
Chapter 2
Robust Shared-Control for Rear-Wheel
Drive Cars

Jingjing Jiang and Alessandro Astolfi

2.1 Introduction

Nowadays vehicles are one of the major means of transportation. The driving safety
depends highly on the driver’s attention, experience and skills. According to the
report given by the World Health Organization, more than one million fatalities are
caused by traffic-related accidents per year all over the world. To keep the human
beings out of the vehicle control loop and to relieve them from the task of driving,
researchers started to study self-driving cars.

A local path planning algorithm has been introduced in [12], in which the path
modification is performed using a Voronoi cell when a collision is detected, while
two path planning methods and multiple PID controllers have been used in [19] to
achieve auto-driving. The paper [14] has presented a robust controller composed
of a longitudinal controller and a lateral controller for a self-driving car to track
a given trajectory. In [2] an electric race car is driven by a high-level navigation
system via a multi-threaded program and an embedded low-level control to achieve
accurate tracking of a straight line and good turning speed comparable to the human
driver. Model Predictive Control (MPC) is also widely used in auto-driving cars. The
paper [10] has used simulation and experimental results to demonstrate that smooth
trajectory tracking with small position errors is achievable with the application of
MPC. Other control methods, such as fuzzy control laws [13, 22], adaptive controls
[15, 17], and sliding mode controls [4], have also been utilized in vehicle auto-
navigation.
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Even though the driverless cars, such as Google Cars, have already been suc-
cessfully tested in some areas, they still have several limitations. For instance, much
intricate preparations have to be made before Google Cars can be driven on a certain
road. Data have to be studied carefully after the testing drive, meter by meter, by
both computers and humans. Even though the sensors of the car can detect obsta-
cles on the road, they may be unable to distinguish between a rock and a crumpled
piece of paper. Therefore the car will drive around both of them. Compared with
auto driving, the cooperative driving which does not abandon the human driver has
several advantages: it provides additional information (beyond those sensed directly
by vehicle-based sensors) and better quality of information (lower noise and smaller
delays), and is able to enable direct negotiations about maneuvers (such as merging
and creating gaps) [20]. A shared-control algorithm for a car has been proposed in
[11] and [5]: the car is able to drive autonomously by following the path created
by waypoints generated by the human operator, while a passive human–machine
interface has been utilized in [16] to suggest control actions to the driver of a vehi-
cle with n-trailers. A longitudinal driving-assistance system based on a self-learning
algorithm for the driver modeling and an automatic braking activation (or collision
warning) system has been studied in [21]. A human-in-the-loop design approach to
the control of a smart car based on a supervisory control that determines the desired
velocity for the vehicle has been presented in [1]. Differently from the traditional
braking model, the paper [3] has proposed a new safety indicator, named as “time
gap interval”, for the safe distance to the car in front in car-following situations.
The paper [8] has presented a shared-control algorithm for the kinematic model of
a rear-wheel drive car to “correct” the driver’s behaviors in “dangerous” situations.
The design is based on the measurement of absolute positions. This chapter studies
the human–robot cooperation, extends the results given in [8] to the cases in which
no absolute positions are available and to the cases in which disturbances are taken
into consideration, thus also extending [9]. The shared controller established in the
chapter is designed to assist the human driver drive safely.

The rest of the chapter is organized as follows. In Sect. 2.2 the shared-control
problem for the kinematic model of a rear-wheel drive car is formulated. The solu-
tions to the problem with and without measurements of absolute positions are given
in Sects. 2.3 and 2.5, respectively. Formal properties of the closed-loop system with
shared control are presented in each section.Todealwithmodel uncertainties,we con-
sider the system with the presence of bounded disturbances as explained in Sect. 2.4.
Three case studies showing the effectiveness of the shared-control algorithm are
provided in Sect. 2.6. Finally, some conclusions and suggestions for future work are
given in Sect. 2.7.

2.2 Problem Formulation, Definitions, and Assumptions

The chapter studies the kinematic model of a rear-wheel drive car, the dynamics of
which, as explained in [8], are described by the equations
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ẋ = vs cos θ,

ẏ = vs sin θ,

θ̇ = vs tan φ

l
,

φ̇ = ωs,

(2.1)

where (x, y) are the coordinates of the middle point of the rear-axle, θ and φ are the
inertial heading and the steering angle, respectively. l denotes the distance between
the front-axle and the rear-axle. Furthermore, the shared-control inputs are the for-
ward velocity vs and the angular velocity of front wheels ωs .

As explained in Sect. 2.1 the shared-control input us = [vs, ωs]T discussed in this
chapter is a combination of the human input uh = [vh, ωh]T , named as h-control, and
the feedback control input u f = [v f , ω f ]T , named as f-control. Figure2.1 illustrates
the architecture of the system with the shared controller, where “H” describes the
human action. Define us as

us(t) = (1 − k(t))u f (t) + k(t)uh(t), (2.2)

where k(t) ∈ [0, 1] is named as sharing function, describing how the control authority
is shared between the driver and the feedback controller. The value of k can provide
feedback to the driver indicating how safe his/her behavior is. This is helpful to
improve the driver’s performance, especially for new drivers. Figure2.1 also shows
that the human driver receives more information than the feedback controller since
he/she is able to directly perceive the environment besides reading data from the
sensors.

In this chapter, we use the subscripts h, f, and s to denote the control inputs
generated by the human operator, the feedback controller, and the shared controller,
respectively.

