
Chapter 2
Some Recent Results on Distributed Control
of Nonlinear Systems

Tengfei Liu and Zhong-Ping Jiang

Abstract The spatially distributed structure of complex systems motivates the idea
of distributed control. In a distributed control system, the subsystems are controlled
by local controllers through information exchange with neighboring agents for coor-
dination purposes. One of the major difficulties of distributed control is due to
the complex characteristics such as nonlinearity, dimensionality, uncertainty, and
information constraints. This chapter introduces small-gain methods for distributed
control of nonlinear systems. In particular, a cyclic-small-gain result in digraphs is
presented as an extension of the standard nonlinear small-gain theorem. It is shown
that the new result is extremely useful for distributed control of nonlinear systems.
Specifically, this chapter first gives a cyclic-small-gain design for distributed output-
feedback control of nonlinear systems. Then, an application to formation control
problem of nonholonomic mobile robots with a fixed information exchange topol-
ogy is presented.

2.1 Introduction

Distributed control of multiagent systems under communication constraints has
attracted tremendous attention from the control community over the past 10 years;
see, for example, [45] using an adaptive gradient climbing strategy, [3, 5, 12, 21,
48] based on linear algebra and graph theory, [2, 53] using passivity and dissipativity
theory, [4, 16, 19, 34, 42, 43, 50, 51] with Lyapunov methods, [17] using the non-
linear small-gain theorem, and [54, 57, 58] based on output regulation. The recent
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hot topics such as formation control, consensus, flocking, swarm, rendezvous and
synchronization are all closely related to distributed coordinated control.

The distributed control problem for agents with second-order dynamics has been
mainly studied from the perspective of second-order consensus and flocking. Consid-
erable efforts have been devoted to solving the problems under switching information
exchange topologies. Related results include [4, 12, 46, 47, 55]. Specifically, [12,
46] used potential functions to define Lyapunov functions and the topologies are
allowed to be switching but undirected. Reference [47] presented a consensus result
for double integrator systems based on a refined graph theoretical method. Refer-
ence [4] proposed a variable structure approach-based consensus design method for
systems with switching but always connected information exchange topology. Sev-
eral recent results on distributed control can also be found in [15, 32, 41, 49, 59].
It should be pointed out that most of the papers mentioned above do not consider
systems under physical constraints (e.g., saturation of velocities), for which specific
distributed nonlinear designs are expected.

As a practical application of distributed control, the formation control of
autonomous mobile agents aims at forcing the agents to converge toward, and to
maintain, specific relative positions, by using available information, e.g., relative
position measurements. Recent formation control results can be found in [1, 7, 9,
10, 20, 30, 31, 44, 56], to name a few. The earlier results, e.g., [7, 56], assume
a tree sensing structure to avoid the technical difficulties caused by the loop inter-
connections. In [9, 10, 31, 44], the assumption of tree sensing structures is relaxed
at the price of using global position measurements. An exception is the wiggling
controller developed by [33] to drive the robots to stationary points, which does not
use global position measurements of the robots. In the results of coordinated path-
following as presented in [1, 20, 30], the global position measurement issue can be
easily addressed as each robot has access to its desired path. In our recent paper [38],
thanks to the use of nonlinear small-gain techniques [25, 35], the requirement on
global position measurements has been removed for formation control of unicycles
with fixed sensing topologies.

The discussion in this chapter starts with an example of a multivehicle formation
control system inwhich each vehicle ismodeled by an integrator. In the case of leader-
following with fixed topology, it is shown that the problem can be transformed into
the stability problem of a specific dynamic network composed of ISS subsystems.
This motivates a cyclic-small-gain result in digraphs, which is given in Sect. 2.2. It
is shown that the new result is extremely useful for distributed control of nonlinear
systems. Specifically, Sect. 2.3 presents a cyclic-small-gain design for distributed
output-feedback control of nonlinear systems. In Sect. 2.4, we study the distributed
formation control problem of nonholonomic mobile robots with a fixed information
exchange topology.
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Fig. 2.1 A multivehicle system

2.2 A Cyclic-Small-Gain Result in Digraphs

Example 2.1 Consider a group of N + 1 vehicles (multivehicle system) as shown
in Fig. 2.1, with each vehicle modeled by an integrator:

ẋi = vi , i = 0, . . . , N , (2.1)

where xi ∈ R is the position and vi ∈ R is the velocity of the i th vehicle. The vehicle
with index 0 is the leader while the other vehicles are the followers. The objective is
to control the follower vehicles to specific positions relative to the leader by adjusting
the velocities vi for i = 1, . . . , N . More specifically, it is required that

lim
t→∞(xi (t) − x j (t)) = di j , i, j = 0, . . . , N , (2.2)

where constants di j represent the desired relative positions. Clearly, to define the
problem well, di j = dik + dk j for any i, j, k = 0, . . . , N and di j = −d ji for any
i, j = 0, . . . , N . Also, by default, dii = 0 for any i = 0, . . . , N . In the literature of
distributed control, the vehicles are usually considered as agents and themultivehicle
system is studied as a multiagent system.

Compared with global positions, the relative positions between vehicles are often
easily measurable in practice, and are used for feedback in this example. Consid-
ering the position information exchange, agent j is called a neighbor of agent i if
(xi − x j ) is available to agent i , and Ni ⊆ {0, . . . , N } is used to denote the set of
agent i’s neighbors. We consider the case where each vehicle only uses the position
differences with the vehicles right before and after it, i.e., Ni = {i − 1, i + 1} for
i = 1, . . . , N − 1 and NN = {N − 1}.

Define x̃i = xi − x0 − di0 and ṽi = vi − v0. By taking the derivative of x̃i , we
have

˙̃xi = ṽi , i = 1, . . . , N . (2.3)

According to the definition of x̃i , x̃i − x̃ j = xi − x j − di j . Thus, the control objective
is achieved if limt→∞(x̃i − x̃0) = 0. Also, (x̃i − x̃ j ) is available to the control of the
x̃i -subsystem if (xi − x j ) is available to agent i . This problem is normally known as
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the consensus problem. If the position information exchange topology has a spanning
tree with agent 0 as the root, then the following distributed control law is effective:

ṽi = ki

∑

j∈Ni

(x̃ j − x̃i ), (2.4)

where ki is a positive constant. Moreover, if the velocities vi are required to be
bounded, one may modify (2.4) as

ṽi = ϕi

⎛

⎝
∑

j∈Ni

(x̃ j − x̃i )

⎞

⎠ , (2.5)

where ϕi : R → [vi , vi ] with constants vi < 0 < vi is a continuous, strictly increas-
ing function satisfying ϕi (0) = 0.With control law (2.5), vi ∈ [v0 + vi , v0 + vi ]. The
validity of the control laws defined by (2.4) and (2.5) can be directly verified using
the state agreement result in [34].

With control law (2.5), each x̃i -subsystem can be rewritten as

˙̃xi = ϕi

⎛

⎝
∑

j∈Ni

x̃ j − Ni x̃i

⎞

⎠ := fi (x̃), (2.6)

where Ni is the size of Ni and x̃ = [x̃0, . . . , x̃N ]T . Define Vi (x̃i ) = |x̃i | as an ISS-
Lyapunov function candidate for the x̃i -subsystem for i = 1, . . . , N . It can be verified
that for any δ > 0, there exists a continuous, positive definite α such that

Vi (x̃i ) ≥ 1

(1 − δi )Ni

∑

j∈Ni

V j (x̃ j ) ⇒ ∇Vi (x̃i ) fi (x̃) ≤ −αi (Vi (x̃i )) a.e., (2.7)

where, for convenience of notation, V0(x̃0) = 0. This shows the ISS of each x̃i -
subsystem with i = 1, . . . , N . If the network of ISS subsystems is asymptotically
stable, then the control objective is achieved.

