Chapter 2
Order Statistics

2.1 Introduction

Order Statistics naturally appear in real life whenever we need to arrange observations
in ascending order; say for example prices arranged from smallest to largest, scores
scored by a player in last ten innings from smallest to largest and so on. The study
of order statistics needs special considerations due to their natural dependence. The
study of order statistics has attracted many statistician in the past. Formerly, order
statistics are defined in the following.

Let X1, X5, ..., X, be a random sample from the distribution F(x) and so all
X; are i.i.d. random variables having same distribution F(x). The arranged sample
Xim < Xom < ... < X,y 1s called the Ordered Sample and the rth observation in
the ordered sample; denoted as X,., or X); is called the rth Order Statistics. The
realized ordered sample is written as x;.,, < X2, < ... < X,. The distribution of
rth order statistics and joint distribution of rth and sth order statistics are given
below.

2.2 Joint Distribution of Order Statistics

The joint distribution of all order statistics plays an important role in deriving several
special distributions of individual and group of order statistics. The joint distribution
of all order statistics is easily derived from the marginal distributions of available
random variables. We know that if we have a random sample of size n from a
distribution function F (x) as X, X, ..., X, then the joint distribution of all sample
observations is

fex . ox) =[] @

i=1
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8 2 Order Statistics

where f(x;) is the density function of X;. Now since all possible ordered permuta-
tions of X, X5, ..., X,, can be done in n! ways, therefore the joint density function
of all order statistics is readily written as

F Gt Xoms oo ) = ! [ £ ). @1

i=1

The joint density function of all order statistics givenin (2.1) is very useful in deriving
the marginal density function of a single and group of order statistics.

The joint density function of all order statistics is useful in deriving the distribution
of a set of order statistics. Specifically, the joint distribution of r order statistics;
Xin < Xo <...=< X,.,;1s derived as below

o) Xr43 Xr42
fl,...r:n(x1a~~-axr) =/ / f(xlzn»XZ:n»~-~axn:n)
x,

XdX,q1--

n

/ [ / ) [T

n

_m]‘[f(x,)/ / / I1 re

o i=rtl
der-H dxn
n' - n—r
= W[H f(xi)}[l — F(xp)l"™". (2.2)

Expression (2.2) can be used to obtain the joint marginal distribution of any specific
number of order statistics.

The distribution of a single order statistics and joint distribution of two order
statistics has found many applications in diverse areas of life. In the following we
present the marginal distribution of a single order statistics.

2.3 Marginal Distribution of a Single Order Statistics

The marginal distribution of rth order statistics X,., can be obtained in different
ways. The distribution can be obtained by first obtaining the distribution function of
X,., and then that distribution function can be used to obtain the density function of
X, as given in Arnold, Balakrishnan and Nagaraja (2008) and David and Nagaraja
(2003). We obtain the distribution function of X,., by first obtaining distribution
function of X,,.,; the largest observation; and X.,; the smallest observation.



2.3 Marginal Distribution of a Single Order Statistics
The distribution function of X,,., is denoted as F},,,(x) and is given as

Fn:n(x) = P{Xn:n = )C}
= Plall X; < x} = F"(x).

Again the distribution function of X.,; denoted as Fi.,(x); is

Fn:n(x) = P{Xl:n SX} =1- P{Xl:n > x}
=1—Plall X; > x}=1—-[1—-Fx)]".

(2.3)

2.4)

Now the distribution function of X,.,; the rth order statistics; is denoted as F,.,(x)

and is given as

Fr:n(x) = P{Xr:n =< )C}

= Platleast r of X;arelessthanor equal to x}
S n i n—i
=2 )Fron—Feor.

Now using the relation

S h i n—i __ b n! r—1 n—r je.
Z (i)p (1-p) —/0 ml (1 —0)""drt;

i=r
the distribution function of X,., is given as

n

Frn() = (’:) Fi@ll — F)"™

i=r

F) n!
— / —tr—l (1 _ t)n—rdt
0 (r—Dln —r)!

F(x)
— / F(l’l + 1) tr—l(l _ l‘)n_rdl
0 rrn—r+1)

1 Fo

= —/ N =) dt
B(r,n—r+1) J,

= Ipw(r,n—r+1);

(2.5)

(2.6)

where I, (a, b) is incomplete Beta Function ratio. From (2.6) we see that the distri-
bution function of X,., resembles with the distributions proposed by Eugene, Lee
and Famoye (2002). Expression (2.6) is valid either if sample has been drawn from
a discrete distribution. An alternative form for the distribution function of X,., is

given as
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n

Frn(x) =Y (’f) Flo[ = Feol"™

S Qg
i=r k=0

=3 Z_:(—l)k (Z’) (" ; i) Fit (x). 2.7)
i=r k=0

Assuming that X s are absolutely continuous, the density function of X,.,,; denoted
by fr(x); is easily obtained from (2.6) as below

frn(x) = %Fr:n(x)
d 1 Fo r—1 n—r
_E[B(r,n—rﬂ)/o Fra=n dt}

1 d Feo r—1 n—r
B(r,n—r+1)[5[/o rouen dtH

_ 1 r—1 _ n—r
= Boan—r+1) 1)f(X)F ([ = F(x)]

n! L -
mf(X)F ([l = F(x)1" . (2.8)

The density function of X., and X,,.,, can be immediately written from (2.8) as
Sin(x) =nf @)1 = Fx)"!

and

Fun () =nf () F" ' (x).

The distribution of X, can also be derived by using the multinominal distribution
as under:
Recall that probability mass function of multinomial distribution is

n! oy W
PYi=y, 2=y, ... Ve =)= ————P1 Py - Pi;
Yiiyaie-Yi:

and can be used to compute the probabilities of joint occurrence of events. Now the
place of x,., in ordered sample can be given as

Xip S X < oo S Xptin = Xpp = Xr41:n S S Xpn

r—1 observations Event 2 n—r observations
Event 1 Event 3
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In the above probability of occurrence of Event I is F(x), that of Event 2 is f(x)
and probability of Event 3 is [1 — F(x)]. Hence the joint occurrence of above three
events; which is equal to density of X,., is

frn(x) = FOOF ') = F()I"™";

n!
r—Dln —r)!

which is (2.8). When the density f(x) is symmetrical about p then the distributions
of rth and (n — r + 1)th order statistics are related by relation

fr:n (n+x)= fn—r-H:n(M —X).

Above relation is very useful in moment relations of order statistics.
When the sample has been drawn from a discrete distribution with distribution
function F(x) then the density of X,., can be obtained as below

Jrn(X) = Frp(x) = Frop(x — 1)
=Irrn—r+1)=Ipn_n(r,n—r+1)
= P{F(x — 1) <Thnry1 < F(x)}
1 F(x)

r—1 n—r
= u 1—u du. 2.9
B(r,n—r+]) F(x—1) ( ) ( )

Expression (2.9) is the probability mass function of X,., when sample is available
from a discrete distribution. The probability mass function of X,.., can also be written
in binomial sum as under

Srn(x) = Frp(x) — Frp(x — 1)

n n . .
=> (l_)F’ @[ = Fx)I"™!
" n . .
— Z (i)F'(x — D[l = F(x — D"

n

=> (:_’){mx)[l — Feop™

i=r

—F'(x — D[l = F(x — D"} (2.10)

We now obtain the joint distribution of two ordered observations, namely X,
and X;., for r < s; in the following.
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2.4 Joint Distribution of Two Order Statistics

Suppose we have random sample of size n from F (x) and observations are arranged
as X1, < Xo. < ... < Xy.u. The joint distribution function of X,., and Xj., for
r < s is given by Arnold et al. (2008) as

Fr,S:f’l('xl’7 -x_Y) = P(Xr:n S xrv XS:n S xS)
= P(atleast r of X; areless than or equal to x,

and atleast s of X; are less than or equal to x;)

n s
= Z Z P(Exactly r of X; areless than or equal to x,
j=s i=r

and exactly s of X; areless than or equal to x;)

=33

j=s i=r
X [F(xg) = FO)V [ = Fxp)]"™.
Now using the relation
n!

ZZWPM P! = pay

J=8 1=r

P1 P2
— s—r—1 n—s .
/ /. (r—=DlWs—r—Dln— ). 1) (1 —n)"*dndn;

we can write the joint distribution function of two order statistics as

F(x,)  pF(xs) n!
F . rsAs) =
in (X %) / /,l r— Dl —r — Dl(n —3)!

x 177Nty — 1) (1 — )" dtdt 2.11)

;—00 < X, < Xy < 00;

which is incomplete bivariate beta function ratio. Expression (2.11) holds for both
discrete and continuous random variables. When F (x) is absolutely continuous then
density function of X,., and X, can be obtained from (2.11) and is given as

2
fr,s:n(xr, Xg) = dx,dx,

42 F(x) [F(x) !
T dx,dx, [/0 /n r=Dls—r—Dln—-s)!

67N =) N (1 = )" dndn

Frgn(xr, Xs)
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or

n!

Srsn(Xr, X5) = (r=DIs —r —Dln—s)! *

d F(x,) pF(xg) . .
[ / / (o —1) (l—tz)”“dtzdtl]
0 n
1

2
dx,dx;
FEDfFO)F ™ (x)

- B(r,s—rn—s+1)

s—r—1
X [F(xs) - F(xr)} [1—F@x)l"™

or

Fron(r, x) = Crsn f (X)) f () F 7 (0 [F (xy) — F(x,)1 !
x[1 — F(x)]"™*, —00 < x, < x5 < 00, (2.12)

n!

Where Cr,s.n = [B((r, Ss—r,n—s —+ 1))]_] = m
The joint probability mass function P{X,.,, = x; X,., = y} of X,., and X, can

be obtained by using the fact that

fr,s:n(-x9 )’) = Fr,s:n(-xv y) - Fr,s:n(-x -1, y)
_Fr,x:n(xvy - 1) + Fr,s:n(x - 17 y = 1)
=P Fx—1)<T, <Fx),Fiy—1) <T; < F(y)}

= c,.,x,n//v’—l(w — )1 — w)" S dvdw ; (2.13)
B

where integration is over the region

{w,wy:v<w, Fx—1) <v<Fx),Fy—-1)<w<F®Wy)}

Consider the joint distribution of two order statistics as

s—r—1
Jrsin (X, Xg) = Cr,s,nf(xr)f(xs)Fr_](xr)l:F(xs) - F(xr)j|
x[1=Fx)l"™;

where C, 5, = Wm Usingr = 1 and s = n the joint density of smallest

and largest observation is readily written as

Fian(x1,x2) = n(n — 1) £ (x1) f () F (x,) — F(x1)]" 2. (2.14)
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Further, for s = r 4 1 the joint distribution of two contiguous order statistics is

n:
ror+1in\Xry Xp = r r Fr71 r
Srrrtn (X, Xp41) (r—l)!(n—r—l)!f(x ) (xXr41) (xr)
n—r—1
X [l — F(xrﬂ)} . (2.15)
Analogously, the joint distribution of any k order statistics X,,.n, X,y -« ., Xy 3 fOr

Xp <xp <o S g is

— rip1—rj—1
frl,rz,...,rk:n(-xlv Xo, + o xk) = n! H[ F(xr+l) F(.X )] ]

rJ_H —r;— 1)
Hf(xj) : (2.16)

where xp = —00,x,4; = 400,79 = 0 and r,r; = n + 1. Expression (2.16)
can be used to obtain joint distribution of any number of ordered observations.

Example 2.1 A random sample is drawn from Uniform distribution over the interval
[0, 1]. Obtain distribution of rth order statistics and joint distribution of two order
statistics.

Solution: The density and distribution function of U (0, 1) are

fw)=1; F(u) =u.
The distribution of rth order statistics is

_ 1 r—1 n—r
Srnm) = mf(“)F @)[1 — F(u)]

1
— Mr71(1 _ u)nfr;
B(r,n—r+1)

which is a Beta random variable with parameters r and n — r + 1. Again the joint
distribution of two order statistics is

_ 1 r—1
Jrsn (U, ) = Blrs —rn—s+ 1)f(btr)f(us)F (ur)

s—r—1
X [F(Ms) - F(ur):| [1— Fu)l"™”

1
— u' l(uv _Mr)s r— 1(1 u‘y)nfs.
B(r,s —r,n—s+ 1)
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The joint distribution of largest and smallest observation is immediately written as

Frosn @y ug) = n(n — 1) (u, — up)" 2.

Example 2.2 A random sample of size n is drawn from the standard power function
distribution with density

f)=wx"H0<x<1,v>0.

Obtain the distribution of rth order statistics and joint distribution of rth and sth
statistics.

