
Chapter 2
Robot Kinematics and Dynamics Modeling

Abstract The robotic kinematics is essential for describing an end-effector’s posi-
tion, orientation aswell asmotion of all the joints, while dynamicsmodeling is crucial
for analyzing and synthesizing the dynamic behavior of robot. In this chapter, the
kinematics and dynamics modeling procedures of the Baxter robot are investigated
thoroughly. The robotic kinematics is briefly reviewed by highlighting its basic role
in analyzing the motion of robot. By extracting the parameters from an URDF file,
the kinematics model of the Baxter robot is built. Two experiments are performed to
verify that the kinematics model matches the real robot. Next, the dynamics of robot
is briefly introduced by highlighting its role in establishing the relation between
the joint actuator torques and the resulting motion. The method for derivation of
the Lagrange–Euler dynamics of the Baxter manipulator is presented, followed by
experimental verification using data collected from the physical robot. The results
show that the derived dynamics model is a good match to the real dynamics, with
small errors in three different end-effector trajectories.

2.1 Kinematics Modeling of the Baxter® Robot

2.1.1 Introduction of Kinematics

The robotic kinematics studies the motion of a robot mechanism regardless of forces
and torque that cause it. It allows to compute the position and orientation of robot
manipulator’s end-effector relative to the base of the manipulator as a function of
the joint variables. Robotic kinematics is fundamental for designing and controlling
a robot system. In order to deal with the complex geometry of a robot manipulator,
the properly chosen coordinate frames are fixed to various parts of the mechanism
and then we can formulate the relationships between these frames. The manipulator
kinematics mainly studies how the locations of these frames change as the robot
joints move.

Kinematics focuses on position, velocity, acceleration, and an accurate kinematics
model must be established in order to investigate the motion of a robot manipulator.
Denavit–Hartenberg (DH) notations are widely used to describe the kinematic model
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28 2 Robot Kinematics and Dynamics Modeling

of a robot. The DH formation for describing serial-link robot mechanism geometry
has been established as a principal method for a roboticist [1]. Standard DH notations
are used to create a kinematics model of robot. The fundamentals of serial-link robot
kinematics and the DH notations are well explained in [2, 3].

In DH convention notation system, each link can be represented by two para-
meters, namely the link length ai and the link twist angle αi . The link twist angle
αi indicates the axis twist angle of two adjacent joints i and i − 1. Joints are also
described by two parameters, namely the link offset di , which indicates the distance
from a link to next link along the axis of joint i , and the joint revolute angle θi , which
is the rotation of one link with respect to the next about the joint axis [4]. Usually,
three of these four parameters are fixed while one variable is called joint variable.
For a revolute joint, the joint variable is parameter θi , while for a prismatic joint, it
will be di . The DH convention is illustrated in Fig. 2.1.

The four parameters of each link can be specified using DH notation method.
With these parameters, link homogeneous transform matrix which transforms link
coordinate frame i − 1 to frame i is given as Eq. (2.1).

i−1Ai (θi , di , ai ,αi ) = Rz(θi )Tz(di )Tx (ai )Rx (αi )

=

⎡
⎢⎢⎣
cθi −sθi cαi sθi sαi ai cθi
cθi cθi cαi −cθi sαi ai sθi
0 sαi cαi di
0 0 0 1

⎤
⎥⎥⎦ (2.1)

where sin(θ) is abbreviated as sθ and cos(θ) as cθ, R j denotes rotation about axis
j , and Tj denotes translation along axis j . For an n-link robot arm, the overall arm
transform namely forward kinematics, in terms of the individual link transforms can

Fig. 2.1 Definition of standard DH link parameters
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be expressed in Eq. (2.2). The Cartesian position of the end-effector can be calculated
from Eq. (2.3).

0An = 0A1
1A2 . . . n−1An (2.2)

nX0 = 0AnXn (2.3)

where X = [x, y, z, 1]T is an augmented vector of Cartesian coordinate.
Using the DH description of a robot and the Robotics Toolbox as introduced in

Sect. 1.1, we can easily simulate the motion of a robot and calculate the kinematics,
e.g., joints configuration for a certain pose and the Jacobian matrix [4].

2.1.2 Kinematics Modeling Procedure

Recalling Sect. 1.1, the Baxter robot consists of a torso based on a movable pedestal
and two 7 DOF arms installed on left/right arm mounts, respectively. Next, we will
build the kinematics model, the Baxter robot. The modeling procedure of kinematics
of the Baxter® robot includes the following steps [5]. First, we perform analysis of
mechanical structure of the Baxter® robot, and the main elements in URDF file and a
3D visual model will be described. Second, the method to obtain the DH parameters
from a link of the left arm is presented. Finally, we will tabulate the DH parameters
and create the kinematic model of dual arms with corresponding DH parameters.
This completes the kinematic modeling of Baxter® robot.

