Chapter 2
Review of Classical Information Theory

Abstract This chapter presents a review of the classical information theory which
plays a crucial role in this thesis. We introduce the various types of informational
measures such as Shannon entropy, the relative entropy, the mutual information
and the transfer entropy. We also briefly discuss the noisy-channel coding theorem
which represents the meaning of informational measures in the artificial information
transmission over a communication channel.
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We review the classical information theory in this chapter. The classical information
theory had been well established by Shannon in his historical paper entitled “A
mathematical theory of communication” [1]. Shannon discussed the relationship
between the entropy and the accuracy of the information transmission through a
noisy communication channel with an artificial coding device, which is well known
as the noisy channel coding theory. In this chapter, we introduce various types of the
entropy (i.e., the Shannon entropy, the relative entropy, the mutual information and
the transfer entropy [2]) as measures of information, and the noisy channel coding
theorem [1, 3, 4].

2.1 Entropy
First of all, we briefly introduce various types of the entropy, which quantify measures
of information [1, 3].

2.1.1 Shannon Entropy

We first introduce the Shannon entropy, which characterizes the uncertainty of ran-
dom variables. Let p(x) be the probability distribution of a discrete random variable
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x. The probability distribution p(x) satisfies the normalization of the probability and
the nonnegativity (i.e., >, p(x) = 1,0 < p(x) < 1). The Shannon entropy S(x) is
defined as

S(x) == p(x)Inp(x). 2.1)

In the case of a continuous random variable x with probability density function
p(x) which satisfies the normalization and the nonnegativity (i.e., f dxp(x) =1,
0 < p(x) < 1), the Shannon entropy (or differential entropy) is defined as

Sx) = —/dxp(x) In p(x). 2.2)

In this thesis, the logarithm (In) denotes the natural logarithm. To discuss the discrete
and continuous cases in parallel, we introduce the ensemble average ( f (x)) for any
function f(x) as

() = (@),
= P f () (23)

for a discrete random variable x and

(f()) = (f))p
1=/dxp(x)f(X) 2.4

for a continuous random variable x. From the definition of ensemble average Eqs.
(2.3) and (2.4), the two definitions of the Shannon entropy Egs. (2.1) and (2.2) are
rewritten as

S(x) = (=Inp(x))

= (s(x)), (2.5)
where we here say s(x) := — In p(x) is a stochastic Shannon entropy. The Shannon
entropy S(X) of a set of random variables X = {xy, ..., xy} with a joint probability

distribution p(X) is also defined as

S(X) := (=In p(X))
= (s(X)). (2.6)

Let the conditional probability distribution of X under the condition ¥ be p(X|Y) :=
p(X,Y)/p(Y). The conditional Shannon entropy S(X|Y) with a joint probability
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p(X) is defined as

S(X[Y) := (= In p(X|Y))
= (s(X[Y)), 2.7)

where s(X 1Y) := —In p(X]Y) is a stochastic conditional Shannon entropy. We note
that its ensemble takes an integral over a joint distribution p(X). From 0 < p < 1,
the Shannon entropy S satisfies the nonnegativity S > 0.

By the definition of the conditional probability distribution p(X|Y) := p(X,Y)/
p(Y), we have the chain rule in probability theory. The chain rule in probability
theory produces the product of conditional probabilities:

N
p(X) = peen) [ pGalicr, -, x0). (2.8)
k=2

From this chain rule Eq. (2.8) and the definitions of the Shannon entropy Eqgs. (2.6)
and (2.7), we obtain the chain rule for (stochastic) Shannon entropy:

N
S(X) = s(x1) + D s(@lxit. ... x1). (2.9)
k=2
N
S(X) =S + D Slxi1, ..., x1). (2.10)
k=2

The chain rule indicates that the (stochastic) joint Shannon entropy is always rewritten
by a sum of the (stochastic) conditional Shannon entropy.