Shared Controller
us

Car Sensors

H

perception

uh

Feedback Controller

uf

k

Fig. 2.1 The proposed architecture of the shared-control
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Definition 2.1 Similar to [8], the names s-closed-loop and h-closed-loop are used
to represent the closed-loop system with shared control us (described by (2.1)) and
human control uh , respectively.

LetPa(t) ∈ R
2 be a compact set describing the admissibleCartesian configuration

set1 of the system (2.1) and uh be a given h-control. Then the shared-control problem
for the kinematic model of the car can be formulated as follows.

Given the system (2.1), a compact nonempty set Pa(t) and an h-control uh(t),
find (if possible)

• an f-control u f ;
• a sharing function k;
• a safe set Rs(vh, t) � Pa(t) × Hs × As ⊂ Pa(t) × H × A � R(vh, t);

where H and A are the sets of heading angles and steering angles, respectively, such
that the s-closed-loop system (2.1) and (2.2) has the following properties.

(1) The (x, y)-position of the car remains in its feasible Cartesian configuration set,
i.e., (x(t), y(t)) ∈ Pa(t) for all t ≥ 0.

(2) The shared controller does not change the aims of the human driver if he/she
drivers safely, i.e.,

Ωs =
{

Ωh if Ωh ⊂ Rs(vh, t),

ΠRs (Ωh) if Ωh �⊂ Rs(vh, t),

where Ωs and Ωh are the Ω-limit sets of the s-closed-loop system and h-closed-
loop system, respectively. ΠRs (Ωh) is the projection of Ωh into the safe subset
Rs(vh, t), which will be defined in Sects. 2.3.1 and 2.5.1, with and without mea-
surements of absolute positions, respectively.

(3) us(t) = uh(t) for all t ≥ 0 such that the system state belongs to Rs(vh, t).

Note that for any fixed vh ,Hs andAs denote the sets of all heading angles and steering
angles such that the car is unable to hit the boundary of Pa within an arbitrary short
period of time, respectively.

Assumption 2.1 We assume that the projection of the car in the (x, y)-plane is a
rectangle with length l and widthw, where l denotes the distance between the middle
of the front-axle and the middle of the rear-axle andw denotes the distances between
the centers of the two rear wheels (or the centers of the two front wheels).

1We use (x(t), y(t)) to denote the Cartesian coordinates of the center of the rear-axle at the time
instant t . The admissible Cartesian configuration set Pa(t) is such that

(x(t), y(t)) ∈ Pa(t), for all t ≥ 0.

.
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2.3 Design of the Shared-Control Law with Measurements
of Absolute Positions

In this section, we provide a shared-control algorithm for the kinematic model of a
rear-wheel drive car with measurements of absolute positions.

Assumption 2.2 We assume that the admissible Cartesian configuration set Pa is
defined by a group of linear inequalities given by

Pa = {p ∈ R
2 |Sp + T ≤ 0}, (2.3)

where p = [x, y]T , S = [sT
1 , sT

2 , . . . , sT
m ]T ∈ R

m×2 and T = [t1, t2, . . . , tm]T ∈ R
m .

In addition, if m > 2, the matrices S and T are such that

rank(

⎡
⎢⎣

sr1
...

srg

⎤
⎥⎦) < rank(

⎡
⎢⎣

sr1 tr1
...

...

srg trg

⎤
⎥⎦),

for all g ∈ [3, m] and r1, r2, . . . , rg ∈ {1, 2, . . . , m}.

2.3.1 Design of the Feedback Controller

Lemma 2.1 Consider the set Pa in (2.3) and assume Assumption 2.2 holds. Then
for any fixed vh and θ no more than two constraints are active2 at any given time
instant.

Proof If m ≤ 2 then the claim trivially holds. Consider now the case m ≥ 3. We
prove the claim by contradiction. Suppose that at a given time instant, for a fixed vh

and θ , three constraints are active. Without loss of generality assume that these are
the first 3 constraints. Then there exists a positive constant η such that

⎡
⎣ s1

s2
s3

⎤
⎦(p + η

[
vh cos θ

vh sin θ

])
+
⎡
⎣ t1

t2
t3

⎤
⎦ = 0.

By Assumption 2.2 the above equation does not have any solutions, hence the claim.

As detailed in [6] the m inequality constraints can be partitioned into Nc groups,
where Nc ≤ (m2). Each group contains two constraints. Relative to the i th group of

2For each human input vh and heading angle θ , the i th constraint is active at position p if there

exists a positive η such that si

(
p + η

[
vh cos θ

vh sin θ

])
+ ti = 0. As a results, the constraint is said to

be “active” if the car is moving towards the constraint.
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Fig. 2.2 Graph of the
function qi

r j
given by (2.6)

for j ∈ {1, 2}
qidj

qirj

qirj = −ε

(
√
2 − 1)r − ε−(1 −

√
2
2 )r − ε

45◦

constraints, i.e.,

qi = Si p + T i ≤ 0, (2.4)

where Si is invertible, we define a new variable zi = [zi
1, zi

2]T , with

zi
j = log

qi
j

qi
r j

, (2.5)

for all j ∈ {1, 2}, where qi
r j
is the reference signal relative to qi

j and is defined by

qi
r j

=

⎧⎪⎪⎨
⎪⎪⎩

qi
d j

, if qi
d j

≤ (1 −
√
2
2 )r − ε,

−ε, if qi
d j

≥ (
√
2 − 1)r − ε,

−(r + ε) +
√

r2 − [(√2 − 1)r − ε − qi
d j

]2, otherwise ,

(2.6)

where r is a user-selected positive constant, ε is a sufficiently small positive number,
qi

d = [qi
d1

, qi
d2

]T = Si pd + T i and pd describes the desired trajectory in the space

P . Note that the definition of qi
r j
is illustrated in Fig. 2.2 and [Si −1

(qi
r − T i )] is the

projection of pd into the admissible Cartesian configuration set Pa relative to the i th

group of constraints.
It is clear that qi

r j
is a smooth function taking negative values. Therefore, q̇ i

r j
exists.