Solution: For given distribution we have

F(x):/ f(t)dt:/ v’ ldr =x" 0 <x < 1.
0 0

Now distribution of rth order statistics is

1

_ r—1 _ n—r
Jrn(x) = Bon—rtD l)J‘(JC)F ([l = F(x)]

1 rv—1 _ u\n—r
= —vx (1 —=x"H"".
B(r,n—r+1)

The distribution function of rth order statistics is readily written as

1 F(x)
Frp(x) = / tril(l - t)nirdl
B(r,n—r+1) J

1 o
— —/ tr—l (1 _ t)n_rdt
Br,n—r+1)J,

_ Z (’Z)xi“u —

i=r

The joint distribution of X,., and Xj., is

_ 1 r—1
fr,s:n(xrv Xg) = B(rs—rn—s+1) FO)fx)F ™ (%)

s—r—1
x [F(xs) - F(xr)i| [1—Fx)l"™
= C,,Mvzx,f”_l)c”_1 (xf’ — xr”)s_r_] (1 — x'f)”_s.

N s S

_ !
where Cr,s,n = [B(V,S —r,n—=_s + 1)] 1 = W—l)‘(ﬂ—s)'
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2.5 Distribution of Range and Other Measures

Suppose a random sample of size n is available from F(x) and let X,., be the rth
order statistics. Further let X., be sth order statistics with r < s. The joint density
function of X,., and Xj., is

s—r—1
Srsm(Xr, X5) = Cr,s,nf(xr)f(xs)Fr_l(xr)|:F(xs) - F(xr)i|
X [1 = F(x)]".

Using above we can obtain the density of W,; = X, — X,., by making the trans-
formation w,; = x; — x,. The joint density of w,, and x, in this case is

me (wrs) - Cr,s,nf(xr)f(xr + wrs)Fr_l(xr)
X [F(xX, + wys) — Fx)F 71— F(x, + wes)]" .

The marginal density of w, is

Jw,, (wys) = Cr,s,n/ ) f o + w”)Fr—l(xr)

X [F(x + wpy) — F(xr)]S7r71[l — F(x, +wr)]" dx,.

When r = 1 and s = n then above result provide the density function of Range (w)
in a sample of size n and is given as

Jw(w) =n(n — 1)/ F @) f O+ w)F (x +w) = F(x)"dx,. (2.17)

The distribution function of sample range can be easily obtained from (2.17) and is

Fyy (w) =n/ f(x»/0 (n =D f (x +w)
X [F(x, + w/) — F(x)]”_zdw/dxr

= n/oo F)[F(x +w) = Fx)]"! ;ﬁfzg’dxr
= n/oo FEDF(x, +w) — F(x,)]" ' dx,. (2.18)

Again suppose that number of observations in sample are even; say n = 2m; then
we know that the sample median is

~ 1
X = E[Xm:n + Xm+l:n]-



2.5 Distribution of Range and Other Measures 17

The distribution of median can be obtained by using joint distribution of two con-
tiguous order statistics and is given as

St Xms Xm1) = Cé,nf(xm)f(merl)Fm_l(xm)[l - F(merl)]m_l;

where C,, = W Now making the transformation ¥ = 1[x,, 4+ x,4+1] and

y = x,, the jaccobian of transformation is 2 and hence the joint density of X and y is

fry (@ y) =2C, , fO) QX — )F" ' (M1 — FQX — )"

The marginal density of sample median is, therefore

(&) =2¢],, / FOVFQRE = F" 'l = FQX — " 'dy  (2.19)

The density of sample median for an odd sample size; say n = 2m + 1; is simply
the density of mth order statistics for a sample of size 2m + 1.

Example 2.3 Obtain the density function of sample range for a sample of size n from
uniform distribution with density

fx)=10<x < 1.

Solution: The distribution of sample range for a sample of size n from distribution
F(x)is

o0
fww) =n(n—1) / FGDf @+ wF @, +w) — Fe)"2dx,.
Now for uniform distribution we have

fx)=1; F(x) =x.

So
fOr +w) =15 Flx, +w) = (x, +w),

hence the density function of range is
1-w
Sw(w) =n(n — 1)/ [(x, +w) — x,1"2dx,
0

l—w
=n(n — 1)/ w"2dx,
0

=nn—Dw" 21 —-w):0<w<l.
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Example 2.4 Obtain the density function of range in a sample of size 3 from expo-
nential distribution with density

f(x)y=e*;x>0.

Solution: The distribution of sample range for a sample of size n from distribution
F(x)is

Jww) =n(n —1) /: F @) f O+ w)F (x + w) — Fx,)]" dx,.
which for n = 3 becomes
Jw(w) = 6/_2 F ) f O +w)[F(xr + w) — F(x,)ldx,.
Now for exponential distribution we have
f(x)=e*and F(x) =1—¢"",
hence

fx,)=e and F(x,) =1—e¢ ",
fw+x)=e ™™ and F(w +x,) =1 — e @),

Using these in above expression we have
o0
fw(w) = 6/ e—xre—(w-i—x,)[e—x,- _ e_(w'"x")]dxr
0
oo
= 6e_w(1 - e_w)/ e ¥ dx,
0
= 2e‘“’(1 — e_"’); w > 0,

as required density function of range.

Example 2.5 Obtain the density function of median in a sample of size n = 2m
from exponential distribution with density function

fx)=e*;x>0.

Solution: The distribution of sample median for a sample of size n = 2m from
distribution F(x) is

fx&) =2¢},, / FOVFQRE =) F" ' = F2X — y)I" 'dy;
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where C,/,,,,, = For the given distribution we have

[m— 1>'1’
fy)=e " F(y)=1-¢"
f(23{ — y) — e—(2x—y); F(2f _ y) -1— e—(2x—y)‘

Substituting these values in above equation we have

X
P
0

% [e—(ZE—y)]m—ldy

X
— 2Cr/n’n672x672(m71)x/ 672}’(1 _ efy)m
0
% e(m—l)ydy

= 2C,/n,n672"”?/x 67(37”'))}(1 — efy)mdy.
0

Now expanding (1 — ™)™ we have
fzx) = 2C,{1 nefz’"f/ e~ G—my Z(—l)h (m)ehydy
B 0 h
h=0
0

h=0
m

_ ZC’/" n —2mX —[(3—m)+h]xX
- m)—l—hz( 1)( ) (1-e )

as required density of median.

2.6 Conditional Distributions of Order Statistics

The conditional distribution plays very important role in studying behavior of a
random variable when information about some other variable(s) is available. The
study of conditional distributions is easily extended in the case of order statistics.
The conditional distributions of order statistics provide certain additional information
about them and we present these conditional distributions in the following theorems
as discussed in Arnold et al. (2008).

We know that when we have a bivariate distribution; say f(x, y); of two random
variables X and Y, then the conditional distribution of random variable Y given X
is given as
S, )

frlx)

fOlx) =



20 2 Order Statistics

where f>(x) is the marginal distribution of X. Analogously, the conditional distribu-
tions in case of order statistics can be easily defined; say for example the conditional
distribution of Xj., given X,., = x, is defined as

JrsinGtr, %)

S xslr) = Srin(xp) '

where f 5., (x,, xg) is joint distribution of X,., and Xj., and f,.,(x) is marginal
distribution of X,.,. The conditional distributions of order statistics are discussed in
the following.

Theorem 2.1 Let Xy, < Xo.,, < -+ < X,.n be order statistics for a sample of size
n from an absolutely continuous distribution F(x) then the conditional distribution
of X given X,., = x,; forr < s; is same as the distribution of (s — r)th order
statistics from a sample of size (n — r) from a distribution F(x) which is truncated
on the left at x,.

Proof The marginal distribution of X,., and the joint distribution of X,., and Xj.,
are given in (2.8) and (2.12) as

n! r—1 n—r
fr:n(xr) = mf(xr) |:F()C):| |:1 - F(xr):| 5
and
n! -l
fr,x:n(xr’ xs) = (r — 1)'(S — 1)'(11 — s)!f(xr)f(xs)[F(xr)}

s—r—1
x [F(Xs) - F(xr):| [1—F(x)]".

Now the conditional distribution of Xj., given X,., = x, is

fr,s:n (xr, Xx5)

fmsler) = Jrn(xp)

n! -l
[ r—Dls —r — Di(n — s)!f(x’)f(x“‘)[F(x’)]

x [F(x;) — Fx)I" ' [1 = F(x)I" ™'}/
!

r—1
??ﬁafﬁﬂmiﬂﬁﬁ [1— Fx)I"™”

or
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. (n—r)! L F nes
f(xs|xr) = G—r— 1)'(’1 — s)!f(xs)[ - (xs)]
[F(xs) — F(x,) !
[1—F(x)"

= £

T s—r—=D!n—9)!1—F(x,)
Fx,)—Fe) ] ' [1=Foa) ™

X[ 1= F(x) ] |:1—F(x,)] :

(2.20)

Noting that S f;‘()g ; and i {(]"3_);5 (;‘} ) are respectively the density and distribution
function of a random variable whose distribution is truncated at left of x, completes

the proof.

Theorem 2.2 Let X1., < Xo., < --- < X,.u be order statistics for a sample of size
n from an absolutely continuous distribution F(x) then the conditional distribution
of X, given X, = Xs; forr < s; is same as the distribution of rth order statistics
from a sample of size (s — 1) from a distribution F(x) which is truncated on the
right at x;.

Proof The marginal distribution of X,..,, and the joint distribution of X,., and Xj., are
given in (2.8) and (2.12). Now the conditional distribution of X,., given X;.,, = x;
is

fr,s:n (xh xs)

S lxg) = Fon ()
n! r—1
T le=Dis=r=Dix —s)zf(x”f(x‘v)[F(xr)}
X [F(x;) = FO)F 1= F)l"™}/
n! 1y .
mf(xs)[F(xs)] [1— F(x,)]
or
_ (s = D! - r-l
o) = o i —r - 1)!f(xr)[ (xr)}
s—r—1 1
x |:F(xs) — F(x,)] FoorT

=D f@[FET
_o—nm—r—MFm{FmJ

F()C ) s—r—1
X [1 - } . (2.21)
F(x;)
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Proof immediately follows by noting that f (x,)/F (xs) and F (x,)/F (x,) are respec-
tively the density and distribution function of a random variable whose distribution
is truncated at right of x;.

Theorem 2.3 Let Xy.,, < Xo., < -++ < X,.n be order statistics for a sample of size
n from an absolutely continuous distribution F(x) then the conditional distribution
of Xs.n given Xy, = x, and X,., = x;; forr < s < t, is same as the distribution of
(s — r)th order statistics for a sample of size (t —r — 1) from a distribution F(x)
which is doubly truncated on the left at x, and on the right at x;.

Proof The joint distribution of X,.,, X;., and X, is obtained from (2.16) as

n!

fr,s,t:n(xry Xg» -xt) = (}" — 1)'(5’ ., _ 1)'(l s 1)'(}1 — t)!f(xr)f(xs)f(xt)

t—s—1

r—1 s—r—1
X |:F()C,)] |:F(xs) - F(xr)i| |:F(xt) - F(XS):|

X [1 —F(x,)i| 7.

Also the joint distribution of X, and X;., is

n!

r—1
fr,t:n(xra X)) = r—Dlt—r—Dl(n— t)!f(xr)f(xt)[F(xr):|

x [F(x) = Fe)lI"™ [T = FOe)"™.

Now the conditional distribution of X., given X,., and X,., is

fr,s,t:n (X, X5, X;)

fr,z:n (X, x¢)

f(xsl-xrv-xt) =

.
- [ r—DI(s—r— 1)7& s D —1)

x f(xr)f(xs)f(xr)[F(xr)}r_] [F(xs) - F(xr)]H_]
X [F(x) = Fe)lI ™' = Fxl"™'}/
[ T g i = O EEr !

X [F(x) = FOe)"™ ' = F(x)]"'}

or
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t—r—1 sor-l
Sfeslxr, x) = f(xs)[F(Xs) - F(xr)]

(s—r—=DIt—-s—1)!
1

t—s—1
x [F(xn - F(m} —
[F(Xz) - F(Xr)}

_ (t—r—1" fxs)
a (s—r—=DIt—s—D!F(xs)— F(xy)
t—s—1
y [F(xs) - F(Xr):|57r71 y [F(xt) - F(xs):| . (2.22)
F(xt) — F(xp) F(xt) — F(xp)

JACD) Fxo)—F(x)

Proof im'mediatel){ fOlQlOW'S by notir}g that O—F@) and' Fan—F(x) A€ res.pec.tivel'y
the density and distribution function of a random variable whose distribution is

doubly truncated from left at x, and at the right of x;.