2.1.2 Relative Entropy

We next introduce the relative entropy (or the Kullback—Leibler divergence), which
is an asymmetric measure of the difference between two probability distributions.
The thermodynamic relationships (e.g., the second law of thermodynamics) and
several theorems in information theory can be derived from the nonnegativity of the
relative entropy. The relative entropy or the Kullback—Leibler divergence between
two probability distributions p(x) and ¢ (x) is defined as

DxL(p(0)]lg(x)) = (In p(x) —Ing(x)),. 2.11)

We will show that the relative entropy is always nonnegative and is O if and only if
P=q.
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To show this fact, we introduce Jensen’s inequality [3]. Let ¢(f(x)) be a convex
function, which satisfies p(Aa+ (1 —\)b) < Ap(a)+ (1 —N)p(b) withVa, b € f(x)
and VA € [0, 1]. Jensen’s inequality states

P((f (X)) = (o(f (x))). (2.12)

The equality holds if and only if f(x) is constant or ¢ is linear.
We notice that —In(f'(x)) is a convex nonlinear function. By applying Jensen’s
inequality (2.12), we can derive the nonnegativity of the relative entropy,

Dxr.(p(0)llg(x)) = (=In[g(x)/p(x)])p

—In(g(x)/p(x)),

=—Inl

v

-0, (2.13)

where we used the normalization of the distribution ¢, (g (x)/p(x)), = f dxq(x) =
1. The equality holds if and only if g(x)/p(x) = ¢, where c is a constant. Because
p and ¢ satisfy the normalizations [ dxp(x) = 1 and [dxq(x) = 1, a constant ¢
should be ¢ = 1, and we can show that the relative entropy Dkp. (p(x)||g(x)) is O if
and only if p = gq.

From the nonnegativity of the relative entropy, we can easily show that S(x) <
In |x| where |x| denotes the number of elements of a discrete random variable x with
the equality satisfied if and only if x is uniformly distributed. Let p,(x) = 1/|x| be
a uniform function over x. The relative entropy Dkr(p(x)||p.(x)) is calculated as
D (p(x) ]| pu(x)) = In |x| — S(x), and its negativity gives S(x) < In |x|.

The joint relative entropy Dkp. (p(X)]|g (X)) is defined as

Dxr(p(X)lg (X)) = (In p(X) — Ing (X)), (2.14)
and the conditional relative entropy Dxp (p(X|Y)]|q(X]Y)) is defined as
Dxr(p(XIY)llg(X|Y)) = (In p(X]Y) — Ing(X|Y)),. (2.15)

The joint and conditional relative entropy satisfy Dgp > 0 with the equality satisfied
if and only if p = g. The chain rule in probability theory Eq. (2.8) and the definition
of the relative entropy Egs. (2.15) and (2.14) give the chain rule for relative entropy as

Dy (p(X)llg (X))
N
= Di(p)llg(x1) + D Dre(pCelxict, -, x0)1g (velxe—1, .., x1).
k=2
(2.16)
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2.1.3 Mutual Information

‘We introduce the mutual information /, which characterizes the correlation between
random variables. The mutual information between X and Y is given by the rel-
ative entropy between the joint distribution p(X, Y) and the product distribution

p(X)p(Y):

I(X 1Y) = DxL(p(X, V)| p(X)p(Y))
= (lnp(X,Y) —In p(X) — In p(Y))
= (s(X) +s(Y) —s(X,Y))
=S(X)+ S(Y) - S(X,Y)
= S(X) — S(X|Y)
=S) - S |X). (2.17)

The mutual information quantifies the amount of information in X about Y (or
information in Y about X). From the nonnegativity of the relative entropy Dkp. > 0,
the mutual information is nonnegative /(X : Y) > 0 with the equality satisfied if and
only if X and Y are independent p(X, Y) = p(X) p(Y). This nonnegativity implies
the fact that conditioning reduces the Shannon entropy (i.e., S(X|Y) < S(X)). From
the nonnegativity of the Shannon entropy S > 0, the mutual information is bounded
by the Shannon entropy of each variable X or Y (/(X : Y) < S(X)and I(X : ¥V) <
S(Y)). To summarize the nature of the mutual information, the following Venn’s
diagram is useful (see Fig.2.1).