Let αi
r = [αi

r1 , α
i
r2 ]T = Si −1

q̇ i
r . Then

3

3The definition of the function atg(·), given in [8], is close to that of the standard four quadrant
arctan function except that its range equals to (−∞,+∞) rather than [−π, π). In addition, it is
a smooth function with values in the range (−∞,+∞). Therefore θ̇ i

r always exist, which is a
necessary condition for calculating L̇i , where Li is given by (2.9).
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pi
r = Si −1

(qi
r − T i ), θ i

r = atg(αi
r2 , α

i
r1),

vi
r =

√
αi

r1
2 + αi

r2
2
, φi

r = atan

(
θ̇ i

r l

vi
r

)
,

ωi
r = φ̇i

r .

(2.7)

Let (pd , θd , φd) ∈ Ωh , then the projection of (pd , θd , φd) into the safe subset Ri
s

is defined as
Π i

Rs
(pd , θd , φd) = (pi

r , θ
i
r , φ

i
r ),

where (pi
r , θ

i
r , φ

i
r ) is given by (2.7). Furthermore, the projection of Ωh into the set

Ri
s is defined as

Π i
Rs

(Ωh) = {s ∈ Rs |s = Π i
Rs

(pd , θd , φd)}, ∀(pd , θd , φd) ∈ Ωh .

System (2.1) controlled by the feedback controller ui
f can be rewritten, using the

variable zi , as

żi
1 = vi

f cos θ i

ezi
1qi

r1

− vi
r cos θ i

r

qi
r1

,

żi
2 = vi

f cos θ i

ezi
2qi

r2

− vi
r cos θ i

r

qi
r2

,

θ̇ i = vi
f tan φi

l
,

φ̇i = ωi
f .

(2.8)

Let

θ i∗ = atg(ezi
2(vi

r sin θ i
r − γ2zi

2), ezi
1(vi

r cos θ i
r − γ1zi

1)),

φi∗ = atg

⎛
⎜⎜⎜⎝

l
zi
1

ezi
1qi

r1

sin
θ + θ i∗

2
sinc

θ − θ i∗

2
+ θ i∗l

vi
f

−l
zi
2

ezi
2qi

r2

cos
θ + θ i∗

2
sinc

θ − θ i∗

2

, 1

⎞
⎟⎟⎟⎠ ,

where γ1 > 0, γ2 > 0.
Consider the Lyapunov function candidate relative to the i th group of constraints

(2.4) given by

Li (zi
1, zi

2, θ
i , φi ) = 1

2
[zi

1
2 + zi

2
2 + (θ i − θ i∗)2 + (tan φi − tan φi∗)2], (2.9)

and choose ui
f = [vi

f , ω
i
f ]T such that Li < 0 for all (zi

1, zi
2, θ

i , φi ) �= (0, 0, θ i∗, φi∗).
One such choice is given by



22 J. Jiang and A. Astolfi

vi
f =

√
e2zi

1(vi
r cos θ i

r − γ1zi
1)

2 + e2zi
2(vi

r sin θ i
r − γ2zi

2)
2,

ωi
f = cos2 φi

[
−v(θ i − θ i∗)

l
+ φ̇i∗

cos2 φi∗ − γ3(tan φ − tan φi∗)
]

,

which yields

L̇ i = γ1
zi
1
2

qi
r1

+ γ2
zi
2
2

qi
r2

− γ3(tan φ − tan φ∗)2 ≤ 0.

This can be “pulled back” into the (p, θ, φ) coordinates by

vi
f =
√√√√( qi

1

qi
r1

)2 (
vi

r cos θ i
r − γ1log

qi
1

qi
r1

)2

+
(

qi
2

qi
r2

)2 (
vi

r sin θ i
r − γ2log

qi
2

qi
r2

)2

,

ωi
f = cos2 φi

[
−v(θ i − θ i∗)

l
+ φ̇i∗

cos2 φi∗ − γ3(tan φ − tan φi∗)
]

,

(2.10)

where

φi∗ = atg

⎛
⎜⎜⎜⎜⎜⎝

l
log qi

1
qi

r1

qi
1

sin
θ + θ i∗

2
sinc

θ − θ i∗

2
+ θ i∗l

vi
f

−l
log qi

2
qi

r2

qi
2

cos
θ + θ i∗

2
sinc

θ − θ i∗

2

, 1

⎞
⎟⎟⎟⎟⎟⎠ ,

θ i∗ = atg

(
qi
2

qi
r2

(
vi

r cos θ i
r − γ2log

qi
2

qi
r2

)
,

qi
1

qi
r1

(
vi

r cos θ i
r − γ1log

qi
1

qi
r1

))
,

(2.11)

and qi
j = si

j p + t i
j , qi

r j
= si

j pr + t i
j for all j ∈ {1, 2}.