Theorem 2.4 Let X1., < X5., < --- < X,.x be order statistics for a sample of size
n from an absolutely continuous distribution F(x) then the conditional distribution
of Xy and X, given Xy, = X;; forr < s < t; is same as the joint distribution
of rth and sth order statistics for a sample of size (t — 1) from a distribution F (x)
which is truncated on the right at x,.

Proof The joint distribution of X,.,, X;., and X;., is obtained from (2.16) as

n!
r—DIs—r—=DIt—5s—1Dln-—1r

S xer) f (xs) f (xr)

fr,s,t:n (X, X5, %) =
t—s—1

r—1 s—r—1
X [F(xr)] [F(xs) - F(Xr):| |:F(x,) - F(xs)]

x[1—Fp)l" .

Also the marginal distribution of X, is

' FOOIF )11 = F(x)l"™.

n
ft:n(xl) = m

Now the conditional distribution of X, and X;., given X, is

Sros.tm (Xr, X5, X¢)

St (xr)

f(xrs Xs|xt) =

3 H n!
Tloe=-Dis—=r=DW—5s—D!n—1)!
X f () f () f () LF ()] [F(XS) - F(JCr)Tiril
X [F () = Fee)l ™ML = Faen"™
FOOIF ™!

n!
[(z— Di(n —1)!
x[1—Fxp)l"™"}
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or

_ (t—1! 1
S, xslxe) = =D —r -t —s— 1)!f(xr)f(xs)[F(xr)]

t—s—1
— [F(xt) - F(xo]
X [F(xs) - F(xr)] TN

_ (t —1)! f(xr) fxs)
T r=DIs—r—=DIt—s—D! F(x;) F(x;)

5 [Fm)]"l[F(xs) _ F(m]s"‘l

F(x;) F(x;) F(x;)
t—s—1
« [1 _ F(x*')} . (2.23)
Fx)

The proof is complete by noting that f(x,)/F(x,) and F(x,)/F (x,) are respec-
tively the density and distribution function of a random variable whose distribution
is truncated at the right at x;.

Theorem 2.5 Let X1., < Xo., < -+ < X,..u be order statistics for a sample of size
n from an absolutely continuous distribution F(x) then the conditional distribution
of Xy and Xy, given X,y = x5 forr < s < t; is same as the joint distribu-
tion of (s — r)th and (t — r)th order statistics for a sample of size (n — r) from a
distribution F (x) which is truncated on the left at x,.

Proof The joint distribution of X,.,, X;., and X,., is obtained from (2.16) as

n!
r—DI(s—r—=DI(t—s—D!n—1

S Cer) f (o) f (x1)

fr,x,t:n (X, X5, %) =
s—r—1 t—s—1
x [F ()] ! [F(xs) - F(xr)] [F(m - F(xs)]
x [1— FQ)]"™".

Also the marginal distribution of X,., is

frn(xr) = Y FODIF @)1 = Fxp)]"™"

n!
r—Dln—r
Now the conditional distribution of X;., and X,., given X,., is

fr,s,t:n (X, X5, Xt)

fr:n(xt)

I e, xi|xp) =

n!
- [ r—DIs—r— DIt —s — D!(n —1)!
s—r—1
X f () f () f ) [F ()] |:F(xs) - F(xr):|
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x[F(x) — Fx)I'"" 7 '[1 = F(x)1"™'}/

n! r—1
[mf(-xr)[F(xr)]

X [1— Fx)"™"}
or

( | _ (n—r)! )
S (xs, xt|xp) = G—r—Dl(t—s— Dl 7t)!f(xs)f(xt

s—r—1
X |:F(Xs) - F(xr)j| [F(x;) — F(xs)]t—s—l

1
[1—F@n)—r
_ (n—r)! &)
s—r=—DIt—s—Dn—-—0!'1-=F(xy)
fm)[F@Q—NquFl

x[1—F@)"™!

I1=F&) L 1=F(xp)
y [F(Xz) - F(xs)],_s_l [1 - F(x,)]n_,' (2.24)
I = F(xr) I = F(xyr)
; ; S (xy) Flx)—F(x,) ;
The proof is complete by noting that aeh) and —= T, are respectively the

density and distribution function of a random variable whose distribution is truncated
at the left of x,.

Theorems 2.1 to 2.5 provide some interesting results about the conditional dis-
tributions of order statistics from a distribution F'(x). From all these theorems we
can see that the conditional distributions in order statistics are simply the marginal
and joint distributions of corresponding order statistics obtained from the truncated
parent distribution and appropriately modified sample size.

Example 2.6 A random sample of size n is drawn from the Weibull distribution with
density function
fx)= ax®! exp(—x“); x,a > 0.

Obtain the conditional distribution of Xj., given X,., = x, and conditional distrib-
ution of X,., given X;., = x;.
Solution: The conditional distribution of X., given X,., = x, is given as
(n—n)! S (xs)
s—r—DHn—-—s5)!1—-F(x,)

Fx)— F(x) 7 '[1=Fx)]"™*
“I 1= F) 1—F(x)|

f(xs|xr) =

Also the conditional distribution of X, given X;., = x; is
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(s — D! S ) [F(xr)},.1
(r— DIs —r — DI F(x,) [ F(x,)

X [1 — _F(x,):|xr1‘
F(xs)

S lxg) =

Now for the given distribution we have

F(x) = /X f(t)dt
0

:/ at®Lexp(—1%)dt = 1 —exp(—x*); x, a > 0.
0

So, the conditional distribution of X, given X,., = x, is

@
—x¢

(n—r)! ax?‘_'e
(s—r—Dn-s) e~

—x¢ —x¢ —x¥
% e e " Yo 1€ 7 \n-s
e~ e~ '

(n _ r)!ax;xflef(nfﬁl)x;’ (e—x? _ e—xf;’)s—r—l
(s —r—=D!n—ys)! e~ =Xy

f(xslxr) =

Again, the conditional distribution of X,., given Xj., is

FGoln) (s — 1! ax®le™ " [1 —e™ !
Xr|Xs) = o o
r—DIs—r—D! 1—e% |[1—e%
| 1 — e_x'q s—r—1
X - T _.a 9
1 —e X
or
flig = — 0D ex e

(r=Dis—r—=D! (1 —e )1

x (1 — e ) =1 (e — e= )1,

Above conditional distributions can also be derived from the parent truncated distri-
bution.

2.7 Order Statistics as Markov Chain

In the previous section we have presented the conditional distributions of order
statistics. The conditional distributions of order statistics enable us to study their
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additional behavior. One of the popular property which is based upon the conditional
distributions of order statistics is that the order statistics follows the Markov chain.
We prove this property of order statistics in the following.

We know that a sequence of random variables X, X», ..., X,, X; has Markov
chain property if the conditional distribution of X given X; = x1, Xo = xp, ...,
X, = x, is same as the conditional distribution of X given X, = x,, that is if

f) Xy =x1, ..., X, =x) = f(x| Xy = xp).

Now to show that the order statistics follow the Markov chain we need to show
that the conditional distribution of sth order statistics given the information of rth
order statistics is same as the conditional distribution of sth order statistics given
the joint information of first » order statistics. From Theorem 2.1 we know that the
conditional distribution of Xj., given X,.,, = x, is

(n—n)! S (x5)
f(xs|xr) =
s—r—DHIn—-s5)!1—-F(x,)
Fox) = Fen) 17 L= Fa) 1™ 2.25)
I —F(x) I —F(x,)
Also, the conditional distribution of of Xy, given X1, = x1, Xo.,, = x2,...,
Xy = X, 18
f(-xs|-x17 - 'xV) — fl,Z,...r,s:n(-xl’ B ) xx)
fl,2,...r:n(x1» e xr)
The joint distribution of first » order statistics is given in (2.26) as
n! - s
Srorn(X1, 00, X)) = Ty |:E f(xi):|[1 — F)" . (2.26)
Now the joint distribution of X.,, X2., ..., X, and X, is obtained as
Xs+3 Xs+2 Xr+3 Xr+2
f rsn(xlv-- -xra-xs)—/ / / / / /

Xfl I’lll(x17~"a-x

Xdxpq1---dxg_1dsyy ..

T /W I

x n! Hf(x,-)dx,+1 ceedx

i=1
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or
Srrsn (X1, oo X, X)) = n'|:H f(xi):|f(xs)
i=1
Xri3 A2 ST
[/ / / H f(xz)dxr+l dxs l]
Xr i=r+1
ST |
i=s+1
or
n! .
Siorsn (X1, oo X, X)) = G —r—Dli(n—9) |:£!: f(xi)]f(xs)

s—r—1
X [F(xs) - F(xr):| [1— Fx)]"™.

Hence the conditional distribution of X., given X 1., = x1, X0, = X2, ..., Xpin = X
is

n! :
Flxla, . ox) = [(S " m f(xi)}f(xs)

s—r—1
[F(xx) - F(xr)] ([ F(xs)]"sl/

| r
[ T [H f) }[1 - F(x»]"’]

or

_ (n—r)!
fOlxr,oox) = G—r—Dln _s)!f(xs)

T - Py
- [F(“) F(x’)] (1= F)
__ =n f @)
s—r—Di(n—s)!1—-F(x)
Fx,)— Fo) 17 7 '[1=Fx)]"™
[ 1 —F(x) ] |:]_F(xr)i|

which is (2.25). Hence order statistics from a distribution F' (x) form a Markov chain.
The transition probabilities of order statistics are easily computed from conditional
distributions. We know that the transition probability is computed as
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o0
P(X,p10 = Y| Xpn = X) :/ FOoqtlx, =x)dx, 4.
y

Now the conditional distribution of X, ., given X,., = x, is obtained from (2.25)
by usings =r + 1 as

n—r—1
S xrgtlx) = (n =)t fCrin) [1 — F(xs)i|

m—r—ND'1—-—F(x,)|[1—-F(,)
3 ﬂnH>F—FuoT””
=m-r) .
I =F(x) Ll = F(x)

Hence the transition probability is

00
P(Xr+l:n > y|Xr:n = x):/ f(xr+1|xr = x)dxr-H
y

00 [1 — F(xs)j|"r1
"N T-Fo

Xr+1

_ * _ n—r—1
-ﬁj?aWTA:u Flx i)

X f(errl)derrl

or

__on—r = Fer) T
- {1 — F(x)}r—r n—r

_F—Fwy’
T l1=Fx) ’

We can readily see that the transition probabilities depends upon value of n and r.

P(Xrp1 Z2 y|IX, =x)

y

2.8 Moments of Order Statistics

The probability distribution of order statistics is like conventional probability dis-
tribution and hence the moments from these distributions can be computed in usual
way. Specifically, the pth raw moment of rth order statistics is computed as

00
/'L;{);n = / X fra (X)dx

oo

1 e8]
- V4 r—1 _ n—r
= Brn—r+D /_oox,f(xr)F ([ = Fx)]""dx.  (2.27)
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Using the probability integral transform property of order statistics, the moments can
also be written as

1 1
Wim = m/ {F_l(ur)}pbt;_l(l —u,)" "du, (2.28)
9 - 0

where u, is rth Uniform Order Statistics. The mean and variance of X,., can be
computed from (2.27) or (2.28). Further, the joint pth and gth order moments of
two order statistics; X,., = x; and X., = xp; are computed as

/L;{)vqn = Xp Xq / / xlxzfrvn(xlaXZ)dxld)Q
- c/ [ atatrenseor o)
|:F(x2) — F(xl):| [1 — F(.XQ)]n_st]d)Q. (229)

Using probability integral transform, we have

1 v
Mf’sqn = Cr,s:n/ / {F_l(u)}/’{F—l (U)}qur—l (v— M)S_r_]
0 0

x (1 —v)"*dudv. (2.30)
The pth and gth joint central moments are given as
ol = E[(Xrn — trn)” (X5 — 1)’
/ / (1 = prn)” (2 = psin)? frosm (X1, X2)dx1d 6
— Crun / / F ) = o] P[F ) = ]
X u — )1 = v)"*dudv. (2.31)

Specifically, for p = g = 1; the quantity o, ., is called covariance between X, and
X Also if F(x) is symmetrical; say about 0; then following relations holds

— P
I‘Lf:n = (= l)pu“nfr+1:n

and
P9 — rtq
'ursn ( l) ,bLn v+ln r+ln*

Further, the moments of linear combinations of order statistics can be easily obtained.
The conditional distributions of order statistics provide basis for computation of
conditional moments of order statistics. Specifically, the pth conditional moment
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of sth order statistics; X;.,; given X,.,, = x, is obtained by using the conditional
distribution of X., given X,., = x, as
o0
Mflr:n = E(Xsp:n|xi’) =/ xspf(xs|x,)de
Xy
(n—r)!