We employ a digraph G f to represent the underlying interconnection structure of
the dynamic network. The vertices of the digraph correspond to agents 1, . . . , N ,
and for i, j = 1, . . . , N , directed edge ( j, i) exists in the graph if and only if x̃ j is an
input of the xi -subsystem. We useN i to represent the set of neighbors of agent i in
G f . Then, it is directly verified thatN i = Ni\{0}. Recall that V0(x̃0) = 0. Then, the
Ni in (2.7) can be directly replaced byN i . Figure2.2 shows the digraph G f for the
case in which each follower vehicle uses the position differences with the vehicles
right before and after it.

Notice that for any positive constants a1, . . . , an satisfying
∑n

i=1 1/ai ≤ n, it
holds that

∑n
i=1 di = ∑n

i=1(1/ai )ai di ≤ n maxi=1,...,n{ai di }, for all d1, . . . , dn ≥ 0.
Then, property (2.7) implies
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1 2 3 N

Fig. 2.2 An example of information exchange digraph G f , for which each vehicle uses the position
differences with the vehicles right before and after it. In this figure, N i = {i − 1, i + 1} for i =
2, . . . , N − 1, N 1 = {2} and N N = {N − 1}

Vi (x̃i ) ≥ N i

(1 − δi )Ni
max
j∈N i

{ai j Vj (x̃ j )} ⇒ ∇Vi (x̃i ) fi (x̃) ≤ −αi (Vi (x̃i )), (2.8)

where N i is the size ofN i and ai j are positive constants satisfying
∑

j∈N i
1/ai j ≤

N i . It can be observed that Ni = N i + 1 if 0 ∈ Ni and Ni = N i if 0 /∈ Ni .
Given specific ai j > 0, one can test the stability property of the closed-loop system

by directly checking whether the cyclic-small-gain condition is satisfied. But, for a
specific G f , can we find appropriate coefficients ai j to satisfy the cyclic-small-gain
condition, and how?

It should be noted that the effectiveness of control law (2.5) can be proved using
the result in [34]. Here, our objective is to transform the problem into a stability
problem of dynamic networks, and develop a result which is hopefully useful for
more general distributed control problems.

The main result in this section answers the question in Example 2.1.
Consider a digraph G f which has N vertices. For i = 1, . . . , N , define N i such

that if there is a directed edge ( j, i) from the j th vertex to the i-th vertex, then
j ∈ N i . Each edge ( j, i) is assigned a positive variable ai j . For a simple cycle O
of G f , denote AO as the product of the positive values assigned to the edges of the
cycle. For i = 1, . . . , N , denote C (i) as the set of simple cycles of G f through the
i-th vertex.

Lemma 2.1 If the digraph G f has a spanning tree T f with vertices i∗
1 , . . . , i∗

q as the

roots, then for any ε > 0, there exist ai j > 0 for i = 1, . . . , N, j ∈ N i , such that

∑

j∈N i

1

ai j
≤ N i , i = 1, . . . , N (2.9)

AO < 1 + ε, O ∈ C (i∗
1 ) ∪ · · · ∪ C (i∗

q ) (2.10)

AO < 1, O ∈
(

⋃

i=1,...,N

C (i)

)
\ (

C (i∗
1 ) ∪ · · · ∪ C (i∗

q )
)
, (2.11)

where N i is the size of N i .

Proof Weonly consider the case of q = 1. The case of q ≥ 2 can be proved similarly.
Denote i∗ as the root of the tree.
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Define a0
i j = 1 for 1 ≤ i ≤ N , j ∈ N i . If ai j = a0

i j for 1 ≤ i ≤ N , j ∈ N i , then

∑

j∈N i

1

a0
i j

≤ N i , i = 1, . . . , N (2.12)

AO = 1, O ∈
⋃

i=1,...,N

C (i). (2.13)

Consider one of the paths leading from root i∗ in the spanning tree T f . Denote
the path as (p1, . . . , pm) with p1 = i∗.

One can find a1
p2 p1 = a0

p2 p1 + ε0p2 p1 > 0 with ε0p2 p1 > 0 and a1
p2 j = a0

p2 j − εp2 j >

0 with εp2 j > 0 for j ∈ N p2\{p1} such that if ai j = a1
i j for i = p2 and ai j = a0

i j for
i �= p2, then (2.12) is satisfied, and also

AO < 1 + ε′ for O ∈ C (p1), (2.14)

AO < 1 for O ∈ C (p2)\C (p1) (2.15)

with 0 < ε′ < ε.
Then, one can find a1

p3 p2 = a0
p3 p2 + ε0p3 p2 > 0 with ε0p3 p2 > 0 and a1

p3 j = a0
p3 j −

ε0p3 j > 0 with ε0p3 j > 0 for j ∈ N p3\{p2} such that if ai j = a1
i j for i ∈ {p2, p3}, and

ai j = a0
i j for i /∈ {p2, p3}, then (2.12) is satisfied, and also

AO < 1 + ε′′ for O ∈ C (p1), (2.16)

AO < 1 for O ∈ (C (p2) ∪ C (p3)) \C (p1) (2.17)

with 0 < ε′ ≤ ε′′ < ε.
By doing this for i = p2, . . . , pm , we can find a1

i j > 0 for i ∈ {p2, . . . , pm}, j ∈
N i , such that

AO < 1 + ε1 for O ∈ C (p1), (2.18)

AO < 1 for O ∈ (C (p2) ∪ · · · ∪ C (pm)) \C (p1) (2.19)

with 0 < ε0 < ε.
By considering each path leading from the root i∗ in the spanning tree one by

one, we can find a1
i j > 0 for i ∈ {1, . . . , N }, j ∈ N i , such that if ai j = a1

i j for i ∈
{1, . . . , N }, j ∈ N i , then (2.12) and (2.11) are satisfied and

AO < 1 + ε1 for O ∈ C (i∗
1 ) ∪ · · · ∪ C (i∗

q ), (2.20)

where 0 < ε1 < ε.
Note that the left-hand sides of inequalities (2.9), (2.10), and (2.11) continuously

depend on ai j for i ∈ {1, . . . , N }, j ∈ N i . One can find a2
i j > 0 for i ∈ {1, . . . , N },



2 Some Recent Results on Distributed Control … 27

j ∈ N i , such that if ai j = a2
i j for i ∈ {1, . . . , N }, j ∈ N i , then conditions (2.9),

(2.10), and (2.11) are satisfied. ��
Example 2.2 Continue Example 2.1. DefineL = {i ∈ {1, . . . , N } : 0 ∈ Ni }. Con-
sidering the relation between Ni and N i , and N i ≤ N , the cyclic-small-gain condition
can be satisfied by the network of ISS subsystems with property (2.8) if

AO <
(1 − δ̄)N (N + 1)

N
, O ∈

⋃

i∈L
C (i), (2.21)

AO < (1 − δ̄)N , O ∈
⎛

⎝
⋃

i∈{1,...,N }
C (i)

⎞

⎠ \
(

⋃

i∈L
C (i)

)
, (2.22)

where δ̄ = maxi=1,...,N {δi }.
Using Lemma 2.1, if graph G f has a spanning tree with the agents belonging

to L as the roots, one can find a constant δ̄ > 0 and constants ai j > 0 satisfying∑
j∈N i

1/ai j ≤ N i such that conditions (2.21) and (2.22) are satisfied. The graph
shown in Fig. 2.2 satisfies this condition.

