Chapter 2
Unbiased Estimation

If the average estimate of several random samples is equal to the population parameter
then the estimate is unbiased. For example, if credit card holders in a city were
repetitively random sampled and questioned what their account balances were as
of a specific date, the average of the results across all samples would equal the
population parameter. If, however, only credit card holders in one specific business
were sampled, the average of the sample estimates would be biased estimator of all
account balances for the city and would not equal the population parameter.

If the mean value of an estimator in a sample equals the true value of the population
mean then itis called an unbiased estimator. If the mean value of an estimator is either
less than or greater than the true value of the quantity it estimates, then the estimator
is called a biased estimator. For example, suppose you decide to choose the smallest
or largest observation in a sample to be the estimator of the population mean. Such an
estimator would be biased because the average of the values of this estimator would
be always less or more than the true population mean.

2.1 Unbiased Estimates and Mean Square Error

Definition 2.1.1 A statistics 7'(X) is called an unbiased estimator for a function of
the parameter g(6), provided that for every choice of 6,

ET(X) = g(0) (2.1.1)
Any estimator that is not unbiased is called biased. The bias is denoted by b(6).

b(0) = ET(X) — g(0) (2.1.2)
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40 2 Unbiased Estimation

We will now define mean square error (mse)

MSE[T (X)] = E[T(X) — g(0)]?
= E[T(X) — ET(X) + b(O)]?
= E[T(X) — ET(X)]* + 2b())E[T(X) — ET(X)] + b*(9)
= V[T(X)] + b*()
= Variance of [T (X)] + [bias of T(X)]2

Example 2.1.1 Let (X1, Xa, ..., X,) be Bernoulli rvs with parameter ¢, where 6 is
unknown. X is an estimator for 6. Is it unbiased ?

_ 1 < no
EX = - Xi=—=90

Thus, X is an unbiased estimator for 6.

We denote it as 6 = X.

- 1 < 01 -0 01 -0
Vm(X)z;ZV(X,-)zn(nz ) <n )
i=1

Example 2.1.2 LetX;(i =1,2, ..., n)beiid rvs from N(u, o2), where 1 and o2 are
unknown.

Define nS? = 3% (X; — X)? and no? = >0 (X; — p)?
Consider

DK== X —X+X—p)’
i=1 i=1

=D X=X 42D X~ & — ) +nX — p?

i=1 i=1

= > X —X)* +nX — )

i=1

Therefore,

DX =X =D (X — ) —nX — p)?
i=1 i=1
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E [Z(X,- - 502} =E [Z(Xi - u)z} — nE[X — p)*]
i=1 i=1

2
> no

= no ——=n02—02
n

Hence,

2 —1
E$) =0 - = =0 (” )
n

Thus, S? is a biased estimator of o2.

Hence
2 2
o o
(o) =0 - — -0 = ——
n n
Further 7 is an unbiased estimator of o?

Example 2.1.3 Further, if (n — 1)S? = > (X; — X)2, then * I)S has x? with
(n — 1) df. Here, we examine whether S is an unbiased estimator of o.

2
Lot 1=D5 _,,

Then
o0 1 woon=l_ g
E(J/w) = / e
) T ()25
o r(p2 rpe
O CY
. (n—1):8 _2%1‘(;)
o T (%
Hence
2:T (2 Pr(s
B =26 —( ’ ) G,
reg) e-n: \n=1) T(3)
Therefore,
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Therefore,

Bias(S) = o [(n i 1)5 Fr(g) _ 1]

Example 2.1.4 For the family (1.5.4), p is U-estimable and 6 is not U-estimable. For
(p, 0), it can be easily seen that p = = and Ep = p. Next, we will show 6 is not
U-estimable.

Suppose there exist a function 4(r, z) such that
Eh(r,2)=6 VY (p,0) € ©.
Since
EE[h(r, 2)|r] =0

We get

r=1

= (n T e iz ldz
r_n—r h - Ilho 0 :9
Z(r)l’q /(r,z) 7Ty Th0.0)
0

Substituting .= W, and dividing ¢" on both sides

n ® - rfld
> \y(”) /h(r, 28 E L h0,0) = (1 + )", Since g = (1 + W)~
pn r ) 0T (r)

Comparing the coefficients of W” in both sides, we get, #(0,0) = 6, which is a
contradiction.
Hence, there does not exist any unbiased estimator of #. Thus € is not U-estimable.

Example 2.1.5 Let X is N(0, o) and assume that we have one observation. What is

the unbiased estimator of o2?

E(X) =0

V(X) = EX? — (EX)? = ¢*
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Therefore,
EX?) = o2

Hence X? is an unbiased estimator of o2.
Example 2.1.6 Sometimes an unbiased estimator may be absurd.

Let the rv X be P()\) and we want to estimate W (\), where
V(A =exp[—kAl; k>0
LetTX) =[—(k— D] k> 1

N e M\

BITCO] =2 =Gk = DI'—

x=0 ’
00
S k= DA
- ¢ Z x!
x=0
— e—)\e[—(k—l)/\]

— efk/\

T(x) = [-(k— 1] > 0; xisevenand k > 1
T [-(k—=D] <0; xisoddand k > 1
which is absurd since W () is always positive.
Example 2.1.7 Unbiased estimator is not unique.

Letthervs X; and X, are N(0, 1). X1, X5, and X + (1 — )X, are unbiased estimators
of 0,0 <a<1.

Example 2.1.8 LetX;, X5, ..., X, beiid rvs from Cauchy distribution with parame-
ter 0. Find an unbiased estimator of 6.

Let

—00 <X <00, —00 < b < o0

TW0 = o

X

_ dy
F0) = / l+ (v — 6)]

—0Q

1 1
=—+—tan '(x—0)
2 7

Let g(x(»)) be the pdf of X(,), where X, is the rth order statistics.
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9(xn) = () IF o)1 1= Flxp)1™™"

(n—r)(r—1!

___n 1 Db ta o] T Dt — o |
pRTEr Tl Ereensnyrerd | R Rael B R Gl

o0

! 1 -0 1 1 =1
E(X() —0) . i [ ]

_ 1 [ )
C m=nr=D'7 [+ Gy — 0)2] |2 + - tan~"' (x(r) — 0)

1 1
X |:§ - tan*l(x(,) - Q)nfr:| dxr

Let (x(y —0) =y

[o¢]
E(X 9) C 1 / y 1 + 1 ¢ 1 r—1 1 1 . . n—rd
r)y — =LCm— = — an — — — tan s
® pl e y 5= y| dy

—00

!
where Crn = m
Let

r 1 IO
u=—-+—tan " y=u— - =—tan "y
2 7 2 7

1 1
:>(u—§)w=tan1y:>y=tan(u—§)7r:>y=—cot7m

sin? u sin 7ru

dy = |:(cos mu)(cos ) 4 sin 7rui| du
= 7lcot? Tu + 1] = n[y* + 11du
1

/u’_l (1 — w)* " cot mudu

0

n!
EXo =0 == =

1

= —Cm/u’_l(l — )" cot Tudu
0
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Replace rbyn —r + 1

1

!
EXpri1 —0) = —m/cot(ﬂ'u)u”_’(l —u)" " Ydu
0

Letl —u=w

B m/( 1) cot[m(1 —w)I(1 —w)""w''dw

1
n' / n—r_ . r—1
=————— [ cot(mw)(1 —w)" "W dw
—nlr—1)!
(n—n)l(r )0
Now

1 1

/u”l(l —u)"" cot mudu = /cot(ww)(l —w)" W dw

0 0

E[(x(r) - 0)+ (x(nfrJrl) -0]=0

ElX¢) + Xo—r+1] = 260

X(r) + Xn—r+1)

0 =
2

X4l s . )
Zn=—rD js an unbiased estimator of 6.

Therefore,

45

Note: Moments of Cauchy distribution does not exist but still we get an unbiased

estimator of 6.

Example 2.1.9 Let X be rv with B(1, p). We examine whether p? is U-estimable.

Let T'(x) be an unbiased estimator of p2

1
D T =p'=p?

TO)(1 —p) +T(Dp = p?
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plT(1) —=TO)]+T(0) =

Coefficient of p*> does not exist.

Hence, an unbiased estimator of p2 does not exist.

Empirical Distribution Function

Let X1, X5, ..., X, be arandom sample from a continuous population with df F and
pdf f. Then the order statistics X1y < X) < --- < Xy is a sufficient statistics.

Define F x) = w, same thing can be written in terms of order statistics as,
0 5 X(]) > X
Fx)= 1% Xp <x < Xgsn)
L x> Xp
1 n
=- > Ix—X;
. Z ( o)
j=1
where
I;y>0
I=1.,"7 .
o) [ 0; otherwise

Example 2.1.10 Show that empirical distribution function is an unbiased estimator
of F(x)

R 1 <
F(x) = - Zl(x — X))

EF(x)

1 n
= > PIXj < x]
n )

- Z Z ( ) [FOOTF[L = F)1"* (see (Eq. 20 in “Prerequisite”))

JlkJ

=- Z Z ( )[F(x)] [1—F)"™*

j]kl
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:_Z( )[F( [ — F(o)]"™ "Z(l)

j=1
—2}()wm [ —Fe1r*

—[nF(x)] = F(x)
n

Note: One can see that I(x — X;)) is a Bernoulli random variable. Then EI(x — X)) =
F(x), so that EF (x) = F(x). We observe that F (x) has a Binomial distribution with
mean F(x) and variance w Using central limit theorem, for iid rvs, we can
show that as n — o0

Fo) - F)

2.2 Unbiasedness and Sufficiency

Let X;, X5, ..., X,, be a random sample from a Poisson distribution with parameter
A. Then T = > X; is sufficient for A. Also E(X;) = A then X; is unbiased for A but
it is not based on 7. Moreover, we can say that it is not a function of 7.

(1) Let T} = E(X|T). We will prove that T} is better than X, as an estimate of \. The
distribution of X; given T as

fXIT =1) = [ () G (=) 0 =012, 00 2.2.1)

otherwise

E[X||T =] = L and distribution of T is P(n\)
T 1 nx A
vi=)==ovin="2=2
n n? n? n
T
VX)) >V (—) (2.2.2)
n

n—1
(i) Let T, = (X,,, > X,-) is also sufficient for \.
i=1
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n—1
To = > X;. We have to find the distribution of X; given T
i=1
PIX) =x1,T, = 1]
P[T, = 1]
_ PIX) = x1, Xy = xp, Z?;;Xi =1y — x1]
PIX, = Xy, 20 X; = 1o]

PIX,|T] =

e e N e D (n — )A]OT x! fo!
Tox!l xy! (to — x1)! e AN\ e~ =DA[(n — DA]?
1! (n —2)—™

xi!(to —xp)! (m—Dh

(o) (n=2\"( 1 \"
-\ n—1 n—2
11 1 X1 ] fo—x1
2()2) (n—l) (:ll—l) ;01 =0,1,2,...,1 (2.2.3)

Now X, given T, has B(t, ﬁ)

lo Z?: Xi

E[X,|T>] =
[X|T>] p— —

V[n—l]_(n—m_n—l (2.2.4)

n-l i . .
We conclude that Z":'IX‘ is unbiased for A and has smaller variance than X;. Com-

n—

- n—1y.
paring the variance of X, X, and Z}ff‘lx, we have
n—1
- X -
V(X)) > V(Z:—ll) > V(X)
n—
This implies A > ﬁ > %

n—1
- -1y
Hence, we prefer X to ZH*T‘I and X;.