T G—r—Dln -l = FG)""

x /OO xs”f(xs)[F(xs) - F(xr)}

X

s—r—1

x [1 — F(x;)]" " dx,. (2.32)

The conditional mean and variance can be obtained from (2.32). Further, the pth
conditional moment of Xj., given X,,, = x, and X;,, = x, is computed from the
conditional distribution of X;., given X,.,, = x, and X,.,, = x, as

Xt
'U‘flr,t:n = E(Xal'izn|xra xt) = / xff(xﬂxrv Xp)dxg

Xr
_ t—r—1
(=1 =Dt —s— DIF(x;) — F(xp)]t—71

oo s—r—1
x/ xff(xn[F(xs)—F(xr)]

X [F(xt) — Fxg)l' = ldxy. (2.33)

In similar way the joint conditional moments of order statistics can be defined by
using corresponding conditional distribution.

Example 2.7 A random sample has been obtained from the density
f)=wx""%0<x<1;v>0.

Obtain expression for pth moment of rth order statistics and that for joint pth and gth
moment of rth and sth order statistics. Hence or otherwise obtain mean and variance
of X,., and covariance between X,.,, and X;.,,.

Solution: The distribution of rth order statistics is given as

_ 1 r—1 _ n—r
Srn(xr) = mf(xr)F ()1 = F(x)]" "

For given distribution we have F'(x) = x" and hence the density of X,., is

1 xrv—l(l _x;))n—r.

Srn(xp) = mv -
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Now we have
o0
//'f:n = E(X)pn) = / Xr frn(xr)dxr

l —
= G n—r+l)/ xfvxlvT x;’)” "dx,

P+rv 1(1 _ er)n_rdxr

B(r, n—r+1)/

I'+TU 1 v\n—r
= 1- d
B(rn—r+1)/ ( xr) r

[7+U(f 1) v 1(1 xv)nfrdxr

B(r, n—r—l—l)/

Making the transformation x’ = y we have vx’~!dx, = dy, hence

Ly n—r
= v 1— dx,
B(r,n—r—i—l)./o y ( ») *

B(r+%,n—r+1) _ l“(n+l)1"(%—|—r)
Brrn—r+1) T+ Z+1)

The mean is readily written as

F(n+ DI (L +7)
P(HT(n+L+1)

Mrn =
Again the joint distribution of X,.,, and Xj., is

fr,s:n(-xrv xs) = rs nv2xrv ]xsv_l(x;) _xrv)s_r_](l _'xSv)n_s'

The product moments are therefore

1 X
nfty = EQLXG) = [ [ 505 o s,

ru— 1 v—1 v\s—r—1
—Crrnv // pxq ( xr)

X (1 ” "Sdx,dx;
1
= C,,mv/ xIx; (1 —x ) -
0
X
x {U/ er+u(r_l))6;)_l(xsv _ xﬁ)s_’_ldx,]dxx
0

1
= C,,S;nv/ xfx;’_l(l - x;’)"“{vl(x,)}dxs
0
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Now consider

Xy
vl(x,) = v/o xf+v(r—1)xrv—1(x; _ xv)s—r—ldxr

r

X XV
— UX;(s_r_l)/ x]{)-kv(r—l)xrv—l 1—-2 s—r—ldxr.
0 x§

Making the transformation y = x/x; we have

1
UI(.xr) — xs(s—r—l)/ yp/v+(r—1)(1 _ y)s—r—ldy
0

= xsf’+v(s_2)B(€ +rs— r)

L(r+2)(s—r)

— p+vu(s—2)
. C(s+2)

Using above value of vI(x,) in above equation we have

(s —r(r+2

)U/Ol xS[7+q+v(x—l)x;;—l(1 _ x;})n—x

Mﬁ}qn = Cr,s:n

[(s+2)
Ts—nI(r+2) @m—5n—sT(EL +5)
= Crs:n LN .
TR D) M )

Now using the value of C, ;., we have

1 I(s —r)l(r+2)
B(r,s—r,n—s—i—l)>< I"(s—i-%)
n—5)'(n — s)l*(pvﬁ + s)
I(ZL 4+n41)
Fn+1) 5 (s —rI(r+2)
L —rln—s+1) I(s+2)
(n—$)I'(n— )T (EL +5)
M(ZL+n+1)
T(n+ DI (r+ 2)0 (5L +5)
T T+ DT (EL tn 1 1)

22—
/“l’r.s:n -

r<s.

The covariance can be easily obtained from above.
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Example 2.8 Find pth moment of rth order statistics for standard exponential
distribution.

Solution: The density and distribution function of standard exponential distribu-
tion are
f(x)=e¢*and F(x) =1—¢".

The pth moment of rth order statistics is
o0
/Lﬁn 2212()(£n) ::j/ .xpj}m(x)dx
—0o0
o0
—C,, / WPe (1= ) (e ) dx
0
r—1
= Z(—l)fcm (r - 1) /Ooxpe-xw—rﬂ'“)dx
=0 J 0

_’i(_l)j n! Fp+1)
T4 T Dl Dl D

The mean and variance can be obtained from above.

Example 2.9 A random sample of size n is drawn from the Weibull distribution with
density
f(x) = ax® texp(—x®); x, a > 0.

Obtain the expression for pth conditional moment of X;., given X,., = x,.

Solution: The pth conditional moment of Xj., given X,., = x, is given in (2.34)
as

W = E(X2,1x,) = / x? f (xglx,)dx,

»

. (n—r)! 00
T (s=r=Dln =91 = Fx)] /xr x! f(xy)

s—r—1
x |:F(xs) — F(x,)] [1— F(x)]" " dx,. (2.34)

Now for given distribution we have
fx) = ax®""exp(—x%)

and

F(x) =/Xf(t)dt=/ont"‘_lexp(—t°‘)dt= 1—e™.
0 0
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Hence the pth conditional moment of X, given X,., = x, is

K o0 1 o o o 1
p rsin Poyo—1 —x —xg = X{\s—r—
H’s|r:n - (e,xft)n_r /x Agaxg e 7 (g ! ¢ J)

r

X (efxéa)”ﬂdxs

s—r—1

00
_ O[Kr,s:n pra—1 _—(n—s+1)x% J
= e—(n——r)x“ )C‘y e s (_1)
Xr i=0

% (s - 1)e—“—’—f—‘)"?e—f"f’dxs;
J

or

s—r—1

1 fs—r—1
p = P p
I’Ls\r:n - aKV,SZ” z e—(i’l—S"rj-Fl)X,‘?‘ (_l)]( j )

j=0

00
— — — i o
X/ xs[H—ot 18 (n—s+j+1)x{ dxs
X

»

Making the transformation (n — s + j 4+ 1)xJ = y we have

s—r—1
1 s —r—1
p fr— J—
Hgjpn = K sin Z m( 1)1( i )

j=0

00 yp/ot
X / - e Vdy
(n—s+j+lxe (M — 5+ j + Dplet]

Qe 1 s—r—1
— _1\/ -
- aKr’S:” Z e—(n—s-‘rj-H)x,‘.’ ( l) ( ] )

j=0
p
X T s j+1)xe (— + 1) ;
o
where K, 5., = —m-D!__ The conditional mean and variance can be obtained from
) (s—r=1!(n—s)!

above expression. Using & = 1 in above expression we can obtain the expression for
pth conditional moment of Xj., given X,., = x, for Exponential distribution.

2.9 Recurrence Relations and Identities for Moments of
Order Statistics

In previous section we have discussed about single, product and conditional moments
of order statistics in detail. The moments of order statistics posses certain additional
characteristics in that they are related with each other in certain way. In this section
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we will give some relationships which exist among moments of order statistics.
The relationships among moments of order statistics enable us to compute certain
moments of higher order statistics on the basis of lower order statistics and/or on
the basis of lower order moments. Some of the relationships which exist among
moments of order statistics are distribution specific and some of the relationships
are free from the underlying parent distribution of the sample. In the following we
discuss some of the popular relationships which exist among moments of order
statistics. We present both type of relationships; that is distribution free relationships
and distribution specific relationships.

2.9.1 Distribution Free Relations Among Moments of Order
Statistics

The moments of order statistics have several interesting relationships and identities
which hold irrespective of the parent distribution. Some relations hold among mo-
ments of order statistics and several relations connect moments of order statistics with
moments of the distribution from where sample has been drawn. In the following
we first present some relationships that hold among single and product moments of
order statistics and latter we will give some identities which hold between moments
of order statistics and population moments.

We first give an interesting relationship which hold between distribution of rth
order statistics and other single ordered observations and a relationship that connect
joint distribution of two rth and sth order statistics with joint distribution of other
ordered observations in the following.

We know that the distribution of rth order statistics is

frn(x) = mﬂwmr—'n — FI
or
fra(x) = #!n_r)!f(x)[ﬂx)]”l[l — F@)I"" [ = F(x)]
= #Mf(x)mx)r”[l — F(o1" )~
n!

~ D WF@ITT = FaopT
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or

Frn(x) = — =D P = Fole D
T i —r r = D —r = 1)!

r

o=y =y @I = FaopTe

n

Frno1(X) = —— fri i ().
n—r n—r

So we have following relationship for distribution of rth order statistics and other
ordered observations

(I’l _r)fr:n(x) :nfr:n—l(x) _rfr+l:n(x)~ (235)
In similar way we can show that

(n — S)fr,s:n(xla X2) = ”fr,s:n—l(x] , X2) — rfr+l,x+]:n(x1 , X2)
—(S - r)fr,s+l:n(xl» xZ)- (236)

The relationships given in (2.35) and (2.36) enable us to derive two important rela-
tionships which hold between single and product moments of order statistics. The
relationships are given below.

We know that the pth moment of rth order statistics is

oo
/L;Iin = E(ern) :/ -xpfr:n(x)d-x~
: ‘ .
Using the relationship given in (2.35) we have

(n— r)ﬂf;n = / xP{nfrn1(x) = rfriraldx

o]

= n/OO x? frp_1(x)dx — r/oo xP fr i (x)dx

o0 —00

— p _ r
=Ny, Pyt

or
P gy = My — (=)l (2.37)

The relation (2.37) was derived by Cole (1951) and is equally valid for expectation
of function of order statistics; that is

rE[{g(X,11:)}’] = nE[{g(X,0-1)}] = (0 = N E[{g(X,.)}"];
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also holds. Again consider the product moments of order statistics as

Wl = Xp Xq //X1X2frsn(x1,x2)dx1dx2

Using the relationship (2.36) we have

pP.q r
Hysin = xlxz frsn l(xl»xz)_n_s

s—r
(n )frerln(xlvxZ)]dxlde

X frat s (X1, X2) —

or
00 x|
(n—s)uld, = n/ / X0 X3 frosn—1 (X1, X2)dx1dxs
—00 J —00
00 pxy
—r/ / X0 X3 fratsrin (X1, x2)dx1dxs
—00 J —00
00 px;
—(S - r)/ / -xlpngr,erl:n(xlv X2)dX1dX2
—00 J —00
or
NP — P P IR X
(I’l S)M’r,s:n - nlur,s:n—l rll’Lr+1,s+l:n (S r)/’Lr,s-‘rl:n
or
pP.q _ p.q p.q
PG4 s+t = MGy sp—1 — (n— S)H‘r sin — (s = r)'u’r,s+1:n' (2.38)

which is due to Govindarajulu (1963). Again the relationship (2.38) is equally valid
for function of product moments of order statistics. The relationship (2.37) further
provide us following interesting relationship for n even

1
E(Ml’;ﬁ-l:n +'u“g:n) = nl"“g:n—l; (239)

which can be easily proved by using » = 7 in (2.37). The relationship (2.39) also
provide following interesting result for symmetric parent distribution

wh. = wh, for peven
2" 2"
=0 for podd.
The relationships given in (2.37) and (2.38) enable us to compute moments of

order statistics recursively. We have certain additional relationships available for
moments of order statistics which are based upon the sum of moments of lower
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order statistics. We present those relationships, which are due to Srikantan (1962);

in the following theorems.

