Fréchet—Urysohn space.

Conversely, suppose X x S; is a Fréchet-Urysohn space. For any decreasing
sequence {A,} of sets in X, if x € nneNK", take A = |J,.y(An x {1/n}), then
(x,0) € A C X x Sy, so there is a sequence {z;} C A such that z; — (x,0), and
hence there exist a subset {n; : i € N} of N and x; € A,, such that z; = (x;, 1/n;) and
x; = x when n; — oo. Consequently, there is y, € A, such that y, — x. Thus X is
a strongly Fréchet—Urysohn space. |

2.4 Open Mappings

In this section, we give characterizations of open images of metric spaces and para-
compact M-spaces. In 1960, Ponomarev [401] proved that a space X is a first count-
able space if and only if it is an open image of a metrizable space. The Ponomarev
theorem is one of the original motivations for the Alexandroff idea [35], and the par-
ticular method of representing a non-metrizable space as an image of a subspace of
a Baire’s zero-dimensional space created by Ponomarev, referred to as Ponomarev’s
method, is a remarkable contribution to the mapping theory of metric spaces. In the
following sections of this chapter, we introduce this method systematically.

Definition 2.4.1 (/340]) A family % of open sets in a space X is called an outer
base of a set A in X if for each x € A and x € U € t(X), there is B € £ such that
xeBCU.

Lemma 2.4.2 (The Konig lemma) Let {X;} be a sequence of nonempty finite sets.
If for each n < m, there is a correspondence n)' : X,, — X, such that nr]} =
ko ' and )} = idy,, then there is (x;) € HieN X; such that )" (x,,) = Xp.

n m’

Proof Foreachi € N, give X; the discrete topology. Then X; is a compact space. Let

X = Hx

ieN
Y ={(x) € X : )" (X)) = X, 1 < m}.

Then Y is a closed set in the compact space X. Because in fact, if y = (y;) € X — Y,
then there is n < m such that 77" (y,) 7# yu. Let V. = {(x;)) € X 1 Xip = Yin» X0 = V).
Theny e Ve t(X)and VNY = &, so Y is a closed set in X. To complete our
proof, we only need to show Y # &. For each m € N, take
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Y, ={(x;) € X: ifn <m, then m," (x,,) = x,}.

Then Y, is a nonempty closed set in X, and hence {Y,,} is a sequence of closed sets
in X with the finite intersection property, so ¥ = [, . Y # &. [ |

meN

Lemma 2.4.3 ([340]) Suppose X is a space and K € # (X). If K has a countable
outer base % in X, then there is a sequence {%;} of finite subsets of % such that

(1) foreachi e N, K C UZ;

(2) ifx € Kandx € U; € U for every i € N, then {U,};cn is a neighborhood base
of x;

(3) foreveryx € K andi € N, there is U; € U such thatx € U,y NK C U,.

Proof Let {7#;} be the families of all finite subsets of % covering K. By the inductive
method, we can take a subsequence {%;} of {#;} such that forevery i € N, % partially
refines #; and {UNK : U € %} partially refines %;. Below we verify that {%}}
satisfies conditions (1)—(3).

(1) holds obviously. For each x € K and x € U; € %, letx € W € 1. Take
Ve#ad?V € Z<?suchthatx e VC Wand K —V C U¥Y C X — {x}.
Then there is m € N such that ¥ U {V} = ¥,,, so U,, C V, and hence {U,};cy is a
neighborhood base of x. To verify (3), define #; = (%;), forevery x € K and i € N.
Then %; is finite and satisfies that if U;,; € #;.1, then there is U; € #; such that
Ui 1 NK C U,. By the Konig lemma, there is U; € %; such thatx € U;; N K C U;
for eachi € N. |

Proposition 2.4.4 ([340]) Suppose X is a first countable space. If % is a base for
X, then there exist a metrizable space M and an open mapping f : M — X such that

(1) if K € #(X) and K has a countable outer base % C %, then there is
L € (M) such that f (L) = K;
(2) if (%)E is countable for some E C X, then f~'(E) has a countable base.

Proof Denote % = {U,}qen. Foreachi € N, let A; be the set A with the discrete
topology. Define

M:[ﬁ:(a,’)GHA,’I

ieN

{Uy,} is a neighborhood base of some point x(8) in X] .

Then M is a metrizable space. For each B € M, x(f) is the only point being
determined, so we can define a function f : M — X by f(8) = x(f).

(4.1) f is continuous.
By the first countability of X, f is an onto mapping. Let 8 = («;) € M and
f(B) =x € U € t(X). Then there is m € N such thatx € U,,, C U. Put



80

2 Mappings on Metric Spaces
V={yeM:nmn,(y)= o}

Then B € V e (M) and f (V) C U,, C U. Thus f is continuous.

(4.2) f is an open mapping.

(4.3)

For every n € Nand o; € A; (Vi < n), put
Bay,...,ap) ={BeM:m(B) =a;i<n}.

If B =(B) € B(ay, ..., ), then

B (U () Va

ieN i<n

Sof(B(ay,...,a,) C ﬂign U, Ifx € ﬂign U,,,foreachi > n,takew; € A;
such that {Uy,};~, is a neighborhood base of x. Let 8 = (¢;) € [ [,y Ai- Then
B € B(ay,...,a,) and f(B) = x, so ﬂign Uy, Cf(B(ay, ..., ay)). Thus,

fBi,....an) = [ Ua

i<n

Since {B(ay, ..., a,) : o; € A;, i < n}isabase for M, f is an open mapping.
By the definition of f, (2) holds. Below we prove (1).

If K € #(X) and K has a countable outer base %x C %, then there is
a sequence {%;} of finite subsets of % satisfying all conditions of Lemma
2.4.3.

For each i € N, there is I; € A7 such that % = {U,, : o; € I;}. We may
assume that U,, N K # . Let

L= {,6:(05,-) EHF;:UQM NK C Uy, foreachieN}.
ieN

Then L is a closed set in [ ],y /7. Because in fact, if (o) € [[;,c 17 — L,
then there is m € N such that U,,,, NK ¢ U,,.Let W = {(B)) € [[;en 7 :
Bn = au). Then (o)) € W € t([[,cyI?) and WNL = &. Thus L is a
compact set in [ [, I5. Since K N (();oy Uw) # @ for each g = (o) € L,
we can take x € K N (();oy Uy,)- Then B € M and f(B) = x, so L C M and
f(L) C K. By Lemma 2.4.3(3), K C f(L). Consequently, L € % (M) and

f(L) =K. (]

Theorem 2.4.5 ([401]) (The Ponomarev theorem) A space X is a first countable
space if and only if X is an open image of a metrizable space.

Proof The necessity comes from Proposition 2.4.4 and the sufficiency is obtained
by the fact that first countability is invariant under open mappings. |
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Theorem 2.4.6 ([58]) Any countably compact subset of a space X having a quasi-
Gs-diagonal is a compact metrizable Gs-subset of X.

Proof Let{%,} be aquasi-G;-diagonal sequence for X, and C be a countably compact
subset of X. It is easy to see that {%,c} is a quasi-Gs-diagonal sequence for C. By
Theorem 1.4.10, C is compact.

(1) Every closed set of C is a Gs-set in C.

Let M be a closed subset of C, and assume that M has no isolated points. Let
I be the set of isolated points of M. When M — I is a G;-set, it easily follows
that M itself is a G5-set. For each x € M, there is a strictly increasing sequence
{m(i, x)};en of positive integers such that for all n € N, x € U%,, if and only
if n = m(i, x) for some i < n. Foreach i € N, pick U(i, x) € % ) such that
x e U(i, x).
Let H(1,x) = U(1l,x) N C for each x € M. Then {H(1, x) : x € M}, together
with C — M, covers C. Let #] be a finite subcover of this cover. Note the
fact that if W € #) and W N M # &, then there is some x € M such that
W c U, x).
Next, for each x € M, by the regularity of C, let V (2, x) be an open neighbor-
hood of x in C such that clc[V (2, x)] = V (2, x) is contained in some element
of #/1.Let H2,x) = V(2,x) N U(2,x). Then {H(2,x) : x € M}, together
with C — M, covers C. Let #5 be a finite subcover of this cover.
Continue this process. Then for each n € N we obtain a finite cover %, of
open subsets of C and a family {H (n, x) : x € M} of open sets, such that, the
following hold for all n € N:

(1.1) if W € #;, and W N M # &, then W C H(n, x) for some x € M;

(1.2) forallx € M, x € H(n,x) C (¢, UG, x);

(1.3) forall x € M and all j < n, H(n + 1, x) is contained in some element of 7.
Now let V,, = st(M, #;). Clearly each V,, is openin C and M C ﬂneN V,. Let
p € ﬂneN V. — M. Let {W;};<,, be all elements of %] which contain p and
intersect M. Such elements of %] exist since p € V. By (1.1), foreach r < 1y,
there is some x, € M such that W, € H(1,x,). Let T} = {x, : r < t;} and
Ji=1
Now let j, = ji + 1. Let {W/},<;, be all elements of %, which contain p and
intersect M. Such elements exist since p € V},. By (1.2), for r < t,, there is
some x,. € M such that W C H(j,, x.). By (1.3), for each r < 1o, H(j», x..) is
contained in some element of %, . It easily follows that H (j», x.) C H(ji, x,)
forsome x; € T1. Let T, = {x,. : r < 1.
Continuing this process, we obtain a strictly increasing sequence {j,},cn of
positive integers and a nonempty finite subset 7, of M for each n € N, such
that, the following hold for all n € N:

(1.4) ifx € T,,, then p € H(j,, x);

(1.5) ifx € T,.y1, then H(j,1,x) C H(j,,y) for some y € T,.
For each n € N, let %%, = {H(j,, x) : x € T,}. Then by Lemma 2.4.2, there
is a sequence {x,} in M such that p € H (j,, x,,) and H (1, Xu+1) C H (i, X1)
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for all n € N. Since C is compact, {x,} has an accumulation point, say q.
Clearly ¢ € M, and it is easy to check that g € H(j,, x,), n € N. (Recall that
X, € H(ju, x,) by (1.2), and that H (j,,41, Xu+1) C H(n, x,).) Now p ¢ M, so
p # q. Hence there is some ny € N such that p ¢ st(q, %,,) # <. Choose
n > ng such that x, € st(q, %,,). Since x,, € U%,,, there is some iy < ng such
that ny = m(ip, x,). Note that U (ip, X,) € Xmiy.x,) = %, and ip < n < jy.
Now {p, g} C H(j,, x,) C ﬂ[g“ U(i, x,), so both p and g belong to U (iy, x,,).
Thus p € st(q, %,,), a contradiction. Hence p € M, and so the proof that M is
a Gs-setin C is completed.
(2) C is metrizable.
Suppose {7;} is a quasi-Gs-diagonal sequence for C. For every n € N, by
(1), there is a sequence {C, ;} of closed sets in C such that U7, = [J;cy Ca,j-
Let %,; = 7, U{C — C,;} for every n,j € N. Then {7} is a Gs-diagonal
sequence for C. By Proposition 1.4.9, C has a G;-diagonal. Assume that {<,}
is a G}-diagonal sequence for C such that ¢, refines ¢, for each n € N. For
everyx € O € t(C), {O}U{C —st(x, ¥,) : n € N}isan open cover of C which
contains a finite subcover. So there exists m € N such that st(x, ¥,,) C O. It
follows that {¢,} is a development of C. By the Bing metrization criterion, C
is metrizable.
(3) Cisa Gg-subsetin X.

We may assume that %, = {X}. Being a compact and metrizable subset of X,
C is hereditarily Lindel6f, so that there is a countable subfamily %, C %, that
covers CNJ %,. Let % = J,,n %, . Because % is countable, we may index
itas% ={U; :i e N}.Foreachx € Candn € N, let U'(x,n) = ﬂign{Ui :
x € Uj}). Let G, = U,y U'(x, n). Then C C (), Gn. For a contradiction,
suppose that there is some point z € [),.y G» — C. Choose a point x; € C
with z € U’ (x;, i) for each i € N. Because x; € C, there is an accumulation
point p of the sequence {x;} in C. Because p # z, we may find m € N such
that p € st(p, %) C X — {z}. Because p € CN Y %, C C N %,,, some
U € %, has p € U. Then U appears somewhere in the listing of % given
above, say U = Uy, for some k € N. Because p is an accumulation point of the
sequence {x;} and p € U = Uy, there is some j > k with x; € Uy. But then we
have z € U'(x;, j) C Uy C st(p, %») C X — {z} and that is impossible. Hence
CisaGs-setin X. |

Question 2.4.7 ([465]) Is every first countable connected space an open image of
a connected metric space?

In the second part of this section, we introduce open images of paracompact
M-spaces.

Proposition 2.4.8 ([335, 475]) Let & and & be covers of a space Y, where the
elements of & are countably compact closed subsets of Y and &2 is closed under
finite intersections. If for everyy € P € &, there is K € & such that
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(i) yeKCP,
(ii) some countable subfamily of & is a network for K in Y,

then there exist a metrizable space M, a o -discrete base % of M and a subspace X
of Y x M satisfying the following conditions: let f = myx and g = myx, then

(1) P =f " (B);

(2) if €M, thenf(g™"(B)) € A

(3) g isaclosed mapping;

(4) foreachE CY,|{Be % :BNg(f"Y(E)) # 2} <Ro - [(P)gl.

Proof Denote & = {P,}qea. Foreach i € N, let A; be the set A with the discrete
topology. Define

M:{,B:(a,-)eHA,-:

ieN

{Py,} is a decreasing network of some element Kz of %" in Y }

Then M is a metrizable space and for each B € M, Kj is the only point being
determined. Let
X={0n.p)eY xM:yeKg).

For every n € Nand o; € A; (Vi < n), define

Bloy,...,an) ={B €M :m(B) =a;i<n},
B ={Bay,...,a,) :a; € A;,i <neN}.

Then A is a o-discrete base of M.

(D f(g_l(B(al, ces 0))) = Pa,,~
Obviously, f(g~'(B(ay, ..., a,))) C P, .1ty € P,,, then there is K € % such
thaty € K C P,, and K has a countable network . C %7 in Y. We may denote
F = {Pgy}i=n, Where a; € A; and Py, D Py, D Py,,,. Let B = («;). Then
B €Bla,...,a) andy € K = f(g7'(B)), s0 Po, C flg~ (Blar, ..., @)
Thus f(g7'Bay, ..., ay)) = P,,.

(2) Foreach B e M,f(g~'(B)) = Kg € ¢ by the definition.

(3) For each closed set C in X, let 8 = (;) € g(C). Then for every n € N,
there is (y,, B) € (Y x B(ay, ..., ,)) N C, 0y, € P, , and hence {y,} has
an accumulation point, we denote it by yo. Since {8} converges to 8 in M,
(o, B) € C, thus B € g(C). Consequently, g is a closed mapping.

(4) By (1), foreachE C Y, |{Be Z:BNg(f '(E)) # 3} < Ro - |(Z)|. |

In the above proof of Proposition 2.4.8, by (1), one can see that f is an onto
mapping. Moreover, if & is an open cover of Y, then f is an open mapping. By (2),
g is an onto mapping. By (3), g is a quasi-perfect mapping, thus X is an M-space.
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Definition 2.4.9 (/28]) A space X is called a pointwise countable type space (or
space of pointwise countable type) if for each x € X, there is a compact set K
containing x such that K has a countable neighborhood base in X.

Obviously, every first countable space is of pointwise countable type, and every
space of pointwise countable type is a g-space.

Proposition 2.4.10 ([28]) Every regular space with a p-sequence is of pointwise
countable type.

Proof Let {Z,} be a p-sequence in a regular space X. For every x € X and n € N,
take U, € (%,).. By the regularity of X, there is a sequence {V,} of open subsets of
X suchthatx € V., C V,yy C V, C U, foreachn € N. Let K = Muen Va- By the
convergence lemma, x € K € J# (X) and {V,},cn is a countable neighborhood base
of K in X. Thus X is of pointwise countable type. |

Proposition 2.4.11 ([28]) Every space of pointwise countable type is a k-space.

Proof Let X be a space of pointwise countable type. Suppose there is a set A which is
not closed in X such that KNA € t¢ foreach K € .# (X). Take x € A —A. Then there
is a compact set C in X containing x such that C in X has a decreasing neighborhood
base {U;};en. Choose an open neighborhood V of x such that VN CNA = @.
Let B={x; :i € N}, wherex; € ANV NU;. Then BUC € .#(X), and hence
B=AN(VN(BUC) € #(X). Since CNB = @, there is i € N such that
U; N B = @, a contradiction. Consequently, X is a k-space. |

Lemma 2.4.12 ([475]) Let X be of pointwise countable type. If x € U € t, then
thereis K € # (X) suchthatx € K C U and K has a countable neighborhood base
in X.

Proof Choose L € # (X) such that x € L and L has a decreasing neighborhood
base {U;};en in X. By the inductive method, there is a decreasing sequence {V;} of
open subsets in X such that x € V; C U; N U and V,grl N L C V; N L. We notice
that if V,, has been selected, then by the compactness of L, there is V,; € t such
that x € V41 C Vu,NUpyr and Vg NL =V, = @. Define K = LN ;o Vi-
ThenK € #(X)andx e K CU.IfK C W € t,then L C W U |J,.yX — V),
so there is m € N such that L ¢ W U (X — V,,), and hence there is k > m such that
Uy C WUX =V,,), thus V;, C UyNV,, C W.Therefore, {V;};cy is a neighborhood
base of K in X. [ |

Theorem 2.4.13 ([475]) A space X is of pointwise countable type if and only if X
is an open image of a paracompact M-space.

Proof The necessity can be obtained by Lemma 2.4.12, Proposition 2.4.8 and the
remark after Proposition 2.4.8. To prove the sufficiency, we only need to show that
every paracompact M-space is of pointwise countable type and spaces of pointwise
countable type are preserved by open mappings.
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Suppose X is a paracompact space and {%;} is an M-sequence in X. Then for
every x € X and n € N, st(x, %,41) C st(x, %,). By the convergence lemma,
{st(x, %,)}nen is a neighborhood base of the compact set ),y St(x, %) containing
x in X. So X is of pointwise countable type.

Letf : X — Y be an open mapping, where X is of pointwise countable type.
For each y € Y, pick x € f~!(y). Then there is a compact set K containing x such
that K has a decreasing neighborhood base {U;};cn in X, and hence {f (U;)}icy is a
neighborhood base of the compact set f(K) containing y in Y. Thus Y is of pointwise
countable type. |

Arhangel’skii [28] also introduced the concept of countable type spaces: a space X
iscalled a countable type space or of countable type if, for each compact subset F of X,
there is a compact set K in X containing F such that K has a countable neighborhood
base in X. Obviously, every countable type space is of pointwise countable type, and
countable type spaces are preserved by compact-covering open mappings. Choban
[103] proved that every regular space with a p-sequence is of countable type. Wicke
[475] proved that a space X is of countable type if and only if X is a compact-covering
open image of a paracompact p-space. The Michael line (see Example 1.8.5) is of
countable type which is not a p-space.

The property of pointwise countable type, g-space property, sequential space
property, k-space property, strongly Fréchet—Urysohn property, Fréchet—Urysohn
property, g-first countability and so on are all topological properties weaker than the
first countability, and hence these properties are collectively called the generalized
sequentiality properties.

Example 2.4.14 None of the following spaces is preserved by perfect mappings: first
countable spaces, spaces of pointwise countable type, g-spaces or g-first countable
spaces. Hence, perfect mappings do not preserve open images of metric spaces or of
paracompact M-spaces.

If X is the butterfly space (see Example 1.8.3), then X is a first countable space.
Let K = I x {0}. Then K is a compact set in X. Let f : X — X/K be the quotient
mapping. Then f is a perfect mapping and X /K is not a first countable space. Since
X /K is a regular Fréchet—Urysohn space of the point Gs-property, X /K is neither a
g-space (see Theorem 1.7.7) nor a g-first countable space (see Corollary 1.6.18).

Example 2.4.15 Some implication relationships do not exist among the generalized
sequentiality properties.

(1) There is a g-first countable space which is neither a Fréchet—Urysohn space nor
a g-space. The Arens space S, (see Example 1.8.6) is such a space.

(2) There is a compact space (hence a space of pointwise countable type) which is
not a sequential space. The compactification SN is such a space.

(3) There is a Fréchet—Urysohn space which is not a strongly Fréchet—Urysohn
space. The sequential fan S, (see Example 1.8.7) is such a space.

(4) There is a g-space which is not a k-space. Let X be the Frolik space [134], i.e.
N C X C BN and X is a countably compact subspace of SN with cardinality
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not greater than ¢. Then every compact set in X is a finite set, and hence X is not
a k-space.

(5) There is a paracompact and first countable space which is not a p-space. The
butterfly space is such a space.

Example 2.4.16 A finite-to-one open image of a metric space may not be metrizable.

Denote the V-space (see Example 1.8.1) by X. Foreach r € R, let X, = {(x, y) €
R? : y = |x — r|}. Then X, is a metrizable clopen subspace of X and {X, : r € R}
is a point-finite open cover of X. Let M = @,z X, and let f : M — X be the
natural mapping. Then M is a metric space and f is a finite-to-one open mapping.
We prove that f is a compact-covering mapping. For each compact set K in X, let
Ko=KNMR x{0}) and K; = K — U{X, : r € m;(Kp)}. Since R x {0} is a discrete
closed subspace of X, K is a finite set. Since K| is a compact set of the discrete space
X — (R x {0}), K] is finite. Hence there is a compact set L in M such that f(L) = K.

Question 2.4.17 [411] (R.C. Olson) Is every quotient L-mapping from a space with
a point-countable base onto a space of pointwise countable type a countably bi-
quotient mapping?

2.5 Closed Mappings

Seeking characterizations of the closed images of metric spaces is a problem raised by
Arhangel’skii [31]. Lasnev [240] studied this problem and gave the first solution, and
Foged [130] gave another answer to Arhangel’skii’s problem. This section consists
of three parts. In the first part, we introduce the characterizations of closed images
of metric spaces, which contains the famous Foged theorem. In the second part, we
investigate properties of HCP families and several metrization theorems are obtained.
In the third part, we discuss the countable productivity of closed images of metric
spaces.

Definition 2.5.1 (/427]) A space X is called a Lasnev space if X is a closed image
of a metric space.

Obviously, Lasnev spaces are additive and hereditary. By Proposition 2.3.20,
S, x S; is not a Lasnev space, and hence Lasnev spaces are not finitely productive.

Definition 2.5.2 Suppose & is a family of sets in a space X.

(1) Zissaidtobe hereditarily closure-preserving in X if, forevery H(P) C P € £,
{H(P) : P € &} is closure-preserving [240].