Note:

1. One should remember that E(X;|T = t) and E(X,|T, = t,) are the unbiased
estimators for \.

2. Even though sufficient statistic reduce the data most we have to search for the
minimal sufficient statistic.
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Let 71 (X, Xa, ..., Xy) and T> (X1, Xa, ..., X;,) be two unbiased estimates of a para-
meter 6. Further, suppose that 7' (X, X», ..., X,,) be sufficient for 6. Let T} = f(¢)
for some function f. If sufficiency of T for 0 is #, have any meaning, we should
expect T to perform better than 75 in the sense that V(7}) < V(7). More generally,
given an unbiased estimate / for 0, is it possible to improve upon % using a sufficient
statistics for #? We have seen in the above example that the estimator is improved.
Therefore, the answer is “Yes.”

If T is sufficient for 6 then by definition, the conditional distribution of (X;, X5, ...,
X,) given T does not depend on 6.

Consider E{h(X1, X5, ..., X)|T(X1,X,,...,X,)}. Since T is sufficient then this
expected value does not depend on 6.

Set Ty = E{h(X1, X5, ..., X)|T(X1, Xz, ..., X,)} is itself an estimate of 6.

Using Theorem 5 in “Prerequisite”, we can get ET

E(T)) = E[E{h(X1, Xo, ... . X)IT(Xy, Xa, ..., Xi)}]

=EB{h(X1, Xz, ..., X))} =0

Since A is unbiased for 8, hence E(T)) is also unbiased for 6.

Thus, we have found out another unbiased estimate of 6 that is a function of the
sufficient statistic. What about the variance of 7' ?

Using Theorem 6 in “Prerequisite”

VIh(X1, Xa, ..., X)] = E{V((X1, Xo, ... . XDIT X1, Xo, ..., X))
+ VIER(X1, X, .., X)IT (X1, Xa, ..o, X))

=E{V(h(Xi, Xa, ..., X)ITX1, X2, ..., X))} + V(T)) (2.2.5)

Since V(h|T) > 0 so that E[V(h|T)] > 0

From (2.2.5), V(T}) < V[h(X)]

If T(X) is minimal sufficient for 6 then T is the best unbiased estimate of . Some-
times we face the problem of computations of expectation of & given 7.

The procedure for finding unbiased estimates with smaller variance can now be
summarized.

1. Find the minimal sufficient statistic.
2. Find a function of this sufficient statistic that is unbiased for the parameter.

Remark If you have a minimal sufficient statistic then your unbiased estimate will
have the least variance. If not, the unbiased estimate you construct will not be the
best possible but you have the assurance that it is based on a sufficient statistic.
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Theorem 2.2.1 Let h(X) be an unbiased estimator of g(0). Let T(X) be a suf-
ficient statistics for 0. Define W(T) = E(h|T). Then E[V(T)] = g() and
VIV(T)] < V(h) YV 0. Then V(T) is uniformly minimum variance unbiased esti-
mator (UMVUE) of g(8).

This theorem is known as Rao—Blackwell Theorem.

Proof Using Theorem 5 in “Prerequisite”,
E[A(X)] = E[ER(X)|T = 1] = E[W(T)] = g(0) (2.2.0)

Hence W (7)) is unbiased estimator of g(6)
Using Theorem 6 in “Prerequisite”,

VI[a(X)] = VIE(hX)|T(X)] + E[V(h(X)|T (X))]

= VIW(I)] + E[V(h(X)|T(X))]

Since V[A(X)|T(X)] > 0 and E[V(A(X)|T(X))] > 0
Therefore,

VIW(T)] = V[h(X)] (2.2.7)

We have to show that W (7T') is an estimator,

i.e., W(7T) is a function of sample only and independent of 6.

From the definition of sufficiency, we can conclude that the distribution of 4(X) given
T'(X) is independent of §. Hence W(T') is an estimator.

Therefore, ¥ (T') is UMVUE of ¢g(0).

Note: We should remember that conditioning on anything will not result in improving
the estimator.

Example 2.2.1 Let X1, X; beiid N(6, 1).
Let

X1 +X

hx) =X ===,

Eh(X) =0 and V[h(X)]= %,

Now conditioning on X, which is not sufficient. Let ¥ (X;) = E(X) 1X1).

Using Theorem 5 in “Prerequisite”, E[W (X))] = EX = 6. Using Theorem 6 in
“Prerequisite”, V[W(X;)] < V(X). Hence W (X)) is better than X. But question is
whether W (X,) is an estimator?
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¥ (X)) = E(XIX))

X1 +X> 1 1
=E 5 X1 ) = EE(XI X)) + EE(X2|X1)

1 1
—X; + EE(Xz) (X1 and X, are independent)

2
1 1
= —X, + -0
PR

Hence W (X)) is not an estimator. This imply that we cannot say that W (X;) is better
than X.

Theorem 2.2.2 (Lehmann—Scheffe Theorem) If T is a complete sufficient statistic
and there exists an unbiased estimate h of g(0), there exists a unique UMVUE of 0,
which is given by Eh|T.

Proof Let hy and h, be two unbiased estimators of g(#) Rao-Blackwell theorem,
E(1|T) and E(hy|T) are both UMVUE of g(6).

Hence E[E(h|T) — E(h2|T)] =0

But T is complete therefore

[E(hi|T) = E(h2|T)] =0

This implies E(1|T) = E(h|T).

Hence, UMVUE is unique.

Even if we cannot obtain sufficient and complete statistic for a parameter, still we
can get UMVUE for a parameter. Therefore, we can see the following theorem:

Theorem 2.2.3 Let Ty be the UMVUE of g(0) and vy be the unbiased estimator of
0. Then Ty is UMVUE if and only if EvgTy =0 V 6 € ©. Assume that the second
moment exists for all unbiased estimators of g(0).

Proof (i) Suppose Ty is UMVUE and Evy Ty # 0 for some 6y and vy where Evy = 0.
Then Ty + awvy is unbiased for all real «. If Ev% = 0 then vy is degenerate rv. Hence
EvyTp = 0. This implies P[vy = 0] = 1.

Let Evé >0

E[To + avg — g(0)]* = E(Tp + avy)? — 2g(0)E(Ty + av) + ¢* ()
= E(Ty + avy)? — ¢*(0)
= E(Ty)? + 2aE(Tyvp) + o*Ev] — ¢*(6) (2.2.8)

Choose « such that (2.2.8) is equal to zero, then differentiating (2.2.8) with respect
to o, we get

= 2E(Tovo) + 20Ev =0
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Hence

_ E(Towo)
Ev(z)

= (2.2.9)

E(Ty 4 avy)? = E(T,)* + 2aE(Tyvy) + o’Ev}
(E(Tovp))?
Evg

< E(Ty)? (2.2.10)

= E(Ty)’ -

2 .
Because % > 0 (our assumption E(Tpvg) # 0)

Then we can 0conclude that
V(T + avy) < E(Tp)?
which is a contradiction, because Ty is UMVUE.
Hence EvTy) =0
(i1) Suppose that
Evlp=0 V 6 € ® (2.2.11)
Let T be an another unbiased estimator of 8, then E(T — Ty) = 0.
Now Ty is unbiased estimator and (T — Tj) is unbiased estimator of O, then by

(2.2.11),

ETo(T —Ty) =0

ET,T — ET,> =0

This implies ETy*> = ET,T
Using Cauchy—Schwarz’s inequality

ETyT < (ET,®)? (ET?)?
Therefore,

ET? < (ET,%)? (ET?)?

(ETy?)? < (ET?) (2.2.12)
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Now if ETp? = 0 then P[Tp = 0] = 1
Then (2.2.12) is true.

Next, if ETy? > 0 then also (2.2.12) is true
Hence V(Ty) < V(T) = T, is UMVUE.

Remark We would like to mention the comment made by Casella and Berger (2002).
“An unbiased estimator of 0 is nothing more than random noise; that is there is no
information in an estimator of 0. It makes sense that most sensible way to estimate
0 is with 0, not with random noise. Therefore, if an estimator could be improved by
adding random noise to it, the estimator probably is defective.”

Casella and Berger (2002) gave an interesting characterization of best unbiased esti-
mators.

Example 2.2.2 Let X be an rv with U(0, 6 + 1), EX = 6 + 1, then (X — 1) is an
unbiased estimator of @ and its variance is % For this pdf, unbiased estimators of
zero are periodic functions with period 1.

If h(x) satisfies [} ' h(x) = 0

0+1

d
E/h(x)zo
[

hO+1) —h®) =0 ¥ 0

Such a function is h(x) = sin 27x.
Now,

0+1
1
Cov |:X — 3 sin 27er| = Cov[X, sin27X] = / x sin 27xdx

@+ 1)cos2m(@+ 1) cos 2w
- +6
2w 2w
n sin27(@+1)  sin276
472 472

Since sin 27w (6 + 1) = sin 276

cos 2w (6 + 1) = cos 27 cos 2w — sin 27w sin 27

=cos2mf (cos2m =1, sin2w = 0)

cos 27
2

Cov[X, sin27X] = —
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Hence (X — 1) is correlated with an unbiased estimator of zero. Therefore, (X — 1)

cannot be the best unbiased estimator of 6.
Example 2.2.3 Sometimes UMVUE is not sensible.

LetX;, X5, ..., X, be N(u, 1). Now X is unbiased estimator for ;1 and Xis complete
sufficient statistic for p then E(X; |X) is UMVUE. We will show that E(X;|X) = X.
See (ii) of Example 2.2.11

Note that X is N(u, %)

1
1
=;mﬂﬁ+ﬂﬁ&%%~+Eamm

1
i L G T

_ 1 2 1
Cov(X;,X) = tn —,u2 = -
n n
_ Cov(X1, X) - _
EX:|X) = EX; + ———————[X — EX]
V(X)
1 -
= p+ —n[X — pu]
n
=pu+X-p=X

(X1, X) is a bivariate rv with mean

and covariance matrix

1L
(11)

In this example, we want to estimate d(;) = p> then ()_(2 — %) is UMVUE for p2.
One can easily see that EX* = 1 4 12,
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Hence E (X? — 1) = 1% and X? is sufficient and complete for /2.

Now g2 is always positive but sometimes ()_(2 - }l) may be negative. Therefore,
UMVUE for uz is not sensible, see (2.2.56).
Now, we will find UMVUE for different estimators for different distributions.

Example 2.2.4 Let Xy, X», ..., X, are iid rvs with B(n, p), 0 < p < 1. In this case,
we have to find the UMVUE of p"¢*, g =1 —p, r, s # 0 and P[X < c]. Assume
n is known.

Binomial distribution belongs to exponential family. So that >"_| X; is sufficient
and complete for p.

(i) The distribution of T is B(mn, p).

Let U(¢) be unbiased estimator for p"g*.

nm nm
Zu(t)( . )p’q”’”" =p'q (2.2.13)
=0

nm

nm —r nm—it—s
Zu(t)( . )p q =1

=0

R (”;”) nm-—=s8="r\ , , un—t—s _

R |G
Then

(Ilﬂ1)
u(t) nmjsfr =1
( t—r )
Hence sy
M(t):[%;t:r,r+1,r~|—2,...,nm—s 2.2.14)
0 ; otherwise

Note: Form =n =1, r = 2, and s = 0, the unbiased estimator of p2 does not exist,
see Example 2.1.9

(ii) To find UMVUE of P[X < c]

Now
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Then UMVUE of

Hence UMVUE of P[X < c]

. > (j’c) (‘;})) st=x,x+1,x+2,...,nm—n+x, c¢<min(t,n)
— 1) x=0 !
1 ; otherwise
(2.2.15)
Note: UMVUE of P[X = x] = (")p*q" ™ is ()((_) Xx=01,2,. ...t
Particular cases: r
(@) r=1,s = 0. From (2.2.14), we will get UMVUE of p,
nm—1
t
(") nm
(b) r =0, s = 1. From (2.2.14), we will get UMVUE of ¢,
("mt_l) nm —t t
u(t) = —(——= = =1-— (2.2.17)
( ' ) nm nm

(c)r =1,s = 1. From (2.2.14), we will get UMVUE of pq,

u() = (i) (”m - t) (2.2.18)
nm nm — 1

Remark We have seen that in (2.2.16), (2.2.17), and (2.2.18),

~ r o, t - t nm—t
p=—;q=1——andpq=(—)( )
nm nm nm nm — 1

Hence, UMVUE of pq # (UMVUE of p) (UMVUE of g).