Theorem 2.6 For any parent distribution following relation holds between moments

of order statistics

_ : P s i—1 n P _
o = 2D (r_ 1)(1,);1,.:1.,” L2,
Proof We have
H’f:n = E(an) = /Oo xpfr:n(x)dx
1
Z‘/‘{Ffwuﬂpﬁmﬁﬁdu
0
= n—!/oo{F—l(u)}Pur—l(l _ u)n—rdu
r—DIn—-—r)J_

Now expanding (1 — u#)"~" using binomial expansion we have

n! 0 ~ (n—r\
o= F! sz _11( )Jd
e = e | L)

B n—r PN n—r n—! 00 . i
= j;o( 1)1( i )(r_ 1)!(n_r)![w{F @) }Pu " du
B n—r PN, (n — I‘)' I’l'(r +J) ,

_go( I)Jj!(n_r—j)!(r—1)!(n_r)!(r+j)ur+j:r+j'

Now writing r 4+ j = i we have
n

. (n—r)! n!
) — 1\~ r p
K = 2 T i S e = D =

(i — Dn! ,

- Z(_I)Hi(i " DG =)l — Dl — DM

i=r

S (YO
— r—1)\u

as required.

(2.40)
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Theorem 2.7 Following relationship holds between moments of order statistics

- icnar1 [T — 1) (7
uhy= > (=Di"F l(n_r)(i),uf:i;r=2,3,...,n. (2.41)

i=n—r+1

Proof Consider the expression for pth moment of rth order statistics as

Mrp:n = E(an) :/ xpfr:n(x)dx

1
= [P ) fratirdu
0

! 00
) m/ {F @} =" (1 —wy" " du.

Writing «’~! as {1 — (1 —u)}"~! and expanding binomially in power series of
(1 — u) we have

n! B
Wi = m/ F~'w)}” Z( 1)/

r—1 ; _
x( j )(1 —u) (1 —u)""du

_ 1)! n!
Z( '(r — )N —=Dln—r)!
X / {F_l(u)}”(l —u)""du

Nowusing j =r+i—n—1lori=j—r+n+1wehave

_ r+i—n—1 (}”—l)' n!
Hin = Z =D F+i—n—Dn—-D'r(n—r)

i=n—r+1

X r/ {F'w)}’ (1 —u)~'du

8 _1\i—ntr—1 i—1 n p .
S o ()

i=n—r+1

as required.

Theorem 2.8 Following relationship holds between moments of order statistics for
rns=1,2,....,nandr < s
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1 —i—1
=% 3 v ()L o

i=r j=n—s+i+l

Proof Consider the expression for product moments of order statistics as
ubd = X;"an / / x1 X, T frsn(x1, x2)dx1dxs
— G / | st renseEon
[F()Q) - F(X1)} [1 — F(x)I"*dxidx,.

or

1 v
Mr’i’fqn = Cr,s:n/ / {Fﬁl(u)}p{F*I(v)}qurfl(v _ u)sfrfl
0o Jo
x (1 —v)"*dudv.
Now expanding (v — u)*~"~! in power series we have
1 v
/‘f,fsq;n = Cr,s:n/ / {Fﬁl(u)}p{F*I(v)}qurfl
o Jo

s—r—1

1
x Z(—l)h(s 2 )v””uh(l—v)“dudv
h=0

& n! (s —r—1!

PIRCk
h=0 (V—l)!(s V—l)'(n—s)'h!(s_r_h_l);

1 v
X / / {F—l(u)}p{F—l(v)}qur-k/’t—lvx—r—h—l(1 _ v)n—sdudv
0 0

s—r—1

n!

>
— h(r—Dis—r—h—1Dln—ys)!
1 v
x / / {F' )} {F~ )} ™ =" 1(1 — v)"*dudv.
0 0

Now using i = h + r we have:

n!

Hrsin = Z( b — ) = DI —i — Dl(n — s)!

x/ / {F @} {F ')} v (1 — v)"*dudv.
0 0
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Now writing v*~*~! as {1 — (1 — v)}*"~! and expanding in power series we have
s—1 n!

Hriin = izz:‘(_l)l_r (i =) —DIs —i — D! —s)!
1 v
[ Lroreone
o Jo

s—i—1

x > (=1 (s _’;_ 1)(1 — )" (1 = v)"dudv
m=0

or
s—1 s—i—1 n!
.9 __ _1\i—r+m .
Hor s _Z‘ MZ:E)( D o — DI — i Dl — 9!
(s—i—1! b _
i ), ) e @)
xu N1 — )" dudv.
_ isil (_1)i7r+mn!
- (i =N = Diml(s —i =1 —m)!(n —5)!
1 v
X / / {F'@}?{F' @)} (1 = v)" " dudv
0 0
or

s—1 s—i—1

. (=)l — 1Dl — 5 + m)!
uht =2 2, G—r)r—Dmls —i — 1 —m)l(n—s)!

i=r m=0

x(m—=s+i+m+ DX Wiivimsimyivi-

Now using j =n — s +1i + 1 + m and rearranging the terms we have
= < i—1\(j—i—1\(n
Pd EREVEZ S Y T Pgq .
wi=3 3 o ()0 (i

as required.
Proceeding in the way of Theorem 2.8, we also have following relationships
between product moments of order statistics.

s—1 n . . .
. i—1 j—i—1\(n i
=3 3 oo (D) () ()

i=s—r j=n—s+i+1 n—s
(2.43)
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and

' _nfr n st i—1 j—i—1 n ra
whd= D D (=D f(s_r_l)( o )(j)uj,.,j:j. (2.44)

i=s—r j=r+i

The relationships given in (2.43) and (2.44) link product moments of order statistics
with those based upon the product moments of order statistics based upon smaller
sample sizes and on lower order product moments.

The relationships given in equations (2.40) to (2.44) are useful in computing single
and product moments of a specific order statistics as a sum of moments of lower
order statistics. We have some additional interesting identities which relates sum of
moments of a specific order statistics with sum of moments of lower order statistics.
We also have some interesting identities which relate moments of order statistics
with population moments and are free from any sort of distributional assumptions.
We present these identities in the following section.

2.9.2 Some Identities for Moments of Order Statistics

The moments of order statistics posses certain simple identities. These identities are
based upon following very basic formulae

i Xr = Z XPip>1 (2.45)
r=I1 r=I1

and
n n

ZZX”Xq = Zzn:Xf’Xﬁ; p.g =1 (2.46)

r=1 s=1 r=1 s=1
Now if all X, have same distribution F(x) with E(X/) = pu,, variance o and

E(X?X!) = pp.q then we have following interesting identities.
Taking expectation on (2.45) we

(5)-(5)

> E(x2) = S E(X))

or

or

Zlurp:n = ZH’[’ =Nnlp. (247)
r=1

r=1
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In particular

Z Mrn = NHL. (248)

Again taking the expectation of (2.46) we have

(ZZXP X4 ): E(ZZX”X‘f)

r=1 s=1 r=1 s=1

or
n n

S E(xgx0) = 33 E(xEXD)

r=1 s=1 r=1 s=1

or

n n n n
2wl =2 pa

r=1 s=1 r=1 s=1

Since X, and X, have same distribution therefore above relation can be written as

> = zuﬁﬁz > gt

r=1 s=I r=1 s#r=1
or
n n
DD b = nppeg + 0 — Dyt (2.49)
r=1 s=1
In particular
n n
DD trsw = npa+n(n = Dt = no® +n’p; (2.50)
r=1 s=1

and as a result we have

E i Hrsn = 5 [ZZMM Zu,n]

r=1s=r+l1 r=I1 s=1

= %{’W«z +n(n— DHu? —nu«z}

_nn—=1) 5 (n\ ,
= M _(Z)M. 2.51)

We also have following identity for n = 2

IS+ U5y = 21k pltys (2.52)
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which for p = g = 1 reduces to

M1,22 = M2~
Also from (2.48) and (2.50) we have

non non n n
Z Z Orsin = Z Z Mrs:n — (z Mr:n)(z Ms:n)
r=1 s=1

r=1 s=1 r=1 s=1

=no? + nzuz - nzuz =no’.

45

(2.53)

Above identities are very useful in checking the accuracy of single and product
moments of order statistics by their comparison with the population moments.

The single moments of order statistics have an additional identity which relates
the sum of single moments in terms of sum of moments of lower order statistics.

These identities are given in the following theorem.

Theorem 2.9 The single moments of order statistics satisfies following identities

21 21
—u?f = - .
E I‘Mr:n E rﬂl.r
r=1 r=1
and

" 1 "1
) — — .
> e = 2 e

Proof Consider the expression for single moments of order statistics as

00
/’L;If);n :/ -x;{)fr:n(-xr)d-xr

[e¢]

1
_ / (1 @) frn(w)du
0

! 1
= ﬁ/o {F‘l(u)}ﬂur—l(l _ u)n—rdu'

Applying summation over both sides we have

" L n! -
Z;Mﬁn=2m/o {F )

r=1

xu N1 —u)""du

n 1
= z (’r’)/o {F' @)} u " (1 —u)""du
r=1

(2.54)

(2.55)
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! 1|~ (n
_ —1 - r _ n—r
_/O {F (u)}”u[g(r)u (1 —u) ]du
1
:/0 {F”(@}P%{l — (1 —u)"}du.

Now using the identity

I -1 —=uw =u2(1 —u)

r=1

we have
n 1 1 n
Z;Mfw:/ {(F' @} > (1 —wy'du
r=1 0 r=1
C 1 ! —1 r—1
:Z—r/ {F7'w)}P (1 —uw)'du
r=1 r 0
n 1
= :E: _lLﬁr;
r=1 r

which is (2.54).

For second identity again consider the expression for single moments as

! 1
ur = m/o (F' @)} u =" (1 = u)"" du
or
" 1 ! n!
Zn—r+1“£" :E(V—l)!(rz—r+l)!
1
X / {F )} u "' (1 —u)""du
0
= S " /I{F_'(u)}pu’_l(l —u)""du
r=1 r—1 0
or

=
S
|
\:;3
=
+
—
|
——
~
|
~~
<
N
N
~
—_
<
P —
~ =
||M|
/4
SN S
v
<
.
~~
—_
|
<
N
=
|
4
[ —
IS
N
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Now using the identity

1—u"=(1 —M)Zu’_';
r=1

we have

Zn—r+1’“b”’ /{F W”Zu’ du
:Z—r/ {F’l(u)}purfldu
r=1 r 0
=Zn:1u£’;r;
r=1 r

which is (2.55). Hence the theorem.

Example 2.10 Prove that in a random sample from a continuous distribution with
cdf F(x) following relation holds:

r
E[ X F(Xp)] = —— st 141
[Xson F(Xrn)] o Mt

Solution: We have:

s—r—1
Frsn (X1, %2) = Crgn £ (1) f ) [F (x1)]" " |:F(X2) - F(xl)]
x [1 — F(x)]" .

Now
E[Xyn F(Xs)] = Cso / / (2 F (e} £ () f ) [F )T
s—r—1
< [F(Xz) - F(xo} [l = F(e) " "dxidxs

1 v
= C,’m/ / Flou (v —u)* 11 — v)"*dudv
0 Jo

1 v
= C/ F'w)yd —v)" [/ u (v — u)“_’_ldu:|dv
0 0

1
= Crun / F w)(1 — vy (1dw; (2.56)
0

where I = [ u" (v — u)*~"~'du. Now consider
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v
1 :/ u (v —u)y""'du
0

v
— Us—r—l/ ur(l _ Z)S_r_ldu.
0 v

Making the transformation % = w we have

1
I = vs/ w (1 —w) " dw
0

JE+D0(s —r)

= ‘YB 17 — =
vB(r+1,s—r)=v FG T 1)

T —1 — 1)!.

s!

Using above value in (2.56) we have

n!
r—Dls—r—D!n —s)!

1 — oy —
X / Fﬁl(v)(l _v)nisv‘yudv
0 s!

E[Xx:n F(Xr:n)] =

r(r—1)!n! 1 1 . nes s
= F7 (o' —v)"
r—Dlsl(n —s)! Jo
1
_ r (l’l + 1)' / F—l(v)vs+1—1(1 _ U)n—sv.s*
n+1sl(n—s)!Jy
r
= mﬂsﬂ:nﬂ;

as required.

2.9.3 Distribution Specific Relationships for Moments of
Order Statistics

In previous section we have given some useful relations which exist among moments
of order statistics irrespective of the parent distribution. There exist certain other
relationships among moments of order statistics which are based upon the parent
distribution from where sample has been drawn. In this section we will give some
recurrence relations for single and product moments of order statistics which are
limited to parent probability distribution. We first give two useful results in following
theorem which can be used to derive the recurrence relations for single and product
moments of order statistics for certain special distributions.



