
Chapter 2

Basic Fourier Series

We will now study the basic rules of Fourier Series. You can study these basic
principles for years in order to completely understand some of the many sub-
tleties. The concentration of this book will be to quickly understand Fourier
Series at a level which will allow to study their many applications. The reader
is then encouraged to look further for a more in-depth understanding of the
topics from the many other resources [1, 3, 5, 17, 20].

2.1 Fourier Series on L2[a, b]

We begin with the most basic Fourier Series and outline how we can adjust
them to other intervals. We will then outline the mathematics which forms
the basis for these claims, and the many implications and structure which
gives background to the study of Fourier Series.

We must begin with the basic definition of L2[a, b]

Definition 2.1.1 The set of functions f(t) : [a, b] → R whose squared inte-
gral is finite, or

∫ b

a
|f(t)|2 < ∞ is referred to as L2[a, b], or the square inte-

grable functions on [a, b].

Thus, the square integrable functions form the space of functions which we
wish to study. We need to establish that if two functions f(t), g(t) ∈ L2[a, b],
their linear sums c1f(t) + c2g(t) are also in this space for any constants c1
and c2. To see this for real-valued functions, we simply write
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20 2 Basic Fourier Series

‖c1f(t) + c2g(t)‖22 =
∫ b

a

(c1f(t) + c2g(t))2dt

=
∫ b

a

c21f(t)2 + c1c2f(t)g(t) + c22g(t)2dt

= c21

∫ b

a

f(t)2dt + c22

∫ b

a

g(t)2

+ c1c2

∫ b

a

f(t)g(t)dt. (2.1)

The first and second integrals in (2.1) are finite because f(t) and g(t) ∈
L2[a, b]. The third integral is finite because of the Cauchy–Schwartz theorem
which states that

|
∫ b

a

f(t)g(t)dt|2 ≤ ‖f(t)‖22‖g(t)‖22.

Thus, it is a vector space. The proof when the functions are complex is left
as an exercise.

We now state the most basic theorem of this section.

Theorem 2.1.1 Let f(t) be any function in L2[−π, π]. Then, we can repre-
sent f(t) in a series as

f(t) =
a0

2
+

∞∑

k=1

ak cos(kt) + bk sin(kt)

where

ak =
1
π

∫ π

−π

f(t) cos(kt)dt, and bk =
1
π

∫ π

−π

f(t) sin(kt)dt.

Thus, you can represent any function in L2[−π, π] as a sum of sines and
cosines. We can even state more than this:

Theorem 2.1.2 Let f(t) be any function in L2[a, b]. Then, we can represent
f(t) in a series as

f(t) =
a0

2
+

∞∑

k=1

ak cos
(

kπ(t − h)
H

)

+ bk sin
(

kπ(t − h)
H

)

where

ak =
1

H

∫ b

a

f(t) cos

(
kπ(t − h)

H

)

dt, andbk =
1

H

∫ b

a

f(t) sin

(
kπ(t − h)

H

)

dt.
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The above constants are given by H = (b − a)/2, h = (a + b)/2.

Note that Theorem 2.1.2 is just a generalization of Theorem 2.1.1. To see
this, let a = −π, b = π, which implies that H = π, and h = 0. Let us add a
simplified version of Theorem 2.1.2, where the interval is centered about the
origin, or where a = −T and b = T .

Corollary 2.1.3 Let f(t) be any function in L2[−T, T ]. Then, we can rep-
resent f(t) in a series as

f(t) =
a0

2
+

∞∑

k=1

ak cos
(

kπt

T

)

+ bk sin
(

kπt

T

)

Figure 2.1: Above you see that both the cosine (in green) and the sine (in blue) have
exactly one cycle between −π and π.

where

ak =
1
T

∫ T

−T

f(t) cos
(

kπt

T

)

dt, and bk =
1
T

∫ T

−T

f(t) sin
(

kπt

T

)

dt.

Theorem 2.1.1 is relatively easy to remember, while the author cannot
remember Theorem 2.1.2 without recreating it. It is much easier to under-
stand than it is to memorize, so let us understand how you can get Theorem
2.1.2 from Theorem 2.1.1 without memorization. To do this, we need pictures.

The key which is illustrated in Figure 2.1 is that the first cosine and the first
sine in Theorem 2.1.1 (i.e., the cosine and sine terms with k = 1) have exactly
one cycle between −π, and π. If we make the interval [a, b] = [−2π, 2π], then
we would have to change the cosine and sine terms to be cos(kt/2) and
sin(kt/2). This assures that when t reaches the edge of the interval or 2π, we
will have kt/2 = kπ. This assures that the first cosine and sine terms of our
new series (using cos(kt/2) with k = 1) will also have exactly one cycle.

To understand why this works, imagine a function f(t) expanded on
[−π, π]. Now, stretch that function to [−2π, 2π] by considering f(t/2). Notice
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that t/2 travels from −π to π in the time that t goes from −2π to 2π. All we
did by substituting t/2 into the cosine or sine terms is adjust the series that
we had formerly expanded, or if

f(t) =
a0

2
+

∞∑

k=1

ak cos(kt) + bk sin(kt)

then surely

f(t/2) =
a0

2
+

∞∑

k=1

ak cos(kt/2) + bk sin(kt/2).

The one detail is that we do have to calculate the coefficients ak and bk

slightly differently on our new interval. You can, however, do a change of
variable in the old formula and get the same thing.

2.1.1 Calculating a Fourier Series

The obvious problem with Theorem 2.1.1 is that we do not just have to
calculate one integral, but an infinite number of them. The reality is that
oftentimes we can calculate all of these integrals simultaneously. The second
reality is that except for a certain number of simple functions, the Fourier
Series cannot easily be calculated by hand. The Fourier Series will be evalu-
ated by the computer in general, but that is a topic for a later chapter.

Example 1:

Let us begin with one of the most basic functions for which Fourier Series
is used. This is a common function which is oftentimes used to model an
on–off switch in electrical engineering. Let us consider what we will call the
characteristic function on [−π, π] which we define to be

χ(t) =
{

1 if |t| < π
2

0 if |t| > π
2

. (2.2)

We will use this function often so we will introduce the notation

χa(t) =
{

1 if |t| < a
0 if |t| > a

, (2.3)

or

χ[a,b](t) =
{

1 if |t| ∈ [a, b]
0 if |t| /∈ [a, b] . (2.4)
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Now, we need to calculate the coefficients

ak =
1
π

∫ π

−π

f(t) cos(kt)dt, and bk =
1
π

∫ π

−π

f(t) sin(kt)dt,

from Theorem 2.1.1. There are a couple of things we need to remember from
basic calculus to make our lives easier. The first is the definition of even and
odd functions.

Definition 2.1.2 (Even and Odd Functions) A function f(t) is said to
be even if f(t) = f(−t). A function f(t) is said to be odd if f(t) = −f(−t).

The first obvious reason why we care about even and odd functions is that
cos(kt) is even for all k and sin(kt) is odd for all k. Another set of functions
which separate nicely into even and odd functions is the monomials tk. If k
is even, tk is even. If k is odd, tk is odd.

To understand why this helps, remember that if f(t) is odd,
∫ T

−T
f(t)dt = 0.

Now, remember that the product of two even functions is even. The product
of an even function and an odd function is odd. Finally, the product of an
odd function with an odd function is even. These correspond directly to the
products of positive and negative numbers, where even is positive and odd is
negative, for some rather obvious reasons.

Now, consider the formulas for ak and bk above. If f(t) is even, then
f(t) sin(kt) is odd, so the bk terms will all be zero. This makes sense because
an even function can be represented entirely by cosine (even) terms. Similarly,
if f(t) is odd, f(t) cos(kt) will be odd, so the ak terms are all zero. Thus, the
Fourier Series also separates our functions nicely into even and odd terms.

Let us return to calculating the Fourier Series for χ(t) as defined above.
Notice that χ(t) is even, so as a result all of the sine terms will be zero. Let us
now consider the ak or cosine terms. To begin with this seems difficult, but
the key is to separate the integral into the two parts, namely when |t| < π

2
and when |t| > π

2 . Mathematically, this becomes

ak =
1

π

∫ π

−π

χ(t) cos(kt)dt =
1

π

∫ π/2

−π/2

χ(t) cos(kt)dt +
1

π

∫

π/2<|t|≤π

χ(t) cos(kt)dt.

Note that χ(t) = 1 in the first integral and χ(t) = 0 in the second integral is
zero so we have

ak =
1
π

∫ π/2

−π/2

1 cos(kt)dt + 0 =
1
π

sin(kt)
k

|π/2
−π/2, (2.5)

=
1
π

sin(kπ/2) − sin(−kπ/2)
k

=
2 sin(kπ/2)

kπ
. (2.6)

Note that we used the odd property of the sine function to finish the last step,
namely sin(x) − sin(−x) = 2 sin(x). This is a fine and complete answer which
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will allow us to calculate the series without difficulty. Further examination,
however, shows that when k is even, the terms are zero, i.e., sin(mπ) = 0
for all integers m. Examining once again shows that for k odd, sin(kπ/2) =
(−1)(k+1)/2. Thus, it is 1 for k = 1 and −1 for k = 3, and it alternates through
the series. This is a nice formula, but notice that (2.5) is not valid for k = 0,
since cos(0t) = 1, and

∫
1dt = t. This individual case is easily solved, and we

get a0
2 = 1

2 . This is also the average value of χ(t) which will always be the
case, from the definition of a0

2 . Thus, the series is

χ(t) =
1
2

+
2
π

cos(t) − 2
3π

cos(3t) +
2
5π

cos(5t) − 2
7π

cos(7t) . . . . (2.7)

While the expansion formula (2.7) is nice, it is actually harder to program
on a computer than the most basic formula which we derived in (2.5). This
formula is then

χ(t) =
1
2

+
∞∑

k=0

2 sin(kπ/2)
kπ

cos(kt).

Note that the above formula has every other term being zero, but it is actu-
ally easier to program on a computer. Thus, sometimes trying to reduce the
formulas too far actually requires more work later.

We are now going to try to see what this series, or the partial sums of
this series look like. No one ever evaluates an infinite sum unless it is a very
special sum. By partial sums, we are referring to the approximations

Sn(χ(t)) =
1
2

+
n∑

k=0

2 sin(kπ/2)
kπ

cos(kt). (2.8)

A crucial question in Fourier Analysis is “How quickly do these sums begin
to approximate χ(t)?” These approximations are shown in Figure 2.2. You
can see from this figure that the basic shape of the function is start-
ing to approximate the function. Note that these sums are only guaran-
teed to approximate the function according to the average error metric
En(χ) =

∫ π

−π
|f(t) − Sn(t)|2dt. A quick examination of the numerics used to

generate the plots shows that the errors En(χ) are 1.57 for n = 0, and 0.29,
0.15, and 0.10 for n = 1, 3, 5, respectively. Remember that every other term
in the approximation is zero, so it does not get better for n = 2, 4, 6 etc.

To investigate further we check the numerical approximation of χ(t) with
20, 50, and 100 terms. The numerical results for the error are 0.03, 0.01, and
0.008. Thus, the error is going to zero, although very slowly. These results are
shown in Figure 2.3. We will spend extensive time in the future understanding
the rate at which these series converge, and the many implications of these
convergence rates.
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Example 2:

Before we move on to the next topic, we will address a second example, point-
ing the way to the solution which is left as an exercise. Let us represent the
extremely simple function f(t) = t in terms of its Fourier Series, on the sim-
ple interval from [−π, π]. Let us explain why we call this the simple interval.
This is because you do not need anything inside cos(kt) or sin(kt). It can
be argued that [−1, 1] is a simpler interval, but then you have cos(kπt), etc.
Neither is very difficult.