(2) & is said to be weakly hereditarily closure-preserving if, for every x(P) € P €
Z, the family {{x(P)} : P € &} is closure-preserving, i.e. {x(P) : P € ¥} isa
discrete closed subspace in X [87].

(3) Zissaidtobe countably hereditarily closure-preserving (resp. countably weakly
hereditarily closure-preserving) if every countable subfamily of &2 is hereditar-
ily closure-preserving (resp. weakly hereditarily closure-preserving) [138].
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(4) £ issaid to be CF if the family {K N P : P € &2} is finite for each compact set
K C X [347].

Hereditarily closure-preserving can be simply expressed as HCP [87]. Obviously,
locally finite = HCP = weakly HCP and closure-preserving; compact-finite =
CF. It is easy to verify that HCP families and weakly HCP families are preserved
by closed mappings.

Proposition 2.5.3 ([257]) If & is an HCP family in a regular space X, then 2 is
also an HCP family in X.

Proof Let &2 = {Py}gen. If P is not an HCP family in X, then for each @ € A,
there is H, C P, such that J,., Ho ¢ 7°. Take x € Uyey Ho — Ugen Ho- For
each o € A, there exist V,,, U, € Tt suchthatx € V,, H, C U, and Vo.NU, = 9,
and hence H, ¢ U, NP, C Uy, N P,. Thus

xeUUy NPy :axe A} =U{U, NPy : v € A}

Hence there is B € A suchthatx € Ug N Pg,so Ug NPy N Vg # @, a contradiction.
Consequently, 2 is an HCP family in X. |

Lemma 2.5.4 Suppose & is a countably weakly HCP family in a space X. Let
D = {x € X : & is not point-finite at x}.

(1) IfK is a countably compact subset of X, then there is a finite subset F of K such
that (P)k_r is finite [386].

(2) {P—D:Pe Z}U{{x}:x e D}is compact-finite [405].

(3) P isaCF family [347].

Proof Let K be a nonempty countably compact subset of X. First, K N D is a finite
set. Because otherwise, there exist an infinite subset {x; : i € N} of K and an
infinite subfamily {P; : i € N} of & such that x; € P; for each i € N. It follows
that {x; : i € N} is a closed discrete subset of K, which contradicts the countable
compactness of K. Let F = K N D. Then F is a finite subset of K. If there is an
infinite subfamily {Q; : i € N} of & such that Q; N (K — F) # @ foreachi € N,
then take a sequence {y;} in K such that y; € Q; — D for each i € N. Since &7 is
point-finite at each point y; and &2 is a countably weakly HCP family, {y; : i € N}
is a closed discrete subset of K, a contradiction. So (&) _r is finite, and hence (1)

is proved.
Since KN(P—-D)=K—-F)NP,{P—-—D:P e ZU{{x} : x € D}is
compact-finite, so (2) is proved, and hence (3) is also proved. |

Lemma 2.5.5 ([130, 222]) If & a countably weakly HCP family in a Fréchet—
Urysohn space X, then {NZ?* . 7* € 2<“} is an HCP family.
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Proof Otherwise, there exist an index set A and &, € =, G, C NZ,, such
that, | J,., G is not a closed subset of X. So there is a sequence {x,} C |J,cs G

such that x, - x € X — UaeA G. For each n € N, there is a(n) € A such that
X, € Ea(n). We may assume that all «(n) are different. Since &2, is finite, there is a
subsequence {« (1)} of {&r(n)} such that Py () — U, Patny # . Foreachk € N,
pick Py € Py(n,- Then x,, € Py. Since X is a Fréchet—Urysohn space, there is a
sequence {Yi m}men in Py converging to x,, . Then, x € {yi . : k, m € N}, and hence
there is a sequence {yi, m, }ieny in {yr.m : kK, m € N} converging to x. Since & is a
countably weakly HCP family, we may assume x,, ¢ Py, so {k; : i € N} is infinite,
and hence foreachm € N, {P € oy Potno) : Dkiom; 1 1 = m} NP 3% @} is infinite,
a contradiction. [ |

Lemma 2.5.6 ([130]) Suppose there is ak-network | ),y &y for a Fréchet-Urysohn
space X such that P, C P,1. If a sequence Z in X converges to x € U — Z, where
U € t, then there is m € N such that Z is eventually in int(U{P € &2, : P C U}).

Proof Define ) = {P € &, : P C U}foreachn € N.If thelemmais not true, then
we can choose a subsequence {z,} of Z such thatz, € U—int(UZ?}) C U — UZ?. So
thereis asequence {z, s}y C U—UZf suchthatz, , — z,. Thusx € {z,, : n, k € N},
and hence there is a subsequence {z,, e }; such that Znk; —> X, Where n; < njyy. Since
Uneny @0 is a k-network, there is m € N such that {Zn &} is eventually in UZZy,
which contradicts the fact that z,,, ,, € U — UZ2r whenever nj > m. |

Proposition 2.5.7 Let f : X — Y be a compact-covering mapping. If & is a k-
network for X, then f () is a k-network for Y.

Theorem 2.5.8 For every regular space X, the following are equivalent:

(1) X is a Lasnev space.

(2) X is a k-space with a o-HCP k-network and contains no closed copy of S.
(3) X is a Fréchet—Urysohn space with a o -HCP k-network [130].

(4) X is a Fréchet—Urysohn space with a o -compact-finite k-network [299].
(5) X is a Fréchet—Urysohn space with a o -CF k-network [347].

Proof (1)= (2).Letf : M — X be aclosed mapping, where M is a metric space. By
Proposition 2.3.1, X is a Fréchet—Urysohn space. Since S, is not a Fréchet—-Urysohn
space (see Example 1.8.6), X contains no closed copy of S;. Let & be a o-locally
finite base for M. Since f is a closed mapping and HCP families are preserved by
closed mappings, by Propositions 2.1.16 and 2.5.7, f () is a 0 -HCP k-network for
X.

(2) = (3) [454]. Obviously, X is of the point Gs-property. By Corollary 2.3.5, X
is a sequential space. If X is not a Fréchet-Urysohn space, then there is a subset A
of X such that A # A, where

A= {z € X : there is a sequence {z,,} in A such that z, — z}.
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So A is not a closed set in X, and hence there is a nontrivial sequence {x,} in A
converging tox € A —A.Takea sequence {U,} of open sets in X such that U,,,; C U,
and {x} = (,cn Un. We may assume x, € U,. Choose a sequence {V,} of disjoint
open sets in X such that x, € V,. For each n € N, there is a sequence {x; ,,},», in
ANU,NYV, converging to x,. Let

M= {x}U{x,:neN}U{x,, :nmeN}.

Then M is a closed copy of S, in X, a contradiction. Thus X is a Fréchet—Urysohn
space.

(3) = (1). Let & be a 0-HCP k-network in the Fréchet—Urysohn space X. By
Lemma 2.5.5, we may assume & = |,y &, Where each &, is an HCP family
which is closed under finite intersections and &, C &, . Foreach P € &, define

R,(P) =P —int(U{Q € &, : P ¢ O)),
Ry = (Ry(P) : P € P,}.

(8.1) Foreveryx € U € t,let {x,} beasequencein X convergingtox € X—{x, : n €
N} If {x,} is eventually in int(U{P € £2,, : P C U}), then {x,} is eventually in
int(UZ,,) and UZ,, C U, where #,, = {R € %,, : RN{x, : n € N}is infinite}.
In fact, denote

L={x,:neN},
V=int(UZ,) —U{Q € £,,UZ, : ONLis a finite set}.

ThenV € t.By Lemma?2.5.4, {x,}iseventuallyin V.Ify € Q € &, for some
y € V,then QNLisinfinite, and hence &2, is point-finite aty (by Lemma2.5.4),
SON(Pp)y € Pu.Let P(y) = N(Py)y. Theny ¢ U{Q € P, : P(y) < 0}, 50
y € R, (P(y)), thus R,,(P(y))NLisinfinite. As aconsequence, R, (P(y)) € Z,,,
therefore y € R,,(P(y)) C UZ,,, which shows V C UZ,,, and hence {x,} is
eventually in int(U%,,). For each R, (P) € Z%,,, there is Q € &, such that
R, (P) C P C Q C U. Because otherwise,

int(U{Q e &, : QCU})) Ccint(U{Q € &, : P ¢ Q}) CX —Ru(P),

then {x,} is eventually in X —R,,(P), so R,,(P) ML is a finite set, a contradiction.
Consequently, UZ,, C U.

Now for each n € N define Z; = %, U {X — int(U%,)} and denote % =
{Ry : o € A,}. Give A, the discrete topology. Let

M = {/3 = (o) € H A, {Ry,} 1s a net at some point x(8) in X}.
neN

Then M is a metrizable space and x(f) is the only point determined by 8 for
each f € M. Define f : M — X by f(B) = x(B).
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(8.2) f is an onto mapping.
For each x € X, if x is isolated in X, then there is m € N, such that {x} € 22,
so R,,({x}) = {x}, and hence there is § € M such that f(8) = x. If x is an
accumulation point of X, then there is a sequence {x;} in X — {x} converging
to x. For each n € N, pick o, € A, such that R,, N {x; : k € N} is infinite
(otherwise, we can pick «,, € A, such that x € R,,). Then x € R,, is always
true. By Lemma 2.5.6 and (8.1), {Ry, }»en 1S a net at x. Let B = («,). Then
BeMandf(B) =ux.

(8.3) f is continuous.
Let U € t(X) and 8 € f~'(U). Denote B = (), then there is m € N such
that f(B) € Ry, C U,so B € {y € M : m,(y) = ay} C f1(U), and hence
FI(U) e t(M).

(8.4) f is a closed mapping.
Let F € t“(M). If x € f(F) — f(F), then there is a sequence {x;} in f(F)
converging to x. To each i € N, take B; = («;,) € F Nf~'(x;). Then for
eachn € N, x; € Ry, € Z;. By Lemma 2.5.4, there is m € N such that
{Re Z : RN{x; : i > m} # @} is finite, so there exist an infinite set
I in N and «; € Aj such that for each i € I, @;;; = «;. By the inductive
method, we can choose a decreasing sequence {/,} of infinite sets in N and
B = () € HHGN A,, such that, o; , = o, whenever n € N and i € I,. For
each n € N, pick k(n) € I, such that k(n) < k(n + 1). Then B,y — B, and
hence § € F.Foreveryn € Nand i € [,,, we have x; € R,,, so x € R,,. Let
x € U € t(X). Since x;(,y — x,by Lemma?2.5.4 and (8.1), thereism € Nsuch
that {xy(,} is eventually in U{R € %Z,, : RN {xy(n : n € N} isinfinite } C U.
If i > m, then k(i) € I; C I, so R, = Ry, and hence {R,, },.cx 1S a net at
x. Thus x = f(B) € f(F), a contradiction. Therefore f is a closed mapping.

In summary, X is a LaSnev space.
3)= 4). Let UneN 2, be a k-network for a Fréchet-Urysohn space X, where
each &2, is HCP and &, C £,,,. Foreachn € N, put

D, ={xeX:(£,),isnot finite},
Gy ={P—D,:PecPU{{x}:xeD,}.

Then, by Lemma 2.5.4, to prove that UneN Z, is a o-compact-finite k-network for
X, we only need to show it is a k-network. For each compact set K C U € 7 in X,
there exist m € Nand & € &“ suchthat K C UZ” C U. Let

F ={P-D,,:Pec PU{{x}):xeKND,).

Then # € Zand K C UF C U.

(4) = (5) is obviously. Next, we prove (5) = (3). Let | J,,.y &, be a k-network
for a Fréchet-Urysohn space X such that each &7, is CF and closed under finite
unions in X. We assume that each 22, covers X. Put &2, = {P; : A € A, }. We define
an equivalence relation ~ in X by
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x~yifandonlyif{Ae A,:xeP,}={r e A,:yeP,}.

Then X is decomposed by the family .77, of all equivalence classes. Since &, is CF,
J, is a disjoint and compact-finite refinement of &2,. J¢, is weakly HCP because
X is a k-space, thus it is HCP by Lemma 2.5.5. Let K C U with K compact and
U open in X. There exist m € Nand P € &, such that K C P C U. Then J4,x
is finite, thus K C U C P for some finite 7#" C J¢,. Therefore | J, . 7, is a
o-HCP k-network for X. This completes the proof. |

In the second part of this section, we establish several metrization theorems by
using the above characterizations of Lasnev spaces.

Lemma 2.5.9 ([87]) Suppose & is a countably weakly HCP family of open sets in
a space X and A C X. If x € A? and there is a Gs-set G in X containing x such that
G N (A —{x}) =g, then (), is finite.

Proof Otherwise, there is a countable family {P,},en in (). Let G = (), Gns
where G, € t. Put

Hl_AﬂPlﬂGl, n+1 = HnﬂPn+1ﬂGn+1, neN.

Then

xePING NA—{x] CH — [x} = UH —Hypr = | JH, = Hya,
neN neN

sothereism € Nsuchthatx € H,, — H,,11,andhence P, 1 NG, 1 N(H —H,pt1) #
@, a contradiction.

Corollary 2.5.10 Let & be a countably HCP family of open sets in a space X. If x
is an accumulation point in X and {x} is a G-set, then (£?), is finite.

Corollary 2.5.11 Let | J, .y &, be a local base of a point x in a space X such that
each &2, is an HCP family. If x is an accumulation point in X, then &2, is finite.

Proof Foreveryn € Nand P € &, pick x(P) € P — {x}and let F,, = {x(P) : P €
P} Then F, € t°. Put A = UneN F,and G =X —A.Thenx € AN G, Gis a
Gs-setin X and G N (A — {x}) = @. By Lemma 2.5.9, &7, is finite. [ |

Lemma 2.5.12 ([87]) Let & be a countably weakly HCP family of open sets in a
space X. If X is a k-space, then NZ € t.

Proof Foreach K € JZ (X), by Lemma 2.5.4, there is F € K= such that (#)g_r is
afinite set. Then PNK C F foreachP € & —(#)k_r,andhence KN(NZ2) € 1(K).
Since X is a k-space, N.Z € 7(X). [ |

Lemma 2.5.13 ([418]) Let X be a Fréchet—Urysohn space with a CF family .
Then NZ2° C [NZ2]°.
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Proof Suppose there is a point x € NF° — [NZ]°. Then x € X — NS. Take a
sequence {x,} in X — N converging to x. Let K = {x} U {x,, : n € N}. Then for
each P € &, PNK is an open set in K containing x and the family {PNK : P € &}
is finite. Hence N{P N K : P € &} is an open set in K containing x. But

NPNK:Pe P} =(NX)NK = {x},
a contradiction. |

Definition 2.5.14 Suppose P is a topological property and % is a family of sets in
a space X. We say that % has the property P at non-isolated points if 2 has the
property P at each non-isolated point of X.

For example, suppose # is a base for a space X. We say that & is a o-locally
finite base at non-isolated points [252] if, Z = |J,, .y % and for each n € N, %, is
locally finite at each non-isolated point of X.

Let % be a family of subsets of a space X. For every x € X, & is called HCP at
x if, forany H(B) C B € %, x € U{H(B) : B € %}, then x € U{H(B) : B € A).
Obviously, % is HCP for X if and only if for every x € X, % is HCP at x.

Theorem 2.5.15 For every regular space X, the following are equivalent:

(1) X is a metrizable space.

(2) X has a base which is o -discrete at non-isolated points [252].

(3) X has a base which is o -locally finite at non-isolated points [252].

(4) X has a o-HCP base [87]. (The Burke—Engelking—Lutzer metrization theorem)
(5) X is a k-space with a o -countably weakly HCP base [87].

(6) X is of the point Gs-property and has a o -countably HCP base [211].

(7) X is a strongly Fréchet—Urysohn space with a o -countably weakly HCP base.
(8) X is astrongly Fréchet—Urysohn space with a o -compact-finite k-network [299].
(9) X is a k-space with a o-CF quasi-base [418].

Proof By Theorem 1.3.2, we obtain (1) = (2) and (9). Obviously (2) = (3). (8) =
(1) is obtained by Theorems 2.5.8 and 2.2.2. By Corollary 2.5.11, we obtain (4) =
(5) and (6). (6) = (7) is obtained by Corollary 2.5.10. By Lemma 2.5.5, Theorems
2.5.8 and 2.2.2, we obtain (7) = (1).

(3) = (4). It is sufficient to prove that if A is locally finite at non-isolated
points for X, then & is HCP for X. Let Z = {B, : « € I'}. For every a € I,
choose H, C B,. Put 57 = {H,}qer. If x € U, we can assume that x is a non-
isolated point of X, then there exists an open neighborhood U (x) of x such that the
subfamily () is finite because 7 is locally finite at non-isolated points. Since
VA = U — (H)uw) UV yw and Ux) U — (H)uw) = D, we
have x € U(J€)y) C US.

(5) = (7). Let {J,,cny & be a base for the k-space X such that each &7, is a
countably weakly HCP family. For each x € X, by Lemma 2.5.12, {N(Z,)x }nen 18
a local base of x, thus X is a strongly Fréchet—Urysohn space.
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(9) = (8). Let X be a k-space with a o-CF quasi-base & = |J,.yy $n. Since
every quasi-base is a k-network, we only need to show X is first countable by Theorem
2.5.8.

Since X is a k-space that each compact subset is metrizable, by Corollary 2.3.5,
X is sequential.

Now we prove X is Fréchet—Urysohn. Suppose X is not Fréchet—Urysohn. Then
there is a subset A C X such that the set

A={xeX: thereisa sequence {x,} C A such that x, — x}

isnotclosedin X. Since X is sequential, and there are a pointx € X —Aanda sequence
{x,} € A — A converging to x. For each n € N, take a sequence {x, }men C A
converging to x,. For each n, m € N, let

Bym ={Be€ B, {x}U{x,:n>m}CB°}.

Using the same argument as in Lemma 2.5.13, for each n,m € N we can take a
function f,, ,, : {k € N: k > m} — N satisfying

C(ﬁl,m) = {xi,j izm,j >ﬁl,m(1)} C m%n,m-

Note that every neighborhood of x contains some C(f;, ,,). Indeed, let U be a neigh-
borhood of x. Since Z is a quasi-base for X, there is B € # withx € B° C B C U.
Let B € %, ,, for some n,m € N. Then C(f,,,) C B. For each k € N, let
Ny = N{C(fum) : n,m < k}. Obviously, each Ny is nonempty and Nyy; C Ng.
Take an arbitrary point y, € N for each k € N. Then {y;} is a sequence in A
converging to x. This is a contradiction.

Finally, X is first countable. Let x € X. Foreach n € N, let #, = {B € %, :
x € B°}. By Lemma 2.5.13, x € [N, ]°. Hence {[N%,]° : n € N} is a countable
neighborhood base at x, thus X is first countable. |

We give some explanations for the conditions of Theorem 2.5.15 by using the
following examples.

Example 2.5.16 ([87]) There is a non-metrizable regular space which has a o-
weakly HCP base.

Let A be the set of ordinal numbers with the cardinality smaller than R,. Let
Z =1{0,1}". Forevery z € Z and a € A, let z(a) = 7,(z). Denote the element of Z
all coordinates of which are 0 by s. Suppose & is an open neighborhood base of s in
the product space Z. Let

X={lU{zeZ: {a €A :z(a) =0} € A=“}.
Define the following topology for X: %) is a neighborhood base of the only accu-

mulation point s of X. Then X is a regular space which is not first countable, and
hence X is not a metrizable space. For each n € N, define
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Pria={z}:ze X —{s}and |{a € A : z(&) = 0}| = n}.
Then &, , is a discrete family of open sets in X. For each B € 4, let
Ap ={a € A: n,(B) = {0}}.
Then Ap € A=“ and B is determined by Ap uniquely. Furthermore, let
Prn={BNX:Be P and Ag C [0, w,l},
where w, is the smallest ordinal number of cardinality 8,. Then |, ,| < N,. To

prove that &, ,, is a weakly HCP family, we only need to show that for every BNX €
P nandp(B) € BNX — {s},wehaves ¢ {p(B) : BNX € H,,}. Let

I'p={a€A:pB)(a) =0}
IF'=U{Il3:BNX € P,,).

Then I'y € A<?, and hence |I"'| < R,,. Pick 8 € A — I'. Let
V={zeZ:z(B) =0}

Thense VNXetX)and VN {pB):BNX € P} = I, s0

s¢ (p(B) :BNX € P,,).

Thus X has a o-weakly HCP base | J, (21,0 U P2.0).

By Theorem 2.5.15, X is not a k-space. Since X = {s} U |J,xy(UZ1 ), X is an
F,-discrete space (a space X is said to be an F,-discrete space if X is the union of
countably many discrete closed subsets of it), and hence X is of the point G s-property.

Example 2.5.17 ([85]) The property of having a o -weakly HCP base is not preserved
by perfect mappings.

Let {Z,},cn be a family of disjoint regular spaces having o-weakly HCP bases
(see Example 2.5.16). Take a point a ¢ |J,,.y Zy- Let X = {a} U |J,,cy Z, and give X
the following topology: each Z, is an open subspace of X; each basic neighborhood
of a has the form {a} U Un2 « Zn» k € N. Since each Z, is a clopen subspace of X, it
is easy to verify that X is a non-metrizable regular space with a o-weakly HCP base.

For each n € N, Z, is not first countable. Let z, be a point which is not first
countable in Z,. Define Z = {a} U {z, : n € N}. Since the sequence {z,,} converges to
ain X, Z is a compact subset of X. It is easy to verify that the set Z has no countable
neighborhood base in X. Take ¥ = X/Z and let f : X — Y be the quotient mapping.
Then f is a perfect mapping and f(a) has no countable neighborhood base in Y. We
prove that the space Y has no o -weakly HCP base. Otherwise, let |,y &, be a base
for Y such that each &2, is weakly HCP. Denote b = f(a). Since b has no countable
neighborhood base in Y, there is m € N such that &2, is not point-countable at b,



2.5 Closed Mappings 95

so there is an uncountable family {V,, : @ < w;} C (Z,)p. Foreachi < w, f~' (V)
is an open neighborhood of a, so there exist a strictly increasing sequence {n;} in N
and a sequence {x;} in X, such that, x; € (Z,, — {z,,}) N f ~1(V;) and the sequence
{x;} convergestoain X. Let A = {f(x;) : i € N}. Then b € A, and hence there is a
subset {y, : @ < w;} of Y such thateachy, € V, NA —{yg : B < a} C A, which
contradicts the countability of A. So Y has no o-weakly HCP base, which shows the
property of having a o-weakly HCP base is not preserved by perfect mappings.

