
Contents

Part I Introduction

1 Introductory Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.1 A Roadmap to the Text . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.2 Code. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.3 Final Thoughts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

Part II Review

2 Linear Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.1 The Inner Product of Two Column Vectors . . . . . . . . . . . . . . 11

2.1.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2 Interpreting the Inner Product. . . . . . . . . . . . . . . . . . . . . . . . 13

2.2.1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.2.2 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.3 Determinants of 2� 2 Matrices . . . . . . . . . . . . . . . . . . . . . . 19
2.3.1 Worked Out Problems . . . . . . . . . . . . . . . . . . . . . . 20
2.3.2 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.4 Systems of Two Linear Equations. . . . . . . . . . . . . . . . . . . . . 21
2.4.1 Worked Out Examples. . . . . . . . . . . . . . . . . . . . . . 23
2.4.2 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.5 Solving Two Linear Equations in Two Unknowns . . . . . . . . . 25
2.5.1 Worked Out Examples. . . . . . . . . . . . . . . . . . . . . . 28
2.5.2 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.6 Consistent and Inconsistent Systems . . . . . . . . . . . . . . . . . . . 31
2.6.1 Worked Out Examples. . . . . . . . . . . . . . . . . . . . . . 33
2.6.2 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.7 Specializing to Zero Data . . . . . . . . . . . . . . . . . . . . . . . . . . 35
2.7.1 Worked Out Examples. . . . . . . . . . . . . . . . . . . . . . 37
2.7.2 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

ix

http://dx.doi.org/10.1007/978-981-287-877-9_1
http://dx.doi.org/10.1007/978-981-287-877-9_1
http://dx.doi.org/10.1007/978-981-287-877-9_1#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_1#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_1#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_1#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_1#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_1#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_1#Bib1
http://dx.doi.org/10.1007/978-981-287-877-9_2
http://dx.doi.org/10.1007/978-981-287-877-9_2
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec12
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec12
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec13
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec13
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec14
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec14
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec15
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec15
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec16
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec16
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec17
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec17
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec18
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec18
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec19
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec19
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec20
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec20


2.8 Matrix Inverses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
2.8.1 Worked Out Examples. . . . . . . . . . . . . . . . . . . . . . 40
2.8.2 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.9 Computational Linear Algebra . . . . . . . . . . . . . . . . . . . . . . . 42
2.9.1 A Simple Lower Triangular System . . . . . . . . . . . . 42
2.9.2 A Lower Triangular Solver . . . . . . . . . . . . . . . . . . 43
2.9.3 An Upper Triangular Solver . . . . . . . . . . . . . . . . . . 43
2.9.4 The LU Decomposition of A Without Pivoting. . . . . 44
2.9.5 The LU Decomposition of A with Pivoting . . . . . . . 48

2.10 Eigenvalues and Eigenvectors . . . . . . . . . . . . . . . . . . . . . . . 50
2.10.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
2.10.2 The General Case . . . . . . . . . . . . . . . . . . . . . . . . . 56
2.10.3 The MatLab Approach. . . . . . . . . . . . . . . . . . . . . . 57

Reference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3 Numerical Methods Order One ODEs . . . . . . . . . . . . . . . . . . . . . . 61
3.1 Taylor Polynomials. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.1.1 Fundamental Tools . . . . . . . . . . . . . . . . . . . . . . . . 62
3.1.2 The Zeroth Order Taylor Polynomial. . . . . . . . . . . . 63
3.1.3 The First Order Taylor Polynomial . . . . . . . . . . . . . 64
3.1.4 Quadratic Approximations . . . . . . . . . . . . . . . . . . . 67

3.2 Euler’s Method with Time Independence. . . . . . . . . . . . . . . . 69
3.3 Euler’s Method with Time Dependence . . . . . . . . . . . . . . . . . 74

3.3.1 Lipschitz Functions and Taylor Expansions . . . . . . . 74
3.4 Euler’s Algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

3.4.1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
3.5 Runge–Kutta Methods. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.5.1 The MatLab Implementation . . . . . . . . . . . . . . . . . 81

4 Multivariable Calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
4.1 Functions of Two Variables . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.1.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
4.2 Continuity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
4.3 Partial Derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.3.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
4.4 Tangent Planes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4.4.1 The Vector Cross Product . . . . . . . . . . . . . . . . . . . 98
4.4.2 Back to Tangent Planes . . . . . . . . . . . . . . . . . . . . . 102
4.4.3 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
4.4.4 Computational Results . . . . . . . . . . . . . . . . . . . . . . 104
4.4.5 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

