
Chapter 2
Gaussian Means

2.1 Integral Representation

In this chapterwe are dealingwith the standardGUEmatrix integrals in the absence of
any external source. TheGaussian randommatrix theory has a probability distribution
P(M)

P(M) = 1

Z0
exp[−λ

2
trM2] (2.1)

where M is an N × N Hermitian matrix. The partition function Z0 is thus given by

Z0 =
∫

dMexp[−λ

2
trM2] (2.2)

The integration is performed with the standard U(N) invariant measure over the N2

matrix elements. The Gaussian average of a product of vertices
∏

trMki is given by

〈
n∏

i=1

trMki〉 =
∫

dMP(M)

n∏
i=1

trMki (2.3)

where ki, (i = 1, . . . , n) is integer. The Gaussian means may be computed with the
help of Wick’s theorem, which counts the pairings of the vertices. InWick’s theorem
for matrices averages, the size N of the matrices appears in the combinatorics and
it is at the origin of the topological properties. The topological dependence on N
was first pointed out by t’ Hooft [125] for U(N) gauge theories. In the large N limit,
planar diagrams dominate. For the non-Gaussian case, planar diagrams are discussed
in the approach to two dimensional quantum gravity in [13, 15].

Wick’s theorem for the matrix Mij provides the Gaussian means of products of
vertices. For instance,
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4 2 Gaussian Means

〈 1
N
trM2〉 = 〈 1

N

N∑
i,j=1

MijMji〉 = N/λ (2.4)

〈 1
N
trM4〉 =

∑
i,j,k,l

1

N
〈MijMjkMklMli〉 = N2

λ2
(2 + 1

N2
) (2.5)

Wick’s theorem for matrix elements is based upon

〈MijMlk〉 = 1

λ
δi,kδj,l (2.6)

where δi,k is the Kronecker delta function. In the rest of this section we simply take
λ = N in the probability measure (2.1). The n-point function, which is a generating
function of the above Gaussian means, is given by

U(σ1, . . . , σn) = 〈
n∏

i=1

1

N
treσiM〉 = 1

Nn

∑
k1,...,kn

(

n∏
i=1

1

ki!σ
ki
i )〈trMk1 · · · trMkn〉 (2.7)

This generating function is also the evolution operator of the n-point resolvent Gn,
defined as

Gn(z1, · · · , zn) = 〈
n∏

a=1

1

N
tr

1

za − M
〉. (2.8)

For instance, the average resolvent G(z) is written in terms of the evolution operator
as

G(z) = 1

N
〈tr 1

z − M
〉 = i

∫ ∞

0
dte−itzU(σ ). (2.9)

From the definition of (2.7), n-point density correlation function Rn is written as

Rn(λ1, . . . , λn) = 1

Nn
〈

n∏
i=1

trδ(λi − M)〉

=
∫ ∞

−∞
· · ·

∫ ∞

−∞

n∏
i=1

dti
2π

e−i
∑

i tiλiU(σ1, . . . , σn). (2.10)

We have obtained an exact representation for those generating functions U(σ1, . . . ,

σn), which will be derived in the next section.
Note thatRn(λ1, . . . , λn) is obtained also from the probability distribution function

PN (x1, . . . , xN ), which becomes after the integration of unitary degree of freedom,

PN (λ1, . . . , λN ) = C
∏

(λi − λj)
2e− λ

2

∑
λ2
i (2.11)
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Rn(λ1, . . . , λn) = N !
(N − n)!

∫ ∞

−∞
· · ·

∫ ∞

−∞
dλn+1 · · · dλNPN (λ1, . . . , λN ) (2.12)

This n-point correlation function becomes the determinant of the kernel by the
orthogonal polynomial method [97].

Rn(λ1, . . . , λn) = det[KN (λi, λj)] (2.13)

We will discuss this determinant formula for the case of external source, which
orthogonal polynomial method does not work, in Chap.3 (Theorem 3.2.2).