Lemma 2.1 proves very useful in constructing distributed controllers for nonlinear
agents to achieve convergence of their outputs to an agreement value. It provides for
a form of gain assignment in the network coupling.

2.3 Distributed Output-Feedback Control

In this section, the basic idea of cyclic-small-gain design for distributed control is
generalized to high-order nonlinear systems. Consider a group of N nonlinear agents,
of which each agent i (1 ≤ i ≤ N ) is in the output-feedback form:

ẋi j = xi( j+1) + Δi j (yi , wi ), 1 ≤ j ≤ ni − 1 (2.23)

ẋini = ui + Δini (yi , wi ) (2.24)

yi = xi1, (2.25)

where [xi1, . . . , xini ]T := xi ∈ R
ni with xi j ∈ R (1 ≤ j ≤ ni ) is the state, ui ∈ R is

the control input, yi ∈ R is the output, [xi2, . . . , xini ]T is the unmeasured portion
of the state, wi ∈ R

nwi represents external disturbances, and Δi j ’s (1 ≤ j ≤ ni ) are
unknown locally Lipschitz functions.

The objective of this section is to develop a new class of distributed controllers
for the multiagent system based on available information such that the outputs yi for
1 ≤ i ≤ N converge to the same desired agreement value y0. This problem is called
the output agreement problem in this chapter.
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Different from decentralized control, the major objective of distributed control is
to control the agents in a coordinated way for some desired group behavior. For the
output agreement problem, the objective is to control the agents so that the outputs
converge to a desired common value. Information exchange between the agents is
required for coordination purposes. In practice, the information exchange is subject
to constraints. As considered in Example 2.1, the position x0 of the leader vehicle is
only available to some of the follower vehicles, and the formation control objective
is achieved through information exchange between the neighboring vehicles.

For distributed control of the multiagent nonlinear system (2.23)–(2.25), we
employ a digraph G c to represent the information exchange topology between the
agents.DigraphG c contains N vertices corresponding to the N agents and M directed
edges corresponding to the information exchange links. Specifically, if yi − yk is
available to the local controller design of agent i , then there is a directed link from
agent k to agent i and agent k is called a neighbor of agent i ; otherwise, there is no link
from agent k to agent i . SetNi ⊆ {1, . . . , N } is used to represent agent i’s neighbors.
In this section, an agent is not considered as a neighbor of itself and thus i /∈ Ni for
1 ≤ i ≤ N . Agent i is called an informed agent if it has access to the knowledge of
the agreement value y0 for its local controller design. LetL ⊆ {1, . . . , N } represent
the set of all the informed agents.

The following assumption is made on the agreement value and system (2.23)–
(2.25).

Assumption 2.1 There exists a nonempty set Ω ⊆ R such that

1. y0 ∈ Ω;
2. for each 1 ≤ i ≤ N , 1 ≤ j ≤ ni ,

|Δi j (yi , wi ) − Δi j (zi , 0)| ≤ ψΔi j (|[yi − zi , wT
i ]T |) (2.26)

for all [yi , wT
i ]T ∈ R

1+nwi and all zi ∈ Ω , whereψΔi j ∈ K∞ is Lipschitz on com-
pact sets and known.

It should be noted that a priori information on the bounds of y0 (and thus Ω)
is usually known in practice. In this case, condition 2 in Assumption 2.1 can be
guaranteed if for each zi , there exists a ψ

zi
Δi j

∈ K∞ that is Lipschitz on compact sets
such that

|Δi j (yi , wi ) − Δi j (zi , 0)| = |Δi j ((yi − zi ) + zi , wi ) − Δi j (zi , 0)|
≤ ψ

zi
Δi j

(|[yi − zi , wT
i ]T |). (2.27)

Then, ψΔi j can be defined as ψΔi j (s) = supzi ∈Ω ψ
zi
Δi j

(s) for s ∈ R+. In fact, there
always exists a ψ

zi
Δi j

∈ K∞ that is Lipschitz on compact sets to fulfill condition
(2.27) if Δi j is locally Lipschitz.

It is also assumed that the external disturbances are bounded.
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Assumption 2.2 For each i = 1, . . . , N , there exists a w̄i ≥ 0 such that

|wi (t)| ≤ w̄i (2.28)

for all t ≥ 0.

The basic idea is to design observer-based local controllers for the agents such that
each controlled agent i is IOS, and moreover, has the UO property. Then, the cyclic-
small-gain theorem in digraphs can be used to guarantee the IOS of the closed-loop
multiagent system and then the achievement of output agreement.

By introducing a dynamic compensator

u̇i = vi (2.29)

and defining x ′
i1 = yi − y0 and x ′

i( j+1) = xi( j+1) + Δi j (y0, 0) for 1 ≤ j ≤ ni , we can
transform each agent i defined by (2.23)–(2.25) into the form of

ẋ ′
i j = x ′

i( j+1) + Δi j (yi , wi ) − Δi j (y0, 0), 1 ≤ j ≤ ni + 1 (2.30)

ẋ ′
ini

= vi + Δini (yi , wi ) − Δini (y0, 0) (2.31)

y′
i = x ′

i1 (2.32)

with the output tracking error y′
i = yi − y0 as the new output and vi as the new control

input.
Moreover, the dynamic compensator (2.29) guarantees that the origin is an equi-

librium of the transformed agent system (2.30)–(2.32) if it is disturbance-free, and
the distributed control objective can be achieved if the equilibrium at the origin of
each transformed agent system is stabilized.

The local controller for each agent i is designed by directly using the available
ym

i , defined as follows:

ym
i = 1

Ni + 1

⎛

⎝
∑

k∈Ni

(yi − yk) + (yi − y0)

⎞

⎠ , i ∈ L (2.33)

ym
i = 1

Ni

∑

k∈Ni

(yi − yk), i ∈ {1, . . . , N }\L , (2.34)

where Ni is the size ofNi . For the convenience of discussions, we represent ym
i with

the new outputs as

ym
i = y′

i − μi (2.35)
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with

μi = 1

Ni + 1

∑

k∈Ni

y′
k, i ∈ L (2.36)

μi = 1

Ni

∑

k∈Ni

y′
k, i ∈ {1, . . . , N }\L . (2.37)

2.3.1 Distributed Output-Feedback Controller

Owing to the output-feedback structure, we design a local observer for each trans-
formed agent system (2.30)–(2.32):

ξ̇i1 = ξi2 + Li2ξi1 + ρi1(ξi1 − ym
i ) (2.38)

ξ̇i j = ξi( j+1) + Li( j+1)ξi1 − Li j (ξi2 + Li2ξi1), 2 ≤ j ≤ ni (2.39)

ξ̇i(ni +1) = vi − Li(ni +1)(ξi2 + Li2ξi1), (2.40)

where ρi1 : R → R is an odd and strictly decreasing function, and Li2, . . . , Lini are
positive constants. In the observer, ξi1 is an estimate of y′

i , and ξi j is an estimate of
x ′

i j − Li j y′
i for 2 ≤ j ≤ ni + 1.

Here, (2.38) is constructed to estimate y′
i using ym

i which is influenced by the
outputs y′

k (k ∈ Ni ) of the neighbor agents (see (2.35)). The nonlinear function ρi1

in (2.38) is used to assign an appropriate nonlinear gain to the observation error
system. As shown later, it is the key to make each controlled agent IOS with specific
gains satisfying the cyclic-small-gain condition.