Example 2.5.18 ([85]) A regular space with a o-weakly HCP base may not be a
meta-Lindelof space.

Take an uncountable regular cardinal number « and expand it to a strictly increas-
ing sequence {8, },c. of regular cardinal numbers such that §y = «. Let Z = {0, 1}*,
where A = sup,,, 6,. For each z € Z, denote

suppz={teir:z(r) =1}.

Then for each ¢t € A, there is only one ¢, € Z such that supp ¢; = {t}. Let E = {¢; :
t € 8o}. For each n € w, denote

Jo={z€Z:|A—suppz| <k, A —suppz C &}

Obviously, ENJ, =@.LetX = EUJ,, Ju-

Give X the following topology: every pointin | J,,.,, J. is isolated; a neighborhood
base of each point e, in E is taken as the restriction of a neighborhood base of this
point in the product space Z to X. It is obvious that X is a completely regular space.
For every t € §p and F € [A — {t}]=%, let

Ut,F)={xeX:tesuppx=X1—F}.
Then U(z, F) is a basic neighborhood of ¢; in X. For each n € w, let
By ={U(t, F) :t€do, Fels, —{t}]]""}.

(1) For every t € 8y and B € A — §,, since U(t,{B}) NJ, = O, ¢ is not an
accumulation point of J,,, so J, is a discrete closed subset of X.

(2) Since |%,| = 8,, we cantake B, = {B,, : @ € §,}. LetP = {p, : « € 3,}, where
P« € By. We prove P is a discrete closed subset of X. For each t € §, since
U(t, D)NE = {e;}, E is adiscrete closed subset of X, so we may assume ENP =
3. 8ince | |Jyes, (A —supp po)| < 8y, thereis y € A — (80U yes, (A —SUpp pa))-
Then U(¢, {y}) NP = &, Vt € &y. Thus, P is a discrete closed subset of X. As
a consequence, %, is weakly HCP.

Define
# =] 0| Jx}: x e ).

new new
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Obviously, 4 is a base for X. By (1) and (2), £ is o-weakly HCP.

(3) For each family of basic open sets in X which has the form # = {U(t, F,) : t €
8o}, there is p € X such that ord(p, #') = «.
In fact, recall the A-system lemma. A family & is said to be a A-system if there
is a set R such that VA, B € Y[(A # B) = AN B = R]. The A-system lemma
[237]: Suppose « is an uncountable regular cardinal number and X is an infinite
set. If 7 is a subset of [X]<* with the cardinality «, then & contains a A-system
with the cardinality «.

By the A-system lemma, the family {{¢t} U F, : t € &y} of finite sets in A contains
a subfamily {{r} U F, : t+ € A} with the cardinality « such that for some R C X
and every different ¢,/ € A, {(tfUF,)N{f'}UF,) =R,s0 U(t, F,) # U, Fy).
We may assume that A N R = & and there is m €  such that U,eA F; C 6.
Take p € Z such that p(r) = 1 and suppp = A — |J,c4 F:- Since | U, 4 Fil < &,
peJ.NU@,F,), Vt € A. Therefore, ord(p, #') = k.

By (3), the open cover {U(t, @) : t € &} of X has no point-countable open
refinement, so X is not a meta-Lindelof space.

Example 2.5.19 There is a non-metrizable regular space which has a o-countably
HCP base.

In an uncountable set X, fix a point p as the special point of X. Define the following
topology on X: for each F C X, F € t°(X) if and only if either p € F or F is
countable.

The topological space is called a Fortissimo space [264, 437] and denoted by X,,.
Every Fortissimo space X), has the following properties:

(1) X, is aregular Lindeldf space.

(2) X, does not have the point G s-property.

(3) Any family of subsets of X), is a countably HCP family.

(4) For any uncountable subset A of X,,, {{x} : x € A} is not a closure-preserving
family of sets.

(5) Each compact set in X), is a finite set.
We verify the above items one by one as follows:

(1) Obviously, each singleton of X), is a closed set, and
{{x}:xeX,—{p}U{BCX,:peBand|X, — B| <R}

is a closed base for X),, so X, is a regular space. For any open cover % of X,
pick U € (%),. Then |X, — U| < Ry, so % has a countable subcover.

(2) For any sequence {U,} of open neighborhoods of p, |X, — (), Unl < Ro, s0o
{P} # N,ey Un» and hence X, does not have the point G s-property.

(3) Suppose & is a family of sets in X,,. For any countable subfamily {P,},en of &
and Q, C Py, let F = |J, .y O, If p € F, then F is a closed set in X,,; if p ¢ F,
then |Q,| < Vo, so |F| < Ry, and hence F is also a closed set in X,. Thus & is
a countably HCP family.
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(4) Since A is uncountable, p € A — {p}, so A — {p} is not a closed set in X,,, and
hence {{x} : x € A} is not a closure-preserving family of sets.

(5) Wemay assume p € K € £ (X). If K is infinite, take an infinite set {x, : n € N}
in K — {p}, then the open cover {X, — {x, : n € N}} U {{x,} : n € N} of K has
no finite subcover, a contradiction. Thus K is a finite set.

Question 2.5.20 (/310]) Does every space with a o-weakly HCP base have the
point Gs-property?

Question 2.5.21 (/312])Isevery regular k-space with a o -compact-finite k-network
a meta-Lindelof space?

In the last part of this section, we discuss properties of countable products and
perfect preimages of Lasnev spaces. The following example shows that the property
of having a o-HCP k-network is not finitely productive.

Example 2.5.22 ([221]) S, x S; has no o-HCP k-network.

LetX = Uoz<w1 Xy, where the common point s of all X, = {s} U {x,, : n € N} is
the only accumulation point in X, and U is an open neighborhood of s if and only if
for each @ < wy, there is m, € N such that

{s}U{xgn:n=>my, a0 <wi} CU.

Then X is a copy of S,,, .

Let .# be a 0-HCP closed k-network of S,,, x S;. By transfinite induction, we can
choose an uncountable set {Fy, }y<,, in % such that |[F, N ({s} x S;)| = Ry. In fact,
we first pick .’ € .#<* such that Xp x S; C U.%". Then there exist Fy € %' and
xo € FoN((Xo — {s}) xSy) such that |[Fo N ({s} x S;)| = Ry. Leta < w; and assume
that for each 8 < «, we have chosen Fg € .# and xg € Fg N ((Xg — {s}) x S;) such
that |Fg N ({s} x S;)| = Ry. Since the closed set {xg : B < «} does not meet the
compact set X, X Sy in S, x S, there is .#” € .7 = such that

Xo X S| CUF" C 8y XSy —{x5: <},

sothereexist F, € .#" andx, € F,N((X,—{s}) xS;) suchthat |[F,N({s} xS))| = Ry.
Since F, N {xg : B < a} = &, Fg # F, whenever B < «. This completes the
inductive construction.

Because of the compactness of {s} x S; and Lemma 2.5.4, {F € .% : |F N ({s} x
S1)| = R} is countable, a contradiction. So S,,, x S; has no o-HCP k-network.

Lemma 2.5.23 ([199]) Suppose neither X nor Y is a discrete space. I[f X X Y is a
Lasnev space, then it is a metrizable space.

Proof Since X is a non-discrete Fréchet—Urysohn space, X contains a closed copy
of Sy, so S; x Y is a Fréchet—Urysohn space. By Proposition 2.3.20 and Theorem
2.5.15, Y is a metrizable space. With the same reason, X is a metrizable space. W

Theorem 2.5.24 Suppose {X,} is a sequence of Lasnev spaces.
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(1) Ifasubspace Z of [ |,y Xn is a Fréchet—Urysohn space, then Z is a Lasnev space
[448].

(2) Ifeach |X,| > 2 and ||, X is a Fréchet-Urysohn space, then [, X, is a
metrizable space.

Proof (1) By Theorem 2.5.8, X, has a k-network |J,, .y &nm, Where &, , is a
compact-finite family of sets in X,, and &, ,, C Pp.m+1. For each i € N, take

Zi=[]Zni] x [Hx] :

n<i n>i

Then (J;oy &%)z is a o-compact-finite k-network for the regular Fréchet—
Urysohn space Z, so Z is a LaSnev space.

(2) Let
X = Hin, Y = HXZH_..

neN neN

Then neither X nor Y is a discrete space. Since X x Y is homeomorphic to
[ 1,y Xn» it is a Lasnev space. By Lemma 2.5.23, X x Y is a metrizable space,
and hence [ [,y X, is a metrizable space. |

Question 2.5.25 (/448]) Find characterizations for subspaces of countable products
of LaSnev spaces.

The mapping 7 : S, X S; — S, is a perfect mapping. Although S, x S; has a
Gs-diagonal, S, X S; has no o-HCP k-network (and hence is not a Lasnev space).
Thus, not every space with a 0-HCP k-network (or even a Lasnev space) satisfies
the perfect preimage Gs-diagonal theorem. However, we have the following result.

Corollary 2.5.26 ([260]) Suppose f : X — Y is a perfect mapping, and Y is a
Lasnev space. If X is a Fréchet—Urysohn space with a Ggs-diagonal, then X is a
Lasnev space.

Proof As a perfect preimage of a paracompact space, X is a paracompact space. By
Corollary 2.2.11, there is a metric space M and a one-to-one mapping g : X — M.
By using Corollary 2.1.9 for the property of “have a o-compact-finite k-network”,
we obtain that X has a o-compact-finite k-network. Thus X is a Lasnev space. W

2.6 Compact-Covering Mappings

The purpose of this section is to give a preliminary introduction of characterizations of
various compact-covering images of metric spaces obtained by Michael and Nagami
[340]. In the next section we will continue to introduce the characterizations of
compact-covering s-images of metric spaces.
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A mapping f : X — Y is said to be almost open [24] if, for each y € Y, there is
x € f~1(y) such that f(U) is a neighborhood of y in ¥ whenever U is a neighborhood
of x in X. Obviously, each open mapping is an almost open mapping and each almost
open mapping is a countably bi-quotient mapping.

Theorem 2.6.1 (1) A space X is a compact-covering image of a metric space if and
only if every compact set in X is metrizable [340].

(2) A space X is a compact-covering quotient (resp. pseudo-open, countably bi-
quotient) image of a metric space if and only if X is a k-space (resp. Fréchet—
Urysohn space, strongly Fréchet—Urysohn space) such that every compact set
in X is metrizable [340].

(3) X is a compact-covering and almost open image of a metrizable space if and
only if X is a first countable space and each compact subset of X is metrizable
[496].

Proof (1) Suppose X is the image of a metric space M under a compact-covering
mapping f. For each K € JZ (X), thereis L € £ (M) such that f(L) = K. Since
L is a compact metric space, K is a metrizable space. Conversely, suppose every
compact set in X is metrizable. Let M = @.%7 (X). Then M is a metrizable space
and the natural mapping from M onto X is a compact-covering mapping.

(2) The necessity is obtained by Proposition 2.3.1, and the sufficiency is followed
from the mapping lemma (see Proposition 2.1.12).

Note that, since a space X is a sequential space if and only if X has the weak
topology with respect to {K € % (X) : K is metrizable subspace}, the condition
of “a k-space” in (2) is equivalent to that of “a sequential space”.

(3) Itiseasy to verify that the first countability is preserved by almost open mappings.
So by (1), we can get the necessity. Assume that X is a first countable space and
each compact subset of X is metrizable. By (1) and Theorem 2.4.5, there exist
metrizable spaces M, M;, a compact-covering mapping f : M; — X and an
open mapping g : M, — X.Let M = M; & M; and define h : M — X such
that iy, = f and hjy, = g. Then M is a metrizable space and & is a compact-
covering and almost open mapping. Thus X is a compact-covering and almost
open image of a metrizable space. |

The following characterization of compact-covering open images of metric spaces
relies on the next lemma.

Lemma 2.6.2 ([340]) Let K be a metrizable compact set in a space X. If there is a
countable neighborhood base of K in X, then K has a countable outer base in X.

Proof Let{U,},en and {V, },cn be a countable base of the subspace K and a countable
open neighborhood base of the set K in X respectively. Take

A={n,m)eNxN:U, d>U,}.

Zhen for every (n,m, k) € A x N, there is U, ,, € t(X) such that U, C Uym C
Uyw CX—(K—-U,). Let Wn,m, k) = U,,, N V. We denote the family of
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all the finite intersections of the sets with the form of W (n, m, k) by 7. Then S
is countable. We prove that 57 is an outer base of K in X. For every p € K and
p € U € t(X), define

B={a€AxN:pe W)}
H(F)= () W(). F € B™.

aeF

Assume that there is no F € B<“ such that H(F) C U. Pick p(F) € H(F) — U. Let
Q(F)={p(F):F CF €B~*).

Then K N m # &. Because otherwise, there exist k, n, m € N such that V; N
O(F) = gand p € U,, C U,.Denote @ = (n,m, k) and F/ = F U {«}. Then
a € Band p(F') € W(a) N Q(F) C Vi, N Q(F) = @, a contradiction. Thus,
{KNQ(F) : F € B<*} has the finite intersection property, and hence K N (N{O(F) :
F € B=?}) # &. On the other hand, for each x € K — {p}, pick @ € B such that
x ¢ W({{a}). Thenx ¢ Q({a}),so (K —{pHhN(N{Q(F) : F € B=?}) = &. It follows
that "{KNQ(F) : F € B=*“} = {p} C U. By the compactness of K, there is F € B<®
such that U N Q(F) # &, a contradiction. Consequently, K has a countable outer
base in X. |

By Lemma 2.6.2 and Proposition 2.4.4, we obtain the following theorem.

Theorem 2.6.3 ([340]) A space X is a compact-covering open image of a metric
space if and only if every compact set in X is metrizable and has a countable neigh-
borhood base in X.

The above theorem can be extended by using weak neighborhood bases instead
of neighborhood bases, i.e., we can characterize spaces in which every compact set
is metrizable and has a countable neighborhood wake base in X by certain images
of metrizable spaces [295].

Example 2.6.4 ([233]) There is a closed mapping which is not a sequence-covering
mapping.

Denote the Mréwka space by ¥ (N) (see Example 1.8.4). Define f : ¥ (N) — §,
by f(y(N) — N) = {0} and f(n) = 1/n, n € N. Then f is a closed mapping.
In fact, if U is an open set in ¥ (N) and f~'(0) C U, then N — U is a finite set.
Because otherwise, let {n;} be a sequence consisting infinite points in N — U. By
the maximality of <7, there is A € .o/ such that A contains infinitely many points of
{n;}, and hence for any finite subset F of A, A — F ¢ U, which contradicts the fact
that U is a neighborhood of the point A in ¢ (N). Let V = {0} U {l/n:n e NN U}.
Then V is an open neighborhood of 0 in S; and f~'(V) = U. However, f is not a
sequence-covering mapping. Because otherwise, there is a compact set L in 1 (N)
such that f (L) = S;. So N is a dense subset in (N) and N C L, thus (N) =L, a
contradiction.
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In the second part of this section, we investigate two classes of special compact-
covering mappings and images of metrizable spaces under these mappings.

Definition 2.6.5 Suppose f : X — Y is a mapping.

(1) fis called a proper mapping [71] (or k-mapping [172]) if f ' (K) is a compact
subset of X whenever K is a compact subset of Y.

(2) fiscalledasubproper mapping [54]if, thereis asubset Z of X suchthatf(Z) =Y
and Z N f~1(K) is a compact subset of X whenever K is a compact subset of Y.

(3) The proper images of metrizable spaces are called k-metrizable spaces [54]. The
subproper images of metrizable spaces are called k*-metrizable spaces [54].

Obviously, each perfect mapping is a proper mapping, each proper mapping is
a subproper mapping and each subproper mapping is a compact-covering mapping.
Thus, each metrizable space is a k-metrizable space, and each k-metrizable space is
a k*-metrizable space.

A subset A of a space X is called a k-closed set in X if foreach K € # (X),ANK
is closed in K. Obviously, each closed set is a k-closed set, and a space X is a k-space
if and only if every k-closed subset of X is closed in X.

The k-coreflection kX of a space X is the set X with the following topology: a
subset A of X is a closed set in kX if and only if A is k-closed in X. It is easy to verify:

(1) The identity idy : kX — X is a mapping.
2) HX)=H(kX).

(3) kX is a k-space.

(4) X is a k-space if and only if kX = X.

Definition 2.6.6 (/293]) A sequence {%,,} of covers of a space X is called a point-
star network for X if {st(x, %,)}nen is a net at x in X for each x € X. Let @ be a
family property. If every %, in a point-star network {%,} for X has @, then {%,,} is
called a @ point-star network.

The concept of point-star networks is a generalization of the concept of weak
developments (see Definition 1.6.13). A weak development may be called a point-
star weak base. We can define a point-star sequential neighborhood network in a
similar way.

Theorem 2.6.7 For every space X, the following are equivalent:

(1) X is a k-metrizable space.
(2) kX is a metrizable space [54].
(3) X has a compact-finite k-closed point-star network [302].

Proof (1) = (3). Letf : M — X be a proper mapping, where M is a metrizable
space. By Theorem 1.3.5, there is a sequence {%,} of open covers of M such that
for each K € 2 (M), {st(K, %,)}nen is a neighborhood base of K in M. For each
n € N, let %, be alocally finite closed refinement of %;,, because M is paracompact.
Let &, = f(A,). Then &, is a compact-finite k-closed cover of X. Because in
fact, suppose H € J# (X). Then f~' (H) € .# (M), so (%,)s-1(m) 1s finite, and hence
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(Z,)y is also finite. If P € &2, then there is B € %, such that P = f(B), thus
PNH =fBNf(H))is a closed subset of H.

For each x € U € 1(X), since the compact set f ~' (x) C f~'(U) € t(M), there is
n € N such that st(f ' (x), %,) C f~'(U), so st(f~'(x), B,) C f~'(U), and hence
st(x, Z2,) = f(st(f 1 (x), B,)) C U. Therefore, {Z,} is a compact-finite k-closed
point-star network for X.

(3) = (2). Suppose {£,} is a compact-finite k-closed point-star network for X.
Let & = |,y & If K is a compact subset of X, then &k is a countable network
for K, so K is metrizable in X, and hence K is also metrizable in kX. Foreachn € N,
it is obvious that &2, is a compact-finite closed cover of kX. Since kX is a k-space,
2, is locally finite. Foreach x € X, sincex € X —U{P € &, : x ¢ P} C st(x, &),
st(x, &2,) is a closed neighborhood of x in kX.

We first prove kX is a first countable regular space. We may assume that each
P, is a refinement of &2,. Let x € U € 1(kX). Then there is m € N such that
st(x, &,,) C U.Because otherwise, foreachn € N, st(x, &2,) ¢ U, and hence there
exist P, € (Z,)y and p,, € P, — U. Since {Z,} is a point-star network for X, the
sequence {p,} converges to x in X. Since ({x} U {p, : n € N}) N U is an open subset
of the subspace {x} U {p, : n € N} of X, {p,} is eventually in U, a contradiction. That
shows x € intyy[st(x, £,)] C intx[st(x, Z,)] C st(x, Z,) C U. So kX is a first
countable regular space.

Now we prove & is a k-network for kX. Suppose a sequence {x,} in kX converges
tox € U € t(kX). Then there is m € N such that st(x, £2,,) C U. Since st(x, £,,)
is a neighborhood of x in kX, the sequence {x,} is eventually in st(x, £2,,). Since
P, is point-finite, there exist P € &7, and a subsequence {x,,} of {x,} such that
{x}U{x, :i e N} C P C U.So & is a cs*-network for kX. By Proposition 1.6.7,
P is a k-network for kX.

By Theorem 2.5.15, kX is a metrizable space.

(2) = (1). Suppose kX is a metrizable space. Since idyx : kX — X is a proper
mapping, X is a k-metrizable space. |

In the following, we give a characterization of k*-metrizable spaces. Suppose X
is a space, denote
P*X)={ACX:A#0}

For each x € X, let

Nw(x) = {(A)new € 7 (X)? : A, C A, and if U is a neighborhood
of x in X, then there is n € w such that A, C U}.

If (Ap)new € Nw(x), for each n € w, take x, € A,, then the sequence {x,}
converges tox in X, sox € (), A,.. That shows {Zn}new is a decreasing net at x in
X, and hence {{x} U A, },c, is also a decreasing net at x in X.

Let Nw(X) = [J,cx Nw(x). Give the power set & (X) the discrete topology. The
set Nw(X) with the subspace topology of the product space & (X)® is called the
network hyperspace on X [54]. Obviously, each network hyperspace is a metrizable
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space. Since X is a T, space, for different points x, y in X, Nw(x) N Nw(y) = .
Define a function 7 : Nw(X) — X as follows: forevery x € X and (A,)neco € NW(X),

T((Ap)new) = x, i€, n_l(x) = Nw(x).

ObViOUSly, T ((Anew) = ﬂ

new Zn‘
Lemma 2.6.8 ([54]) 7 : Nw(X) — X is a mapping.

Proof Obviously, 7 is an onto function. Let x € X and (Ay)ne € NW(x). If U is a
neighborhood of x in X, then there is m € w such thatA,, C U. Let

V= {(Bn)nea) e NwX) : B, = Am}~

Then V is an open neighborhood of (A,),c, in the metrizable space Nw(X) and
(V) C U. Because in fact, if (B,)new € V, then w((By)new) = (e Bn C B =

A,, C U, and hence (V) C U. That proves i is continuous. |

Theorem 2.6.9 ([54]) A regular space X is k*-metrizable if and only if X has a
o -compact-finite k-network.

Proof The necessity. Suppose X is a k*-metrizable regular space. Then there exist a
metrizable space M and a subproper mapping f : M — X, that is, there is a subset Z
of M such that f(Z) = X and Z N f~1(K) is a compact subset of M whenever K is a
compact subset of X. Let = |J,,.;y % be a o-locally finite base for the metrizable
space M, where each %, is locally finite. We prove that f (%7) is a o -compact-finite
k-network for X.

First, foreachn € N, f(%,,z) is compact-finite in X. In fact, let K € J# (X). Then
ZNf~Y(K) € (M), so only finitely many elements of %, meet with Z N f~1(K),
and hence only finitely many elements of %,z meet with f ~1(K). It follows K meet
with only finitely many elements of f (%,,z). Therefore, f (%) is o-compact-finite
in X.

Suppose K is a compact set, U is an open set in X and K C U. Since £ is a
base for the space M and the compact set Z N f~1(K) c f~Y(K) c f~H(U), there is
P € B~ such that ZNf~1(K) C UB' C f~1(U), sof(H,) € [f(Pz)]~ and
K=fZnf'(K)) C Uf(ﬂl’z) C U. Thus, f(%)z) is a k-network for X.