2.3.2 Shared-Control Algorithm

The overall set R, denoting the set of all feasible values of the system states, can be
partitioned into three subsets: the safe subset Rs , the hysteresis subset Rh and the
dangerous subset Rd . The set division is based on the distance between the current
(x, y)-position and the boundary of the setPa and the velocity towards the boundary.
Relative to the i th group of constraints, the three subsets are defined by (12) given
on the top of next page,
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R̃i
s(vh) =

⎧⎨
⎩ (qi , θ i , φi ) ∈ Qi

a × H × A : mi
j <

1

qi
j + b2

− 1

b2
if qi

j ≥ −b2

for all j ∈ {1, 2}

⎫⎬
⎭

R̃i
h(vh) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(qi , θ i , φi ) ∈ Qi
a × H × A : mi

j ≤ 1

qi
j + b1

− 1

b1
if qi

j ≥ −b1

for all j ∈ {1, 2}
and ∃k ∈ {1, 2} such that

mi
k ≥ 1

qi
k + b2

− 1

b2
and qi

k ≥ −b2

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
(12)

R̃i
d(vh) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(qi , θ i , φi ) ∈ Qi
a × H × A : ∃ j ∈ {1, 2} such that

mi
j >

1

qi
j + b1

− 1

b1
,−b1 ≤ qi

j < 0

or ∃ j ∈ {1, 2} such that

mi
j >

1

qi
j + b1

− 1

b1
, qi

j = 0

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

where4 Qi
a = SiPa + T i , b2 > b1 > 0, mi

j = si
j [cos θ i , sin θ i ]T vh and mi

k = si
k

[cos θ i , sin θ i ]T vh with k, j ∈ {1, 2} .
Example 2.1 Assume that the admissible Cartesian configuration set Pa is a square
described by (2.3), where S = [aT

1 , aT
2 , aT

3 , aT
4 ]T and T = [−3,−3,−3,−3]T with

a1 = [−1, 0], a2 = [1, 0], a3 = [0,−1] and a4 = [0, 1]. Figure2.3 on the top of next
page provides graphical illustrations of the three subsets for different values of vh

and θ .

Note that this definition is given in the (qi , θ i , φi ) coordinates and can be trans-
ferred to the (x, y, θ i , φi ) coordinates by the equations

Ri
s(vh) = diag(Si

−1
, I)(R̃i

s − col(Ti, 0)),

Ri
h(vh) = diag(Si

−1
, I)(R̃i

h − col(Ti, 0)),

Ri
d(vh) = diag(Si

−1
, I)(R̃i

d − col(Ti, 0)),

where col(Ti, 0) is a column vector built by stacking the zero vector under the vector
T i .

4The notation Si Pa + T i with Si ∈ R
2×2, Pa ∈ R

2 and T i ∈ R
2, denotes the set defined by

{x ∈ R
2|x = Si y + T i , y ∈ Pa}.

.
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Fig. 2.3 Illustration of the safe (green), the hysteresis (yellow) and the dangerous subsets (red) for
the case n = 2 (b1 = 1, b2 = 2)

The sharing function relative to the i th group of constraints can then be defined as

ki (p, θ, vh) =

⎧⎪⎪⎨
⎪⎪⎩
0, (p, θ, φ) ∈ Ri

d(vh) and Li =
Inc

min
j=I1

L j ,

li , (p, θ, φ) ∈ Ri
h(vh),

1, otherwise,

(2.13)

where

li =
{
1, if ki (t−) = 0,
0, if ki (t−) = 1.

Note that in the cases in which two constraints are active, there is only one group
of active constraints. However, if only one constraint is active, there could be nc

groups of active constraints, where nc ≤ m − 1. Therefore, the activation of the i th

group of constraints does not imply the activation of the i th feedback controller ui
f .
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Suppose I1, I2, . . . , Inc groups of constraints are active at the time instant t , where
Ii ∈ {1, 2, . . . , Nc} for all i ∈ {1, 2, . . . , nc} and L j is defined in Eq. (2.9).

Finally, the shared-control input us is given as

us(p, θ, φ, vh) =
Nc∑

i=1

[(1 − ki (p, θ, vh))u
i
f (p, θ, φ, pr , θr , αr )]

+ Nc

min
i=1

ki (p, θ, vh) uh(t).

(2.14)

Proposition 2.1 Consider the kinematic model of a rear-wheel car (2.1) with the
shared-control algorithm (2.10)–(2.13) and (2.14). Let Pa be a given compact and
nonempty admissible Cartesian configuration set described by (2.3) and uh be a
given h-control. Assume (x(0), y(0)) ∈ Pa. Then there exists positive γ1, γ2, γ3 and
b2 > b1 > 0 such that the following properties hold for the s-closed-loop system.

i) (x(t), y(t)) ∈ Pa for all t ≥ 0.
ii) Ωs = ΠRs (Ωh).

iii) us(t) = uh(t) for all t ≥ 0 such that (p(t), θ(t), φ(t)) ∈ Rs(vh(t)).

Proof To begin with, as detailed in Sect. 2.3.1, the f-control is such that the Cartesian
configuration of the system stays in the admissible set Pa . In addition, as detailed in
[7] any trajectory should enter the dangerous subset Rd before leaving R where u f

is active. Therefore, the set R is forward invariant and claim i) holds.
Claim ii) is a consequence of the general results in [18], and of the fact that

ΠRs (Ωh) is the Ω-limit set of both the h-closed-loop and the f-closed-loop systems
(by definition, the former, and by Eqs. (2.5)–(2.9), the latter).

Finally, claim iii) is a direct consequence of the definition of the shared-control
input us .

2.4 Disturbance Rejections

The model studied in Sect. 2.3 does not include uncertainties. In this section, we
include additive disturbances to the systemdynamics tomake themodelmore flexible
and then provide a solution to the underlying robust shared-control problem.