4.5 Derivatives in Two Dimensions!. . . . . . . . . . . . . . . . . . . . . . 106
4.6 The Chain Rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

4.6.1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

x Contents

http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec21
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec21
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec22
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec22
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec23
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec23
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec24
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec24
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec25
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec25
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec26
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec26
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec27
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec27
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec28
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec28
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec29
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec29
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec30
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec30
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec31
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec31
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec32
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec32
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec33
http://dx.doi.org/10.1007/978-981-287-877-9_2#Sec33
http://dx.doi.org/10.1007/978-981-287-877-9_2#Bib1
http://dx.doi.org/10.1007/978-981-287-877-9_3
http://dx.doi.org/10.1007/978-981-287-877-9_3
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec12
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec12
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec13
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec13
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec14
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec14
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec15
http://dx.doi.org/10.1007/978-981-287-877-9_3#Sec15
http://dx.doi.org/10.1007/978-981-287-877-9_4
http://dx.doi.org/10.1007/978-981-287-877-9_4
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec12
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec12
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec13
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec13
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec14
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec14
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec15
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec15


4.7 Tangent Plane Approximation Error . . . . . . . . . . . . . . . . . . . 111
4.8 Second Order Error Estimates . . . . . . . . . . . . . . . . . . . . . . . 114

4.8.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
4.8.2 Hessian Approximations . . . . . . . . . . . . . . . . . . . . 116

4.9 Extrema Ideas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
4.9.1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
4.9.2 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

Part III The Main Event

5 Integration. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
5.1 Integration by Parts. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

5.1.1 How Do We Use Integration by Parts? . . . . . . . . . . 130
5.1.2 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

5.2 Partial Fraction Decompositions . . . . . . . . . . . . . . . . . . . . . . 135
5.2.1 How Do We Use Partial Fraction Decompositions

to Integrate? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
5.2.2 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

Reference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

6 Complex Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
6.1 The Complex Plane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

6.1.1 Complex Number Calculations . . . . . . . . . . . . . . . . 143
6.1.2 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

6.2 Complex Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
6.2.1 Calculations with Complex Functions . . . . . . . . . . . 146
6.2.2 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

7 Linear Second Order ODEs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
7.1 Homework. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
7.2 Distinct Roots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

7.2.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
7.3 Repeated Roots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

7.3.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160
7.4 Complex Roots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

7.4.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167
7.4.2 The Phase Shifted Solution . . . . . . . . . . . . . . . . . . 168

8 Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
8.1 Finding a Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

8.1.1 Worked Out Examples. . . . . . . . . . . . . . . . . . . . . . 172
8.1.2 A Judicious Guess . . . . . . . . . . . . . . . . . . . . . . . . 173
8.1.3 Sample Characteristic Equation Derivations . . . . . . . 179
8.1.4 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

Contents xi

http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec17
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec17
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec18
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec18
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec19
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec19
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec20
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec20
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec21
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec21
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec22
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec22
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec23
http://dx.doi.org/10.1007/978-981-287-877-9_4#Sec23
http://dx.doi.org/10.1007/978-981-287-877-9_5
http://dx.doi.org/10.1007/978-981-287-877-9_5
http://dx.doi.org/10.1007/978-981-287-877-9_5#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_5#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_5#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_5#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_5#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_5#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_5#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_5#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_5#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_5#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_5#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_5#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_5#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_5#Bib1
http://dx.doi.org/10.1007/978-981-287-877-9_6
http://dx.doi.org/10.1007/978-981-287-877-9_6
http://dx.doi.org/10.1007/978-981-287-877-9_6#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_6#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_6#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_6#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_6#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_6#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_6#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_6#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_6#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_6#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_6#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_6#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_7
http://dx.doi.org/10.1007/978-981-287-877-9_7
http://dx.doi.org/10.1007/978-981-287-877-9_7#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_7#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_7#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_7#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_7#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_7#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_7#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_7#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_7#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_7#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_7#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_7#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_7#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_7#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_7#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_7#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_8
http://dx.doi.org/10.1007/978-981-287-877-9_8
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec5


8.2 Two Distinct Eigenvalues . . . . . . . . . . . . . . . . . . . . . . . . . . 182
8.2.1 Worked Out Solutions . . . . . . . . . . . . . . . . . . . . . . 186
8.2.2 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191
8.2.3 Graphical Analysis . . . . . . . . . . . . . . . . . . . . . . . . 192

8.3 Repeated Eigenvalues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216
8.3.1 The Repeated Eigenvalue Has Two Linearly