Example 2.2.5 Let Xy, X, ..., X, are iid rvs with P(\). In this case we have to find
UMVUE of (i) e~ (i) P[X < ]

Poisson distribution belongs to exponential family. So that T = >, X; is sufficient
and complete for \.

(i) The distribution of T is P(mA\).

Let U () be unbiased estimator for \"e~*

o0

—mA A t
D u(t)# — e\ (2.2.19)
=0 :
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o e—(m—s))\mt)\t—r
Sy
Py t

< t _ —(m—s)\ _ t—r
z u(t) m § (t—r)e [(m — s)A] _ 1
— (m—s)—" (t—r)!

Then

m' (t—n!
(m — s)\=r 1! -

=" ], s <m

u(t)

= m =) 2.2.20
u(®) [O ; otherwise ( )
(ii) To find UMVUE of P[X < c]
c 7)\)\x
PX<c=>°
= x!

Now, UMVUE of e \\¥ is ¢=D2 1
UMVUE of P[X < c]

_Z“: 1! (m—1)f( 1 )*
_xzo(t—x)!x! m m—1

:[ o () () (= T e < 2.2.21)

; otherwise
Remark UMVUE of P[X = x] = < is () (1) (=)™ x =0,1,....¢
Particular cases:
@)s=0,r=1
From (2.2.20), we will get the UMVUE of A,
m' 1 t
ut) = —— = — (2.2.22)

mit—1) m

®d)s=1,r=0
From (2.2.20), we will get the UMVUE of e

s

u(t) = (mT_l) (2.2.23)
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©s=1,r=1
From (2.2.20), we will get the UMVUE of e
— ' —-1\" ¢
up = Mo Dt (m (2.2.24)
mi(t — 1)! m m—1

Remark UMVUE of Ae™ # (UMVUE of \)(UMVUE of e)

Example 2.2.6 Let X, Xo, ..., X, areiid rvs with NB(k, p). In this case we have to
find UMVUE of

L. p'g*(r,s #0)
2. P[X <]

P[X = x] = Probability of getting kth successes at the xth trial

k+x—1\ ,
= P'g; x=0,1,2,...,0<p<l1l,g=1—p (2225
X

Negative Binomial distribution belongs to exponential family.

Therefore, T = Z:"Zl X; is complete and sufficient for p. Distribution of T is
NB(mk, p).

Let U(¢) be unbiased estimator for p”g*

> k+1—1
> u) (m ) )p’"kq’ =p'q
=0
o0
Zu(l‘) (mk + — l)pmk—rqt—s -1
=0 !
o0 mk+1—1
( ) mk—r—s+1t—1\ i s
Zu(Z)W( o )pk 4= 1
s=0 t—s
Then
(kartf 1)
M(I)W =1
t—s
Hence,

(mk — rl—_s“v-k t— l)
(mk +lt — 1)

u(t) =
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(mk—r[:.;ﬂ—l ) _
M(Z) — (mktt—l) ’ t —_— S, N + 11 ceey r S mk (2226)
0 ; otherwise
(i1) To find UMVUE of P[X < c]
" (k+x—1 N
PIX <cl=> ( )p"q
X
x=0
k (nxk—k—xﬂ
Now UMVUE of p“¢* = W
UMVUE of P[X < ¢]
¢ (k+i—l)(mk—llizx+f ) .
_ ) 2oy =t L (2.2.27)
1 ; otherwise.

k+x—1Y\ (mk—k—x+t
Remark UMVUE of P[X = x] = (Iﬂ'i_l)pkq)C is %
Particular cases: I
@r=1,5s=0
From (2.2.26), we will get UMVUE of p,

u(t) = (") _ k1 (2.2.28)
() T ki1 -

®r=0,s=1
From (2.2.26), we will get UMVUE of g,
(nlk+f—2) ¢
1) = —1 — 2.2.29
u(®) (") T omk -1 (2:2:29)
©r=1,s=1
From (2.2.26), we will get UMVUE of pgq,
mk+t—3)
(" t(mk — 1)
H=-—1’_ 2.2.30
u() (Y T Gmk + 1 — 1) (mk + 1 2) (8230
Remark UMVUE of pg # (UMVUE of p)(UMVUE of ¢q)
Example 2.2.7 LetXi, X5, ..., X, beiid discrete uniform rvs with parameter N (N >

1). We have to find UMVUE of N°(s # 0).
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Then joint distribution of (X1, Xp, ..., X)) is
1
f 2, ) = S I (N = X)Xy = 1)

1;9y>0
0 ; otherwise

I(y)=[

By factorization theorem, X, is sufficient for N.
Now, we will find the distribution of X,).

mn m

Z
P =2l =[Pl =21 =

i=1
P[X(m) = Z] = P[X(m) =< Z] - P[X(m) <z7- 1]

" B z—D™

= . z=1.2,....N 2231
Nm om0 C (2230

We have to show that this distribution is complete, i.e., we have to show if Eh(z) = 0
then /(z) = 0 with probability 1.

Eh() = Zh()[m Z_—”m] 0

Now (”"71(\+1)m) is always positive then i(z) = 0 with probability 1.
Therefore, X, is sufficient and complete for N.
Let u(z) be unbiased estimator of N*

Then
—
Zu( ) [ —Ge-D } N
—1ym
> o [T -
N . )
Zm _ (Z _ 1)m Zm-'m _ (Z _ 1)m+s _
;M(Z) |:Zm+s —(z— 1)m+sj| |: Nmts ] =1
Hence,

M= (z— 1Hm B
u(z) [Zm+.v —(z— 1)m+s] -
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m+s __ _ m—+s
u() = [z z—-1 }

Zm _ (Z _ l)m
Therefore,
X”,lrj_s - (X m) 1)m+s
UXgy) = | —o (2.2.32)
X(m) _ (X(m) _ l)m
Then u(X()) in (2.2.32) is UMVUE of N°.
Particular cases:
(a)s=1
From (2.2.32), we get UMVUE of N,
R Xm+1 _ (Xm _ 1)m+l
N=|Zm 0 (2.2.33)
X(m) - (X(m) - l)m
b)ys=5
From (2.2.33), we get UMVUE of N°
o [ X = Xy — DM
NS = |Zm =@ (2.2.34)
Xy — Ky — D™
(c) To find UMVUE of eV
Now -
NI
N=> — (2.2.35)
— j!
j=0
Using (2.2.32), UMVUE of ¢V is
. 00 1 Xm+j — KXo — 1)m+j
N — Z — | L (m)
=0 .]' Xz:ln) - (X(m) - l)m
Remark UMVUE of &V # &'
Example 2.2.8 Let X1, Xa, ..., Xy, be iid rvs with power series distribution.
a(x)6*
PX =x) = x=0,1,2,... (2.2.36)
c(0)

where c(0) = > 22 a(x)6".
This distribution belongs to exponential family.
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Therefore, T = >_X; is sufficient and complete for 6. In this case, we will find
UMVUE of %6;)];(& s #0).
This distribution of T is again a power series distribution, see Roy and Mitra (1957),

and Patil (1962)

P(T=1) = A([’—m)et, (2.2.37)
[c(O)]™

where A(t,m) = > ﬁ a(x;)

(X1,X2,50 0052 ) 1=1

Let U(t) be an unbiased estimator of

_o0

[eO))

oo

A(t, m)6" 0"
= 2.2.38
2 Oy = @r (2239

o0

A(t,m)o"—"
S |
2 M0 gy

o0

A(t, m) At —r,m—s)0""
> ) - =1
At —r,m—ys) [c(O)]r—s

=0
Now
A(t, m)
u(t)————— =1
At —r,m—y5s)
This implies
U@ M1z, m=s (2.2.39)
“]o ; otherwise -
Example 2.2.9 Let Xy, X», ..., X, beiid rvs with G (p, é).
Let
e ixP~!
f(x,0) = T () ;x>0,p>0,0>0 (2.2.40)

Now gamma distribution belongs to an exponential family. 7 = > X; is sufficient
and complete for 6.

The distribution of T is
e~ 5 =1

1O ot

1 t>0,p>0,0>0 (2.2.41)

We have to find UMVUE of (i) e ior (i) {’(X > k)
(i) Let u(¢) be an unbiased estimator of e~ 76"
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e o™
t =e 0"

/“()emm )~ ¢
0

T P |

f)——— =
/ “O Gt )
0

i o (mp 1)\ (€T @ — Ryl
/ (u(t) (t — k)ymptr=1 F(mp)) P+ (mp 4 r) =1
k

"7~ (mp + 1) _
(t — by =1T (mp)

Then,

u(t)

u(t) =

T L2 (22.42)

=k D mp)
; otherwise

(i1) We have to find UMVUE of P[X > k]. Note that

C>oe’§xp’1
P[X > k] =/ T ) dx

k

Let
Yy — 1; X1 >k
| 0 ; otherwise

Hence Y is unbiased estimator for P[X; > k]. We have seen in Sect.2.2 that [EY|T =
t] is an estimator and has minimum variance.
SoE[Y|T = t] = P[X; > k|T = t]. Now we will require the distribution of X;|T = ¢

t m
P[X1|T=t]:fm’ where T} :ZX,
J(@) i=2
Distribution of (T} = ;) = f(t;)
e,%t](m—l)p—l

~ T —nper w120
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I TN G X ' Uik

F(p)@l’ I'((im— 1)p)9(m—l)p e—étmpfl
x\P—1 x ) (m—Dp—1

_ (T) (1 — Tl) . X1

;o 0= —
13(p, (m — 1)p) ot

PIX\|T =1] =

<1 (2.2.43)

(z _aynbp!

E[Y|T = 1] = P[X, > k|T = 1] )
Wit =r="rx=H ’/ rﬂ(p(m—l)p)

k

dx 1

1
Wpfl(l _ W)(mfl)pfl

B(p. (m —1)p)

; wp_'(l _ W)(m—l)p—l
=1- d 2.2.44
G m—1p) (2249

1—ILi(p,mp—p); O0<k <t
P[Xlzkw:t]:[o Hpompmpy 0 <!

Now
> £ y 1
— P

PIX > k] = )

1-1 k (p) = Incomplete Gamma function. (2.2.45)

Hence UMVUE of 1 —1 k (p) is given by incomplete Beta function 1 —/ k (p, mp—p).
Note: Student should usé R or Minitab software to calculate UMVUE.

Example 2.2.10 Let X1, X5, ..., X,, be iid rvs with the following pdfs.

SO = gt x>0

fxID) = /\x’\ 1, O<x<1, A>0
fxN) = eA; x>0, A>0

CfEIN) = e’%; x>0, A>0, a>0
fxIN) = e %, x>0, A>0

S N T
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(i) Let Y =log(1 4+ x) then f(y|\) = Xe™; y>0, A >0
The UMVUE of X" is given as

_'Tm) |

Consider r = 1 then we will get UMVUE of A,

A m—1
A= —— 2.2.47
T ( )

(i) Let Y = —log X then f(y|\) = Xe™; y>0, A>0

We will get the UMVUE of X\ in (2.2.46) and for » = 1, UMVUE of \ is given in
(2.2.47)

(iii) Let |x| = y then f(y|\) = de™™; y>0, A>0

In the same way as (i) and (ii) we can obtain the UMVUE of A™".

