Chapter 2
Consensus with Utility Preferences

The basic idea of the consensus with minimum adjustments (or cost) is clarified.
Meanwhile, the consensus model with minimum adjustments (or cost) is investigated
under the utility preferences and aggregation functions.

2.1 Basic Idea of the Consensus with Minimum Adjustments

This section introduces the basic idea of the consensus with minimum adjustments
(or cost). As shown in Eq. (1.8), a core problem in consensus building is to search the
consensus path with minimum adjustments. In existing researches, Dong et al. [10]
proposed the consensus model with minimum adjustments. Meanwhile, Ben-Arieh
and Easton [4] presented the consensus model with minimum cost.

2.1.1 Consensus with Minimum Adjustments or Cost

The basic models of the consensus with minimum adjustments or cost are presented
below.

(1) Consensus with minimum adjustments

For a GDM problem, let E = {E, E», ..., E,;} denote a set of n experts, and let
0; € R represent the original opinion of the expert E;. Furthermore, the original
collective opinion is denoted as o.

Several methods exist for measuring the consensus level [3, 7, 8, 13, 16, 17].
The most commonly used method is the Manhattan distance measure [4, 5]. By
calculating the Manhattan distance between o; and o, |o; — o|,i = 1, 2..., n, the
consensus level of the expert E;(i = 1, 2, ..., n) can be measured, i.e.,

CL(E;) = |o; — 0. 2.1)
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Let ¢ denote the established consensus threshold. If CL(E;) < ¢, then the expert
E; is of acceptable consensus. Otherwise, we suggest the expert E; adjust his/her
original opinion to reach the established consensus level.

Leto; € R denote the adjusted individual opinion of expert E;, and o represent the
adjusted collective opinion. Naturally, we hope to minimize the adjustment amounts
(in the sense of Manhattan distance) in consensus building, i.e.,

n
min > loi —ail. (2.2)

b=l

Meanwhile, the adjusted individual opinions o; (i = 1, 2, ..., n) are of acceptable

consensus, i.e.,
CL(E;))=lo;—o|<e, i=1,2,...,n, (2.3)

where, the adjusted collective opinion o is obtained by using an aggregation function
F,ie.,
o= F(oi1,07,...,0,). 2.4)

Based on Egs. (2.2)—(2.4), the consensus model with minimum adjustments is
proposed as follows:

n
min > [o; — 0;]
o=l 2.5
sl e i=1n 25
" |lo=F(o1,02,....00)

(2) Consensus with minimum cost

Ben-Arieh and Easton [4], and Ben-Arieh et al. [5] defined c; as the cost of moving
expert E;’s opinion 1 unit. Then, Gong et al. [11, 12] pursued the consensus model
with minimum cost. Ben-Arieh and Easton [4] defined the linear consensus cost of
moving expert E;’s opinion from o; to o;:

fi(oi, 07) = ciloj — o;]. (2.6)
The total consensus cost is computed by
n
> ciloi — oil. 2.7)
i=1

The consensus model with minimum cost can be presented using an optimization
model, i.e.,
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n
min > c¢;lo; — ol
i=1
s.t. [oj—o|<e, i=1,2,..n

2.8)

Denote model (2.8) as P> 1. Let §25.1 represent the feasible set corresponding
to model P, ;. Solving model P, yields the optimal adjusted individual opinions
E (i =1,2,...,n) and the optimal adjusted collective opinion oF.

For P, 1, the expert opinion does not need to be changed if it is within ¢ of o*.
Furthermore, any original expert opinion that is further than & from o* should only
be adjusted until it is exactly & from o*. Thus Lemma 2.1 is obtained.

Lemma 2.1 Let {E, %, e ﬁ, F} denote the optimal solution to Py1. Then the

following is obtained:

o o*—¢, ie€fi:o <o*—¢)
of =10*+e ieli:op>0*+¢} . (2.9)
o;, iefi:of—e<o0; <o0*+z¢}

Proof 1t is obvious and the proof is omitted.
Based on Lemma 2.1, P> 1 can be expressed using an equivalent model when
seeking the optimal adjusted collective opinion 0*:

min [0 oeoetilo—e = 0il + T oogrecilo+ e —oil]. (2.10)

2.1.2 Internal Aggregation Function

In the consensus model, P, 1, the aggregation function is not considered. By taking
into account the consensus cost and the aggregation function, Zhang et al. [20]
proposed a general consensus model to connect model (2.5) and P, 1. The consensus
model presented in Zhang et al. [20] is described as follows:

n
min > ¢; o; — o;|
o =1 ) (2.11)

lo; —ol <e, i=1,..,n
st 5 =2 "7
0=F (01,02, ...,00)

Denote model (2.11) as P> ;. Let £25 5 represent the feasible set corresponding to
Prs.

Let w* = (%, 0,..,0, %)T. Using the OWA operator, FﬁWA, to aggregate the
expert opinions in P; > obtains the following model:
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n
min > ¢; |o; — o]
oi =]
|0—l_5| <eg i= 1,...,7’1
S.E.1 —  max{o;}+min{o;}
o0=—""72

(2.12)

Denote model (2.12) as P, 3. Let £2; 3 represent the feasible set corresponding to
P3.

Theorem 2.1 Letf (i=1,2,..,n) and o* denote the optimal adjusted individual
opinions and adjusted collective opinion obtained using P, 3, respectively. Then,
{0}, 03, ..., 0, 0*} is the optimal solution to P; 1.

Proof Let {ﬁ, 03, ..., ﬁ, 5} be the optimal solution to P . Since {E, %, e ﬁ,

0*} is the optimal solution to P> 3 and £2>3 € £2; 1, the following can be obtained:

n
> ciloi—oil = min Zmo,—l

0 {01,02,...,04,0}€822.1 4

< min Zcﬂoi — o (2.13)

{W@ ,,,,, om0l s £

= ch|01

Moreover, the following relationship between 0 and 0; can be obtained based on
Lemma 2.1:

—¢, ie{i'oif()—e}
+e ie{i:op>0+¢) (2.14)
oj, i€eli: 0—s<ol<o+8}

which satisfies max{o;} — min{o;} < 2¢. Furthermore, we easily obtain

max{o;} + min{o;}
> <

loi —

Thus, {01, 02, ..., On, w} € £, 3. Consequently,

n n
D ciloi—oil = min Zmo, il =D ciloi —ofl. (215

‘ {o1,02,... an,o}esz ‘
i=1 i=1

The following can be obtained based on (2.13) and (2.15)

mmo}d221 chlo, oi| = Zc,lo, ofl. (2.16)

{01.03.....0m. P
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Thus, {0}, 03, ..., 0%

x, 0_*} is the optimal solution to P 1. This completes the proof
of Theorem 2.1.