The coefficients for the function f(t) will be exclusively sine coefficients,
since t is an odd function. Recall odd functions only have sine coefficients. If
you get confused, just compute them all, and hopefully, the cosine coefficients
will be zero. It is good to understand, however, since it saves time and allows
one to correct arithmetic mistakes. So our sine coefficients will be

bk =
1
π

∫ π

−π

t sin(kt)dt.

This evaluation is trickier than the prior example. One must remember inte-
gration by parts from first-year calculus. This is not all that time consuming
and is left as an exercise. We do illustrate the approximations in Figure 2.4.

It is informative that if we consider f(t) = t2, then we have to do inte-
gration by parts twice and three times for f(t) = t3. This brings up one of
the problems with basic Fourier Series. Calculating the integral coefficients
by hand

Figure 2.2: We have plotted the first four nonzero approximations of the Fourier
expansion derived above in (2.7). You can see the terms start to approximate the
function, although they are not exact with only n = 1, 3, and 5 terms, respectively.
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Figure 2.3: We have plotted the first approximations to χ(t) above, with 20, 50, and
100 terms. The terms are starting to approximate the function very closely, but there
is still a lot of “ringing” in the approximation which is not present in the function.

Figure 2.4: We have plotted the first approximations to f(t) = t on [−π, π] above,
with 5 and 50 terms. The terms are starting to approximate the function very closely,
but there is still a lot of “ringing” in the approximation which is not present in
the function. Note also that the approximations are only valid on [−π, π], and the
representation is periodic and not at all valid outside of [−π, π].

is not easy for most functions and impossible for some. As a result, we will
study methods to calculate these coefficients by other means, most often with
numerical approximations.
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2.1.2 Periodicity and Equality

Fourier Series can approximate nearly any function over a finite interval. One
should not make the mistake of believing that the Fourier Series will somehow
represent the function outside of that predesigned interval. Recall that if the
interval is [−π, π], then the Fourier Series takes on the form

f(t) =
a0

2
+

∞∑

k=1

ak cos(kt) + bk sin(kt). (2.9)

All of the functions in the above expansion are 2π periodic. Specifically,
cos(kt) = cos(k(t + m2π)) and sin(kt) = sin(k(t + n2π). Therefore, we must
consider two different things, the function f(t) and the Fourier expansion of
f(t), which we will define to be

S(f)(t) =
a0

2
+

∞∑

k=1

ak cos(kt) + bk sin(kt).

Since S(f)(t) consists entirely of 2π periodic functions, it follows that
S(f)(t) = S(f)(t + m2π) and is also 2π periodic.

Figure 2.5: We have plotted an approximation to χ(t) above, with 50 terms on
[−2π, 2π]. Note that this approximation is relatively good from [−π, π], but does not
approximate χ(t) outside of the interval. Instead it repeats itself, as we have stated.

For this reason, we can only say that f(t) = S(f) on the interval [−π, π].
This is completely reasonable, because the coefficients ak and bk only depend
on f(t) in that interval. Secondly, remember that f(t) does not need to be
periodic at all, and so it is obvious that we cannot expect that S(f)(t) would
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represent f(t) outside of the defined interval. Perhaps we should refer to
S(f)(t) as Sπ(f)(t), meaning that it is the Fourier Series on [−π, π], and
S[a,b](f)(t) to be the Fourier Series on [a, b]. When it is important to make
the distinction, we will use this altered notation.

To emphasize this point, we should look at Sπ(f)(t), or one of its approx-
imations, on [−2π, 2π]. This is shown in Figure 2.5.

At this time, we need to address the issue of how we are using equality
Theorem 2.1.1, and in all of the stated equalities in this chapter. What does
it mean that a function

f(t) =
a0

2
+

∞∑

k=1

ak cos(kt) + bk sin(kt)?

The right-hand side is an infinite sum, so what we would like to say is that
the limit as the number of terms goes to ∞ converges to f(t). Even this is
not the correct statement. Let us define

Sn(f) =
a0

2
+

n∑

k=1

ak cos(kt) + bk sin(kt).

What we really mean is that the error function defined as

En(f) =
∫ π

−π

|f(t) − Sn(t)|2dt

goes to zero as n → ∞. Specifically, we know that limn→∞ En(f(t)) = 0 for
any function f(t) ∈ L2[a, b]. We cannot guarantee that the same is true if we
remove the integral in the definition of En(f). Specifically, we will not have
|f(t) − Sn(t)| → 0 for all f(t) ∈ L2(a, b). Pointwise convergence in L2[a, b]
does not really make sense however, since we say that two functions are equal
if

∫ |f(t) − g(t)|2dt = 0. Remember that integrals do not take into account the
value of functions at single points. In general, the partial sums do approach
the function f(t) at each specific point, at least with the exception of a set
of measure zero, which is beyond the scope of this course. This was proven
relatively recently [4].

There are many different books which discuss the relative convergence
rates of Fourier Series. These are important and interesting, and the reader
is encouraged to look into these topics [1, 3, 17, 20]. They are beyond the
scope of this book, however. We will consider only Fourier Series in L2 of some
type or another. We will then use these convergence rates to understand some
of the subtleties of the applications.
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2.1.3 Problems and Exercises

1. Compute the Fourier Series for the function

χπ/4(t) =
{

1 if |t| < π
4

0 if |t| > π
4

, (2.10)

on [−π, π] by using the above example as a guide. Also, plot the first
few terms of the expansion (a) on [−π, π] and (b) on [−2π, 2π].

2. Compute the Fourier Series for χπ/4(t) on [−2π, 2π]. Plot this on the
interval from [−6π, 6π] or a larger interval and compare to the plot on
the function expanded on [−π, π]. Realize that is should converge on
the whole interval [−2π, 2π], and you must use the appropriate sine and
cosine terms cos(k/2t) and sin(k/2t).

3. Compute two Fourier Series for the function f(t) = t (a) on [−π, π] and
(b) on [−2π, 2π]. Plot the approximations using 5,10, and 15 terms on
[−4π, 4π].

4. (a) Find the necessary cosine and sine terms for expanding on [−1, 1]
and the appropriate coefficient formulas to approximate a function on
[−1, 1]. (b) Compute the expansion of f(t) = t2 on [−1, 1], and plot the
first few terms on [−3, 3].

5. (a) Figure out the necessary cosine and sine terms and the appropriate
coefficient formulas to approximate a function on the interval [1, 3]. (b)
Using the result from 4 above, plot the first few terms of the expansion
of t on [1, 3] and on [−1, 5].

6. Find the expansion for f(t) = t3 on [−1, 1]. Plot the first few terms on
the interval [−3, 3].

7. Compute the expansion of f(t) = cos(t/2) on [−π, π]. Plot the first few
terms on this interval.

8. Compute the expansion of f(t) = cos2(t/2) on [−π, π]. Plot the first
few terms on this interval.

9. Compute the expansion of f(t) = sin(t/2) on [−π, π]. Plot the first few
terms on this interval.

10. Compute the expansion of

f(t) =

⎧
⎨

⎩

0 for |t| > π/2
t + π/2 for t ∈ [−π/2, 0]
π/2 − t for t ∈ [0, π/2]

(2.11)

on the interval [−π, π]. Plot the first few terms on this interval.
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11. Compute the expansion of

f(t) =

⎧
⎨

⎩

0 for |t| > π/2
−1 for t ∈ [−π/2, 0]
1 for t ∈ [0, π/2]

(2.12)

on the interval [−π, π]. Plot the first few terms on this interval.

12. Compute the expansion of

f(t) =
{

0 for |t| < 0
1 for |t| ≥ 0 (2.13)

on the interval [−π, π]. Plot the first few terms on this interval. Plot
them on [−2π, 2π] also.

2.2 Orthogonality and Hilbert Spaces

We simply stated the basics of Fourier Series in the last section. We inten-
tionally presented no proofs, and we also skipped what we will refer to as
the geometry of Fourier Series. We will refer to the discussion of orthogonal-
ity which we touched on in the first chapter. Orthogonality generally comes
up in Linear Algebra. Its extension to studying functions here is straightfor-
ward. We will review quickly the basic concepts. The first and most obvious
statement or question is “What is the difference between orthogonality and
perpendicularity?” The answer is there is no difference. They are interchange-
able, but mathematicians and most others generally switch to orthogonality
when dealing with higher dimensional vector spaces, i.e., Rn, where n > 3,
or function spaces, such as L2[a, b] as we defined in the last section.

Let us first begin with some notation. From this point forward, we will
cease to recognize the difference between a common dot product, as we have
in basic Linear Algebra, and the inner product, which we have yet to define.
The dot product of two vectors is given by �a ·�b = �atb =

∑
k akbk. Namely,

we multiply and add. Remember that length (common Euclidean distance)
is given by |�a| =

√
�a · �a. Recall also that the angle θ between two vectors is

given by �a ·�b = |a||b| cos(θ).
To define the inner product as we will use it in this book, think first of how

we would compare two functions f(t) and g(t). We might start by approxi-
mating length by using the dot product, perhaps sampling (or discretizing)
the functions to a finite number of points tk, where t0 = a and tn = b on an
interval [a, b]. It follows that the distance between consecutive points would
be δt = (b − a)/n. Thus, we would like to approximate the length of these
functions by their vector counterparts, or say that f(t) · g(t) ≈ ∑

k f(tk)g(tk).
The one problem is that if we use twice as many points, the length will approx-
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imately double. This is recognized by multiplying by the distance between
points or using

f(t) · g(t) ≈
∑

k

f(tk)g(tk)δt.

We recognize the above from first-year calculus as a Riemann sum. The
Fundamental Theorem of Calculus then tells us if we let δt go to zero, the
limit should converge (in most cases), and therefore, we have our definition
of an inner product

Definition 2.2.1 (Inner Product) If f(t) and g(t) are functions in
L2[a, b], then we define the inner product between f(t) and g(t) to be

(f(t) · g(t)) ≡ 〈f(t), g(t)〉 =
∫ b

a

f(t)g(t)dt.

Moreover, the length of f(t) is designated to be ||f(t)|| =
√

(
∫ b

a
|f(t)|2dt =√〈f, f〉.

Note that we had to use the complex conjugate in the inner product definition
above. This allows us to deal with complex-valued functions. If we did not
use this, note that a function which is purely complex would have a negative
distance, which we do not want. We will oftentimes not include the t in the
integral and just write 〈f, g〉 for the inner product.

Any standard text on linear analysis or Linear Algebra will go into the
details of inner products. We encourage the reader to check out these more
detailed expositions. The important part here is that L2[a, b] will inherit all
of the properties that we were used to in Linear Algebra, with the standard
dot product. We state the important ones here:

1. (Linearity) If f and g are any two functions in an inner product space,
then c1f + c2g is also a function in that inner product space.

2. If f 
= 0, then ‖f‖ 
= 0.

3. (Triangle Rule) If f and g are in an inner product space, ‖f + g‖ ≤
‖f‖ + ‖g‖.

4. (Cauchy–Schwartz Inequality) If f and g are in an inner product space

|〈f, g〉| ≤ ‖f‖‖g‖. (2.14)

Moreover, equality holds only if f is a constant multiple of g, or f(t) =
cg(t).

Let us recall that the Cauchy–Schwartz inequality is an outgrowth of the
standard formula in Linear Algebra �a ·�b = |a||b| cos(θ). Since cos(θ) is always
less than or equal to one, the inequality holds.
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We will now focus on orthogonality, since it is a key which we must keep
in mind. Simple functions such as the monomials 1, t, t2, t3 . . . are in L2 of
any interval, but they are not even close to being orthogonal. Let us now
formalize this idea which was introduced in Chapter 1.

