
Chapter 2
Deterministic and Stochastic Differential
Games

This chapter introduces the theory of deterministic and stochastic differential
games, including the dynamic optimization techniques, (stochastic) differential
games and their solution concepts, which will lay a foundation for later study.

2.1 Dynamic Optimization Techniques

Consider the dynamic optimization problem in which the single decision-maker:

max
u

Z T

t0

g s; xðsÞ; uðsÞ½ �dsþ qðxðTÞÞ
� �

; ð2:1Þ

Subject to the vector-valued differential equation:

_xðsÞ ¼ f ½s; xðsÞ; uðsÞ�ds; xðt0Þ ¼ x0; ð2:2Þ

where xðsÞ2X�R
n denotes the state variables of game, and u2U is the control. The

functions f s; x; u½ �, g s; x; u½ � and qðxÞ are differentiable functions.
Dynamic programming and optimal control are used to identify optimal solu-

tions for the problem (2.1)–(2.2).

2.1.1 Dynamic Programming

A frequently adopted approach to dynamic optimization problems is the technique
of dynamic programming. The technique was developed by Bellman (1957). The
technique is given in Theorem 2.1.1 below.
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Theorem 2.1.1 (Bellman’s Dynamic Programming) A set of controls u� tð Þ ¼
/� t; xð Þ constitutes an optimal solution to the control problem (2.1)–(2.2) if there
exist continuously differentiable functions V t; sð Þ defined on t0; T½ � � R

n ! R and
satisfying the following Bellman equation:

�Vt t; xð Þ ¼ max
u

g t; x; u½ � þVx t; xð Þf t; x; u½ �f g
¼ g t; x;/� t; xð Þ½ � þVx t; xð Þf t; x;/� t; xð Þ½ �f g;

VðT; xÞ ¼ qðxÞ:
Proof Define the maximized payoff at time t with current state x as a value function
in the form:

V t; xð Þ ¼ max
u

Z T

t
g s; xðsÞ; uðsÞð Þdsþ q xðTÞð Þ

� �

¼
Z T

t
g s; x�ðsÞ;/� s; x�ðsÞð Þ½ �dsþ q x�ðTÞð Þ:

Satisfying the boundary condition

VðT; x�ðTÞÞ ¼ qðx�ðTÞÞ;

and

_x�ðsÞ ¼ f s; x�ðsÞ;/� s; x�ðsÞð Þ½ �; x� t0ð Þ ¼ x0:

If in addition to u�ðsÞ � /� s; xð Þ, we are given another set of strategies,
uðsÞ 2 U, with the corresponding terminating trajectory xðsÞ, then Theorem 2.1.1
implies

gðt; x; uÞþVx t; xð Þf t; x; uð ÞþVt t; xð Þ� 0;

gðt; x�; u�ÞþVx� t; x�ð Þf t; x�; u�ð ÞþVt t; x
�ð Þ ¼ 0:

Integrating the above expressions from t0 to T , we obtain

Z T

t0

g s; x sð Þ; u sð Þð ÞdsþV T ; xðTÞð Þ � V t0; x0ð Þ� 0;

Z T

t0

g s; x� sð Þ; u� sð Þð ÞdsþV T ; x�ðTÞð Þ � V t0; x0ð Þ� 0:
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Elimination of V t0; x0ð Þ yields
Z T

t0

g s; xðsÞ; uðsÞð Þdsþ q xðTÞð Þ�
Z T

t0

g s; x�ðsÞ; u�ðsÞð Þdsþ q x�ðTÞð Þ:

From which it readily follows that u* is the optimal strategy.

Upon substituting the optimal strategy /� t; xð Þ into (2.2) yields the dynamics of
optimal state trajectory as:

_xðsÞ ¼ f s; xðsÞ;/� s; xðsÞð Þ½ �ds; x t0ð Þ ¼ x0: ð2:3Þ

Let x�ðtÞ denote the solution to (2.3). The optimal trajectory x�ðtÞf gTt¼t0 can be
expressed as:

x�ðtÞ ¼ x0 þ
Z t

t0

f s; x�ðsÞ;/� s; x�ðsÞð Þ½ �ds: ð2:4Þ

For notational convenience, we use the terms x�ðtÞ and x�t interchangeably. The
value function V t; xð Þ where x ¼ x�t can be expressed as

V t; xð Þ ¼
Z T

t
g s; x�ðsÞ;/�ðsÞ½ �dsþ q x�ðTÞð Þ:

2.1.2 Optimal Control

The maximum principle of optimal control was developed by Pontryagin (details in
Pontryagin et al (1962)). Consider again the dynamic optimization problem (2.1)–
(2.2).