Proposition 2.1

U(σ1, . . . , σn) = 1

Nn

∮ n∏
i=1

dui
2π i

N∏
i=1

(1 + σi

ui
)Ne

∑
uiσi/λ+ 1

2λ

∑
σ 2
i det

1

ui − uj + σi

(2.14)
where the contours enclose all poles at ui = 0.

This Proposition 2.1 follows from Theorem 3.2.1 in the next section which deals
with a Gaussian model with an external source, when the external source vanishes.
Remarkably enough introducing a source provides explicit formulae even for a van-
ishing source, which would be very difficult to derive directly.

For the connected part of the above correlation functions, one simply keeps the
longest cycles in the expansion of the determinant which appears in (2.14). The
Proposition 2.1 determines explicitly the coefficients of the expansions in powers of
σi.

In the following, the n-point functions (n = 1, 2 and 3) are considered with the
help of this formula.

(i) one point function

U(σ ) = 〈 1
N
treσM〉 = e

σ2

2λ

Nσ

∮
du

2iπ
(1 + σ

u
)Neuσ/λ (2.15)

In terms of the density of eigenvalues

ρ(x) = 〈 1
N
trδ(x − M)〉 (2.16)

one has by definition of (σ ) in (2.15),

U(σ ) =
∫ ∞

−∞
dxρ(x)eitx (2.17)

where σ = it. In the large N limit, by the shift of u → Nu and putting λ = N , U(σ )

becomes

http://dx.doi.org/10.1007/978-981-10-3316-2_3
http://dx.doi.org/10.1007/978-981-10-3316-2_3
http://dx.doi.org/10.1007/978-981-10-3316-2_3


6 2 Gaussian Means

lim
N→∞U(σ ) = 1

σ

∮
du

2iπ
eσ(u+ 1

U ) =
∞∑
k=0

1

k!(k + 1)!σ
2k = − 1

iσ
J1(−2iσ), (2.18)

where J1(x) is Bessel function of order one. Its Fourier transform provides thus the
density of eigenvalues

ρ(x) =
∫ ∞

−∞
dt

2π
e−itxU(it) =

∫ ∞

−∞
dt

2π

1

t
J1(2t)e

−ixt = 1

π

√
1 − x2

4
, (|x| ≤ 2)

(2.19)
One recovers for the density of state ρ(x), the well known Wigner’s semi-circle.

The finite N expression for U(σ ) is for λ = N , through a binomial expansion,

U(σ ) = 1

σ

∮
du

2iπ

∞∑
k=0

N !
k!(N − k)!uk

1

Nk
σ k

∑
m

1

m!σ
mume

σ2

2N

= e
σ2

2N

∞∑
k=0

N !
Nk+1(N − k − 1)!k!(k + 1)!σ

2k

=
∞∑
k=0

k∑
l=0

σ 2k

2k−lNk

(N − 1)!
(N − l − 1)!

1

l!(l + 1)!(k − l)!
(2.20)

This expression, provides an explicit finiteN result for the Gaussian average from
(2.15) :

1

N
〈trM2k〉 = (2k)!

k∑
l=0

1

2k−lNk

(N − 1)!
(N − l − 1)!

1

l!(l + 1)!(k − l)!

= (2k)!
k∑

l=0

(

l∏
j=1

(1 − j

N
))

1

(2N)k−l

1

l!(l + 1)!(k − l)! (2.21)

(Alternatively one may compute the resolvent

G(x) = 1

i

∫ ∞

0
dteitxU(it) = −1

x

∫ ∞

0

dt

t
eit

∮
du

2iπ
(1 + it

Nu
)Neitu/x−t2/2Nx2

with λ = N in U(σ ) and expand it in powers of 1/x.)
The above equations provide also the 1/N expansions for U(σ ) and for the aver-
age vertices. The leading large N limit is given by (2.18) and beyond it one finds
easily [28]:
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l∏
j=1

(1 − j

N
) = exp[

l∑
j=1

log(1 − j

N
)]

= 1 − l(l + 1)

2N
+ l(l + 1)(l − 1)(3l + 2)

24N2
+ · · · (2.22)