2.1.2.1 Structural Analysis

Baxter® robot has two arms and a rotational head on its torso. The arm is shown
in Fig. 2.2. The arm of Baxter robot comprises a set of bodies, called links, in a
chain and connected by revolute joints. There are seven rotational joints on the
arm, namely s0, s1, e0, e1, w0, w1, w2, respectively. Each joint has 1DOF. The
“arm mount” assembly, is fixed on the “torso” assembly. Joint s0 is connected to
the “arm mount” assembly. Between joint s0 and s1, there is “upper shoulder”
assembly. “lower shoulder” assembly is located between joint s1 and joint e0, and
so on. This structural connection is illustrated in Fig. 2.2.

2.1.2.2 URDF Description

URDF is a file in XML format which describes a robot, detailing its parts, joints,
dimensions, and so on. It is a fundamental robot model file in ROS, which is a
flexible framework for developing robot software.As introduced inSect. 1.5,ROS is a
collection of tools, libraries, and conventions that aims to simplify the task of creating

http://dx.doi.org/10.1007/978-981-10-0830-6_1
http://dx.doi.org/10.1007/978-981-10-0830-6_1
http://dx.doi.org/10.1007/978-981-10-0830-6_1
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Fig. 2.2 The arms of Baxter robot, on which there are seven joints

complex and robust robot behavior across a wide variety of robotic platforms [6, 7].
The way ROS uses a 3D model of a robot or its parts to simulate them or to simply
help the developers in their daily work is by the means of the URDF files. In ROS, a
3D robot such as the Baxter is always associated with a URDF file which describes
the kinematic information of the robot.

The Baxter® robot URDFfile consists of a series of frames and transform descrip-
tion between frames. A package about Baxter® robot mechanics construction can
be found in [8]. This package includes all files that we need to analyze key factors
of Baxter® robot, such as URDF file and other necessary files.

There are two major elements in an URDF file which describe the geometry of
a robot: “link” and “joint.” These two elements are not the same as joints and links
normally used in DH notation system. In fact, a “link” in URDF represents a frame.
The “link” code section means a frame predefined in the robot: it describes a rigid
body with inertia, visual features, and so on. Below is an example of a link element
named left_upper_shoulder:

1 <link name="left_upper_shoulder">
2 <visual>
3 <origin rpy = "0,0,0" xyz = "0,0,0"/></visual>
4 <inertial>
5 <origin rpy="0,0,0"
6 xyz="0.01783,0.00086,0.19127"/>
7 <mass value="5.70044"/>
8 <inertia
9 ixx="0.04709102262"...izz="0.03595988478"/>
10 </inertial>
11 </link>

The visual property of the link specifies the shape of the body (such as box,
cylinder) for visualization purposes. Origin section in visual indicates the reference
frame of the visual element with respect to the reference frame of the link.
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A “joint” in URDF represents a transform between two frames. It does not neces-
sarilymean amotional (translational or rotational) joint. In fact,most of these “joints”
are fixed. For example, the “joint” named torso_s0 and left_torso_arm_mount are
both fixed, as described above. Below is an example of a “joint” element.

1 <joint name="left_s0" type="revolute">
2 <origin rpy="0,0,0" xyz="0.055695,0,0.011038"/>
3 <axis xyz="0,0,1"/>
4 <parent link="left_arm_mount"/>
5 <child link="left_upper_shoulder"/>
6 <limit lower="−1.7" upper="1.7" />
7 </joint>

The type property specifies the type of “joint”: revolute, prismatic, or fixed,
whereas the former two types are motional joint. The origin property is the transform
from the parent link to the child link. The “joint” is located at the origin of the child
link, “above. rpy” represents the rotation around the axis of the parent frame: first
roll around x, then pitch around y and finally yaw around “z. xyz” represents the
position offset from the “origin.lower” and “origin.upper” describe the minimum
and maximum joint angles in radians. In Fig. 2.3, the first link has name “base”
which is represented by a rectangle, also representing a coordinate frame named
“base”. The ellipse represents a coordinate transformation between two frames, for
example, through torso_t0, frame base can be translated to frame torso. In order to
get the transform between frames, we will use the visual properties of link, and we
can get a transform path of left arm, which is depicted in Fig. 2.3 in a bold line.