Theorem 2.1.2 (Pontryagin’s Maximum Principle) A set of controls u�ðsÞ ¼
f� s; x0ð Þ provides an optimal solution to control problem (2.1)–(2.2), and
x�ðsÞ; t0 � s� Tf g is the corresponding state trajectory, if there exist costate

functions KðsÞ : t0; T½ � ! R
m such that the following relations are satisfied:

f� s; x0ð Þ � u�ðsÞ ¼ arg max g s; x�ðsÞ; uðsÞ½ � þ KðsÞf s; x�ðsÞ; uðsÞ½ �f g;
_x�ðsÞ ¼ f s; x�ðsÞ; u�ðsÞ½ �; x� t0ð Þ ¼ x0;

_KðsÞ ¼ � @

@x
g s; x�ðsÞ; u�ðsÞ½ � þKðsÞf s; x�ðsÞ; u�ðsÞ½ �f g;

K Tð Þ ¼ @

@x�
q x�ðTÞð Þ:
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Proof First define the function (Hamiltonian)

H t; x; uð Þ ¼ g t; s; uð ÞþVx t; xð Þf t; x; uð Þ:

From Theorem 2.1.2, we obtain

�Vt t; xð Þ ¼ max
u

H t; x; uð Þ:

This yields the first condition of Theorem 2.1.2. Using u* to denote the payoff
maximizing control, we obtain

H t; x; u�ð ÞþVt t; xð Þ¼0:

Which is an identity in x. Differentiating this identity partially with respect to
x yields

Vtx t; xð Þþ gx t; x; u�ð ÞþVx t; xð Þfx t; x; u�ð ÞþVxx t; xð Þf t; x; u�ð Þ
þ gu t; s; uð ÞþVx t; xð Þfu t; x; u�ð Þ½ � @u

�

@x
¼ 0:

If u� is an interior point, then gu t; x; u�ð ÞþVx t; xð Þfu t; x; u�ð Þ½ � ¼ 0 according to
the condition �Vt t; xð Þ ¼ max

u
H t; x; uð Þ. If u∗ is not an interior point, then it can be

shown that

gu t; x; u�ð Þ þVx t; xð Þfu t; x; u�ð Þ½ � @u
�

@x
¼ 0:

(because of optimality, gu t; x; u�ð ÞþVx t; xð Þfu t; x; u�ð Þ½ � and @u�
@x are orthogonal; and

for specific problems we may have @u�
@x ¼ 0). Moreover, the expression

Vtx t; xð ÞþVxx t; xð Þf t; x; u�ð Þ � Vtx t; xð ÞþVxx t; xð Þ _x can be written as
dVx t; xð Þ½ � dtð Þ�1. Hence, we obtain:

dVx t; xð Þ
dt

þ gx t; x; u�ð ÞþVx t; xð Þfu t; x; u�ð Þ ¼ 0:

By introducing the costate vector, KðtÞ ¼ Vx� t; x�ð Þ, where x∗ denotes the state
trajectory corresponding to u�, we arrive at

dVx t; x�ð Þ
dt

¼ _Kðs) ¼ � @

@x
g s; x�(s); u�(s)½ � þKðs)f s; x�(s); u�(s)½ �f g:

Finally, the boundary condition for KðtÞ is determined from the terminal con-
dition of optimal control in Theorem 2.1.2 as
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KðTÞ ¼ @VðT ; x�Þ
@x

¼ @qðx�Þ
@x

:

Then,we obtain Theorem 2.1.2.

2.1.3 Stochastic Control

Consider the dynamic optimization problem in which the single decision maker

max
u

Et0

Z T

t0

g s; xðsÞ; uðsÞ½ �dsþ qðxðTÞÞ
� �

; ð2:5Þ

Subject to the vector-valued stochastic differential equation:

dxðsÞ ¼ f ½s; xðsÞ; uðsÞ�dsþ r s; xðsÞ½ �dwðsÞ; xðt0Þ ¼ x0; ð2:6Þ

where Et0 denotes the expectation operator performed at time t0, and r s; xðsÞ½ � is a
n�H matrix and wðsÞ is a H dimensional Brownian motion and the initial state x0
is given. Let X s; xðsÞ½ � ¼ r s; xðsÞ½ �r s; xðsÞ½ �0 denote the covariance matrix with its
element in row h and column ζ denoted by Xhf s; xðsÞ½ �.