Definition 2.2.2 Two functions f(t) and g(t) in L2[a, b] are said to be
orthogonal if 〈f, g〉 = 0. A collection or set of functions {ok(t)}N

k=0 is said
to be orthogonal if for any pair functions from the set 〈oj , oi〉 = 0 as long as
i 
= j. In addition, we can say that a set of functions is orthonormal if they
are orthogonal, and they all have length one, or ‖oj‖ = 1.

One of the keys to utilizing Fourier Series is that sines and cosines, when
adjusted for an interval as in Theorem 2.1.1 and Theorem 2.1.2, are naturally
orthogonal. This makes the computation used in Theorem 2.1.1 work. Let us
first state the result.

Theorem 2.2.1 (Orthogonality) The functions {cos(kt)}∞
k=0, and

{sin(kt)}∞
k=1 are orthogonal on the interval [−π, π]. In addition, the functions

used in Theorem 2.1.2 are also orthogonal on the corresponding interval [a, b].

To prove this, we will need to remember the trigonometric addition identi-
ties: sin(α ± β) = sin(α) sin(β) ± cos(α) cos(β) and cos(α ± β) = cos(α)
cos(β) ∓ sin(α) sin(β).

Proof: We will proceed to prove three things. (1) All of the cosines are
orthogonal to all of the sines, and (2) The cosines are orthogonal to each
other, and (3) The sines are orthogonal to each other.

Proof of (1): This is easy, since cosine is even and sine is odd, which implies
that cos(mt) sin(nt) is odd, so it follows immediately that

∫ π

−π

cos(mt) sin(nt) = 0

regardless of m or n. This is simple because the integral of an odd function
on a symmetric interval is zero, since the right and left halves of the integral
are negatives of one another.

Proof of (2): This requires the double angle trigonometric identities. We
are considering cos(mt) cos(nt). If we look at the identities, we have that
cos(mt + nt) = cos(mt) cos(nt) − sin(mt) sin(nt) and cos(mt − nt) = cos(mt)
cos(nt) + sin(mt) sin(nt). Adding these identities yields

cos(mt + nt) + cos(mt − nt) = 2 cos(mt) cos(nt).

Now substituting, we have

http://dx.doi.org/10.1007/978-1-4939-7393-4_1
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∫ π

−π

cos(mt) cos(nt)dt =
∫ π

−π

1
2
(cos(mt + nt) + cos(mt − nt))dt

=
1
2

[
sin((m + n)t)

m + n
+

sin((m − n)t)
m − n

]π

−π

.

Note that we have assumed in the last integration step that m 
= n. Now,
recall that sin(kπ) = 0 whenever k is an integer. Thus, both terms on the
right are zero. Notice also that if m = n, integration of the cos(mt − nt) = 1
term on the right yields the squared length of cos(mt), which is π. This yields
the 1

π term in Theorem 2.1.1.
Proof of (3): This is identical to the Proof of (2) with the exception of

using cos(mt + nt) − cos(mt − nt) to cancel the cosine terms on the right.

We have proven orthogonality of the functions in Theorem 2.1.1. The proof
for the functions in Theorem 2.1.2 is identical as long as you note the following
things. The functions in Theorem 2.1.2 are adjusted so that just in the Proof
of part (2) above, the sine terms will be zero at the endpoints. This is due to
the fact the sine terms are adjusted to have exactly one cycle for k = 1 and
multiple cycles k > 1 (k is an integer).

2.2.1 Orthogonal Expansions

We have avoided discussions of completeness, or whether or not we have
enough functions for the expansions which we are suggesting. An interested
student should inquire of this, but it is beyond the scope of this book.

We will prove Theorems 2.1.1 and 2.1.2 given the completeness of those
functions. This is an easy process. By completeness, we mean that for any
function f(t) ∈ L2[−π, π], we know that there is an expansion of f(t) such
that

f(t) =
a0

2
+

∞∑

k=0

ak cos(kt) + bk sin(kt).

We will now show that the values for ak and bk as stated in Theorems 2.1.1
and 2.1.2 are correct. We know that

〈f(t), cos(jt)〉 =

∫ π

−π

f(t) cos(jt)dt

=

∫ π

−π

(
a0

2
+

∞∑

k=1

ak cos(kt) + bk sin(kt)

)

cos(jt)dt

=

∫ π

−π

a0

2
cos(jt)dt +

∞∑

k=1

∫ π

−π

ak cos(kt) cos(jt)dt +

∫ π

−π

bk sin(kt) cos(jt)dt.

Note that all of the terms on the right are 0 except the cosine term when
k = j, so we have
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ak

∫ π

−π

cos2(kt)dt =
∫ π

−π

f(t) cos(kt)dt.

Remembering that we proved that right-hand term to be π in the orthogo-
nality section, we have that

ak =
1
π

∫ π

−π

f(t) cos(kt)dt.

Now, we will adjust our notation slightly, so that we can deal with ortho-
normality. When we deal with the sine and cosine terms sin(kt) and cos(kt)
on [−π, π], their squared lengths in L2[a, b] are π as stated above. So to get an
orthonormal set of functions, we have to consider 1√

π
sin(kt) and 1√

π
cos(kt).

In addition, the constant term 1 has a length of
√

2π so its orthonormal
version is 1√

2π
. Thus, the orthonormal version of the Fourier Series is

f(t) =
a0√
2π

+
∞∑

k=1

ak
cos(kt)√

π
+ bk

sin(kt)√
π

, (2.15)

where

ak =
∫ π

−π

cos(kt)√
π

f(t)dt, and bk =
∫ π

−π

sin(kt)√
π

f(t)dt,

for k ≥ 0 and

a0 =
∫ π

−π

1√
2π

f(t)dt.

If we compare the representation in (2.15) to that in (2.1.1), we see that with
the exception of the placement of constants, they are identical. The change in
notation will be necessary in order to realize the benefits of the orthonormal
expansion (2.15).

If we change this to an expansion on [−T, T ], then we have

f(t) =
a0√
2T

+
∞∑

k=1

ak
cos(kπt/T )√

T
+ bk

sin(kπt/T )√
T

, (2.16)

where

ak =
∫ T

−T

cos(kπt/T )√
T

f(t)dt, and bk =
∫ T

−T

sin(kπt/T )√
T

f(t)dt,

for k ≥ 0 and

a0 =
∫ T

−T

1√
2T

f(t)dt.
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More generally, we have the following theorem, whose proof is identical to
that above.

Theorem 2.2.2 Let {ok} be a complete set of orthonormal functions in
L2[a, b] then for any function in L2[a, b], we have

f(t) =
∑

k

〈f(t), ok〉ok.

This theorem is true in any inner product space, but we state it for our current
setting. We will emphasize further generalizations when relevant. From now
on, we will refer to any topologically complete inner product space as a Hilbert
space. We will not go into the details of topological completeness. It suffices
to state that all inner product spaces in this book are Hilbert spaces.

2.2.2 Problems and Exercises:

1. Prove that the representation in (2.15) is correct. Specifically, show that
the norm, or length of the functions cos(kt) and sin(kt) is π on [−π, π],
and that the length of 1 is 2π on this interval.

2. Challenging: Rewrite the expansions in Theorem 2.1.2 so that it is an
orthonormal expansion such as in 2.15. Show that these functions are
orthogonal on [a, b]. Find the norms of these functions on [a, b], and give
the altered version of Theorem 2.1.2. This theorem should distribute
the normalization factors as in (2.15).

2.3 The Pythagorean Theorem

One of the oldest and most well-known theorems for elementary students and
others dates back to the Greeks. Namely, in a right triangle, or a triangle in
which one of the angles is 90o, the squared sum of the length of two sides is
the square of the third side, or a2 + b2 = c2. This simple elementary school
identity has fundamental importance in Fourier Analysis and Linear Analysis
in general. It is also very simple to prove.

Theorem 2.3.1 (Pythagorean Theorem) Let f(t) be a function in a
Hilbert space H (such as L2[a, b]). Let {ok}k be a complete set of orthonormal
functions and f(t) be an element of H. We know from Theorem 2.2.2 that

f(t) =
∑

k

〈f(t), ok〉ok.
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The Pythagorean theorem states that in addition, the squared length of f , i.e.,
‖f‖2, can be represented as

‖f‖2 ≡ 〈f, f〉 =
∑

k

|〈f, ok〉|2.

In addition, we have that if f =
∑

k akok and g =
∑

k bkok, then

〈f, g〉 =
∑

k

akbk.

Stated simply, the squared length of f is identical to the sum of the squared
lengths of the sides, or

∑
k |〈f, ok〉|2. This is exactly the Pythagorean theorem

which is taught at the elementary school. The interesting thing is that the
proof can be understood in middle school (perhaps), but it is exactly the
same in this highly abstract setting.

Proof: Since we know f is in H, we simply begin with the orthogonal decom-
position in Theorem 2.2.2

f(t) =
∑

k

〈f(t), ok〉ok =
∑

k

ckok.

where for simplicity of notation we are letting cj = 〈f(t), oj〉. Now, by the
definition of distance or length, we have

‖f‖2 = 〈f, f〉 =

〈
∑

j

ajoj ,
∑

k

akok

〉

=
∑

j

aj

〈

oj ,
∑

k

akok

〉

.

In the second line above, we have moved the sum and the constants aj outside
of the inner product. This is equivalent to moving the sum and constants
outside of the integral, which is permitted by the linearity of the integral. We
can do this once again with the second sum, and we get

‖f‖2 =
∑

j

aj

〈

oj ,
∑

k

akok

〉

=
∑

j

∑

k

ajak〈oj , ok〉.

Now, recall that the {oj} are an orthonormal set of vectors. Therefore,
〈oj , ok〉 = 0 if j 
= k, and 〈ok, ok〉 = 1. Thus, the only terms of the double
sum which are nonzero are when j = k so we have a single sum,
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‖f‖2 =
∑

k

a2
k =

∑

k

|〈f(t), ok〉|2

which is the first portion of what we were going to prove. The inner product
identity can be proven in an identical fashion to that above, so we leave that
as an exercise.

2.3.1 The Isometry between L2[a, b] and l2

We will now explore the idea of an isometry. Stated plainly, an isometry
is a rule, or transform, which maps one Hilbert space into another Hilbert
space, while preserving two things: a) all distance and b) all inner products.
A simple example in the two-dimensional plane R2 is a rotation by 90o, or
by any fixed number of degrees. Since the plane remains fixed, with all of
the vectors rotating the same number of degrees, it is an isometry. Other
examples are flips about the x and y axis, or any other line through the
origin.

We will now introduce a couple of definitions which will allow us to express
ourselves more easily in the future. We begin the formal definition of a linear
operator.

Definition 2.3.1 (Linear Operator) A linear operator, or linear map,
from one Hilbert space H to another space G is a rule which uniquely assigns
an element g ∈ G to each h ∈ H. In addition, it must be linear. We will gen-
erally denote these by L : H → G, meaning that L(f) = g, with f ∈ H, and
g ∈ G. Moreover, linearity means that L(c1h1 + c2h2) = c1L(h1) + c2L(h2).

We will now formally define an isometry between Hilbert spaces.

Definition 2.3.2 (Isometry) Let L be a linear operator from one Hilbert
space H to another Hilbert space G, i.e., L : H → G. Furthermore, let us
denote the inner products in H and G by 〈, 〉H and 〈, 〉G. Then, we say that
L is an isometry if and only if for any f, g ∈ H, we have

〈f, g〉H = 〈L(f),L(g)〉G.

The fundamental nature of an isometry is that you can measure distances
and angles for functions in one space, say H, by measuring the distances and
angles of the images of the functions in the corresponding space, G. This is
critical for Fourier Analysis. A great deal of the reason why we use Fourier
Series, and in the future the Fourier Transform is that we can often measure
something easily in one space, and not so easily in another space. Thus, we
choose the place where things are easiest, and then the result extends to
the more difficult space. This allows us to analyze the relationships between
similar functions, images, or objects in two different ways, and then choose
the way which is most clear.
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We now define the critical Hilbert space l2. We are interested in sequences
of constants which are either real or complex. We will denote these for now
by {ck}. For the purposes of this book, we will generally have k be either
k = 0, 1, 2, 3 . . . ∞, or k = −∞· · · − 2,−1, 0, 1, 2, . . . ∞.