2.1.2.3 Kinematic Model

Now, we are ready to create a forward kinematics model of Baxter® robot. We will
take left arm as an example, and create the left arm simulation model using DH
notation.

From the frame of base, the “joint” torso_s0 and left_torso_arm_mount are fixed,
the first motional joint we can find is left_s0, so we consider the left_s0 as the first
joint and left_upper_shoulder as the first link, left_s1 and left_lower_shoulder as the
second joint and link, respectively. Let us continue in this manner until the seventh
joint left_w2, the last rotational joint, and link left_wrist, are calculated.

The first four frame transformations can be found in URDF file (refer to Fig. 2.3).
Here is the description of left_s0, left_s1, left_e0, and left_e1 in URDF:

1 <joint name="left_s0" type="revolute">
2 <origin rpy="0 0 0" xyz="0.056 0 0.011"/>
3 <joint name="left_s1" type="revolute">
4 <origin rpy="−1.57 0 0" xyz="0.069 0 0.27"/>
5 <joint name="left_e0" type="revolute">
6 <origin rpy="1.57 0 1.57" xyz="0.102 0 0"/>
7 <joint name="left_e1" type="revolute">
8 <origin rpy="−1.57 −1.57 0"xyz="0.069 0 0.262"/>
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Fig. 2.3 Parts of frames and transform relationship between frames in Baxter® robot, generated
from ROS instruction $rosrun urdfdom urdf_to_graphiz baxter.urdf [7]. Rectangle(“link”) repre-
sents a frame and ellipse(“joint”) represents a translation/rotation between frames

These frame transforms are shown in Fig. 2.4.
From left_s0 to left_s1, the axis of joint rotates −π

2 along X0 axis (all revolution
abides by right-hand law), so link twistα1 = − π

2 .The translation of left_s1 in URDF
file is x = 0.069m and z = 0.27m, so d1 = 0.27m and a1 = 0.069m, let θ1 = 0
just because this is a revolute joint.

From left_s1 to left_e0, the axis of joint rotates π
2 along axis Z1 first and then

rotates π
2 along axis X1. Therefore, we should let θ2 = π

2 and let link twist α2 = π
2 .

Although the translation of left_e0 is x = 0.102m, we have to assign d2 = 0m and
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Fig. 2.4 First three joint frame transformational relationship

a2 = 0m because the x = 0.102m is not the offset along the axis of joint left_s1. It
is the key to make rotation occur only at the end of a link in this step.

From left_e0 to left_e1, the axis of joint rotates −π
2 along X2 axis, so link twist

α3 = − π
2 . The translation of left_e0 is x = 0.069m and z = 0.262m, so a3 =

0.069m. The offset along the revolution axis should be d3 = 0.262m+ 0.102m =
0.364m, including the x = 0.102m of joint left_s1. Repeating these steps, DH
parameter table can be developed as shown in Table2.1.

From DH notation table, we can get the transform matrix from the frame of
left_arm_mount to the frame of left_gripper (end point). The model of the right arm
of Baxter® robot can be created by using the same procedures above. DH notation
table of right arm is the same as the left arm except d7 = 0.275m, because in our
configuration the gripper on right arm is an electric gripper, and a vacuum cup is
installed on the left arm. According to different types of gripper mounted on each
arm, the value of di would be different. In fact, each Baxter® robot has a unique
URDF parameter configuration. Before creating the simulation model, the actual

Table 2.1 DH notation table of the left arm

Link i θi (deg) di (m) ai (m) αi (rad)

1 q1 0.27 0.069 − π
2

2 q2 + π
2 0 0 π

2

3 q3 0.102+ 0.262 0.069 − π
2

4 q4 0 0 π
2

5 q5 0.104+ 0.271 0.01 − π
2

6 q6 0 0 π
2

7 q7 0.28 0 0
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parameters should be obtained from frame transformation topic in ROS, rather than
using the nominal ideal URDF file from the website.

The transform from frame of base to left_arm_mount given in Eq. (2.4).

baseTle f t_arm_mount = Rz

(π

4

)
Tx (0.056m)Tz(0.011m) (2.4)

Then, a complete kinematics model of Baxter® robot can be created by using MAT-
LAB commands developed in MATLAB Robotics Toolbox.

In general, the key steps to extract DHparameters fromURDFfile are summarized
below

(i) Figure2.3 describes the transform relationship of joints and links in the URDF
file and can be considered as an inverted tree. To identify DH parameters for
Baxter robot, it is necessary to find the first rotational joint (rpy �= 0) from
the root of this tree. Mark it as joint 1, and recognize four elements θ1, d1, a1,
α1 and fill them in the DH table. Denote the next link as link 1, and assign
properties includes mass, inertia, and origin to the model. Then continue the
above procedure for joint 2, joint 3, and so on.