2.9 Recurrence Relations and Identities for Moments of Order Statistics 49

Theorem 2.10 Following relations hold for single and product moments of order
statistics from a distribution F (x)

| 00
H’r{]:n - lu‘fflzn = b ~ / xp—l
n—r+10¢—-Dn—r)_«
x [FO) 1 = Fx)" " dx. (2.57)
and
q Rl e -1
=, = mcr,s:n /_OO /X] x{xg f(xn)
s—r—1
X [Fxpl™! [F(m — F(xl)]
X [1 = F(x2)]" T dxodx. (2.58)
where C, 5., = !

(r=D!(s—r—1)!(n—s)!"
Proof We know that the pth moment of rth order statistics is

/’Lrp;n = E(ern) = /OO xpfr:n(x)dx
* }’l' r— n—r
= /_Ooxpmfmmx)] 1= F)I""dx

! )
) m/ x fELF @)1= F@I'dx.

—00

Integrating above equation by parts taking f(x)[1 — F(x)]"~" as function for inte-
gration we have

B n! L L= Fy—r+1>™
Wh = m[—xp[F(x)] Ta—r+1

—00

- / {px?'F@)T ™+ (r — DxP[F()] 2 f(0)}

1 — n—r+1
, — = F)] dx]

n—r+1
or
| ]
ub, = —2 - / 2= For !
' n—r+1@F—-—Dn-r)/_«
r—1 n!

X [F0ldx + ———= Dl !
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X /Oo X fOIL = F )" F ) dx

o]

— p n! = o r—1
- n—r+1(r—1)!(n—r)!/,ooxp [F@)]

_ n—r+1 n! >
x [1 — F(x)] dx+(r_z)!(n_r+1)!1mxpf(x)

X [F(x)]72[1 = F(x)]"" " Ddx.

Since

! o]
e e ety / x? fF T2

x[1 = F)" " Vdx,

hence above equation can be written as

r p n! /OO p—1 r—1
b = =D ) @

x[1— F)I" " dx +u? .,

or

Wl — 1y 1 = P n /OO xP!
e T n—r4+ 1 —-Dn—r)J_

x [F()I"™'[1 — F()1" " dx,

which is (2.57).

To prove the second result we consider the expression for product moments of
order statistics as

Mﬁ;{n = E(Xf:nXg:n) :/ / x{)ngr,s:n(xh)Q)dedxl
—o00 J x|
= Crsn / / X xd f Q) f ) [F(ep) ™!
—o0 Jxq
s—r—1
X [F(xz) - F(xl)] [1 — F(x2)]" " dxadx;
= Crﬂs:n/ XU FODIF (e (x2)dxy, (2.59)

where

00 s—r—1
1(x2) =/ ng(xz)[F(xz) - F(xl):| [1 = F(x)]""dxs.

X1
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Integrating above integral by parts using f(x2){l — F(x)}"* for integration we
have

s—r—1 —s 00
1—-F n—s+1
I(x2) = [F(xz) - F(x»] Lorml

X1

- /Oo xI! F(x)—F(x)kril
n—s+1J % 2 !

+s —r— DxI{F(xp) — F(xl)}'V7r72f(x2)]
x {1 — F(x2))"*tldx,

q *© - S—r—
= n_s“/ X @) = Far !

1
x (1= Feo))' ™y + ZH/ x4 £ (x2)

x [F(x2) — F(xp)I ™" 2[1 — F(x)"™*Hdxs. (2.60)
Now using the value of 7 (x;) from (2.60) in (2.59) we have

q
—s+1

M)p,’vqn = Cr,s:n/ x{;f(xl)[F(xl)]r_l [H

100 s—r—1

X / xg*l |:F(X2) — F(xl)] {1 _ F(XZ)}n_s+ldx
X1 )
s—r—1

n—s+1
x[1 = FOo)]"™ ‘+1dx2]dx1

/ 4 FO)[F (x2) — F(x)] "2

or
Mrpyqn = n_qﬁcnxzn/ / xlpxgilf(xl)[F(xl)]ril
s—r—1
x [F(xz) - F(xl)] [1— F(x)]" ™ dxadx,
S —r — 1 e
T —sriC / / xlxd f(xn) f () [F (x1)]
X [F(x2) — F(x) " 2[1 — F(x2)]"*dxadx,
or

P9 —
I'Lr,s:n -

n—s+1 / / 8 D F ()T

s—r—1
X |:F(X2) - F(Xl)i| [1— F(x)]" " dxodx,
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+Cr,sflzn/ / xlpng(xl)f(XZ)[F(-xl)]r_]

X [F(x2) — F(x)I* "2 [1 = F(xo)]" " dxadx,

or
q R —1 .
ity = e G | [ Ry
s—r—1
X |:F(x2) - F(Xl):| [1— F(x)]" " dxodx,
+Mr7f—1:n
or

pqg _ P4 —
H’r,s:n l‘Lr,sflzn -

n—s+1 / / x1x2 f(xl)

x [F ()]~ ‘[F(m - F(xl)]
[1 = F(x)]""dxada,
which is (2.58) and hence the theorem.
The results given in Theorem 2.10 are very useful in deriving distribution specific
recurrence relations for single and product moments of order statistics. In the follow-

ing subsections we have discussed recurrence relations between single and product
moments of order statistics for certain distributions.

2.9.4 Exponential Distribution

The Exponential distribution has been the area of study in order statistics by many
researchers. The density and distribution function of this distribution are

f(x) =aexp(—ax); x,a >0

and
F(x) =1—exp(—ax).

We can readily see that the density and distribution function for exponential distrib-
ution are related through the equation

fx)=all = F(x)]. (2.61)
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The recurrence relation for single and product moments of order statistics for expo-
nential distribution are derived Joshi (1978, 1982) by using (2.57), (2.58) and (2.61)
as below.

For recurrence relation between single moments of order statistics consider rela-
tion (2.57) as

/’Lp _,U«p In = P n' \/OO)CP_l
e T —r4+ 10 =-DIn—-r)"J)_

x [F()] 1 = F)1" " dx.

or

iy =1y = —2 & /oo xP7!
: : n—r+1r—-—0Dn-r!/_

X [F()] 1= F)]""[1 — F(x)]dx.

Now using (2.61) in above equation we have

u’rp'n - luf—l'n = P i /OO x!
: : an—r+1) @ —-—DIn—-r)J_

FEOIFI ' — F(x)]""dx

or

p _
r _ P — p—1
Hiyin /’Lr—l:n Ol(l’l —r4 I)Mr:n
or p
Po=pul — 2.62
Hiin My —1:m + a(n —r 4+ l) Myon ( )

as given in Balakrishnan and Rao (1998). The recurrence relation (2.62) provide
following relation as a special case for r = 1

P _ 14 p—1
Mg = EH Lin
The recurrence relation for product moments of order statistics for exponential dis-

tribution is readily obtained by using (2.58) as

q R e 1
p.q p.q p_q9—
Mrsn — Ky g1 = Cr,x:n/ / X1 X f(xl)
' n—s+1 —00 Jx;
r—1

x [Fx)]™! [F(Xz) - F(xl)]

x [1 = FG) " dxadx;.
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s p.q —
Mil’i.vczln —Mys—1m = P +1 / /);] xl X2 (xl)

or

x [F(x)]'~ ‘[F(m — F(xn)}
x [1 = F(x)]"*[1 — F (x2)]dx2dx;.

Now using (2.61) in above equation we have

rq _ P4 —
I’Lr,s:n I‘Lr,s—lzn Ol(n — + 1) r / /x] X -x2 f(xl)f(-XZ)

x [F(x)]"™ l[mz) — F(xo}
X [l — F()Cz)]n_SdXdel.

or

. P _ 4q 1
Mrp,;{n My s—1n = mﬂfﬁn
or q
s — ., P4 1
/’Lf,stzin = My s—1n + mﬂfsqn . (2.63)

Using s = r+1in (2.63) we have following recurrence relation for product moments
of two contiguous order statistics from exponential distribution

q 1
I’Lr r+l n — Mrpjl_q + m“f;{i—l ne (264)

Certain other relations can be derived from (2.63) and (2.64). Some more recur-
rence relations for single and product moments of order statistics from exponential
distribution can be found in Joshi (1982).

2.9.5 The Weibull Distribution

The Weibull distribution has wide spread applications in almost all the areas of life.
The density and distribution function for a Weibull random variable are

fx) = BaxP " exp[—(ax)’]; x, 0, B > 0

and
F(x) = 1 — exp[—(ax)"].
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We can see that the density and distribution function are related as
f(x) = BaPxP 1 — F(x)]. (2.65)

The recurrence relations for single and product moments of order statistics for
Weibull distribution are derived below.
The recurrence relation for single moments is given in (2.57) as

p n! e8] B
By = p—1
o = Bt = T = DI — 1! /_oox

X [F()] 1 = F)1" " dx.

or

] o0
P o_ P 14 n: -1
Hran = Fr—tn = 0700 0 = l)l(n—r)!/_oox

x [F)I ™ '[1 = F)I"™"[1 — F(x)ldx.

Using (2.65) in above equation we have

wP — b= P n! /Ooxpflxlfﬂ
e b T BB —r + 1) (r — DI — 1) oo

X fOIF) 1 = F)" " dx

or
P S p n! /oo b
T T BB —r+ 1) (r — DI — 1) o
X fEOIF)] 1 = F(x)]""dx
or p
r _ P R S
Hin My —1:n (Xﬂﬁ(}’l —r 4+ 1)Mr:n
or »
Po=pul —_urh 2.66
My 2T P + aﬁﬁ(n —r 4+ 1)lu'r.n ( )

We can see that (2.66) reduces to (2.62) for § = 1 as it should be. Using § = 2 in
(2.66) we obtain the recurrence relation for single moments of order statistics from
Rayleigh distribution as

p

— P2 2.67
202(n —r + 1) Hra (267

u’;{):n = H’f—l:n +
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Also for r = 1 we have following recurrence relations for single moments of first
order statistics from Weibull distribution

p _ D p-p
Ky = nO{ﬂﬂMln ' (268)

We now present the recurrence relations for product moments of order statistics for
Weibull distribution. We have relation (2.58) as

q R 1
sty = e = o | [ 50

x [F(x)]™! [F(m — F(xo}
x [1 = FO) " dxadx.

or

q Rl e 1
it =10 = o [ [ 0
r.sin rs n n—s—"—l r,s:n - .

x [F(x)]™! [F(xz) — F(xo}
X [1 = F(x)]"*[1 — F(x2)]dx2dx;.

Using (2.65) in above equation we have

pa _pa C,, xIx87P f(xy)
/‘Lr,s‘n Mr@*l-" aﬂﬁ(n — S + l) / A[ 1 f
s—r—1

x f)[F(x)]™ ‘[F(m — F(xl)]
X [1 — F(JCQ)]n_‘Yd)Qd)C] .

or
q

-t @ paP
C{'Bﬂ(n -5 + I)MV,SI}‘I

rq _ ,,P4 —
l‘l’r,s:n '[’Lr,s—l:n -

or
q
pa = +————ulr 2.69
Mrvn I’Lrs l:n aﬁﬁ(n_s_i_l)lurm ( )
We can immediately see that (2.69) reduces to (2.63) for 8 = 1. Using § = 2 in
(2.69) we have following recurrence relation for product moments of order statistics
for Rayleigh distribution
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q

— P2, 2.70
202(n —s + 1) Hrsin (270)

rq — P4
I’Lr,s:n - Mr,s—l:n +

Also for s = r + 1 the recurrence relation for product moments of two contiguous
order for Weibull distribution is

. q q—B
/"Lrptrq-i-lzn = H’sz_q + m#irﬂ-lzn‘ (2.71)

The relationships (2.67) and (2.69) can be used to derive recurrence relations for
mean, variances and covariances of order statistics from Weibull distribution.

2.9.6 The Logistic Distribution

The Logistic distribution has density and distribution function as

fx) = (1:87)[)2, 00 <X <00
and
F(x) = :
S l4e

We can readily see that the density and distribution function are related as
fx)=Fx)[l - Fx)]. (2.72)

Shah (1966, 1970) used the representation (2.72) to derive the recurrence relations
for single and product moments of order statistics from the Logistic distribution.
These relations are given below.

For single moments consider (2.57) as

' o0
PP — p n: P
Hran = For—tn = 57 20 = 1)!(n—r)!/,oo

X [F)] ™1 = F)" " dx.

or

p n! o
P. _ P o= ! F
S R . P n_r+1(r—1)'(l’l—r)'~/—oox )

x [FE)1" D71 — Fo)I""[1 — F(x))dx.