With the estimates, a nonlinear local control law is designed as

ei1 = ξi1, (2.41)

ei j = ξi j − κi( j−1)(ei( j−1)), 2 ≤ j ≤ ni + 1 (2.42)

vi = κi(ni +1)(ei(ni +1)), (2.43)

where κi1, . . . , κi(ni +1) are continuously differentiable, odd, strictly decreasing, and
radially unbounded functions.

Consider Zi = [x ′
i1, . . . , x ′

i(ni +1), ξi1, . . . , ξi(ni +1)]T as the internal state of each
controlled agent composed of the transformed agent system (2.30)–(2.32) and the
local observer-based controller (2.38)–(2.43). The block diagram of controlled agent
i with μi as the input and y′

i as the output is shown in Fig. 2.3.
The following proposition presents the UO and IOS properties of each controlled

agent i .

Proposition 2.1 Each controlled agent i composed of (2.30)–(2.32) and (2.38)–
(2.43) has the following UO and IOS properties with μi as the input and y′

i as the
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−+ymilocal observerlocal control law

vi ∫ ui
agent i

yi +
−

y0

y′
i

µi

Fig. 2.3 The block diagram of each controlled agent i

output: for all t ≥ 0,

|Zi (t)| ≤ αUO
i (|Zi0| + ‖μi‖[0,t]) (2.44)

|y′
i (t)| ≤ max

{
βi (|Zi0|, t), χi (‖μi‖[0,t]), γi (‖wi‖[0,t])

}
, (2.45)

for any initial state Zi (0) = Zi0 and any μi , wi , where βi ∈ K L and χi , γi , αi ∈
K∞. Moreover, γi can be designed to be arbitrarily small, and for any specified
constant bi > 1, χi can be designed such that χi (s) ≤ bi s, for all s ≥ 0.

Due to space limitations, the proof of Proposition 2.1 is not provided here. The
interested reader may consult [39] for reference.

2.3.2 Cyclic-Small-Gain Synthesis

With the proposed distributed output-feedback controller, the closed-loopmultiagent
system has been transformed into a network of IOS subsystems. This subsection
presents the main result of output agreement and provides a proof based on the
cyclic-small-gain result in digraphs.

Theorem 2.1 Consider the multiagent system in the form of (2.23)–(2.25) satisfying
Assumptions 2.1 and 2.2. If there is at least one informed agent, i.e., L �= ∅, and
the communication digraph G c has a spanning tree with the informed agents as the
roots, then we can design distributed observers (2.38)–(2.40) and distributed control
laws (2.29), (2.41)–(2.43) such that all the signals in the closed-loop multiagent
system are bounded, and the output yi of each agent i can be steered to within
an arbitrarily small neighborhood of the desired agreement value y0. Moreover, if
wi = 0 for i = 1, . . . , N, then each output yi asymptotically converges to y0.

Proof Notice that for any constants a1, . . . , an > 0 satisfying
∑n

i=1(1/ai ) ≤ n, it
holds that

n∑

i=1

di =
n∑

i=1

1

ai
ai di ≤ n max

1≤i≤n
{ai di } (2.46)
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for all d1, . . . , dn ≥ 0.
Recall the definition of μi in (2.36) and (2.37). We have

|μi | ≤ δi max
k∈Ni

{aik |y′
k |}, (2.47)

where δi = Ni
Ni +1 if i ∈ L , δi = 1 if i /∈ L , and aik are positive constants satisfying

∑

k∈Ni

1

aik
≤ Ni . (2.48)

Then, using the fact that theNi in (2.47) are time invariant, property (2.45) implies

|y′
i (t)| ≤ max

{
βi (|Zi0|, t), biδi max

k∈Ni

{aik‖y′
k‖[0,t]}, γi (‖wi‖[0,t])

}
(2.49)

for any initial state Zi0 and any wi , for all t ≥ 0.
It can be observed that the interconnection topology of the controlled agents is in

accordance with the information exchange topology, represented by digraph G c. For
i ∈ N , k ∈ Ni , we assign the positive value aik to the edge (k, i) in G c. Denote C
as the set of all simple cycles in G c andCL as the set of all simple cycles through the
vertices belonging to L . Denote AO as the product of the positive values assigned
to the edges of the cycle O ∈ C .

Note that bi can be designed to be arbitrarily close to one. By using the cyclic-
small-gain theorem for networks of IOS systems, the closed-loop multiagent system
is IOS if

AO
N

N + 1
< 1, O ∈ CL (2.50)

AO < 1, O ∈ C \CL . (2.51)

IfG c has a spanning tree with vertices belonging toL as the roots, then according
to Lemma 2.1, there exist positive constants aik satisfying (2.48), (2.50), and (2.51).
Then, the closed-loop distributed system is UO and IOS with wi as the inputs and
y′

i as the outputs. With Assumption 2.2, the external disturbances wi are bounded.
The boundedness of the signals of the closed-loop distributed system can be directly
verified under Assumption 2.2.

By designing the IOS gains γi arbitrarily small (this can be done according to
Proposition 2.1), the influence of the external disturbances wi is made arbitrarily
small, and y′

i can be driven to within an arbitrarily small neighborhood of the origin.
Equivalently, yi can be driven to within an arbitrarily small neighborhood of y0. In
the case of wi = 0 for i = 1, . . . , N , each output yi asymptotically converges to y0.
This ends the proof of Theorem 2.1. ��
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2.3.3 Robustness to Time Delays of Information Exchange

If there are communication delays, then ym
i as defined in (2.33) and (2.34) should be

modified as

ym
i (t) = 1

Ni + 1

⎛

⎝
∑

k∈Ni

(yi (t) − yk(t − τik(t))) + (yi (t) − y0)

⎞

⎠ , i ∈ L (2.52)

ym
i (t) = 1

Ni

∑

k∈Ni

(yi (t) − yk(t − τik(t))), i ∈ {1, . . . , N }\L , (2.53)

where τik : R+ → R+ represents nonconstant time delays of exchanged information.
In this case, ym

i (t) can still be written in the form of ym
i (t) = y′

i (t) − μi (t) with

μi (t) = 1

Ni + 1

∑

k∈Ni

y′
k(t − τik(t)), i ∈ L (2.54)

μi (t) = 1

Ni

∑

k∈Ni

y′
k(t − τik(t)), i ∈ {1, . . . , N }\L . (2.55)

We assume that there exists a τ̄ ≥ 0 such that, for i = 1, . . . , N , k ∈ Ni , 0 ≤
τik(t) ≤ τ̄ holds for all t ≥ 0. By considering μi and wi as the external inputs,
each controlled agent i composed of (2.30)–(2.32) and (2.38)–(2.43) is still UO and
property (2.49) should be modified as

|y′
i (t)| ≤ max

{
βi (|Zi0|, t), biδi max

k∈Ni

{aik‖y′
k‖[−τ̄ ,∞)}, γi (‖wi‖[0,∞))

}
(2.56)

for any initial state Zi0 and any wi , for all t ≥ 0.
Using the time-delay version of the cyclic-small-gain theorem, we can still guar-

antee the IOS of the closed-loop multiagent system with y′
i as the outputs and wi as

the inputs, following analysis similar to that for the proof of Theorem 2.1.