Based on Theorem 2.1, the consensus model, P, reduces to P> 1, and the
internal aggregation function in P, is the OWA operator, F&WA, where w* =
(%, e 05 ey %)T. In general, FﬁWA is not employed as the aggregation function
in GDM problems.

P> 1 and P, » are called minimum cost consensus models (MCCMs). However,
the adjustment cost ¢; is difficult to evaluate in practice. So, we only take into account
the adjustment cost in the GDM with utility preferences, and in the later chapters the
adjustment cost is not considered.

2.2 Consensus Under Aggregation Function

In the section, we investigate the MCCM under the utility preferences and aggregation
functions. Moreover, we extend the MCCM into the maximum expert consensus
model (MECM).

2.2.1 Minimum Cost Consensus Model

Considering different aggregation functions in P, yields different MCCMs. Here,
we examine the MCCMs under the WA operator and OWA operator in detail.

(1) Minimum cost consensus model with WA operator

Selecting WA with the weighting vector w as the operator in P2 yields the
following model:
n
min >’ ¢; |o; — o;

% =l 2.1
lor—ol<e, i=1,...n" (2.17)

PR2R o
0=2-1Wi0i

Denote model (2.17) as P, 4. Further, let £2, 4 represent the feasible set corre-
sponding to P, 4.

Theorem 2.2 P> 4 can be equivalently transformed into the following linear pro-
gramming model:
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[ n
miHZCidi
0 =]
oj—o0<¢g i=1,..,n
o—o0;<¢e i=1,..,n
n
=3 o , (2.18)
s.t. i=1
0,—0;=x;, i=1,...n
x; <d;, i=1,...,n
—x; <d;, i=1,...,n

where x; = 0; — 0; and d; > |x;|.

Proof In the linear programming model (2.18), constraints 0; —0 < ¢ ando —o; <
e(i = 1, ...,n) guarantee that |o; — 0| < ¢, and constraints 0; — 0; = x;, x; < d;
and —x; < d; (i = 1,...,n) guarantee that d; > |x;| = |o; — 0;|. According to
n
the objective function, min > ¢;d;, any feasible solutions with d; > |x;| are not
% j=]
the optimal solution to model (2.18). Thus, the six constraints of model (2.18) can
guarantee that d; = |x;| = |o; — 0;|. Therefore, P> 4 can be transformed into model
(2.18). This completes the proof of Theorem 2.2.

According to Theorem 2.2, the optimal solution to P, 4 can be obtained by solving
the linear programming model (2.18).

(2) Minimum cost consensus model with OWA operator

Selecting O W A with the weighting vector w as the operator in P, yields the
following model:
n
min >’ ¢ [o; — 0;
% =]
o —o| <e, i=1,..,n (2.19)

S.t. ] — OWA — — —
0= Fw (017025 ---,On)

Obviously, model (2.19) is a nonlinear optimization model which is difficult to
solve. In the following, we consider two cases of model (2.19):

Case A: Homogeneous unit consensus cost. In this case, the cost of adjusting the
opinion 1 unit is the same for each expert (i.e., ¢; = ¢; fori, j = 1,2, ..., n). In this
case, the corresponding consensus model (see model (2.20)) has a definite physical
implication and can search the consensus path with minimum adjustments (in the
sense of Manhattan distance).

Case B: Heterogeneous unit consensus cost. In this case, there exists ¢; # c; for
i,j=12,..,n.
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These two cases are discussed in more detail below.
(i) Case A

In this case, model (2.19) is transformed into model (2.20):

n

min Y |o; — 0;]

o =1 2.20
lor—ol<e i=1,..n" (2.20)

st 0 A
o=F" (01,02, ..., 00)

Denote {0 (1), 0(2), ..., o(n)} as the permutation of {1, 2, ..., n} such that 0, (; _1)
> 04y (i.e., 05(;) is the ith largest variable in {01, 02, ..., 0,}). Similarly, {§(1),
.., 0(i), ..., 8(n)} is denoted as the permutation of {1, 2, ..., n} such that o5;_1) >
05(;) (i.e., 05(;) is the ith largest variable in {01, 02, ..., 0,}).

Before presenting the method of solving model (2.20), a new model is introduced,
as follows: .

min > |o; — 0]
%i =]
loj —o| <e, i=1,...,n . (2.21)
sit.10=F9" (01,03, ...,0n)
O5() —0o(i—1) <0, i=2,..,n

The constraint conditions 04 ;) —05(i—1) < 0 (i =2, ..., n) guarantee that o (i) =
8(i) (i =1, ...,n). Consequently,

n n
FO" @, ..., on) = Zwioa(z‘) = ZWiOU(i). (2.22)
i=1 i=1
Based on (2.22), model (2.21) can be reorganized as follows:

n
min )’ |o; — ;]
0i =1
oi—o|l<e i=1,...,n
loi — ol = (2.23)
s.t.10= 2 Wiosq)
i=1

O05(i) —0g(i-1) =0, i=2,..,n

Denote models (2.20) and (2.23) as P> 5 and P, g, respectively. Moreover, let 27 5
and £2; ¢ represent the feasible sets corresponding to P> 5 and P ¢, respectively. To
facilitate the construction of a good linkage of P» ¢ to P> 5, Lemmas 2.2 and 2.3 are
introduced.

Lemma 2.2 For any real numbers x1, x2, y1 and y, |x1 — y1| + |x2 — y2| < |x2 —
yil+1xi = 2l if x1 < xp and yy < ys.
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Proof 1t is obvious and the proof is omitted.