(ii) When the frame rotates not only about X axis (r in rpy), but also Z axis(y in
rpy), an additional rotation ( π

2/− π
2 ) needs to be added to the joint revolution

angle θi .
(iii) The location of a joint seen on the model built in MATLAB Robotics Toolbox

may be different from its location on the physical robot. For example, Baxter
robot’s joint e0 is located toward the middle of the upper arm link as shown in
Fig. 2.5a, while on the model developed by the MATLAB Robotics Toolbox,
it is located in such a manner that it shares origin with the previous joint s1,
as shown in Fig. 2.5b. This is because that the origin of the coordinate frame
associatedwith joint e0 is same as the origin of coordinate frame associatedwith
joint s1, according to DH convention. Consequently, in the MATLAB Robotics
Toolbox model the link offset should be modified.

Joint e0 is in the middle of
upper arm in actual robot

Joint e0 is at the end of the

(a) (b)

upper arm

Fig. 2.5 Joint rotates can only be represented at the end of link in model



2.1 Kinematics Modeling of the Baxter® Robot 35

2.1.3 Experimental Tests on Kinematics Modeling

Two experimental tests have been carried out to demonstrate the effectiveness of
the kinematics model of the Baxter® robot. The first experiment shows that robot
postures generated by the kinematic model are same as the real robot. The second
experiment demonstrates the accuracy of the kinematic model.

2.1.3.1 Experiment Test 1

Given a Baxter robot manipulator, if all the seven joint angels (θ1, θ2, . . . θ7) are
known, then we can calculate the Cartesian position and orientation of the robot.
To test the accuracy of the kinematic model, we create the Baxter® robot arm that
are put to several postures, retrieving the joint angular value (θ1, θ2, . . . θ7) and the
position and orientation in Cartesian space (xr , yr , zr ). Then, input joint angles to
our mathematical model and calculate Cartesian position (xm, ym, zm) using forward
kinematics. The postures of the robot and generated by model are shown in Fig. 2.6.
It can be seen that when same joint angles are given, the model has the same posture
as the robot.

2.1.3.2 Experiment Test 2

The pose that Baxter is shipping in or in power-off state is referred to as “shipping
pose” [9] (Fig. 2.6d). Baxter’s arms should be un-tucked (Fig. 2.6b) before subse-
quent movements. During the period when robot’s arms move from tucked pose
to un-tucked pose, and when it moves back to tucked pose, we retrieved a series
of joint angles and Cartesian positions (xr , yr , zr ) and orientations (ηRr , ηPr , ηYr ),
and calculate our Cartesian position (xm, ym, zm) and orientations (ηRm, ηPm, ηYm)

using Eqs. (2.1)–(2.4) based on the model built. The deviation between them can be
calculated from Eq. (2.5).

ΔX = (Δx,Δy,Δz) = (xm, ym, zm) − (xr , yr , zr ) (2.5)

Δη=(ΔηR,ΔηP,ΔηY)=(ηRm, ηPm, ηYm)−(ηRr, ηPr, ηYr )

Figure2.7 shows the position and orientation of left end point during the period
of arm is tucking and untucking. Position and orientation of the end point of model
(red curve) follows the trajectory of the actual robot (light gray curve) very closely.

The maximum error (unit of x/y/z is mm and unit of roll/pitch/yaw is rad) of
position between our model and the real robot is sufficiently small and the maximum
of errors (absolute values) for right arm is listed as below

[ex , ey, ez, eR, eP , eY ]max = [4.2, 3.3, 6.8, 5.6, 7.6, 7.3]
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Fig. 2.6 Comparison of the
posture of robot generated
from model when same joint
angles are given. The ‘err’ is
(ex , ey, ez, eR, eP , eY ). They
are calculated from Eq. (2.5),
a [ready, err =
(0.6, 0.4,−2.4, 2.8, 0.6, 1.3)],
b [untacked,
err = (1.2,−0.8,−3.1,
−1.0, 1.6, 1.8)], c [extended,
err = (0.6, 0.7,−3.9,
−2.8, 0.2,−1.8)], d [tacked,
err = (0.5, 0.4,−1.6,
−0.9, 2.3, 0.2)]

(a)

(b)

(c)

(d)

for left arm is

[ex , ey, ez, eR, eP , eY ]max = [4.4, 3.8, 6.1, 5.1, 7.2, 7.6]