Fig. 2.1 The Venn’s S(X Y)
’

diagram which represents the
nature of the mutual
information (i.e., Eq.2.17).
The mutual information
between X and Y represents
the correlation between them
in the sense of the Shannon
entropy

S
N A
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The conditional mutual information between X and Y under the condition Z is
also defined as

I(X :Y|Z) := DxL(p(X, Y|D)||p(X|Z) p(Y|Z))
= (ln p(X,Y|Z) —In p(X|Z) — In p(Y|Z))
= (s(X|Z) +s(Y|Z) — s(X, Y|2))
= S(X|Z) + S(Y|Z) — S(X, Y|Z)
= S(X|Z) — S(X|Y, Z)
=S(Y|Z) — S(Y|X, Z). (2.18)

For Z independent of X and Y (i.e., p(X,Y|Z) = p(X,Y)),wehave I(X : Y|Z) =
I(X :Y). The conditional mutual information is also nonnegative /(X : Y|Z) > 0
with the equality satisfied if and only if X and Y are independent under the condition
of Z: p(X,Y|2) = p(X|2)p(Y|Z) (or p(X|Y,Z) = p(X|Z)). We also define
the stochastic mutual information i (X : Y) and the stochastic conditional mutual
information i (X : Y|Z) as

iX:Y):=sX|Z)+s(Y|Z)—s(X,Y|Z) (2.19)
i(X:Y|Z2) =sX|Z2)+s(Y|Z2) —s(X,Y|Z) (2.20)
From the chain rule for (stochastic) Shannon entropy Eq. (2.10) and the defin-

ition of the mutual information Eqgs. (2.17) and (2.18), we have the chain rule for
(stochastic) mutual information

N
i(X:Y)=i(x1:Y) +Zi(xk Y|xi—1, ..., x0), (2.21)
k=2
N
IX:Y) =10 Y) 4+ D IO Yy, ..., x)). (2.22)
k=2

2.1.4 Transfer Entropy

Here, we introduce the transfer entropy, which characterizes the directed information
flow between two systems inevolvingtime X = {x; [k = 1,..., N}andY = {y |k =
1, ..., N}. The transfer entropy was ordinarily introduced by Schreiber in 2000 [2]
as a measure of the causal relationship between two random time series. The transfer
entropy from X to Y at time k is defined as the conditional mutual information:

Txoy =1 (kg X oo XYoo Yi—rr)
= (SO 11Xks ooy Xty Vs v o5 Yo—tr) — Skt | Vi -+ Yi—11))
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= (In pYrs1lyis oo Yetr) =10 pra1 Xy ooy Xkt Yios oo Ye1))-

(2.23)
The indexes [ and I’ denote the lengths of two causal time sequences {xg, ..., X;_s}
and {Yk+1, Yk, - .-, Yk—r}. Because of the nonnegativity of the mutual information
I Vi1 @ {xks oo oy Xi—iH YKy - - -5 Ye—r), the transfer entropy is always nonnegative

and is O if and only if the time evolution of ¥ system at time k does not depend on
the history of X system,

POkt Vs - v os Y1) = POkt Xy ooy Xty Yo v v s Yk—tr)- (2.24)

Thus, the transfer entropy quantifies the causal dependence between them at time k.
If the dynamics of X and Y is Markovian (i.€., p(Vk411Xks - - s Xk—is Vis - « - » Yietr) =
P Vkt11xk, yr)), the most natural choices of  and I’ becomes [ = I’ = 0 in the sense
of the causal dependence.

Here, we compare other entropic quantities which represent the direction exchange
of information. Such conditional mutual informations have been discussed in the con-
text of the causal coding with feedback [5]. Massey defined the sum of the conditional
mutual information

N

IPX > ) =D T {x s 3 it - 1), (2.25)
k=1

called the directed information. It can be interpreted as a slight modification of the
sum of the transfer entropy over time. Several authors [6, 7] have also introduced
the mutual information with time delay to investigate spatiotemporal chaos.

In recent years, the transfer entropy has been investigated in several contexts. For
a Gaussian process, the transfer entropy is equivalent to the Granger causality test [8],
which is an economic statistical hypothesis test for detecting whether one time series
is useful in forecasting another [9, 10]. Using a technique of symbolization, a fast
and robust calculation method of the transfer entropy has been proposed [11]. In a
study of the order-disorder phase transition, the usage of the transfer entropy has
been also proposed to predict an imminent transition [12]. In relation to our study,
thermodynamic interpretations of the transfer entropy [13, 14] and a generalization
of the transfer entropy for causal networks [15] have been proposed.

2.2 Noisy-Channel Coding Theorem

In this section, we show the fact that the mutual information between input and
output is related to the accuracy of signal transmission. This fact is well known as
the noisy-channel coding theorem (or Shannon’s theorem) [1, 3]. The noisy-channel
coding theorem was proved by Shannon in his original paper in 1948 [1]. In the case
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of Gaussian channel, a similar discussion of information transmission was also given
by Hartley previously [4].