(iv) Let x* = y then f(y|\) = %e‘ﬁ; y>0, A>0

In the same way as (i) and (ii), we can obtain the UMVUE of X" (here 8 = \).

(M Let =ythenf(y|\) = <251 y>0, A>0
r(;)\

In this case p = % and 0 = .

Similarly, we can obtain the UMVUE of \".

|

Example 2.2.11 LetX;, X, ..., X, beiidrvs with N (u, 0?). We will consider three
cases
(i) p known, o> unknown

(if) p unknown, o> known
(iii) p and o2 both unknown

(1) Normal distribution belongs to exponential family.
T =" (X; — w? is complete and sufficient for 2.

"X — w)?
z':‘(—zu) has x? with m df (2.2.48)
[
Hence, EL = m. This implies that UMVUE of 02 is 02 = Z%—10"
Leto? =fandY =1
Then

P P
Y)=Sos Y=
T (3)

To find the unbiased estimator of §”. Let u#(y) be an unbiased estimator of 6”.



2 Unbiased Estimation

66
7 ef%y%fl r
— dy=0" =
[ =t =5
0
° LMy
/u(ry)e ik _gy=1
s ! 2%T (%)
o m y m
W) T (3 +7) 25\ ettt
/ m 7 dy=1
1 2:T (%) 2°7T (% +7)
0
Now

u(y) = rr (%) cor=1,2,... (2.2.49)
2'r (% + r)
Particular cases: r = 1
T (%) ot
“0 = op I @(2) m
N2
_2X&Xi—p” (2.2.50)
m

Therefore, Z(X’Tw is the UMVUE of o2.
Next, we will find the UMVUE of P[X; > k]

k—p
g

X, — k —
:1_P[1_ﬂ<_ﬂ}
g

X_
P[Xlzk]zp[l—’“‘z
g

ag
= @[k_“] (2.2.51)

g

Define
le[l;xlik

0 ; otherwise

EY, = P[X| = k]
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According to Rao—Blackwell theorem, we have to find P[X; > k|T = t].

For this we will have to find the distribution of X; given T = ¢. Then it is necessary
to find the joint distribution of X; and 7' = ¢

LetT = (X; — > +Zand 5 has x%. S0 Z = T — (X; — p)* then 4 has x2,_,. Let
y = 5. Then

_y o m=l_q
e 2y 2
FO ==
25T (25
eizn%zmTil_l
f@) = =5 1 ;2>0 (2.2.52)
2% T (m; )O-m—l
flx, 1) =fo)f(2)
7(11—;1) lz (n /L)] m—1
e 7 e [t—(x1 w27 !

(VIR (551 o

_ et [t — (1 — ) ]m ! (2.2.53)

25T (21 1)amf

[ = —e Gl
25T (§) o™

O] (T
f@IT=0=1"r ey o H Vim<ptd 054
0

; otherwise

Note that /7 =T ()
Consider
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PX, Z kT =1] =

Hence

N
_% 1 — m=1_1
WPIX, > kT =1]=1— / ved-v =
0

PIX, > KT =1 =+ — 11 Lom-1
1= =H=3 2(7)2

k_
UMVUEof P[X; > k]=1—® (—“) is P[X; > k|T = 1]
g

%_%I(A}u)z(%’m;]) Pp—Vi<k<pt+ii
PIX, kT =11= 1, Ck<p— i (2.2.55)
0 s k> 4N/t

(ii) For ¢ known, 3 X; or X is complete and sufficient for . The distribution of
< 2
X~N(n2).
Y — v2 2 o2
Now, EX = pand EX® = p~ + %~

Hence,

2
()’(2 - U—) is UMVUE for 12 (2.2.56)

m

For (2.2.56), see Example 2.2.3.
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o0
E(X") = / X e w1 g%
g vy
—00
Letw = SV o 5 =y 4 22
o0
/( N wa)r 1 2
= — e w
") on
—00

Since odd moments of w are 0

J[E O -0

o" r\o ! r\ o2 2
=—mt T Hr—1H g M2
m?2 1 m 2 2 mz2

_]0 ; risodd
Fr=1G—-1D@=3)...1; riseven

Particular cases: (a) r =3 (b) r =4

(ayr=3
_ 3 3 2 3 2
EX?) = 0—3u3+( )U “2“+( )J‘“l’l 4l
m?2 1 m 2 m?2
2
:324_”3
m
3 o’y
UMVUE of ji* = X* —3——
m
byr=4

3

69

(2.2.57)

o4 ot 4\ o’ 4\ o2 > 4\ o 3 4
E(X)=ﬁﬂ4+ 1 gl&(ﬂ)‘i‘ ) ;Nz(u) + 3 Em(u) +u

pa=@—-1@4=3)=3, u3=0, pp =1

- 30 602 2 4
E(X)=W+7(H) +u
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UMVUE of 4 is

B 3 4 6 2 2
_wh "2 _ o (-2 _ "_) (2.2.58)
m m m

Similarly, we can find UMVUE of i/ (r > 1)
Next, find the UMVUE of P[X; > k]
Again define

Y, — 1; X1 >k
"= 10 ; otherwise

EY, = P[X; > k]

According to Rao—-Blackwell theorem, we have to find P[X; > k|T = t] where T =
ST . Xiand Ty=>",X;.. T~N(mu,mo®)andT; ~N ((m — Dy, (m— 1)02)

Sl t) =fx)f (1)

1 -2 1 Iy —m=1y?
X|, 1) = ———e 27 ————¢ 2mDo?
fea.n o 2m o/2m(m —1)
)= — [ L )2]
= exp | — —
o/2mm P 2mo? H
1 — (= L)?
f(x1 |T = l‘) = ¢ 2m-1)o? m

(2.2.59)
o/2m /=t

Therefore, (X;|T = t) has N (%v _(m_ry,z)
To find P[X, > k|T = 1]

[l
|
o
Q| =
|
§|§|_ 3|~
SN————

k—x
—1-® ) (2.2.60)
m—1

We conclude that ® ( ki ) is UMVUE of & (k;—”)

o m—1
m
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(iii) Both i and o are unknown

(%, 8%) is jointly sufficient and complete for (1, 0?) because normal distribution
belongs to exponentlal family where S? = > (x; — X).

Now, 52 has x? distribution with m — 1 df.

Leti—z =ythenEY" = re +r)2’

r(eh)
Hence
r
E(S%) = (- — )(205’ (2.2.61)
(T)
m=1Y¢2
Therefore, % is UMVUE of o
Particular case: (a) r = % br=1
() 1
r(z=)s
5_ — ( 2 ) 1
(5 +5)22
(b) —1 2 2
N e/ L
r(et+3)2 m-1
2
EXY) =2+ =
Then
Elx?_ S? _ Mz
m(m — 1)
So that
_ S2
UMVUE of ji? is X* — ——— (2.2.62)
m(m — 1)
Next,

_ 302
EX?) =’ + —n

- 3x8?
e

m(m — 1)

. 3xs* . 3
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Similarly, one can obtain UMVUE of p/(r > 1)
©r=-1

1 —
UMVUE of - = o2
o

r(zt) s2
- r (1112—1 _ 1) 2—1
- mS_z 3. m=3 (2.2.64)

Next, we will find the UMVUE of P[X; > k]

P[Xlzk]zl—d)(k_—u)
g

As usual
1; X1 >k
Y= [ 0 ; otherwise (2.2.65)
k —
EY = P[X, zk]zl_q)(_“)
o2
As we have done earlier,
E(Y|X, $*) = P[X; > k|X, 5]
We need to find the distribution of (X;, X, $2).
Consider the following orthogonal transformation:
L ) = E
= —@ +x2+ -+ x,) =/mx
21 ﬁ 1 2
[( 1 ) X X i| m
Zz = 1 —_—— xl ....... JE— —_—
m m m m—1
Zi=cuXi+cepxat o+ CipXm 1 =3,4,...,m
where 37" ¢ =0,i=3,4,...,mand 3" ¢;* =1
21 ~ N(/myp, 0?) (2.2.66)

2 ~N(@,0%) r=2,3,...,n
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Let Z = PX, where P is an orthogonal matrix
77 =XPPX=XX

Hence,

m m
St =D (2.2.67)
i=1 i=1
m m
ZZi2 = in2 - Z12 - Z22
i=3 i=1

m
E —m)C — 22 =S2—Z22

Let v = 5% — 2,2,

where v = > 1" . 72

Letz; = /mx, 70 = \/%(xl —%), v=25>—2°

0(z1, 22, )
=50 550
O(x1, X, §%)
611 611 Ozl
(9)(1 Dx 052
9 0 0On
- Ox; Ox 0S?
v OJv v
0x1 f)}? OSZ
0 Jm 0
m
m m
J = m—1 A\ m—1 0
m—1
0 0 1
Therefore,
m
|| =
m—1
_ G =mm fﬂ)z @2 m=2_q
e 27 e 7z 2y 2
Sz, z22,0) = = |7 (2.2.68)

-2

0«/_ Jx/ﬁF(mT)2
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Note that % ~ x2_5
f(z1,22,v)

&, 8%

2
eXpI:(Zl —/m)? _Z_z_#:l e Wi «/27T2 T oI (mT)

202 202
" il
exp [~ (5 — w2 = 51 | ”m(%)r (n52) 27 ()=

fxilx, $%) =

= |/

Consider

m2i T (250) [$2 — 2y — D)2
VL /m T (252) (8 ym

2 _m_ — 2157
ym 187 = oG = 0] (2.2.69)

N e = S
S Vm—1T (3T (2%2) ()"

= —m —1 )(i)z 152 — m(x — )27 !

m=2 1

m 1 o1 m xl—)_cz *
— - 2 - 2.2.
m—15(5)") [1 m—l( s )] e

(m—1)8?
m

Now
> (x; — X)?
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This implies that |x; — | < s\/@

Hence,
_ m—1
X — ,/ 5 <x+S8/—— (2.2.71)

x+S,/ = m=2_

_z\2] 2
N e e I
k QT

_3)? _ 2
Let —m'fl—(x‘szx) =, 2 & ")dxl =dt,and dx; = =L 5"_gr

> m—1 2m  (x1—X)
1
/ ) [1—" Y 2dr (2.2.72)
(3 T)
m_ (ki)
m— I S
UMVUE of P[X, > k] is
0 Dk>x4s /ol

s 345,/ ol
P[X, Zle,S 1= f f(xll)_fgsz)dxl S x-S /mTfl <x <i+S$ /mm;l (2273)
k

1 ;k>i—S\/§

Further, if X — S\/@ <x X487

=4S m—1 ]

filx, sP)dxy = % [1 ~La iy (l m_—2)j| (2.2.74)

k

where I is an incomplete Beta distribution.

2.3 UMVUE in Nonexponential Families

This section is devoted to find UMVUE from right, left, and both truncation families.
One can see Tate (1959), Guenther (1978), and Jadhav (1996).

Example 2.3.1 Let Xi, X», ..., X, beiid rvs from the following pdf:

Ql(G)Ml(x) a<x<®6
; otherwise

f&xl0) = (2.3.1)



76 2 Unbiased Estimation

where M| (x) is nonnegative and absolutely continuous over (a, ) and Q,(f) =
-1
[ fa "M 1 (x)dx] , 01(0) is differentiable everywhere.

The joint pdf of X}, X5, ..., X, is

O, xa, o0 xnl6) = [01()]" HMI )0 — xu)X(xay — a)

i=1

where
1;9y>0

I@)ZHO;ySO

By factorization theorem, X, is sufficient for 6. The distribution of X, is w(x|0),
where

wx|0) = m[F (0"~ ) (232)
Now
0
/Ql(e)M1(X)dx =1
This implies
)
1
o= 5o
Then )
1
/Ml()C)dx = Ql(x) (233)
This implies F(x) = gll_((z;
From (2.3.2)

w(x|f) = <x<#@ 2.3.4)

TG

Let h(x) be a function X,,). Now, we will show that X,,) is complete.