The average error calculated from the data for right arm is

[ex , ey, ez, eR, eP , eY ]avg = [0.7,−0.6,−3.8, 2.9,−3.2,−1.2]
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Fig. 2.7 Comparison of the trajectories of robot and those generated frommodel during the robot’s
left arm is tucked/un-tucked

for left arm is

[ex , ey, ez, eR, eP , eY ]avg = [1.1, 0.6,−2.8,−1.6,−3.5, 1.1]

Thus, the accuracy of the kinematic model is satisfactory for simulation purpose.
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2.2 Lagrange–Euler Dynamics Modeling of the Baxter
Robot

2.2.1 Introduction of Dynamics

The dynamic model of a robot studies the relation between the joint actuator torques
and the resultingmotion.Anaccurate dynamicsmodel of a robotmanipulator is useful
in many ways: for the design of motion control systems, analysis of mechanical
design, simulation of manipulator motion, etc. Many control algorithms, such as
computed torque control [10], predictive control [11] and sliding mode control [12]
normally require an accurate model of the manipulator dynamics, commonly in the
Lagrangian form:

M(q)q̈ + C(q, q̇) + G(q) = τ (2.6)

where q denotes the vector of joint angles; M(q) ∈ �n×n is the symmetric, bounded,
positive definite inertia matrix, and n is the degree of freedom (DoF) of the robot
arm; C(q, q̇)q̇ ∈ �n denotes the Coriolis and Centrifugal force; G(q) ∈ �n is the
gravitational force, and τ ∈ �n is the vector of actuator torques. In this form, the
kinetic energy of the manipulator is described within M(q)q̈ + C(q, q̇), and the
potential energy represented in the gravity term G(q). This can then be used to
calculate either the forward dynamics (useful for simulation), where the manipulator
motion is calculated based on a vector of applied torques, or the inverse dynamics
(useful for control design) where the torques for a given set of joint parameters can
be calculated.

There are two commonly used methods for formulating the dynamics in Eq. (2.6),
based on the specific geometric and inertial parameters of the robot: the Lagrange–
Euler (L–E) formulation and theRecursiveNewton–Euler (RN–E)method [13]. Both
are equivalent, as both describe the dynamic behavior of the robot motion, but are
specifically useful for different purposes.

The L–E method is based on simple and systematic methods to calculate the
kinetic and potential energies of a rigid body system. The works of Bajeczy [14, 15],
show that the equations of dynamic motion for a robot manipulator are highly non-
linear, consisting of inertial and gravity terms, and are dependent on the link physical
parameters and configuration (i.e., position, angular velocity and acceleration). This
provides the closed form of the robot dynamics, and is therefore applicable to the
analytical computation of robot dynamics [16], and therefore can be used to design
joint-space (or task-space, using transformation via the Jacobian) control strategies.

The L–E formulation may also be used for forward and inverse dynamic calcula-
tion, but this requires the calculation of a large number of coefficients in M(q) and
C(q, q̇) from Eq. (2.6), which may take a long time. This makes this method some-
what unsuitable for online dynamic calculations, especially as other methods such
as RN–E (described in the next section), or Lee’s Generalized d’Alembert Equations
(GAE) [17] produce more simple, albeit messy, derivations which are much faster
[13]. A recursive L–E method has also been described [18] which greatly reduces



2.2 Lagrange–Euler Dynamics Modeling of the Baxter Robot 39

the computational cost of the L–E formulation and brings it into line with RN–E
methods.

The N-E formulation is based on a balance of all the forces acting on the generic
link of the manipulator; this forms a set of equations with a recursive solution [19],
andwas developed. A forward recursion propagates link velocities and accelerations,
then a backward recursion propagates the forces and torques along the manipulator
chain. This is developed as a more efficient method than L–E, and is based on the
principle of the manipulator being a serial chain; when a force is applied to one
link, it may also produce motion in connected links. Due to this effect, there may be
considerable duplication of calculation [20], which can be avoided if expressed in
a recursive form. This reduction in computational load greatly reduces calculation
time, allowing the forward and inverse dynamics calculations to be performed in real
time; therefore, it can enable real-time torque control methods of robot manipulators.

2.2.2 Dynamics Modeling Procedure

To establish the dynamics model of a robot, as stated above, two common meth-
ods have been developed: one is the Lagrange formulation, which gives a closed
form of the dynamic equations for ease of theoretical analysis; and the other is the
Newton–Euler method, which uses a recursive form with the easy-to-compute merit.
In this section, a formulation of the Lagrange–Euler (L–E) equations representing
the dynamics of the Baxter manipulator is presented for analysis the dynamics para-
meters in controller design.