Lemma 2.3 Let {E, e ﬁ, 0_*} be the optimal solution to P;s. If@ < ﬁ and
0p > 04, then {01, ..., 0, 0} is the optimal solution to model P> s, where

s fori=p
, fori =gq
cfori #p.q

)
Il
"p* |‘g°* |&Q* |

Proof Since

%,fori:p
0; = ﬁ,fari:q , (2.24)

of . fori # p.q

&)

thus

o* = F" (o}, ..., 0%) = FO" @, ..., 0, (2.25)

and .
max |of — o*| = max [o; — 0*| < &. (2.26)
1 1

It is shown by (2.25) and (2.26) that {07, ..., 0,,, 0} € £25.5. Consequently,

Zlol — o1l > o min Z|o,— o7l (2.27)

On,0}6925
i=1

Since {E, . o;‘;, 0*} is the optimal solution to P s, thus

Z loj — of| = min s Z lo; — o1l (2.28)

esOns0
i=1 ’

The following can be obtained based on (2.24) and (2.28):

Z|Ol —0;| __ min Z loi — 0;]
0 01,...,0,,,0}692'5 i

n n
=> loi = 0il — Y _loi — o}
i=1 i=1
= |0p _@| + |0q _@| - |0p _0§| - |Oq _0;|

=|01,—0;|+|0q—0;|—|0p—0;|—|oq—0;|. (2.29)
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Since @ < % and o, < op, according to Lemma 2.2, the following can be
obtained

" loi — o] — min " oi—0;] <0
2 i—iloi —oil {WU.E,E}EQMZ,JI i—0il =0, (2.30)
Consequently,
Yicloi—oil = min 30 loi —oil. (2.31)
Equations (2.27) and (2.31) show that 27:1 loj — 0:l-| = min_
. . {01,02,...,0n,0}€822 5
ZLI lo; — o;]. So, {07, ..., 05, 0*} is the optimal solution to P 5. This completes

the proof of Lemma 2.3.
Theorem 2.3 is obtained based on Lemmas 2.2 and 2.3.

Theorem 2.3 If{ol, ey OF, 0%, 0%} is the optimal solution to P, then {01, .. 0* 0%}
is the optimal solution to P s.

Proof Without loss of generality, assume that o; > 0;... > 0,. Let {ﬁ, ﬁ, 5} be
the optimal solution to P, 5. Denote {o (1), ..., p(n)} asthe permutation of {1, 2, ..., n}
such that 0,G_1) > 0, (i.€., 0, is the ith largest variable in {07, ..., 0,}). Based
onLemma 2.3, {0,(1), ..., Op(n)> 5} is also the optimal solution to P> 5. Since 226 <
£2, 5, we have that

n n

> loi = op0)| = o min > loi — il

01,~..,0n,0}€925

i=l =1 (2.32)

< min Z|o, o,|—Z|ol oF -

{01,....0n,0}€82, 67

Since 0,5y — 0,3—1) < 0, it follows {0,(1), ..., Op(n) > 5} € §276. Consequently,

n
Zl lo; — 0p(i)| = or. min Z loi —oi| = Z lo; — 0; | (2.33)
=

15-+:0n,0 €82, 63

Equations (2.32) and (2.33) show that

n
min Z|0, oil = > loj — ofl. (2.34)

{o1,....,0n, 0}6925 o1

Thus, {E, e ﬁ, 0*} is the optimal solution to P, 5. This completes the proof of
Theorem 2.3.
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Based on Theorem 2.3, the optimal solution to P» ¢ is the optimal solution to P s.
Similar to Theorem 2.2, when using two transformed decision variables: x; = 0; —0;
and d; = |x;|, P26 can be transformed into a linear programming model. Therefore,
solving the linear programming model yields the optimal solution to P; 5.

(i1) Case B

In this case, to facilitate the solving process of model (2.19), Lemma 2.4 is intro-
duced.

Lemma 2.4 Leto = FO" (01,02, ..., 00) and w = (w1, w2, ..., wy)T. Then, 0 =
> i1 wkrk if and only if the following constraints are satisfied.

'rkSO_l—i_MAkl) kvizlvzy"'sn
re >0;i —MBy;, k,i=1,2,....n
n
DA <k-—1, k=1,2,...,n

i=1

n

S By <n—k, k=1,2,...,n
i=1
| Aki, Bri €1{0,1}, k,i=1,2,...,n

)

(2.35)

where M is +00.

Proof Let o) be the kth smallest number of (o1, 02, ..., 0,). Consider two 0-1 mixed
programming models:

Py:
[ max ry,
<o +MAy, k=1,...n
n
sty D A <k-1, k=1,..,n (2.36)
i=1
W €{0,1}, k,i=1,..,n
Pp:
min ry
rkZO_l_MBkla k_19 s 1
n
st d S Bu<n—k k=1,..n @37)
i=1
v €{0,1), k,i=1,..,n

where M is +o0.

Based on Ogryczak and Sliwisiski [ 18], it is obvious that both of the optimal values
of P4 and Pp are ry = 0, so the solution of constraints of P4 and Pp is ry = o).
Thus, the constraints in Lemma 2.4 can ensure that ry = o). This completes the
proof of Lemma 2.4.

Then, based on Lemma 2.4, Theorem 2.4 can be obtained to transform the MCCM
under the OWA operator with any weights into mixed 0-1 linear programming
problems.
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Theorem 2.4 Model (2.19) can be equivalently transformed into the following
mixed 0-1 linear programming model:

n
min Y’ ¢;d;
i=1

o—0;<e¢e, i=1,...,n
—o+o;<e¢e i=1,..,n
0, —0; <x;, i=1,...,n
x; <d;, i=1,..,n

—x; <d;, i=1,...,n

n
o= wiri , (2.38)

5.t i=1
o rkS(Tl+MAkly kaizlv"-an

rk >0 —MBy;, ki=1,..,n
n
A <k—1, kji=1,...,n
1?1
S Br<n—k, kii=1,...,n

i=1

ki Bki €{0,1}, k,i=1,..,n

where x; = 0; — 0; and d; > |x;|

Proof In model (2.38),0; —0 < ¢ and 0 — 0; < ¢ can guarantee that [0; — 0| < ¢.
0j —0; = xi, x; < d; and —x; < d; can guarantee that d; > |x;| = |o; — 0;].
According to the objective function of model (2.38), any feasible solutions with
d; > |x;| are not the optimal solutions to model (2.38). Thus, 0; — 0; = x;, x; < d;
and —x; < d; can guarantee that d; = |x;| = |o; — 0;]. So the following inequalities
can guarantee that [o; — 0| < ¢ and the transformation of objective function from
model (2.19) to model (2.38):

oj—0<eg, i=1,..,n

o—o0;<e i=1,..,n

oj—0;=2x;, i=1,..,n. (2.39)
—x; <d;, i=1,...,n

xi <dj, i=1,..,n

Then, based on Lemma 2.4, other constraints in model (2.38) can guarantee that
0= FfWA (o1, 02, ..., 0,). Therefore, model (2.19) can be transformed into model
(2.38). This completes the proof of Theorem 2.4.

Denote model (2.38) as P, 7. Based on Theorem 2.4, the optimal solution to
model (2.19) can be obtained by solving the mixed 0-1 linear programming model
P, 7. Generally, cutting plane is used to solve mixed 0-1 linear programming models
[2], and Balas et al. [1] proposed the Specialized Cutting Plane Algorithm to solve
mixed 0-1 programs in finitely much iteration. The algorithm is very efficient and
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valid. Several software packages such as CPLEX and MATLAB also provide efficient
algorithm and solver to solve the mixed O-1 linear programming problems.