[Q1(9)]”‘M1(X)d _
———————dx

0
Elh =1|h =0 2.3.5
[7(0)] / =5 o (2.3.5)

a
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Consider the following result
Letf = f(x]0). a = a(9). b = b(0)

" |:/fdx:| =/—d +f(b|9)— —f(a|0)— (2.3.6)

Now,
h M (x)
h P k=0 23.7
/ 10T [Q1(x)]m! ( )
Using (2.3.6),
dh(x) [Qﬂ?g)]?" ‘
@ 2.3.
10 0 (2.3.8)

Differentiating (2.3.7) with respect to ¢
hOM ) _
(Gl

Hence h(f) =0 fora < x < 6.
This implies A(x) = 0 fora < x < 0.
We will find UMVUE of ¢g(#). Let U(x) be an unbiased estimator of g(6).

0 and, M;(f) and Q,(0) #0

mlQ1 ()" M, (x)
— Zdx=qg(0
/() (01 (01" 90
My () 9(0)
= 239
/ YOG T T i @1 239)

Differentiating (2.3.9) with respect to 0

wOM©) _ 1| 9VO) g0 O))=m)
(O m 2@ (@)

M (1
. % [ gV©O)  mg©)0! @} (2.3.10)

(01O [Q1(O)!
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where g1 (0) = First derivative of g()
(' (9) = First derivative of Q; ()

Now
; 1
M, (x)dx =
/ N
Differentiating (2.3.11) with respect to 6
01" ()
M(0) = —
: 0 (0)

Substitute (2.3.12) in (2.3.10),

u@M (0 _ 1 [ gV ®) | mgO)M, (9)}
(01O m [IQ7(O]  [Q1(O)]!

g @ QO gOM©) [

0) =
“(0) m[OQT(O)]  M(0) dl—[Ql(ﬁ')]”‘_1 M (0)
g )
=2 7 0) V6
mo @y T
Therefore, o
9" (Xam))
m)) — + m
(X)) mQ1 (X)) M (X)) 9Gtm)

We can conclude that U (x(y) is UMVUE of g(6).
Particular cases:

(@) 1

s 0<x<0
— 0’
fx10) = 0 ; otherwise

Comparing (2.3.14) with (2.3.1), 0;(0) = é and M (x) =1
In this case we will find UMVUE of 8" (r > 0).

(2.3.11)

(2.3.12)

(2.3.13)

(2.3.14)

Then g(§) = 6. Using (2.3.13), g(xem) = [xm]s 9P Cwm) = rlxm] ™,

O1(xgmy) = ﬁ,Ml(x(m)) =1

(X)) !
m-(1)

X(m)

u(X(my) = + (xm)”

w7 +1]
= X —_
m |

(2.3.15)
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If r =1, then
m+1
u(Xmy) = X(m)
is UMVUE of 6.
(b)
0
P (0 a)x2 ra<x<
F(x10) = ; otherwise
In comparing (2.3.17) with (2.3.1), Q1(0) = (9 a) and M (x) =
Let g(0) = 6" (r > 0), ¢gV(@) =ro!
Using (2.3.13),
FXZ;)] r
M(.X(m)) =~ 7 - +-x(m)
geaey
xm—a ) \x3,

r V(X(m) - a)

Putr = 11in (2.3.19)

. X(m) —a
M(X(m)) = X(m) = +1

is UMVUE of 6
(c)

2

3x
f(xl@):F; O<x<?@

In this case M; (x) = 3x%, Q1(0) = 7, g(6) = 0"

r—l

M(X(m)) = T +x (m)

x(m ) (m)

. [r+3m
=X | T3

3m

Put r = 1in (2.3.22) then U (X)) = X(m) ( ) is UMVUE of 0.

(d .
fx|0) = 5; —0<x<0

79

(2.3.16)

(2.3.17)

(2.3.18)

(2.3.19)

(2.3.20)

(2.3.21)

(2.3.22)

(2.3.23)
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Let
Yi=|Xil,i=1,2,...,m (2.3.24)

then Y1, V>, ..., Y, are iid rvs with U(0, 0).
From (2.3.15), UMVUE of 6" is u(y(m)), hence

Lorr
UG = Yo [ +1] (2.3.25)

Example 2.3.2 Let X, X», Ildots, X, be iid rvs from the following pdf:

O (OMr(x) ;0 <x < b

fx10) = {O ; otherwise (2.3.26)

where M, (x) is nonnegative and absolutely continuous over (6, b) and Q,(0) =
-1
[ f : M, (x)dx] , 0»(0) is differentiable everywhere.

The joint pdf of X}, X5, ..., X, is

m

O, xa, o0 xml6) = [02(0)]" HMz(Xi)I(9 — xa I — b)

i=1

By factorization theorem, X(;y is sufficient for 6. The distribution of X(y, is w(x|0),
where

w(x|0) = m[1 — Fe)I™ 'f(x) (2.3.27)

Now

b
1
0/M2(x)dx = 0,0

This implies then

b
1
/ M (x)dx = o (2.3.28)

b
1 -F(x)=Px>x]= / 02 (0)M> (x)dx

_ 0(0)
0>(x)

(2.3.29)
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wirlf) = m2OIM
[Q2(0)]"!
Using (2.3.6), we can get
h(0)M,(6)

@t = 0 2nd M0, 0,(0) #£0

Hence h(#) =0forf <x < b

This implies A(x) =0for 6 <x <b

We conclude that X is complete.

Let U(x) be an unbiased estimator of g(6).

/ uo)™ m[Q>(0)] mMZ(x)dx_g(Q)

[Q>(0)]!

Using (2.3.6)

u@OM6) 1 [ 9" ®) mg(9)[Q§1)(9)]]
m

[0 m | [QO]  [Q29)]"!
Now,
1
M, (x)dx =
/ = 50)
0
Differentiating (2.3.32) with respect to 6
(2O
M, (0
X0 =500
Substituting (2.3.33) into (2.3.31)
1 (1)(9)
0) = -4
WO =90 G @M 6)
Hence
gV (xy)

Ul = 90 = G

Particular cases:

(a)

81

(2.3.30)

(2.3.31)

(2.3.32)

(2.3.33)

(2.3.34)
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() (&

0
=3

2

~—

Nl

f(x10) =

i B<x<b (2.3.35)

Here 0,(0) = 1% and M, (x) = x 2
b
We wish to find UMVUE of g(0) = 6" using (2.3.31),
r—1
1 X

ux)) = Xy, — w7 N
X -2
(1_(*(;))((1))

’ 1 r(b—x(l))

m b
Forr=1 b
— X
= 1-— 2.3.36
u(x1y) = xq) |: v :| ( )
(b) )
< - f<x<b
JO) = et . 2.3.37
S, 0) [O ; otherwise ( )
Comparing (2.3.37) and (2.3.23)
02(0) = (¢¥ —e™) T and My(x) = e
To find UMVUE of g(f) = 6" using (2.3.31),
r—1, —x —b
o L (e —em)
M) =Xy T T
Put » = 1, then UMVUE of 0
1 X —X —b
u(xay) = xq) — n_1€ (™0 — 7% (2.3.38)

In the following example, we will find UMV UE from two-point truncation parameter
families. This technique was introduced by Hogg and Craig (1972) and developed
by Karakostas (1985).

Example 2.3.3 Let X1, Xa, ..., X), be iid rvs from the following pdf:

001, 0)M(x) ;01 <x < 0,

fx]01,02) = [ 0 - otherwise (2.3.39)

where M (x) is an absolutely continuous function and Q(#,, 6,) is differentiable
everywhere.
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The joint pdf of X1, X5, ..., X, is

fOe,x, .0, %001, 62) = [Q6,, 62)] HM(Xi)I(X(l) — 0DI(0r — x4my) (2.3.40)
i=1

By factorization theorem, (x(1y, X(»)) is jointly sufficient for (61, 6,). Suppose we are
looking for UMVUE of g(6;, 6,) is such that % O;}‘(’(;T"“’ ) and dg();(;c:’f(m) both exists.
Thejoint pdf of ()C(l), )C(m)) is

_ [mn = DIFQ) = FOOI"f0f 0) 3 6 <x <y <6
Ty o (65 ¥) = [() ; otherwise

(2.3.41)
Now,
/ M(x)dx = ot 917 ~ (2.3.42)
Hence
/M(t)dt _ (2.3.43)
0@, y) "
y
FO) - Fx) = / 00, OM(1)di
_ 201,60, (2.3.44)
O(x,y)
| m(im — 1)%M(x)M(y) 0 <x<y<b,
fGx, 101, 02) = [ 0 (@] ! otherwise (2.3.45)

Assume that & Ef ) and & Eg ) poth exists.
To prove the completeness of f (x, y|0, 6), let

Y
R(y. 01) =/h(x,y)[Q(x, VI P M (x)dx
0,
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where h(x, y) is any continuous function of (x, y) and

0,
R(01, 6») =/M(y)R(y, 0))dy

0,

0y

R(O), 05) = / / W VIO N " OMOM)drdy =0 (2.3.46)
6, 6,

Hence to prove h(x, y) = 0, i.e., to prove h(6;, 6,) =0

th
OR(0,, 0 o
—(351 2 / —h(01, y)[QB1, )]~ "D M(6,)M (y)dy (2.3.47)
o
OR(6;, 6
80(161_022) = —h(01, 02)[Q(01, 0)1" " PM(O)M(0,) = 0 (2.3.48)

which implies that (6, #,) = 0. Hence A(x,y) = 0.
Completeness of f(x, y|f;, 6,) implies that a UMVUE u(x, y) for some function of
0’s, g(01, 6>), say, will be found by solving the integral equation.

g(01, 02) = Elu(x, y)]

That is,
P ©®,, 61"
961, 0) = 9/ / u(x, yymm — 1>M(x)M<y)£@j+y)]2m],2dx .
7 ? uGe, M)
= [0, 61" H/ m(m—l)M(x)[X ;Q);?)Tnzzdyldx (2.3.49)

Now, we will have to find the solution of the integral equation (2.3.49).
Since

0,
1
— = | M(x)d.
001, 0) ! (e}

00(0,,02)
06,

o0 6P - MO
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00(0,, 0
% = [Q(6), )’ M (6)) (2.3.50)
!
Let
01(61, 62) = Q° (01, 62)M (6)), (2.3.51)
where Q; (0, 6,) = %&;02)
Next,
_00(81.6»)
00,
R V)
00,6,
00(0,, 0
SO 0201, 0 M0
b
Let
0>(61, 62) = —Q*(0y, 0,)M (6>) (2.3.52)
where (01, 6,) = %&;92)
d*0(0,, 0
%(9—11922) = Q12(91’ 0) = _2Q3(91, 0,)M (0,)M (6,) (2.3.53)

Differentiating (2.3.49) with respect to 6,

0
. u(@, y)M(y)
01,6r) = 01,6 — — 1M @6 — " d
g1(01,02) = [Q01, 02)]" [-m(m — 1)M (61)] L/ (001, )2 ]
1

92 92
el - u(x, )M ()
+mQ"1(01,62)01 (01, 62) 6]/ m(m I)M(X)'x [Q(x,y)]mzdy’dx
1

where g, (01, 6;) = 5—5’1
Using (2.3.51)

0, 0,
. B u(x, )M ()
= mQ (91,92)M(91)€/m(m DM (x) ‘/ [Q(x,y)]’"_zdy] dx

0>
ul. MG ’ 7 (2.3.54)

— Q0™(0,,0 — DM
Q" (01, 62)[m(m — DM (6))] L 00 =



86 2 Unbiased Estimation
Using (2.3.49)