Independent Eigenvectors. . . . . . . . . . . . . . . . . . . . 216
8.3.2 The Repeated Eigenvalue Has only One

Eigenvector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217
8.4 Complex Eigenvalues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222

8.4.1 The General Real and Complex Solution . . . . . . . . . 222
8.4.2 Rewriting the Real Solution . . . . . . . . . . . . . . . . . . 225
8.4.3 The Representation of A . . . . . . . . . . . . . . . . . . . . 226
8.4.4 The Transformed Model . . . . . . . . . . . . . . . . . . . . 227
8.4.5 The Canonical Solution . . . . . . . . . . . . . . . . . . . . . 228
8.4.6 The General Model Solution . . . . . . . . . . . . . . . . . 230

9 Numerical Methods Systems of ODEs . . . . . . . . . . . . . . . . . . . . . . 237
9.1 Setting Up the Matrix and the Vector Functions . . . . . . . . . . . 238

9.1.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241
9.2 Linear Second Order Problems as Systems . . . . . . . . . . . . . . 241

9.2.1 A Practice Problem . . . . . . . . . . . . . . . . . . . . . . . . 243
9.2.2 What If We Don’t Know the True Solution? . . . . . . 244
9.2.3 Homework: No External Input . . . . . . . . . . . . . . . . 245
9.2.4 Homework: External Inputs . . . . . . . . . . . . . . . . . . 246

9.3 Linear Systems Numerically. . . . . . . . . . . . . . . . . . . . . . . . . 246
9.3.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 250

9.4 An Attempt at an Automated Phase Plane Plot . . . . . . . . . . . . 252
9.5 Further Automation! . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 254

9.5.1 Eigenvalues in MatLab . . . . . . . . . . . . . . . . . . . . . 254
9.5.2 Linear System Models in MatLab Again . . . . . . . . . 256
9.5.3 Project. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259

9.6 AutoPhasePlanePlot Again. . . . . . . . . . . . . . . . . . . . . . . . . . 261
9.6.1 Project. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 266

9.7 A Two Protein Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 267
9.7.1 Protein Values Should be Positive! . . . . . . . . . . . . . 267
9.7.2 Solving the Two Protein Model . . . . . . . . . . . . . . . 271
9.7.3 Project. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277

9.8 A Two Box Climate Model . . . . . . . . . . . . . . . . . . . . . . . . . 278
9.8.1 Project. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 284
9.8.2 Control of Carbon Loading . . . . . . . . . . . . . . . . . . 285

Reference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 286

xii Contents

http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec28
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec28
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec29
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec29
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec29
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec30
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec30
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec30
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec32
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec32
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec33
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec33
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec34
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec34
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec36
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec36
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec37
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec37
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec38
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec38
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec40
http://dx.doi.org/10.1007/978-981-287-877-9_8#Sec40
http://dx.doi.org/10.1007/978-981-287-877-9_9
http://dx.doi.org/10.1007/978-981-287-877-9_9
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec12
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec12
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec13
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec13
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec14
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec14
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec15
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec15
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec16
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec16
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec17
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec17
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec18
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec18
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec19
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec19
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec20
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec20
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec21
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec21
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec22
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec22
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec23
http://dx.doi.org/10.1007/978-981-287-877-9_9#Sec23
http://dx.doi.org/10.1007/978-981-287-877-9_9#Bib1


Part IV Interesting Models

10 Predator–Prey Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 289
10.1 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 290
10.2 The Nullcline Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 292

10.2.1 The x0 ¼ 0 Analysis . . . . . . . . . . . . . . . . . . . . . . . 292
10.2.2 The y0 ¼ 0 Analysis . . . . . . . . . . . . . . . . . . . . . . . 293
10.2.3 The Nullcline Plane. . . . . . . . . . . . . . . . . . . . . . . . 295
10.2.4 The General Results . . . . . . . . . . . . . . . . . . . . . . . 295
10.2.5 Drawing Trajectories . . . . . . . . . . . . . . . . . . . . . . . 298

10.3 Only Quadrant One Is Biologically Relevant . . . . . . . . . . . . . 299
10.3.1 Trajectories on the yþ Axis . . . . . . . . . . . . . . . . . . 299
10.3.2 Trajectories on the xþ Axis . . . . . . . . . . . . . . . . . . 300
10.3.3 What Does This Mean Biologically? . . . . . . . . . . . . 300
10.3.4 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 301

