Chapter 2
Gaussian Means

2.1 Integral Representation

In this chapter we are dealing with the standard GUE matrix integrals in the absence of
any external source. The Gaussian random matrix theory has a probability distribution
P(M)

P(M) = —expl— = te?) e
= —exp[—=<tr .
Z P
where M is an N x N Hermitian matrix. The partition function Z is thus given by
A
Zy = dMexp[—EtrM ] 2.2)

The integration is performed with the standard U (N) invariant measure over the N
matrix elements. The Gaussian average of a product of vertices [] trM* is given by

([ Juem*) = / dmpPM) | | e (2.3)
i=1 i=1

where k;, (i = 1, ..., n) is integer. The Gaussian means may be computed with the
help of Wick’s theorem, which counts the pairings of the vertices. In Wick’s theorem
for matrices averages, the size N of the matrices appears in the combinatorics and
it is at the origin of the topological properties. The topological dependence on N
was first pointed out by t” Hooft [125] for U(N) gauge theories. In the large N limit,
planar diagrams dominate. For the non-Gaussian case, planar diagrams are discussed
in the approach to two dimensional quantum gravity in [13, 15].

Wick’s theorem for the matrix M;; provides the Gaussian means of products of
vertices. For instance,
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N
1 ) 1
(ﬁtrM ) = (NUZ_:IM,]M) N/ (2.4)
1 4 1 N? 1
(M) = D S AMMMaMi) = — 2 + =) (2.5)
ik,
Wick’s theorem for matrix elements is based upon
1

(MyMy) = X(Si,kaj,l (2.6)

where §; ; is the Kronecker delta function. In the rest of this section we simply take
A = N in the probability measure (2.1). The n-point function, which is a generating
function of the above Gaussian means, is given by

n

1
Uoy,...,00) = <H ]T[tre""M) = (H Fo, MNaeMb MMy (2.7)
i=1 k, ..... k, i=1

This generating function is also the evolution operator of the n-point resolvent G,,
defined as

L. 1
Gaar, -+ z) = ([ | wtr ). 2.8)

a=1

For instance, the average resolvent G(z) is written in terms of the evolution operator

as
1

z—M

Gz) = ]lv(tr y=1i /0 b dte U (o). (2.9)

From the definition of (2.7), n-point density correlation function R,, is written as

RyOuty vy ) = i Htra(x — M))

/ / dt’ Y,y (2.10)

We have obtained an exact representation for those generating functions U (o1, ...,
0,,), which will be derived in the next section.

NotethatR, (A, ..., A,) is obtained also from the probability distribution function
Pn(x1, ..., xy), which becomes after the integration of unitary degree of freedom,

Py(hi. ... ay) = C[ [ — a2 2 24 2.11)
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N! > o
Rn()"lv"'s)"n): / / d)\'ll+1"'d)\'NPN()"17-"7)\‘N) (212)
WN-=-n!J —00

This n-point correlation function becomes the determinant of the kernel by the
orthogonal polynomial method [97].

Ry(A1, ..., Ay) = det[Ky (A, A))] (2.13)

We will discuss this determinant formula for the case of external source, which
orthogonal polynomial method does not work, in Chap.3 (Theorem 3.2.2).

Proposition 2.1
1

Up — u; + o
(2.14)

du gi u;o; ~ > a?
U(oy,...,op) = N" f\H H(] i)NeZ i0i /At 55 > i det

where the contours enclose all poles at u; = 0.

This Proposition 2.1 follows from Theorem 3.2.1 in the next section which deals
with a Gaussian model with an external source, when the external source vanishes.
Remarkably enough introducing a source provides explicit formulae even for a van-
ishing source, which would be very difficult to derive directly.

For the connected part of the above correlation functions, one simply keeps the
longest cycles in the expansion of the determinant which appears in (2.14). The
Proposition 2.1 determines explicitly the coefficients of the expansions in powers of
Oj.

In the following, the n-point functions (n = 1, 2 and 3) are considered with the
help of this formula.