The technique of stochastic control developed by Fleming (1969) can be applied
to solve the problem.

Theorem 2.1.5 A set of controls u�ðtÞ ¼ /� t; xð Þ constitutes an optimal solution to
the problem (2.5)−(2.6), if there exist continuously differentiable functions V t; sð Þ
t0; T½ � � R

n ! R, satisfying the following partial differential equation:

� Vt t; xð Þ � 1
2

Xn
h;f¼1

Xhf t; xð ÞVxhxf t; sð Þ ¼ max
u

g/ t; x;½f u� þVxf t; x; u�½ g;

V T ; xð Þ ¼ q xð Þ:
Proof Substitute the optimal control /� t; xð Þ into the (2.6) to obtain the optimal
state dynamics as

dxðsÞ ¼ f ½s; xðsÞ;/� s; xðsÞð Þ�dsþ r s; xðsÞ½ �dwðsÞ;
xðt0Þ ¼ x0:

ð2:7Þ

The solution to (2.7), denoted by x�ðtÞ, can be expressed as
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x�ðtÞ ¼ x0 þ
Z t

t0

f s; x�ðtÞ;/� s; x�ðtÞð Þ½ �ds

þ
Z T

t0

r s; x�ðtÞ½ �dwðsÞ:
ð2:8Þ

We use X�
t to denote the set of realizable values of x

�
t at time t generated by (2.8).

The term x�t is used to denote an element in the set x�t .

Define the maximized payoff at time t with current state x�t as a value function in
the form

V t; x�t
� � ¼ max

u
Et0

Z T

t
g s; xðsÞ; uðsÞð Þdsþ q xðTÞð Þ

�
xðtÞj ¼ x�t

�

¼ Et0

Z T

t
g s; x�ðsÞ;/� s; x�ðsÞð Þ½ �dsþ q x�ðTÞð Þ:

Satisfying the boundary condition

VðT; x�ðTÞÞ ¼ qðx�ðTÞÞ:

One can express V t; x�t
� �

as

V t; x�t
� � ¼ max

u
Et0

Z T

t
g s; xðsÞ; uðsÞð Þdsþ q xðTÞð Þ

�
xðtÞj ¼ x�t

�

¼ max
u

Et0

Z tþDt

t
g s; xðsÞ; uðsÞð ÞdsþV tþDt; x�t þDx�t

� ��
xðtÞj ¼ x�t

�
:

ð2:9Þ

where

Dx�t ¼ f t; x�t ;/
� t; x�t
� �	 


Dtþ r t; x�t
	 


Dzt þ o Dtð Þ;
Dwt ¼ w tþDtð Þ � w tð Þ:

With Δt → 0, applying Ito’s lemma Eq. (2.9) can be expressed as:

V t; x�t
� � ¼ max

u
Et0 g t; x�t ; u

	 

DtþV t; x�t

� �þV t; x�t
� �

Dt
�

þVxt t; x�t
� �

f t; x�t ;/
� t; x�t
� �	 


DtþVxt t; x�t
� �

r t; x�t
	 


Dw

þ 1
2

Xm
h;f¼1

Xhf t; xð ÞVxhxf t; xð ÞDtþ o Dtð Þg:
ð2:10Þ
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Dividing (2.10) throughout by Δt, with Δt → 0, and taking expectation yields

� V t; x�t
� �� 1

2

Xm
h;f¼1

Xhf t; xð ÞVxhxf t; xð Þ ¼

¼ max
u

g t; x�t ; u
	 
þ�

Vxt t; x�t
� �

f t; x�t ;/
� t; x�t
� �	 


DtþVxt t; x�t
� ��

:

With boundary condition

VðT; x�ðTÞÞ ¼ qðx�ðTÞÞ:

2.2 Differential Games and Their Solution Concepts

Firstly we introduce the definition of differential game briefly:

Definition 2.2.1 If the time difference between each phase of the game narrowed to
the minimum limit, differential games can be considered as continuous-time
dynamic games. A continuous-time infinite dynamic games of the initial state x0
and continuous time T � t0, and can be expressed as Cðx0; T � t0Þ.