2.4 Formation Control of Nonholonomic Mobile Robots

Formation control of autonomous mobile agents is aimed at forcing agents to con-
verge toward, and maintain, specific relative positions. Distributed formation control
of multiagent systems based on available local information, e.g., relative position
measurements, has attracted tremendous attention from the robotics and control com-
munities.
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Fig. 2.4 Kinematics of the
unicycle robot, where (x, y)

represents the Cartesian
coordinates of the center of
mass of the robot, v is the
linear velocity, θ is the
heading angle, and ω is the
angular velocity

v

(x,y)

X

Y

0

Motivated by the cyclic-small-gain design for distributed output-feedback con-
trol of nonlinear systems in Sect. 2.3, this section proposes a class of distributed
controllers for leader-following formation control of unicycle robots using the prac-
tically available relative positionmeasurements. The kinematics of the unicycle robot
are demonstrated by Fig. 2.4.

For this purpose, the formation control problem is first transformed into a state
agreement problem of double integrators through dynamic feedback linearization.
The nonholonomic constraint causes a singularity for the dynamic feedback lin-
earization when the linear velocity of the robot is zero. This issue should be well
taken into consideration for the validity of the transformed double integrator mod-
els. Then, distributed formation control laws are developed. To avoid the singularity
problem caused by the nonholonomic constraint, saturation functions are introduced
to the control design to restrict the linear velocities of the robots to be larger than
zero. It should be noted that linear analysis methods may not be directly applicable
due to the employment of the saturation functions. Then, the closed-loop system is
transformed into a dynamic network of IOS systems. The cyclic-small-gain result in
digraphs is used to guarantee the IOS of the dynamic network and thus the achieve-
ment of formation control.

With the effort mentioned above, the proposed design has three advantages:

1. The proposed distributed formation control law does not use global position mea-
surements or assumes tree position sensing structures.

2. The formation control objective can be practically achieved in the presence of
position measurement errors.

3. The linear velocities of the robots can be designed to be less than certain desired
values, as practically required.
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This section considers the formation control problem of a group of N + 1 mobile
robots. For i = 0, 1, . . . , N , the kinematics of the i th robot are described by the
unicycle model:

ẋi = vi cos θi (2.57)

ẏi = vi sin θi (2.58)

θ̇i = ωi , (2.59)

where [xi , yi ]T ∈ R
2 represent the Cartesian coordinates of the center of mass of the

i th robot, vi ∈ R is the linear velocity, θi ∈ R is the heading angle, and ωi ∈ R is the
angular velocity.

The robot with index 0 is the leader robot, and the robots with indices 1, . . . , N
are follower robots. The linear velocity vi and the angular velocity ωi are considered
as the control inputs of the i th robot for i = 1, . . . , N . For this system, the formation
control objective is to control each i th follower robot such that

lim
t→∞(xi (t) − x j (t)) = dxi j (2.60)

lim
t→∞(yi (t) − y j (t)) = dyi j (2.61)

with dxi j , dyi j being appropriate constants representing the desired relative positions,
and

lim
t→∞

(
(θi (t) − θ j (t)) mod 2π

) = 0 (2.62)

for any i, j = 0, . . . , N , where mod represents the modulo operation. For con-
venience of notation, let dxii = dyii = 0 for any i = 0, . . . , N . We assume that
dxi j = dxik − dxk j and dyi j = dyik − dyk j for any i, j, k = 0, . . . , N .

Assumption 2.3 on v0 is made throughout this section.

Assumption 2.3 The linear velocity v0 of the leader robot is differentiable with
bounded derivative, i.e., v̇0(t) exists and is bounded on [0,∞), and has upper and
lower constant bounds v0, v0 > 0 such that v0 ≤ v0(t) ≤ v0, for all t ≥ 0.

One technical problem of controlling groups of mobile robots is that accurate
global positions of the robots are usually not available for feedback, and relative
position measurements should be used instead. A digraph can be employed to repre-
sent the relative position sensing structure between the robots. The position sensing
digraph G has N + 1 vertices with indices 0, 1, . . . , N corresponding to the robots.
If the relative position between robot i and robot j is available to robot j , then G has
a directed edge from vertex i to vertex j ; otherwise G does not have such an edge.

The goal of this section is to present a class of distributed formation controllers for
mobile robots using local relative position measurements as well as the velocity and
acceleration information of the leader. The basic idea of the design is to first transform
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the unicycle model into two double integrators through dynamic feedback lineariza-
tion under constraints, and at the same time, to reformulate the formation control
problem as a stabilization problem. Then, distributed control laws are designed to
make each controlled mobile robot IOS. Finally, the cyclic-small-gain theorem is
used to guarantee the achievement of the formation control objective.

2.4.1 Dynamic Feedback Linearization

In this subsection, the distributed formation control problem is reformulated with
the dynamic feedback linearization technique. For details of dynamic feedback lin-
earization and its applications to nonholonomic systems, please consult [6, 14].

For each i = 0, . . . , N , introduce a new input ri ∈ R such that

v̇i = ri . (2.63)

Define vxi = vi cos θi and vyi = vi sin θi . Then, ẋi = vxi and ẏi = vyi . Take the deriv-
atives of vxi and vyi , respectively. Then,

(
v̇xi

v̇yi

)
=

(
cos θi −vi sin θi

sin θi vi cos θi

)(
ri

ωi

)
. (2.64)

In the case of vi �= 0, by designing

(
ri

ωi

)
=

(
cos θi sin θi

− sin θi
vi

cos θi
vi

) (
uxi

uyi

)
, (2.65)

the unicyclemodel (2.57)–(2.59) can be transformed into two double integrators with
new inputs uxi and uyi :

ẋi = vxi , v̇xi = uxi , (2.66)

ẏi = vyi , v̇yi = uyi . (2.67)

Define x̃i = xi − x0 − dxi , ỹi = yi − y0 − dyi , ṽxi = vxi − vx0, ṽyi = vyi − vy0,
ũxi = uxi − ux0, and ũ yi = uyi − uy0. Then,

˙̃xi = ṽxi , ˙̃vxi = ũxi , (2.68)

˙̃yi = ṽyi , ˙̃vyi = ũ yi . (2.69)

The formation control problem is solvable, ifwe candesign control laws for system
(2.68)–(2.69) with ũxi and ũ yi as the control inputs, so that vi �= 0 is guaranteed, and
at the same time,



2 Some Recent Results on Distributed Control … 37

lim
t→∞ x̃i (t) = 0, (2.70)

lim
t→∞ ỹi (t) = 0. (2.71)

It should be noted that the validity of (2.66)–(2.67) (and thus (2.68)–(2.69)) for the
unicycle model is under the condition that vi �= 0. Such requirement is basically
caused by the nonholonomic constraint of the mobile robot. This leads to the major
difference between this problem and the distributed control problem for double inte-
grators.

To use (2.68)–(2.69) for control design, each follower robot should have access to
ux0, uy0, which represent the acceleration of the leader robot. This requirement can
be fulfilled if the leader robot can calculate ux0, uy0 using r0, ω0, θ0, v0 according
to (2.65) and transmit them to the follower robots. Note that ω0, θ0, v0 are usually
measurable, and r0 is normally available as it is the control input of the leader robot.

2.4.2 A Class of IOS Control Laws

As an ingredient for the distributed control design, this subsection presents a class
of nonlinear control laws for the following double integrator system with an external
input, such that the closed-loop system is UO and IOS:

η̇ = ζ (2.72)

ζ̇ = μ (2.73)

η̂ = η + w, (2.74)

where [η, ζ ]T ∈ R
2 is the state, μ ∈ R is the control input, w ∈ R represents an

external input, η̂ can be considered as a measurement of η subject to w, and only
(η̂, ζ ) are used for feedback.As shown later, each controlled robot can be transformed
into the form of (2.72)–(2.74) withw representing the interaction between the robots.