(3) Numerical examples

Here, we provide three numerical examples to demonstrate how the MCCMs work
in practice.

(1) Example 2.1

Consider the example used in Ben-Arieh and Easton [4]. This example involves
a GDM problem evaluated by five experts {E1, E2, ..., E5}. Let the expert opinions
be represented by real numbers, as follows:

{01, 02, 03, 04, 05} = {0.5, 1.0, 2.5, 3.0, 6.0}.

Let ¢ = 0.8, and let the associated weight vector of the weighted averaging
operatorbew = (0.375, 0.1875, 0.25, 0.0625, 0.125)T. We use model P, 4 toreach
consensus among {o1, 02, 03, 04, 05}. Table?2.1 lists the optimal adjusted opinions
obtained using P, 4 when setting different values of ¢; (i = 1,2, ..., 5).

Let the associated weight vector of the selected OWA operator be w = (0.375,
0.1875, 0.25, 0.0625, 0.125)7. Model P; 5 is used to aggregate expert opinions.
Table 2.2 lists the optimal adjusted opinions when setting different values for para-
meter &.

Let the associated weight vector of the selected OWA operator be w = (0.375,
0.1875, 0.25, 0.0625, 0.125)T. Let the consensus threshold ¢ = 0.8. The consensus
model P, 7 is used to help experts to reach a consensus. Table 2.3 displays the adjusted
individual opinions, the collective group opinion and the total consensus cost under
different cost vectors (c1, ¢2, ¢3, ¢4, ¢5)7.

Table 2.1 P> 4 under different cost vectors in Example 2.1

(c1,¢2,¢3,¢4,¢5) |01 02 03 04 05 o
(1,4,3,5,2) 2 14 2.5 3 3 2.2
6,3,4,1,2) 0.5 1.0 2.1 2.1 2.1 1.3
(3,4,1,6,2) 1.6 1.32 2.9 2.92 2.92 2.12

Table 2.2 P; 5 under different consensus thresholds in Example 2.1

€ o1 02 03 04 05 0
0.5 243 243 2.5 3.0 3.43 293
0.6 2.37 2.37 2.5 3.0 3.57 2.97
0.7 2.3 23 2.5 3.0 3.7 3.0
0.8 2.25 225 2.5 3.0 3.85 3.05
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Table 2.3 P, 7 under different cost vectors in Example 2.1

(c1,¢2,¢3,¢4,¢5) |01 2 03 04 05 17 Total
cost
(1,4,3,5,2) 2.575 1.4 2.5 3 3 2.2 9.675
2,4,3,1,2.5) 1.078 1.078 2.5 2.5 2.5 1.7 10.72
“4,1,4,2,5) 1.4 2.575 2.5 3 3 2.2 20.175

Let the associated weight vector of the selected OWA operator be w = (0.375,
0.1875, 0.25, 0.0625, 0.125)7. Then, let the cost vector (ci, c2, c3, ¢4, ¢5)T =
(1,4,3,5, 2)T. Table 2.4 displays the adjusted individual opinions, the collective
group opinion and the total consensus cost under different consensus thresholds ¢,
using P.7.

(i) Example 2.2

Consider another example from Ben-Arieh et al. [5]. This example contains four
experts {E1, Ea, E3, E4}, providing the following opinions:

{o1, 02, 03, 04} = {0, 3, 6, 10}.

Let ¢ = 0.8, and let the associated weight vector of the weighted averaging
operator be w = (0.3,0.1,0.4, 0.2)T. Model P, 4 is used to reach a consensus
among {01, 02, 03, 04}. Table 2.5 lists the optimal adjusted opinions obtained using
P> 4 when setting different values for¢; (i =1, 2, ..., 4).

Let the associated weight vector of the selected OWA operator be w = (0.3, 0.1,
0.4,0.2)7 . Model P, 5 is used to aggregate expert opinions. Table 2.6 lists the optimal
adjusted opinions when considering different consensus thresholds ¢.

Table 2.4 P, 7 under different consensus thresholds in Example 2.1

5 o1 02 03 o 05 7 Total cost
0.5 2.875 2 2.5 3 3 2.5 12.375
0.6 2.775 1.8 2.5 3 3 24 11.475
0.7 2.675 1.6 2.5 3 3 23 10.575
0.8 2.575 1.4 2.5 3 3 2.2 9.675

Table 2.5 P, 4 under different cost vectors in Example 2.2

(c1,¢2,¢3,¢4) | O1 02 03 04 o

(1,4,3,5) 4.8 4.8 6 6.4 5.6
6,3,4,1) 1.4 3 3 1.4 2.2
3,6,4,1) 3 3 4.4 4.2 3.8
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Table 2.6 P 5 under different consensus thresholds in Example 2.2

& 01 0> 03 04 o
0.5 2.75 3.0 3.75 3.75 3.25
0.6 2.7 3.0 3.9 39 33
0.7 2.65 3.0 4.05 4.05 3.35
0.8 2.6 3.0 4.2 4.2 34

(iii)) Example 2.3

Example 2.3 involves an apartment buyer. The family of buyer comprises four
members {E, E2, E3, E4}, and five alternative flats {X{, X», ..., X5} are available
for consideration. The family members express their opinions regarding the alterna-
tives using real numbers in [1, 5], and o;; estimates the opinion of E; on X;. Larger
o;j indicates stronger preference of member E; for alternative X;. Table 2.7 lists the
values of o;;.

Table 2.7 shows that the preferred alternatives of E1, E», Ez and E4 are X3, X», X4
and X1, respectively. The following uses MCCMs to reach consensus.

Let{cy, c2,¢3,c4} = {1,2, 1, 1},ande = 1. Weuse P | to aggregate the opinions
of the family members. Let 0;; denote the optimal adjusted individual opinions of
Ej on X;. Let o; represent the optimal adjusted collective opinions on X;. Table 2.8
lists the values of 0;; and o;.
m_in{f‘j}+mjz_1x{fj}

Table 2.8 reveals thato; = ’f , which is consistent with Theorem 2.1.