The sufficiency. Suppose X has a o-compact-finite k-network 2. Denote &7 =
Ukew ks Where each & is compact-finite. We may assume that & is closed under
finite intersections and for each m € w, Uy, P is also a k-network for X. Define
a sequence {Bx}rew Of ordinal numbers as follows: By = 0; let ot be the first ordinal
number with cardinality | %% | and let S;,1 = B + k. Denote

Py =1{Py : B < o0 < Pry1}, k € w.

Let B, = supe,, Br- Then & = {P, 1 < B,}.
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For each x € X, denote A(x) = {@ < B, : x € P,}. For each k € w, since
Py is point-finite, A(x) N [Bx, Prr1) is finite, so A(x) has the order type of w, and
hence there is an order-preserving bijection ¢, : @ — A(x). For each k € w, let
Ay = ﬂig « Pe - If U is a neighborhood of x in X, then by the regularity of X, there

isP € Zsuchthatx € P C P C U.Sincex € P, thereisk € wsuchthat P = P, ),
and then Ay C P C U. So (Ap)kew € NW(x). Let s(x) = (Ax)res and hence we have
defined a function s : X — Nw(X) such that 7 o s(x) = x.

Claim. If K is a compact subset of X, then s(K) is a compact subset of Nw(X).

In fact, since every compact subset of X is metrizable and Nw(X) is a metrizable
space, we only need to prove that if {x,} is a convergent sequence in X, then the
sequence {s(x,)} has a convergent subsequence in Nw(X).Let K = {x}U{x, : n € w},
where x, — x € X. Define A(K) = {a < B, : KNP, # &}. For each k € w,
since &, is compact-finite, A(K) N [0, Bi41) is finite, so A(K) is countable. For
each m € w, since {P, : B, < @ < B,} is a k-network for X, there is an increasing
sequence {k;}ic,, of natural numbers such that K C | B, <a<fi,, P,.

For each n € w, the index set A(x,) = {& < B, : X, € Py} has the order type
of w and we may suppose o, = oy, : @ = A(x,) is an order-preserving bijection.
For each i € w, since x,, € K, a,(i) < B, 50 o, (i) € A(K) N[0, By,,,). Denote
A{(K) = AK) N[0, By,,). Let IT = [, Ai(K) be the product space, where each
finite set A;(K) has the discrete topology. Then IT is a compact metrizable space and
each «, € I1. Thus, the sequence {«, },c., in IT has a subsequence {¢,,},c; converging
to some point @. For each i € w, since jaligoo o, (i) = a(i), a,(i) = a(i) when n is

sufficient large in J, so x, € Py, ) = Paq), and hence x = lim x, € Pg(;.

Jan—o0

In the above, we have proved that for each i € w, a,,(i) = @ (i) when n is sufficient
large in J, so for each k € w, ﬂigk Py,iy = ﬂigk P5(), when n is sufficient large
inJ. Letp = (ﬂigk Pa(i))kew € Z(X)“. Since every s(x,) = (ﬂigk P“n(l'))kew’
the sequence {s(x,)},c; converges to p in the product space & (X)“. Below we
prove p € Nw(x). By the regularity of X, we only need to prove that if U is a
neighborhood of x in X, then there is m € o such that % C U. Since Z is
a k-network for X, there is y < B, such that P, contains infinitely many terms
of the convergent sequence {x,},c; and P_y cUlLlet), ={nel:x,ce P,}.
Then J; is infinite. For each n € Jy, since y € A(x,), there is only one natural
number k, < |A(K) N[0, y]| such that y = ay, (k,). Since A(K) N[0, y]is a finite
set, there is m € w such that J, = {n € J; : k, = m} is infinite. Since {&,},es,
converges to o, @(m) = oy, (m) = ay, (k,) = y for sufficient large n in J», and hence
P&(m) = P_y C U.

To sum up, there is a subsequence {s(x,)},cs Of {s(x,)},c converging to p in
Nw(X). Thus, if K is a compact subset of X, then s(K) is a compact subset of
Nw(X). We have proved Claim.

To complete the proof, it remains to prove m : Nw(X) — X is a subproper
mapping. Let Z = s(X). Then Z C Nw(X) and 7(Z) = mros(X) = X. If K isa
compact subset of X, then Z N 7 ~1(K) = s(K) is a compact subset of Nw(X), so 7
is subproper. Therefore, X is k*-metrizable. |
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Example 2.8.14 indicates that a space having a o -discrete k-network may not be
a k*-metrizable space, and hence the regularity in Theorem 2.6.9 is important.

Corollary 2.6.10 For every space X, the following are equivalent:

(1) X is a Lasnev space.

(2) X is a k*-metrizable Fréchet—Urysohn space.

(3) X is a Fréchet-Urysohn space with a o -compact-finite family 2 such that 2 is
a k-network for X.

Proof (1) = (2) is obtained by Theorems 2.5.8 and 2.6.9.

(2) = (3). Suppose X is a k*-metrizable Fréchet—Urysohn space. By using the
notations in the proof of the necessity of Theorem 2.6.9. we first prove f(Z N B) C
f(B) for every B € 4. Suppose x € f(Z N B). Since X is a Fréchet—Urysohn space,
there is a sequence {b,} in Z N B such that {f (b,)} converges to x. Since each b, €
ZNf ' {x}U{fby) : n e N}) and ZNf1({x} U {f(b,) : n € N}) is a compact
subset of M, {b,} has an accumulation point b € B. By the continuity of f, we have
x=f(b) ef(B).Sof(ZNB) C f(B).

We have proved f (%)) is o -compact-finite in the proof of the necessity of The-
orem 2.6.9. It remains to prove f(%)z) is a k-network for X. Suppose K is compact
and U is open in X such that K C U. Then there is %' € %~* such that

ZNf-YK) cUZ c U cf (),
sof(#,) € [f(B)]™
K =fZnf ' (K)) CUf(#),) CUf(%,) CUf(#)CU.

Thus, f(%z) is a k-network for X.

(3) = (1). Suppose the Fréchet-Urysohn space X has a o -compact-finite family
2 such that & is a k-network for X. By Lemma 2.5.5, & is a 0-HCP closed k-
network for X. Since the proof of (3) = (1) in Theorem 2.5.8 dedicates that every
Fréchet—Urysohn space with a o-HCP closed k-network is a LaSnev space, X is a
Lasnev space. |

Example 2.6.11 On the property of every compact set being metrizable and the
generalized sequentiality property.

(1) A space in which every compact set is metrizable may not be a k-space. The
Michael space (see Example 1.8.8) is such a space.

(2) Suppose o7 is the class of spaces in which every compact set is metrizable. We
have the following conclusions in the class .7

(i) There is a k*-metrizable k-space which is neither a k-metrizable space nor
a Fréchet—Urysohn space. The Arens space S, (see Example 1.8.6) is such
a space.
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(i1) There is a Fréchet—Urysohn space which is not a strongly Fréchet—Urysohn
space. The sequential fan S, (see Example 1.8.7) is such a space.

(iii) There is a strongly Fréchet—Urysohn space which is not a first countable
space. The space X /K in Example 2.4.14 is such a space.

(iv) There is a first countable space which is not k*-metrizable and does not
satisfying the condition that every compact set has a countable neighborhood
base. The butterfly space (see Example 1.8.3) is such a space. The butterfly
space X illustrates a noteworthy fact that a space X may not be a compact-
covering open image of a metric space, even if X is both a compact-covering
image of a metric space and an open image of a metric space.

(3) A space in which every compact subset has a countable neighborhood base does
not imply a space in which every compact set is metrizable. The Alexandroff
double-arrow space (see Example 1.8.9) offers such an example.

2.7 s-Mappings

The purpose of this section is to give characterizations of various classes of s-images
of metric spaces. The problem of seeking the intrinsic characterizations of quotient s-
images of metric spaces was regarded as an “important and difficult” problem posed
by Arhangel’skii [31]. Looking for the solutions of this problem and to improve them
gradually has experienced about 20 years. Until 1987, some satisfactory answers were
given by using the concept of cs*-networks. In this section, starting from the point-
countable families, we describe the intrinsic characterizations of quotient s-images,
pseudo-open s-images, open s-images and closed s-images of metric spaces by using
the concepts of cs*-networks, k-networks, bases and so on.

A cover % of a set X is said to be precisely refining V if, % = {Uy}gen, ¥V =
{Vulaea and U, C V, for every o € A.

Proposition 2.7.1 Let # and &7 be covers of a space X, where % C # (X). If
JH and & satisfy that for each K € J, there is a sequence {£,} of finite subsets
of & such that

(i) foreachn € N, 2, is precisely refined by a finite closed cover of K,
(ii) if {Pu}nen is a net at x in X for every x € K and P, € (£,)., Yn € N,

then there are a metrizable space M and a mapping f : M — X such that

(1) foreach K € J, there is L € J# (M) such that f (L) = K;
(2) foreach E C X, if (P)g is countable, then f~'(E) has a countable base.

Proof Denote &2 = {Py}aca. Foreachi € N, let A; be the space obtained by giving
the discrete topology to the set A. Define

M = {,3 = (o) € HAi : {Py} 1s a net at some point x(8) in X}
ieN
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Then M is a metrizable space and foreach 8 € M, apointx(8) in X can be determined
by B uniquely. So we can define a function f : M — X by f(8) = x(8). By (ii), f is
a mapping. By the definition of f, (2) holds. We prove (1) holds below.

For each K € 7, assume that a sequence {£7,} of finite sets of & satisfies (i)
and (ii). For each n € N, there exist I, € A and a closed cover {K, : o € I} of
K such that 2, = {P, : a« € I,} and K, C P,. Let

L= {(oz,-) e[]r: Nk ;é@}.

ieN ieN

Then L € t°([ ],y I7)- Because in fact, if (o) € [ ;e I7 — L, then ;. Ko, = 9,
and hence there is ip € N such that [;; Ka, = @. Let

W={(/3i)€HFiI ,3i=0li,i<io}-

ieN

Then (o)) € W € t([[,cy [7) and W N L = . Therefore, L € J# ([ [,y I7)- For
eacha = (o;) € L, thereis x € ();.n Koy € KN (i Pay» S0 ¢ € M and f (o) = x,
and hence L C M andf (L) C K. On the other hand, forevery x € K and i € N, there
isa; € I;such thatx € K,,. Let o« = (¢;). Thena € L and f(a) = x,sof(L) D K,
thus f(L) = K. [ |

Proposition 2.7.2 Let f : X — Y be a sequentially quotient mapping. If & is a
cs*-network for X, then f () is a cs*-network for Y.

Lemma 2.7.3 ([269]) If & is a point-countable cs*-network for X and # = . (X),
then & and &P satisfy the assumptions of Proposition 2.7.1.

Proof Foreach K € JZ, denote K = {x} U {x,, : n € N}, where {x,} is a nontrivial
sequence converging tox. We first prove that forevery K C U € t,thereis.# € =%
with the following property, briefly referred as @ (K, U):

KCcU% CUand % Ct°— {2}

Let ' =P e & :x € P C U} = {Pi}ien. If for each k € N, {x,} is
not eventually in | J i<k P;, then we can take n; € N for each k € N such that
Xy € X — Ul< « Pi. Since & is a cs™-network, there exist a subsequence {y;} of {x,, }
and m € N such that the sequence {y;} C P,, a contradiction. As a consequence,
there is k € N such that the sequence {x,} is eventually in | J i<k Pi- Now it is easy to
see that there exists % € & =® with the property @ (K, U).

The family {# € &=“ : % has the property @ (K, X)} is countable, and we
denote it as {2, },en. Obviously, {Z,} satisfies (i) of Proposition 2.7.1. Below we
prove {7, } satisfies (ii) of Proposition 2.7.1.

Suppose y € K and P, € (Z,)y, Vn € N. Lety € V e 7. If y = x, take
K, = V N K, then there is ¥’ € £2=“ with the property @ (K, V) and there
is #” € £<? such that, K — K; C U%"” C X — Kj, so %' U.Z#" also has
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the property @ (K, X), and hence there is i € N such that %' U . F" = &2;, thus
yeP, CUF C V.Ify # x,thenthereis P € & suchthaty e P C V — (K —{y}),
so there is .F' € &2= with the property @ (K — {y}, X — {y}), and hence .%’ U {P}
has the property @ (K, X), it follows that there is j € N such that #' U {P} = &},

therefore y € P; = P C V. Thus {P,},en is a net at y. |

Theorem 2.7.4 ([269]) For every space X, the following are equivalent:

(1) X has a point-countable cs*-network.
(2) X is a sequentially quotient s-image of a metric space.
(3) X is a sequence-covering s-image of a metric space.

Proof By Proposition2.7.1 and Lemma 2.7.3, we get (1) = (3). (3) = (2) is obtained
by Proposition 2.1.13. (2) = (1) follows from the Nagata—Smirnov metrization
theorem and Proposition 2.7.2. |

Corollary 2.7.5 ([167,455]) For every space X, the following are equivalent:

(1) X is a sequential space with a point-countable cs*-network.
(2) X is a sequentially quotient s-image of a metric space.

(3) X is a sequence-covering quotient s-image of a metric space.
(4) X is a quotient s-image of a metric space.

Proof By Theorem 2.7.4, the mapping lemma (see Proposition 2.1.12) and Propo-
sition 2.3.1 we get (1) < (2) < (3) and (2) < (4). [ |

The following facts should be mentioned:

(1) In (1), (3) and (4) of Corollary 2.7.5, if we replace “sequential space” and
“quotient mapping” with “Fréchet—Urysohn space” and “pseudo-open mapping”
respectively, then the conclusion still holds.

(2) There is a k-space with a point-countable cs*-network which is not a sequential
space. The compactification SN is such a space.

Corollary 2.7.6 ([194]) Every space with a point-countable weak base is a quo-
tient s-image of a metric space.

Now we turn to discuss relationships among spaces with a point-countable cs*-
network, spaces with a point-countable k-network and compact-covering quotient s-
images of metric spaces.

Definition 2.7.7 Let & be a family of sets in a space X. ForA C X and .% C 22,
we have the following definitions:

(1) . is called a minimal cover [344] (or an irreducible cover [119]) of A if, .F#
covers A and A cannot be covered by any proper subset of .%.

(2) % iscalled a minimal interior cover [89] of A if, A C (U.%)° and for any proper
subset 7 of F,A ¢ (UF)°.
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Lemma 2.7.8 [344] (The MisCenko lemma) If & is a point-countable cover of
a space X, then any subset of X has only countably many minimal finite covers
consisting of elements of .

Proof Suppose A is a subset of X and { P }4c 4 1 the set of all minimal finite covers
of A consisting of elements of &. If the lemma is not true, then there is n € N
such that ¥ = {Z, : o € A, |Z,| = n} is uncountable. For each P € 2, take
YP)={H, €W :Pec P,}.Letx; € A. Then¥ = U{W(P) :x € P € H}.
Since & is point-countable, there is P € &2 such that x; € Py and |¥ (Py)| > Ro.
Thenn > 1 and thereisx, € A — P;. Let (P, P) = {Z, € ¥ (Py) : P € Z,}.
Then ¥ (P)) = U{W(P,,P) : x, € P € £}, and hence there is P, € & such
that x, € P, # Py and |V (P}, P»)| > Ny. Repeating the above process, we can
get a set {x; : i < n} and a family {P;};c, such that x; € P; € & and when
i #j<n P #Pjand [¥(P,...,P,)| > Ry. However ¥ (Py,...,P,)| =1,a
contradiction. [ |

Miscenko [344] proved that a compact space with a point-countable base has a
countable base. Although this result has a lot of improved forms (for example Lemma
3.1.6), the following MiSc¢enko’s proof is worth admiring.

Suppose & is a point-countable base of a compact space X. Let

I =U{F € &Z=“ . .Z is a minimal cover of X}.

By the Miscenko lemma, .77 is countable. We prove .7 is a base for X. Suppose
xe U e t.Take P € Zsuchthatx € P C U.Ify € X—P, thenthereis P, € & such
thaty € Py C X — {x}. Since X — P is compact, the cover {P, : y € X — P} of X — P
has a finite subcover &?’. Thus, {P}U &' is a finite cover of X consisting of elements
of Z2, and hence there exists a minimal cover .% of X such that # C {P} U £ 1t
follows that P € .# C s and x € P C U. So JZ is a countable base for X.

Lemma 2.7.9 Let & be a point-countable k-network in a space X. If K € & (X),
then there is a sequence { 2,} of finite subfamilies of & covering K such that { 2,}
satisfies the condition (ii) of Proposition 2.7.1.

Proof By the Mis¢enko lemma, denote
{(F € &=“ . F is aminimal cover of K} by {2, },en.

For every x € K and P, € (£,),, Vn € N, letx € V € t(X). Take W € 17(K)
such that x € W and clg(W) C V. Then there exist 7, 5% € < such that
cxg(W)ycUusi c VandK — W C Ui C X — {x}. So K C U(J4 U 543), and
hence there is n € N such that &2, C 54 U5, thusx € P, C U4 C V. Therefore,
{P,},en 18 a net at x. [ |

By Lemma 2.7.9, Propositions 2.7.1 and 2.1.12 (the mapping lemma), we have
the following corollary.
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Corollary 2.7.10 ([337]) If a space X has a point-countable closed k-network, then
X is a compact-covering s-image of a metric space. Suppose further that X is a
k-space, then X is a compact-covering quotient s-image of a metric space.

Lemma 2.7.11 ([262]) Suppose f : X — Y is a quotient mapping and X is a k-
space. If B is a k-network for X and f (%) is a point-countable family of sets in Y,
then f (%) is a k-network for Y.

Proof Let & = f(A). For a compact set K C U € 7(Y), take
H={PeP :PNK #2, PCU}

Then there is .# € 7= such that K C U.%. Because otherwise, for each y € K,
denote (), = {P:(y)}ien. Then there is a subset A = {y, : n € N} of K such that
Y ¢ Pi(y;) whenever i,j < n. Take a € A and let L = A — {a}. Then L ¢ t°(Y),
so there is C € # (X) such that L N f(C) ¢ t°(Y) (see the proof of Proposition
2.3.1(1)), and hence A Nf(C) is an infinite set. Take D = f~'(K) N C. Then there is
B e B=° suchthat D C U%B' C f~'(U), and hence f(D) C Uf(%') C U. Since
fD)NA =f(C)NA, (Uf(#')) NA is an infinite set, so there is P € f(HB') € =%
containing an infinite subset of A. Let P = P;(y;) for some i,j € N. Then there is
n > i, j such that y, € P;(y;), a contradiction. Thus & is a k-network for Y. |

Theorem 2.7.12 Suppose X is a locally compact metric space. If f : X — Y is
a quotient s-mapping, then f is a compact-covering mapping and there is a point-
countable closed k-network for Y.

Proof Let 2 be a o-locally finite base for X satisfying Z C .#(X) and let & =
f (). Then 2 is a point-countable family of closed sets in Y. By Lemma 2.7.11, &2
is a k-network for Y. If K € J# (Y), then there is &2 € &2<® such that K C UZ?’,
sothereis.# € Z " such that f (%) = &, and hence there is L € JZ (X) such that
f(L) = K. Thus f is a compact-covering mapping. |

Nagami [369] proved that every quotient L-mapping on a locally compact para-
compact space is a compact-covering mapping. Below we construct an example to
show Corollary 2.7.10 is not reversible.

Lemma 2.7.13 Let & be a point-countable family of sets in a strongly Fréchet—
Urysohn space X. If ¢ (X) refines 2T, then (2?7)° covers X.

Proof Denote (£)c = {P;(C)}ien for each countable set C in X. If there is x €
X —U(Z27)°, then by the Fréchet—Urysohn property, we can choose a sequence {C,}
of countable subsets of X such that C; = {x}, x € ﬂneN C,and C, N Pi(C) =02
wheneveri, j < n.Soeach element of & only meets finitely many C,. By the strongly
Fréchet—Urysohn property, there exist a subsequence {C,,} of {C,} and x; € C,,
such that x; — x. Since {x} U {x; : k € N} € # (X), there is an element P in &
containing infinitely many terms of {x;}, and hence P meets infinitely many C,, a
contradiction. |
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Example 2.7.14 ([437, 492]) A compact-covering open image of a separable metric
space which is a non-regular space with a countable base and has no point-countable
closed k-network.

Let X = R. Define the pointed irrational extension topology on X as follows: for
each x € X, an element of a neighborhood base of x has the form {x} U (P N U),
where U is a Euclidean neighborhood of x in R. The space X is called the pointed
irrational extension topological space X of R. Obviously, X has a countable base.
Since Q is a closed subspace of X and V = X forany V with Q C V € 7(X), X is
not a regular space. By Proposition 2.4.4, X is a compact-covering open image of a
separable metric space.

Suppose there is a point-countable closed k-network &2 for X. Define 77 =
(P e & : P° = @&}. Then ¥ (X) refines SF. In fact, for each K € .7 (X), let
V =(KNQ)UP. Since Q is a discrete closed subspace of X, K C V € 7, so there
is # € Z<“suchthat K C U¥ C V.If (UF)° # &, then there is an open interval
JinRsuchthat /NP C UZ,50QNJ Cc QNJNP Cc QNV = QNK, and hence
QnNJ is a finite set, a contradiction. Thus (U#)° = &,s0.% € #~?and K C UZ.
Hence % (X) refines #F. By Lemma 2.7.13, X = U(s#7)°, which contradicts the
definition of 7#. Consequently, X has no point-countable closed k-network.

In the second part of this section, we search for intrinsic characterizations of open
s-images of metric spaces.

Lemma 2.7.15 ([89]) If & is a point-countable family of sets in a Fréchet-Urysohn
space X, then any subset of X has only countably many finite minimal interior covers
consisting of elements of .

Proof For each . € &=, define
H(F) ={H C X : % is a finite minimal interior cover of H}.

Let A C X. If there are uncountably many .# € &=“ such that A € J# (%), then
there exist m € N and an uncountable subset ¥ of &=“ such that |.#| = m and
A € J(F) whenever .F € W. Suppose Z is a maximal subset of & such that
Z C % for uncountably many .# € ¥.Then 0 < |Z| < mand A ¢ (UZ)°. Pick
x €A — (UZ)°. Then x € X — UZ. Since X is a Fréchet—Urysohn space, there is a
countable subset L of X — UZ such thatx € L. Let 2 = {F e ¥ : # C F}. If
Z € 2,thenx € (UF)°, so L meets some element of .% . By the point-countability
of & and the uncountability of £2, there is P € & such that LN P # & and
there are uncountably many elements of §2 containing P. Then P ¢ Z and there are
uncountably many .% in £2 (hence in ¥) containing &% U {P}, which contradicts the
maximality of Z. |

The assumption “Fréchet—Urysohn space” in Lemma 2.7.15 can be replaced by
the “space of countable tightness” weaker than the “Fréchet—Urysohn space” [89].
A space X is said to be of countable tightness if, for every A C X and x € ACX,
there is a countable subset C of A such that x € C.
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Proposition 2.7.16 ([89]) Suppose there is a point-countable family 2 of sets in
a space X satisfying that for every x € U € 1, there is F € (Z)5* such that
x € (UF)° Cc UF C U. Then X has a point-countable base.