(i) one point function

)
1 S [ d
U(o) = (—tre”™) = i% S BN T (2.15)
2im u

In terms of the density of eigenvalues
1
p(x) = (Ntrf?(x —M)) (2.16)

one has by definition of (¢) in (2.15),
00 .
U(o) = / dxp(x)e™ (2.17)
—0o0

where o = it. In the large N limit, by the shift of # — Nu and putting A = N, U(o)
becomes
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o0

du 1 1
lim U oty — %= ——J(=2i0), (2.18
ym U(o) = 7{2171 Z;k!(kﬂ)!“ o 1(2i0), (2.18)

where Jj (x) is Bessel function of order one. Its Fourier transform provides thus the
density of eigenvalues

o0 00 2
o= [ ameruin = [ Stinene = 21T =2
oo 2T oo 2m t T 4
(2.19)
One recovers for the density of state p(x), the well known Wigner’s semi-circle.
The finite N expression for U(o) is for A = N, through a binomial expansion,

1 [ du N!
U(o) _% _M oy kz O'ml/tmeZN

o ) 2im & kN — k)l Nk
2 — N!
=ew ok
S NFHN = k= D!k + 1)!
B i Lg% N=1)! 1
- 2HINE (N — 1 — DN+ DIk — 1)

(2.20)

This expression, provides an explicit finite N result for the Gaussian average from
(2.15) :

1 1 =1 1
M = (Zk)!z PINE(N — 1= D) A+ D)k —1)!

1 1
(2k)'Z(H(1— Ve @20

=0 j=lI

(Alternatively one may compute the resolvent

1 di it
Gx) = —./ dte”XU(lt) = ——/ %_(1 4+ — N ltu/x—tz/szz
tJo

2imw

with A = N in U(0) and expand it in powers of 1/x.)

The above equations provide also the 1/N expansions for U(c) and for the aver-
age vertices. The leading large N limit is given by (2.18) and beyond it one finds
easily [28]:
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1 . 1 .
Jy_ I
E(l - = exp[jZ:]: log(1 = 1)1

_ I+1 Id+DU-1D@BI+2)
== T +o (22)

1o (2R k(k — Dk + 1)
(M) = k'(k+1)'(1+ 12N2
| R Dk = Dk = 2)k ~3)(5k ~2) |
1440N* ) O

(2.23)

Okounkov [106, 107] have shown that the Kontsevich intersection numbers [89],
may be obtained by taking a simultaneous large N and large k limit of Gaussian
averages. From (2.23), the limit for large N, large k, and finite k/N, is

1 (2k)! 1 i3 5 k°
My = (4 I 2.4
N M = k'(k+1)'( v TN T 2.24)

In the above equation, the coefficients of £ qu, namely (12;)%!, are the intersection
numbers of the moduli space of curves with one marked point.

1

(T3g-2)g = W (2.25)

In our previous work, we have used the exact integral representation valid for finite
N of those vertex correlation functions, and obtained explicitly the scaling region
for large k; and large N by a simple saddle-point [28]. This led to a practical way to
compute intersection numbers from a pure Gaussian model, much simpler than with
the Kontsevich’s Airy matrix model. The intersection numbers derived by several
different methods will be discussed in Chap. 6.

(ii) two point function

The connected part is given by the shifts u; — Nu; and A — N in (2.14),

Uorom U [dinduy (L + 2N+ 2V
(o1,00) = ——
be N2 Qim)? (un — s + %)z — uy + 2)

L 2, 2
g"1”1+“2”2+ﬂ(01 +05)

(2.26)
Expanding the denominator as

_Z(_)( " Ny ) z (1 + ozu)lmﬂ il 2.27)
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the two point function follows from a residue calculation,

(o2 ) &9} 012k+l+m+10,22t+l+m+1
U, — 2/v of+o3
(@1,02) = 7€ kr%:_o Rk +l+m+ DG +mti+1)

(N+D!(N—m—1)!
X
(N—m—k—DIN —m— 1 — 1)INkF+Hm+

1 12 1 1 1 11 1
= e T (010, + 0703 + (1 = (0702 +0103) + 0703 (5 = 7 + 715)
+--0)
1
N2 (0102 + 201 02 (01 oy + o] 02) + ( + 12N2 )013(723 + .. ) (2.28)
Nothing that
1 1
Ue(o1,00) = =5 > (rMb M), T olloy (2.29)
i k!
the Gaussian means are obtained,
1 1 1 9. o
W(H'MU'M)C =2 W(U‘M trM )c = ]W,
1 3 3 1 3 3 12 3
m(tthrM Yo = N7 m(trM trM?), = N2 + — N (2.30)

(iii) three point function

There are two longest cycles in the determinant (2.14), which contribute to the
connected part U.(o1, 02, 03), which are after the shifts u; — Nu; and A — N,

1
G — A ) — s+ ) s —un + )
1
+ o] 03 02
w —uws+ Pz —ua+ 32 —uy + 3F)

2.31)

Computing the residues in the contour integrals, the three point function reads

o0
(02 +02+02)/2N z (N + YN + DN 4+ m)!