10.4 The Nonlinear Conservation Law . . . . . . . . . . . . . . . . . . . . . 301
10.4.1 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 302
10.4.2 The General Derivation . . . . . . . . . . . . . . . . . . . . . 304
10.4.3 Can a Trajectory Hit the y Axis Redux? . . . . . . . . . 308
10.4.4 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 308

10.5 Qualitative Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 309
10.5.1 The Predator–Prey Growth Functions . . . . . . . . . . . 309
10.5.2 General Results . . . . . . . . . . . . . . . . . . . . . . . . . . 312
10.5.3 The Nonlinear Conservation Law Using f and g . . . . 314
10.5.4 Trajectories are Bounded in x Example . . . . . . . . . . 315
10.5.5 Trajectories are Bounded in y Example . . . . . . . . . . 317
10.5.6 Trajectories are Bounded Example . . . . . . . . . . . . . 318
10.5.7 Trajectories are Bounded in x General Argument . . . 318
10.5.8 Trajectories are Bounded in y General Argument . . . 320
10.5.9 Trajectories are Bounded General Argument. . . . . . . 322
10.5.10 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 323

10.6 The Trajectory Must Be Periodic . . . . . . . . . . . . . . . . . . . . . 324
10.6.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 326

10.7 Plotting Trajectory Points! . . . . . . . . . . . . . . . . . . . . . . . . . . 326
10.7.1 Case 1: u ¼ c

d . . . . . . . . . . . . . . . . . . . . . . . . . . . . 327
10.7.2 Case 2: x1\U\ c

d. . . . . . . . . . . . . . . . . . . . . . . . . 327
10.7.3 x1\u1\u2\ c

d . . . . . . . . . . . . . . . . . . . . . . . . . . . 328
10.7.4 Three u Points . . . . . . . . . . . . . . . . . . . . . . . . . . . 330

10.8 The Average Value of a Predator–Prey Solution . . . . . . . . . . . 332
10.8.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 335

10.9 A Sample Predator–Prey Model . . . . . . . . . . . . . . . . . . . . . . 336
10.9.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 336

10.10 Adding Fishing Rates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 338
10.10.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 340

Contents xiii

http://dx.doi.org/10.1007/978-981-287-877-9_10
http://dx.doi.org/10.1007/978-981-287-877-9_10
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec12
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec12
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec12
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec13
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec13
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec14
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec14
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec15
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec15
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec16
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec16
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec17
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec17
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec20
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec20
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec20
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec21
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec21
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec22
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec22
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec23
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec23
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec25
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec25
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec27
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec27
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec27
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec28
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec28
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec28
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec29
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec29
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec29
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec30
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec30
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec31
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec31
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec31
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec32
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec32
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec32
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec33
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec33
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec34
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec34
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec35
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec35
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec36
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec36
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec37
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec37
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec38
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec38
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec39
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec39
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec40
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec41
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec41
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec42
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec42
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec43
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec43
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec44
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec44
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec45
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec45
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec46
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec46
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec47
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec47


10.11 Numerical Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 341
10.11.1 Estimating the Period T Numerically . . . . . . . . . . . . 343
10.11.2 Plotting Predator and Prey Versus Time. . . . . . . . . . 345
10.11.3 Plotting Using a Function . . . . . . . . . . . . . . . . . . . 346
10.11.4 Automated Phase Plane Plots . . . . . . . . . . . . . . . . . 349
10.11.5 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 349

10.12 A Sketch of the Predator–Prey Solution Process . . . . . . . . . . . 352
10.12.1 Project. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 353

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 354

11 Predator–Prey Models with Self Interaction . . . . . . . . . . . . . . . . . 355
11.1 The Nullcline Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 355

11.1.1 The x0 ¼ 0 Analysis . . . . . . . . . . . . . . . . . . . . . . . 355
11.1.2 The y0 ¼ 0 Analysis . . . . . . . . . . . . . . . . . . . . . . . 356
11.1.3 The Nullcline Plane. . . . . . . . . . . . . . . . . . . . . . . . 356
11.1.4 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 358

11.2 Quadrant 1 Trajectories Stay in Quadrant 1 . . . . . . . . . . . . . . 360
11.2.1 Trajectories Starting on the y Axis . . . . . . . . . . . . . 361
11.2.2 Trajectories Starting on the x Axis . . . . . . . . . . . . . 363
11.2.3 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 363