Proof For each € &7=¢, let

H(F) ={H C X : % is a finite minimal interior cover of H},
V(F)= U (F)ND))°, and ¥V ={V(F) : F € P=“}.

First, ¥ is a point-countable family of sets in X. Because if x € V(.%), then there
isA € (F)N L such that x € A. Since X is a first countable space, by Lemma
2.7.15, A € S (F) for only countably many .% € &=, Since (£?), is countable,
(7), is also countable. Second, ¥ is a base of X. Because for every x € U € 7,
there is . € &2= such that x € (U%)° C U. We may assume that .%# is a minimal
interior cover of {x}. Take # € (Z?):® such that x € (U%)° C U# C (UF)°. If
B e A, then B € (%), so (UAB)° C V(F),and hence x € V(F) C U. Thus ¥
is a point-countable base for X. |

A mapping f : X — Y is said to be countable-to-one [167] if every f~'(v) is a
countable subset of X.

Theorem 2.7.17 For every space X, the following are equivalent:

(1) X has a point-countable base.

(2) X is a compact-covering open s-image of a metric space [340]. (The Michael-
Nagami theorem.)

(3) X is an open s-image of a metric space [401].

(4) X is a countable-to-one open image of a metric space [309].

(5) X is a countably bi-quotient s-image of a metric space [123].

Proof (1) = (2). Suppose X has a point-countable base. By the Mis¢enko lemma,
every compact set in X has a countable outer base. Further by Proposition 2.4.4, X
is a compact-covering open s-image of a metric space.

(2) = (3) and (4) = (5) are obvious.

(3) = (4). Letf : M — X be an open s-mapping, where M is a metric space. For
each x € X, let D, be a countable dense subset of f~! (x). Define D = U, ex Dx and
g = fip : D — X. Then g is a countable-to-one mapping. Below we prove g is an
open mapping. Let U be an open subset of D. Then there is an open subset V of M
such that U = V N D. If g(U) is not open in X, then thereisx € g(U) N X — g(U).
Since X is first countable, there is a sequence {x,} in X — g(U) converging to x.
Since x € f(V) and f(V) is open in X, there is x,, € f(V), sof'(x,) NV # @,
and hence D,, NV # @. Pickz, € D,, NV C U. Then x,, = g(z») € g(U),
a contradiction.Thus g is an open mapping, it follows that X is a countable-to-one
open image of a metric space.

(5) = (1). Suppose M is a metric space and f : M — X is a countably bi-quotient
s-mapping. Let & be a point-countable base for M. Then f () is a point-countable
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family of sets in X satisfying the assumption of Proposition 2.7.16, and hence X has
a point-countable base. |

Corollary 2.7.18 For every space X, the following are equivalent:

(1) X has a point-countable base.
(2) X is a Fréchet—Urysohn space with a point-countable weak base.
(3) X is a strongly Fréchet—Urysohn space with a point-countable cs*-network.

Proof (1) = (2) is obvious, (2) = (3) can be obtained by Corollaries 1.6.18 and
1.6.20, and (3) = (1) follows from Corollary 2.7.5, the mapping lemma (see Propo-
sition 2.1.12) and Theorem 2.7.17. [ |

Corollary 2.7.19 [122,123](The Filippov theorem) The point-countable base prop-
erty is invariant under perfect mappings or countably bi-quotient s-mappings.

Proof Suppose f : X — Y is a mapping and X has a point-countable base. By
Theorems 2.7.17 and 2.6.1, every compact space with a point-countable base is
metrizable. Therefore, if f is a perfect mapping, then f is a countably bi-quotient s-
mapping. It was proved by (4) = (1) of Theorem 2.7.17 that the point-countable
base property is invariant under countably bi-quotient s-mapping, so ¥ has a point-
countable base. |

Letf : X — Y be a mapping. f is called a bi-quotient mapping [123, 171, 332] (or
limit lifting mapping [171]) if, for each y € Y and each open family % in X covering
£71(y), thereis P € % ¥ such that y € f(P)°. Filippov [123] proved the bi-quotient s-
mapping case for Corollary 2.7.19. Obviously, every open mapping is a bi-quotient
mapping, and every bi-quotient mapping is a countably bi-quotient mapping.

In 1973, Michael and Nagami [340] asked the following question: Is every quo-
tient s-image of a metric space a compact-covering quotient s-image of a metric
space? In 1999, H. Chen [101] answered this question negatively. In 2003, Chen
[102] answer this question negatively once again by constructing a regular coun-
terexample under the assumption that there exists a o’-set. These two examples are
quite complex and readers can refer to the reference papers listed.

In the third part of this section, we investigate intrinsic characterizations of closed
s-images of metric spaces. We first prove a property of closed mappings of metric
spaces, and Theorem 3.4.16 is a more general form of this result.

Lemma 2.7.20 ([284]) Suppose f : X — Y is a quotient mapping, where X is a
sequential space and Y contains a closed copy of S, (resp. S,,). If f is a peripheral
L-mapping (resp. peripherally compact mapping), then X contains a closed copy of
Sy or S, (resp. S,).

Proof Suppose Y contains a closed copy of S, and f is a peripheral L-mapping. We
may assume that ¥ = {b} U |, _,, Yo is a copy of S,,, where every sequence Y, in
Y — {b} converges to b and {Y,, : @ < w,} is a family of pairwise disjoint sets. Since
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each Y, is not closed in Y, f~!(Y,) is not closed in X. Since X is a sequential space,
there is a sequence T, in f’l(Ya) converging to some point x, € X — f~!(¥,), so
Xe €fTN(D). Let L = {x4 : ¢ < w1 }.

Claim. 1 F, is a closed discrete subset of X, where each F,, is a finite subset
of T,.

In fact, since Ua<w]f(Fa) is a closed discrete subset of ¥, {f~'(y) : y €
Ua<w| f(Fy)} is a closed discrete family in X, and hence | F, is a closed
discrete subset of X.

If L is not a closed discrete subset of X, then since X is a sequential space, there
is a sequence {x,,} consisting of different elements of L which converges to some
pointa € X — L. Let

a<w

a<wp

M ={a}U{x,, : n e NYU (U{T,, : n € N}).

By Claim, M is a sequentially closed subset of X homeomorphic to S, so M is closed
in X. Thus, X contains a closed copy of S,.

If L is a closed discrete subset of X, then since 3f ' (b) is a Lindelof space, L is
also a Lindeldf space, so L is countable, and hence there exist w; sequences T, such
that all of them converge to x,. We may assume that L = {a}. Let

S={a}UU{T, : a < w1}).

By Claim and the assumption that X is a sequential space, S is a closed copy of S,
in X.

For the case of S,,, by using the fact that f is a peripherally compact mapping,
similarly we can prove that X contains a closed copy of S, or S,,. |

Lemma 2.7.21 ([454]) Iff : X — Y is a closed mapping and X is a metric space,
then f is a peripherally compact mapping (resp. peripheral L-mapping) if and only
if Y contains no closed copy of S,, (resp. Sy, )-

Proof Our proof is only for the peripheral L-mappings case. Since any metrizable
space does not contain a closed copy of S, or S,,, we get the necessity by Lemma
2.7.20.

Conversely, if f is not a peripheral L-mapping, then there is s € Y such that
df~'(s) is not a Lindelsf subspace of X, and hence there exist a discrete closed
set {x, : @ < w;}in 3f ~!(s) and a discrete family {D,}, -, of open sets in X such
that x, € D,. If s € V € (Y), then f~'(V) N (D, — f~'(s)) # & forany a < wy,
it follows that V N (f(D,) — {s}) # <, and hence s € f(D,) — {s}. Since Y is a
Fréchet—Urysohn space, there is a subset E, = {yq., : 1 € N} C f(Dy) — {s} such
that the sequence {yq,»}nen converges to the point s. Since {f (Dy)}o<w, 1S an HCP
family of sets in Y, {E, U {s}}y<w, is also an HCP family in Y. For each o < w;, by
Lemma 2.5.4, there exist F,, € E;” and A, € o such that (E, — Fy) NEg = @
whenever 8 € w; — A,. Let K, = E, — F,. By the transfinite induction method,
one can choose an uncountable subset I of w; such that {K, },< is a disjoint family.
Then the subspace {s} U (|, Ky) of Y is a closed copy of S,,, . |

ael’
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A family &2 of subsets in a space X is said to be locally countable if every point
of X has a neighborhood which only meets at most countably many elements of .

Theorem 2.7.22 For every space X, the following are equivalent:

(1) X is a closed s-image of a metric space.
(2) X is a Fréchet X-space [150].
(3) X is a Lasnev space containing no closed copy of S, [454].

Proof By Theorem 2.5.8 and Example 1.8.7 we obtained (2) = (3), and (3) = (1)
is followed from Lemmas 2.7.20 and 2.1.15. Below we prove (1) = (2).

Suppose M is a metric space and f : M — X is a closed s-mapping. Obviously,
X is a paracompact Fréchet—Urysohn space. Let & be a o -locally finite base for M
and let & = f(%). By Propositions 2.1.16 and 2.5.7, & is a o-locally countable
k-network for X. Denote & = J,.y &, where &; is a locally countable family
of sets and &, C Z;,;. For each i € N, since &; is locally countable and X is
paracompact, there is a locally finite open cover %; of X such that each element
of %; only meets countably many sets in &;, and hence &; A %; is a o-locally
finite family of sets. We prove that UieN(,@i A U) is a k-network for X. Let K
be a compact set and K C U € t(X). Then there exist m € N, &’ € &~ and
U' € U suchthat K C U CUand K C U/, 50 D' NU' € (P N Un)=?
and K C U(P' A%') C U. Thus J,.y(Z%: A %) is a k-network for X, and hence
X is an R-space. |

A space X is said to be bi-sequential [336] if, whenever a filter base .# accumulates
at x in X, then there is a decreasing sequence {A,} in X converges to x and every A,
intersects every F' € .%. An w-filter base is defined to be a family .% of nonempty
subsets of X such that for any countable subfamily .7’ of .7, there is F' € .% such that
F C N.Z’. A space X is said to be weakly bi-sequential [304] if, for any w-filter base
2 in X accumulating at some x € X there is a countable filter base % in X such that ¢’
converges to x and every B € 4 intersects every C € €. Every be-sequential space
is weakly be-sequential, and every weakly bi-sequential space is Fréchet—Urysohn.
C. Liu [304] proved that a Lasnev space X is a closed s-image of a metric space if
and only if X is weakly bi-sequential.

2.8 ss-Mappings

As a special case of the s-images of metric spaces, we introduce in this section
the ss-images of metric spaces. In 1996, C. Liu and M. Dai [308] found for the
first time a characterization of quotient s-images of locally separable metric spaces.
Seeking more concise characterizations of this kind images is still an open problem
[311]. The class of ss-mappings plays an exclusive role in characterizing images of
locally separable metric spaces. This section consists mainly four parts. The first
two parts are about images of separable metric spaces and quotient ss-images of
metric spaces respectively. The third part is about pseudo-open ss-images or closed
ss-images of metric spaces and about pseudo-open s-images or closed s-images of
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locally separable metric spaces. In the last part, we describe some kinds of additional
conditions associated with s-images and ss-images by means of several examples.

Definition 2.8.1 (/255]) Let f : X — Y be a mapping. Then f is called an ss-
mapping if for each y € Y, there is an open neighborhood V of y in Y such that
f~1(V) is a separable subspace of X.

First, we give a characterization of ss-images of metric spaces. Note that if a
mapping f : X — Y is an ss-mapping, then X is a locally separable space.

Proposition 2.8.2 ([21,22]) Letf : X — Y be a mapping. If & is a network for X,
then f () is a network for Y.

Thus, every regular image of a cosmic space is a cosmic space [21, 22].

Theorem 2.8.3 ([288]) A space X has a locally countable network if and only if X
is an ss-image of a metric space.

Proof Let # = {{x} : x € X} and let & be a locally countable network for X. Then
by Proposition 2.7.1 we can get the necessity. Conversely, let X be the image of a
metric space M under an ss-mapping f. If £ is a o-locally finite base in M, then
f(Z) is a network in X. For each x € X, there is an open neighborhood V of x such
that f~!(V) is a separable subspace of M, so f~'(V) only meets countably many
elements of %, and hence V only meets countably many elements of (). Thus
f(Z) is a locally countable network for X. [ |

Corollary 2.8.4 ([331]) A regular space X is a cosmic space if and only if X is an
image of a separable metric space.

Next, we give characterizations of quotient ss-images of metric spaces. A family
Z of sets is said to be star-countable if, for each U € % , (% )y is countable.

Lemma 2.8.5 ([177]) If % is a star-countable family of sets in a space X, then
U = Uyep %o, where each U, is countable and (U%y,) N (U%g) = & whenever
o, B e Aanda # B.

Proof Forevery A, B € % ,we said that A ~ B if there are finitely many sets {U;};<,
in % suchthat A = U,,B = U,,and U; N U;y; # @ wheni < n. ForeachA € %,
let %, = {B € % : A ~ B}. Then %, is countable, % = U{%, : A € %} and for
each pair A, B of %, (U%) N (U%p) # @ if and only if % = Up. [ |

Theorem 2.8.6 ([255]) For every space X, the following are equivalent:

(1) X has a locally countable cs*-network.

(2) X has a locally countable cs-network.

(3) X is a sequentially quotient ss-image of a metric space.

(4) X is a sequence-covering ss-image of a metric space.

(5) X is a compact-covering ss-image of a metric space.
If further assume that X is a regular space, then each item above is also equivalent
to the following:
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(6) X has a locally countable k-network.

Proof (1) = (2). Let £ be a locally countable cs*-network for X. For each x € X,
there is an open neighborhood V, of x such that V, only meets countably many
elementsof Z.Let%Z = {P € & :thereissome V, D P}. Then % is star-countable.
By Lemma 2.8.5, we can suppose % = |J ., %, where each %, is countable and
(UZy) N (U%y) = @ whenever a, B € A and o # B. Let # = |J, ., ZF. Then
Z is also locally countable. Below we prove that .% is a cs-network for X. Suppose
{x,} is a sequence in X converging to a point x € V € 7. By Lemma 2.7.3, there
existm € Nand &’ € (£)7 suchthat {x} U {x, :n > m} CUZX C VNV,
Then there is only one « € A such that x € U%,,, so UZ’ € %aF , and hence .% is a
cs-network for X.

2) = (5). Let & = ' (X) and let & be a locally countable cs-network for
X. We only need to prove .# and & satisfy the conditions of Proposition 2.7.1.
For each K € 7, since &k is a countable cs-network for K, K is metrizable. Let

P = (P)g. Since
(F € 2= .. is precisely refined by an finite closed cover of K}

is countable, we can denote it by {£?,},cn. We prove {£2,} satisfies Proposition
2.7.1(ii). Suppose x € K and P, € (£,),, Vn € N.If x € V € t(X), then there is an
open neighborhood W of x in K such that clx (W) C V. Let {V,},cn be a decreasing
local base of x in K. Put

P, ={PNK:Pe P, PCVandthereisi € Nsuchthat V; C PNK}.

By the proof of Proposition 1.6.21, &, is a neighborhood base of x in K. So there
is P, € & such that x € intg (P, N K) C P, C V, and hence there is V, € 7(K)
such that x € V, C clg(V,) C intg (P, N K). Obviously, the compact set K — V, C
X — {x} € ©(X). As proved above, for each y € K — V,, there exist P, € & and
Vy, € 1(K) such that y € V, C clg(Vy) C intx(P,NK) C P, C X — {x}. Now
the open cover {V, : y € K — V,} of K — V, has a finite subcover {V,, }y<m. Let
F = {P}U{P,, : k < m}. Then .7 is precisely refined by a finite closed cover of K,
so there is j € N such that # = &7, thus x € P; = P, C V. Consequently, {P,},en
is a net at x.

(5) = (4) = (3) is obvious. By Theorem 1.3.2 and Proposition 2.7.2, we get
(3) = (1). (1) = (6) follows from Proposition 1.6.7 and Corollary 2.2.20. Finally, if
a regular space X has a locally countable k-network, then X has a locally countable
closed k-network, and hence X has a locally countable cs*-network. |

Corollary 2.8.7 ([331]) A regular space X is an Ny-space if and only if X is a
compact-covering (resp. sequence-covering, sequentially quotient) image of a sep-
arable metric space.

Example 2.8.8 ([465]) There is a connected ¥y-space which is not an image of a
connected metric space.
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Fix p € BR — R and let X = R U {p}. Take X as a subspace of the compactifica-
tion SR. Then X is a connected space. By Example 2.3.19, there is no sequence in R
converging to p, so X has a countable cs-network, and hence X is an 8(-space. Since
X is not an s-connected space, by Theorem 2.3.17, X is not an image of a connected
metric space.

Lemma 2.8.9 ([259]) Every k-space with a o-locally countable cs*-network is a
meta-Lindeldf sequential space.

Proof Suppose X is a k-space and &7 is a o-locally countable cs*-network for X.
Then for each K € 2 (X), Pk is a countable network for K, and hence K is
metrizable. By Corollary 2.3.5, X is a sequential space.

Suppose Z = |J,,cry Pn is closed under finite intersections, where &, is locally
countable and &, C Z,4;. We first prove that for any locally countable family
F = {Fy}aer in X, there is a point-countable family % = {W,}4c of open sets
of X such that F, C W, (for simplicity, we say that % is a point-countable open
expansion of .%). Let

A = {A : A is a finite sequence consisting of elements of N}.

For each » € A, we inductively define a locally countable family .# (L) =
{Fy (M) }aer of sets in X as follows.

Let # (@) = % and F, (@) = F,. Suppose a locally countable family .% (1) has
been defined. For each n € N, denote the finite sequence consisting of members of
N obtained by adding one term n behind A by An. Take

P(An) ={P € P, : Fy(A) N P % & only for countably many « € I'};
F,(An) =U{P € Z(An) : F,(O) NP # 3}, a el
F(An) ={Fy(An) :a € IT'}.

For each x € X, there is an open neighborhood V of x such that V only meets
countably many elements of &,. Take

(Z)v N P (An) = {Pi}ien.

For each i € N, there is a countable set I in I such that P; N F, (1) = @ whenever
o € I' — I;. Hence

[{ow € I'" : thereis i € N such that P; N F, (L) # T} < Ry.

It means that V N F, (An) # @ holds only for countably many « in I, so % (An) is
a locally countable family.

Let W, = UkeA Fy()) foreach« € I'. Then F,, C W, and W, is a sequentially
open set in X. Because in fact, if a sequence {x,} converges to x € W,, then there
is A € A such that x € F,(1), and hence there is an open neighborhood W of x
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such that (.% (1))w is countable. By the proof of Lemma 2.7.3, there exist k € N
and 7 € (Z)7“ such that the sequence {x,} is eventually in Us# C W. Since
U C Fy(Ak) C W, {x,} is eventually in W, so W, is a sequentially open set in
X. Thus W, is an open set in X, because X is a sequential space.

Furthermore, take 7 = {W,}4cr. Then # is point-countable. Because otherwise,
there exist x € X and an uncountable subset "’ of I" such that x € W, whenever
a € I''. For each o € I/, there is A, € A such that x € F,()\,), and hence there
exist an uncountable subset I"” of I'" and A € A such that A, = A foreachoa € I'”,
and it means x € F,()), which contradicts the point-countability of .7 (1).

Finally, we prove that X is a meta-Lindel6f space. Let % be any open cover of
X. Then % has a refinement | J,_ -%;, where each .%; = {F, : € I3} is a locally
countable family of sets of X. For each i € N, suppose #; = {W, : « € I} is a
point-countable open expansion of .%;. For each « € I3, choose U, € % such that
Fy C Uy. Then |J;{Us N W, @ a € I3} is a point-countable open refinement of
7% . Hence X is a meta-Lindelof space. |

Lemma 2.8.10 Every locally separable meta-Lindeldf space is the topological sum
of separable Lindelof spaces.

Proof 1f X is a locally separable meta-Lindelof space, then X has a point-countable
open cover % consisting of separable subspaces. Since every point-countable family
of open sets in a separable space is countable, 7% is a star-countable family. By
Lemma 2.8.5, X has a cover {X, },c4 consisting of disjoints open sets such that each
X, is a separable subspace of X, and hence X = @, , X, Since every separable
meta-Lindelof space is a Lindelof space, each X,, is a separable Lindelof space. W

Corollary 2.8.11 ([255, 259]) For every space X, the following are equivalent:

(1) X is a k-space with a locally countable cs*-network.

(2) X is the topological sum of sequential spaces with a countable cs-network.

(3) X is a compact-covering quotient (sequentially quotient or sequence-covering)
ss-image of a metric space.

(4) X is a quotient ss-image of a metric space.
If we assume further that X is a regular space, then each term of the above is
equivalent the following:

(5) X is a k-space with a locally countable k-network.

Proof By Theorem 2.8.6, Lemmas 2.8.9 and 2.8.10 we obtain (1) < (2). (1) =
(3) follows from Theorem 2.8.6 and the mapping lemma. (3) = (4) is obvious. By
Propositions 2.3.1, 2.1.12 (the mapping lemma) and 2.7.2, (4) = (1) holds. Under
the assumption of regular spaces, (1) < (5) follows from Theorem 2.8.6. |

In the third part of this section, we give characterizations of pseudo-open ss-images
or closed ss-images of metric spaces. We also give characterizations of pseudo-
open s-images or closed s-images of locally separable metric spaces.

Lemma 2.8.12 For every space X, the following are equivalent [167]:

(1) X is a Fréchet—Urysohn space with a countable cs*-network.
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(2) X is a pseudo-open image of a separable metric space.

(3) X is both a separable space and a pseudo-open s-image of a metric space.
If further assume that X is a regular space, then each item above and each of
the following are equivalent [130]:

(4) X is a Fréchet—Urysohn Rq-space.

(5) X is a closed image of a separable metric space.

Proof By Proposition 2.7.1, Lemma 2.7.3 and the mapping lemma (see Proposition
2.1.12), we get (1) = (2). (5) = (2) = (3) is obvious. By Lemma 2.7.11, (2) = (4)
holds. Below we prove (3) = (1) and (4) = (5).