The dynamics of the kinematic model of a rear-wheel drive car with disturbances
can be written as

ẋ = vs cos θ + dx ,

ẏ = vs sin θ + dy,

θ̇ = vs tan φ

l
+ dθ ,

φ̇ = ωs + dφ,

(2.15)
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wheredx ,dy ,dθ anddφ are disturbances on the dynamics of x , y, θ andφ, respectively.

Assumption 2.3 The disturbances are bounded, i.e., |dx | ≤ d1, |dy| ≤ d2, |dθ | ≤ d3
and |dφ| ≤ d4, where d1, d2, d3 and d4 are positive constants known to the users.

We assume that Assumptions 2.2 and 2.3 hold for the rest of this section.
With the use of zi defined in (2.5), system (2.15) with the feedbacks controller

ui
f can be rewritten as

żi
1 = si

11(v
i
f cos θ + dx ) + si

12(v
i
f sin θ + dy)

ezi
1qi

r1

− qi
r1

qi
r1

,

żi
2 = si

21(v
i
f cos θ + dx ) + si

22(v
i
f sin θ + dy)

ezi
2qi

r2

− qi
r2

qi
r2

,

θ̇ = vi
f tan φ

l
+ dθ ,

φ̇ = ωi
f + dφ,

(2.16)

where qi
r is defined by (2.6) and Si = [si

1
T
, si

2
T ]T with si

1 = [si
11, si

12] and si
2 =

[si
21, si

22].
Let

tan φi∗ = l

vi
f

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

θ̇ i∗ − f (θ − θ i∗)d3 + zi
1v

i
f si

11

mi
r1e

zi
1

sin
θ + θ i∗

2
sinc

θ + θ i∗

2

− zi
1v

i
f si

12

mi
r1e

zi
1

cos
θ + θ i∗

2
sinc

θ + θ i∗

2

+ zi
2v

i
f si

21

mi
r2e

zi
2

sin
θ + θ i∗

2
sinc

θ + θ i∗

2

− zi
2v

i
f si

22

mi
r2e

zi
2

cos
θ + θ i∗

2
sinc

θ + θ i∗

2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Si

[
vi

f cos θ i∗

vi
f sin θ i∗

]
=
[

si
11 f (si

11zi
1)d1 + si

12 f (si
12zi

1)d2 + ezi
1(ṁi

r1 + γ1zi
1)

si
21 f (si

21zi
2)d1 + si

22 f (si
12zi

2)d2 + ezi
2(ṁi

r2 + γ2zi
2)

]
=
[

β

ζ

]
,

(2.17)

where γ1 and γ2 are two user-selected positive constants. As stated in Sect. 2.3.1, Si

is invertible. Define mi = [mi
1, mi

2]T as

[
mi

1
mi

2

]
=
[

vi
f cos θ i∗

vi
f sin θ i∗

]
= Si −1

[
β

ζ

]
.

Then vi
f and θ i∗ can be calculated as5

5Recall that the definition of the function atg(·) is given in [8].



2 Robust Shared-Control for Rear-Wheel Drive Cars 27

vi
f =

√
(mi

1)
2 + (mi

2)
2, θ i∗ = atg(mi

2, mi
1). (2.18)

Consider the Lyapunov function (2.9) with θ i∗ and tan φi∗ defined by (2.18) and
(2.17), respectively. Select ωi

f , together with vi
f given by (2.18), such that the deriv-

ative of Li satisfies

L̇ i ≤ −k1(z
i
1)

2 − k2(z
i
2)

2 − k3(tan φ − tan φi∗)2 + K ,

where ki > 0 for all i ∈ {1, 2, 3}, and K is a positive constant. One such selection is
given by

ωi
f = cos2 φ

[
φ̇i∗

cos2 φi∗ − γ3(tan φ − tan φi∗) − vi
f

l
(θ − θ i∗)

]

− d4εtanh
c(tan φ − tan φi∗)

ε
,

(2.19)

yielding

L̇ i ≤ γ1(zi
1)

2

qi
r1

+ γ2(zi
2)

2

qi
r2

− γ3(tan φ − tan φi∗)2 + K , (2.20)

where

K = −(ε + 1)

2c(ε − 1)
ln

ε + 1

ε − 1

⎛
⎜⎝d1e

ε

2c|si
11| + d2e

ε

2c|si
12|
⎞
⎟⎠+ ε

2c
d3 ln

ε + 1

ε − 1

− (ε + 1)

2c(ε − 1)
ln

ε + 1

ε − 1

⎛
⎜⎝d1e

ε

2c|si
21| + d2e

ε

2c|si
22|
⎞
⎟⎠ .

with c > 0 and ε > 1 user-selected constants.
Note that by choosing proper values of ε and c, we can render K arbitrarily small.

In addition, (2.20) indicates that

lim
t→∞ |zi

1| ≤
√

−K qi
r1/γ1, lim

t→∞ |zi
2| ≤

√
−K qi

r2/γ2.

This discussion is summarized in the following statement.

Proposition 2.2 Consider the system (2.15) with the feedback controller ui
f =

[vi
f , ω

i
f ]T given by (2.18) and (2.19). In addition, qi

r , θ i∗ and tan φi∗ are given
by (2.6), (2.18) and (2.17), respectively. Assume that the admissible configuration
set of the car Pa is defined by (2.3) and (x(0), y(0)) ∈ Pa. Then the closed-loop
system has the following properties.
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i) (x(t), y(t)) ∈ Pa for all t ≥ 0.
ii) Define the tracking errors as ei (t) = [ei

x (t), ei
y(t)]T with

ei
x (t) =

∣∣∣∣| x(t)

xi
r (t)

| − 1

∣∣∣∣ , ei
y(t) =

∣∣∣∣| y(t)

yi
r (t)

| − 1

∣∣∣∣ .
Then lim

t→∞ ei (t) is bounded and the bound can be controlled by tuning the para-

meters, γ1, γ2, ε and c, of the feedback controller.