Definition 2.3.3 (Definition of l2) Let {ck}k be a countable sequence of
constants, which may be either real or complex. We say that {ck}k ∈ l2 if∑

k |ck|2 < ∞. Furthermore, we define the inner product on l2 to be

〈{ak}, {bk}〉 =
∑

k

ak, bk.

Note then that the squared distance on l2 is simply given by
∑

k |ak|2.
The notation in the inner product b is the complex conjugate of b. Namely, if b
is complex, b = α + iβ, then b = α − iβ. This is necessary so that the length of
complex sequences is positive. Suppose that a sequence has only one nonzero
element b, then its squared length would be ‖b‖22 = bb = (α + iβ)(α − iβ) =
α2 + β2.

We now will investigate the critical idea of this section. We define by F the
linear operator which is given by the definition of the Fourier Series. Namely,
the orthonormal representation in (2.15) states that

f(t) =
a0√
2π

+
∞∑

k=1

ak
cos(kt)√

π
+ bk

sin(kt)
π

, (2.17)

where

ak =
∫ π

−π

1√
π

cos(kt)f(t)dt, and bk =
∫ π

−π

1√
π

sin(kt)f(t)dt,

for k ≥ 0 and

a0 =
∫ π

−π

1√
2π

f(t)dt.

We therefore formally define F to be the operator mapping a function
f(t) ∈ L2[a, b] to its orthonormal coefficients {ak}∞

k=0, and {bk}∞
k=1. While at

first appearance this looks like F is mapping f(t) to two sequences in l2, we
do not look at it that way. They are two joined sets of coordinates which we
associate with the cosine and sine terms, respectively. We say that a−k = bk,
and then clearly we have exactly one sequence in l2. We will be switching
notation in the future, partially because of the problem between the dual
cosine and sine coefficients.

We now state the critical theorem of this section, which is certainly one of
the critical ideas of Fourier Analysis.
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Theorem 2.3.2 (The Fourier Isometry) The Fourier Series operator F
defined above is an isometry between L2[a, b] and l2. Specifically, let f(t) be
an element of L2[a, b]. Then, we have

‖f(t)‖22 =
∫ b

a

|f(t)|2dt =
∞∑

k=−∞
|ak|2, (2.18)

where we remember that for k < 0, ak = b−k.

Proof: It turns out that we have already proven this theorem. Note that the
Pythagorean Theorem 2.3.1 guarantees us that anytime you have a sequence
of complete orthonormal functions in a Hilbert space, you can calculate the
length or distance of a function, and inner products between two functions,
from the orthogonal coefficients of the function.

Thus, the Pythagorean theorem states that any set of orthonormal func-
tions naturally generates an isometry between the elements of the original
Hilbert space, and the Hilbert space {l2}.

2.3.2 Complex Notation

We will now switch into complex notation for Fourier Series. We will stay with
this notation for most of the rest of this book. The purpose is to eliminate
the need to separate the cosine coefficients {ak} and sine coefficients {bk}
and the confusion in how the above described Fourier isometry is notated.
Recall that if i2 = −1, then the complex exponential is defined as

eα+iβ = exp(α + iβ) = exp(α)(cos(β) + i sin(β)).

For the purposes of this book, we will generally be interested in

exp((α + iβ)t) = exp(αt)(cos(βt) + i sin(βt).

First for the purpose of understanding this, let us let α = 0, and take two
derivatives of exp(iβt) = eiβt from using the definition of the derivative of
the exponential, and the definition of the derivatives of the cosine and sine
terms on the right. Note that d2

dt2 exp(iβt) = i2β2exp(iβt) = (−1)β2exp(iβt)
using the definition of the exponential. In addition, you get d2

dt2 exp(iβt) =
−1β2 cos(βt) − β2 sin(βt). Thus, the notation is not artificial, but obeys the
rules of differentiation and addition. There are several exercises so if you are
new to this you can become familiar.

We will now start using exp(ikt) ≡ cos(kt) + i sin(kt) as the standard func-
tions on [−π, π]. Now, we will state the Fourier Series theorem in complex
notation.
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Theorem 2.3.3 Let f(t) be any function in L2[−π, π]. Then, we can repre-
sent f(t) in a series as

f(t) =
1√
2π

∞∑

k=−∞
ckeikt (2.19)

where
ck =

1√
2π

〈f(t), eikt〉.

Note first of all that this is much simpler than Theorem 2.1.1 (with
the exception of getting used to complex notation). There is only one set
of coefficients instead of two. There is only one set of functions (rather
than cosines and sines). Also note that exp(ikt) + exp(−ikt) = 2 cos(kt) and
exp(ikt) − exp(−ikt) = 2 sin(kt), so the cosine and sine coefficients and func-
tions are easily recovered from the new functions and coefficients (which will
generally be complex).

We must also redefine the inner product for complex-valued functions at
this time.

Definition 2.3.4 (Complex Inner Product) The inner product for com-
plex functions of a single variable t on L2[a, b] is given by

〈f(t), g(t)〉 =
∫ b

a

f(t)g(t)dt.

Note that this corresponds with the definition on l2.

One thing to keep in mind with the complex inner product is that it is
linear in the first argument (f(t) above) but conjugate linear in the second
argument (g(t) above), i.e., 〈f(t), cg(t)〉 = c〈f(t), g(t)〉. This is necessary to
make distances positive for complex vectors or functions.

We now restate the Fourier isometry from L2[a, b] to l2 using the complex
notation, which we will tend to use from now on.

Definition 2.3.5 (Fourier Operator) Given any function f(t) ∈ L2[a, b]
and its complex representation (2.19)

f(t) =
1√
2π

∞∑

k=−∞
ckeikt

we define F : L2[a, b] → l2 by

F(f(t)) = {ck}k

where we have noted that {ck}k ∈ l2.
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Theorem 2.3.4 (Fourier Series Isometry) The Fourier Series operator
F defined above is an isometry between L2[a, b] and l2. Specifically, let f(t)
and g(t) be elements of L2[−π, π]. Moreover, let f(t) and g(t) have the rep-
resentation

f(t) =
1√
2π

∞∑

k=−∞
ckeikt,

and

g(t) =
1√
2π

∞∑

k=−∞
dkeikt.

Then, we have the lengths being equal in both spaces, i.e., ‖f(t)‖2 =
∑

k |ck|2,
‖g(t)‖2 =

∑
k |dk|2, and in addition that the inner product

〈f(t), g(t)〉 =
∫ b

a

f(t)g(t)dt =
∑

k

ckdk,

can be calculated in either space. Thus, angles and lengths are preserved
between the two spaces.

We can state the above theorem for L2[a, b], by merely changing the expan-
sions. Thus, this holds on L2[a, b].

Proof: The first portion is just a restatement of the Pythagorean theorem.
The second portion follows from direct substitution.

Differences between Notations

We know from Theorem (2.3.1) that whenever we have a complete ortho-
normal set of functions, we have a corresponding orthonormal expansion.
The question arises, “Why do we have two for Fourier Series, and how does
that change?” Both are the same, and we just want you to recognize the
difference.

Specifically, from Theorem 2.1.1, we can write

f(t) =
a0

2
+

∞∑

k=1

ak cos(kt) + bk sin(kt)

where

ak =
1
π

∫ π

−π

f(t) cos(kt)dt, and bk =
1
π

∫ π

−π

f(t) sin(kt)dt.

But we later introduced the representation in (2.15)
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f(t) =
a0√
2π

+
1√
π

∞∑

k=1

ak cos(kt) + bk sin(kt),

where

ak =
∫ π

−π

1√
π

cos(kt)f(t)dt, and bk =
∫ π

−π

1√
π

sin(kt)f(t)dt,

for k ≥ 1 and a0 = 1/
√

2π
∫

f(t)dt. They are the same. Note that in the sec-
ond representation, the

√
π is split, and in the first, it is combined. Why

should we have two notations? The representation in (2.15) is necessary to
make sure the isometry is preserved. The original representation in Theorem
2.1.1 is somewhat cleaner. Moreover, you will eventually see different repre-
sentations and you need to know how they relate. They are all the same, but
the notation is changed.

To make this clear, let us consider the following project. Given a complete
and orthogonal set of functions {fk} in a Hilbert space H, we want to have
orthonormal expansions. This means we must normalize the functions. We
do this very simply by defining

ok =
fk

‖fk‖ .

Now, for any function f ∈ H, we have

f =
∑

k

〈f, ok〉ok

=
∑

k

〈f,
fk

‖fk‖〉 fk

‖fk‖ (2.20)

=
1

‖fk‖2
∑

k

〈f, fk〉fk. (2.21)

The difference in representations between (2.21) and (2.20) is exactly the
difference between the Fourier references above. To obtain the isometry, we
have to use (2.20) and the coefficients of (2.20).

2.3.3 Estimating Truncation Errors

Only under rare circumstances are we able to turn infinite series into a con-
crete equation. Thus, we are often forced to estimate an infinite Fourier Series
with its finite approximation. Let us refer to the Fourier summation as S(f),
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and the truncated summation SN (f), and the error in truncation as EN (f),
so we have

f(t) = S(f) =
a0

2
+

∞∑

k=1

ak cos(kt) + bk sin(kt)

=

(
a0

2
+

N∑

k=1

ak cos(kt) + bk sin(kt)

)

+

( ∞∑

k=N+1

ak cos(kt) + bk sin(kt)

)

= SN (f) + EN (f). (2.22)

Similarly if we are using complex notation, let us define

f(t) = S(f) =
1√
2π

∞∑

k=−∞
ckeikt

=

⎛

⎝ 1√
2π

∑

|k|≤N

ckeikt

⎞

⎠ +

⎛

⎝ 1√
2π

∑

|k|>N

ckeikt

⎞

⎠

= SN (f) + EN (f). (2.23)

We are primarily interested in estimating f(t) − SN (f) = EN (f). Generally,
the easiest way to estimate this is in the metric,

‖f(t) − SN (f)‖22 =
∫ π

−π

|f(t) − SN (f)|2dt =
∫ π

−π

|EN (f)|2dt. (2.24)

Thus, if we want to estimate our error, we can estimate either of the two
quantities at the right above. By the Fourier isometry, each of those quantities
can be measured at least two ways.

Estimating
∫ π

−π
|EN (f)|2dt by calculating the integral in time requires the

numerical estimation integral, which creates some difficulties, but is possible.
Estimating the Fourier Transform via the isometry is sometimes much easier.
In addition, creative use of the isometry will allow us to measure this in a
number of ways. One common way is to realize that

‖EN (f)‖2 =
∑

|k|>N

|ck|2.

Since this is an infinite integral, it is not generally easy to calculate in closed
form. However, we know that

‖f‖2 −
∑

|k|≤N

|ck|2 =
∑

k>N

|ck|2.
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Thus, we can calculate the norm of f by integrating in time directly, and
then subtract the finite sum of coefficients until the values on the right are
sufficiently small. This is one of the advantages of the isometry. You can
measure things in different ways, and some are much more efficient than
others.