(3) = (1). By Proposition 2.3.1, X is a Fréchet—Urysohn space. By Corollary
2.7.5, X has a point-countable cs*-network . Let D be a countable dense subset of
X and let 77 = (£)p. Then S is countable. We prove that 7 is a cs*-network for
X. Let {x,} be a sequence converging to x € U € 7 in X. Define

S={x}U{x, :neN},
H' ={HeH:xecHCU).

Below we show 7 # &. Denote 7' = {H;};cn.

We first prove there is m € N such that x € il’lts((Uigm H;) N S). Otherwise,
there is a sequence {z,,} satisfying z,, — x and z,, € § — Uigm H;. Note that,
(Uigm H;)NSisaclosed setin X, we getz,, € D — (Uigm H;) NS, and hence there
is a sequence {z,, x }x converging to z,, in D — (Uigm H;). Thus x € {z,x : m, k € N},
it follows that there is a sequence in {z,,x : m, k € N}, we denote it as {z, k }jen,
converging to x when m; — +o0o. We may assume there is P € & such that
{x} U{zmp :j € N} C P C U, itmeans P € 7, and hence 57 # . Take i € N
such that P = H;. Pick j € N such that m; > i. Then z,, s, ¢ P, a contradiction.

Thus, there is m € N such that x € ints((Uigm H;) N S), and hence there exist a
subsequence {x,,} of S and i € N such that {x} U {x,, : j e N} CH; C U.So #isa
countable cs*-network for X.

(4)= (5). By Theorem 2.7.22, there exist a metric space M and a closed s-mapping
f M — X.Since X is a Lindelof space and f is a closed L-mapping, M is a Lindelof
space. Thus X is a closed image of a separable metric space. |

Note that the meta-Lindelof property is invariant under pseudo-open s-mappings
(see Corollary A.5.3 in Appendix A). By Corollary 2.8.11, Lemmas 2.8.10 and
2.8.12, we have the following theorem.

Theorem 2.8.13 ([255, 259]) For every space X, the following are equivalent:

(1) X is a Fréchet-Urysohn space with a locally countable cs*-network.

(2) X is a pseudo-open s-image of a locally separable metric space.

(3) X is a pseudo-open ss-image of a metric space.

(4) X isbothalocally separable space and a pseudo-open s-image of a metric space.
If further assume that X is a regular space, then each item above and each of
the following are equivalent:
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(5) X is a closed s-image of a locally separable metric space.
(6) X is both a locally separable space and a closed s-image of a metric space.

Example 2.7.14 shows that the assumption of regularity in Lemma 2.8.12 and The-
orem 2.8.13 is important. The next example shows that the assumption of regularity
in Theorem 2.8.6 and Corollary 2.8.11 is also necessary.

Example 2.8.14 There is a space X with a locally countable and o-discrete k-
network, such that, X is neither a meta-Lindel6f space nor a k*-metrizable space,
and X has no point-countable cs*-network.

Let X be the half-disc topological space (see Example 2.2.22(3)). Itis easy to verify
that X is a separable first countable space but X is not a Lindelof space. That shows X
is not a meta-Lindelof space, so X has no point-countable base. By Corollary 2.7.18,
X has no point-countable cs*-network. Since X is not a regular space, by Corollary
2.6.10, X is not a k*-metrizable space.

For every x € R, r > 0, let B(x, r) be a spherical neighborhood of x in RZ.
Define

P ={pl:peL}U{B(g,1/m)NS:qeQxQ,neN}.

Since L is a discrete closed set in X, &7 is a locally countable and o -discrete family
of sets in X. We prove & is a k-network for X. Assume that K C U € t, where
K is a compact set in X and 7 is the half-disc topology. For each x € X, denote
(Pe P :xeP C U} ={Pi(x)}ien. Then K is covered by some finite subfamily of
{P;(x) : x € K,i € N}. Because otherwise, there is a sequence {p,} in K such that
DPn ¢ Pi(p;) whenever i,j < n. So there is a subsequence {p,,} of {p,} converging
to p € K. Since L is discrete, we may assume all p,, € S, and hence {p,,} also
converges to p in the Euclidean subspace topology 7* on X. Since {B(g, 1/n) N X :
q € Q x Q,n € N} is a countable base of ¥, there existg € Q x Q and A, m € N
such that {p} U {p,, : k > h} C B(g,1/m) N X C U, and hence {p,, : k > h} C
B(gq,1/m)NS C U. Thus, there exist i, j € N such that B(g, 1/m) NS = P;(p;), and
hence we can pick n > i, j such that p, € P;(p;), a contradiction. Therefore, &7 is a
k-network for X.

Example 2.8.15 There is a compact-covering open s-image of a metric space which
is not metrizable.

It was proved in Example 1.8.5 that the Michael line X is a Lindeldf regular space
with a point-countable base. By Theorem 2.7.17, X is a compact-covering open s-
image of a metric space. But X is not a 8-space, and hence it is neither a metrizable
space nor an Ny-space. This example shows that the assumption of the separability
in Lemma 2.8.12(3) and Theorem 2.8.13(4) can not be replaced with the Lindelof
property.

Example 2.8.16 ([167]) There is acompact-covering finite-to-one quotient mapping
f : M — X such that M is a locally compact metrizable space M, X is a separable
regular space but X is not a meta-Lindel6f space.
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Let
X:HXS], Y:HX(S]-{O})

Define a topology for X as follows: Y is a Euclidean subspace of X and each element
of a neighborhood base of (¢, 0) € X has the form

{(t,0)}UU{V(t, k) : k >n}), neN,
where V (¢, k) is an open neighborhood of (¢, 1/k) in the subspace I x {1/k}. Let
M=@@®{Ix{l/n}:neN}) & @@{t} xS :tel}).

Then M is alocally compact metrizable space. Letf : M — X be the natural mapping.
Since X has the weak topology with respect to the point-finite cover {I x {1/n} : n €
N} U {{r} x S, : ¢ € I}, by Proposition 2.3.3, f is a finite-to-one quotient mapping.
By Theorem 2.7.12, f is a compact-covering mapping.

Obviously, X is a separable regular space. Since [ x {0} is an uncountable discrete
closed subspace of X, X is not a Lindelof space, and hence X is not a meta-Lindelof
space. By Lemma 2.8.9, X has no o-locally countable cs*-network.

Example 2.8.16 shows the following facts:

(1) The assumption “pseudo-open mapping” in Lemma 2.8.12(3) and Theorem
2.8.13(4) cannot be reduced to “quotient mapping”.

(2) A finite-to-one compact-covering quotient image of a locally compact metric
space may not have a o-locally countable cs*-network.

(3) Not every quotient s-image of a locally separable metric space is a quotient ss-
image of a metric space.

Example 2.8.17 ([259]) There is a regular space with a locally countable k-network
which is not an R-space.

Let X = w; x S;. Define a topology for X as follows: each point of X — (w; x {0})
is isolated in X and each element of a neighborhood base of a point («, 0) € X has
the form {(«, 0)} U (U@m(V(a, n) x {1/n})), where m € N and V («, n) is an open
neighborhood of « in w; with the ordered topology. Then X is a regular space. Let

P ={{x}:xeXiU{{a}x {0}U{l/n:n>m}):a <w;, me N}

Then &7 is a locally countable family of sets in X. Suppose K € % (X). Then

(17.1) foreachs € S;, K N (w; x {s}) is a finite set;
(17.2) if (@, 0) € w; x {0} — K, then (&, 1/n) € K only for finitely many n € N;
(17.3) theset K — U{{a} x S; : (@, 0) € K N (w; x {0})} is a finite set.

Consequently, & is a locally countable k-network for X.

Take f = m; : X — w; and give w; the ordered topology. Then f is a pseudo-
open compact mapping. If X is an R-space, then w, is a subparacompact space (see
Proposition 3.4.14), a contradiction. Thus X is not an R-space.
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Example 2.8.17 shows that in Lemma 2.8.9 and Corollary 2.8.11 the assumption
“k-space” cannot be omitted. Sakai [416] constructed a locally countable regular
space X in which every compact set is a finite set and X is not a countably metacompact
space. This space has a locally countable k-network and it is not a perfect space.

2.9 nm-Mappings

In the above two sections, we introduced some mappings with separable fibers. In
this section, we turn to discuss w-mappings which is closely relevant to mappings
with compact fibers. Our purpose is to extend the concept of weak developments,
to explore the characterizations of quotient r-images, pseudo-open m-images and
open r-images of metric spaces and to characterize symmetrizable spaces and semi-
metrizable spaces satisfying the weak Cauchy condition by means of such images
of metric spaces.

Definition 2.9.1 (/401]) Let (X, d) be a metric space. A mapping f : X — Y is
called a 7w-mapping if d(f~'(y), X —f~'(U)) > 0 whenevery € U € 7(Y).

Obviously, every compact mapping on a metric space is a 7-mapping. For each
space X, let M be a space obtained by giving X the discrete topology. Then idy; :
M — X is a compact mapping, hence a r-image on the metric space X. Thus it is
necessary for us to add certain additional conditions when discussing the r-mappings
on metric spaces.

Definition 2.9.2 Let & be a cover of a space X.

(1) £ is called a cfp-cover of X [486] if, for each K € ¢ (X), there is F € P=*
such that .Z is precisely refined by a finite closed cover of K.

(2) & is called an fes-cover of X [153] if, for any sequence S converging to a point
xin X, there is &' € (£?)5® such that S is eventually in UZ".

(3) Zis called a cs*-cover of X [243] if, for any convergent sequence S in X, there
is P € & such that some subsequence of S is eventually in P.

fes-covers were called wes-covers by Y. Ge [152]. It is easy to verify that for every
space X, open cover = cfp-cover = fcs-cover = cs*-cover.

Lemma 2.9.3 Let & be an fcs-cover of a space X. If S € . (X), then there is F €
P = such that F is precisely refined by a finite closed cover of S.

Proof Suppose S is a sequence converging to x € X. Then there is &' € (£):¢
such that § is eventually in UZ?’. Since S — U2’ is a finite set and P N S is a closed
set for each P € &, there is ¥ € &7= such that .# is precisely refined by a finite
closed cover of S. |

Proposition 2.9.4 Suppose f : X — Y is a mapping and (X, d) is a metric space.
For each n € N, define %, = {f (B(x, 1/n)) : x € X}.
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(1) Iff is a m-mapping, then {%,} is a point-star network for Y [297].

(2) Iff is a compact-covering mapping, then %, is a cfp-cover of Y [293].
(3) Iff is a sequence-covering mapping, then %, is an fcs-cover of Y [152].
(4) Iff is a sequentially quotient mapping, then %, is a cs*-cover of Y [297].

Proof (1) For every y € U € t(Y), there is n € N such that d(f~'(y), X —
F~U(U)) > 1/n. Take m = 2n. If y € f(B(x, 1/m)), then f ' (y) N B(x, 1/m) #
@. If Blx,1/m) ¢ f~'(U), then d(f'(v), X —f'(U)) < 2/m = 1/n, a
contradiction. So B(x, 1/m) C f~'(U), and hence f (B(x, 1/m)) C U, it follows
that st(y, %,) C U. Thus {%,} is a point-star network for Y.

(2) Foreach K € J# (Y), there is L € # (X) such that f(L) = K, and hence there
is a finite subfamily .% of {B(x, 1/n)}.cx such that .% is precisely refined by a
finite closed cover .Z of L. Then the finite subfamily f (%) of %, is precisely
refined by the finite closed cover f(.Z) of K, and hence %, is a cfp-cover of Y.

(3) Suppose S is a sequence converging to some point yin Y. Then thereis L € £ (X)
such that f(L) = S U {y}, and hence there is a finite set F' in X such that
F'o)NL ¢ Uyep Bx, 1/n). Then % = {f (B(x, 1/n))} e is a finite subfamily
of 7%, and S is eventually in U%/ . Because otherwise, there is a subsequence {yy}
of S with {yx} C Y —U% .Foreachk € N, thereisx; € L—J,.p B(x, 1/n) such
that f (x¢) = yx. If @ is an accumulation point of {x;}, thena ¢ |J . B(x, 1/n),
and hence f(a) # y, a contradiction.

(4) When f is a sequentially quotient mapping, it is easy to verify that %, is a
cs*-cover of Y. |

xeF

Proposition 2.9.5 Let {%,} be a point-star network for a space X. Then there are a
metric space (M, d) and a w-mapping f : M — X such that

(1) if {%,} is a sequence of open covers of X, then f is an open mapping [179];

(2) if {%,} is a sequence of cfp-covers of X, then f is a compact-covering mapping
[294];

(3) if {%,} is a sequence of fcs-covers of X, then f is a sequence-covering mapping
[152];

(4) if{%,} is a sequence of cs*-covers of X, then | is a sequentially quotient mapping
[297];

(5) if E is a subset of X and each (%,)g is countable, then f~'(E) has a countable
base.

Proof 1Tt is easy to verify that for each x € X withx € U; € % (Vi € N), {Ui}ien
is a net at x. For each i € N, let % = {U, }ne4, and let each A; be a discrete space.
Define

M = {a = (o) € HAi : {Uy} is a net at some point x(ct) € X}
ieN

Then M is a metrizable space, and the metric d defined in the following way is a
compatible metric on M: for every pair «, 8 € M,
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o, o =g,
diepr = [max{l/k (@) # (B, k € N}, o # B

Define f : M — X by f(a) = x(«). Then f is a mapping. For every x € U € 7(X),
there is n € N such that st(x, %,) C U. For every a € f~!(x) and B € M with
d(a, B) < 1/n, we have m;(a) = 7;(B) wheneveri < n,s0x € Uy, ) = Uy, ), and
hence

FB) € () Unepy C Unyipy C U.
ieN

As a consequence, d(f~' (x), M —f~'(U)) > 1/n, thus f is a w-mapping.

(1) If{%,}is asequence of open covers of X, then foreveryn € Nando; € A; (Vi <
n), we have
f(B(Ol], ceey an)) = m{Ual i < I/l},

where B(«y, ...,a,) = {8 € M : m;(B) = «a;, i < n}.Sof is an open mapping.
(2) If {%,} is a sequence of c¢fp-covers of X, then for every K € # (X) andn € N,
there is &, € &5 such that &) = {P,},r, is precisely refined by the closed
cover {Ky}ycr, of K, where I}, C A,. We may assume each K, is not empty.

Take
L= {(an) e[1r: () Ke # @}.

neN neN

Similar to the proof of Proposition 2.7.1(1), we can prove that L is a compact
setin M and f (L) = K. So f is a compact-covering mapping.

(3) If {%,} is a sequence of fcs-covers of X, then for each S € .¥(X), by Lemma
2.9.3 and the proof of (2), there is a compact set L in M such that f(L) = S. So
f is a sequence-covering mapping.

(4) Suppose {%,} is a sequence of cs*-covers of X and {x,} is a nontrivial sequence
converging to xo € X. Since % is a cs*-cover of X, there exist a subsequence 7
of {x,} and @; € A, such that T} is eventually in U,,. By the inductive method,
for each i € N, we can choose 7; and «; € A; such that T;;; is a subsequence
of T; and T; is eventually in U,,, and hence T; C ) k<i Ui Pick x,, € T; and
Bi e f! (x,,) such that n; < n;1; and 7 (B;) = o, whenever k < i. Then
lim 7 (B;) = ax. Let By = («;). Then the sequence {B;} converges to By in M,
11— 00
and hence f is a sequentially quotient mapping.

By the definition of f, we can obtain (5) easily. |

Theorem 2.9.6 For every space X, the following are equivalent:

(1) X is a developable space.
(2) X is a compact-covering open m-image of a metric space [300].
(3) X is an open m-image of a metric space [179].
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Definition 2.9.7 (/29]) A symmetrizable space (X, d) is said to satisfy the weak
Cauchy condition if each convergent sequence {x,} in X has a Cauchy subsequence
{x;;}, i.e. for any & > 0, there is k € N such that d(x,,, x,,) < & wheneveri,;j > k.

It is easy to verify that for any symmetrizable space (X, d) and any convergent
sequence {x,} in X, {x,} has a Cauchy subsequence if and only if for any ¢ > 0, there
is a subsequence {x,,} of {x,} such that d(x,,, x,,) < ¢ foreveryi,j e N.

Lemma 2.9.8 ([78, 456]) Let (X, d) be a symmetrizable space. Then d satisfies the
weak Cauchy condition if and only if for any F C X, if F is not closed in X, then for
any ¢ > 0, there is x,y € F with x % y such that d(x,y) < €. The above condition
is equivalent to that X is a sequential space with a cs*-cover point-star network.

Proof (8.1) Suppose (X, d) is a symmetrizable space satisfying the weak Cauchy
condition. By Proposition 1.6.16, X is a sequential space. For each n € N, take
%, = {A C X : diamA < 1/n}. Then for each x € X, st(x, %,) = B(x, 1/n). So
{%,} is a point-star network in X. Foreach n € N and any sequence {x;} converging to
some point x in X, there is a Cauchy subsequence {x;, } such thatd (x, x;,) < 1/(n+1)
forevery i € N, and hence there is m € N such that d(x,, x;) < 1/(n+1) whenever
i,j >m.LetA, = {x} U{xy, :i > m}. Then A, € %,. Thus %, is a cs*-cover of X.

(8.2) Let {%,} be a cs*-cover point-star network in the sequential space X, and
we may assume %, refines %,. We first prove that st(x, %) is a sequential neigh-
borhood of x for every x € X and n € N. Otherwise, there is a sequence {x,,} in
X — st(x, %,) converging to x, and hence there is a subsequence {x,,} eventually
in some U € %,, so x,,, € U C st(x, %,), a contradiction. Since X is a sequential
space, {st(x, %,)}nen is a weak base of x. By the sufficiency of Proposition 1.6.14,
there is a symmetric d on X such that st(x, %},) = B(x, 1/2") for every x € X and
neN. Let F C X and ¢ > 0. Take m € N such that 1/2" < ¢. If F is not a closed
set in X, then there is a sequence {x,} in F' converging to x ¢ F, so there is U € %,
such that some subsequence of {x,} is eventually in U, and hence there are x,y € F
with x # y such that d(x, y) < 1/2" < ¢.

(8.3) Let (X, d) be a symmetrizable space satisfying that if F C X and F is
not closed in X, then for any ¢ > 0, there is a pair x, y of F with x # y such that
d(x,y) < e.Suppose ¢ > 0and {x,} is anontrivial convergent sequence in X. If every
subsequence {y,} of {x,} has a subsequence {z,} such that d(z;, z,) > & whenever
n > 1, then there is a subsequence {a,} of {y,} such that d(a,, a,,) > ¢ whenever
n % m, a contradiction. So there is a subsequence {y,} of {x,} such thatd(z;, z,) < ¢
for every subsequence {z,} of {y,}. Thus, we can choose a subsequence {a,} of {x,}
such that d(a,, a,,) < &, which shows that {x,} is a Cauchy subsequence. |

Theorem 2.9.9 ([232]) A space X is a quotient w-image of a metric space if and
only if X is a symmetrizable space satisfying the weak Cauchy condition.

Proof By Lemma 2.9.8, Propositions 2.1.12 (the mapping lemma) and 2.9.5, we get
the sufficiency. The necessity is obtained by Proposition 2.9.4. |
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Theorem 2.9.10 ([485]) A space X is a compact-covering quotient w-image of a
metric space if and only if X has a weak development consisting of cfp-covers.

Proof By Propositions 2.9.5 and 2.1.12 (the mapping lemma), we get the sufficiency.
The necessity follows from Proposition 2.9.4. |

Example 2.9.11 ([232]) There is a symmetrizable space which does not satisfy the
weak Cauchy condition.
Take X = R. Define a symmetric d on X as follows: for every x, y € X,

1, x,y €€ Pandx #y,
|x — yl|, otherwise.

dx,y) = [

Give X the symmetric topology generated by d. Then for every x € X and n € N,

| & =1/n, x+1/n), x € Q,
Bx, 1/n) = |{x}U((x— 1/n, x+1/n)—P), x € P.

Hence,

(11.1) any convergent sequence in the subspace P is trivial;
(11.2) if x € Q, A C X and x is an accumulation point of A with respect to the
Euclidean topology 7* on R, then x is also an accumulation point of A in X.

For each n € N and any symmetric p on X, define
Dy={xeP:pk P—{x}) > 1/n}.

If there is x € P — |J,cyy Dn, then for each n € N, there is x, € P — {x} such
that p(x,x,) < 2/n, and hence x, — x € P, which contradicts (11.1). Thus
P = UneN D,. Since (R, t*) is the second category, there is m € N such that
inty« (cly« (D)) # . Pickx € QNcl«(Dy,). By (11.2), x € QN Dy, so D, is not a
closed setin X. By Lemma 2.9.8, (X, p) does not satisfy the weak Cauchy condition.

For the above X, by Theorem 2.3.6, there exist a metric space M and a quotient
mapping f : M — X. By Theorem 2.9.9, f is not a 7-mapping with respect to any
compatible metric on M. However, this is not the same case for semi-metrizable
spaces.

Lemma 2.9.12 ([78]) Every semi-metrizable space has a compatible semi-metric
satisfying the weak Cauchy condition.

Proof Let (X, d) be a semi-metrizable space. For each r € R*, define

B(r)y ={B C X :d(x,y) > rforevery x,y € Bwith x # y}.
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For every x,y € X, let

A(x,y) ={z€ X : thereis B € #(d(x,y)/2) suchthatx,y € Band z € B},
p(x,y) =infld(x, 2) +d(z,y) : z € A(x, y)}.

(12.1) p is a semi-metric on X.
Obviously, p is a symmetric on X and for every x,y € X, p(x,y) < d(x, ),
and hence By(x, ) C B,(x, ¢) forany x € X and e > 0. If there is a sequence
{x,}in X suchthatx, € B,(x, 1/n)—By(x, €),take &, = d(x, x,,),thene, > &.
Since p(x, x,) < 1/n, there is y, € A(x, x,,) such that d(x, y,) +d(, X,) <
1/n, and hence there is B, € %(g,/2) such that x,x, € B,, y, € B, and
d(x,y,) < 1/n. Choose a sequence {y, ;}; converging to y, in B,. Then there
is i € N such that y,; € By(x, £/2), which means d(x, y,;) < &/2. Since
Yni € B, € B(e,/2) and x € B, d(x,y,;) = €,/2 > €/2, a contradiction.
Thus, there is n € N such that B, (x, 1/n) C By(x, ). So p is a semi-metric
on X.

(12.2) (X, p) satisfies the weak Cauchy condition.
Forany e > 0, F C X, if F ¢ t°(X), then pick z € F — F and take

B=FNB,(z,¢/2), & =inf{d(x,y):x,y € B withx # y}.