9101, 02) = mQ(0y, 0,)M (0,)g(01, 0>)

0,
u(®y, y)M(y)

— m(m — 1)Q" (01, )M (6)) L 1061, »1"2

dy:| (2.3.55)

This equation can be written as

0>
u(li, YM©y) . g1(01,62) — mQ(6y, 0:)M(61)g(01. 6>)

/ [0, »))m—2 v —m(m — D[Q(0,, 02) "M (0)

g(01, 6») g1(01, 6>)
_ _ 2356
(m —DIQ®, )"t m(m — DM (BO)[Q(0, 62)]" ( )

Differentiating with respect to 65,
u(01, 02)M(6,) _ g(01, 0)[—(m — D]OI(0,, 02)1~ "= D=10,(6,, 62)
(0O, 02)1m2(6,, 6) m—1
92001, 62)
(m — D[Q(b, 62)]"!
91001, 0) (=m)[Q (61, 017"V 0, (64, 6)

m(m — 1)M(6;)

g12(01, 62) }
2.3.57
m(m — 1)[Q(6,, 02)]"M (01) ( )

u(6y, 0,)M(0,) _ g0y, 0)[—(m — 1)]0» (01, 62)
(06, 6)]m2 (m — DO, 62)]™
92(01, 6)
(m — D[Q(b,, 6,)]"!
B [ 9101, 02) (=m) Q> (61, ) i|
m(m — 1)Q"+1(0;, 6,)M (6,)

g12(01, 62) (2.3.58)

~ m(m— 1)Q"(0y, 62)M (6;)
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u(@r, )M (6>)  g(61, 0)M (6>)
0"2(0,,6,)  [Q(, 0,)]m 2
_ g1(61, 02)M (6>)
(m — D[OO1, )11 M (6))
g2(01, 02)
(m — D[OO,, O) ]!
g12(01, 62)
m(m — 1)[Q(01, 02)]"M (01)

9101, 62)
WO 0 =900 ) = 0, oM By
g2(01, 02)
(m — DM (02)Q(01, 0)
g12(01, 62)

m(m — DM (01)M (02)[Q(0, 0)1*

Replacing 6; by X1y and 6, by X,

Xy Xom) = 9Xay, Xom) = . Zon)
(m — DOX 1y, Xwm)M (X))
" 92Xy, Ximy)
(m — DM (X)) Q(X(1y, X(my)
912Xy, Xmy)

—m(m — DM X)) M X)) [OX 1y, Xom) 2

is UMVUE of 9(91 s 92)

Particular cases:

(2)

10 <x <6,

_1
f(x|0y, 0,) = [ 0>=0)

0 ; otherwise

Comparing (2.3.62) and (2.3.39), Q(61, 62) = 515, M(x) = 1

To find UMVUE of (i) 81, (ii) 6>, (iii) 5% and (iv) 22

(i) g(01, 62) = 01, gX 1y, Xomy) = X1y» 91 X1y, Xmy) = 1,
92Xy, Xom) = 0 and g2 (X(1), X(m)) =0
M(X(])) = M(X(m)) = 1, Q(X(l), X(m)) = ;. USiIlg (2361),

Xom—Xq)

Xy — Xy

u(Xay, Xomy) = Xy — =1

87

(2.3.59)

(2.3.60)

(2.3.61)

(2.3.62)
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_ mXa — X — Xem + X

(m—1)
_ X = Xom (2.3.63)
(m—1) o

Hence, "= is UMVUE of 6,

(ii) g(01, 02) = 02, g(X (1), Xomy) = Ximy» 51Xy, X)) = 0, 2 X1y, X)) =1
and g2 (X1), X(m)) =0 1

MXay) =MXem) = 1, 0Xay, Xom) = =3

Xom) — X

u(Xay, Xomy) = Xomy + =1

_ mXy — Xony + Xy — X

(m—1)
Xom — X,
= M — 2 (2.3.64)
(m—1)
Hence, % is UMVUE of 6,
(iii) UMVUE of #5%
_ mXqy = Xy — mXemy + Xy
- 2(m—1)
(m+1)
= — X — X 2.3.65
2(m—1)[ (m) m] ( )
(iv) UMVUE of 2%
_ L mXa) — X | mXem — X
20 m-=D (m—1)
1
=——[m— DXy + (m — DX
m— 1) [(m — DXy + (m — DX ]
_ w (2.3.66)

(b)
00 =2~y < 0,

[ 23.67
f(x, 01,6, [02 ', otherwise ( :
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Comparing (2.3.67) to (2.3.39)

0,0,

M(x) =x7?
8,6, x)=x

001, 0,) =

To find UMVUE of (0,0,)™

9X 1y, Xom) = [XyXom1™s 91Xy, Xomy) = mIX X 1™ Xim)
9 Xy, Xom) = mlXn X" Xy,

912X 1ys Xomy) = m(m — DXy X 1™ 2X 1y Xmy + mIX X m ™™

X)Xom

) )
MXqy) =Xy, MXm) = X, QX 1), Ximy) = m

mIX )Xo 1"~ Xom [Xon — Xl
(m — DXy X X5
mXXon ™' X [Xon — X!
(m — DX XX
—mOm = DX Xen "Xy Xow + mX X"

—2y—2v2 v2
m(m = DXy X X Xim)

UX1y, Xmy) = X Xm)" —

_|._

[Xm) — X(l)]2

M Xy — X)Xy Xom 1"!

= X Xem)" — —
" (m— DX,
n mX )Xo 1™ X — X1 B Xy Xom ™ Xy — X1y
(m— DX} 1

(m)
B m Xy X 1" [ X — Xa)I?

—2v—2v2 y2
m(m = DX X Xy Xim

m
m—1

m m—1 m—1 2
+ mX(m)[X(m) — X)X Xm1" ™ — X)X 1™ Xon — X1yl

= XyXem)" — X[ Xom = Xy IX )y X 1"

XX X — Xy 1P
(m—1)
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m _
= X Xem)" + m[x(m) — Xy PIX ) X 1™
X1y X 1" Xy — X2
m—1

— Xy Xom " X — X)I* —

m 1
= X Xm)" + X — Xy PIX X" | —— =1 — ——
X Xm)"™ + Xomy = X)Xy Xom] |:m—l m—li|

= X Xm)" (2.3.68)

Hence, (X(\X(n))™ is UMVUE of (6,6,)™. One should note that MLE of (6,6,)™ is
again the same.
Stigler (1972) had obtained an UMVUE for an incomplete family.

Example 2.3.4 Consider the Example 1.5.5.
Further, consider a single observation X ~ Py.

1
~: k=1,2,...,N
— — N? b 9 9
PIX =kl = [O ; otherwise

Now X is sufficient and complete.

N+1
EX:T and E[2X — 1] =N

Then, ®;(X) = (2X — 1) is UMVUE of N.

N2 —1
Vi®,(X)] = 3 (2.3.69)
Now the family g — P, is not complete, see Example 1.5.5.
We will show that for this family the UMVUE of N is
| 2k—=1;k#nk#n+1
D, (k) = {Zn Ck=non+1 (2.3.70)

According to Theorem 2.2.3, we have to show that ®, (k) is UMVUE iff it is uncor-
related with all unbiased estimates of zero.
In Example 1.5.5, we have shown that g(X) is an unbiased estimator of zero, where

0 ; x=1,2,....n—1,n+2,n+3...
gx)y=3a ; x=n (2.3.71)

—a; x=n+1

where a is nonzero constant.


http://dx.doi.org/10.1007/978-981-10-0889-4_1
http://dx.doi.org/10.1007/978-981-10-0889-4_1
http://dx.doi.org/10.1007/978-981-10-0889-4_1
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Case Q)N <n
al 1
Eg(X) = Zg(x)ﬁ =0
k=1

Case (i) N > n

N

1
Bg(X) =2 ~9)

k=1

1
=N[0+~~+0+(—a)+(a)+0]=0

Case (i) N =n

al 1
Bg(¥) = > g0
k=1

— Lo ros@=2

0 ; N=n
Eg(X)Z[ai
N,N:}’l

Thus we see that g(x) is an unbiased estimate of zero for the family ¢ — P, and
therefore the family is not complete.

Remark: Completeness is a property of a family of distribution rather than the
random variable or the parametric form, that the statistical definition of “complete”
is related to every day usage, and that removing even one point from a parameter set
may alter the completeness of the family, see Stigler (1972).

Now, we know that the family ¢ — {P, } is not complete. Hence @ (X) isnot UMVUE
of N for the family g — {P,}. For this family consider the UMVUE of N as &,(X),
where

¢2(X)=[§z lii’;ﬁf“ (2.3.72)
According to Theorem 2.2.3, &, (X) is UMVUE iff it is uncorrelated with all unbiased
estimates of zero.

Already, we have shown that g(x) is an unbiased estimator of zero for the family
» — {Pn}~

Since Eg(x) = 0for N # n

Now, we have to show that Cov[g(x), ®,(X)] = 0.
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Covlg(x), P2(X)] = E[g(x)P2(X)]

Case ()N >n
1 N
Bly@) @201 = > 90 P2(k)
k=1
1
= [O@k = 1) + @@ + (~a)@n)] =0
Case (i) N < n

1
Elgx) (X)) = = [(0)(2k —1)] =0

Thus, ®,(X) is UMVUE of N for the family g — {P,}.
Note that E®,(X) = N. We can compute the variance of ®;(X)
Case ()N <n

N

1

Edy(x) = > (2x — Dy
x=1

_ ! [M _N} _N
N 2
Ed,2(x) = 1 ﬁ:(Zx — 1)21
N & N
1 N
_ 2 _
=3 [;(4)5 4x + 1)]
_ 1 [4N(N+ DEN+1) 4NN+ 1) +N]
N 6 2
_ 2(N+1)3(2N+1) AN 4D 41
_4N? -1
-3
4N? — 1 5
Var[®,(X)] = -N

N1
-3
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Case ii)) N > n

1 N
v | 2 22
x=1

1
ﬁ[Cbz(l) + P22) + -+ Po(n— 1) + Do) + P2(n+ 1)
+ P(n+2)+ -+ P2(N)]

E[®3(x)]

1
= ﬁ[l—|—3+4--+2n—3+2n+2n+2n+3+2n+5+‘--+2N—1]

1
A3+ k2 =3+ @n = T+ 21+ 1)+ 20434+ 2N — 1

+2n+2n—2n—1+2n+1)]
1

= Nl 2N—-1)+0[=N
—N[E(-f— )+:|—

1
Edy2(x) = N[cbf(l) F 022 4+ 02— 1)+ 0% (n)
+ D2+ D)+ P2 +2) 4+ D2V
= %[12+32+52~--+(2n—3>2+{<2n—1>2+(2n+1>2}

TP+ -+ N = D2+ + )% —{2n— DT+ 13

N
:11’|:Z(2k—1)2+4n2+4n2—4n2+4n—1—4n2—4n—1i|
k=1
4Nt 1 2
-3 3 N
4N? 1 2 N>—1 2
Var[®,(X)] = — — = — — — N* = - =
3 3 N 3 N

(2.3.73)

wmmh[5

Thus ®,(X) is UMVUE for g — {P,} but ®,(X) is not unbiased for the family .
Note that for N = n,

1 N
Bl20] =~ > &)
x=1

1
= ;[d)z(l) + F+ Qo(n— 1) + P2(n)]

1
=—[1+3+--+2n—3+2n]
n

n
x=1

N 2
— % |:Z(2x — 12420 — 2n— 1)} e
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N
E[®,2(X)] = % |:Z(2x — D>+ 2n)?*-2n-— 1)2}

x=1
4n? — 1 dn—1
= +
3 n

Var[©,(X)] =

4n2—1+4n—1 n?+1 2
3 n

n

Example 2.3.5 Let X1, X, ..., X, be iid discrete rvs with following pmf f (x|N).
Find the UMVUE of g(N).

d(NM(x) ; a <X <N

FEIN) = {O ; otherwise (2.3.75)

N _ 1
where >0 M(x) = 555
According to Example 2.2.7, we can show that X, is sufficient and complete for N.

o) T”
P Xy <zl=|——
[Xm <71 |:¢(Z)]
[ T
oy =2 = 11= Lﬁ(z— 1>}

PlXm =21 =¢"(N)[o™"(@) — ¢ "z — 1]

Let u(X(y)) is UMVUE of g(N)

N
D u@¢" NI ™"(@) — 6"z — D] = g(N)
N
G"(N) .
m _ m _1 =1
;u@ ) 9@ =@ =)

Let )(N) = S
v g7 (N)

N
D u@y" NI @) — ¢ "z - D] =1

Z=a
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N —m —m
3 u@le™@ —¢ "z -1

)] - -
m N m _ m _ 1 — 1’
") — oz — D] VN[ (R) — (@ = 1]

Hence
u@le™ @ - ¢ = DI _
[v™(z) —yp~(z — 1)] '
This implies
u(z) = [v™"() =™ (z—1)]
[p7"(2) —p(z— D]’
Therefore,
U (X)) = (V7" X)) — ™" Xy — D]

(07" Km) — ¢ Ky — D]

We conclude that U (X(,,) is UMVUE of g(N).
Particular cases:

(a) g(N) = N¥, s is areal number.