An Example:

As an example, we will return to the first Fourier Series we calculated. Recall
that

χπ(t) =
1
2

+
∞∑

k=0

2 sin(kπ/2)
kπ

cos(kt),

on [−π, π] where

χπ(t) =
{

1 if |t| < π
0 if |t| > π

, (2.25)

Now, we would like to calculate how many coefficients it will take to have the
error ‖EN (f)‖ < .01. We must first switch to the orthonormal representation

χπ(t) =
√

2π

2
1√
2π

+
∞∑

k=0

(
2 sin(kπ/2)

k
√

π

)
cos(kt)√

π
,

where we have normalized the functions 1 and cos(kt) and appropriately
adjusted the coefficients. Now, by the isometry, we know that ‖χ(t)‖2 is
equal to

Figure 2.6: We plot the convergence of the series (2.26) above. The error is rep-
resented by the difference of the squared integral of the function, at top, and the
asymptotically approaching sum of squared coefficients, below. While these two do
asymptotically approach each other, this convergence is very slow.
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the sum of the squared coefficients, or

∫ π

−π

|χπ(t)|2dt = π =
π

2
+

∞∑

k=1

(
2 sin(kπ/2)

k
√

π

)2

. (2.26)

This leads us to the equality

∞∑

k=1

(
2 sin(kπ/2)

k
√

π

)2

=
∞∑

k=1

4 sin2(kπ/2)
k2π

=
π

2
.

The question is, how fast does this happen? By our discussions above

‖EN (f)‖2 = π −
(

π

2
+

N∑

k=1

4 sin2(kπ/2)
k2π

)

. (2.27)

This can be quickly determined numerically. In Figure 2.6, we see this above
sum converging to π. A quick check shows that the absolute squared error
‖EN (f)‖2 is less than .01 after 64 terms. Recall, however, that ‖EN (f)‖2
is much smaller than ‖EN (f)‖. To check ‖EN (f)‖, we must take the square
root of (2.27), and we find that we need 6368 terms. Thus, this sum converges
very slowly, if you want a lot of accuracy. This error level would be very hard
to check with a direct numerical integration.

2.3.4 Problems and Exercises:

1. Prove that if f(t) and g(t) ∈ L2[a, b], then for any constants h(t) =
αf(t) + βg(t) < ∞.

2. Use basic trigonometric identities to verify that eixeiy = ei(x+y).

3. Prove the inner product statement in Theorem 2.3.1.

4. Show that the representation in Theorem 2.3.3 is a valid orthonormal
representation. Specifically, show that the functions

1√
2π

eikt

are orthonormal on [−2π, 2π].

5. Find the orthonormal representation for Theorem 2.1.2, such as we
rewrote Theorem 2.1.1 in Theorem 2.3.3. First, find the appropriate
complex exponentials for [a, b], as are suggested by the sine and cosines
of Theorem 2.1.2. Make sure that your altered complex exponentials
are orthogonal. Add in the normalization factors which will make them
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orthonormal. Finally, write the final form of the new theorem, as in
Theorem 2.3.3.

6. Verify that the Fourier isometry holds on [−π, π] for f(t) = t. To do
this, (a) calculate the coefficients of the orthogonal Fourier Series from
representation in (2.17), (b) calculate the sum of the squared coeffi-
cients, and (c) calculate the norm of the function as

∫ π

−π
|f(t)|2dt. How

many terms in the Fourier Series are necessary to have the isometry be
under 5%? How many until you are under 3%, or 1%?

7. Verify that the Fourier isometry holds on [−π, π] for f(t) = χπ/4(t). To
do this, (a) calculate the coefficients of the orthogonal Fourier Series
from representation in (2.17), (b) calculate the sum of the squared
coefficients numerically, or analytically if possible, and (c) calculate the
norm of the function as

∫ π

−π
|f(t)|2dt. How many terms in the Fourier

Series are necessary to have the isometry be under 5%? How many until
you are under 3%, or 1%?

8. Verify that the Fourier isometry holds on [−π, π] for f(t) = t2. To do
this, (a) calculate the coefficients of the orthogonal Fourier Series from
representation in (2.17), (b) calculate the sum of the squared coefficients
numerically, or analytically if possible, and (c) calculate the norm of
the function as

∫ π

−π
|f(t)|2dt. How many terms in the Fourier Series are

necessary to have the isometry be under 5%? How many until you are
under 3%, or 1%?

2.4 Differentiation and Convergence Rates

We now get to a basic idea of Fourier Analysis. It turns out that the Fourier
isometry makes this an easy exercise. Let us suppose that we have

f(t) =
∞∑

k=−∞
ckeikt,

as above. The question comes up, can we differentiate f(t) in a term by term
manner, namely is

f ′(t) =
∞∑

k=−∞
(ik)ckeikt? (2.28)

For the purpose of this book, we are only interested in these functions as
functions of the space L2[−π, π]. A simple answer to this question is that
if the sum on the right only has a finite number of terms, then f ′ can be
represented as the above series always. The linearity of the derivative, or the
fact that d

dt (af(t) + bg(t)) = af ′(t) + bg′(t), guarantees this. This becomes
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trickier when the sum has an infinite number of terms, which is almost always
the case.

Let us look at this question as a question about the isometry. Namely,
instead of considering f(t) and whether or not it has derivatives in L2[a, b]
let us consider the question, “Do the Fourier coefficients corresponding to
f ′(t) exist in l2?” or is

‖f ′(t)‖2 =
∞∑

k=−∞
|(ik)2ck|2 =

∞∑

k=−∞
k2|ck|2 < ∞. (2.29)

If the sum at the right is finite, then there certainly is a function, which
we will call h in L2[−π, π] which has that Fourier expansion. The remaining
question is whether that function is f ′(t)?

2.4.1 A Quandary between Calculus and Fourier
Analysis

Let us remember integration by parts, where
∫

f ′g + fg′dt = fg or
∫

f ′g =
fg − ∫

fg′dt. Remember the definition of the complex inner product, and the
coefficients ck, which gives us the coefficients dk for f ′(t) as

dk = 〈f ′(t), eikt〉 =
∫

f ′(t)e−iktdt

= f(t)eikt|π−π +
∫

f(t)(ik)e−iktdt

= f(t)eikt|π−π + (ik)ck

= (−f(π) + f(−π)) + (ik)ck.

Thus, the coefficients of h, which is the derivative of the Fourier Series of f ,
would differ from those of f ′ if f(π) 
= f(−π). This is where the quandary of
Fourier Analysis and L2[−π, π] becomes a little tricky. Let us define f1(t) =
f(t) everywhere except at π and −π, where f1(t) = 0 for the sake of argument.
Then, the Fourier coefficients for f1(t) would be identical to those of h. But
f(t) and f1(t) are identical except at two points, thus

‖f(t) − f1(t)‖2 =
∫

|f(t) − f1(t)|2dt = 0

so they are the same function in L2[a, b]. Thus, one could argue that the
coefficients of h are the coefficients of f .

This is not a valid argument for functions in L2[−π, π]. If we were dealing
with only the continuous functions, then the argument would be valid. The
problem is that the integration by parts above assumes that f ′(t) ∈ L2[−π, π],
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but nothing more about f ′(t). We utilized the Fundamental Theorem of Cal-
culus, but that assumes that f ′(t) is continuous. A very extensive resolution
of this quandary is given in Tolstov’s book [20]. The theorems of Jackson and
other approaches are elegantly described in Cheney [5]. The above argument
is “morally” correct, and the details have been extensively studied. The reader
is encouraged to look more extensively into these details. For the purposes
of this book, we will concentrate on the criterion of equation (2.29). This is
sufficient to understand Fourier Series, derivatives, and the rates of decay of
Fourier Series, which are essential for the applications in later chapters.

2.4.2 Derivatives and Rates of Decay

Let us return to a basic exponential series

f(t) =
∞∑

k=−∞
ckeikt

and differentiate it in a term by term manner to obtain the hopeful represen-
tation (2.28)

f ′(t) =
∞∑

k=−∞
(ik)ckeikt.

The function f ′(t) as represented in (2.28) can only exist in L2[−π, π] if

‖f ′(t)‖2 =
∞∑

k=−∞
|(ik)2ck|2 =

∞∑

k=−∞
k2|ck|2 < ∞.

Let us consider the consequences of this equation. Recall the key factors for a
sequence to converge. Most notably consider the sum of the series

∑
k

1
k = ∞.

This can be proven by any number of methods. More generally, we can say
that ∞∑

k=1

1
k1+ε

is finite whenever ε > 0 and is infinite whenever ε ≤ 0. Thus, the dividing line
between convergence and divergence is 1

k .
Now, let us consider some notation. We will use this to consider more gen-

eral sequences, or to compare one sequence to another. This will be necessary
to understand the nature of Fourier coefficients.
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Definition 2.4.1 Given a reference sequence {bk}, we say that another
sequence {ak} is O(bk) if for some finite M the inequality

ak

bk
< M < ∞,

holds for all k. The above definition is oftentimes replaced by the limit superior
(which we will not go into) and is equivalent to the above. Thus, an equivalent
definition is

limk
ak

bk
< M < ∞.

Moreover, we say that {ak} is o(bk) if

lim
k→∞

ak

bk
= 0.

These are terms as little “o” and big “O” notation. Thus, if one sequence
is smaller than another in the limit, the little “o” applies implying one is
smaller than the other. If the sequences are comparable, then the “O” nota-
tion applied, implying that they are of similar magnitude, up to a constant
M of some size (which might be huge). Note that O(bk) is weaker than o(bk),
so anytime something is little “o” to another sequence it is also big “O”, with
the constant M being zero. The little “o” notation is therefore stronger and
preferable when available.

Returning to our equation (2.29), we have that

∞∑

k=−∞
k2|ck|2 < ∞. (2.30)

if the derivative representation f ′(t) exists in L2[a, b]. This implies that
k2|ck|2 = o(1/k), or that series {k2|ck|2} is asymptotically smaller than the
series 1/k since the sum of the terms 1/k is infinite. If k2|ck|2 were not
o(1/k), then the sum of these coefficients would have to be infinite (this is
false). Thus, it follows that |ck|2 = o(1/k3) or that

ck = o

(
1

k3/2

)

. (2.31)

The previous argument is morally correct, but not true. To see this let us
define a sequence ck to be 0 whenever k 
= n2 for some n where n is an integer.
Let ck = 1/k = 1/n2 whenever k = n2 with n an integer. Then, the condition
in (2.30) would be valid, since the terms would be

∑
n 1/n2 < ∞.
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There are many different varieties of the statements for defining when
a function is differentiable in terms of its coefficients. Equation (2.30) is
correct. Trying to move it to limit equations on the cks becomes difficult
mathematically and has led to an incredible number of true theorems. They
are all within a very small ε of the general rule, which is illustrated in (2.31).
They are all different, however, and cause confusion. Equation (2.30) is a very
good and true guideline. One is referred to [5, 20] and many other books and
publications for the details of more exact relationships.

Higher Derivatives

Let us now consider the higher derivatives. Returning to our basic complex
Fourier Series

f(t) =
∞∑

k=−∞
ckeikt,

we can differentiate this n times in a term by term manner to obtain a series
for

f (n)(t) =
∞∑

k=−∞
(ik)nckeikt.

This function does not exist in L2[−π, π], however, unless

∞∑

k=−∞
k2n|ck|2 < ∞.

This statement is correct and flows both ways. We have a theorem, specif-
ically

Theorem 2.4.1 Let f(t) ∈ L2[−π, π] have the Fourier representation

f(t) =
∞∑

k=−∞
ckeikt.

Then, the nth derivative of f(t), f (n)(t) exists in L2[−π, π] if and only if

∞∑

k=−∞
k2n|ck|2 < ∞ (2.32)

and then it has the representation

f (n)(t) =
∞∑

k=−∞
(ik)nckeikt.
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Let us investigate the consequences of the series in (2.32). As before,
a good rule of thumb is that the series k2n|ck|2 should be asymptoti-
cally smaller than the series 1/k, since the sum of 1/k is infinite. This
would imply that k2n|ck|2 = o(1/k), or that |ck|2 = o(1/k2n+1), implying that
|ck| = o(1/kn+1/2). While this is essentially correct, one can make up coun-
terexamples which as we did in before showing that we can have convergence
without this condition.