— P n! /ooxp—l
n—r+1r—-—Dnh-r)J_«

x FO[ = FIF 1P = oo™ dx.
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Now using (2.72) in above equation we have

Wl — il = — a /Oox"*‘foc)
v ek T 1= D! —r)

x [FO) D71 = F(o)" " dx

or
P Y N n(n —1)! /°° !
rn Tl T e 1= D =2)!(n—r)! )
X fEOIF)] V1 = F)" " dx

or np .

p _ P — p—

Hiin My —1:n r—Dm—r+ l)l“l’rflznfl

or

np

p—1 .
(r — 1)(n —r 4+ I)I’Lr—lzn—lv (273)

I’Lf:n = M’f—l:n +

as the recurrence relation for single moments of order statistics from Logistic distri-
bution.

We now present the recurrence relation for first order product moments of order
statistics from Logistic distribution. For this consider

e = E(X,0X0,) = /_OO /OO X1X3 frogn (X1, X2)dX2dx,
G | : / loo *1 £ G G [F (el
x |:F(x2) - F(xl)]srl[l — Fo) " dxadox,
= Crym /_Zx]f(xl)[F(xl)]’ll(xz)a’xl; (2.74)

where

00 s—r—1
I(x2) = / f(xz)[F(xz) - F(xl)] [1 = F(x)]" " dx.

Using (2.72) in above equation we have
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s—r—1

1) = / F(xz)[mz)—F(xl)} [l = Fl)"dxs

s—r—1

=/ [1—{1— F(xz)}][F(xz) — F(xl)]
X [1— F(x)]"*dx,

or

s—r—1

I()C2) = / |:F(-x2) - F(xl)} [1 — F(XZ)]n_‘H_ldxz

_/ [F(x2) — F(xl)]sf”*l[l _ F(xz)]nferzdxz
= 5(x2) — h(x2);

Using above equation in (2.74) we have
Mrn = Cr,s:n/ -xlf(xl)[F(xl)]r_lIl(-x2)d-xl
—00
_Cr,s:n/ X1 f )IF ) ™ h(xa)dxy. (2.75)
—00

Now consider

s—r—1

I1(x2) = / [F()Q) - F(X1)} [1— FO)]"" .

Integrating by parts, taking dx; as integration and rest of the function for differenti-
ation we have

oo
X1

s—r—1
Li(x2) = [F(Xz) - F(xl)] [1— Fx)]" ',

- / wal{s —r — DIF () — Fa)l"

x[1 = Fe)" "M fx)} —{(n — s + 1) f(x2)
[F(x2) = FxpI 7' [1 = F(x)]" ™ }dx,

00 s—r—1
=m—s+ 1)/ xzf(xz)[F(xz) - F(xl)j|

X[ = FO) " dxa—(s —r — 1) / x2f (x2)

X [F(x2) — F(x)I 721 — F(x2)]" M dx,. (2.76)
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Similarly

00 s—r—1
L(xy))=mn—s+ 2)/ X2 f(x2) I:F(xg) — F(xl):|

o0

x[1 = Fx)]"*Mdxa—(s —r—1) [ x2f(x2)

X1

X [F(x2) = Fx)I7 72 [1 = F(x)]" ™ dxs. Q2.77)
Now using (2.76) and (2.77) in (2.75) we have
i = (0 — 5+ DGy / / xuxaf () f G F )l
s—r—1
X [F(xz) - F(xl)} [1 = F(x2)]" *dx,dx,

—(s—r— 1)Cr,s:n/ / X1X2f(x2)f(x1)[F(xl)]r71
X [F(x;) — F(xl)]s—r—Z[l _ F(xz)]n—.v+ldx2
_(n -5+ Z)Cr,s:n/ / XIxzf(xl)f(xz)[F(xl)]r—l

s—r—1
X [F(xz) - F(xl):| [1 — F(x)]" ™ dxodx,

+(s—r— I)Cm:n/ / X122 f (02) f R)IF )] ™

X [F(x2) — F(x)I 721 — F(x2)]" ™ dx,.

Now rearranging the terms we have

. on+1 n—s+2
Mrsin+l = n—_s+2 Mrs:n — Mrs—1:n n+ 1 Mr,s—1n+1
1
S 2.78
n—s-+ 2,u ’ :| (2.78)

Using s = r+1 inabove equation the relation for product moments of two contiguous
order statistics from Logistic distribution turned out to be

n+1

Mrrlndl = —
ror+lin n—r+1

r 2 1
il — —— e— I 2.79
|:H 1 " 1/"Lr+1.n+1 . r:“ : :| ( )

Certain other relations can be derived from (2.78) and (2.79).
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2.9.7 The Inverse Weibull Distribution

The Inverse Weibull distribution is another useful distribution which has several
applications in almost all the areas of life. The density and distribution function for
an Inverse Weibull random variable are

B 1Y,
f(x) = WCXP(—X—ﬁ),X, ,3 > 0

1
F(x) = exp(—x—ﬂ).

The density and distribution function of Inverse Weibull distribution are related as

and

xB+L
f(x) = TF(x). (2.80)

The recurrence relations for single and product moments of order statistics for Inverse
Weibull distribution are derived below.
The recurrence relation for single moments is given in (2.57) as

| o0
r _ P — p n: xP1
Hrin = Hr—tin n—r+1(r—1)!(n—r)!/_oo

X [F) ™1 = Fx)" " dx.

or

| oo
Ul = 1]y = — o / xP7UF (x)
: : n—r+10r—-—0DInh-r)/_«

X [F()) 721 = F(x)]" " dx.

Using (2.80) in above equation we have

p n! R B+1
lu“il’]'n - Mff m = / xPx
: I Bn—r+ 1) r—Dn—r) ) o

x FOOFE)]T D1 = Fo) " Vax

or

wl —pl = p n! /OoxPJrﬁ
rn Tl T g Dy =2 —r 4+ D!

X f(x)[F(X)](r71)71[1 — F(x)]nf(rfl)dx
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or

p _,p  ___P P+
Hiin My —1:n ﬂ(r 1)Mr l:n
or p
Wiow = My + mﬂf+1’3n- (2.81)

as a recurrence relation for single moments of order statistics from Inverse Weibull
distribution. Using 8 = 2 in (2.81) we have following recurrence relation for single
moments of order statistics from Inverse Rayleigh distribution

Y S 2.82
Myn My —1:n + 2(1" I)I'Lr Lin* ( . )

We now present the recurrence relations for product moments of order statistics for
Inverse Weibull distribution. We have relation (2.58) as

q o0 o0 1

p.q p.q _ pP..4—

Hysn = Mys—1m = CV,S:"/ / XX f(xl)
n—s+1 —00 J X

x [F(x)]™! [Fm) — F(xl)}

x [1 = F(e) " dxadx;.

or
q Rl e —1
=, = mcr,s:n /_OO /X] x{xg f(xn)
X [F(x)]™! [F(m — F(xl)]
X [1 — F(x)]"*[1 — F(x2)]dxodx;.
or

Mﬁsqn - H’f,f—l:n = — +1 / /rl X )C2 f(xl) F(xl)]r !
s—r—1
x [F(m — F(xl)} [1 — F(x2)]" “dxadx
/ / 8 D IF )] ™ F(x)

n—s+1

s—r—1
X |:F(X2) - F(Xl):| [1 = F(x2)]" "dx,dx.
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Now using (2.80) in above equation we have

n—s—|—1 / / x1x2 f(xl)[F(xl)

s—r—1
X [F(Xz) - F(xl):| [1 — F(x2)]" " dxadx,

r.q _ P4 —
lur,s:n Mr,sfl:n -

ﬁ(,,_’;i]) / / x{xg ™ f G f G F ) !

s—r—1
X [F(xz) - F(xl)} [1 — F(x2)]" " dxadx;.

or
q 00 00 1 X
ubd — Mﬁ;tl_l;n = mcr,s:n [w ~/x| xPxdT Fe)F ]
s—r—1
X [F(X2) - F(Xl)} [1 = F(x2)]" "dxadx,
_Luf;]jﬂ
Bn—s+1)
or
R qu,x:n o0 r—
whd =l = m/_oo xf fDIF )] ™!
q
I(x))dx; — —————puPd+h. 2.83
x I (x2)dx; ﬂ(n—s—l—l)umn ( )
where

s—r—1

I(x2) = / xg—] |:F(X2) — F(xl)j| [1— F(xz)]n_sd)CZ.

Now integrating above equation by parts using xj ~! as function for integration we
have

oo

s—r—1 g
It) = [F(m - F(xo} - F(xzn"*f%

X1

—(s—r—1 / {[F(x2) — F(xp) "2

[1— FO)]"™ f(x2) = (n = $)[1 = F(xp)]" "
‘I

s—r—1
[F(xz)—F(m)} f(xz)] —=dx;
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n—s > q s—r—1
I(xy) = T/ X5 f)[F(x2) — F(x1)]

X [1 = F(x)]"
X f(x2)[F(x2)
Using above in (2.83) we have

qu sin

pqa _ P4 —
Mr,s:n 'u“r,sfl:n - —s +1

o s—r—1 %
Sldxz——/ xg
q X1

— F)IP 7721 = F(x)]"dx,.

/ Xl FenF )]

x |" q_s / X F ) [F(xa) — F (o)~

X1
00

X [1 = FO)]" ™ 'dx, — */ x5 f(x2)

X [F(x2) —

q

B

or

P.q _ (n —5)Cr s

Pq
Hrsin = My g 1y = n—s+1

1

FQe) 21 = F(xo)]"dxs }dx

P.q+B
+l)ursn

0 1
/ / o ) fEIF )T
J—o00 Jx|

s—r—1
x [F(XQ) - F(xl)] (1 — Fa)1 " DS dxydxy

(V_r_l)crsn
n—s+1

/ / xfxd F e feDIF DT ™!

X [F(x2) — Faep]® ™D =11 — Fap)]" S dxadx

q

/S(n—s—i—

or

pa _ pa  _ "Crsn-1
Mrsin = My g 1 = n—s+1

X [F(xz)

_nCr,s—]:n—l
n—s+1

X [F(x2) —

q

_,B(n—s+1)

or

+
D I*L;I")sqn P

/ / x]xzf(xl)f(xz)[F(n)]rl
X1

F(xl)] [1 — F(xp)] DS dxsdx
o0 o0 1
/ / X x§ f ) f o) [F e
.—oo-xl

Fa]S™ D711 — Fo)1 ™  dxodxy

P-q+p
Hr,sin
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n

s pP.q — p.q pP.q
Mﬁs({n - I’Lr,s—l:n - n—s+ llu“r,x n—1 " n—s+ llur,s—]:n—]
—;/x”’fﬁﬁ
Bn—s+ 1) r.sin
or
pa _ P 1 P, . 4 paq+s 284
/’Lr,s:n - H’r,s—l:n + n—s4+1 nlur,s:n—l - nlur,s—l:n—l - Elur,s:n . ( . )

The recurrence relations for product moments of order statistics for Inverse Expo-
nential and Inverse Rayleigh distribution can be easily obtained from (2.84) by using
B = 1 and B = 2 respectively. Some other references on recurrence relations for
moments of order statistics include Al-Zahrani and Ali (2014), Al-Zahrani et al.
(2015), Balakrishnan et al. (2015a, b).

Example 2.11 Show that for standard exponential distribution having density f(x) =
e, following relation holds for moments of order statistics:

_ P D op-i.
I'Li{)n il L P + ;Mrpn ; 2<r=n.

Solution: We have (p — 1)th moment of rth order statistics as:

o0
Mf:;l = E(ngl) =/ xp_lfr:n(x)dx

= /_: xp_l#(!n_r)!f(x)[]:(x)]r_l
x [1 = F(x)]""dx

= g L e
x [l = F(x)]" "dx.

Now for standard exponential distribution we have f(x) = 1 — F(x) so we have:

plyt = #('nr), / PNF@T 1 = Fo' ™" ax.