Remark 2.1 According to (2.17) tan φi∗ is not defined when vi
f = 0. In this case,

we redesign the feedback controller as

ωi
f = ωi

r − sign(φ − φi
r )d4 − γ4(φ − φi

r ), (2.21)

with γ4 > 0.

Consider the Lyapunov function6 Li = 1
2 (φ − φi

r )
2 with ωi

f given by (2.21), then
the derivative of Li is calculated as

L̇ i = (φ − φi
r )(ω

i
f + dφ − ωi

r ) = (φ − φi
r )[dφ − sign(φ − φi

r )d4 − γ4(φ − φi
r )]

≤ −γ4(φ − φi
r )

2 ≤ 0.

2.5 Design of the Shared Control Without Measurements of
Absolute Positions

In this section, we discuss how to design the shared controller for the kinematic
model of a rear-wheel drive car without absolute positioning while satisfying all the
properties given in Sect. 2.2 for any nonempty admissible configuration set. In the
rest of this section, we assume that the measurements are the distance to the obstacle
along the current forward direction D, the angular difference between the real and
the reference heading angle θe, the wheel angle φ and the distances to the obstacles
along and orthogonal to the reference forward direction, d1 and

d2 =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

d2l , if | log d2l − d̃2

dr2l − d̃2
| ≤ | log d2r − d̃2

dr2r − d̃2
|,

d2r , if | log d2l − d̃2

dr2l − d̃2
| > | log d2r − d̃2

dr2r − d̃2
|,

where d2l and d2r denote the distances to the obstacles on the left-hand side and right-
hand side orthogonal to the reference forward direction, respectively. In addition, d̃2
is given in Sect. 2.5.1.

6Note that this is a Lyapunov function only for the φ system.
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2.5.1 Design of the Feedback Controller

According to the definition of d2, d2 = d2l or d2 = d2r . Without loss of generality, we
provide the design of the shared controller only for the case in which d2 = d2l . The
dynamics of the closed-loop system with the feedback controller u f = [v f , ω f ]T

can be written, using the variables d1, d2, θe and φ, as

ḋ1 = − v f cos θe,

ḋ2 = − v f sin θe,

θ̇e = v f tan φ − vr tan φr

l
,

φ̇ = ω f .

(2.22)

In addition, for any nonempty admissible configuration set Pa , the constraint
(x(t), y(t)) ∈ Pa can be rewritten as

di (t) ≥ d̃i , ∀i ∈ {1, 2}, (2.23)

where d̃i is a positive constant. One choice for d̃1 and d̃2 is d̃1 = d̃2 =
√

l2 + (w
2 )2.

Assumption 2.4 The signals dd1 and dd2 , describing the desired distances to the rela-
tive obstacles (the obstacles along and orthogonal to the reference forward direction),
are continuous.

The previous assumption holds for the rest of this section.
Define the variable z = [z1, z2]T , based on the measurements of distances, as

zi = log
di − d̃i

dri − d̃i

,∀i ∈ {1, 2}, (2.24)

where dr1 and dr2 are the feasible reference signal relative to d1 and d2, respectively
and are defined as

dri =

⎧⎪⎨
⎪⎩

ddi , if ddi ≥ (1 −
√
2
2 )r + ε + d̃i ,

ε + d̃i , if ddi ≤ (1 − √
2)r + ε + d̃i ,

mi , otherwise ,

(2.25)

wheremi = r + ε + d̃i −
√

r2 − [(√2 − 1)r − ε + ddi − d̃i ]2 and ε is a sufficiently
small positive constant. Note that dri is a smooth continuous function, indicating that
ḋri exists.

Suppose (dd1 , dd2 , θd , φd) belongs to theΩ-limit set for the h-closed-loop system,
i.e., (dd1 , dd2 , θd , φd) ∈ Ωh , then the projection of it into the safe subset Rs is given
by

ΠRs (dd1 , dd2 , θd , φd) = (dr1 , dr2 , θd , φd),
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where dr1 and dr2 are defined by (2.25). Hence, the projection of Ωh into the safe
subset Rs is defined as

ΠRs (Ωh) = {s ∈ Rs

∣∣s = ΠRs (dd1 , dd2 , θd , φd), ∀(dd1 , dd2 , θd , φd) ∈ Ωh
}
.

With the variable z given by (2.24), system (2.22) can be written as

ż1 = vr

dr1 − d̃1
− v f cos θe

d1 − d̃1
,

ż2 = − v f sin θe

d2 − d̃2
,

θ̇e = v f tan φ − vr tan φr

l
,

φ̇ = ω f .