2.2.1 Communication Channel

We consider the noisy communication channel. Let x be the input of the signal and y
be the output of the signal. The mutual information / (x : y) represents the correlation
between input and output, which quantifies the ability of information transmission
through the noisy communication channel. Here, we introduce two simple examples
of the mutual information of the communication channel.

2.2.1.1 Example 1: Binary Symmetric Channel

Suppose that the input and output are binary states x = 0, 1 and y = 0, 1. The noise
in the communication channel is represented by the conditional probability p(y|x).
The binary symmetric channel is given by the following conditional probability,

py=lx=D)=py=0x=0)=1-e, (2.26)
py=1llx=0=ph=1lx=1) =e, (2.27)

where e denotes the error rate of the communication. We assume that the distribution
of the input signal is given by p(x = 1) = 1 —r and p(x = 0) = r. The mutual
information between input and output is calculated as

Ix:y)=(0—-e)ln(1 —e)+elne— (1 —¢€)In(l —¢€) —e'Iné, (2.28)

where ¢’ := (1 — e)r 4+ e(1 — r). This mutual information represents the amount
of information transmitted through the noisy communication channel. In the case of
e = 1/2, we have I (x : y) = 0, which means that we cannot infer the input signal
x from reading the output y. The mutual information depends on the bias of the
input signal r. To discuss the nature of the communication channel, the supremum
value of the mutual information between input and output with respect to the input
distribution. Let the channel capacity for the discrete input be

C:=supl(x:y). (2.29)
p(x)

For a binary symmetric channel, the mutual information has a supremum value with
r = 1/2, and the channel capacity C is given as

C=In2+elne+ (1 —e)ln(l —e). (2.30)
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2.2.1.2 Example 2: Gaussian Channel

Suppose that the input and output have continuous values: x € [—00, 00] and y €
[—o0, oc]. The Gaussian channel is given by the Gaussian distribution:

2
exp [—u] , 2.31)

2
207

pylx) =
2703,

where cr12V denotes the intensity of the noise in the communication channel. We assume
that the initial distribution is also Gaussian:

1
pp(x) =
,/27r0§,
2

where 0, = (x?) means the power of input signal. The mutual information I (x : y)
is calculated as

2
exp [—x—] : (2.32)

2
20%

1 o3
N

In the limit 012\, — 00, we have I (x : y) — 0, which indicates that any information
of input signal x cannot be obtained from output y if the noise in communication
channel is extremely large. We have I(x : y) — oo in the limit 0% — oo, which
means that the power of input is needed to send much information.

In the continuous case, the definition of the channel capacity is modified with the
power constraint:

C= sup I(x:Yy). (2.34)

2 2
(x)<op

The channel capacity C is given by the mutual information with the initial Gaussian
distribution Eq. (2.33),

1 Jf,
C=-In{l+—=). (2.35)
2 oy
To show this fact, we prove that the mutual information /,(x : y) = (In p(y|x) —
In [ dxp(y|x)q(x)) for any initial distribution g (x) with (x?) = 0%, < 0% is always
lower than the mutual information for a Gaussian initial distribution Eq. (2.33).
I(x:y)—I;(x 2 y)=—(Inpp(y))p, + {Ing(y))g
—(Inpp(¥))p, + (Ing(y))4

—(Inpp(y))g + {Ing(y))q

IVl
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= DxL(gW)IIpp (y))
>0, (2.36)

where pp(x,y) = p(lx)ppx), g(x,y) = p(y|x)g(x), and we use (—In
pr(Y)p, =27 In[27m(0} + o)1+ 27"

2.2.2 Noisy-Channel Coding Theorem

We next review the noisy-channel coding theorem, which is the basic theorem of
information theory stated by Shannon in his original paper [1].

Here, we consider the situation of information transmission through a noisy com-
munication channel (see also Fig.2.2). First, the input message is encoded to gen-
erate a sequence of the signal (e.g., 0010101010). Second, this signal is transmitted
through a noisy communication channel. Finally, the output signal (e.g.,0011101011)
is decoded to generate the output message.

To archive the exact information transmission through a noisy communication
channel, the length of encoding should be sufficiently large to correct the error in
output signal. The noisy-channel coding theorem states the relationship between the
length of encoding (i.e., the archivable rate) and the noise in the communication
channel (i.e., the channel capacity). Strictly speaking, the noisy-channel coding the-
orem contains two statements, the noisy-channel coding theorem and the converse
to the noisy-channel coding theorem. The former states the existence of coding, and
the latter states an upper bound of the coding length. In this section, we introduce
the noisy-channel coding theorem for a simple setting.