1

N
〈trM2k〉 = (2k)!

k!(k + 1)!
(
1 + k(k − 1)(k + 1)

12N2

+ k(k + 1)(k − 1)(k − 2)(k − 3)(5k − 2)

1440N4

)
+ O(

1

N6
)

(2.23)

Okounkov [106, 107] have shown that the Kontsevich intersection numbers [89],
may be obtained by taking a simultaneous large N and large k limit of Gaussian
averages. From (2.23), the limit for large N, large k, and finite k/N , is

1

N
〈trM2k〉 = (2k)!

k!(k + 1)!
(
1 + 1

12

k3

N2
+ 5

1440

k6

N4
+ · · ·

)
(2.24)

In the above equation, the coefficients of k3g

N2g , namely 1
(12)gg! , are the intersection

numbers of the moduli space of curves with one marked point.

〈τ3g−2〉g = 1

(12)gg!2g (2.25)

In our previouswork, we have used the exact integral representation valid for finite
N of those vertex correlation functions, and obtained explicitly the scaling region
for large ki and large N by a simple saddle-point [28]. This led to a practical way to
compute intersection numbers from a pure Gaussian model, much simpler than with
the Kontsevich’s Airy matrix model. The intersection numbers derived by several
different methods will be discussed in Chap. 6.

(ii) two point function

The connected part is given by the shifts ui → Nui and λ → N in (2.14),

Uc(σ1, σ2) = − 1

N2

∮
du1du2
(2iπ)2

(1 + σ1
Nu1

)N (1 + σ2
Nu2

)N

(u1 − u2 + σ1
N )(u2 − u1 + σ2

N )
eσ1u1+σ2u2+ 1

2N (σ 2
1 +σ 2

2 )

(2.26)
Expanding the denominator as

1

u2

∞∑
l=0

(
u1
u2

)l(1 + σ1

Nu1
)l

∞∑
m=0

um1
(1 + σ2

Nu2
)m+1um+1

2

(2.27)

http://dx.doi.org/10.1007/978-981-10-3316-2_6
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the two point function follows from a residue calculation,

Uc(σ1, σ2) = 1

N2 e
1
2N (σ 2

1 +σ 2
2 )

∞∑
k,t,l,m=0

σ 2k+l+m+1
1 σ 2t+l+m+1

2

k!(k + l + m + 1)!t!(t + m + l + 1)!

× (N + l)! (N − m − 1)!
(N − m − k − 1)!(N − m − t − 1)!Nk+t+l+m+1

= 1

N2 e
1
2N (σ 2

1 +σ 2
2 )(σ1σ2 + 1

2
σ 2
1 σ 2

2 + 1

2
(1 − 1

N
)(σ 3

1 σ2 + σ1σ
3
2 ) + σ 3

1 σ 3
2 (

1

3
− 1

2N
+ 1

3N2 )

+ · · · )
= 1

N2

(
σ1σ2 + 1

2
σ 2
1 σ 2

2 + 1

2
(σ 3

1 σ2 + σ1σ
3
2 ) + (

1

3
+ 1

12N2 )σ 3
1 σ 3

2 + · · ·
)

(2.28)

Nothing that

Uc(σ1, σ2) = 1

N2

∑
k1,k2

〈trMk1 trMk2〉c 1

k1!k2!σ
k1
1 σ

k2
2 (2.29)

the Gaussian means are obtained,

1

N2
〈trMtrM〉c = 1

N2
,

1

N2
〈trM2trM2〉c = 2

N2
,

1

N2
〈trMtrM3〉c = 3

N2
,

1

N2
〈trM3trM3〉c = 12

N2
+ 3

N4
, . . . (2.30)

(iii) three point function

There are two longest cycles in the determinant (2.14), which contribute to the
connected part Uc(σ1, σ2, σ3), which are after the shifts ui → Nui and λ → N ,

I = 1

(u1 − u2 + σ1
N )(u2 − u3 + σ2

N )(u3 − u1 + σ3
N )