In particular, in the general n-person differential game, Player i seek to:

max
ui

Z T

t0

gi½s; xðsÞ; u1ðsÞ; 	 	 	 ; unðsÞ�dsþ qiðxðTÞÞ: ð2:11Þ

For i 2 N ¼ f1; 2; 	 	 	 ; ng, where gið	Þ
 0 and qið	Þ 
 0.
Subject to the deterministic dynamics

_xðsÞ ¼ f s; xðsÞ; u1ðsÞ; . . . ; unðsÞ½ �; xðt0Þ ¼ x0: ð2:12Þ

The functions f s; xðsÞ; u1ðsÞ; . . . ; unðsÞ½ �, gi½s; xðsÞ; u1ðsÞ; u2ðsÞ; 	 	 	 ; unðsÞ� and
qið	Þ, for i 2 N, s2½t0; T � are differentiable functions.

2.2.1 Open-Loop Nash Equilibria

If the players choose to commit their strategies from the outset, the players’
information structure can be seen as an open-loop pattern in which
giðsÞ ¼ fx0g; s2½t0; T�. Their strategies become functions of the initial state x0 and
time s, and can be expressed as liðsÞ ¼ 0i s; x0ð Þf g, for i 2 N. An open-loop Nash
equilibrium for the game is characterized as follows.
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Theorem 2.2.1 For the differential game (2.11) and (2.12), a set of strategies
fu�i ðsÞ ¼ f�i ðs; x0Þ; i 2 Ng provides an open-loop Nash equilibrium, an
fx�ðsÞ; t0 � s� Tg is the corresponding state trajectory, if there exist n costate
functions KiðsÞ : ½t0; T� ! R

n, for i 2 N, such that the following relations are
satisfied:

f�i ðs; x0Þ � u�i ðsÞ ¼ argmax
ui2U i

fgi½s; x�ðsÞ; u�1ðsÞ; 	 	 	 ; u�i�1ðsÞ; uiðsÞ; u�iþ 1ðsÞ 	 	 	 ; u�nðsÞ�

þKiðsÞf ½s; x�ðsÞ; u�1ðsÞ; 	 	 	 ; u�i�1ðsÞ; uiðsÞ; u�iþ 1ðsÞ 	 	 	 ; u�nðsÞ�g;
_x�ðsÞ ¼ f ½s; x�ðsÞ; u�1ðsÞ; 	 	 	 ; u�nðsÞ�; x�ðt0Þ ¼ x0;

_K
iðsÞ ¼ � @

@x�
fgi½s; x�ðsÞ; u�1ðsÞ; 	 	 	 ; u�nðsÞ� þKiðsÞf ½s; x�ðsÞ; u�1ðsÞ; 	 	 	 ; u�nðsÞ�g:

According to the analysis above, we know that:
First, given the optimal strategies of players, they should maximize the sum of

the instantaneous payment and integration of state variation and covariate function
in current time at every time point. That is, not only the instantaneous payment but
also the whole payment influenced by state variation should be considered when
one player chooses the optimal strategy. Second, the variation of optimal state
depends on the optimal strategies of all the players, current time and state, and the
optimal state of the beginning consistent with the initial state of the game. Third,
given the optimal strategies of players i2N which only depend on current time and
initial state, the variation of covariate functions depend on current instantaneous
payment, variation of current state and current covariate functions. The value of
covariate function equal to the marginal impact of optimal state at the end of game.
Therefore, covariate functions of players reflect the impacts on future payment by
the variation of optimal state.

2.2.2 Closed-Loop Nash Equilibria

After discussing the necessary conditions of open-loop Nash Equilibria, then we
study the necessary conditions of closed-loop Nash Equilibria.

The players’ information structures follow the pattern
giðsÞ ¼ fx0; xðsÞg; s2 ½t0; T �, for i 2 N. The players’ strategies become functions of
the initial state x0, current state xðsÞ and current time s, and can be expressed as
fuiðsÞ ¼ #iðs; xðsÞ; x0Þ; i 2 Ng. The following theorem provides a set of necessary
conditions for any closed-loop no-memory Nash equilibrium solution to satisfy.