Communication
Input channel Output
message message
M., .> Encoder p(’yk ‘;Ijk) Decoder "IMout
___/Input Output\__J
X ={x1,...,zn} Y ={y1,...,yn}

Fig. 2.2 Schematic of the communication system. To send an input message M;, through a noisy
artificial communication channel, the input message should be encoded in a redundant sequence
of bits by a channel coding protocol, and the encoded bits sequence X is transmitted through a
noisy communication channel p(yi|xx) (e.g., a Gaussian channel). The output sequence Y does not
necessary coincide with the input sequence X, because of the noise in the communication channel.
However, if the redundancy N of the encoded bit sequence is sufficiently large, one can recover the
original input message Moy, = Mi, correctly from the output sequence Y. This is a sketch of the
channel coding
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Let the input message be M;, € {1,..., M}, where M denotes the number of
types of the message. The input message is assumed to be uniformly distributed:
p(My) = 1/M (My, = 1, ..., M). By the encoder, the input message is encoded
as a discrete sequence X (Mi,) := {x;(Mi,), . .., xy (Mi,)}. Through a noisy com-
munication channel defined as the conditional probability p(yi|xx) (e.g., the binary
symmetric channel), the output signal ¥ = {yj, ..., yny} is stochastically obtained
from the input signal X:

N
PYIX(Min)) = [ | POl (Min)), (2.37)
k=1

which represents a discrete memoryless channel. The output message My, (Y) is a
function of the output signal Y. We define the rate as
InM
R :=
N

) (2.38)

which represents the encoding length N to describe the number of the input messages
M. A code (M, N) indicates (i) an index set {1, ..., M}, (ii) an encoding function
X (M;,) and (iii) a decoding function My (Y). A code (e¥R, N) means ([eVR], N),
where [...] denotes the ceiling function. Let the arithmetic average probability of
error P, for a code (eM%, N) be

P‘—IM M (Y XM, = j 2.39
e_ﬁgmwx#n<m-m. (2.39)

In this setting, we have the noisy-channel coding theorem.

Theorem (Noisy-channel coding theorem) (i) For every rate R < C, there exists a
code (e"®, N) with P, — 0.
(ii) Conversely, any code (eNR N) with P, — 0 must have R < C.

The converse theorem (ii) can be easily proved using the nonnegativity of the
relative entropy. Here, we show the proof of the converse theorem. From the initial
distribution p(M;,), we have

NR = S(Min)
=1 (Min : Mouw) + S(Min| Mouy)- (2.40)

We introduce a binary state E: E := 0for My, = My and E := 1 for My, #= My.
From S(E|M;,, Myy) = 0, we have



22 2 Review of Classical Information Theory

S(Min|M0ul) = S(Min|M0ut) + S(E|Min, Mout)
= S(E|Mouw) + S(Min|E, Mou)
<In2+ P.NR, (2.41)

where we use S(Mi,|E, Myy) = P.S(My|E = 0, My,) < P,S(Mj,), and
S(E|Moy) < S(E) < In2.Thisinequality (2.41) is well known as Fano’s inequality.

The Markov property p(Miny X’ Y, Mout) = p(Mm)p(X|M1n)p(Y|X)p(Mnut|Y)
is satisfied in this setting. From the Markov property, we have I (My, : Moy |Y) = 0,
I(M;, : Y|X) =0, and

I(Min : Mout) = I(Min : Y) + I(Min : Moul|Y)
<I(X:Y)+I(My,:Y|X)
=I1(X:Y)

= (In p(Y)) = D (In p(xilye))

k
< Z I (xp 2 i)

k
< NC. (2.42)

The inequality using the Markov property (e.g., Eq. (2.42)) is well known as the data
processing inequality. From Egs. (2.40)—(2.42), we have

In2
R < C+W+P6R. (2.43)

For sufficiently large N, we have In2/N — 0. Thus we have proved the converse to
the noisy-channel coding theorem, which indicates that the channel capacity C gives
a bound of the archivable rate R with P, — 0. We add that the mutual information
I (M, : Moy) (or I(X :Y)) also becomes a tighter bound of the rate R with P, — 0
from Eq. (2.42).
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