+ 1

(u1 − u3 + σ1
N )(u3 − u2 + σ3

N )(u2 − u1 + σ2
N )

(2.31)

Computing the residues in the contour integrals, the three point function reads

Uc(σ1, σ2, σ3) = −e(σ 2
1 +σ 2

2 +σ 2
3 )/2N

∞∑
k,l,m,n1,n2,n3=0

(N + k)!(N + l)!(N + m)!
n1!n2!n3!Nn1+n2+n3+3

×
(

σ
2n1+k−l
1 σ

2n2+l−m
2 σ

2n3+m−k
3

(n1 + k − l)!(n2 + l − m)!(n3 + m − k)!(N + l − n1)!(N + m − n2)!(N + k − n3)!

+ σ
2n1+m−l
1 σ

2n2+k−m
2 σ

2n3+l−k
3

(n1 + m − l)!(n2 + k − m)!(n3 + l − k)!(N + l − n1)!(N + m − n2)!(N + k − n3)!
)

(2.32)
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2.2 Generating Functions of Gaussian Means

The evaluation of Gaussian means has attracted considerable interests in various
fields. A different generating function for the Gaussian means appears for instance
in the work of Harer and Zagier [76] and Morozov and Shakirov [102, 103]. Harer
and Zagier have found a generating function for C2k = 1

N 〈trM2k〉 which reads

∞∑
k=0

C2k
Nkx2k

(2k − 1)!! = 1

2Nx2
((
1 + x2

1 − x2
)N − 1) (2.33)

This has the very simple large N limit

lim
N→∞

∞∑
k=0

C2k
x2k

(2k − 1)!! = e2x
2 − 1

2x2
(2.34)

From (2.33) one finds also

∞∑
N,k=0

C2k
x2kμNNk+1

(2k − 1)!! = μ

1 − μ

1

(1 − μ) − (1 + μ)x2
(2.35)

whereN is the size of theHermitianmatrixM. These formulae can be derived directly
from the above result (2.21). For instance

∞∑
k=0

C2k
Nkx2k

(2k − 1)!! =
∫ ∞

0
dte−tU(x

√
2Nt)

= 1

x

∫ ∞

0
dt

∮
du

2iπ
e−t(1−x2−2Nux)[(1 + x

Nu
)N − 1]

= 1

2Nx2
((
1 + x2

1 − x2
)N − 1) (2.36)

Morozov and Shakirov [102] have considered the two point function, for odd
powers C2k1+1,2k2+1, as a generating function of μ,

μ

(1 − μ)
3
2

1√
1 − μ + (1 + μ)(x21 + x22)

arctan(
x1x2

√
1 − μ√

1 − μ + (1 + μ)(x21 + x22)
)

=
∞∑

N,k1,k2=0

C2k1+1,2k2+1
x2k1+1
1 x2k2+1

2 μN

(2k1 + 1)!!(2k2 + 1)!! (2.37)
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with C2k1+1,2k2+1 = 〈 1
N trM

2k1+1 1
N trM

2k2+1〉. These results can also be derived from
the generating function (2.15) and (2.26) [103]. The Gaussian means have applica-
tions for various problems and further investigated, for instance in [8].

The generating function of Gaussian means is given by the introduction of the
parameters tk coefficients of trMki .

Z = 1

Z0

∫
dMexp[−N

2
trM2 +

∞∑
k=1

tk
N
trMk] (2.38)

with Z0 = ∫
dMe−N/2 trM2

. Those Gaussian averages include non-connected parts.
Therefore, it is useful to expand the free energy F = logZ . The expansion of F reads
(the suffix c indicates the connected parts) :

F = t21
2N2

〈(trM)2〉c + t2
N

〈trM2〉c + 1

N2
t1t3〈trMtrM3〉c + t4

N
〈trM4〉c

+ 1

2N3
t21 t2〈(trM)2(trM2)〉c + t22

2N2
〈(trM2)2〉c + · · ·

= 1

2N2
t21 + t2 + 3

N2
t1t3 + t4(2 + 1

N2
) + 1

N4
t21 t2 + 1

N2
t22 + · · · . (2.39)

This expansion may be generated with the help of the Virasoro differential oper-
ators. They are defined through the identites

∫
dM

∂

∂Mab

(
(Mn)cd exp[−N

2
trM2 +

∞∑
i=1

ti
N
trMi]

)
= 0 (2.40)

Let us start with the simple n = 0 case, the so-called string equation, i.e.