Table 2.7 The values of 0;; in Example 2.3

j=1 j=2 j=3 j=4
i=1 1 3 1 5
i=2 3 5 3 2
i=3 4 1 2 1
i=4 2 3 5 1
i=5 2 4 2 3
Table 2.8 The values of 0;; and 0; obtained from P, in Example 2.3

0i,1 0i.2 0i3 0i4 0;
i=1 1 3 1 3 2
i=2 3 5 3 3 4
i=3 3 1 2 1 2
i=4 2 3 3 1 2
i=5 2 4 2 3 3




2.2 Consensus Under Aggregation Function

Table 2.9 The values of 0;; and 0; obtained from P, 4 in Example 2.3
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0i,1 0i,2 0i3 0i4 0;
i=1 1.12 1.12 2.86 2.12
| =2 3 4.12 3 2.12 3.12
i=3 2.56 2 1 1.56
| =4 2 3.59 1.6 2.59
=5 2 3.8 2 3 2.8
Table 2.10 The values of ;; and 0; obtained from P, 5 in Example 2.3
0i.1 0i2 0i3 0i4 0i
1 1 2.96 1 2.9 1.96
= 3 39 3 2 29
i=3 2.62 1 2 1 1.62
=4 2 3 34 1.5 2.5
i=5 2 3.62 2 3 2.62

Let {c1, c2, c3,ca} = {1, 2, 1, 1}, and € = 1. Moreover, let the associated weight
vector of the weighted averaging operator be w = (0.2, 0.3, 0.25, 0.25)7 . We use
model P4 to aggregate the opinions of the family members. Table2.9 lists the
optimal adjusted opinions.

Let ¢ = 1, and let the associated weight vector of the selected OWA operator
be w = (0.2,0.3, 0.25, 0.25)7. We use model P» 5 to aggregate the opinions of the
family members. Table2.10 lists the optimal adjusted opinions.

Tables 2.8, 2.9 and 2.10 reveal that o, = max{o;}. Therefore, P> 1, P4, P>5 and
P> 7 all indicate that the best alternative is X».

2.2.2 Maximum Expert Consensus Model

Zhang et al. [19] further develop the the maximum expert consensus model (MECM)
with aggregation functions based on the MCCM.

Given a special cost budget, the MECM seeks to find the maximum number of
experts that can fit within the consensus.

Let B denote a specified consensus cost budget. In consensus building, the total
consensus cost cannot exceed the cost budget B, i.e.,

n

D ciloi —oil < B. (2.40)

i=1
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We consider that the adjusted collective opinion o is obtained by aggregating the
adjusted individual opinions 0; (i = 1, 2, ..., n), i.e.,

o = F (01,03, ..., 0n). (2.41)

Meanwhile, we hope to maximize the number of experts with consensus, i.e.,
n
max ) x;, (2.42)
i=1

where, x; is a 0-1 variable, and x; is defined as:

_ L ifloi-ol=e
xXi = { 0 eise : (2.43)

Based on Eqgs. (2.40)—(2.43), the MECM can be presented using an optimization
model as follows:

[ n
max » x;
i=1
n
ciloi —oi| < B
P R . (2.44)
s.t.{0=F (01,02, ...,0n)
l,if loj —ol <e .
xz'=[ floi —ol < i=1.

0, else ’ ’

Denote model (2.44) as P, g. Notably, we use two aggregation functions: the WA
operator and the OWA operator, in P> g.

(1) Maximum expert consensus model with WA operator

Selecting the WA operator to aggregate individuals’ opinions in P, g can yield the
following model:

n
max X
i=1
n
o —o0:| < B
iz“l ciloj —oi| < ) (2.45)
st.{o=FY4 (1,02, ..., 00)
e o <
Xi=[1,1f|01 ol <e P=1,

0, else ’ ’

Denote model (2.45) as Py9. In Prg, w = (w1, wa, ..., w,,)T is the associated
weight vector of the WA operator. Let £27 9 denote the feasible region of P, 9. In
order to solve P, 9, we propose several equivalent transformations.
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Lemma 2.5 P, g can be equivalently transformed into the nonlinear mixed 0-1 pro-
gramming model P> 10:

= . (2.46)
sit.yo=> wo;

Proof Let £27.10 denote the feasible region of P, 19. Let {0_’1‘,

[

*

...,ﬁ,?,xi",x;,
oy : : = = v =
...,x;f} be the optimal solution to P,9 and let {ol, 03, ..., 03, 0%, X1, X5,

s x_;‘:} be the optimal solution to P, j9. For any feasible solution to P9 {o7, 02,

ey O, 0, X1, X2, ..., X} € §22.9, the following two cases can be obtained:
Case l: |oj —o| <&
Based on the constraints of P» 9, if |o; — 0| < &, the following can be obtained:
Xi = 1;
Consequently
xjloi —o|l =lo; —o| <¢; (2.47)

Case 2: |o; — 0| > ¢
Based on the constraints of P9, if |[0; — 0| > &, the following can be obtained:

xi =0;

Consequently
xiloj —ol=0<e. (2.48)

Then, based on Case 1 and Case 2, we can obtain the following inequality:
xi loj —o| <e. (2.49)

Since {07, 02, ..., 0,1, 0, X1, X2, ..., X, } € §22.9, we have the following constraints:

n
D ciloi —oil < B, (2.50)

i=

o=FYA(01,07....0) . (2.51)
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Based on (2.49)—(2.51), it follows {o71, 03, ..., 0,, 0, X1, X2, ..., X, } € §22.10- As a
result, we can obtain that £2,9 € £27.10. Then, based on the objective functions of

P, 9 and P> 1¢, we have that
n n o __
Zx_i* < ZE. (2.52)
i=1 i=1

*

Since { 0}, 0%, ..., ﬁ, o* x1 VX s x_jf} is the optimal solution to P 19, the fol-
lowing two cases can be obtained:

Case A: ‘oz —o*| <e

Based on the constraints of P 1, i o_z — 0*| < ¢, the following can be obtained:
g =0orl;
n — n e
Since > xf+1> > x40
i=1,i%k i=1,i%k
Thus g =1;
Case B: |of — 0%| > ¢
Based on the constraints of P; 9, if ‘ﬁ — 0:*‘ > g, we can obtain that: g =0;
Based on Case A and Case B, the following can be obtained:
= = _0F| <
R N R SR T (2.53)
0, else
Since {E %, ,0:;‘, o:*, E, g :;;} € §27.10, we have that
n —
ci|of —oi| = B, (2.54)
i=1
oF = FVA (Zgo:) (2.55)
Based on (2.53)—(2.55), the following can be obtained:
{0_7, 0%, 05, 0% X XS ﬁ} € 250. (2.56)
Then, since {E %, . 0* o, ﬁ x_;‘ .. x_;,“} is the optimal solution to P, g, the
following can be obtained:
n n

<) xk (2.57)
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Based on (2.52) and (2.57), we have that:

ZHZE = Zn:? (2.58)
i=l1 i=l1

Thus, the optimal solutions to P> 9 and P> 19 are equal. This completes the proof
of Lemma 2.5.