= —e
Uc(o1,02,03) nl!n2!n3!Nn|+n2+n3+3

k,l,m,ny,n2,n3=0
O,]Zm +k—lo_22nz +I—mo_32n3 +m—k

x ((n1 k=Dl + 1 —m)s+m—k)'N +1—n)!(N +m —n)! (N +k —n3)!
Uan +mflo_22nz +k—m 0_32713 +l—k )

1
+(n1 +m—=0D'ny+k—m)(n3+1—k)IN+1—n)!(N+m—ny)(N+k—n3)!
(2.32)
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2.2 Generating Functions of Gaussian Means

The evaluation of Gaussian means has attracted considerable interests in various
fields. A different generating function for the Gaussian means appears for instance
in the work of Harer and Zagier [76] and Morozov and Shakirov [102, 103]. Harer
and Zagier have found a generating function for Cy; = ﬁ(trM 2Ky which reads

ic NFkx2* 1 ((l+x2)N 0 (2.33)
pr *ok—D T 2N 1 — 2 '

This has the very simple large N limit

e — 1
lim Z Czk 1)” === (2.34)
From (2.33) one finds also
o0 2k NNk-H 1
S ok =K (2.35)
o Fek=Dn T T p (-0 - (4 e

where N is the size of the Hermitian matrix M. These formulae can be derived directly
from the above result (2.21). For instance

Nk 2k 00
ZCZk = / dte ™" U (x~/2N1)

-DitJo
/ dl‘% —t(l—x2_2ch)[(1 + i)N -1
2im Nu
1+x2
= i (Y = (2.36)

Morozov and Shakirov [102] have considered the two point function, for odd
powers Cog, +1,2k,+1, as a generating function of .,

" 1 X1X24/1 —
. arctan ( )
=0 1=yt (4 w6 + D) 1=+ ()03 +23)
o0 2k1+1 2k2+lMN
C ad 237
Z L2t o D2k + D! 37

N, ki, k=0
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with Cog 41,2641 = (xtrM* 11 Lirpr? 1) These results can also be derived from
the generating function (2.15) and (2.26) [103]. The Gaussian means have applica-
tions for various problems and further investigated, for instance in [8].

The generating function of Gaussian means is given by the introduction of the
parameters #; coefficients of trM*:.

1 N > 1
Z=— [ dMexp[——trM? —trM* 2.38
Z / expl 5 I + kzz;‘ N rM"] ( )

with Zy = [ dMeN/>"M’ Those Gaussian averages include non-connected parts.
Therefore, it is useful to expand the free energy F' = logZ. The expansion of F reads
(the suffix c indicates the connected parts) :

2

1 17

2 3 4

F= 2N2((t tM)2), + N(trM Je + MM + 1 ().
2

1 t
+53 (M) (rM?)), + 2—]§2<(trM2)2>c TR

1
l1+l‘2+

1 1
= 527 — 2t + e — B+, (239

1

3
—hts + 142+ — NZ

N2

This expansion may be generated with the help of the Virasoro differential oper-
ators. They are defined through the identites

/ 9 (M") [ Nom? + i “emi) = 0 (2.40)
cd EXp[——=tr —tr = .
M, 4TS N

Let us start with the simple n = 0 case, the so-called string equation, i.e.

ad N > 174
am ——trM? —trM*]) =0 2.41
/ aMab(e"P[ St +k§Nr ]) (2.41)
which gives
(—NMpa + 1180 + letk(M"_l)b ) =0 (2.42)
a N ai N P a .
and after summingona=b=1,--- ,N
L. Z=0 (2.43)

with
Loy==N3 +t+ > (k+ Dtr1dy (2.44)
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in which 9 stands for % Similarly for n = 1 the identity(2.40) gives

1 k—1
(Bacpa — NMeaMpa + 3 Mea D Kt (M*™pa) = 0 (2.45)

and, after summing over b = d and a = ¢, one obtains the ’dilaton’ equation
LyZ =0 (2.46)

with
Ly=—N?3 + N>+ Z kty O (2.47)
k=1

The same identity for general n provides the full algebra L,Z = 0 for n > —1 with,

forn > 1,
n—1

Ly = —N*3y42 + 2N?0, + N* D" 0,0, + D _ ktiO (2.48)
1 1

in which L; and L, are given by

Li = —N%3; + 2N, + Zkfkak-H

Ly = —N?04 + 2N?0; + N*07 + D ki 12 (2.49)