11.3 The Combined Nullcline Analysis in Quadrant 1 . . . . . . . . . . 364
11.3.1 The Case c

d\
a
e . . . . . . . . . . . . . . . . . . . . . . . . . . . 364

11.3.2 The Nullclines Touch on the X Axis . . . . . . . . . . . . 365
11.3.3 The Nullclines Cross in Quadrant 4. . . . . . . . . . . . . 365
11.3.4 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 367

11.4 Trajectories in Quadrant 1 . . . . . . . . . . . . . . . . . . . . . . . . . . 368
11.5 Quadrant 1 Intersection Trajectories . . . . . . . . . . . . . . . . . . . 369

11.5.1 Limiting Average Values in Quadrant 1. . . . . . . . . . 370
11.6 Quadrant 4 Intersection Trajectories . . . . . . . . . . . . . . . . . . . 373

11.6.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 374
11.7 Summary: Working Out a Predator–Prey Self-Interaction

Model in Detail . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 375
11.8 Self Interaction Numerically. . . . . . . . . . . . . . . . . . . . . . . . . 375

11.8.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 376
11.9 Adding Fishing! . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 378
11.10 Learned Lessons. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 379

12 Disease Models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 381
12.1 Disease Model Nullclines . . . . . . . . . . . . . . . . . . . . . . . . . . 382

12.1.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 384
12.2 Only Quadrant 1 is Relevant . . . . . . . . . . . . . . . . . . . . . . . . 385

12.2.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 386
12.3 The I Versus S Curve . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 387
12.4 Homework. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 389

xiv Contents

http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec48
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec48
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec49
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec49
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec50
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec50
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec51
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec51
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec52
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec52
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec53
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec53
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec54
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec54
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec55
http://dx.doi.org/10.1007/978-981-287-877-9_10#Sec55
http://dx.doi.org/10.1007/978-981-287-877-9_10#Bib1
http://dx.doi.org/10.1007/978-981-287-877-9_11
http://dx.doi.org/10.1007/978-981-287-877-9_11
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec12
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec12
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec13
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec13
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec14
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec14
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec15
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec15
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec16
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec16
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec17
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec17
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec18
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec18
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec19
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec19
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec20
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec20
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec20
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec21
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec21
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec22
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec22
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec23
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec23
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec24
http://dx.doi.org/10.1007/978-981-287-877-9_11#Sec24
http://dx.doi.org/10.1007/978-981-287-877-9_12
http://dx.doi.org/10.1007/978-981-287-877-9_12
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec6


12.5 Solving the Disease Model Using Matlab . . . . . . . . . . . . . . . 390
12.5.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 392

12.6 Estimating Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 392
12.6.1 Approximating the dR=dt Equation . . . . . . . . . . . . . 393
12.6.2 Using dR=dt to Estimate ρ . . . . . . . . . . . . . . . . . . . 398

13 A Cancer Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 401
13.1 Two Allele TSG Models . . . . . . . . . . . . . . . . . . . . . . . . . . . 403
13.2 Model Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 406
13.3 Preliminary Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 407
13.4 Solving the Top Pathway Exactly . . . . . . . . . . . . . . . . . . . . . 408

13.4.1 The X0–X1 Subsystem . . . . . . . . . . . . . . . . . . . . . . 408
13.5 Approximation Ideas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 410

13.5.1 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 411
13.5.2 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 413

13.6 Approximation of the Top Pathway . . . . . . . . . . . . . . . . . . . 413
13.6.1 Approximating X0 . . . . . . . . . . . . . . . . . . . . . . . . . 413
13.6.2 Approximating X1 . . . . . . . . . . . . . . . . . . . . . . . . . 414
13.6.3 Approximating X2 . . . . . . . . . . . . . . . . . . . . . . . . . 415

13.7 Approximating the CIN Pathway Solutions . . . . . . . . . . . . . . 417
13.7.1 The Y0 Estimate . . . . . . . . . . . . . . . . . . . . . . . . . . 418
13.7.2 The Y1 Estimate . . . . . . . . . . . . . . . . . . . . . . . . . . 420
13.7.3 The Y2 Estimate . . . . . . . . . . . . . . . . . . . . . . . . . . 422

13.8 Error Estimates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 423
13.9 When Is the CIN Pathway Dominant?. . . . . . . . . . . . . . . . . . 424

13.9.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 425
13.10 A Little Matlab . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 426

13.10.1 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 430
13.11 Insight Is Difficult to Achieve . . . . . . . . . . . . . . . . . . . . . . . 430
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 431

Part V Nonlinear Systems Again

14 Nonlinear Differential Equations . . . . . . . . . . . . . . . . . . . . . . . . . . 435
14.1 Linear Approximations to Nonlinear Models . . . . . . . . . . . . . 435