Lemma 2.2 For system (2.72)–(2.74), consider a control law taking the form:

μ = −kμ(ζ − φ(η̂)). (2.75)

For any constant φ > 0, one can find an odd, strictly decreasing, continuously dif-
ferentiable function φ : R → [−φ, φ] and a positive constant kμ satisfying

−kμ

4
<

dφ(r)

dr
< 0 (2.76)

for all r ∈ R, such that the closed-loop system (2.72)–(2.75) is UO with zero offset,
and is IOS with the identity function as the gain, i.e., the following properties hold:
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|η(t)| ≤ β(|[η(0), ζ(0)]T |, t) + ‖w‖t (2.77)

|ζ(t)| ≤ |ζ(0)| + αU O(‖η‖t + ‖w‖t ) (2.78)

for some β ∈ K L , αU O ∈ K∞, and all t ≥ 0.

It is necessary to note that condition (2.76) is easily checkable for practical imple-
mentation of the control law (2.75).

2.4.3 Distributed Formation Controller Design
and Small-Gain Analysis

As discussed in Sect. 2.4.1, for the validity of (2.68)–(2.69) of the formation control
design, vi should be guaranteed to be nonzero. For a specified λ∗ satisfying 0 < λ∗ <

v0, by designing a control law for the i th robot such that

max
{|ṽxi |, |ṽyi |

} ≤
√
2

2
(v0 − λ∗) ≤

√
2

2
(v0 − λ∗), (2.79)

it can be guaranteed that |vi | =
√

v2xi + v2yi = √
(vx0 + ṽxi )2 + (vy0 + ṽyi )2 ≥ λ∗ >

0 and thus vi �= 0. In this way, singularity is avoided.
Practically, the linear velocity of each robot is usually required to be less than a

desired value. For any given λ∗ > v0, we can also guarantee |vi | ≤ λ∗ by designing
a control law such that

max
{|ṽxi |, |ṽyi |

} ≤
√
2

2
(λ∗ − v0). (2.80)

For specified constantsλ∗, λ∗, v0, v0 satisfying 0 < λ∗ < v0 < v0 < λ∗, we define

λ = min

{√
2

2
(v0 − λ∗),

√
2

2
(λ∗ − v0)

}
. (2.81)

Then, conditions (2.79) and (2.80) can be satisfied if

max
{|ṽxi |, |ṽyi |

} ≤ λ. (2.82)

The proposed distributed control law is composed of two stages: (a) initialization
and (b) formation control. The initialization stage is employed because the formation
control stage cannot solely guarantee vi �= 0 if (2.79) is not satisfied at the beginning
of the control procedure. With the initialization stage, the linear velocity and the
heading direction of each follower robot can be controlled to satisfy (2.82) within
some finite time. Then, the formation control stage is triggered, and thereafter, the



2 Some Recent Results on Distributed Control … 39

satisfaction of (2.82) is guaranteed, and at the same time, the formation control
objective is achieved.

Initialization Stage

For this stage, we design the following control law:

ωi = φθ i (θi − θ0) + ω0 (2.83)

ri = φvi (vi − v0) + v̇0 (2.84)

for each i th follower robot, where φθ i , φvi : R → R are nonlinear functions.
Define θ̃i = θi − θ0 and ṽi = vi − v0. Taking the derivatives of θ̃i and ṽi , respec-

tively, and using (2.83) and (2.84), we have

˙̃
θi = φθ i (θ̃i ), (2.85)

˙̃vi = φvi (ṽi ). (2.86)

By designing φθ i , φvi such that−φθ i (s), φθ i (−s),−φvi (s), φvi (−s) are positive def-
inite for s ∈ R+, we can guarantee the asymptotic stability of systems (2.85) and
(2.86). Moreover, there exist βθ̃ , βṽ ∈ K L such that |θ̃ (t)| ≤ βθ̃ (|θ̃ (0)|, t) and
|ṽ(t)| ≤ βṽ(|ṽ(0)|, t).

By directly using the property of continuous functions, there exist δv0 > 0 and
δθ0 > 0 such that, for all v0 ∈ [v0, v0], θ0 ∈ R, |δv0| ≤ δv0 and |δθ0| ≤ δθ0,

|(v0 + δv0) cos(θ0 + δθ0) − v0 cos θ0| ≤ λ, (2.87)

|(v0 + δv0) sin(θ0 + δθ0) − v0 sin θ0| ≤ λ. (2.88)

Recall that for any β ∈ K L , there exist functions α1, α2 ∈ K∞ such that β(s, t) ≤
α1(s)α2(e−t ), for all s, t ∈ R+ according to [52, Lemma 8].With control law (2.83)–
(2.84), there exists a finite time TOi for the i th robot such that |θi (TOi ) − θ0(TOi )| ≤
δθ0 and |vi (TOi ) − v0(TOi )| ≤ δv0, and thus condition (2.82) is satisfied at time TOi .

It should be noted that if vi (0) ≤ λ∗, then control law (2.84) guarantees vi (t) ≤ λ∗
for t ∈ [0, TOi ] because of v0(t) ≤ v0 < λ∗.

Formation Control Stage

At time TOi , the distributed control law for the i th follower robot is switched to the
formation control stage.

In this stage, we design

ũxi = −kxi (ṽxi − φxi (zxi )) (2.89)

ũ yi = −kyi (ṽyi − φyi (zyi )), (2.90)

where φxi , φyi : R → [−λ, λ] are odd, strictly decreasing, and continuously differ-
entiable functions and kxi , kyi are positive constants satisfying
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Fig. 2.5 An example for φxi
and φyi

0 r

(r)

− kxi/4 < dφxi (r)/dr < 0 (2.91)

− kyi/4 < dφyi (r)/dr < 0 (2.92)

for all r ∈ R. An example for φxi and φyi is shown in Fig. 2.5.
The variables zxi and zyi are defined as

zxi = 1

Ni

∑

j∈Ni

(xi − x j − (dxi − dx j )) (2.93)

zyi = 1

Ni

∑

j∈Ni

(yi − y j − (dyi − dyj )), (2.94)

where Ni is the size of Ni with Ni representing the position sensing structure. If
j ∈ Ni , then the position sensing digraph G has a directed edge ( j, i) from vertex j
to vertex i . Note that dxi − dx j , dyi − dyj in (2.93) and (2.94) represent the desired
relative position between the i th robot and the j th robot. By default, dx0 = dy0 = 0.

In the formation control stage, the control inputs ri and ωi are defined as (2.65)
with uxi = ũxi + ux0 and uyi = ũ yi + uy0.

Consider the (ṽxi , ṽyi )-system defined in (2.68) and (2.69). With condition (2.82)
satisfied at time TOi , the boundedness of φxi and φyi together with the control law
(2.89) and (2.90) guarantees the satisfaction of (2.82) after TOi . For the proof of this
statement, we can consider

{
(ṽxi , ṽyi ) : max{|ṽxi |, |ṽyi |} ≤ λ

}
as an invariant set of

the (ṽxi , ṽyi )-system.
The main result of distributed formation control is summarized below.