Theorem 2.2.2 A set of strategies fuiðsÞ ¼ #iðs; x; x0Þ; i 2 Ng provides a
closed-loop no memory Nash equilibrium solution to the game (2.11)−(2.12), and
fx�ðsÞ; t0 � s� Tg is the corresponding state trajectory, if there exist n costate
functions KiðsÞ : ½t0; T� ! R

n, for i 2 N, such that the following relations are
satisfied:
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#�
i ðs; x�; x0Þ � u�i ðsÞ ¼ argmax

ui2U i
fgi½s; x�ðsÞ; u�1ðsÞ; 	 	 	 ; u�i�1ðsÞ; uiðsÞ; u�iþ 1ðsÞ 	 	 	 ; u�nðsÞ�

þKiðsÞf ½s; x�ðsÞ; u�1ðsÞ; 	 	 	 ; u�i�1ðsÞ; uiðsÞ; u�iþ 1ðsÞ 	 	 	 ; u�nðsÞ�g;
_x�ðsÞ ¼ f ½s; x�ðsÞ; u�1ðsÞ; 	 	 	 ; u�nðsÞ�; x�ðt0Þ ¼ x0;

_K
iðsÞ ¼
� @

@x�
fgi½s; x�ðsÞ; #�

1ðs; x�; x0Þ; 	 	 	 ; #�
i�1ðs; x�; x0Þ;

u�i ðsÞ; #�
iþ 1ðs; x�; x0Þ; 	 	 	#�

nðs; x�; x0Þ� þKiðsÞf ½s; x�ðsÞ; #�
1ðs; x�; x0Þ; 	 	 	 ;

#�
i�1ðs; x�; x0Þ; u�i ðsÞ; #�

iþ 1ðs; x�; x0Þ; 	 	 	#�
nðs; x�; x0Þ�g;

KiðTÞ ¼ @

@x�
qiðx�ðTÞÞ; i 2 N:

Then a set of strategies fuiðsÞ ¼ #iðs; x; x0Þ; i 2 Ng provides a closed-loop no
memory Nash equilibrium.

According to Theorem 2.2.2, similar to the open-loop situation, in closed-loop
Nash equilibrium solution, we know that:

First, given the optimal strategies of players, they should maximize the sum of
the instantaneous payment and integration of state variation and covariate function
in current time at every time point. That is, not only the instantaneous payment but
also the whole payment influenced by state variation should be considered when
one player chooses the optimal strategy. Second, the variation of optimal state
depends on the optimal strategies of all the players, current time and state, and the
optimal state of the beginning consistent with the initial state of the game. Third,
given the optimal strategies of players i2N which only depend on current time and
initial state, the variation of covariate functions depend on current instantaneous
payment, variation of current state and current covariate functions. The value of
covariate function equal to the marginal impact of optimal state at the end of game.
Therefore, covariate functions of players reflect the impacts on future payment by
the variation of optimal state. Note that the partial derivatives of covariate function
on optimal state depend on strategies of other players.

2.2.3 Feedback Nash Equilibria

The set of equations of closed-loop Nash Equilibria in general admits of an
uncountable number of solutions, which correspond to “informationally non-
unique” Nash equilibrium solutions of differential games under memoryless perfect
state information pattern. Derivation of nonunique closed-loop Nash equilibria can
be found in Mehlmann and Willing (1984). To eliminate information nonunique-
ness in the derivation of Nash equilibria, one can constrain the Nash solution further
by requiring it to satisfy the feedback Nash equilibrium property. In particular, the
players’ information structures follow either a closed-loop perfect state (CLPS)
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pattern in which giðsÞ ¼ fxðtÞ; t0 � t� sg or amemoryless perfect state
(MPS) pattern in which giðsÞ ¼ fx0; xðsÞg. Moreover, we require the following
feedback Nash equilibrium condition to be satisfied.

Definition 2.3 For the n-person differential game (2.11)−(2.12), with MPS or
CLPS information, an n-tuple of strategies fu�i ðsÞ ¼ /�

i ðs; xÞ 2 U i; i 2 Ng consti-
tutes a feedback Nash equilibrium solution if there exist functionals Viðt; xÞ; i 2 N
defined on ½t0; T � � R

n and satisfying the following relations:

Viðt; xÞ ¼
Z T

t
gi½s; x�ðsÞ;/�

1ðs; gsÞ; 	 	 	 ;/�
nðs; gsÞ�dsþ qiðx�ðTÞÞ


Z T

t
gi½s; x½i�ðsÞ;/�

1ðs; gsÞ; 	 	 	 ;/�
i�1ðs; gsÞ;/iðs; gsÞ;/�

iþ 1ðs; gsÞ; 	 	 	 ;/�
nðs; gsÞ�ds

þ qiðx½i�ðTÞÞ; 8/ið	; 	Þ2 U i; x2 R
n;