∫
dM

∂

∂Mab

(
exp[−N

2
trM2 +

∞∑
k=1

tk
N
trMk]

)
= 0 (2.41)

which gives

〈−NMba + 1

N
t1δab + 1

N

∑
k=2

ktk(M
k−1)ba〉 = 0 (2.42)

and after summing on a = b = 1, · · · ,N

L−1Z = 0 (2.43)

with
L−1 = −N2∂1 + t1 +

∑
(k + 1)tk+1∂k (2.44)
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in which ∂k stands for ∂
∂tk
. Similarly for n = 1 the identity(2.40) gives

〈δacδbd − NMcdMba + 1

N
Mcd

∑
ktk(M

k−1)ba〉 = 0 (2.45)

and, after summing over b = d and a = c, one obtains the ’dilaton’ equation

L0Z = 0 (2.46)

with
L0 = −N2∂2 + N2 +

∑
k=1

ktk∂k (2.47)

The same identity for general n provides the full algebra LnZ = 0 for n ≥ −1 with,
for n ≥ 1,

Ln = −N2∂n+2 + 2N2∂n + N2
n−1∑
1

∂p∂n−p +
∑
1

ktk∂n+k (2.48)

in which L1 and L2 are given by

L1 = −N2∂3 + 2N2∂1 +
∑

ktk∂k+1

L2 = −N2∂4 + 2N2∂2 + N2∂2
1 +

∑
ktk∂k+2 (2.49)

These differential operators satisfy the zero central charge Virasoro algebra

[Lk,Lm] = LkLm − LmLk = (k − m)Lk+m (2.50)

Note that the commutation relations may also be used to determine successively all
the Ln for n ≥ 2. Finally one notes that L−1,L0,L1 are linear in the derivatives with
respect to the parameters tk and thus act simply also on the free energy. However
the non-linearity of the Ln for n〉1 gives non-linear constraints on F. Therefore if
the Virasoro constraints can be used easily to determine the lower moments of the
Gaussian distribution, the integral form ofU(σ1, . . . , σs) turns out to be amuchmore
efficient method for computing all the n-points moments.

Instead of Virasoro constraints on the partition functions Z(t1, · · · , tn, · · · ) one
can also use recursion relations directly on pure Gaussian means, i.e. with the weight
exp[−N/2 trM2]. Consider an operator O(M) = trMk1 · · · trMkn ; one can use sys-
tematically the identities

∫
dM

∂

∂Mab

(
(Mq)cdO(M) exp[−N/2 trM2]

)
= 0 (2.51)

For instance for q = 0 one obtains
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N〈trM trMk1 · · · trMkn〉 =
∑
i

ki〈trMk1 · · · trMki−1 · · · trMkn〉 (2.52)

(which follows also immediately from Wick’s theorem; 〈· · · 〉 refers to the expecta-
tion value with the normalized weight 1

Z0
exp [−N

2 trM2] as same as (2.3)). For q=1
similarly for the same O(M)

N〈trM2 O(M)〉 = (N2 +
∑
i

ki)〈O(M)〉 (2.53)

and so on.

2.3 Gaussian Means in the Large N Limit

The Gaussian means in the large N limit are easily derived from the expression of
U(σ1, . . . , σn), by the replacement

lim
N→∞

n∏
i=1

(1 + σi

Nui
)N = exp

(
n∑

i=1

σi

ui

)
, (2.54)

or from the explicit finite N expressions of Gaussian means in the N → ∞ limit. In
this limit, the n-point correlations U(σ1, . . . , σn) becomes from (2.14) by the shift
ui → Nui and λ → N ,

U(σ1, . . . , σn) =
∮ n∏

i=1

dui
2π i

e
∑

(ui+ 1
ui

)σidet
1

Nui − Nuj + σi
(2.55)

From this formula, we obtain the following Gaussian means in the large N limit.