According to Lemma 2.5, the optimal solution to P> ¢ can be obtained by solving
model (2.46). In order to solve model (2.46), Lemma 2.6 is introduced.

Lemma 2.6 (Berthold et al. [6]) If a constraint in a mixed 0-1 programming
contains a product of a binary variable x with a linear term > ;_, a;yi, where
vi(i = 1,2, ..., n) are variables with finite bounds, this product can be replaced by
a new variable z and the following linear constraints:

xyL <z Sny

n n
aiyi—(1—x)yY <z<> ayi — (1 —x)yt
,21 ivi — ( )y _Z_ig,l ivi — ( )y . (2.59)
n n
yE=min Y ajyi, yY =max Y a;y;
i=1 i=1

Theorem 2.5 is obtained based on Lemma 2.6.

Theorem 2.5 P> g can be equivalently transformed into the mixed 0-1 linear pro-
gramming model P> 11:

n

max . X
i=1

0= 2 wioi C(2.60)

st.yzi<e i=1,..,n

—zi<e i=1,..,n
(I=wi)a-Dxi<zi<A—-w)b—a);, i=1,...,n
oj—0o—(1—w)b—a)l—x;) <z <0;i —0—
(I—=wi)la—-b1—-x;), i=1,....,n

a<o;<b, i=1,..,n

x; €{0,1}, i=1,...,n

Proof The proof of Theorem 2.5 can be divided into two parts:
Part 1: Proving that constraint x; [0; — 0| < ¢ in P59 can be transformed into the
following constraints in P 11:
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zi<e, i=1,..,n
—z;i<e i=1,..,n
I—wi)la—->bxi<zi<(U—-wpHb—a)x;, i=1,..,n. (2.61)

oi—o— (1 —-wp)b—a)(l —x) <z <
oi—0o—(l—w)a-b(1~-x), i=1,..n

We can get the following constraints from x; [0; — 0| < ¢&:

[ xi(0j —0) <¢ (2.62)

—xi (0i —0) <&’
Obviously, o; is bounded in GDM problems. Without loss of generality, assume

n
that o; ranges from a to b. Since 0 = > w;0;, (0; — 0) is a linear term.
i=1

n n
0j—0o=0; — 2 wjo; =(1—wjoi — > wjoj
Jj=1 J=Lj#
n
maxf{o; —o}=(1—w)b—a > wj=(®h-a)l—w). (2.63)
J=1j#
n
minf{o; —o} =0 —wpa—>b > w;j=(a—b)(1—w)
J=1j#i

Since x; is a binary variable. Then, let
zi = x; (0 —0). (2.64)

The following can be obtained based on Lemma 2.6:

zi<e, i=1,..,n
—zi<e i=1,..,n
(I—wp)a—b)xi<zi<(U—-wp)b—a)x;, i=1,..n. (2.65)

oj—0o—(1—-w)b—-—a)(1l—-x) =<z =<
oi—o— (1 —wi)la—>b(A—x;), i=1,...,n
So constraint x; |0; — 0| < ¢ in P> 9 can be equivalently transformed into these

constraints in model P> 1.
n
Part 2: Proving that constraint >_ ¢; [0; — 0;| < B in model P, can be trans-
i=1
formed into the following constraints in model P> 11:

n
2. cyi =B
=1 ) (2.66)

0i —0; =i
—0; +0; <y
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Let £25 10 denote the feasible region of P 1o and let £25 11 denote the feasible
region of model P> 1.

Let {E, g, weey OF, OF, _T _5‘ , E} be the optimal solution to P» 1o and let
{071", (;2" , 05, o, X x} ,xz, ooy X, ~T, ;i", . );E,‘} be the optimal solution to P> 1.
Since {(;’1" 5:5, 0;, 0*,)5“,x’2", ...,)Z’f, y~]“, yN;, );3;} € §2>.11, We can obtain
that: _
of —o; <
[ o=y 2.67)
—01 +o0; < yl
Thus
n
> cilof - chy < B. (2.68)

i=1 i=1

Since Part 1 guarantees the transformation of other constraints from P 1o to P2 11,
we can obtain that:

% % Tk % Tx
{01,02,.. on,o xl,xz,...,xn,yl,y2,...,yn}6522.10.

Then, since E, %, E, o, Xy, x5, ., ﬁ} is the optimal solution to P> 19,
based on the objective functions of P 19 and P5 11, the following can be obtained:

Zn‘j} < Zx: (2.69)

i=1 i=1

Since o_’f, %, s ﬁ, o, x¥, g, . x_,;“} is the optimal solution to P; 19, the fol-
lowing inequality can be obtained:

> cilof —oil < B. (2.70)

Let
;" — 0j|. 2.71)

Then, we have the following inequalities:

of —o0; < yi, (2.72)

— 0? +o0; <. 2.73)
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Thus, since Part 1 guarantees the transformation of other constraints from model
P> 10 to P>.11, the following can be obtained based on (2.70), (2.72) and (2.73):

A RFRR.T

DX e X VL V2, s yn} € $211.

Since yof, 03, ..., 0?5, o*, x{ x5, ., x?’;, Vs V5o y?f] is the optimal solution to
P> 11, based on the objective functions of P» 19 and P».11, we can obtain:

no__ noo_
DxF =D (2.74)
i=1 i=1

Then, the following can be obtained based on (2.69) and (2.74):
n — n .
> xF=>xf (2.75)
i=1 i=1

n
So constraint Y ¢; [o; — 0;j] < B in P50 can be transformed into the corre-
i=1
sponding constraints in P> 1.
Thus, based on Part 1 and Part 2, P> 1o can be equivalently transformed into P5 1.

This completes the proof of Theorem 2.5.

From model (2.59) to model (2.60), all nonlinear constraints are transformed
into linear constraints. Consequently, the MECM with WA operator is equivalently
transformed into a mixed O-1 linear programming model.

(2) Maximum expert consensus model with OWA operator

Selecting the OWA operator to aggregate individuals’ opinions in P> g can yield
the following model:

n

max X
i=1

n
ciloj—oi| <B
El i loi —oi , (2.76)
s.t. o= F9" (01,03, ..., o)
Lifloj —ol<e

,i=1,...,n
0, else

X =

Denote model (2.76) as P> 1.
Then, Theorem 2.6 can be obtained based on Lemma 2.4 and Theorem 2.5.