According to (2.3.75), p(N) = N~', M(x) = 1,

_ (stm) — (otm)

YIN) =N~ X)) =Xy 6Xim) = X,

U(Xmy) X' = Ko = D™
(m)) =
" X0 — Xy — D™

)

which is same as (2.2.32).
(b) g(N) =&V

X

YN) = N7'e™ = §(Xim) = Xhe ™ *

Hence u(X(y)) is UMVUE of V.
Hence,

Xm

X m X m—1
erm — (Xgyy — 1)"etm
(m) (m)
uXmy) = —

X(mm) — (X(m) — 1)m

)

Reader should show that the above UMVUE of ¢ is same as in Example 2.2.7.
Now, we will consider some examples which can be solved using R software.

Example 2.3.6 2,5,7, 3,4, 2,5, 4 is a sample of size 8 drawn from binomial
distribution B(10,p). Obtain UMVUE of p, P, pzq, px <2), p(x > 6).
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a=function (r,s)

{

m<-8

n<-10
x<-c(2,5,7,3,4,2,5,4)
t<-sum(x)

umvue= (choose (m*n-r-s, t-r) /choose (m*n, t))
print (umvue)

}

a(l,0) #UMVUE of p
a(2,0) #UMVUE of p”"2
a(2,1) #UMVUE of p~"2*qg
b=function(c)

{

m<-8

n<-10
x<-c(2,5,7,3,4,2,5,4)
t<-sum(x)
g<-array(,c(l,c+1))
for (1 in 1:c¢)

{
gli]l=((choose(n,i)*choose (m*n-n,t-1))/choose(m*n,t))
}
glc+l]=((choose(n,0) *choose(m*n-n, t))/choose(m*n, t))

umvue=sum (g)

print (umvue)

}

b(2)#UMVUE of P(X<=2)

1-b(6) #UMVUE of P(X<=6) & P(X>6)

Example 2.3.7 0,3, 1,5,5,3,2,4,5, 4 is a sample of size 10 from the Poisson
distribution P(\). Obtain UMVUE of A, A2, Ae ™, and P(x > 4).

d=function (s,r) {
m<-10
x<-c(0,3,1,5,5,3,2,4,5,4)
t<-sum(x)
umvue= ( (m-s) "~ (t-r)*factorial (t))/(m"t*factorial (t-r))
print (umvue) } d(0,1) #UMVUE of lamda d(0,2) #UMVUE of
lamda”2 d(1,1) #UMVUE of lamda*e” (-lamda) f=function (c) {
m<-10
x<-c(0,3,1,5,5,3,2,4,5,4)
t<-sum(x)
g<-array(,c(l,c+1))
for (i in 1:c)
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{

glil<-(choose(t,i)*(1/m) i*(1-(1/m)) " (t-1i))

}

glc+l]=choose(t,0)*(1-(1/m))"t

umvue=sum (g)

print (umvue) } 1-f(3) #UMVUE of P(X<4) & P(X>=4)

Example 2.3.8 8,4,6,2,9,10,5,8, 10, 8, 3, 10, 1, 6, 2 is a sample of size 15 from
the following distribution:

1
~:k=1,2,...,N
= = N’ ’ ’ ’
PIX =kl [O ; otherwise

Obtain UMVUE of N°.

h<-function (s) {

n<-15
x<-c(8,4,6,2,9,10,5,8,10,8,3,10,1,6,2)
z<-max (x)

umvue=(z” (n+s) - (z-1) " (n+s) )/ ((z"n)-(z-1) "n)
print (umvue) } h(5) #UMVUE of N5

Example 2.3.9 Lots of manufactured articles are made up of items each of which
is an independent trial with probability p of it being defective. Suppose that four
such lots are sent to a consumer, who inspects a sample of size 50 from each lot. If
the observed number of defectives in the ith lot is 0, 1, or 2, the consumer accepts
this lot. The observed numbers of defectives are 0, 0, 0, 3. Obtain UMVUE of the
probability that a given lot will be accepted.

j=function (c) {
m<-4

n<-50

t<-3
g<-array(,c(l,c+1))
for (i in 1:c)

{

g[i]<-(choose(50,1) *choose((m*n)-n,t-1))/ (choose(m*n,t))
}

glc+l]<-(choose(m*n-n,t))/ (choose(m*n,t))

umvue=sum(g)

print (umvue) } j(2) #UMVUE of P (X<=2)
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Example 2.3.10 Let X;, X, ...X, be a sample from NB(1, 6).
Find the UMVUE of d(0) = P(X = 0), for the data 3,4,3,1,6,2, 1,8

k=function (r,s) {

m<-8

k<-1

x<-c(3,4,3,1,6,2,1,8)

t=sum(x)

umvue=choose (t-s+m*k-r-1,m*k-r-1) /choose (t+m*k-1, t)
print (umvue) } k(1,0) #UMVUE of P(X=0), i.e., p

Example 2.3.11 The following observations were recorded on a random variable X
having pdf:

p—1,—%
Foo =1 g x>0, 0>0p=4
0 ; otherwise

7.89, 10.88, 17.09, 16.17, 11.32, 18.44, 3.32, 19.51, 6.45, 6.22.
Find UMVUE of o3

xl<-function (k,r) {

p<-4

n<-10
y<-c(7.89,10.88,17.09,16.17,11.32,18.44,3.32,19.51,6.45,6.22)
t<-sum(y)

umvue= ( (gamma (n*p) ) * (t-k) " (n*p-r-1)) / ( (gamma (n*p-r) ) *t" (n*p-1))
print (umvue) } x1(0,-3) #UMVUE of sigma”3

Example 2.3.12 A random sample of size 10 is drawn from the following pdf:
1. ;
T S 0,6>0
, 9 — (1+X)l)+l ;X > k]
f.6) [ 0 ; otherwise
Data: 0.10, 0.34, 0.35, 0.08, 0.03, 2.88, 0.45, 0.49, 0.86, 3.88
Ox0-1. 0<x<1

fx, 0) = [0 ; otherwise

Data: 0.52, 0.79, 0.77, 0.76, 0.71, 0.76, 0.47, 0.35, 0.55,0.63

=

f(xH)—[éeH; —00 <X <00
20

; otherwise
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Data: 9.97, 0.64, 3.17, 1.48, 0.81, 0.61, 0.62, 0.72, 3.14,2.99
Find UMVUE of ¢ in (i), (ii), and (iii).

®

x2<-function (k,r) {

n<-10
y<-c(0.10,0.34,0.35,0.08,0.03,2.88,0.45,0.49,0.86,3.88)
x<-array(,c(1,10))

for (i in 1:10)

{

x[i]l=log(1+y[il)

}

t<-sum(x)

umvue=( ( (t-k) " (n-r-1)) *gamma (n) )/ ((t" (n-1)) *gamma (n-r) )
print (umvue) } x2(0,1) #UMVUE of theta

(ii)

x3<-function (k,r) {
n<-10
y<-c(0.52,0.79,0.77,0.76,0.71,0.76,0.47,0.35,0.55,0.63)
x<-array(,c(1,10))
for (i in 1:10)
{
x[il=-log(y[i]
}
t<-sum(x)
umvue=( ( (t-k) " (n-r-1)) *gamma (n) )/ ((t" (n-1)) *gamma (n-r) )
print (umvue) } x3(0,1) #UMVUE of theta

i)
x4<-function (k,r) {
n<-10
y<-c(9.97,0.64,3.17,1.48,0.81,0.61,0.62,0.72,3.14,2.99)
t<-sum(y)
umvue=( ((t-k) " (n-r-1))*gamma (n) )/ ((t” (n-1)) *gamma (n-r) )

print (umvue) } x4(0,-1) #UMVUE of theta

Example 2.3.13 The following observations were obtained on an rv X following:

1. N@, %)
Data: 5.77, 3.81, 5.24, 8.81, 0.98, 8.44, 3.16, 11.27, 4.40, 4.87, 7.28, 8.48, 6.43,
—0.00, 9.67, 12.04, —5.06, 13.71, 6.12, 4.76
Find UMVUE of 6, 6%, 9 and P(x < 2)
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2.

3.

®

N(6, 0?)

Data: 7.26, —0.23, 7.55, 3.09, 7.62, 16.79, 5.27, 8.46, 5.16, —0.66.
Find UMVUE of 1, 0, 0%, P(X > 2)

N@®, o)

Data: 10.59, —1.50, 6.40, 7.55, 4.70, 1.63, 0.04, 2.96, 6.47, 6.42
Find UMVUE of 6, 62, 6 + 20,

x5<-function (sigsq,n,k)
{x<-c(5.77,3.81,5.24,8.81,0.98,8.44,3.16,11.27,4.4,4.87,7.28,
8.48,6.43,0,9.67,12.04,-5.06,13.71,6.12,4.76)
umvuel=mean (x)
umvue2=umvuel " 2- (sigsqg/n)
umvue3=umvuel "3- (3*sigsg*umvuel/n)
umvued=pnorm( (k- (mean (x)))/ (sgrt((sigsg*((n-1)/n)))))
( ) #UMVUE of theta
print (umvue2) #UMVUE of theta”2
(umvue3) #UMVUE of theta”3
( ) #UMVUE of P(X<=2) } x5(4,20,2)

print (umvuel
print

print (umvued

(i)

x6<-function (n,r) {
x<-c(7.26,-0.23,7.55,3.09,7.62,16.79,5.27,8.46,5.16,-0.66)
t<-sum( (x-6)"2)

umvue=( ((t"r) *gamma (n/2) )/ ((2"r) *gamma ( (n/2) +r)))

print (umvue) } x6 (10,-0.5) #UMVUE of 1/sigma x6 (10,0.5)
#UMVUE of sigma x6 (10,1) #UMVUE of sigma”2

x7<-function (n,k) {
x<-c(7.26,-0.23,7.55,3.09,7.62,16.79,5.27,8.46,5.16,-0.66)
t<-sum( (x-6)"2)

umvue<- (1l-pbeta(((k-6)/sqgrt(t))”2,0.5, ((n-1)/2)))*0.5
print (umvue) } x7(10,2) #UMVUE of P(X>=2)