Proposition 2.3
In the large N limit, the Gaussian connected averages become

〈 1
N
trM2k〉 = (2k)!

k!(k + 1)!
〈 1
N
trM2k1

1

N
trM2k2〉c = 1

N2

(2k1)!(2k2)!
(k1!)2(k2!)2

k1k2
k1 + k2

〈 1
N
trM2k1+1 1

N
trM2k2+1〉c = 1

N2

(2k1 + 1)!(2k2 + 1)!
(k1!)2(k2!)2

1

k1 + k2 + 1

〈 1
N
trM2k1

1

N
trM2k2

1

N
trM2k3〉c = 1

N4

(2k1)!(2k2)!(2k3)!
(k1!)2(k2!)2(k3!)2 k1k2k3

〈 1
N
trM2k1

1

N
trM2k2+1 1

N
trM2k3+1〉c = 1

N4

(2k1)!(2k2 + 1)!(2k3 + 1)!
(k1!)2(k2!)2(k3!)2 k1
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〈 1
N
trM2k1

1

N
trM2k2

1

N
trM2k3

1

N
trM2k4〉c = 1

N6

4∏
i=1

(2ki)!
(ki!)2 k1k2k3k4

×(k1 + k2 + k3 + k4 − 1)

〈 1
N
trM2k1

1

N
trM2k2

1

N
trM2k3+1 1

N
trM2k4+1〉c = 1

N6

4∏
i=1

1

(ki!)2 (2k1)!(2k2)!

×(2k3 + 1)!(2k4 + 1)!k1k2(k1 + k2 + k3 + k4)

〈 1
N
trM2k1+1 1

N
trM2k2+1 1

N
trM2k3+1 1

N
trM2k4+1〉c = 1

N6

4∏
i=1

(2ki + 1)!
(ki!)2

×(k1 + k2 + k3 + k4) (2.56)

It is easy to check that the Virasoro equation of the previous section holds for
the above correlation functions in the large N limit. The Gaussian means appear in
various applications. Fat graphs, used in topology (and in biology), use the planar
character of the large N limit of Gaussian means [8]. The universal character of
Chern-Simon invariants also uses Gaussian means [96]. In Chap.10, the Gromov-
Witten invariants of P1 will be compared with the expressions of Gaussian means of
Proposition 2.3.

2.4 Gaussian Means in the Replica Limit N → 0

We now return to the probability distribution (2.1) with a parameter λ 	= N . In the
study of the intersection numbers of the moduli space of curves, we have used a
replica limit (N → 0) in [30] and the reason for this replica limit will be explained
below. The integral representation (2.14) for λ 	= N reads

U(σ1, . . . , σn) = 1

Nn

∮ n∏
i=1

dui
2π i

(1 + σi

ui
)Ne

∑
uiσi/λ+ 1

2 σ 2
i /λdet

1

ui − uj + σi
. (2.57)

Let us consider first the N → 0 limit of the one-point function

U(σ ) = 1

Nσ
e

σ2

2λ

∮
du

2iπ
eσu/λ(1 + σ

U
)N (2.58)

from which one gets

lim
N→0

U(σ ) = 1

σ
e

σ2

2λ

∮
du

2iπ
eσu/λlog(1 + σ

U
) (2.59)

The contour integral reduces to the integral of the discontinuity of the logarithm
leading to

http://dx.doi.org/10.1007/978-981-10-3316-2_10
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lim
N→0

U(σ ) = sinh( σ 2

2λ )

( σ 2

2λ )
(2.60)

From above formula, in the replica limit N → 0 of U(σ ) = 1
N 〈treσM〉, one obtain

lim
N→0

1

N
〈trMk〉 = 4k!

λ2k4k(2k + 1)! .