Theorem 2.6 P> 15 can be equivalently transformed into the mixed 0-1 linear pro-
gramming model P> 13:
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n

max Y x;
i=1
 n
>.ciyi<B
i=1
0i —0; <y, i=1,...,n

—o0i+oi <y, i=1..,n
n
0= wir;
i=1
re <o +MAy, k,i=1,..,n
re >0; —MBy;, k,i=1,...n
S . QI

A <k—1, k=1,..,n

st. 15

n
> Bii<n—k, k=1,..,n
i=1

zi<e i=1,..,n
—z;<e¢ i=1,...,n
A—-w)a—-bxi<zi<U—-w)b—a)x;, i=1,...n
oj—o—(1—-w)b—-—a)1—x;) <z

<oi—o0o— {0 —wi)la—->b{1—x;), i=1,...,n
a<o;<b, i=1,...,n
xi, Ari, Bri € {0,1}, k,i=1,...,n

n
Proof Based on the proof of Theorem 2.5, constraint Y ¢; |0; — 0;| < B in model
i=1
P> 17 can be transformed into the following constraints in P> 13:

n
_Z ciyi < B
i=l . (2.78)

0i —0; <y, i=1,...,n
—0;i+o0; <y, i=1,..,n

Then, based on Lemma 2.4, constraint 0 = FgWA (o1, 07, ...,0,) in Py 17 can be
equivalently transformed into the following constraints in model P, 13:

n
0= Zwiri

i=1
rk§0_1+MAkl’ k’izly"'5n
re>0; —MByi, k,i=1,...,n
n
ZAkiSk—l, k=1,...n
ljl
>Bri<n—k, k=1,..,n

i=1
Agi, B €{0,1}, k,i=1,..,n

(2.79)
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Based on the proof of Lemma 2.4, the definition of x; in model P 1> can be
transformed into the following constraints:

[Xi lo; —0o|<e, i=1,..,n (2.80)

x;€{0,1}, i=1,...n

Then, based on the proof of Theorem 2.5, constraint x;[0; — 0| < & can be
transformed into the following constraints in model P> 13:
zi<e, i=1,..,n
—zi<e i=1,..,n
I-wp)la—bx; <zi<(I—-wp)b—a)x;, i=1,..,n
0j—o—(1—-wp)lb—-a)(l—x;))<zi<0;—0 '
—(1—=wi)a-b)(1—-x;), i=1,..,n
a<o;<b, i=1,...n

2.81)

Based on (2.78), (2.79) and (2.81), all the constraints in model P, 12 can be
equivalently transformed into the constraints in model P, 3. This completes the
proof of Theorem 2.6.

According to Theorem 2.6, the MECM with OWA operator can be equivalently
transformed into a mixed 0-1 linear programming model.

(3) Example 2.4

We continue with Example 2.1, and use MECMs to help experts to reach a con-
sensus.

Let the associated weight vector of the aggregation operator be w = (0.375,
0.1875, 0.25, 0.0625, 0.125)7.

(1) The use of the MECM with WA operator

We use the MECM with WA operator (i.e., P> 11) to obtain the adjusted individual
opinions, the collective group opinion, the experts within consensus and the total
consensus cost.

Let the consensus threshold ¢ = 0.8, and let the consensus cost budget B = 5.
Table2.11 explores the adjusted individual opinions, the collective group opin-
ion, the experts within consensus and the total consensus cost under different cost

Table 2.11 P, j; under different cost vectors in Example 2.4

(c1,c2,C3,C4,C5) | O] 07 03 04 05 0 Experts within Total
consensus cost
(1,4,3,5,2) 1.743 | 1.743 |2.5 3 6 2.543 | {E1, Ez, E3, E4} |4.215
(2,4,3,1,2.5) 1 1 1.3 2.6 6 1.8 {E\, Ez, E3, E4} |5
4,1,4,2,5) 0.5 1.15 |25 275 |6 1.95 | {E3, E3, E4} 0.65
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Table 2.12 P, j; under different consensus thresholds in Example 2.4

& 01 07 03 04 05 0 Experts within Total
consensus cost
0.5 2 1 2.5 3 6 2.5 {E1, E3, E4) 1.5
0.6 1.84 1 2.5 3 6 2.44 {E1, E3, E4} 1.34
0.7 1.68 1 2.5 3 6 2.38 {E|, E3, E4} 1.18
0.8 1.743 |1.743 |25 3 6 2.543 {E\, Ep, E3, E4} |4.215

Table 2.13 P, j; under different cost budgets in Example 2.4

B 01 07 03 04 05 0 Experts within Total
consensus cost
5 1.743 | 1.743 |25 3 6 2.543 {E1, Ez, E3, E4} |4.215
4 1.52 1 2.5 3 6 2.32 {E1, E3, E4} 1.02
3 1.52 1 2.5 3 6 2.32 {E1, E3, E4} 1.02
2 1.52 1 2.5 3 6 2.32 {E1, E3, E4) 1.02

vectors (c1, ¢3, ¢3, c4, C5)T. Moreover, let the cost vector (cy, ¢, ¢3, C4, cs)T =
(1,4,3,5, 2)T, and let the consensus cost budget B = 5. Table2.12 displays the
adjusted individual opinions, the collective group opinion, the experts within con-
sensus and the total consensus cost under different consensus thresholds ¢. Finally,
let the consensus threshold ¢ = 0.8, and let the cost vector (cy, ¢2, c3, C5)T =
(1,4,3,5, 2)T. Table2.13 displays the adjusted individual opinions, the collective
group opinion, the experts within consensus and the total consensus cost under dif-
ferent consensus cost budgets B.

(i1) The use of the MECM with OWA operator

We use the MECM with OWA operator (i.e., P».13) to obtain the adjusted indi-
vidual opinions, the collective group opinion, the experts within consensus and the
total consensus cost.