Next, we will show the dynamics modeling of the Baxter robot which is intro-
duced in Sect. 1.1. To accomplish the dynamics modeling of the Baxter Robot, some
parameters are specified at first. The common inertial and geometrical parameters of
the Baxter robot are shown in Table2.2.

Table 2.2 Nomenclature

n Degrees of freedom (DoF) of the manipulator

q, q̇, q̈ ∈ �n×1 Vector of joint position, angular velocity and
acceleration, respectively

a, d,α, θ Variables denoting the Denavit–Hartenberg parameters

Ii ∈ �3×3 Inertia tensor of link i

m Link mass

r̄i ∈ �4×1 Center of mass of link i
i Tj ∈ �4×4 Homogeneous transform from link i to j

http://dx.doi.org/10.1007/978-981-10-0830-6_1
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2.2.2.1 Parameters Specification

TheD–H parameters and linkmasses of the Baxter manipulator are given in Table2.3
and are derived from the Universal Robot Descriptor File (URDF) [21]. These para-
meters describe the configuration of the links, and form the basis of the Lagrange–
Euler formulation. The homogeneous link transform matrices are formed from the
D–H parameters as such below:

i−1Ti =

⎡
⎢⎢⎣
cos θi − cosαi sin θi sinαi sin θi ai cos θi
sin θi cosαi cos θi − sinαi cos θi ai sin θi
0 sinαi cosαi di
0 0 0 1

⎤
⎥⎥⎦ (2.7)

where 0Ti =0 T1 1T2 . . .i−1 Ti .
The center of mass (CoM) for each link is given in Table2.4, which forms the

homogeneous column vector r̄i = [x̄i ȳi z̄i 1]T . The inertia tensors of each joint are
given in Table2.5, represented by the inertias working in each axis Ixx , Iyy , Izz and
cross-talk inertia between axes Ixy , Iyz , Ixz . Here, it is represented as a row vector,
but is also commonly found in I 3×3 symmetric matrix form. These information were
obtained from https://github.com/RethinkRobotics

Table 2.3 D–H parameters of the Baxter robot

Link θ d (m) a (m) α (rad) m (kg)

1 θ1 0.2703 0.069 −π/2 5.70044

2 θ2 0 0 π/2 3.22698

3 θ3 0.3644 0.069 −π/2 4.31272

4 θ4 0 0 π/2 2.07206

5 θ5 0.3743 0.01 −π/2 2.24665

6 θ6 0 0 π/2 1.60979

7 θ7 0.2295 0 0 0.54218

Table 2.4 Center of mass (all units in m)

Link x̄ ȳ z̄

1 −0.05117 0.07908 0.00086

2 0.00269 −0.00529 0.06845

3 −0.07176 0.08149 0.00132

4 0.00159 −0.01117 0.02618

5 −0.01168 0.13111 0.0046

6 0.00697 0.006 0.06048

7 0.005137 0.0009572 −0.06682

https://github.com/RethinkRobotics
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Table 2.5 Link inertia tensors (all units kg × m2)

Link Ixx Iyy Izz

1 0.0470910226 0.035959884 0.0376697645

2 0.027885975 0.020787492 0.0117520941

3 0.0266173355 0.012480083 0.0284435520

4 0.0131822787 0.009268520 0.0071158268

5 0.0166774282 0.003746311 0.0167545726

6 0.0070053791 0.005527552 0.0038760715

7 0.0008162135 0.0008735012 0.0005494148

Link Ixy Iyz Ixz

1 −0.0061487003 −0.0007808689 0.0001278755

2 −0.0001882199 0.0020767576 −0.00030096397

3 −0.0039218988 −0.001083893 0.0002927063

4 −0.0001966341 0.000745949 0.0003603617

5 −0.0001865762 0.0006473235 0.0001840370

6 0.0001534806 −0.0002111503 −0.0004438478

7 0.000128440 0.0001057726 0.00018969891

2.2.2.2 Lagrange–Euler Formulation

The Lagrange–Euler equations of motion for a conservative system [13] are given
by

L = K − P, τ = d

dt

(
∂L

∂q̇

)
− ∂L

∂q
(2.8)

where K and P are the total kinetic and potential energies of the system, respectively,
q ∈ �n is the generalized robot coordinates equivalent to θ in Table2.3, and τ is the
generalized torque at the robot joints [13]. The kinematic and potential energies are
given by:

K = 1

2

n∑
i=1

i∑
j=1

i∑
k=1

[
Tr

(
Ui j Ji U

T
ik

)
q̇ j q̇k

]

P =
n∑

i=1

−mi g
(0Ti r̄i

)
(2.9)

which, when substituted into Eq. (2.8), gives the expression:

