Preface

This book is based on my graduate-course lectures given at the Graduate School of
Mathematics of the University of Tokyo in October 2008 (at the invitation of
T. Funaki and M. Jimbo), at the Department of Physics of the University of Tokyo
in November 2010 (at the invitation of S. Miyashita), at the Department of
Mathematics of Tokyo Institute of Technology in December 2010 (at the invitation
of K. Uchiyama), at Ecole de Physique des Houches (Les Houches Physics School)
in May 2011 (organized by C. Donati-Martin, S. Péché and G. Schehr), at the
Faculty of Mathematics of Kyushu University in June 2013 (at the invitation of
H. Osada and T. Shirai), and at the Graduate School of Arts and Sciences of the
University of Tokyo in July 2014 (at the invitation of A. Shimizu). First of all
I would like to thank those organizers for giving me such opportunities.

The purpose of my lectures is to introduce recent topics in mathematical physics
and probability theory, especially the topics on the Schramm—-Loewner evolution
(SLE) and interacting particle systems related to random matrix theory. A typical
example of the latter systems is Dyson’s Brownian motion model. For this purpose
I have considered one story to tell the SLE and the Dyson model as ‘children’ of the
Bessel processes. The Bessel processes make a one-parameter family of
one-dimensional diffusion processes with parameter D, in which the D-dimensional
Bessel process, BES?, is defined as the radial part of the D-dimensional Brownian
motion, if D is a positive integer. This definition implies that Bessel processes are
‘children’ of the Brownian motion, and hence, the SLE and the Dyson model are
‘grandchildren’ of the Brownian motion.

The organization of this book is very simple. In Chap. 1 the parenthood of
Brownian motion in diffusion processes is clarified and we define BES® for any
D> 1. There, the importance of two aspects of BES® is explained. SLE is intro-
duced as a complexification of BES® in Chap. 2. We show that rich mathematics
and physics involved in SLE are due to the nontrivial dependence of the Bessel flow
on D. In Chap. 3 Dyson’s Brownian motion model with parameter g is introduced
as a multivariate extension of BES”” with the relation D = B+ 1. We will con-
centrate on the case where 8 = 2. In this case the Dyson model inherits the two
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aspects of BES® and has very strong solvability. That is, the process is proved to
be determinantal in the sense that all spatio-temporal correlation functions are given
by determinants, and all of them are controlled by a single function called the
correlation kernel.

Many parts of this book come from the joint work with Hideki Tanemura.
I thank him very much for the fruitful collaboration over 10 years. I would like to
thank Alexei Borodin, John Cardy, Patrik Ferrari, Peter John Forrester, Piotr
Graczyk, Kurt Johansson, Takashi Imamura, Christian Krattenthaler, Takashi
Kumagai, Neil O’Connell, Hirofumi Osada, Tomohiro Sasamoto, Grégory Schehr,
Tomoyuki Shirai, and Craig Tracy for giving me encouragement to prepare the
manuscript. I am grateful to Nizar Demni, Sergio Andraus, Syota Esaki, Ryoki
Fukushima, and Shuta Nakajima for careful reading of the draft and a lot of useful
comments. All suggestions given by two anonymous reviewers of this book are
very important and useful for improving the text and I acknowledge their efforts
very much. Thanks are due to Naoki Kobayashi and Kan Takahashi for preparing
several figures in the book.

I thank Masayuki Nakamura at the Editorial Department of Springer Japan for
his truly kind assistance during the preparation of this manuscript.
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