These differential operators satisfy the zero central charge Virasoro algebra
(Li, L] = Ll — Liply = (k — m)Lyy (2.50)

Note that the commutation relations may also be used to determine successively all
the L, for n > 2. Finally one notes that L_,, Ly, L; are linear in the derivatives with
respect to the parameters #; and thus act simply also on the free energy. However
the non-linearity of the L, for n)1 gives non-linear constraints on F. Therefore if
the Virasoro constraints can be used easily to determine the lower moments of the

Gaussian distribution, the integral form of U (o1, . . ., o;) turns out to be a much more
efficient method for computing all the n-points moments.
Instead of Virasoro constraints on the partition functions Z(¢;, --- , ,,---) one

can also use recursion relations directly on pure Gaussian means, i.e. with the weight
exp[—N/2 trM?]. Consider an operator (M) = trM¥' - . . trM*"; one can use Sys-
tematically the identities

/ am ! ((Mq)cm’(M) exp[—N/2 ter]) =0 (2.51)
aMab

For instance for ¢ = 0 one obtains



12 2 Gaussian Means

NEM M - . trMo) = Z ki (trMS1 MR T M (2.52)

(which follows also immediately from Wick’s theorem; (- - - ) refers to the expecta-
tion value with the normalized weight Zio exp [—%V trM?] as same as (2.3)). For q=1
similarly for the same &'(M)

NuM? GM) = (N2 + 3 k) (G (M) (2.53)

and so on.

2.3 Gaussian Means in the Large N Limit

The Gaussian means in the large N limit are easily derived from the expression of
U(oy, ..., 0,), by the replacement

. - Oi N _ — 0
[lim. E(l + Nu,-) = exp (; u) (2.54)

or from the explicit finite N expressions of Gaussian means in the N — oo limit. In
this limit, the n-point correlations U (o, .. ., 0,) becomes from (2.14) by the shift
u; — Nu;and L — N,

‘ dui Z(u»-ki)zr» 1
U(oy,...,0,) = — T det —————— 2.55
(o1 on) fg 27116 € Nu; — Nu; + o; ( )

From this formula, we obtain the following Gaussian means in the large N limit.

Proposition 2.3
In the large N limit, the Gaussian connected averages become

1 2k)!
(—trM ) = L
N kl(k + 1)!
1 1 1 k)!Q2ky)! kik
(—trMZk‘—trMZkl)Cz—z( 1)2( 2)2 1ka
N N NZ (ki) (ko) ki + ko
Lyt Ly, _ 1 @G+ Do+ DY 1
N N i N2 (k12 (kp!)? ki +k +1

1 1 1 1 Qk)'2k)!'(2k3)!
(—trM? — M — ey, — 1 (2k1)!(2k2)!(2k3)
N N N N ()2 ()2 ()2
(lterk, ltrM%“ltrM%“)c _ 1 2k)!(2ky + D!(2ks + 1)!
N N N N4 (ki1)? (k2 !)? (k3!)?

kikaks

1
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1 1 1 1 2k;
(—teM®* — M —trM® — e, = H (2k)! 2 kvkoksky
N N N N N6 (ki")?

X (k1 + ko + k3 +k4—1)

4
1 1 1 1 1 1
(ﬁtrMZk‘ NtrMZklﬁtrM%“ Nterk““)c =6 H W(zkl)!@kz)!

X (2kz + 1)!(2kys + )'k1k2(k1 + ky + ks + kyg)

(lterk]-H ltrM2k2+1 ltrM2k3+lltrM2k4+l ) = H 2k; + 1)!
N N N N T NO (k)2

x (ki 4 ko + k3 + ky) (2.56)

It is easy to check that the Virasoro equation of the previous section holds for
the above correlation functions in the large N limit. The Gaussian means appear in
various applications. Fat graphs, used in topology (and in biology), use the planar
character of the large N limit of Gaussian means [8]. The universal character of
Chern-Simon invariants also uses Gaussian means [96]. In Chap. 10, the Gromov-
Witten invariants of P! will be compared with the expressions of Gaussian means of
Proposition 2.3.