τi = d

dt

(
∂L

∂q̇

)
− ∂L

∂q
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=
n∑
j=i

j∑
k=1

Tr(Ujk J jU
T
ji )q̈k −

n∑
j=i

m jgUji r̄ j

+
n∑
j=i

j∑
k=1

j∑
m=1

Tr(Ujkm JjU
T
ji )q̇k q̇m . (2.10)

This can be expressed more simply in the form given in Eq. (2.6), as a sum of the
inertia, Coriolis/centrifugal and gravity terms. The elements of the symmetric matrix
M(q) are given by

Mi,k =
n∑

j=max(i,k)

Tr(Ujk J j U
T
ji ) i, k = 1, 2, . . . n, (2.11)

the Coriolis/centrifugal force vector C(q, q̇)

Ci =
n∑

k=1

n∑
m=1

hikmq̇k q̇m

hikm =
n∑

j=max(i,k,m)

Tr(Ujkm Jj U
T
ji ) (2.12)

and the gravity vector G(q)

Gi =
n∑
j=i

(−m jgUji r̄ j ) (2.13)

where g = [0, 0, −9.81, 0] is the gravity row vector. The matrix Ui j is the rate of
change of points on link i relative to the base as the joint position q j changes

Ui j ≡ ∂T 0
i

∂q j
=

{
0Tj−1 Q j

j−1Ti j ≤ i

0 j > i
(2.14)

which allows derivation of the interaction effects between joints, Ui jk

Ui jk ≡ ∂Ui j

∂qk

=

⎧⎪⎨
⎪⎩

0Tj−1 Q j
j−1Tk−1 Qk

k−1Ti i ≥ k ≥ j
0Tk−1 Qk

k−1Tj−1 Q j
j−1Ti i ≥ j ≥ k

0 i < j or i < k

(2.15)
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where, for Baxter, as all joints are revolute,

Q j =

⎡
⎢⎢⎣
0 −1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ . (2.16)

The Ji matrices are independent of link position or motion, and therefore only needs
to be calculated once from the inertia tensors, link masses and link CoMs:

Ji =

⎡
⎢⎢⎣

−Ixxi+Iyyi+Izzi
2 Ixyi Ixzi mi x̄i
Ixyi

Ixxi−Iyyi+Izzi
2 Iyzi mi ȳi

Ixzi Iyzi
Ixxi+Iyyi−Izzi

2 mi z̄i
mi x̄i mi ȳi mi z̄i mi

⎤
⎥⎥⎦ (2.17)

This concludes the calculations required to form the L–E dynamics of the Baxter
arm.

2.2.3 Experimental Studies

To collect data from the Baxter robot, a PID position controller is employed in a dual
loop configuration, as shown in Fig. 2.8. A desired velocity q̇d is generated from the
outer loop

e = qr − q, ė = d

dt
e

q̇d = Kpe + Kdė (2.18)

which is then used to generate torque in the inner loop

Fig. 2.8 Block diagram of torque control system
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ε̇ = q̇d − q̇r , ε =
∫

ε̇ dt

τr = Kp ε̇ + Kiε. (2.19)

The trajectories of qr were created in two ways: generated using sine and cosine
patterns or using a touchpad input, both in Cartesian space. Inverse kinematics are
performed using the inverse Jacobian method, that is

q̇r = J †(q)ẋr (2.20)

where ẋr is the reference Cartesian velocity and J † is the pseudo-inverse of the
Jacobian matrix. The selected test trajectories in Fig. 2.9, show the actual Cartesian
test trajectories x which are calculated from x = F(q), where F(q) is the forward
kinematics of the robot. For the experiment, the right-hand manipulator of the Baxter
was driven through these three trajectories and data collected at 50Hz, including joint
positions and velocities q, q̇ , Cartesian position x and the estimated torques applied
to the motors τ . This is calculated on board of the Baxter robot from the deflection of
the internal springs (and large external springs at joint 2), summedwith the automatic
gravity compensation. The joint accelerations q̈ were estimated through first order
numerical differentiation of q̇ , which accounts for the noise in the calculated results.
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Fig. 2.9 Cartesian trajectories selected for experimentation. In a all three dimensions follow a
sinusoidal pattern, with a lower frequency in the z-axis. For the trajectories in b and c the arm was
moved only in the y and z-axes, respectively
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To find the explicit form of Baxter manipulator dynamics, MATLAB’s symbolic
toolbox was utilized. In their raw state, the symbolic representations of the elements
of D(q),C(q, q̇) and G(q) have many coefficients (over half a million), they cannot
be printed here.