We can state something more definitive, without being exhaustive on all
of the conditions necessary to have a term by term derivative.

Theorem 2.4.2 Let f(t) ∈ L2[−π, π] have the Fourier representation

f(t) =
∞∑

k=−∞
ckeikt.

Then, the nth derivative of f(t), f (n)(t) exists in L2[−π, π] if

|ck|2 = o(1/k2n+1+ε) (2.33)

for any ε > 0, and it will have the valid Fourier representation

f (n)(t) =
∞∑

k=−∞
(ik)nckeikt.

This clears up some of the problems. We do not claim to be exhaustive on
all of the possible conditions which may make term by term differentiation
work. Once again, please refer to the references at the end of this book, and
the many other possible Fourier Analysis resources. We believe that this basic
understanding is enough to move forward.

2.4.3 Fourier Derivatives and Induced
Discontinuities

We will now investigate the decay rates via some examples. We first recall that
via our discussion in Section 2.4.1, a function f(t) ∈ L2[−π, π] will not have
a valid term by term Fourier representation of its derivative unless f(π) =
f(−π). We would also like to have the Fundamental Theorem of Calculus
hold, or we would like

f(t) = f(−π) +
∫ t

−π

f ′(x)dx.
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Using this as our definition of a Fourier derivative, we will now analyze sev-
eral examples to see if term by term differentiation is consistent with this
definition, and the decay rates are appropriate.

First Example: Let us consider the simple example of f(t) = t on [−π, π].
While this function seems to be absolutely continuous, its periodic extension,
illustrated in Figure 2.4, is discontinuous at every odd multiple of π. It fails
the basic test f(π) = f(−π)?, and thus the decay rate cannot be fast. We
will leave the prediction of this decay rate and the verification as an exercise.

Second Example: We will now consider the second simple example of
f(t) = t2 on [−π, π]. This function does satisfy f(π) = f(−π) and therefore

Figure 2.7: We have plotted the periodic extension of f(t) = t2 from [−π, π] to
[−3π, 3π]. Note that the periodic extension is continuous.

since it is continuous, and its derivative is f ′(t) = 2t, we expect its series to
converge much faster. Certainly, this satisfies the Fundamental Theorem of
Calculus. Once again, we will let the reader predict the decay rate, and verify
this with the Fourier expansion.

2.4.4 Problems and Exercises:

1. (a) Predict the decay rate of the coefficients for the Fourier expansion
of f(t) = t on [−π, π]. (b) Calculate the Fourier Series for this and
compare this to your prediction. (c) Were you correct?

2. (a) Predict the decay rate of the coefficients for the Fourier expansion
of f(t) = t2 on [−π, π]. (b) Calculate the Fourier Series for this and
compare this to your prediction. (c) Were you correct?

3. Consider the function

f(t) =
{

t + 1 for t ∈ [−1, 0]
1 − t for t ∈ [0, 1] (2.34)

(a) Does f(t) have a valid Fourier derivative in [−1, 1]? (b) What is
that derivative if it exists? (c) Calculate the Fourier Transform of the
function f(t) on [−1, 1]. (d) Take the term by term Fourier Transform
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of this function. (e) Plot this function and state whether it is consistent
with the derivative of the function.

4. Challenging: Consider the function g(t) = f(t)2 where

f(t) =
{

t + 1 for t ∈ [−1, 0]
1 − t for t ∈ [0, 1] (2.35)

(a) Does g(t) have a valid Fourier derivative in [−1, 1]? (b) What is
that derivative if it exists? (c) Calculate the Fourier Transform of the
function g(t) on [−1, 1]. (d) Take the term by term Fourier Transform
of this function. (e) Plot this function and state whether it is consistent
with the derivative of the function.

5. Consider the function

f(t) =
{

0 for |t| ≥ π/2
cos(t) for |t| ≤ π/2 (2.36)

(a) Does f(t) have a valid Fourier derivative in [−π, π]? (b) What is
that derivative if it exists? (c) Calculate the Fourier Transform of the
function f(t) on [−π, π]. (d) Take the term by term Fourier Transform
of this function. (e) Plot this function and state whether it is consistent
with the derivative of the function.

2.5 Sine and Cosine Series

We have talked about Fourier Series on L2[a, b]. By that we are implicitly
using both sines and cosines. We have talked about adjusting the sines and
cosines to the length of the interval. In addition, we have also talked about
the fact that an even function, when expanded about 0, will have only cosine
terms, and an odd function, expanded about 0, will have only sine terms.

We will now look to expand functions which are neither odd, nor even,
in either cosine or sine series. This cannot be done in the manner described
until now in this chapter.

To do this, let us return to an example we had earlier, namely f(t) = t.
We expanded this on [−π, π] using the Fourier Series in Figure 2.4. Since this
function was odd, this expansion involved only sine terms. Now, we would like
to consider expanding it on the half interval [0, π]. The earlier sine expansion
will obviously still converge on this interval.

We can also expand this function on [0, π] using cosine terms, should
we choose. We do this by considering the function g(t) = |t| on [−π, π] and
expanding it in a traditional Fourier Series. Because g(t) is even, this expan-
sion will have only cosine terms. But since g(t) = f(t) on [0, π], this cosine
expansion will converge to f(t) on [0, π].
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Thus, we have a way to expand a function f(t) on [0, π] using either a
cosine or sine series.

• If you want to expand in a cosine series, you define

ge(t) =
{

f(t) if |t| > 0
f(−t) if |t| < 0 , (2.37)

Thus, you are artificially creating a g(t) which is an even extension of
f(t).

• If you want to expand in a sine series, you define

go(t) =
{

f(t) if |t| > 0
−f(t) if |t| < 0 , (2.38)

Thus, you are artificially creating a g(t) which is an odd extension of
f(t).

The Fourier Series for both of these functions will converge on [−π, π],
and thus will both be equal to f(t) on [0, π] since ge(t) = go(t) = f(t) for
t ∈ [0, π].

The Fourier coefficients will merely be twice the coefficients they would be
in the original series, or we have a cosine series which is

f(t) =
a0

2
+

∞∑

k=1

ak cos(kt)

and

f(t) =
∞∑

k=1

bk sin(kt),

where

ak =
2
π

∫ π

0

f(t) cos(kt)dt, and bk =
2
π

∫ π

0

f(t) sin(kt))dt.

Example

We will now illustrate simply expanding f(t) = t in a cosine series on [0, π].
This means that we are implicitly expanding g(t) = |t| on [−π, π]. Our coef-
ficients are calculated simply from the above formula using integration by
parts. Thus when k = 0

a0 =
2
π

∫ π

0

tdt =
2
π

t2/2|π0 = π,
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so the average value is a0/2 = π/2 as expected.

ak =
2
π

∫ π

0

t cos(kt)dt

=
2
π

(

t
sin(kt)

k
|π0 −

∫ π

0

1
sin(kt)

k
dt

)

=
2
π

(

0 − − cos(kt)
k2

|π0
)

=
2

k2π
(cos(kπ) − cos(0)) =

2
k2π

(cos(kπ) − 1). (2.39)

Note that the terms at the right will be zero for k even. Thus, we have the
cosine series

t =
π

2
+

∞∑

k=1

2
k2π

(cos(kπ) − 1) cos(kt), (2.40)

which is valid on [0, π].
Now, let us examine the partial sum approximations which are shown in

Figure 2.8. These are remarkably good, for very few terms. Recalling the
approximations to f(t) = t with the sine approximations on [−π, π], these
converge much more quickly. The question is why? The answer is simple. With
the sine approximation on [−π, π], there is an induced jump discontinuity at
the endpoint. By periodizing t, you are eliminating the discontinuity, and
trading

Figure 2.8: We display approximations to f(t) = t with a cosine series and sine series
on [0, π]. Note that with just only 10 terms, the cosine approximation is very good.
With sine series is not good with 50 or more terms.
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it for only a discontinuity in the derivative. Thus, we are now dealing with a
continuous and not a discontinuous function. This makes the approximations
much better.

Let us remember at this point that we are approximating an even extension
of t on [0, π], or the two π periodic extension of t. The odd extension of t
would have simply been t, but which is 2π periodic. Thus, let us examine the
two periodic extensions, ge(t) and go(t) in Figure 2.9.

Let us go back and examine the cosine representation for t shown in (2.40).
An obvious reason that it converges quickly is that the coefficients are 2/k2.
The sine representation for t (exercise 3 in Section 2.1.3) has coefficients that
only decay like 1/k. Thus, it is natural that this series converges faster. We
have talked about series converging at a faster rate if and only if they have
derivatives. Let us examine the term by term derivative of equation (2.40) or

d

dt

(
π

2
+

2
k2π

∞∑

k=1

(cos(kπ) − 1) cos(kt)

)

=
2

k2π

∞∑

k=1

(cos(kπ) − 1) (−k sin(kt))

=
∞∑

k=1

−2(cos(kπ) − 1)
kπ

sin(kt). (2.41)

Since the terms are O(1/k), this series should converge, since the sum of
its coefficients is finite. In Figure 2.10, we show the first 100 terms of the
derivative

Figure 2.9: We illustrate the even and odd 2π periodic extensions of f(t) = t on
[0, π] above. Note that while the odd extension go(t) might seem more natural, the
even extension ge(t) is continuous while the odd extension has a jump discontinuity.
As a result, the cosine series converges much faster on [0, π].
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of this series. Note that it quite apparently converges for a function which is
±1. This is exactly the derivative of the extension ge(t) shown in Figure 2.9.

A key difference between the two extensions in Figure 2.9 is that while
they both have discontinuities in their derivatives at isolated points, the odd
extension has a jump discontinuity in the function. Note that the even exten-
sion is ge(t) = |t| on [−π, π] and is periodic after that. If we define

h(t) =
{

1 if 2mπ < t < (2m + 1)π
−1 if (2m + 1)π < t < 2mπ

, (2.42)

then h(t) is the derivative of ge(t) except at the points kπ. More importantly,
we can write that

ge(t) =
∫ t

0

h(x)dx, (2.43)

and this will be valid for all t, even though the derivative is not defined at
mπ.

Note that we can similarly define the derivative of the odd extension go(t).
You will not be able to write an analogue of the equation (2.43), however,
due to the jump discontinuity in the function go(t).

We summarize by stating the following

Theorem 2.5.1 (Sine and Cosine Representations) Let f(t) be any
function on L2[0, T ]. Then, we can represent f(t) in a series on [0, T ] as
either

Figure 2.10: We illustrate the first 100 terms of the series for ge(t) and the deriv-
ative of that series above 2.41. First note that the series for ge(t) converges in the
first 10 terms or so, and thus, the 100-term approximation is essentially identical to
ge(t). Second, notice that the derivative is either approximately 1, or -1, according
to the derivative of ge(t). In addition, notice the strong Gibbs ringing at the jump
discontinuity, and the slow convergence.
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f(t) =
a0

2
+

∞∑

k=1

ak cos
(

kπt

T

)

,

or

f(t) =
∞∑

k=1

bksin

(
kπt

T

)

where

ak =
2
T

∫ T

0

f(t) cos
(

kπt

T

)

dt, and bk =
2
T

∫ T

0

f(t) sin
(

kπt

T

)

dt.

Proof: The proof follows directly from the above discussions and the original
Fourier Series theorems.

2.5.1 Problems and Exercises:

1. Calculate the sine and cosine series for f(t) = t on [0, 1]. Plot the first
30 terms of these series on [−3, 3]. Estimate the error between both
series and the function on [0, 1] after 30 terms. How many more terms
of the sine series are necessary to achieve the same error as was achieved
with the cosine series and 30 terms?

2. Plot the first 30 terms of the derivatives of both the sine and cosine
series in the above problem. What do you observe? Do either of them
converge, and why?