14.1.1 A First Nonlinear Model . . . . . . . . . . . . . . . . . . . . 438
14.1.2 Finding Equilibrium Points Numerically . . . . . . . . . 443
14.1.3 A Second Nonlinear Model . . . . . . . . . . . . . . . . . . 453
14.1.4 The Predator–Prey Model . . . . . . . . . . . . . . . . . . . 459
14.1.5 The Predator–Prey Model with Self Interaction. . . . . 465
14.1.6 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 472

Contents xv

http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_12#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_13
http://dx.doi.org/10.1007/978-981-287-877-9_13
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec4
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec12
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec12
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec13
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec13
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec14
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec14
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec14
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec15
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec15
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec15
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec16
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec16
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec16
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec17
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec17
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec18
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec18
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec19
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec19
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec20
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec20
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec21
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec21
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec22
http://dx.doi.org/10.1007/978-981-287-877-9_13#Sec22
http://dx.doi.org/10.1007/978-981-287-877-9_13#Bib1
http://dx.doi.org/10.1007/978-981-287-877-9_14
http://dx.doi.org/10.1007/978-981-287-877-9_14
http://dx.doi.org/10.1007/978-981-287-877-9_14#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_14#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_14#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_14#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_14#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_14#Sec5
http://dx.doi.org/10.1007/978-981-287-877-9_14#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_14#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_14#Sec15
http://dx.doi.org/10.1007/978-981-287-877-9_14#Sec15
http://dx.doi.org/10.1007/978-981-287-877-9_14#Sec19
http://dx.doi.org/10.1007/978-981-287-877-9_14#Sec19
http://dx.doi.org/10.1007/978-981-287-877-9_14#Sec22
http://dx.doi.org/10.1007/978-981-287-877-9_14#Sec22


15 An Insulin Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 475
15.1 Fitting the Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 481

15.1.1 Gradient Descent Implementation . . . . . . . . . . . . . . 484
15.1.2 Adding Line Search . . . . . . . . . . . . . . . . . . . . . . . 487

Reference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 491

Part VI Series Solutions to PDE Models

16 Series Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 495
16.1 The Separation of Variables Method . . . . . . . . . . . . . . . . . . . 495

16.1.1 Determining the Separation Constant . . . . . . . . . . . . 497
16.2 Infinite Series. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 501
16.3 Independant Objects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 503

16.3.1 Independent Functions . . . . . . . . . . . . . . . . . . . . . . 504
16.3.2 Homework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 507

16.4 Vector Spaces and Basis . . . . . . . . . . . . . . . . . . . . . . . . . . . 507
16.4.1 Inner Products in Function Spaces . . . . . . . . . . . . . 510

16.5 Fourier Series. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 511
16.5.1 The Cable Model Infinite Series Solution . . . . . . . . . 512

Reference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 513

Part VII Summing It All Up

17 Final Thoughts. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 517
17.1 Fostering Interdisciplinary Appreciation. . . . . . . . . . . . . . . . . 517
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 522

Part VIII Advise to the Beginner

18 Background Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 525
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 528

Glossary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 531

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 547

xvi Contents

http://dx.doi.org/10.1007/978-981-287-877-9_15
http://dx.doi.org/10.1007/978-981-287-877-9_15
http://dx.doi.org/10.1007/978-981-287-877-9_15#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_15#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_15#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_15#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_15#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_15#Sec3
http://dx.doi.org/10.1007/978-981-287-877-9_15#Bib1
http://dx.doi.org/10.1007/978-981-287-877-9_16
http://dx.doi.org/10.1007/978-981-287-877-9_16
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec2
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec6
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec7
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec8
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec9
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec10
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec11
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec12
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec12
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec13
http://dx.doi.org/10.1007/978-981-287-877-9_16#Sec13
http://dx.doi.org/10.1007/978-981-287-877-9_16#Bib1
http://dx.doi.org/10.1007/978-981-287-877-9_17
http://dx.doi.org/10.1007/978-981-287-877-9_17
http://dx.doi.org/10.1007/978-981-287-877-9_17#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_17#Sec1
http://dx.doi.org/10.1007/978-981-287-877-9_17#Bib1
http://dx.doi.org/10.1007/978-981-287-877-9_18
http://dx.doi.org/10.1007/978-981-287-877-9_18
http://dx.doi.org/10.1007/978-981-287-877-9_18#Bib1


http://www.springer.com/978-981-287-875-5


	Contents