To confirm the accuracy of the process, a numerical form was also created. Joint
positions and velocities were recorded from the Baxter moving in three different
trajectories, and the joint accelerations estimated through numerical differentiation,
i.e., q̈i = dq̇i

dt , where dt = 0.02 is the sampling period of the trajectory recorder. The
results from theL–E formare compared against torques recorded from theBaxter, and
torque trajectories generated using the RN–E method from Peter Corke’s Robotics
Toolbox [3]. It is possible to generate the analytical representation of Eq. (2.6) using
this RN–E method, but only if n is small due to heavy memory consumption. Due to
the way Baxter is controlled, the recorded torques are a sum of the actuator torques
measured via internal spring deflection and two torque vectors acting on joint 2
(hysteresis and crosstalk) to compensate for the large external springs, mentioned
previously. All results that are collected from the right-hand manipulator, with the
end-effector aligned with the z-axis. No external forces were applied to the arm
during testing.

In Fig. 2.10, the arm was moving in all three planes. It is noticeable that the
torques generated from L–E and RN–E are much noisier; this is due to the numerical
differentiation of the joint accelerations q̈ . This could be reducedbypassing it through
a low pass filter. However, we can see that the shape of the trajectories is very similar.

Fig. 2.10 Comparison of torque generated through L–E and RN–E methods with torques recorded
from the Baxter robot during the trajectory fromFig. 2.9a. The trajectory for this samplewasmoving
the end-effector in a circular trajectory in the x, y planes and in a cosine pattern in the z-axis, where
x = 0.6+ 0.1 sin(t), y = −0.2+ 0.1 cos(t) and z = 0.1+ 0.1 cos(0.2t). The errors (far right) are
the modeled torques subtracted from the recorded torques
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The first joint and distal joints 5–7 only require very small torque input as they are
mostly unaffected by gravity. Examining the L–E error plot in Fig. 2.10, the noise
dominates the largest errors but it is centered around zero for all joints, confirming
that there are no bias errors. The RN–E error plot shows a similar range of error, but
it is noticeable that the error for joint 3 has some positive bias.

In Fig. 2.11, we have similar results, with an even smaller error result. In this case,
the arm was moved in a way to generate higher accelerations by quickly switching
the target position in the y-axis only. This movement is mostly achieved using joint
2 at the shoulder, noticeable in the plots. The low error result in this case confirms a
good match for the kinetic part of the dynamic model. Again, looking at the RN–E
there is an obvious positive bias in the torques calculated for joint 3.

A slower trajectory was applied to the robot for the results in Fig. 2.12, moving
primarily in the z-axis, which is evident by the large changes occurring in joint 4.
Noise is reduced due to minimal acceleration in the trajectory. The error results again
show no bias errors, and within a good tolerance of around ±1.5 Nm which mostly
can be accounted for by noise from the acceleration trajectory derivation.

A good comparison of the methods is shown in Table2.6, where the average (and
a sum total) error of both methods for each joint are shown side by side. These
are calculated from each trajectory set, i.e., set 1 in Table2.6 corresponds to the
first trajectory results in Fig. 2.10. Looking through the table, it can be seen that the
average error for each joint is comparable between the methods, apart from in joints
3–4 which have significantly larger errors in every set. This gives a good indication
that the L–E method is not only accurate, but also slightly more accurate than the
RN–E method.

Fig. 2.11 Second comparison of torque trajectories from Fig. 2.9b; for this sample the end-effector
is fixed in the x, z plane and is switched quickly between two positions in the y-axis
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Fig. 2.12 Final comparison of torque trajectories from Fig. 2.9c input. The end-effector was moved
up and down in the z-axis, and held constant in the x, y plane

Table 2.6 Averages of calculation errors for L–E and RN–E methods

Joint Set

1 2 3

L–E RN–E L–E RN–E L–E RN–E

|ē1| 0.0105 0.0105 0.0148 0.0149 0.0061 0.0058

|ē2| 0.1002 0.0665 0.0464 0.0931 0.0703 0.0872

|ē3| 0.0475 0.1382 0.0083 0.1355 0.0367 0.1358

|ē4| 0.0151 0.1231 0.0079 0.1210 0.0064 0.1148

|ē5| 0.0068 0.0120 0.0099 0.0145 0.0079 0.0140

|ē6| 0.0006 0.0103 0.0047 0.0136 0.0003 0.0113

|ē7| 0.0012 0.0036 0.0003 0.0055 0.0013 0.0024∑n
i=1 ēi 0.0710 0.0869 0.0527 0.1161 0.0366 0.1089
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