(iii)

x8<-function(n,r) {
x<-c(10.59,-1.5,6.4,7.55,4.7,1.63,0.04,2.96,6.47,6.42)
s<-sum( (x-mean (x)) "2)

umvuel<-mean (x) #UMVUE of theta

umvue2<-((s” (r))*gamma ((n-1)/2))/(gamma(((n-1)/2)+r)*(2"°r))
#UMVUE of sigma”2
print (umvuel)
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(umvue?2)

((umvuel”2) - (umvue2/n) ) #UMVUE of theta”2

print (umvuel+2*sqgrt (umvue2) ) #UMVUE of theta+2*sigma }
x8(10,1)

print
print

Example 2.3.14 1f rv X is drawn from U (6, 6,). Find the UMVUE of 6, and 6,
from the following data:
3.67,2.65,4.41,3.48,2.07,291,2.77,4.82, 2.73,2.98.

x<-c(3.67,2.65,4.41,3.48,2.07,2.91,2.77,4.82,2.73,2.98)
umvuel<- (max (x) -length (x) *min (x) )/ (1-length(x)) umvuel #UMVUE
of thetal umvue2<- (length(x)*max(x)-min(x))/(length(x)-1)
umvue2 #UMVUE of thetal

Example 2.3.15 If rv X is drawn from U(0, ) Find the UMVUE of 6, #?, and é
from the following data:
1.60, 1.91, 3.68, 0.78, 2.52, 4.34, 1.15, 4.69, 1.53, 4.53

x9<-function (n,r) {
x<-c(1.6,1.91,3.68,0.78,2.52,4.34,1.15,4.69,1.53,4.53)
umvue<- ( (max (x) "r) * ( (n+r) /n))

print (umvue) } x9(10,1) #UMVUE of theta x9(10,2) #UMVUE of
theta”2 x9(10,-1)#UMVUE of (1/theta)

2.4 Exercise 2

1. For the geometric distribution,
fx)=01—0""x=1,2,3,...,0<0 <1

Obtain an unbiased estimator of % for a sample of size n. Calculate it for given
data: 6,1,1,14,1,1,6,5, 2, 2.

2. X1, X5, ..., X, is a random sample from an exponential distribution with mean
0. Find an UMVUE of exp(—é) when t > 1, where T = >} X; for the given
data: 0.60, 8.71, 15.71, 2.32, 0.02, 6.22, 8.79, 2.05, 2.96, 3.33

3. Let

(x —p)
ag

1
f(XIu,U)Z—eXp[— i|;x2ueRanda>0
g

For a sample of size n, obtain

(a) an unbiased estimate of ; when ¢ is known,

(b) an unbiased estimate of o when p is known,

(¢) Ten unbiased estimators of o> when 1 is known.
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4.Let Xy, Xs, ..., X, be arandom sample of size n from N (u, o?), where 1 is known
and if T = % > 1Xi — pul, examine if 7 is unbiased for o and if not obtain an
unbiased estimator of o.

5.If X, X5, ..., X, is a random sample from the population

fxH) =@+ Dx"; 0<x<1,0>—1

Prove that [~ £l — 1] is an UMVUE of 6,

6. Suppose X has a truncated Poisson distribution with pmf

exp[—016" . x=1,2

f@xlo) = [ [=eht

0 ; otherwise

Prove that the only unbiased estimator of [1 — e~%] based on X is the statistic T(X),

TG = 0 ; when x is odd
=12 : when x is even
00 02){ —0 (4
Hin S — =< ¢ _q
= 2x)! 2
7. Let X1, X5, ..., X, beiid rvs from f (x|6),
| expli —x]; x> i0
f(x|9)_[0 D x < if
Prove that
. X
T = min[ =]

1

is minimal sufficient statistic for 6. If possible obtain the distribution of X; given 7.
Can you find an unbiased estimator of 0? If “Yes,” find and if “No,” explain.
8. Let X1, Xa, ..., X, be iid rvs with f(x|u),

1 . ;
55 —i(p—1 <x; <i(up+1)

_ | i(p i

S Gy 0 ; otherwise

where 1 > 0. Find the sufficient statistic for p. If T is sufficient for p then find the

distribution of X, X, given T If possible, find an unbiased estimator of .

9.If X|, X», and X3 are iid rvs with the following pmfs:

(a)

efA X

J&IN) = ; x=0,1,2,...,A>0

x!

(b)
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oy = (”)/\xa "N 0<A<l.x=0,1,2....n
X

(©

faxN)=10-=-M)N; x=0,1,2,...A>0
Prove that X; + 2X5, X, 4+ 3X3, and X; + 2X, + X3 are not sufficient for \ in (a), (b),
and (c). Further, prove that 2(X; + X, + X3) is sufficient for A in (a), (b), and (c).
10. Let X, X, ..., X, beiid rvs having U(0, 36), 6 > 0. Then prove that (X(1y, X))

is jointly minimal sufficient statistic.

11.Let{(X;, Y)),i = 1,2, ..., n} be nindependent random vectors having a bivariate
distribution

2
N:((el),( 7] palzaz));—oo<¢91,¢92<oo,01,02>0,—15;151.
0 po1oy 05

Prove that

IEDEDRIDADNG
is jointly sufficient (0, oy, p, 62, 02).
12. Let the rv X, is B(n, 0) and X, is P(f) where n is known and 0 < 6 < 1. Obtain

four unbiased estimators of 6.
13. Let Xy, Xo, ..., X, are iid rvs with U(6, 6 + 1).

(i) Find sufficient statistic for 6
(i) Show that the sufficient statistic is not complete
(iii) Find an unbiased estimator of
(iv) Find the distribution of X; given T, where T is sufficient for ¢

(v) Can you find UMVUE of 0 ? If “No,” give reasons.
14. Let X be a rv with pmf

|x] )
fap=(5) a=p™x=-1.010<p<1
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(i) Show that X is not complete.

(i) Show that |X| is sufficient and complete.

15. Let X, X», ..., X,, are iid rvs from the following pdf:

(1)
= a ; 0 0
f(xla)—m, x>0,a>
(ii)
(In a)*
fxla) = —1, O<x<oo,a>1
(iii)
fx|a) = exp[—(x — a)]exp[—e’(x’“)]; —00 <X <00, —00 << 00
(iv)
3€7§
fxla) = —F3 x>0,a>0
(v)
k-1
fle) = ——; 0<x<a,a>0
o

Find a complete sufficient statistic or show that it does not exist.

Further if it exists, then find the distribution of X; given T, where T is sufficient
statistic. Further, find UMVUE of o', whenever it exists.

16. Let X4, X5, ..., Xy are iid rvs with B(1, p), where N is also a random variable
taking values 1, 2,...with known probabilities py, pa, ..., >.p; = 1.

(1) Prove that the pair (X, N) is minimal sufficient and N is ancillary for p.

(ii) Prove that the estimator % is unbiased for p and has variance p(1 — p)E}V.

17. In a normal distribution N (u, u?), prove that (3 X;, > X?) is not complete in a
sample of size n.

18. Let X, X», ..., X,, be iid rvs from the following pdf:

(1)
fx) =0x""10<x<1,0>0

1+6
Find UMVUE of (a) e~ (b) 9+—1( 0)—— +
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(ii)

1
f(x|0y,0,) = m;al <x<0,0,,0,>0

Find minimal sufficient statistic and show that it is complete, further if possible, find
the the distribution of X; given T, where T is sufficient statistic. Find UMVUE of
0,
exp(6, — 1) 9 , sin(f; — 6,), and cos(6; — 6,)
2
19. Let T, T, be two unbiased estimates having common variances ac’(a > 1),
where o2 is the variance of the UMVUE. Prove that the correlation coefficient
between T
20. Let X, X5, ..., X, are iid rvs from discrete uniform distribution

f&INL, No) =

i x=N+1,Ni+2,...,N
Ny —N, 1 1 2

Find the sufficient statistic for Ny and N,.

If exists, find UMVUE for Ny and N-.

21. Let X1, Xz, ..., X, are iid rvs from P(X). Let g(\) = X2, ¢; A" be a parametric
function. Find the UMVUE for g()\). In particular, find the UMVUE for (i)g(\) =
(I =X () g\ =N (> 0)

22.Let X1, Xa, ..., X, are iid rvs with N (@, 1). Show that S2 is ancillary.

X X X1
X, X2 X,

24. Let X1, X, are iid rvs with N (0, o2). Prove that is ancillary.

25. Let X1, X5, ..., X, are iid rvs with (i) N(u, o 2) (ii)N (11, 4?). Examine T =
((%) , (XzT_X) R ()%)) is ancillary in (i) and (ii).

26. Let X1, X5, ..., X,, are iid rvs with B(n, p), 0 < p < 1 and n is known. Find the
UMVUE of P[X =x] = (!)p*q"™ x=0,1,2,...,n, g=1—p

27. Let X1 , X5, ..., X, are iid rvs from Poisson (\). Find the UMVUE of P[X =

23. In scale parameter family, prove that ( ) are ancillary.

Xl = <A x=0.1.2..... A>0
28. Let Xy, X5, ..., X, are 1id rvs from gamma distribution with parameters p and
o. Then find the UMVUE of &2 — T forp known, x > 0, o > 0.

“o'T(p)
29. Let X1, Xp, ..., X, are iid rvs from N (y, o?), w € R, o > 0.Find UMVUE of

P[X; <k],k > 0.
30. Let X1, X5, ..., X, are iid rvs with pdf,

—f<x<¥6
20 °
F16) = [ ; otherwise
Prove that 7'(X) = max [—X(1), X» | is a complete sufficient statistic. Find UMVUE
of 0"(r > 0). If Y = |X|, then find UMVUE of



106 2 Unbiased Estimation

1. 0"
2. ——
146

3. sin(9)

based on Y.

31. Let X1, X», ..., X, are iid rvs from the pdf,
1 _

f@&xlp, 0%) = = exp [—(x M)} ;x> p,0 >0

o o

(i) Prove that [X(y), 27:1 (Xj — X(1))] is a complete sufficient statistic for (u, o).
(ii) Prove that UMVUE of p and o are given by

(f=Xqu)) — (ni D Z(Xj - Xm)
=1

32. Let X, X5, ..., X, are iid rvs from U(6, 6,) or U(f; + 1,6, + 1). Find the
UMVUE of ¢g(6,, 8,) without using the general result from Example 2.3.3. Further,
find the UMVUE of 0{65(r, s > 0).

33.Let Xy, Xs, ..., X, beiid rvs from U(—k#, k0), k, 6 > 0. Show that the UMVUE
of g(0) is

Yo g Gom)
Uy = gOm) + —
where y(,) = maxY;, Y; = % ci=1,2,...,n
34. Let Xi, X5, ..., X,, be iid rvs from discrete uniform distribution where
1
_ x=-N,-N+1,...,—-1,1,2,...,N
S&IN) [ 0 ; otherwise

Find UMVUE of (i) sin N (ii) cos N (iii) €V (iv) (,ﬂN
35. Let X1, X, ..., X, be iid rvs from f (x| N)

M= 2 . 12N
@ FOIN) = g ¥ =12
2
(b) FGIN) = Ox A= 1.2, N

NN+ DN+ 1)
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N

Find UMVUE of (i) sin N (ii) cos N (iii) €V (iv) eﬂ,v v) SienNN Vi) =%
36. Let X1, Xo, ..., X, beiid rvs from f (x|N;, N>)

f&IN, No) = x=N,N +1,...,N;

N, — Ny + l;
Find UMVUE of (i) N, (i) N, (iii) (N, N,)?
37. Let X1, X5, ..., X, be iid rvs with U(0, 6).
Then find UMVUE of (i) ¢’ (ii) sin @ (iii) o
38. Let X, X5, ..., X, be iid rvs with f(x|6),

4x3
f(x|9)=ﬁ; 0<x<@,

2

1+63

Find UMVUE of (i) 6° (ii) (iii) cos 6.
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