ViðT; xÞ ¼ qiðxÞ

where on the interval ½t0; T �;

x½i�ðtÞ ¼ x;

_x�ðsÞ ¼ f ½s; x�ðsÞ;/�
1ðs; gsÞ; 	 	 	 ;/�

nðs; gsÞ�; xðsÞ ¼ x;

gðsÞ stands for either the data set fxðsÞ; x0g or fxðsÞ; s� sg, depending on whether
the information pattern is MPS or CLPS. Therefore the players’ strategies can be
expressed as fu�i ðsÞ ¼ /�

i ðs; xÞ 2 Ui; i 2 Ng:
The following theorem provides a set of necessary conditions characterizing a

feedback Nash equilibrium solution for the game (2.11)−(2.12) is characterized as
follows:

Theorem 2.2.3 An n-tuple of strategies fu�i ðtÞ ¼ /�
i ðt; xÞ 2 U i; i 2 Ng provides a

feedback Nash equilibrium solution to the game (2.11)−(2.12) if there exist con-
tinuously differentiable functions Viðt; xÞ : ½t0; T � � R

n ! R, i2N, satisfying the
following set of partial differential equations:

�Vi
t ðt; xÞ ¼ max

ui
fgi½t; x;/�

1ðt; xÞ; . . .;/�
i�1ðt; xÞ; uiðt; xÞ;/�

iþ 1ðt; xÞ. . .;u�
nðt; xÞ�

þVi
xðt; xÞf ½t; x;/�

1ðt; xÞ; . . .;/�
i�1ðt; xÞ; ui t; xð Þ;/�

iþ 1ðt; xÞ; . . .;/�
nðt; xÞ�g

¼ fgi½t; x;/�
1ðt; xÞ; . . .;u�

nðt; xÞ� þVi
xðt; xÞf ½t; x;/�

1ðt; xÞ; . . .;/�
nðt; xÞ�g;

ViðT ; xÞ ¼ qiðxÞ; i2N:

Theorem 2.2.4 A pair of strategies f/�
i ðt; xÞ; i ¼ 1; 2g provides a feedback

saddle-point solution to the zero-sum version of the game (2.11)−(2.12) if there
exists a function V : ½t0; T� � R

n ! R satisfying the partial differential equation:
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�Vtðt; xÞ ¼ min
u12U1

max
u22U2

fg½t; x; u1ðtÞ; u2ðtÞ� þVxf ½t; x; u1ðtÞ; u2ðtÞ�g

¼ max
u22U2

min
u12U1

fg½t; x; u1ðtÞ; u2ðtÞ� þVxf ½t; x; u1ðtÞ; u2ðtÞ�g

¼ fg½t; x;/�
1ðt; xÞ;/�

2ðt; xÞ� þVxf ½t; x;/�
1ðt; xÞ;/�

2ðt; xÞ�g;
VðT; xÞ ¼ qðxÞ:

According to the necessary condition of feedback Nash equilibrium solution,
there are two points should to note,

First, the value of the value functions of each player will change as time when
they choose the optimal strategies under current time and state. Second, the pay-
ments of each player at the last time point are equal to that in the end of game.

2.3 Stochastic Differential Games and Their Solutions

We introduce the deterministic differential games and their solutions with stochastic
factors.

2.3.1 The Model of Stochastic Differential Game

One way to incorporate stochastic elements in differential games is to introduce
stochastic dynamics. A stochastic formulation for quantitative differential games of
prescribed duration involves a vector-valued stochastic differential equation

dxðsÞ ¼ f s; xðsÞ; u1ðsÞ; u2ðsÞ; . . .; unðsÞ½ �dsþ r s; xðsÞ½ �dwðsÞ;
xðt0Þ ¼ x0:

ð2:13Þ

which describes the evolution of the state and N objective functionals

Et0

Z T

t0

gi s; x sð Þ; u1 sð Þ; u2 sð Þ; . . .; un sð Þ½ �dsþ qi xðTÞð Þ
� �

; i 2 N ð2:14Þ

with Et0f	g denoting the expectation operation taken at time t0, r s; x sð Þ½ � is a n�H
matrix and wðsÞ is a H dimensional Brownian motion and the initial state x0 is
given. Let X s; xðsÞ½ � ¼ r s; xðsÞ½ �r s; xðsÞ½ �0 denote the covariance matrix with its
element in row h and column f denoted by Xhf s; xðsÞ½ �. Moreover, E dw-½ � ¼ 0,