Let7

θ∗
e = atg

(
γ2(d2 − d̃2)z2, (d1 − d̃1)

(
vr

dr1 − d̃1
+ γ1z1

))
, (2.26a)

ξ =
√√√√

(γ2(d2 − d̃2)z2)2 +
[
(d1 − d̃1)

(
vr

dr1 − d̃1
+ γ1z1

)]2
, (2.26b)

φ∗ = atg

⎛
⎜⎜⎝

lz2

d2 − d̃2
cos

θe + θ∗
e

2
sinc

θe − θ∗
e

2
+ vr tan φr

ξ

− lz1

d1 − d̃1
sin

θe + θ∗
e

2
sinc

θe − θ∗
e

2
+ l θ̇∗

e

ξ

, 1

⎞
⎟⎟⎠ , (2.26c)

where γ1 > 0, γ2 > 0.
Consider the Lyapunov function

L(z1, z2, θe, φ, t) = 1

2
[z21 + z22 + (θe − θ∗

e )2 + (tan φ − tan φ∗)2], (2.27)

and choose v f and ω f such that L̇(t) < 0 for all t ≥ 0 and (z1, z2, θe, tan φ) �=
(0, 0, 0, tan φr ). One such a choice is given by

v f = ξ,

ω f = cos2 φ

[
φ̇∗

cos2 φ∗ − v(θe − θ∗
e )

l
− γ3(tan φ − tan φ∗)

]
,

7Recall that the definition of the function atg(·) is given in [8].
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where γ3 is a positive constant. This can be transfered into the (d1, d2, θe, φ) coor-
dinates by

v f =
√√√√

(d1 − d̃1)2

(
vr

dr1 − d̃1
+ γ1log

d1 − d̃1

dr1 − d̃1

)2

+ γ 2
2 (d2 − d̃2)2log2

d2 − d̃2

dr2 − d̃2
,

ω f = cos2 φ

[
φ̇∗

cos2 φ∗ − v(θe − θ∗
e )

l
− γ3(tan φ − tan φ∗)

]
,

(2.28)

where

θ∗
e = atg

(
γ2(d2 − d̃2)log

d2 − d̃2

dr2 − d̃2
, (d1 − d̃1)

(
vr

dr1 − d̃1
+ γ1log

d1 − d̃1

dr1 − d̃1

))
,

φ∗ = atg

⎛
⎜⎜⎜⎝

l

d2 − d̃2
log

d2 − d̃2

dr2 − d̃2
cos

θe + θ∗
e

2
sinc

θe − θ∗
e

2
+ vr tan φr

v f

− l

d1 − d̃1
log

d1 − d̃1

dr1 − d̃1
sin

θe + θ∗
e

2
sinc

θe − θ∗
e

2
+ l θ̇∗

e

v f

, 1

⎞
⎟⎟⎟⎠ ,

(2.29)

and dr = [dr1 , dr2 ]T is given by (2.25).

2.5.2 Shared-Control Algorithm

For any given vh , the safe, hysteresis, and dangerous subsets can be defined by (30) at
the bottom of this page, where D is the measured distance to the obstacles along the
current forward direction, b1 and b2 are user-selected parameters and b2 > b1 > 0.

Rs(vh) =
{
(d1, d2, θe, φ) ∈ R

+ × R
+ × S × S : vh <

1

b2 − D
− 1

b2
if D ≤ b2

}

Rh(vh) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(d1, d2, θe, φ) ∈ R
+ × R

+ × S × S : vh ≤ 1

b1 − D
− 1

b1
and vh ≥ 1

b2 − D
− 1

b2
and D ≤ b1

or vh ≥ 1

b2 − D
− 1

b2
and b1 ≤ D ≤ b2

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
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Fig. 2.4 Illustration of the
safe, the hysteresis and the
dangerous sets with
measurements of D and vh

vh

D

0

Ri
s

Ri
s

Ri
h

Ri
d

b2b1

Rd(vh) =
⎧⎨
⎩ (d1, d2, θe, φ) ∈ R

+ × R
+ × S × S : vh >

1

b1 − D
− 1

b1
and 0 ≤ D ≤ b1

⎫⎬
⎭ (2.30)

Figure2.4 illustrates how the overall set is divided into three subsets based on vh

and D. Basically, the state belongs to the dangerous set if D is close to zero (i.e.,
0 ≤ D ≤ b1) and vh is large (i.e., (D, vh) is located above the red curve); the state
belongs to the safe subset if D is large (i.e., D > b2) or vh is small (i.e., (D, vh) is
located below the green curve).

The sharing function k can then be defined as

k(D, vh) =
⎧⎨
⎩
1, (d1, d2, θe, φ) ∈ Rs(vh),

l, (d1, d2, θe, φ) ∈ Rh(vh),

0, (d1, d2, θe, φ) ∈ Rd(vh),

(2.31)

where

l =
{
1, if (d1, d2, θe, φ) enters Rh(vh) from Rs(vh),

0, if (d1, d2, θe, φ) enters Rh(vh) from Rd(vh).

Finally, the shared-control input of the system (2.22) is given as

us = (1 − k(D, vh))u f (d, dr , θe, φ, vr ) + k(D, vh)uh . (2.32)

The following statement summarizes the discussions in this section without
proof.

Proposition 2.3 Consider the kinematic model of a rear-wheel drive car controlled
by the shared-control law (2.28)–(2.31) and (2.32) without absolute positioning, the
dynamics of which can be described by (2.22). Assume that the admissible Cartesian
configuration set of the car is nonempty and the initial position of the car is feasible,
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i.e., (x(0), y(0)) ∈ Pa, d1(0) > d̃1, d2(0) > d̃2. Let uh be a given h-control. Then
there exists positive γ1, γ2, γ3, and b2 > b1 > 0 such that the closed-loop system has
the following properties.

i) d1(t) > d̃1 and d2(t) > d̃2 for all t ≥ 0;
ii) Ωs = ΠRs (Ωh);

iii) us(t) = uh(t) for all t such that (d1(t), d2(t), θe(t), φ(t)) ∈ Rs .