3. Prove that both the cosines {1, cos(kt)}∞
k=1, and the sines {sin(kt)}∞

k=1

are orthogonal on [0, π]. Given that

{1, cos(kt), sin(kt)}∞
k=1

is complete in L2[−π, π] show that both {1, cos(kt)}∞
k=1 and {sin(kt)}∞

k=1

are complete in L2[0, π].

4. Compute the sine and cosine series for

f(t) =
{

t if t ≤ π/2
π/2 − t if t > π/2 , (2.44)

on [0, π]. Which converges faster? Plot the terms. Why do you think
this is?
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2.6 Perhaps Cosine Series Only

In the last section, we showed how a cosine series, which is naturally even,
could far more efficiently approximate an odd function. We would like to
push this idea one step further, and try to use only cosine series, which are
naturally even, to represent an arbitrary function, which is neither odd nor
even.

To begin with, remember that we have already constructed a decomposi-
tion of an arbitrary function into its even and odd components. Namely, let
us refer to our first Fourier Series formula

f(t) =
a0

2
+

∞∑

k=1

ak cos(kt) + bk sin(kt).

The constant and cosine terms are the even portion of the function, and the
sine terms are the odd portion of the function. Thus, we know we can write
f(t) = fe(t) + fo(t).

Now, we would like to consider writing f(t) = fe(t) + fo(t) in terms of odd
and even functions, more directly. Since fe(t) = fe(−t) and fo(t) = −f(−t),
we have the relations

fe(t) =
1
2
(f(t) + f(−t))

and
fo(t) =

1
2
(f(t) − f(−t)).

Obviously, f(t) = fe(t) + fo(t) from the definitions above.
What we showed above in the last section is that an even extension of

an odd function is more easily representable than the original odd function.
Secondly, we have shown that t2 is more easily representable than t, or that
even functions are more easily representable.

The question then is, can’t we make everything even? The answer is yes.
We will call this they Compression Series. The algorithm is simple.

Forward Transform:

1. Calculate the cosine series coefficients for fe(t).

2. Calculate the cosine series coefficients for fo(t).

3. Figure out how many terms are necessary to represent fe(t) and fo(t)
within a desired accuracy, and keep only these terms.

The reconstruction algorithm is similarly simple.



60 2 Basic Fourier Series

Inverse Transform:

1. Calculate fe(t) within the desired accuracy from the above stored coef-
ficients.

2. Calculate fo(t) within the desired accuracy on [0, π] from the above
stored coefficients. Let fo(−t) = −fo(t).

3. Calculate f(t) = fe(t) + fo(t) within the desired accuracy with very few
coefficients.

Theoretically, we have suggested that you can store, or transmit, many
fewer coefficients using the above algorithm than blindly using the Fourier
Transform. Let us calculate a test example, just to understand what the
savings might be. We will use the very simple function f(t) = 2 + 3t, on the
interval [−π, π].

The even and odd components of this function are obvious, namely f3(t) =
2 and fo(t) = 3t. Now, let us try to represent this function with a minimal
number of coefficients, using both the standard Fourier Transform and the
cosine series.

The sine series for f(t) = t on [−π, π] is

t =
∞∑

k=1

−2 cos(kπ)
k

sin(kt). (2.45)

By linearity, the Fourier Series for our function

f(t) = 2 + 3t = 2 − 3
∞∑

k=1

2 cos(kπ)
k

sin(kt).

Let us simplify the discussion by realizing that the only question is “How
quickly can be represented the odd portion of the function?”

The cosine series for f(t) = t is

t =
π

2
+

∞∑

k=1

2
k2π

(cos(kπ) − 1) cos(kt), (2.46)

One of the series decays as O(1/k) and the other as O(1/k2). Thus, the cosine
series is more efficient. We illustrate while emphasizing that both obey the
isometry rule, or Pythagorean theorem. To do this, we must first rewrite these
series in their orthonormal form. This isolates the orthonormal coefficients,
and the orthonormal functions, or vectors. The orthonormal forms are

t =
∞∑

k=1

(

−2 cos(kπ)
√

π

k

)
sin(kt)√

π
. (2.47)
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and

t =
π3/2

√
2

1√
2π

+
∞∑

k=1

(
2

k2π
(cos(kπ) − 1)

)
cos(kt)√

π
. (2.48)

The obvious question is “Why do we have to rewrite the equations 2.45 and
2.46 in the more cumbersome forms 2.47 and 2.48?” The answer is that we
have to have the orthonormal coefficients. Combining constants in the series
makes it more pleasant, but does not allow us to check on the Pythagorean
identity.

Let us now examine this and the convergence rates of both series. The
norm of the function f(t) = t is

∫ π

−π

t2dt =
t3

3
|π−π =

2π3

3
≈ 20.67.

The Fourier isometry tells us that we also have the strange set of equalities

2π3

3
=

π3

2
+

∞∑

k=1

(
2

k2π
(cos(kπ) − 1)

)2

=
∞∑

k=1

(

−2 cos(kπ)
√

π

k

)2

. (2.49)

Let us check this numerically. In Figure 2.11, you see the sum of the squared
coefficients of the cosine series and the sine series. It is apparent from 2.11
that the cosine series converges much quicker. The absolute numbers can be
objectively judged by the relative mean squared error RMSE, which is defined
to be

RMSE =
‖f(t) − SN (f(t))‖2

‖f(t)‖2 .

After 50 terms, the RMSE for the cosine series is 3e-7. The corresponding
RMSE for the sine series is .12. After 1000 terms, the sine series has a RMSE
of 6e-4. The cosine series achieves this with eight terms. Thus, 1000 coeffi-
cients of the sine series are equivalent to eight terms from the cosine series.
The savings in computation and storage is very, very significant.

2.6.1 Induced Discontinuities vs. True
Discontinuities

The above conversation on using the cosine series focuses on the fact that a
Fourier Series is naturally periodic. If the function to be represented is odd,
there is an induced jump discontinuity at the endpoint. We have put forward
the idea that by changing the odd portion of the function to be even, and
then using a cosine representation on it, this can be avoided.
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Figure 2.11: The blue curve above is the sum of the squared coefficients from the
cosine series 2.48. The green curve is similarly the sum of the squared coefficients
from the sine series 2.47. Note that the cosine series converges much faster.

The question which was not addressed is “What should be done if the
function has an actual discontinuity in it?” The answer depends upon the
application. If you are using the Fourier Series for computation in a differ-
ential equation, you probably do not want to erase the discontinuity, since it
is fundamental to the answer. On the other hand, if you are just trying to
find efficient storage methods, represent jump discontinuities as exactly what
they are. Record the jump discontinuities, and then use the Fourier Trans-
form to represent the smoothed function. This is one of many solutions. A
simple example is illustrated in Figure 2.12. The function above is

f(t) =
{−t + 1 if |t| < 0

t2 if |t| > 0 . (2.50)

Removing the discontinuity at the origin will result in a much more efficient
Fourier Series.

2.6.2 Problems and Exercises:

1. Challenging: Calculate the Fourier Series for the above function. How
many terms are necessary to represent it with a RMSE of less than .01?

2. Challenging: Remove the discontinuity from the above function, and
represent it using only cosine series, and the removed discontinuity. How
many terms are necessary to represent it with a RMSE of less than .01?
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Figure 2.12: We illustrate a jump discontinuity in the first of the above graphs, and
the graph with the jump discontinuity removed below. The standard Fourier Series for
this function would converge very slowly with the extension “efficient representation”.

2.7 Gibbs Ringing Phenomenon

Throughout all of our Fourier Series examples, we have noticed a ringing phe-
nomenon, at the discontinuities of the functions. This phenomena is referred
to as Gibbs ringing in honor of an American mathematician and physicist
who wrote about it in the late 1800s [9]. We will address this phenomena
from a more analytical perspective in Chapter 4.

We will look into this more thoroughly from the numerical perspective at
this time. We will utilize the Fourier Series of the function χπ/2(t) which we
showed earlier to have the expansion

χ(t) =
1
2

+
∞∑

k=0

2 sin(kπ/2)
kπ

cos(kt).

In Figure 2.13, we examine the maximas and minimas of the approxima-
tions to this function. We notice that they are all nearly as far above or below
the desired function, regardless of the number of terms in the approximation.
This is very disturbing, since we have proven that the Fourier Series must
converge for all functions in L2[a, b]. It seems that no matter how many terms
are added, there is still a large difference between the maxima, minima, and
the desired values of 1 and 0.

There are a number of observations that can be made from Figure 2.13.
Putting all of them together allows us to understand what seems like an
anomaly which is not consistent with our theorems. Let us note some obser-
vations.

1. The maxima and minima of the partial sums do not seem to decrease
and approach the final desired value.

http://dx.doi.org/10.1007/978-1-4939-7393-4_4
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Figure 2.13: We have plotted an approximation to χ(t) on [−π, π] above, with 20,
40, and 80 terms. We display this approximation on the interval [1, 2] to get a close-up
of the approximations. We notice that the maximum value or peak value of each of
the approximations is approximately .1 or so above the desired value of 1. Similarly,
the minimum value stays below 0 by a similar amount.

2. The locations of those maxima and minima seem to get closer to the
discontinuity as the number of terms increases.

3. The area of the error created by this “ringing” seems to decrease.

Let us move from pure speculation based on the graphs, to observation
of the numerical facts. The values of the maxima were 1.0899, 1.0896, and
1.0894. The maxima on the right of the discontinuity are located at 1.4140,
1.4920, and 1.5320. Looking at the graphs, it would seem that the maxima
will stay at a value around 1.09 and that the location of the maxima will
approach π/2 ≈ 1.5708. Let us test this with 200 terms, illustrated in Figure
2.14. The maximum with 200 terms is located at 1.5550, and its value is
1.0895. This would seem to support our ideas put forward above.

We will prove that the above observations demonstrate the truth in
Chapter 4. We need more tools to accurately describe this.

2.7.1 Problems and Exercises

• Gibbs ringing Calculate the Fourier Series for χ1/2(t) on [−1, 1], and
plot the first 50 terms. Find the maximum value of the series with 30,
40, 50, and 100 terms. Guess at the limit of this maximum value. Find
the location of the maximum value on the right of 0, with 30, 40, 50, and
100 terms. Where is the maximum value headed? Finally, estimate the
squared error

∫ 1

−1
|χ1/2(t) − Sn(χ1/2)(t)|2dt and the series on [−1, 1] with

the same number of terms (do this numerically).

http://dx.doi.org/10.1007/978-1-4939-7393-4_4
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Figure 2.14: We have plotted an approximation to χ(t) on [−π, π] above with 200
terms. We display this approximation on the interval [1, 2] to get a close-up of the
approximations. Note that the peak is closer to π/2 than those in Figure 2.13, where
there were fewer terms in the sum.

2.8 Convolution and Correlation

There are two very common operations which come up in association with
Fourier Series. They are generally associated with localized averages or opera-
tions on a function. We will begin by noting that if f(t) ∈ L2[−T, T ], then the
extension of f given by f = 0 for t > T allows us to consider f(t) ∈ L2[−B,B]
for any B > T . Oftentimes in this section, we will want B = 2T . Now, let us
define convolution.