Theorem 2.2 Consider the multirobot model (2.57)–(2.59) and the distributed
control laws defined by (2.63), (2.65), (2.83), (2.84), (2.89), and (2.90) with para-
meters kxi , kyi satisfying (2.91) and (2.92). Under Assumption 2.3, if the position
sensing digraph G has a spanning tree with vertex 0 as the root, then for any
constants dxi , dyi ∈ Rwith i = 1, . . . , N, the coordinates (xi (t), yi (t)) and the angle
θi (t) of each ith robot asymptotically converge to (x0(t) + dxi , y0(t) + dyi ) and
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θ0(t) + 2kπ with k ∈ Z, respectively. Moreover, given any λ∗ > v0, if vi (0) ≤ λ∗
for i = 1, . . . , N, then vi (t) ≤ λ∗, for all t ≥ 0.

The two-stage distributed control law results in a switching incident of the control
signal for each follower robot during the control procedure. The trajectories of such
systems can be well defined in the spirit of Rademacher (see, e.g., [13]), and the
performance of the system can be analyzed by considering the two stages one by
one.

2.4.4 Small-Gain Analysis and Proof of Theorem 2.2

Recall the definition of λ in (2.81). With condition (2.82) satisfied after TOi , we
have vi �= 0 and thus the validity of (2.65), for all t ≥ TOi . Under the condition of
vi (0) ≤ λ∗, the boundedness of vi (t), i.e., vi (t) ≤ λ∗, can also be directly proved
based on the discussions in Sect. 2.4.3.

Denote x̃0 = 0 and ỹ0 = 0. We equivalently represent zxi and zyi as

zxi = 1

Ni

∑

j∈Ni

(xi − dxi − x0 − (x j − dx j − x0))

= 1

Ni

∑

j∈Ni

(x̃i − x̃ j ) = x̃i − 1

Ni

∑

j∈Ni

x̃ j (2.95)

and similarly,

zyi = ỹi − 1

Ni

∑

j∈Ni

ỹ j . (2.96)

Denote

ωxi = 1

Ni

∑

j∈Ni

x̃ j , (2.97)

ωyi = 1

Ni

∑

j∈Ni

ỹ j . (2.98)

Then, control laws (2.89) and (2.90) are in the form of (2.75).
In the following proof, we only consider the (x̃i , ṽxi )-system (2.68). The (ỹi , ṽyi )-

system (2.69) can be studied in the same way.
Define TO = maxi=1,...,N {TOi }. Using Lemma 2.2, for each i = 1, . . . , N , the

closed-loop system composed of (2.68) and (2.89) has the following properties: for
any x̃i0, ṽxi0 ∈ R, with x̃i (TO) = x̃i0 and ṽxi (TO) = ṽxi0,
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|x̃i (t)| ≤ βxi (|[x̃i0, ṽxi0]T |, t − TO) + ‖ωxi‖[TO ,t] (2.99)

|ṽxi (t)| ≤ |ṽxi0| + αxi (‖x̃i‖[TO ,t] + ‖ωxi‖[TO ,t]), (2.100)

where βxi ∈ K L and αxi ∈ K∞.
Notice that for any constants a1, . . . , an > 0 satisfying

∑n
i=1(1/ai ) ≤ n, it holds

that
∑n

i=1 di = ∑n
i=1(1/ai )ai di ≤ n max1≤i≤n{ai di }, for alld1, . . . , dn ≥ 0.Wehave

|ωxi | ≤ δi max
j∈N i

{ai j |x̃ j |}, (2.101)

where δi = (Ni − 1)/Ni , N i = Ni\{0}, and ∑
j∈N i

(1/ai j ) ≤ Ni − 1 if 0 ∈ Ni ;

δi = 1, N i = Ni , and
∑

j∈N i
(1/ai j ) ≤ Ni if 0 /∈ Ni .

Then, properties (2.99) and (2.100) imply

|x̃i (t)| ≤ βxi (|[x̃i0, ṽxi0]T |, t − TO) + δi max
j∈N i

{ai j‖x̃ j‖[TO ,t]}, (2.102)

|ṽxi (t)| ≤ |ṽxi0| + αxi (‖x̃i‖[TO ,t] + δi max
j∈N i

{ai j‖x̃ j‖[TO ,t]}). (2.103)

Define the follower sensing digraph G f as a subgraph of G . Digraph G f has N
vertices with indices 1, . . . , N corresponding to the vertices with indices 1, . . . , N
of G and representing the follower robots. From the definitions ofN i and G f , it can
be observed that, for i = 1, . . . , N , if j ∈ N i , then there is a directed edge ( j, i)
from the j th vertex to the i th vertex in G f . Clearly, G f represents the interconnection
topology of the network composed of the (x̃i , ṽxi )-systems (2.68).

DefineF0 = {i ∈ {1, . . . , N } : 0 ∈ Ni }. DenoteC f as the set of all simple cycles
of G f , and denote C0 ⊆ C f as the set of all simple cycles through the vertices with
indices belonging toF0.

For i = 1, . . . , N , j ∈ N i , we assign the positive value ai j to edge ( j, i) in G f .
For a simple cycleO ∈ C f , denote AO as the product of the positive values assigned
to the edges of the cycle.

Consider x̃i with i = 1, . . . , N as the outputs of the network composed of the
(x̃i , ṽxi )-systems (2.68). Using the IOS small-gain theorem for general nonlinear
systems in [27, 28], x̃i (t) with i = 1, . . . , N converge to the origin if

AO
N − 1

N
< 1 for O ∈ C0, (2.104)

AO < 1 for O ∈ C f \C0. (2.105)

Note that AO(N − 1)/N < 1 is equivalent to AO < N/(N − 1) = 1 + 1/(N − 1).
If G has a spanning tree with vertex 0 as the root, then G f has a spanning tree

with the indices of the root vertices belonging to F0. According to Lemma 2.1,
there exist positive constants ai j such that both conditions (2.104) and (2.105) are
satisfied. For system (2.68), with the convergence of each x̃i to the origin and the
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boundedness of ũxi , we can guarantee the convergence of ṽxi to the origin using
Barbălat’s lemma [29]. Similarly, we can prove the convergence of ṽyi to the origin.
Using the definitions of ṽxi and ṽyi , the convergence of θi to θ0 + 2kπ with k ∈ Z

can be concluded. This ends the proof of Theorem 2.2.

2.4.5 Robustness to Relative Position Measurement Errors

Measurement errors can decrease the performance of a nonlinear control system. In
this section, we discuss the robustness of our distributed formation controller in the
presence of relative position measurement errors.

It can be observed that the initialization stage of the distributed control law defined
in (2.83) and (2.84) is not affected by the position measurement errors. Also, condi-
tion (2.82) still holds for t ≥ TOi for i = 1, . . . , N .

For the formation control stage, in the presence of relative position measurement
errors, the zxi and zyi defined for the distributed control law (2.89) and (2.90) should
be modified as

zxi = 1

Ni

∑

j∈Ni

(
xi − x j − (dxi − dx j ) + ωx

i j

)
(2.106)

zyi = 1

Ni

∑

j∈Ni

(
yi − y j − (dyi − dyj ) + ω

y
i j

)
, (2.107)

where Ni is the size of Ni and ωx
i j , ω

y
i j ∈ R represent the relative position mea-

surement errors corresponding to (xi − x j ) and (yi − y j ), respectively. Due to the
boundedness of the designed φxi and φyi in (2.89) and (2.90), condition (2.82) is
still satisfied in the presence of position measurement errors, which guarantees the
validity of (2.65).