Now integrating by parts taking x”~! for integration and rest of the function for
differentiation we have:
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n! o

r—Dln —r)!
- /0 {r = DIFOT 1 = F)I" " f(x)

[[F(x)]’—l[l - F(x)]""*‘%’

p—1 _
My =
0

—(n—r+DIF®T ' - F(x)]""f(x)}%pdx]

n!
- r—D!n—-nr'p

—(r—1) / N xP f)F )21 — F(x)]"’“dx].
0

[(n —r+ 1)/0O xP FOF )1 = F(x)]""dx
0

Now splitting the first integral we have:

uh = n—'[n /oo xP FOOF )1 = F(x)]""dx
r—D!n—-nr'p 0
—(r—1 / wx*’f(x)[F(x)]H[l — F(x)]" "dx
0
—(r—1 / N xP FEOIF (0121 — F(x)]"’“dx]
0
- ”—'[n /oo x? FOIFOT 1 = FGoO)""dx
r—Din—r)p 0
—(r — 1)/oox”f(x)[F(x)]"2[1 - F(x)]”"dx]
0
_ n n! > r=lr1 _ n—r
= ;[—(r S T— /0 xP fOO[F ()] '[1 = F(x)] dx}
(7’ — 1) n! = r—=2 n—r
- [(r Sy —r /0 xP fOOIF ()] [1 = F(x)] dx}
or

., n n o,
I’Lf:n = ;an - ;l‘l’r—l:n—l

R P -1
OF Uyy = My_1:p—1 + nlur:n ’

as required. Further, for » = 1 we have a special relation as:

)4 p p—1
Him = ;/"Ll:n :

Example 2.12 Show that for standard exponential distribution having density
f(x) = e, following relations holds for joint moments of order statistics:
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MKrir4+1n = Mz;n + mﬂr:n; l<r=<n-1

1
and Mrsin = Mrs—1mn + lﬂrm; 1 <r<s=n,s—r = 2.
n—s—

Solution: We first obtain the first relation. Consider:
trn = E(Xrn X)) / / X139 froson (X1, X2)dX2d Xy
X1
= Cr,s:n/ / x1f (1) f ) [F )"
—00 J X2

s—r—1
X |:F(x2) - F(xl)] [1 — F(x)]" dxadxy;

where C, ., = WLI)'M—W Now for standard exponential distribution we have

f(x) = 1—F(x)and hence writing f (x) = 1— F(x,) above equation can be written
as:

00 00 s—r—1
Mrn = Cr,s:n/ / X]f(X])[F(X])]r71 |:F(x2) - F(xl)i|

n—s+1
X |:1 — F(xz)i| dx,dx,

—Cp / B GOIF G T (e 2385)

[ee}

where
s—r—1

I(xy) = / [F(JQ) - F(xl)} [1— F)]""Hdx,.

Now integrating above by parts, using dx, for integration and rest as differentiation
we have

oo

s—r—1
I(x;) = |:F(x2) - F(xl):| [1— FO)]"* ',

X1

- / [{Gs —r = DIF(x2) — FaDIP 7 [1 = Fx)1"* ! f(x2)}

X1

s—r—1
[—(n — s+ 1)[F(x2) - F(X1)} [1— F(Xz)]"_‘gf(xz)Hbdn

or
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o0

s—r—1
I(x) = I:F(Xz) — F(xl)j| [1-— F(XZ)]n—s-sz

X1

00 s—r—1
+(n—s+ 1)/ X2 |:F(X2) - F(Xl):| [1— F(x)]"™

X f(x2)dxy — (s —r — 1)/ 0[F(xy) — F(x)IP "2
x [1 = F ()"t f(x2)dxs. (2.86)

Now for s = r + 1 in (2.86) we have

o0

1) =m—7r) [ xall = Fe)]"™" " f(x2)dxs

X1

—xi[1 = F(xD]"™. (2.87)

Now using (2.87) in (2.85); with C, 5., = Wﬂ, we have:

fom = Crm / xlf(xl)[F(xl)]”[(n — / ol = Fe)™"!

X f(x2)dxy — xi[1 — F(x)]"" |dx,
n!

B r—Dln—-r— 1)!(n -7 [oo /Jrl x1x f (1) f (x2)
X [F)) 1 = Fap)]"™" ™ dxadx,

n! * F o
e Aot
X [1 = Fxn)]""dx
or
Hrp = (0 — r),ur,rJrl;n —(n— r)'u%:n
or

1
2 .
Mrr+1n = Mpy Mrns
n—r

as required. Again for s — r > 2 we have, from (2.86):
00 s—r—1
I(x) =(n—s+ 1)/ Xz[F(X2) - F(xl)] [1—-F@]"™
X1

X o) — (s —F — 1) / ol F(xs) — Fae) 2

x [1 = F(x)]" " f(x2)dxs. (2.88)
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Now using (2.88) in (2.85) we have:

MKrin = Cr,s:n/ X]f(X])[F(X])]r71

oo

00 s—r—1
[(n -5+ 1)/ x2|:F(X2) - F(xl)}

X1 = Fe)T'™ fG)dox — (s — r — 1) / xz

[F(x2) — Fxe)l "2 [1 = Fe) " f (x)dxa Ydx

or
Mrn = (l’l -5+ 1)Cr,s:n/ / XIXQf(X])f()Cz)[F(X])]r_I
s—r—1

X [F(m — F(xl)] [1 — F(x2)]"*dxadx,

(s = = DCppm / / o f o) f ) F DT

X [F(x2) — F(x)I* "2 [1 — F(x)]" ™ £ (x2)dxadx
or

Hrn = (m— 5 + l)ﬂr,s:n —(n—s+ I)Mr,s—l:n
or

1
Mrsin = Mrs—1:n + mﬂr:n;

as required.

2.10 Relations for Moments of Order Statistics for Special
Class of Distributions

In previous section we have discussed recurrence relations for single and product
moments of order statistics for certain distributions. We have seen that the recurrence
relations for single moments of order statistics can be derived from (2.89) as

A p n! /ooxp—l
O R Y1 R Ty

X [F(x)]~'[1 = F(x)]" " dx. (2.89)
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Using probability integral transform above relation can be written as

_ P = p n! =t -1
Moo = Wt = T r = D = )] /_OO{F 0}
x{F '} r='a -0 *ar. (2.90)

We now present a recurrence relation for single moments of order statistics for class
of distributions having special structure of {F -t (t)}/ . The relation is given in the
following.

Theorem: For the class of distributions defined as
DSV | —pi—1
{F'on}) = gﬂ" (1 —=04""1on (0, 1);
the following relation holds for single moments of order statistics

—1
Mf:n - Mfil;n = pC(l", n, pi, Q)Mf+pl;n+q; (2.91)

where )
1 (r— 1)

d+pn(")

r+pi

C(r,n, p1,q) = trn — hr—1:n =

Proof We have from (2.90)

_ P = 14 n! R -
Mf:n Hy—1m = n—r41 (r _ 1)'(’1 — r)| /_OO{F (t)}p
< {F7'o)} 1A —n""*dr. (2.92)

Now using the representation for {F - (t)}/ we have

po_ b = P ! /Oo F~l)lr!
RS e § ey ey ) B GG

1
X Et”‘(l i LY § R e/

or

1 p n! *©
PP = Flplr!
Horan = o=t dn—r—}—l(r—l)!(n—r)!/,oo{ 0]

% tr+P171(1 _ t)(”+q)*(r+Pl)+1dt.

or



2.10 Relations for Moments of Order Statistics for Special Class of Distributions 71

. B pl nl (r+P1)(:L.~.+;;Il)
o b = PG T = A DL G+ 0 ()

oo
X / {F_l(t)}p_ltr'”"_l(l _ t)(n+q)—(r+m)+1dt
—0Q

or
WEy = )y = P (r + p1)
T+ po (1) r+pi
X /Oo {F71 (t)}pfltr#»[)]*l (1 _ t)(n+q)7(r+[91)+1dt
—0Q
or

~1
IJ’)“’:I‘I - Mf*lin = pc(ra n, pi, q)/"(’f-kplil‘l—q;

as required. Using p = 1 we can readily see that

L )

C(ron, p1,q) = frn — Kr—1n = S < in¥a\’
d(r+p)("7)

r+pi
The class of distribution defined as
-1 / 1 —pi—1
{F (t)} — Etpl(l —pa—n-l

give rise to several special distributions for suitable choices of p; and g. Some of
these special cases are given below.

1. For p; = 0 and ¢ = 0 we have

{F”my=§a—n”

or
F_l(t)—llo b
—a B\

or
t=F@x)=1—e%;

that is the Exponential Distribution.
2. For p; = 0 and ¢ # 0 we have

{F*my=§a—nfl
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or 1
—1 _ _
F7'(t) = 1 (1 —n1

or
t=F@x)=1-(dgx)"%;

which for ¢ < 0 provides Pareto distribution and for ¢ > 0 provides Pearson
type I distribution.
For p; # —1 and g = p + 1 we have

(F7'} = éz‘f—‘

or 1
F7 ') = —11
dq

or
t = F(x) = (dgx)"4;

which for ¢ > 0 provides Power function distribution.
For p = —1 and ¢ = 0 we have

o) = b
or

F ') = l1o )
or

t = F(x) = e%;

which is reflected Exponential distribution.
Forp=—landg = —1

{F'n) = ét‘l(l —~!

or

_1 _l t
F (1) = y log(—1 — t)

t=F(x) =

or
14 edx :

which is the Logistic distribution.
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We can obtain other distributions for various choices of p; and g. The recurrence
relations for these special cases can be directly obtained from (2.91) by using the
corresponding values.

2.11 Reversed Order Statistics

Reversed Order Statistics appear frequently when data is arranged in descending
order of magnitude, say for example marks of students arranged from highest to
lowest or population of cities; in million; arranged in decreasing order. The dis-
tribution theory of such variables can be studied in the context of Reversed Order
Statistics which appear as a special case of Dual Generalized Order Statistics; dis-
cussed in Chap.5. The reversed order statistics and their distribution are defined in
the following.

Let xy, x3, ..., x, be a random sample from a distribution F(x) and suppose
that the sample is arranged in descending order as x; > x, > --- > x, then this
descendingly ordered sample constitute the reversed order statistics. The joint distri-
bution of n reversed order statistics is same as the joint distribution of ordinary order
statistics. The joint marginal distribution of r reversed order statistics is given as

' r
fl(re) ..... r(re)n (xls C) xr) = L |:H f(xl):| {F(xr)}n_r' (293)
i=1

(n—r)!

Further, the marginal distribution of rth reversed order statistics and joint marginal
distribution of rth and sth reversed order statistics; for r < s; are easily written from
(2.93) as

n'

mf(x){F(x)}”"{l —F)y . (2.94)

fr(re):n (x) =

and

n!

r—1
(r _ 1)!(_9 — = 1)‘(}1 — s)|f(x1)f(-x2){l - F(xl)}
X [F(x1) = F)P ™ H{F ()} . (2.95)

fr(re),s(re):n (X1, x0)=

We can readily see that the distribution of rth reversed order statistics from distrib-
ution F'(x) is same as the the distribution of (n — r + 1)th ordinary order statistics
from the distribution F'(x).

Example 2.13 A random sample is available from the density

f(x) =ax* texp(—x*); x,a > 0
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Obtain the marginal density function of rth reversed order statistics and joint density
function of rth and sth reversed order statistics for this distribution.

Solution: The density function of rth reversed order statistics and joint density
function of rth and sth reversed order statistics are given in (2.94) and (2.95) as

Frieyn(x) = FOUF ) {1 = F(x)) "

n!
(r—D!n—=r)!
and

n!

r—1
r—Dls—r—Dln— s)!f(xl)f(XZ){1 — F(x)}
x [F(x1) — F(x) ' HF(x2))" .

fr(re),s(re):n (X] s x2)=

Now we have
f(x) = ax*"exp(—x®)

So
F(x):/ f(t)dt:/ at® texp(—1%)dt = 1 — exp(—x%).
0 0

The density function of rth reversed order statistics is therefore

Jrreyn(x) = A A U F(x)} ™!

r—Dl(n—r
n!
x {1 — exp(—x*)}" " {exp(—x*)}
n!

x > (=1 (” N r) exp(—jx%)
j=0 /

X% Lexp(—x%)

x* Lexp(—rx%)

or
B n! wl - i(n-r
fr(re):n(x) = r—1Dl(n— r)!ax jgo( l)j( j )

X exp{—x“(r + j)}.

Again the joint density of rth and sth reversed order statistics is
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Frrerstreyn (X1, X2)= Crpaxi ™" exp(—x{)axy ™" exp(—x5)

< fexp(—=f)} ™ [exp(—xf) — exp(—xg) ]!
x {1 —exp(—x5)}",

or
fr(re),.r(re):n (xl s X2)= Cr,s:nazx(f_lxg_l exp(_rX?) eXp(—xg‘)
s—r—1
x 2 <—1>’(s_'f_1)exp{—x?<s_r—j—1)}
j=0 J
s, s .
x exp(—jxy) Z(—l) L exp(—kx¥).
k=0
or
n—s s—r—1 ' n— s
fr(re),s(re):n(xlaxZ): Cr.s:nazx?_lxg_] Z Z (_l)jJrk( k )
k=0 j=0
X (S —;— 1) exp{—x{(s — j — D}
x exp{—x5(j +k+ D},
where C,. 5., = n!
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