Then B € %(¢e;) and &1 > ¢. Choose x, y € B such that 0 < d(x,y) < 2¢;.
Then B € %(d(x,y)/2) and z € B, and hence z € A(x,y). So p(x,y) <
d(x,z) +d(z,y) < e. By Lemma 2.9.8, (X, p) satisfies the weak Cauchy
condition. |

Example 2.9.13 ([78]) There is a semi-metrizable space (X, d) such that d does not
satisfy the weak Cauchy condition.
Let X = A U B, where

A=1{0,a) eR*:|a| <1}, B={(bsin(1/b)):0<b< 1}.

Give X the Euclidean topology. Define a symmetric d on X as follows: let x =
(x1,x),y=01,y2) € X;ifx e Aory € A, take

dx,y) =V (x1 —y)2 + (12 — )%

ifx, y € B, thend(x, y) is the arc length in B between x and y. Then d is a semi-metric
compatible to the topology of X. Since no Cauchy sequence in B converging to a
point of A, any sequence in B converging to a point of A has no Cauchy subsequence
with respect to d, and hence d does not satisfy the weak Cauchy condition. |

Theorem 2.9.14 ([1, 78]) For every space X, the following are equivalent:

(1) X is a semi-metrizable space.
(2) X is a countably bi-quotient m-image of a metric space.
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(3) X is a pseudo-open m-image of a metric space.

Proof By Lemma 2.9.12, Theorem 2.9.9 and the mapping lemma (see Proposition
2.1.12), we get (1) = (2). (2) = (3) is obvious. By Theorems 2.9.9 and 1.2.8, (3) =
(1) holds. |

Corollary 2.9.15 Metrizability is invariant under closed 1w -mappings.

Question 2.9.16 (1) Is every semi-metrizable space a sequence-covering -image
of a metric space?
(2) Is every semi-metrizable space a compact-covering -image of a metric space?

Example 2.9.17 ([277]) There exist a metric space (X, d) and a countably bi-
quotient w-mappingf : (X, d) — S, such thatf is not a sequence-covering mapping.

Let <7 be a maximal almost disjoint family of N (see Example 1.8.4) and denote
the uncountable family .« as {A, }4cr- Let B, = {a} UA,, for each « € I'. Define a
symmetric d,, on B, as follows: for every x, y € By,

0, xX=1y,
dy(x,y) =1 1/, X#Fy, x=a,
1/x = 1/yl, x #y, x #a, y #a.

Then (By, d,,) is a metric space. Suppose X = @, B, and d is a standard topo-
logical sum metric on X. Define a function f : X — §; by

0, xer,
f(x)z[l/x,x¢r.

(17.1) f is a mapping.
It is obvious that f~!(y) = ®{l1/y : 1/y € A,} is a clopen set in X for
eachy € S; — {0}. If U is a neighborhood of 0 in Sy, then for each @ € I,
£~'(U) N By is an open set in By, so f~1(U) € 1(X).

(17.2) f is a countably bi-quotient mapping.
By the mapping lemma (see Proposition 2.1.12), we only need to prove that
f is a quotient mapping. Suppose U C S; and f~'(U) € 7(X). For each
y € U, we may assume y = 0. If U is not a neighborhood of y, then there
is an infinite subset M of N such that 1/n ¢ U foreachn e M. If M € </,
then there is o € I such that B, = {a} UM. Since f~' (U) is a neighborhood
of o, the sequence B, is eventually in £~ (U), so the sequence {1/n},cp is
eventually in U, a contradiction. Therefore, M ¢ <7, so there is @ € I" such
that M N A, is an infinite set, and hence the sequence {x : x € M N A,} is
eventually in f ~1(U), a contradiction. Thus, U is a neighborhood of y, and
hence f is a quotient mapping.

(17.3) f is a w-mapping.
Otherwise, there exist z € S; and an open neighborhood U of z such that
d(f~'(z), X —f~'(U)) = 0, and hence there exist sequences {z,} and {x,}
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in X such that z, € f~'(z), x, € X —f~'(U) and d(z,, x,) < 1/n. Then
f(z,) = zand f(x,) ¢ U for every n € N. So there is o, € I" such that
Xn,Zn € By, and dg,(z4, x,) < 1/n. Hence |f(z,) — f(x,)| < 1/n, thus
f(x,) — z, a contradiction.
(17.4) f is not a sequence-covering mapping.

Otherwise, there is a compact set K in X such that f(K) = S;. By the
compactness of K, there is I'" € I'=“ such that K C |J . Ba. Pick B €
I' — I'". Then there is ng € Ag — (U, Aa) C Ap — K, and hence there
does not exist xy € K such that f (xo) = 1/no, a contradiction.

2.10 Compact Mappings

In this section, we investigate characterizations of quotient compact images, pseudo-
open compact images and open compact images of metric spaces on the basis of
mw-mappings of metric spaces. We also characterize developable spaces and meta-
compact developable spaces by means of such images.

Theorem 2.10.1 ([277]) Every sequentially quotient compact mapping on a metric
space is a sequence-covering mapping.

Proof Suppose f : X — Y is a sequentially quotient compact mapping and X is a
metric space. Let {y,} be a nontrivial sequence converging to a point y, in Y. Take

S ={o}Uly,:neN}, X; =f"(S)) and g = fiy,.

Then g is also a sequentially quotient compact mapping. By the mapping lemma (see
Proposition 2.1.12), g is a pseudo-open mapping. Let {U, } ey be a decreasing neigh-
borhood base of the compact set g ~! (o) in the metric space X;. Then foreachn € N,
yo € g(U,)°, so there is i, € N such that for each i > i,, y; € g(U,), and hence
g ') NU, # @. We may assume 1 < i, < i,4;. Foreachj e N, take

X € f_l(yf)’ j<il’
J fﬁl(Yj) N Una in <J < in+l-

Let K = g7 '(yo) U {x; : j € N}. Then K is a compact set in X; and g(K) = Sj, so
f(K) = S§;. Thus, f is a sequence-covering mapping. |

Corollary 2.10.2 ([277]) Every quotient compact mapping on a metric space is a
sequence-covering mapping.

Example 2.10.3 ([339]) There is a countably bi-quotient compact mapping from a
separable metric space onto a metric space which is not a compact-covering mapping.
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LetZ=1Ix1Iand & = {A € #(Z) : m;(A) = I}. Then |.«/| = 2™, and hence
there is a one-to-one onto function p : I — 7. If s € I, then s € 7 (u(s)), so
w(s) ﬂnl_l (s) # 2. Pick x; € u(s) ﬂnl_l (s). Let O4 be an open interval in {s} x I of
length 1/4 containing x;, and let X = {(s, 1) € Z : (s, 1) ¢ O,}. Then X is a separable
metric space. Define f = 7 )x. Then f : X — T is a compact mapping.

(3.1) f is not a compact-covering mapping.
Otherwise, there is a compact set B in X such that f(B) = 1. Then B € 7, so
there is s € I such that B = u(s), and hence x;, € u(s) — X, thus B ¢ X, a
contradiction.

(3.2) f is a countably bi-quotient mapping.
By the mapping lemma (see Proposition 2.1.12), we only need to prove that f is
a sequence-covering mapping. Suppose {s,} is a sequence converging to some
point sy in L. Fix two points (s, #1), (S0, f2) inf~'(so) such that |t; —1,| = 1/2.
LetK ={s; :i € w}and C = f~'(K) N (K x {1, 2}). Then C is a compact
setin X and f(C) = K. So f is a sequence-covering mapping.

Definition 2.10.4 A sequence {%,} of covers of a space X is called a point-finite
weak development of X [209] (resp. point-finite semi-development [1], point-finite
development) if, {7, } is a weak development (resp. semi-development, development)
of X and each %, is a point-finite cover of X.

Lemma 2.10.5 ([276]) Suppose {%,} is a sequence of point-finite covers of a space
X such that U,y refines %,. Then {%,} is a cs*-cover point-star network for X if
and only if {%,} is a point-star sequential neighborhood network for X.

Proof By (8.2) of Lemma 2.9.8, if {%,} is a cs*-cover point-star network for X, then
{7} is a point-star sequential neighborhood network for X. Conversely, suppose
{%,} is a point-star sequential neighborhood network for X. For each n € N and any
nontrivial sequence {x;} converging to x in X, if m < n and st(x, %,) # {x}, pick
Zm € st(x, %) — {x}, then there is i € N such that

st(x, %) C X — {z,, : m < nand st(x, %,) # {x}}.

Since {x;} is eventually in st(x, %), i > n and {x;} is eventually in st(x, %,). Since
Y, is point-finite, there is a subsequence of {x;} eventually in some element of %;,.
So %, is a cs*-cover of X. [ |

Theorem 2.10.6 For every space X, the following are equivalent:

(1) X has a point-finite weak development.

(2) X isasequentially quotient and quotient compact image of a metric space [484].
(3) X is a quotient compact image of a metric space [209, 263].

(4) X is a sequence-covering quotient compact image of a metric space [484].

Proof (1) = (2). Let {%,} be a point-finite weak development for X. For eachi € N,
let 7% = {Uy}aeca,- By using the notations of Proposition 2.9.5, we can define a
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metric space M and a mapping f : (M,d) — X. For every x € X and i € N, take
I ={a € A;j : x € Uy}. Then [ ], I is a compact setin [ [, A;. If & = (o) €
[Ticx T thenx € (N, U, S0 € M and f (o) = x, and hence [ [, I C £~ (x). If
a = () €f7"(x),thenx € ;o Us;»s0a € [;cy I3, and hencef ™" (x) C [1;ey I3
Thus f~'(x) = [],cy I3, it follows that f is a compact mapping. By Lemma 2.10.5
and Proposition 2.9.5, f is a sequentially quotient mapping.

(2) & (3) & (4) follows from the mapping lemma (see Proposition 2.1.12) and
Corollary 2.10.2. We prove (3) = (1). Let X be an image of a metric space M
under a quotient compact mapping f. By Theorem 1.3.5, there is a sequence {%;}
of locally finite open covers of M, such that, %, refines %; and {st(K, %;)}ien is
a neighborhood base of K in M for each K € JZ (M). Let % = f(%;). Then %
is a point-finite cover of X. Below we prove {%;} is a weak development for X. If
x € U € 1(X), then there is n € N such that st(f~'(x), %,) C f~!(U), and hence
st(x, %,) C U. On the other hand, if a subset U of X satisfying that for each x € U,
there is n € N such that st(x, %) C U, then for any 7 € f‘l(U), thereisn € N
such that st(f (z), %,) C U, sost(z, %,) C f~'(U), and hence f~1(U) € (M), thus
U € 1(X). Therefore, {%;} is a point-finite weak development for X. |

Theorem 2.10.7 ([15]) For every space X, the following are equivalent:

(1) X is a sequence-covering quotient compact image of a separable metric space.
(2) X is a quotient w-image of a separable metric space.
(3) X is a g-second countable symmetric space.

Proof (1) = (2) is obvious. By Corollary 2.8.11, Theorems 2.9.9 and 1.6.22 we get
2 = 3.
Now suppose X is a g-second countable symmetric space. Let

P =P =P,:neN)

xeX

is a weak base for X, where each ., is a weak base of x in X. Let d be a symmetric
on X. For every m, n € N, define

Am,n = {)C eX: B(x, 1/") C Pm}v Bm,n =X _Am,n and Lg:'n,n = {vaBm,n}~

(7.1) Fp.n is an fes-cover of X.
Suppose L = {x;} is a sequence in X converging to a point x € X. We may
assume x ¢ P, N B, ,. If x € Ay, then B(x, 1/n) C P, so L is eventually in
Py € Fyn lfx & Ay, thenx € By, ,, s0 x ¢ Py, and hence L is eventually
in B, , € %,... Because otherwise, there is a subsequence {x;, } of L such that
eachx;, € A, ,,s0x;, € B(x;,1/n) C P,,. Since {x; } converges to x, we may
assume d(x, x;) < 1/n for every k € N, and hence x € B(x;,, 1/n) C Py, a
contradiction.

(7.2) {Zm.n}tmnen is a point-star network for X.
Supposex € U € t(X). Since &, isaweak base of xin X, there is my € N such
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that P,y € &, and P,, C U.If B(x, 1/n) ¢ P, for each n € N, then there is
a sequence {x,} in X such that x, € B(x, 1/n) — P, for eachn € N, so {x,}
converges to x, which contradicts the fact that P,,, is a sequential neighborhood
of x. Thus, there is np € N such that B(x, 1/ng) C Py, S0 X € Apy.p,» and
hence st(x, Fy.n,) = Pm, C U. Consequently, {.%,, ,}m.nen is a point-star
network for X.

By using the notations in Proposition 2.9.5, from (7.1) and (7.2), we know there
exist a metrizable space M and a sequence-covering mappingf : (M, p) — X.
Since each .%,, , is finite, M is a separable metrizable space. By the mapping
lemma (see Proposition 2.1.12) and the proof of Theorem 2.10.6, f is a compact
quotient mapping. |

Corollary 2.10.8 For every regular space X, the following are equivalent:

(1) X is a (compact-covering and) quotient compact image of a separable metric
space.

(2) X is a quotient w-image of a separable metric space.

(3) X is a g-second countable space.

Proof (1) = (2) is obvious. (2) = (3) is obtained by Theorem 2.10.7.

(3) = (1). Suppose # is a countable weak base for X and we may assume
P C 1°(X). Let B = {Bi}ien = U,y $x, Where H, is a weak base of x. For each
i € N, define

C,‘ = {X eX:B; ¢ %x}, ?/l = {Bi, Cl}

Then %; is a cfp-cover of X. Because in fact, for any K € % (X), take
K[ =B,~ﬂKandK2 =K—B,
Then K| C B; and K = K; U K,. Since K is metrizable, for each x € K, there is a

sequence {x,} converging tox € K in K — B;, so B; ¢ %,, and hence x € C;. Thus
K, C C;. If x € X, then

Bi, B; € A,
st(x, %)= 1X, Bi ¢ B, x€B;,
Ci, Bi ¢ B¢, x ¢ B;.

So {st(x, %;)}ien is a weak base of x, which shows {7} is a weak development for X.
By Proposition 2.9.5 and Theorem 2.10.6, X is a compact-covering quotient compact
image of a separable metric space. |

Corollary 2.10.9 Consider the following conditions:

(1) X is a (compact-covering and) quotient compact ss-image of a metric space.
(2) X is a quotient w-ss-image of a metric space.

(3) X has a locally countable weak base.

(4) X is a topological sum of g-second countable spaces.
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(5) X is a g-first countable space with a locally countable cs*-network.
(6) X is a g-first countable space with a locally countable k-network.

Then (1) = (2) = (3) & (4) & (5) = (6). If further assume that X is a regular
space, then (6) = (1).

Proof (1) = (2) is obvious. By Corollary 2.8.11 and Theorem 2.9.9, we get
2) = (5). (5) = (3) follows from Corollary 2.8.11 and Proposition 1.6.21. By
Corollary 2.8.11, (3) = (4) holds. (4) = (5) = (6) is obvious. When X is a regular
space, (6) = (1) can be obtained by Corollaries 2.8.11 and 2.10.8. |

Example 2.8.14 shows the assumption of regularity in the above corollary is
necessary.

Example 2.10.10 There is a g-first countable space with a locally countable k-
network which is not a quotient 7-image of a metric space [276].

Let X be the pointed irrational extension topological space of R (see Example
2.7.14). We use the notations in Example 2.7.14 and first prove (X, t) is not a
countably metacompact space. Denote the Euclidean topology for X by t* and let
Q={r,:neN}.Take F,, = {r; : i > n} foreachn € N. Since Q is a discrete closed
setin X, {F,},en 1 a decreasing sequence of closed sets in X and ﬂneN F,=90.1If
X is a countably metacompact space, then there is a sequence {G,},en of open sets
in X such that F, C G, and (), G» = @ (see Proposition A.2.8 in Appendix A).
For every n € Nand x € F,, there is U, , € t* such that

xeUpy, UpxN{riti<n}=@and x}UPNU,,) C G,

$0 Upy = (Upxy N Q) U (U, NP) C Gy, and hence there is O, € t* such that
F, C 0, C G,.Thus O, is a dense open subset of (R, t*) and ), .y O» = @, which
contradicts the fact that 7* is a Baire topology. Consequently, X is not a countably
metacompact space, so X is not a subparacompact space either (see Proposition
A.4.11 in Appendix A).

If X is a quotient w-image of a metric space, then by the mapping lemma (see
Proposition 2.1.12) and Theorem 2.9.14, X is a semi-metrizable space, and hence X
is a subparacompact space, a contradiction.

Question 2.10.11 (/200]) Is every symmetrizable space with a o -point-finite cs-
network a quotient compact image of a metric space?

Definition 2.10.12 Let & be a base of a space X.

(1) & is a uniform base [2] (resp. uniform base at non-isolated points [247]) for
X, if for each (resp. each non-isolated) point x € X and each countably infinite
subset &’ of (£?),, &' is a neighborhood base at x.

(2) & is a point-regular base [2] (resp. point-regular base at non-isolated points
[247]) for X, if for each (resp. each non-isolated) point x € X and x € U with U
openin X, {P € (£?), : P ¢ U} is finite.
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Definition 2.10.13 (/247]) A space X is called developable at non-isolated points
if X has a sequence {Z2,} of open subsets such that {st(x, &,)},n is a neighborhood
base at each non-isolated point x € X. The sequence {#,} is called a development
at non-isolated points for X.

In the definitions, “at non-isolated points” means “at each non-isolated point of
X”. In the following, let 1(X) be the set of all isolated points in a space X, and
FX) ={{x}:x e I(X)}.

Theorem 2.10.14 ([247]) The following are equivalent for a space X :

(1) X is an open, peripherally compact image of a metric space.
(2) X has a uniform base at non-isolated points.

(3) X has a point-regular base at non-isolated points.

(4) X has a point-finite development at non-isolated points.

Proof (1) = (2). Let M be a metric space and f : M — X be an open, peripherally
compact mapping. By Theorem 1.3.5, we can choose a sequence {%;} of open covers
of M such that {st(K, %;)},cn is a neighborhood base of K in M foreach K € £ (M).
Let Z = |J,on &> where each & = f(%;). Then & is a base for X because f is
open. For each i € N, we can assume that %, is a locally finite open refinement of
PBi. Letx € U — I(X) with U open in X, and let &’ be a countably infinite subset
of (#),. Thenintf ~!(x) = @, thus f~!(x) = 9f ! (x) is compact in M. There exists
m € N such that st(f~'(x), 8,,) C f~1(U), so st(x, #,) C U.Foreachi € N,
(B € %B; : BNf~!(x) # @} is finite by the local finiteness of %;, i.e., (%), is finite.
There exists P € &2’ N Z; for some i > m. Thus P C st(x, &;) C st(x, #,,) C U.
Hence, & is a uniform base at non-isolated points.

(2) = (3). Let & be a uniform base at non-isolated points for X. If there exist
a non-isolated point x € X and an open subset U in X with x € U such that
(P e (£),:P ¢ U}is infinite, take {P, : n € N} C {P € (#), : P ¢ U}.
Then {P, : n € N} is a neighborhood base at x, thus P,, C U for some m € N, a
contradiction. Therefore, & is a point-regular base at non-isolated points for X.

(3) = (4). Let & be a point-regular base at non-isolated points for X. Obviously,
& is also a uniform base at non-isolated points for X. We can assume that |P| = 1
ifPe % and P C I(X).

Claim. Let x be a non-isolated point of X and x # y € X. Then {H € & :
{x,y} C H} is finite.

Infact, {H € & : {x,y} CH} C (£),.If {H € & : {x,y} C H}is infinite, then
it is a local base at x, hence y = x, a contradiction.

(14.1) & is point-countable at non-isolated points in X.
Let x € X be a non-isolated point. There is a nontrivial sequence {x,} con-
verging to x. By Claim, {P € (&), : x, € P} is finite for each n € N, then
(2)y = Upen!P € £ : {x, x,} C P} is countable.
A family & of subsets of X is said to have the property (1) if, for any
Fe % — 7(X),then {H € .7 : F C H} is finite.
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(14.2) &2 has the property (f).
Since F € & — .#(X), then F contains a non-isolated point and |F| > 1. By
Claim, & has the property (f).
Put

P"={HeP:ifHCPe P, thenP=H}U .#(X), and
P = (P — P")U I (X).

(14.3) £?™ is an open cover and is point-finite at non-isolated points of X.
There exists Hp € &?" such that P C Hp foreach P € & — .7 (X) by (14.2).
Thus, &, is an open cover of X. If 7™ is not point-finite at some non-isolated
point x € X, then there exists an infinite subset {H, : n € N} of (#™),. For
eachn € N, H,.1 ¢ Hi, there exists x,, € H,y; — H;. Then the sequence {x,}
converges to x € Hy, a contradiction.

(14.4) &' is a point-regular base at non-isolated points for X.
Letx € U —I(X) with U openin X. Thereexist V, W € Zandy € V — {x}
suchthatx e W C V —{y} c V C U. Thus, W € &'. Then &’ is a base
for X, and it is a point-regular base at non-isolated points for X.
Put

m

P=2" ad Z=|2-JZ|vrsX)| , neN

i<n

Then & = |,y & by (14.2).

(14.5) {£2,} is a point-finite development at non-isolated points for X.
Each &2, is point-finite at non-isolated points by (14.3) and (14.4). If x €
U — I(X) with U open in X, then {P € (&), : P ¢ U} is finite, thus there is
n € Nsuchthat P C U wheneverx € P € £, i.e.,st(x, #,) C U.So {Z,}
is a development at non-isolated points.

(4) = (1). First, a metric space M and a function f : M — X are defined as
follows. Let {£?,} be a point-finite development at non-isolated points for X. For
each n € N, assume that . (X) C £, put &, = {P, : @ € A,}, and endow A,
with the discrete topology. Put

M= {a = (@) € [] Au : {Pa,}uen is a neighborhood
neN

base at some point x(«) € X }

Then M, which is a subspace of the product space [ [,y An, is a metric space. Define
a function f : M — X by f((«,)) = xo. Then f((«n)) = (), Pes» and f is well
defined. Itis easy to see that f is an open mapping by Proposition 2.9.5. The following
will prove that f is a peripherally compact map.
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Letx € X. If x € I(X), then f '(x) = @. If x ¢ I(X), for each i € N, let
It = {a € A; : x € P}, then I} is finite. Thus, 3f ' (x) =f’1(x) = ]_[neN I, by
the proof of Theorem 2.10.6, so 3f ! (x) is compact in M. |

Corollary 2.10.15 ([247]) Let X be a space having a uniform base at non-isolated
points. Then,

(1) X is a quasi-developable space with a o -interior-preserving base.
(2) X is a developable space if [(X) is an F,-set in X.