Definition 2.8.1 (Convolution and Correlation) Let f, g ∈ L2[−T, T ],
and by extension L2[−2 ∗ T, 2 ∗ T ]. We define the convolution of f and g to
be

f ∗ g(t) =
1√
2T

∫ 2T

−2T

f(x)g(t − x)dx. (2.51)

Similarly, we define the correlation of f and g to be

f 
 g(t) =
1√
2T

∫ 2T

−2T

f(x)g(x − t)dx. (2.52)

We would like to characterize the Fourier Series of these two functions.
This leads to the following theorem

Theorem 2.8.1 (Convolution and Correlation Theorem) Let f, g ∈
L2[−T, T ]. The convolution f ∗ g will be in L2[−2T, 2T ]. Furthermore, the
Fourier Series of f ∗ g on L2[−T, T ], which is denoted by F(f ∗ g), is
expressed simply by
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F(f ∗ g) = F(f)F(g). (2.53)

Furthermore, the Fourier Series of the correlation f 
 g ∈ L2[−2T, 2T ] is
given by

F(f 
 g) = F(f)F(g). (2.54)

Recall that F(f) maps the function f to its Fourier coefficients. Thus, the
Fourier coefficients of the convolution f ∗ g can be found by pointwise multi-
plication of the Fourier coefficients of f and g

Proof: We must first demonstrate that f ∗ g ∈ L2[−2T, 2T ]. For simplicity’s
sake, we will assume that T = π, since the general proof follows immediately.

The first step is to realize that this is a series of inner products, and they
are therefore bounded by the Cauchy–Schwartz inequality. In other words

f ∗ g(t) =
∫ 2T

−2T

f(x)g(t − x)dx = 〈f(x)g(t − x)〉 ≤ ‖f(x)‖2‖g(t − x)‖2.

Another thing to remember is that f(x) = 0 for |x| > T and g(t − x) = 0 for
|t − x| > T . Thus, the integral above is zero for |x| > T . In addition, if |t| >
2T , it would follow that |t − x| > π so we have that f ∗ g(t) = 0 for |t| > 2π.
Thus, we have that f ∗ g is bounded by the Cauchy–Schwartz theorem, and
zero outside of [−2π, 2π], so the convolution must be square integrable on
[−2π, 2π], and therefore, f ∗ g ∈ L2[−2π, 2π].

We will now prove the second assertion of the theorem. We will do this by
simply calculating the Fourier coefficients of the convolution.

The Fourier coefficients are given by

ck =
∫ 2π

−2π

f ∗ g(t)ei(k/2)tdt =
∫ 2π

−2π

∫ ∞

−∞
f(x)g(t − x)dxei(k/2)tdt

=
∫ 2π

−2π

∫ π

−π

f(x)g(t − x)dxei(k/2)tdt

=
∫ π

−π

∫ 2π

−2π

f(x)g(t − x)ei(k/2)tdtdx

=
∫ π

−π

f(x)
∫ 2π

−2π

g(t − x)ei(k/2)(t−x)dte(k/2)xdx. (2.55)

Now, if we let u = t − x, realize that g(t − x) is only nonzero for |u| < π so
we get
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ck =
∫ π

−π

f(x)
∫ π

π

g(u)ei(k/2)udue(k/2)xdx

=
∫ π

−π

f(x)e(k/2)xdx

∫ π

π

g(u)ei(k/2)udu

=
∫ 2π

−2π

f(x)e(k/2)xdx

∫ 2π

2π

g(x)ei(k/2)xdx

= f̂(k)ĝ(k), (2.56)

where f̂(k) and ĝ(k) are the Fourier coefficients on [−2π, 2π] for f and g.

2.8.1 A couple of classic examples

One of the problems with Fourier Series is that they are very hard to compute.
You have to be able to solve the integral equations, which is not easy for most
functions. For this reason, we oftentimes use other means to try to calculate
the Fourier Series. The convolution and correlation theorems do provide us
with one such method.

Example 1: We begin by picking an example, which we can calculate
directly, through the integral equations. We are also able to calculate this
example by using the convolution equation. This is a very simple example,
but gives a very direct idea of what convolution is.

We start with one of our favorite functions f(t) = χπ(t), on [−π, π]. We
want to consider its extension to the whole real line, namely we want to
consider it to be zero outside of [−π, π]. Now, we want to consider the convo-
lution f ∗ f . Note that in this case, since χ(t) is an even function, convolution
and correlation are equal. We will present the result and then leave the cal-
culations as very important exercises.

The convolution f ∗ f is given by

f ∗ f(t) =
{

2π − |t| for |t| < 2π
0 for |t| > 2π

. (2.57)

This is sometimes called a “hat” function and is illustrated in Figure 2.15. An
illustrative picture of the “moving average” or convolution process by which
the “hat” function was formed is shown in Figure 2.16.

Example 2: We now consider another example. We choose a simple
Gaussian which has been corrupted by noise. We then use a window to do
a simple moving average of the function to greatly reduce the noise. This is
illustrated in Figure 2.17.
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2.8.2 Problems and Exercises:

1. Gibbs Ringing Revisited Return to the Fourier Series χπ/2(t), on
[−π, π] which we calculated in 2.8. Calculate a new function, with the
Fourier coefficients from 2.8, multiplied by exp(−k2/100) for each k. Use
30, 50, and 100 terms. Compare the series with and without the added
exponential term. Do you see a reduction in Gibbs ringing? Why?

Figure 2.15: The convolution of characteristic functions is illustrated in the first
graph above.

Figure 2.16: The convolution process of characteristic functions is illustrated above.
One of the functions’ moves is multiplied by the second, and the average of the
product is the result.
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Figure 2.17: The idea of using convolution to create a moving average, and denoise
a noisy function is illustrated above. The noisy function is multiplied by a simple
averaging function, which is 1 on a region, and then an average is done.

2. Prove that f(t) = 2π − |t| on [−2π, 2π] is the convolution of χπ(t)
against itself, or χπ ∗ χπ(t).

3. Calculate the Fourier Series for the hat function f(t) = 2π − |t| on
[−2π, 2π] in two ways: (a) by calculating its Fourier Series directly. (b)
by calculating the Fourier Series for χπ(t) and using the convolution
theorem.

4. Challenging Consider the two functions,

f(t) =
{

cos(x) if |t| < π/2
0 if |t| ≥ π/2 . (2.58)

and

g(t) =

⎧
⎨

⎩

0 if |t| > .1
−10 if t ∈ [−.1, 0]
10 if t ∈ [0, .1]

. (2.59)

(a) Compute the Fourier Transforms of both functions on [−π, π]. (b)
Compute the convolution f ∗ g via the convolution theorem. (c) Plot
the first 25 terms of the result. (d) Is the result similar to the derivative
of f? (e) Why do you think this is?
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2.9 Chapter Project:

1. Compute the Fourier Series for the function f(t) = t which converges
a) on [−π, π] and b) on [−2π, 2π]. Plot the approximations using 5,10,
and 15 terms on [−4π, 4π]. These are two different series and should
look different.

2. Figure out the necessary cosine, and sine terms and the appropriate
coefficient formulas to approximate a function on the interval [1, 3].

3. Using the result from Problem 2 above, calculate the first few terms of
the expansion of f(t) = t on [1, 3]. Plot this result on [−1, 5].

4. Verify that the Fourier isometry holds on [−π, π] for f(t) = t. To do
this, a) calculate the coefficients of the orthogonal Fourier Series from
the orthogonal series representation, b) calculate the sum of the squared
coefficients, and c) Calculate the norm of the function as

∫ π

−π
|f(t)|2dt.

They must be equal. How many terms in the Fourier Series are necessary
to have the isometry be under 5%? How many until you are under 3%,
or 1%?

5. Gibbs ringing: Calculate the Fourier Series for χ1/2(t) on [−1, 1], and
plot the first 50 terms. Find the maximum value of the series with 30,
40, 50, and 100 terms. Guess at the limit of this maximum value. Find
the location of the maximum value on the right of 0, with 30, 40, 50,
and 100 terms. Where is the maximum value headed? Finally, estimate
the squared error

∫ 1

−1
|χ1/2(t) − Sn(χ1/2)(t)|2dt and the series on [−1, 1]

with the same number of terms (do this numerically).

6. Sine and cosine series: Calculate the sine and cosine series for f(t) =
t on [0, 1]. Plot the first 30 terms of these series on [−3, 3]. Estimate
the error between both series and the function on [0, 1] after 30 terms.
How many more terms of the sine series are necessary to achieve the
same error as was achieved with the cosine series and 30 terms?

7. Sine and cosine series: Plot the first 30 terms of the derivatives of
both the sine and cosine series in the above problem. What do you
observe? Do both of them converge?

8. Convolution: Calculate the Fourier Series for the hat function f(t) =
2π − |t| on [−2π, 2π] in two ways. a) by calculating its Fourier Series
directly. b) by calculating the Fourier Series for χπ(t) and using the
convolution theorem. They must be equal! Use trig identities. . .
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2.10 Summary of Expansions:

• Fourier expansion for f(t) ∈ L2[−π, π]:

Basic Formula:

f(t) =
a0

2
+

∞∑

k=0

ak cos(kt) + bk sin(kt),

where

ak =
1
π

∫ π

−π

f(t) cos(kt)dt and bk =
1
π

∫ π

−π

f(t) sin(kt)dt.

Orthonormal Expansion:

f(t) = a0
1√
2π

+
∞∑

k=0

ak
cos(kt)√

π
+ bk

sin(kt)√
π

,

where a0 = 1/
√

2π
∫ π

−π
f(t)dt and for k ≥ 1

ak =
∫ π

−π

f(t)
cos(kt)√

π
dt and bk =

∫ π

−π

g(t)
sin(kt)√

π
dt.

• Fourier expansion for f(t) ∈ L2[−T, T ]:

Basic Formula

f(t) =
a0

2
+

1
T

∞∑

k=0

ak cos
(

kπt

T

)

+ bk sin
(

kπt

T

)

,

where

ak =
∫ T

−T

f(t) cos
(

kπt

T

)

dt and bk =
∫ T

−T

f(t)sin
(

kπt

T

)

dt.

Orthonormal Expansion:

f(t) = a0
1√
2T

+
∞∑

k=0

ak

cos(kπt
T )√
T

+ bk

sin(kπt
T )√
T

,

where a0 = 1/
√

2T
∫ π

−π
f(t)dt and for k ≥ 1
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ak =
∫ T

−T

f(t)
cos(kπt

T )√
T

dt and bk =
∫ T

−T

f(t)
sin(kπt

T )√
T

dt.

• Fourier expansion for f(t) ∈ L2[a, b]: Let m = (a + b)/2, and L =
(b − a)/2.

f(t) =
a0

2
+

1
L

∞∑

k=0

ak cos
(

kπ(t − m)
L

)

+ bk sin
(

kπ(t − m)
L

)

,

where

ak =
∫ b

a

f(t) cos
(

kπ(t − m)
L

)

dt and bk =
∫ b

a

g(t) sin
(

kπ(t − m)
L

)

dt.

Orthonormal Expansion:

f(t) = a0
1√
2L

+
∞∑

k=0

ak

cos
(

kπ(t−m)
L

)

√
L

+ bk

sin
(

kπ(t−m)
L

)

√
L

,

where a0 = 1/
√

2L
∫ b

a
f(t)dt and for k ≥ 1

ak =
∫ b

a

f(t)
cos

(
kπt
L

)

√
L

dt and bk =
∫ b

a

f(t)
sin

(
kπt
L

)

√
L

dt.

• Cosine and Sine expansions for f(t) ∈ L2[0, π]:

Basic Formulas:

f(t) =
a0

2
+

∞∑

k=0

ak cos(kt),

and

f(t) =
∞∑

k=0

bk sin(kt),

where

ak =
2
π

∫ π

0

f(t) cos(kt)dt and bk =
2
π

∫ π

0

f(t) sin(kt)dt.
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Orthonormal Expansion:

f(t) = a0
1√
π

+
∞∑

k=0

ak

√
2
π

cos(kt)

and

f(t) =
∞∑

k=0

bk

√
2
π

sin(kt),

where a0 = 1/
√

π
∫ π

0
f(t)dt and for k ≥ 1

ak =
∫ π

0

f(t)

√
2
π

cos(kt)dt and bk =
∫ π

0

f(t)

√
2
π

sin(kt)dt.
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