Here, we only consider each x̃i -subsystem. The ỹi -subsystems can be studied in
the same way. By defining

ωxi = 1

Ni

∑

j∈Ni

(
x̃ j + ωx

i j

)
, (2.108)

we have zxi = x̃i − ωxi . With such definition, if the measurement errors ωx
i j are

piecewise continuous and bounded, then each x̃i -subsystem still has the IOS and UO
properties given by (2.99) and (2.100), respectively.

As in the discussion above (2.101), we have
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|ωxi | ≤ max

⎧
⎨

⎩
ρi

Ni

∑

j∈Ni

(|x̃ j |), ρ ′
i

Ni

∑

j∈Ni

(|ωx
i j |)

⎫
⎬

⎭

:= max

⎧
⎨

⎩
ρi

Ni

∑

j∈Ni

(|x̃ j |), ωe
xi

⎫
⎬

⎭

≤ max
j∈N i

{
δi ai j |x̃ j |, ωe

xi

}
, (2.109)

where ρi , ρ
′
i > 0 satisfying 1/ρi + 1/ρ ′

i ≤ 1, and δi = ρi (Ni − 1)/Ni , N i =
Ni\{0} and

∑
j∈N i

(1/ai j ) ≤ Ni − 1 if 0 ∈ Ni ; δi = ρi , N i = Ni and
∑

j∈N i

(1/ai j ) ≤ Ni if 0 /∈ Ni .
In the existence of the relative position measurement errors, we can still guarantee

the IOS of the closed-loop distributed system by using the cyclic-small-gain theorem.
In this case, the cyclic-small-gain condition is as follows:

AO
ρ(N − 1)

N
< 1 for O ∈ C0, (2.110)

AOρ < 1 for O ∈ C f \C0, (2.111)

where ρ := maxi∈{1,...,N }{ρi } is larger than one according to 1
ρi

+ 1
ρ ′

i
≤ 1, and can be

chosen to be very close to one. Lemma 2.1 can guarantee (2.110) and (2.111) if G
has a spanning tree with vertex 0 as the root. Thus, the proposed distributed control
law is robust with respect to relative position measurement errors.

2.4.6 A Numerical Example

Consider a group of 6 robots with indices 0, 1, . . . , 5. Notice that the robot with index
0 is the leader. The neighbor sets of the robots are defined as follows: N1 = {0, 5},
N2 = {1, 3}, N3 = {2, 5}, N4 = {3},N5 = {4}.

By default, the values of all the variables in this simulation are in SI units. For
convenience,weomit the units. The desired relative position of the follower robots are
definedbydx1 = −√

3d/2, dx2 = −√
3d/2, dx3 = 0, dx4 = √

3d/2, dx5 = √
3d/2,

dy1 = −d/2, dy2 = −3d/2, dy3 = −2d, dy4 = −3d/2, dy5 = −d/2 with d = 30.
Figure2.6 shows the position sensing graph of the formation control system. Clearly,
the position sensing graph has a spanning tree with vertex 0 as the root.

It should be noted that the control law for each follower robot also uses the velocity
and acceleration information of the leader robot, the communication topology of
which is not shown in Fig. 2.6.



2 Some Recent Results on Distributed Control … 45

Fig. 2.6 The position
sensing graph of the
formation control system

2 3 4

1 5

0

The control inputs of the leader robot are r0(t) = 0.1 sin(0.4t) and ω0(t) =
0.1 cos(0.2t). With such control inputs, the linear velocity v0 with v0(0) = 3 sat-
isfies v0 ≤ v0(t) ≤ v0 with v0 = 3 and v0 = 3.5.

Choose λ∗ = 0.45 and λ∗ = 6.05. The distributed control laws for the initializa-
tion stage are in the form of (2.83) and (2.84) with φθ i (r) = φvi (r) = −0.5(1 −
exp(−0.5r))/(1 + exp(−0.5r)) for i = 1, . . . , 5. The distributed control laws for
the formation control stage are in the form of (2.89) and (2.90) with kxi = kyi = 2
and φxi (r) = φyi (r) = −1.8(1 − exp(−0.5r))/(1 + exp(−0.5r)) for i = 1, . . . , 5.
With direct calculation, it can be verified that the designed kxi , kyi , φxi , φyi satisfy
(2.91) and (2.92). Also, φxi (r), φyi (r) ∈ [−1.8, 1.8], for all r ∈ R. With v0 = 3 and
v0 = 3.5, the control laws can restrict the linear velocities of the follower robots to
be in the range of [3 − 1.8

√
2, 3.5 + 1.8

√
2] = [0.454, 6.046] ⊂ [λ∗, λ∗].

The initial states of the robots are chosen as

i (xi (0), yi (0)) vi (0) θi (0)
0 (0, 0) 3 π/6
1 (−40, 10) 4 π

2 (−20,−40) 3.5 5π/6
3 (5,−40) 2.5 0
4 (50,−10) 2 −2π/3
5 (50, 10) 3 0

The measurement errors are ωx
i j (t) = 0.3(cos(t + iπ/6) + cos(t/3 + iπ/6) +

cos(t/5 + iπ/6) + cos(t/7 + iπ/6)) and ω
y
i j (t) = 0.3(sin(t + iπ/6) + sin(t/3 +

iπ/6) + sin(t/5 + iπ/6) + sin(t/7 + iπ/6)) for i = 1, . . . , N , j ∈ Ni .
The linear velocities and the angular velocities of the robots are shown in Fig. 2.7.

The stage changes of the distributed controllers are shown in Fig. 2.8 with “0” repre-
senting initialization stage and “1” representing formation control stage. Figure2.9
shows the trajectories of the robots. The simulation verifies the theoretical results.
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Fig. 2.7 The linear velocities and the angular velocities of the robots

Fig. 2.8 The stages of the distributed controllers
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Fig. 2.9 The trajectories of the robots. The dashed curve represents the trajectory of the leader

2.5 Concluding Remarks

This chapter has presented cyclic-small-gain tools for distributed control of nonlinear
multiagent systems.

In Sect. 2.3, with the proposed distributed observers and control laws, the outputs
of the agents can be steered to within an arbitrarily small neighborhood of the desired
agreement value under external disturbances. Asymptotic output agreement can be
achieved if the system is disturbance-free. The robustness to bounded time delays of
exchanged information can also be guaranteed. Section2.3 only considers the case
with time-invariant agreement value y0. It is practically interesting to further study
the distributed nonlinear control for agreement with a time-varying agreement value.
Recent developments on the output-feedback tracking control of nonlinear systems
(see, e.g., [22]) should be helpful for the research in this direction.

The distributed formation control law proposed in Sect. 2.4 uses relative position
measurements without assuming a tree structure. For this purpose, the formation con-
trol problem is first transformed into a state agreement problem of double integrators
with dynamic feedback linearization [6]. Then, a class of distributed nonlinear control
laws is designed. With the proposed distributed nonlinear control law, the closed-
loop system can be transformed into a network of IOS systems, and the achievement
of the formation control objective can be guaranteed by using the cyclic-small-gain
theorem. The special case in which there are only two robots and the desired relative
positions are zero has been studied extensively in the past literature; see [8, 24] and
the references therein.

By showing that a distributed control problem can be transformed into the sta-
bility/convergence problem of a dynamic network composed of IOS subsystems,
Sects. 2.2–2.4 provide some partial answers to the question asked by Open Prob-
lem #5 in [28]: “Application of small-gain results for distributed feedback design of
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large-scale nonlinear systems.” More discussions on the application of the cyclic-
small-gain theorem to distributed control can be found in [36, 37, 39].
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