Proof By Theorem 2.10.14, we may assume that {Z?},cy is a point-finite develop-
ment at non-isolated points for X.

(1) Put £y = #(X). Itis easy to check that {2}, is a quasi-development for X.
Let Z = J,c,, @ Then & is a base for X and each &, is interior-preserving.
Indeed, for each .% C £, if x € N.% — I(X), then (£2,), is finite, thus N.Z is
a neighborhood of x in X. Thus & is a o -interior-preserving base for X.

(2) IfI(X) is an F,-set, there exists a sequence {G,} of open subsets of X such that
X —I(X) = U,y Gn- Foreachn € N, let %, = {G,} U {{x} : x € X — G,,}.
Then {2, %}, is a development for X. Hence, X is a developable space. B

Lemma 2.10.16 ([1]) For every space X, the following are equivalent:

(1) X has a point-finite development.

(2) X has a point-finite semi-development.

(3) X is a Fréchet—Urysohn space with a point-finite weak development.
(4) X is a metacompact developable space.

Proof (4) = (1) = (3) is obvious. By Proposition 1.6.17, we get (3) = (2). Below
we prove (2) = (4). Suppose X has a point-finite semi-development. By Theorem
2.10.6 and the mapping lemma (see Proposition 2.1.12), X is a countably bi-quotient
compact image of a metric space, so X is a metacompact space (see Corollary A.2.7
in Appendix A). Further by Theorems 2.7.17, 2.9.14 and 1.2.14, X is a developable
space. |

Thus, by Proposition 2.9.5 and Theorem 2.10.6, we get the following characteri-
zations of open compact images of metric spaces.

Theorem 2.10.17 ([23, 33]) For every space X, the following are equivalent:

(1) X is an open compact (and compact-covering) image of a metric space.

(2) X is a pseudo-open compact image of a metric space.

(3) X is a metacompact developable space.

(4) X is a perfect, metacompact space which is an open peripherally compact image
of a metric space [247].

(5) X has a uniform base.

(6) X has a point-regular base.
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Proof (1) & (2) < (3) by Lemma 2.10.16, Proposition 2.9.5 and Theorem 2.10.6.
(1) & (4) by Theorem 2.10.14 and Corollary 2.10.15. (1) < (5) < (6) by the
proof of Theorem 2.10.14. |

Michael [328] proved that every open compact mapping on a metric space is a
compact-covering mapping. Example 2.10.3 shows the assumption “open mapping”
cannot be weaken to “countably bi-quotient mapping”. P. Yan [487] and F. Lin [249]
etc. discussed the characterizations of quotient images of submetrizable spaces. The
characterizations of quotient compact images of metric spaces in Theorem 2.10.6
and open compact images of metric spaces in Theorem 2.10.17 have evoked a lot of
interesting work. For example, Theorem 2.10.6 has an improved form [14] that for
every space X, the following are equivalent:

(1) X is a sequentially quotient compact image of a metric space.
(2) X is a sequence-covering compact image of a metric space.

(3) X has a point-star network consisting of point-finite ¢s*-covers.
(4) X has a uniform cs*-network.

(5) X has a point-regular cs*-network.

Theorem 2.10.18 ([252]) The following are equivalent for a space X :

(1) X has a point-countable base, and a point-regular base at non-isolated points.

(2) X has a point-countable base which is point-regular at non-isolated points.

(3) X is an open peripherally compact, s-image of a metric space.

(4) X is an open s-image of a metric space, and is an open peripherally compact
image of a metric space.

(5) X is a meta-Lindeldf space with a point-regular base at non-isolated points.

Proof (1) = (2). Suppose that X has a point-countable base %, and a point-regular
base at non-isolated points &. By Theorem 2.10.14, we can assume that & =
U,eny P satisfies the following conditions:

(i) &2, is an open cover and is point-finite at non-isolated points for X;
(i) {Z2,} is a development at non-isolated points for X.

For each n € N, put

B ={Be B:B¢gIX)};
V(B)={PeP,:BCP)}, Be #,;
P=UBecAB :Pec¥,B) Pec P,;
P, =(P:Pe 2.

Then ézn is point-countable. In fact, if x € Pe BAZ”, then there is B’ € %’ such that
x € B and P € ¥,(B’). Since {B € %' : x € B} is countable, and each ¥, (B) is finite
for each B € A’ by the condition (i), it follows that {P € #,(B) : x € B € #'} is
countable.
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Put

P = (U %)u 7 (X).

neN

Then 2 is point-countable. If x € U — I(X) with U open in X, then there is m € N
such that x € st(x, £2,,) C U by the condition (ii). Take P € £, with x € P, then
there is B € %' suchthatx € B C P,thus P € “I/m(ﬁ), andxe BCPcCPcCU.So
& is a base for X. Finally, it is easy to see that & is point-regular at non-isolated
points by P C P for each P € 2.

(2) = (3).Let & be a point-countable base which is point-regular at non-isolated
points for X. By Theorem 2.10.14, we can express & by | J,.y &, Where each 22,
is a point-countable open cover of X, and {£7,} is a point-finite development at non-
isolated points for X. Put &, = {P, : « € A,} for each n € N. By the proof of
(4) = (1) of Theorem 2.10.14, there are a metric space M C [],y A, and an open
peripherally compact mapping f : M — X such that f~!(x) C [,y € Ay i x €
P,}, thus f is an s-mapping.

(3) = (4) is obvious. (4) = (5) by Theorem 2.10.14.

(5) = (1). Let X be a meta-Lindelof space with a point-regular base at non-
isolated points. By Theorem 2.10.14, there is a sequence {#,} of open covers of X
such that {#,} is a point-finite development at non-isolated points for X. For each
n € N, let %, be a point-countable open refinement of &7,. And put

B = (U %) U7 (X).

neN

Then £ is a point-countable base for X. In fact, if a non-isolated point x € U with
U open in X, then there is n € N such that st(x, &?,) C U. Take B € %, withx € B,
then x € B C st(x, %,) C st(x, &,) C U. [ |

Example 2.10.19 The Michael line (see Example 1.8.5) is an open compact image
of a metacompact developable space [56].

We use the notations of Example 1.8.5, and the Michael line and the Bernstein
set are denoted by X and B respectively. Let

H={x{0})U (B xN);

Vi,m)={x} x {0}U{n:n>m}), xel,meN,;

WJ,m)=(JN{A—-B)) x {0HU
(UNB)yx{n:n>m}), JCl,meN.

Give H the following topology: each element of a base has the forms V (x, m) for
every x € Band m € N, W(J, m) for every open interval / C [ and m € N, and {h}
for each & € B x N. There is a development {%,} for I with respect to Euclidean
topology such that %, is a finite set and %, refines %,,. For each m € N, let &,
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be the family of all sets of the following forms: V (x, m) (for each x € B), W(U, m)
(for each U € %,) and {h} (foreachh € B x {1, 2, ..., m — 1}). Then {2, },n>> is
a point-finite development for H, so H is a metacompact developable space.

It is easy to verify that 7ry|5 : H — X is an open compact mapping and X has a
point-countable base which is uniform at non-isolated points. Since the set B is not
an F,-setin X, X is not an open compact image of a metric space. Let X* be a copy
of the Michael line X and f : X — X* be a homeomorphism. Put Z = X @ X*,
and let Y be the quotient space obtained from Z by identifying {x, f(x)} to a point
for each x € X — B. Then Y has a point-countable base which is uniform at non-
isolated points. Hence, Y is an open peripherally compact, s-image of a metric space
by Theorem 2.10.18.

Because the Michael line is not a S-space, it is not a metacompact developable
space either. From this we can know that the class of open compact images of
metric spaces is not closed under open compact mappings. Hence, the class of spaces
containing metric spaces and closed under open compact mappings is of special
significance.

Definition 2.10.20 (/31]) The class MOBI is the smallest class of spaces such that

(1) every metric space is in this class;
(2) this class is closed under open compact mappings.

Obviously, the class MOBI is preserved by open compact mappings.

Theorem 2.10.21 ([56]) A space Y is in the class MOBI if and only if there is
a metric space M and finitely many open compact mappings fi, ..., f, such that

(fao---ofi)(M) =Y.

Proof Denote the set of classes of spaces satisfying the two conditions of Definition
2.10.20 by {#4}uca. Then MOBI = (., . Let

acA

P ={X : there exist a metric space Z and finitely many open
compact mappings fi, . . . , fy, such that (f, o - - - 0 f1)(Z) = X}.

Then there is @ € A such that Z = J7,, and hence 4 O MOBI. If X € %, then

there is a metric space Z and finitely many open compact mappings fi, . . ., f, such
that (f;, o --- o f1)(Z) = X. By Definition 2.10.20, X € %, for each @ € A, so
B C H,, and hence Z C MOBI. Thus %4 = MOBL [ |

By Corollary 2.7.19 and Theorem 2.10.21, we have the following corollary.
Corollary 2.10.22 ([31]) If Y € MOBI, then Y has a point-countable base.

The problem whether the inverse proposition of Corollary 2.10.22 is set up affords
much food for thought. Chaber [98] proved that every T} space with a point-countable
base is an open compact image of a metacompact developable 7} space. So in the
class of T spaces, the class MOBI can be characterized by the class of spaces with a
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point-countable base. If we denote the subclass of class MOBI consisting of spaces
every open compact image of which is a 7; space, as we described in Theorem
2.10.21, by MOBI;, where i = 2, 3, 4, then a major problem is whether every T;
space with a point-countable base belongs to the class MOBI;. Example 2.10.19
shows the Michael line belongs to the class MOBI,.

Question 2.10.23 (/31]) Is the class MOBI preserved by perfect mappings?

Question 2.10.24 (/98]) Does every space with a point-countable base belong to
MOBI,?

2.11 o-Locally Finite Mappings

The way of investigating the relationships between spaces and mappings in the pre-
vious sections is to study characterizations of images of metric spaces under several
well-known mappings. For the classes of generalized metric spaces, after defining
suitable mappings, we may characterize these classes by means of images of metric
spaces under such mappings. Following this train of thought, by o -locally finite map-
pings and o -mappings defined in this section, we characterize o -spaces and R-spaces
in terms of images of metric spaces under these two mappings.

Definition 2.11.1 (/338]) Amappingf : X — Y iscalled a o -locally finite mapping
if, for every o-locally finite cover & of X, there is a refinement .% of & such that
f(F) is a o-locally finite cover of Y.

Let & and .% be families of sets in X. Then .7 is called a B-refinement of & if,
Z partially refines & and each element of & is the union of some sets in .%.

Lemma 2.11.2 ([338]) If & is a locally finite family of set in a space X, then &
has a disjoint locally finite B-refinement # such that () is finite for any F € F.

Proof Let

F(®)=N%—-U(L —RB), BC P,
F ={F(B): D #* P C P}

Then & is a locally finite B-refinement of .% consisting of disjoint sets and (&)
is finite for any F € .%. u

Proposition 2.11.3 ([338]) Iff : X — Y is a mapping, then (1) = (2) < (3) for

the following conclusions:

(1) Each open cover % of X has a refinement % such that f (%) is a o -locally finite
family of setsin Y.

(2) Each o-locally finite family of sets in X has a B-refinement 9 such that f (%) is
a o-locally finite family of sets in Y.
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(3) f is a o-locally finite mapping.

Proof (1) = (3). Suppose & = |J,cy P is a cover of X such that each &7, is
locally finite. For each n € N, there is an open cover %;, of X such that each element
of %, only meets finitely many elements of &,, and hence %, has a refinement %,
such that f (4,) is o-locally finite in Y. Then |,y (&1 A %,) is a refinement of &2
and f( UneN(QZH A ABy)) is a o-locally finite cover of Y. Thus f is a o -locally finite
mapping.

(2) = (3) is obvious, we prove (3) = (2). We only need to prove that each locally
finite family & of sets in X has a B-refinement 4 such that f (%) is o-locally finite
inY. By Lemma 2.11.2, & has a locally finite B-refinement .% consisting of disjoint
sets such that each element of .% meets only finitely many elements of &. Let

H =F U{X—-UZF}.

Then 7 is a locally finite cove of X, and hence /7 has a refinement &% such that
f(Z) is a o-locally finite family of sets in Y. Since 7 is a family of disjoint sets,
Z is a B-refinement of 7. Define

B={BeR:BCUF).

Then 4 is B-refinement of .%, so Z is a B-refinement of & and f () is a o-locally
finite family of sets in Y. n

Corollary 2.11.4 ([338]) Let f : X — Y be a mapping. If one of the following is
true, then f is a o -locally finite mapping:

(1) Thereis an almost (mod k)-network & for X such that f (2?) is a o -locally finite
family of setsin Y.
(2) fisaclosed L-mapping and Y is a subparacompact space.

Proof Suppose 7% is an open cover of X.

(1) Let
H ={Pe P :PCUF, FecU"}

Then 7 is a refinement of %1 and f(7) is a o-locally finite family of sets in
Y, so % has a refinement % such that f(#) is a o-locally finite family of sets
in Y. By Proposition 2.11.3, f is a o-locally finite mapping.

(2) Foreachy € Y, there exist a countable subfamily %, of % covering f ~I(y) and
an open neighborhood V; of y such thatf = (V,) C U%,.Let ¥ = {V,},cy. Then
the open cover ¥ of Y has a o-discrete closed refinement .%. For each F € .#,
there is y(F') € Y such that F' C V,r). Let

B={f"F)NU:FeF, UeUwr).

Then £ refines % and f () is a o-locally finite family of sets in Y. Thus f is a
o -locally finite mapping. |
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Corollary 2.11.5 ([338]) The following topological properties are invariant under
o-locally finite mappings:

(1) having a o-locally finite network;
(2) having a o-locally finite almost (mod k)-network.

Proof Suppose f : X — Y is a o-locally finite mapping. Let & be a o-locally
finite network (resp. o-locally finite almost (mod k)-network) for X. By Proposition
2.11.3, & has a B-refinement £ such that f (%) is a o-locally finite family of sets
in Y. It is easy to verify that f(Z) is a network (resp. an almost (mod k)-network)
for Y. |

Let X be the Michael line (see Example 1.8.5). Since X has a point-countable
base, there exist a metric space M and an open s-mapping f : M — X. Because X
is not a o-space, by Corollary 2.11.5, f is not a o -locally finite mapping. Hence, the
condition “closed mapping” cannot be replaced with “open mapping” in Corollary
2.11.4.

The following lemma is obtained by Lemma 1.5.13 and Proposition 2.4.8.

Lemma 2.11.6 ([338]) If & is a o-locally finite closed almost (mod k)-network
which is closed under finite intersections in a space Y, then there exist a metrizable
space M, a o-discrete base % for M and a subspace X of Y x M satisfying the
Sfollowing conditions: let f = myx and g = ), then

(1) Z=f(g " (B);
(2) g : X — M is a perfect mapping.

Theorem 2.11.7 ([338]) For every regular space X, the following are equivalent:

(1) X is a o-space (resp. strong X-space).
(2) X is a o-locally finite image of a metric space (resp. paracompact M-space).

Proof By Corollary 2.11.5, we get (2) = (1) (for the paracompact M-space case,
we should further use Corollary 2.2.8 and Proposition 1.5.14).

(1) = (2). We first assume that &2 is a o-locally finite closed network which
is closed under finite intersections for the o-space X. Let M = X and give M the
topology generated by taking &7 as a base. Then &7 is a o -locally finite clopen base
for M, and hence M is a metric space. Let f = idy; : M — X. Since &2 is a network
for X, f is a mapping. Further by Corollary 2.11.4, f is a o-locally finite mapping.

Now suppose & is a o-locally finite closed almost (mod k)-network which is
closed under finite intersections for the strong X'-space X. By Lemma 2.11.6, there
exist a metrizable space M, a o-discrete base % for M and a subspace Z of X x M
satisfying the conditions that &2 = f(g~!(%)) and g : Z — M is a perfect mapping,
where f = 71z and g = 7). Then Z is a paracompact M-space and g~' (%) is a
(mod k)-network for Z. By Corollary 2.11.4, f is a o-locally finite mapping. |

The assumption of regularity in the above theorem is necessary. The pointed irra-
tional extension topological space X of R is a o' -locally finite image of a metric space
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(see Examples 2.7.14 and 2.10.10). Since every strong X'-space is a subparacompact
space (see Theorem 3.2.11), X is not a strong X'-space.

For spaces with a (mod k)-network, we have the following result parallel to Corol-
lary 2.8.4.

Corollary 2.11.8 ([338]) A regular space X has a countable (mod k)-network if and
only if there exist a separable metric space M and a perfect mapping g : Z — M
such that X is an image of Z under a mapping.

Example 2.11.9 ([333]) There exist a locally compact paracompact space Z and a
closed mapping f : Z — X such that

(1) X isnot a strong X'-space;
(2) f is not a o-locally finite mapping.

Suppose hy : w; +1 — T, is a homeomorphic mapping for each « < w;. Let
Z = @Mw] T,. Then Z is a locally compact paracompact space. Let A = {hy (w)) :
o < w}. Denote the quotient space Z/A by X and let f : Z — X be the quotient
mapping. Then f is a closed mapping. Assume X is a strong X'-space. Let .# be a o-
locally finite closed (mod k)-network withrespect to %" in X. Define @; = f (ho(w))).
For every «, B < wy, let [a(B), @1) = f(hg([er, w1))). Since .Z is o-locally finite,
foreach B < w1, {F € .F : @1 € Fand FN[0(B), @) # @} is countable, and hence
there is g < w; such that @; € F whenever F € .% and F N [eg(B), @) # @. For
each F € %, define

a(F) ={y < w1 : FN[0(y), ®1) # 2},
ﬁoZ{FGﬁIa}] eF, a(F)<a)1}.

Then % is countable. So there is B < w; such that 8 > sup{a(F) : F € .%}. Thus,
if F e # and FN[ag(B), @) # @, then FN[0(y), @) # & for uncountably many
y < w;. Let

{FeZ :Fnlapg(p), o) # 3} = {Fp}nen.

Pick K € ¢ such that K N[ag(B), @1) # @. Since {y < w; : KN[0(y), @) # &}
is a finite set, we can choose a sequence {x,} in X and a nontrivial sequence {y,} in
w; such that x, € (F, — K) N [0(y,), @1). So there is F € .% such that K C F C
X — {x, : n € N}, and hence there is m € N such that F = F,,, it follows x,, € F, a
contradiction. Thus X is not a strong X'-space. Moreover, by Corollary 2.11.5, f is
not a o -locally finite mapping.

In the second part of this section, we characterize R-spaces in terms of specific
images of metric spaces.

Definition 2.11.10 (/266]) A mapping f : X — Y is called a o-mapping if there is
a base # for X such that f () is a o-locally finite family of sets in Y.

Every mapping on a separable metric space is a o -mapping. By Proposition 2.11.3,
every o-mapping is a o-locally finite mapping.
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Theorem 2.11.11 ([266]) A regular space X is a o-space if and only if X is a o-
image of a metrizable space.

Proof Suppose X is a o-space. Then by the proof of (1) = (2) in Theorem 2.11.7,
X is a o-image of a metrizable space. Conversely, if a o-image of a metric space is
a regular space, then it is a o-space, because every o-mapping is a o-locally finite
mapping. |

Theorem 2.11.12 For every regular space X, the following are equivalent:

(1) X is an R-space.

(2) X is a sequentially quotient o -image of a metric space [459].
(3) X is a sequence-covering o -image of a metric space [459].
(4) X is a compact-covering o-image of a metric space [260].

Proof (1) = (4). Suppose & is a o-locally finite closed k-network which is closed
under finite intersections for the R-space X. Let & = J, .y %, Where each &, =
{Py}aca, is locally finite and we may assume X € &2, C &,4;. Give A, the discrete
topology. Let

M = [a = (o;) € HAi : {Py,} 1s a net at a point x(cr) inX} .
ieN

Then M is a metrizable space and for each @ € M, x(«) is uniquely determined. So
we can define a function f : M — X by f(«o) = x(«). It is easy to verify that f is a
mapping. Below we prove f is a compact-covering o -mapping.

(12.1) f is a o-mapping.
For every n € N and o, € A,, define

Bay,....op) ={e € M : (@) = o, i < n},
B ={B(ay,...,a,) :a; € A;, i < nj.

Then A is a base for M. To prove f is a o-mapping, we only need to verify
fBay,...,ay)) = ﬂign P,,. Obviously, f(B(ai, ..., a,)) C ﬂign P, If
X € ﬂi@ P,,, then there is B = (Bx) € M such that f(8) = x. For each
k € N, there is oy, € Agyy such that Py, = Pg,. Let @ = (og). Then
a € B(ay, ..., a,) and f(a) = x. So ﬂign Py, Cf(B(ay, ..., an)).
(12.2) f is a compact-covering mapping.

For each K € 7 (X), by Lemma 2.7.9, there is a sequence {.%;} of finite
subsets of &2 satisfying the conditions (i) and (ii) of Proposition 2.7.1. Take
a strictly increasing sequence {n;} in N such that .%; C &,.. We may assume
ny = l.Foreveryi € Nand n; < n < njyy, let &, = %;. Then &, C &,
so there is I, € A such that &2, = {Pg}qer,. Let
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L:Ia:(an)eHFn:KﬂﬂPan#Q].

neN neN

By the proof of Proposition 2.7.1, L is a compact set in M and f(L) = K.
Thus f is a compact-covering mapping.

(4) = (3) = (2) is obvious. It remains to prove (2) = (1). Suppose f : M — X
is a sequentially quotient o -mapping and M is a metric space. Then there is a base
for M such that () is a o-locally finite family of sets in X. By Propositions 2.7.2
and 1.6.7, f(£) is a o-locally finite k-network for X, and hence X is an R-space. B

Example 2.11.13 There exist a metric space M and a o-locally finite mapping f :
M — X such that

(1) f is a compact-covering mapping and X is not an R-space;
(2) f is a compact mapping and X is not a g-metrizable space;
(3) f is not a o-mapping.

Let X be the V-space in Examples 1.8.1 and 2.4.16. By Example 2.4.16, there exist
a metric space M and a finite-to-one compact-covering open mapping ' : M — X.
By Corollary 2.11.4, f is a o-locally finite mapping. By Theorem 2.5.15, X is not
an R-space. Further by Corollary 1.6.8 and Theorem 1.6.22, X is not a g-metrizable
space either. By Theorem 2.11.12, f is not a o -mapping.

The relevant results on characterizations of g-metrizable spaces by means of
mappings are in Theorem 3.9.13.
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