Remark 2.2 In the cases in which d̃1 = d̃2 =
√

l2 + (w
2 )2, the car is unable to reach

the boundary of its admissible configuration set (such as parking next to the curb).
However, this can be easily solved by modifying the values of d̃1 and ˜sd2 to l and
w
2 , respectively when θe is close to zero.

Remark 2.3 According to the shared-control input (2.28)–(2.31) and (2.32), the feed-
back controller is active only if the position of the car is “close” to the boundary of
Pa . Therefore, di can be changed to d̂i = min(di ,B) for both i ∈ {1, 2}, where B is
a positive user-selected constant.

As a result one can design the feedback controller only for the cases in which di ≤ B.
This is helpful in real applications, especially when the obstacle is exactly in parallel
or orthogonal to the required direction, i.e., d1 = ∞ or d2 = ∞.

2.6 Case Studies

This section provides three case studies to illustrate how the shared-control algorithm
works and demonstrates that it is effective in guaranteeing the safety of the car in
various situations. The first case study deals with the situation in which absolute
positions are not available, while the other two show how the vehicle controlled by
the shared controller behaves in the presence of disturbances.

2.6.1 Case I: Turning Without Absolute Positioning

Consider the kinematic model of a rear-wheel drive car described by the Eq. (2.22)
and controlled by the shared-control law (2.28)–(2.31) and (2.32). Assume that the
absolute positions are not measurable and that the controlled car is approaching
a junction with busy traffic on the main road. The driver wants to turn left and
continue his/her journey on the main road but does not check the traffic carefully.
Therefore, he/she makes the wrong decision at the junction and puts himself/herself
in a dangerous situation.

Simulation results are given in Fig. 2.5, where the controlled car changes its color
fromgreen to red indicating that the feedback controller is active and gains the control
authority from the driver to keep him/her safe. With the help of the shared controller,
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Fig. 2.5 Snapshots of the path of the car with the shared control in the (x, y)-plane for the set Pa
represented by the white area. Green car: the controlled car (the feedback controller is not active).
Red car: the controlled car (the feedback controller is active). Blue cars: the other vehicles on the
road. Dashed line: (x, y)-trajectory of the controlled car
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Fig. 2.6 Snapshots of the path of the car with the shared control in the (x, y)-plane for the set Pa
represented by the white area. Green car: the controlled car (the feedback controller is not active).
Red car: the controlled car (the feedback controller is active). Grey car: the parked car. Dashed line:
(x, y)-trajectory of the controlled car
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Fig. 2.7 Time histories of the variables x and y for the h-closed-loop system (red, dotted) and for
the s-closed-loop system (green, solid)

the car stops at the junction and waits until there is a sufficiently long gap to make the
turn. Finally, the car leaves the junction and turns left joining the main road safely.

2.6.2 Case II: Driving on a Road with Parked Cars

This case studies the shared control of a rear-wheel drive car with disturbances.
We assume that all disturbances are random numbers between -0.1 and 0.1. The
controlled car is driven on a road with parked cars. Simulation results are displayed
in Figs. 2.6 and 2.7. Figure2.6 shows that the car stays in the feasible configuration
set Pa represented by the white areas, demonstrating the effectiveness of the shared
controller. Figure2.7 shows that the (x, y)-trajectory of the car is not smooth and
is full of oscillations. This is because of the unknown disturbances. However, even
though the model is not perfect and the driver does not recognize the parked car
on his/her lane, the controlled car is able to bypass it and continue its journey.
Furthermore, the distance from the controlled car to the parked car is more than we
expect because we add additional space to compensate the bounded tracking error
when designing the feedback controller.

2.6.3 Case III: Emergency Breaking

Similar to Case II, we assume that the model is imperfect and d1 = d2 = d3 = d4 =
0.1.We also assume that the controlled car is driven on the road, while the car in front
of it (represented by the blue rectangle in Fig. 2.8) brakes suddenly. However, the
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Fig. 2.8 Snapshots of the path of the car with the shared control in the (x, y)-plane for the set Pa
represented by the white area. Green car: the controlled car (the feedback controller is not active).
Red car: the controlled car (the feedback controller is active). Blue cars: other vehicles on the road.
Dashed line: (x, y)-trajectory of the controlled car
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Fig. 2.9 Time histories of the variables x and y for the h-closed-loop system (red, dotted) and for
the s-closed-loop system (green, solid)

driver sitting in the controlled car does not respond to it in time. Simulation results are
displayed in Figs. 2.8 and 2.9. Figure2.8 shows that the car with the shared controller
stops behind the blue car at a certain distance to avoid collision even though the
driver keeps pressing the gas pedal, hence, demonstrating the effectiveness of the
shared-control law. Figure2.9 indicates that the (x, y)-trajectories of the car for the
h-closed-loop system and the s-closed-loop system are the same when t < 44 as the
controlled car is far away from the car in front.

2.7 Conclusions

This chapter studies the shared-control problem for the kinematic model of a rear-
wheel drive car with and without absolute positioning. We present solutions to the
problemwith static and dynamic admissible configuration sets. In addition, we study
the system in the presence of bounded disturbances and prove that the tracking error
is bounded. The sharing function, describing how the control authority is shared
between the driver and the feedback controller, is defined as a hysteresis switch to
reduce oscillations. Three examples are used to demonstrate the effectiveness of the
shared-control algorithm. In the future, wewill focus on the study of the cooperations
between cars and of systems with measurement errors.
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