Proposition 2.4 ([30])

For the n-point functions the replica limit is given by

lim
N→0

U(σ1, . . . , σn) = λ

χ2

n∏
i=1

2sinh
χσi

2λ
(2.61)

with χ = ∑n
i=1 σi.

Using this replica result, the intersection numbers of p-spin curves of the moduli
space of curves with one marked point have been derived in [30]. In Kontsevich’s
model for the intersection numbers of curves, a trivalent vertex trM3 has been used.
With one marked point, a one stroke line around a marked point characterizes the
moduli space of a Riemann surface. This one stroke Feynman diagram is obtained
by a N → 0 limit (replica limit).

(2.61) is a generating function for the N = 0 limit of 1
N 〈trMp1 · · · trMpk 〉 by

expanding in the σi’s. Selecting the coefficients of equal powers for every σi, for
instance of (σ1 · · · σk)

3, we find

lim
N→0

1

N
〈(trM3)4g−2〉 = 33g−22−2g(6g − 4)!

λ6g−3
· (4g − 2)!
g!(3g − 2)! (2.62)

all other powers of limN→0
1
N 〈(trM3)k〉 vanishes unless k = 2 (mod4). This leads to

Kontsevich’s intersection numbers 〈τl〉 for one marked point. Indeed, these intersec-
tion numbers 〈τl〉 are expressed for one marked point, from the partition function Z
of following Kontsevich Airy matrix model with trM3 term in exponent, as will be
shown in Chap.6,

lim
N→0

1

N
logZ =

∞∑
m=1

〈τm〉tm, Z = 1

Z ′

∫
dMe

i
3 trM

3−trΛM2
(2.63)

with Z ′ = ∫
dMe−trM2

, and tm = (−2)−(2m+1)/3 ∏m−1
l=0 (2l + 1)( 2

λ
)2m+1, where all

eigenvalues of Λ in Kontsevich model are put equally to λ.

http://dx.doi.org/10.1007/978-981-10-3316-2_6
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This provides

〈τ3g−2〉g = 1

(24)gg! (2.64)

which agrees with (2.25).
From (2.61), the intersection numbers 〈τn〉 of one marked point for p-spin curve

(the algebraic geomerical definition will be given in Chap.7) are obtained. The par-
tition function for this higher Airy matrix model with p-spin is

Z = 1

Z0

∫
dMexp[ 1

p + 1
tr(Bp+1 − Λp+1) − tr)(B − Λ)Λp] (2.65)

with normalization constant Z0 [30] andF = ∑
km,j

〈∏m,j τ
km,j

m,j 〉
∏

m,j t
km,j

m,j /km,j!,where

tm,j = (−p)
j−p−m(p+2)

2(p+1)

m−1∏
l=0

(lp + j + 1)tr
1

Λmp+j+1
. (2.66)

Expanding the partition function of (2.65) and using (2.61), we obtain the intersection
numbers of one marked point by this replica method, for instance we obtain p = 3
case,

lim
N→0

1

N
〈(trM4)2m−1〉 = 22m−2

λ4m−2
(4m − 3)! (2m − 1)!

m!(m − 1)! , (2.67)

〈τ(8g−5−j)/3,j〉g = 1

(12)gg!
Γ (

g+1
3 )

Γ (
2−j
3 )

(2.68)

A later section is devoted to the intersection numbers of the moduli spaces of
curves by the use of the function of U(σ ), instead of above formula of N → 0
limit (2.61). In Sect. 5, we will show that, by tuning an external source, the n-point
functionsU(σ1, . . . , σn) are indeed generating functions of the intersection numbers
of moduli space of curves. Note that the n-point function of (2.14) is valid only for
a Gaussian ensemble without external source. For external source, the formula will
be given by (3.6) in Theorem 3.2.1.

http://dx.doi.org/10.1007/978-981-10-3316-2_7
http://dx.doi.org/10.1007/978-981-10-3316-2_5
http://dx.doi.org/10.1007/978-981-10-3316-2_3
http://dx.doi.org/10.1007/978-981-10-3316-2_3
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