2.4 Gaussian Means in the Replica Limit N — 0

We now return to the probability distribution (2.1) with a parameter & # N. In the
study of the intersection numbers of the moduli space of curves, we have used a
replica limit (N — 0) in [30] and the reason for this replica limit will be explained
below. The integral representation (2.14) for A # N reads

du; o 1
U(U],..., n Nn%H—(l_i__)N > 1/)L+ /)\.det—. (257)

U; ui—uj—i-a,-

Let us consider first the N — 0 limit of the one-point function

1 2 du o
U(o) = T —e (1 + =)V 2.58
@) = N5¢ fZine I+ (2.58)

from which one gets
1 2 du o
lim U(o) = —e% ¢ —e”“/*log(1 + — 2.59
lim Ue) = —e fme og(1+ 77) (2.59)

The contour integral reduces to the integral of the discontinuity of the logarithm
leading to
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sinh (%)

- (2.60)
(%)

lim U(o) =
im U
From above formula, in the replica limit N — 0 of U(o) = ]lv(tre"M ), one obtain

lim 1<trM"> 4kt
m — =
N—0 N A2K4k 2k + 1)!

Proposition 2.4 ([30])

For the n-point functions the replica limit is given by
A' n XO'
lim U(oy,...,0,) = — | [ 2sinhZ— 2.61
Jim UG, .00 = — 1} sinh 2.61)

with x = >, 0.

Using this replica result, the intersection numbers of p-spin curves of the moduli
space of curves with one marked point have been derived in [30]. In Kontsevich’s
model for the intersection numbers of curves, a trivalent vertex trM> has been used.
With one marked point, a one stroke line around a marked point characterizes the
moduli space of a Riemann surface. This one stroke Feynman diagram is obtained
by a N — 0 limit (replica limit).

(2.61) is a generating function for the N = 0 limit of ]lv(trMP1 - - trMP*) by
expanding in the o;’s. Selecting the coefficients of equal powers for every o;, for
instance of (o - - - 03)>, we find

338-20-2%(6g — 4)!  (4g —2)!

3\4g—-2\ __ .
((tI'M ) § ) - 2683 g'(:’)g — 2)'

lim i (2.62)
N—O0N

all other powers of liquoliv((trM 3)k) vanishes unless k = 2 (mod4). This leads to
Kontsevich’s intersection numbers (t;) for one marked point. Indeed, these intersec-
tion numbers (7;) are expressed for one marked point, from the partition function Z
of following Kontsevich Airy matrix model with trM? term in exponent, as will be
shown in Chap. 6,

1 > 1 i
lim ~-logZ = > (tdtn. Z = = / dMe ™’ ~tram? (2.63)
m=1

with Z' = fdMe_”Mz, and 1, = (=2)~@n+h/3 H;ﬂ:_o] 2l + 1)(%)2’”“, where all
eigenvalues of A in Kontsevich model are put equally to A.
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This provides
1

= v (2.64)

(T3g-2)¢

which agrees with (2.25).

From (2.61), the intersection numbers (7,) of one marked point for p-spin curve
(the algebraic geomerical definition will be given in Chap. 7) are obtained. The par-
tition function for this higher Airy matrix model with p-spin is

1 1
7 =— / dMexp[ tr(BPH — AP —tr) (B — A) A”] (2.65)
Zy p+1
with normalization constant Zy [30]and F = 37, ([],,, r,]:l’:’]fi) 1., t,];]" /km j!, where
) o2 m—1
J=p=m .
g = ()0 [ p 5+ D (2.66)

=0

Expanding the partition function of (2.65) and using (2.61), we obtain the intersection
numbers of one marked point by this replica method, for instance we obtain p = 3
case,

.1 pom_1.  2Mm2 Q2m —1)!
- m — _ '—
}/Ln%)N((trM )2y 3 (4m 3).m!(m mivt (2.67)
1 F(ﬂ)
(T8g-5-i1/3.)¢ - (2.68)

(28! 1 ()

A later section is devoted to the intersection numbers of the moduli spaces of
curves by the use of the function of U(c), instead of above formula of N — 0
limit (2.61). In Sect. 5, we will show that, by tuning an external source, the n-point
functions U (o7, . .., 0,) are indeed generating functions of the intersection numbers
of moduli space of curves. Note that the n-point function of (2.14) is valid only for
a Gaussian ensemble without external source. For external source, the formula will
be given by (3.6) in Theorem 3.2.1.
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