E dw-dt½ � ¼ 0, and E ðdw-Þ2
h i

¼ dt, for - 2 1; 2; . . .;H½ �; E dw-dwx½ � ¼ 0, for

- 2 1; 2; . . .;H½ �, x 2 1; 2; . . .;H½ � and - 6¼ x. Given the stochastic nature, the
information structures must follow the MPS pattern or CLPS pattern or the feed-
back perfect state (FB) pattern in which giðsÞ ¼ fxðsÞg, s 2 t0; T½ �.
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2.3.2 The Solutions of Stochastic Differential Game

The character of stochastic differential game is the state changes with the stochastic
dynamic system in every moment. Therefore, stochastic differential game is closer
to reality compared with the deterministic differential game. Based on this, the
following section only discuss the feedback solutions which are more realistic then
the open-loop solution. A Nash equilibrium of the stochastic game (2.13)−(2.14)
can be characterized as:

Theorem 2.3.1 An n-tuple of feedback strategies /�
i t; xð Þ 2 U i; i 2 N

� �
provides a

Nash equilibrium solution to the game (2.13)−(2.14) if there exist suitably smooth
functions Vi : t0; T½ � � R

n ! R, satisfying the semilinear parabolic partial differ-
ential equations

�Vi
t �

1
2

Xn
h;f

Xhfðt; xÞVi
xhxf

¼ max
ui

gi t; x;/�
1ðt; xÞ

	�
; . . .;/�

i�1ðt; xÞ; uiðtÞ;/�
iþ 1ðt; xÞ; . . .;/�

nðt; xÞ



þVi
xðt; xÞf t; x;/�

1ðt; xÞ
	

; . . .;/�
i�1ðt; xÞ; uiðtÞ;/�

iþ 1ðt; xÞ; . . .;/�
nðt; xÞ


�
¼ gi t; x;/�

1ðt; xÞ
	�

;/�
2ðt; xÞ; . . .;/�

nðt; xÞþVi
xðt; xÞf t; x;/�

1ðt; xÞ
	

; . . .;/�
nðt; xÞ


�
;

ViðT ; xÞ ¼ qiðxÞ; i 2 N:

Proof This result follows readily from the definition of Nash equilibrium and from
Theorem 2.1.2, since by fixing all players’ strategies, except the ith one’s, at their
equilibrium choices (which are known to be feedback by hypothesis), we arrive at a
stochastic optimal control problem of the type covered by Theorem 2.3.1 and
whose optimal solution (if it exists) is a feedback strategy.

Consider the two-person zero-sum version of the game (2.13)–(2.14) in which
the payoff of Player 1 is the negative of that of Player 2. Under either MPS or CLPS
information pattern, a Nash equilibrium solution can be characterized as follows.

Theorem 2.3.2 A pair of strategies /�
i t; xð Þ 2 U i; i ¼ 1; 2

� �
provides a feedback

saddle-point solution to the two-person zero-sum version of the game (2.13)–(2.14)
if there exists a function Kðs) : t0; T½ � ! R

n satisfying the partial differential
equation:

�Vt � 1
2

Xn
h;f

Xhf t; xð ÞVxhxf ¼ min
u12U1

max
u22U2

g t; x; u1½f ; u2� þVxf t; x; u1; u2�½ g

¼ max
u22U2

min
u12U1

g t; x; u1½f ; u2� þVxf t; x; u1; u2�½ g

¼ g t; x;/�
1 t; xð Þ	�

;/�
2 t; xð Þ
þVxf t; x;/�

1 t; xð Þ;/�
2 t; xð Þ
	 �

;

V T ; xð Þ ¼ q xð Þ:

Proof This result follows as a special case of Theorem 2.3.1 by taking n = 2,
g1ð	Þ ¼ �g2ð	Þ � gð	Þ, and q1ð	Þ ¼ �q2ð	Þ � qð	Þ, in which case V1 ¼ �V2 � V
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and existence of a saddle point is equivalent to interchangeability of the min max
operations.

According to the necessary condition of feedback Nash Equilibria, there are two
points we should to know,

First, the value functions in stochastic differential game (2.13)–(2.14) change
with time when all the players (include i) determine the optimal strategies depend
on current time and state. Second, the value function of player i 2 N in last point
equals to his final payment in the game.
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