Let the consensus threshold ¢ = 0.8, and let the consensus cost budget B = 5.
Table2.14 displays the adjusted individual opinions, the collective group opinion,
the experts within consensus and the total consensus cost under different cost

Table 2.14 P, ;3 under different cost vectors in Example 2.4

(c1, c2,C3,C4,C5) 01 07 03 04 05 7] Experts within Total
consensus cost
1,4,3,5,2) 1.743 | 1.743 | 2.5 3 6 2.543 | {Ey, E2, E3, E4} | 4.215
(2,4,3,1,2.5) 1 1 2.5 1.325 |6 1.8 {Ei, E», E3, E4} |2.675
4,1,4,2,5) 0.5 1.15 |25 275 |6 1.95 | {E3, E3, E4} 0.65
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Table 2.15 P, ;3 under different consensus thresholds in Example 2.4

& 01 07 03 04 05 0 Experts within Total
consensus cost
0.5 2875 |1 2.5 3 6 2.5 {E1, E3, E4) 2.375
0.6 2467 |1 2.5 3 6 2.4 {E1, E3, E4} 1.967
0.7 1.933 |1 2.5 3 6 2.3 {E1, E3, Eg} 1.433
0.8 1.743 |1.743 |25 3 6 2.543 {E\, Ep, E3, E4} |4.214

Table 2.16 P, 13 under different cost budgets in Example 2.4

B 01 07 03 04 05 0 Experts within Total
consensus cost

5 1.743 | 1.743 |25 3 6 2.543 {E1, Ez, E3, E4} 4214

4 1.4 1 2.5 3 6 2.2 {E1, E3, Eg} 0.9

3 14 1 2.5 3 6 22 {E1, E3, E4} 0.9

2 14 1 2.5 3 6 2.2 {E\, E3, E4} 0.9

vectors (c1, ¢3, ¢3, c4, C5)T. Moreover, let the cost vector (c1, ¢3, c3, c4, cs)T =
(1,4,3,5, 2)T, and let the consensus cost budget B = 5. Table2.15 displays the
adjusted individual opinions, the collective opinion, the experts within consensus
and the total consensus cost under different consensus thresholds ¢. Finally, let
the consensus threshold ¢ = 0.8, and let the cost vector (ci, ¢2, c3, c4, cs)T =
(1,4,3,5,2)7. Table2.16 displays the adjusted individual opinions, the collective
group opinion, the experts within consensus and the total consensus cost under dif-
ferent consensus cost budgets B.

2.3 Comparison Analysis

In this section, a comparison analysis is performed to show the advantage of the pro-
posed consensus models. We only compare the MECM with the consensus model
based on IR and DR rules (IR-DR consensus model). Without loss of generality,
the OWA operator is used to aggregate experts’ opinions in the comparison analy-
sis. When using the WA operator, the comparison results are similar. Meanwhile,
when comparing the MCCM with the IR-DR consensus model, we can obtain the
similar results.

2.3.1 Consensus Based on IR and DR Rules

BasedonIR and DR [9, 14, 15]introduced in Chap. 1, we display an IR-DR consensus
model. Based on IR, we identify the expert whose opinion has the biggest difference
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from the collective opinion and should change his/her opinion. Based on DR, we
adjust the opinion, which needs to be changed based on IR, to make it reach the
given consensus level with minimum cost. Moreover, the OWA operator is used to
aggregate individual opinions into a collective opinion. This IR-DR consensus model
is described as follows.

IR-DR consensus model

Input: The original opinion of the experto; (i = 1, 2, ..., n), the associated weight
vector of the aggregation operator w = (wy, wp, ..., w,,)T, the consensus threshold
e, the cost vector ¢ = (cy, ¢, ..., c,,)T, cost budget B, the maximum number of
iterations max_rounds > 1.

Output: the number of experts within consensus X

Step 1: Setz =0, 0; = 0;(i =1,2,...,n) and B* = B.

Step 2: Calculate the collective opinion 0% = Fv‘v) WA (oi, oé, ..., 05) and the con-
sensus index CL*(E;) = }of —0:,(i=12,..n). CLY(Ey) = max {CL*(E;)}.

1
Based on IR, the opinion of expert Ej has the biggest difference from the collective

opinion. If CL*(E}) < € or z > max_rounds, go to Step 4. Otherwise, go to the
next step.

Step 3: Based on DR, we adjust the opinion of expert Ej to make it reach the
given consensus threshold ¢ with minimum cost. Bl = Bt — ¢ - |CL*(Ey) — ¢|.
If B*t! < 0, go to Step 4. Otherwise,

z SN z
oi—[oc+8’ lf0,§>oc
- z _ . z
0: — ¢, zfokfoc

0Ft! = 0%, 7 = 74 1. Go to Step 2.
Step 4: Output the number of experts within consensus X.

2.3.2 Comparison Results

We consider three examples to compare the MECM with the IR-DR consensus model.
The three examples are drawn from Examples 2.1-2.3, respectively.

(1) Comparison analysis 2.1

There are five experts in Example 2.1 and their initial opinions are
{01,02,03,04,05} ={0.5,1,2.5, 3, 6}.

Let the associated weight vector of the aggregation operator w = (0.375, 0.1875,
0.25, 0.0625, 0.125)T. Firstly, let the cost budget B = 5, and let the cost vector
c=(,1,1,1, 1)T. Figure 2.1 shows the comparison results between the MECM
and the IR-DR consensus model under different consensus thresholds €. Then, let
the cost vector ¢ = (1, 4, 3, 5, 2)T, and the consensus threshold ¢ = 0.8. Figure 2.2
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shows the comparison results between the MECM and the IR-DR consensus model
under different cost budgets B.

(2) Comparison analysis 2.2

There are four experts in Example 2.2 and their initial opinions are
{o1, 02, 03,04} ={0,3,6,10}.

Let the associated weight vector of the aggregation operator w = (0.3, 0.1, 0.4,
0.2)T. Firstly, let the cost budget B = 5, and let the cost vector ¢ = (1,1, 1, )T,
Figure 2.3 shows the comparison results between the MECM and the IR-DR con-
sensus model under different consensus thresholds &. Then, let the cost vector
¢ =(1,4,3,57, and the consensus threshold ¢ = 0.8. Figure 2.4 shows the com-
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parison results between the MECM and the IR-DR consensus model under different
cost budgets B.

(3) Comparison analysis 2.3

There are four experts in Example 2.3 and their initial opinions are
{o1,02,03,04} = {1,3,1,3}.

Let the associated weight vector of the aggregation operator w = (0.2, 0.3, 0.25,
0.257T. Firstly, let the cost budget B = 2, and let the cost vector ¢ = (1, 1, 1, DT.
Figure 2.5 shows the comparison results between the MECM and the IR-DR con-
sensus model under different consensus thresholds &. Then, let the cost vector
c=(1,2,1, 17, and the consensus threshold ¢ = 0.8, and Fig. 2.6 shows the com-
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parison result between the MECM and the IR-DR consensus model under different
cost budgets B.

In the above three comparison examples, the MECM can make more experts reach
the consensus level under the given cost budget. As a result, when the cost budget is
not enough to make all the experts reach the consensus level, the MECM can give a
more effective aid for GDM problems.
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