Chapter 2
Deterministic and Stochastic Differential
Games

This chapter introduces the theory of deterministic and stochastic differential
games, including the dynamic optimization techniques, (stochastic) differential
games and their solution concepts, which will lay a foundation for later study.

2.1 Dynamic Optimization Techniques

Consider the dynamic optimization problem in which the single decision-maker:

max{ | Tg[s,xcs),u(s)]ds+q<x<T>>}, )

4]

Subject to the vector-valued differential equation:
x(s) = f[s,x(s),u(s)ds, x(to) = xo, (2.2)

where x(s)€XCR" denotes the state variables of game, and u€l{ is the control. The
functions f[s, x, u], g[s,x, u] and g(x) are differentiable functions.

Dynamic programming and optimal control are used to identify optimal solu-
tions for the problem (2.1)—(2.2).

2.1.1 Dynamic Programming

A frequently adopted approach to dynamic optimization problems is the technique
of dynamic programming. The technique was developed by Bellman (1957). The
technique is given in Theorem 2.1.1 below.
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18 2 Deterministic and Stochastic Differential Games

Theorem 2.1.1 (Bellman’s Dynamic Programming) A set of controls u*(t) =
" (t,x) constitutes an optimal solution to the control problem (2.1)~(2.2) if there
exist continuously differentiable functions V(t,s) defined on [ty, T| x R" — R and
satisfying the following Bellman equation:

—Vi(t,x) = mftx{g[t,x, u] + Vi(t, x)f[t, x, u] }

= {8lt;x, ¢"(1,x)] + Va1, )f [t x, ¢" (1, x)]},
V(T,x) = q(x).

Proof Define the maximized payoff at time ¢ with current state x as a value function
in the form:

T
V,2) = max | [ (5,305 s)ds + q(o(7)
- / 815, " (5), ¢ (5, " (5))]ds + (" (T)).

Satisfying the boundary condition
V(T,x*(T)) = q(x"(T)),
and
X'(s) =[5, x°(s), 9" (s5,x°(5))],  x"(t0) = x0.

If in addition to u*(s) = ¢"(s,x), we are given another set of strategies,
u(s) € U, with the corresponding terminating trajectory x(s), then Theorem 2.1.1
implies

g(t7x7 u) + Vx(t,x)f(tvxa M) + Vt(tvx) S 07
g(t, X" u*) + Vo (6, X)f (8, x*,u™) + V,(2,x°) = 0.

Integrating the above expressions from 7y to 7, we obtain
T
/ g(s,x(s),u(s))ds + V(T,x(T)) — V(to, x0) <0,
to

/ g(s,x*(s),u*(s))ds + V(T,x*(T)) — V(tp,x0) <O0.

)
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Elimination of V(#y,x) yields
/ 8(5,x(s), u(s))ds + g(x(T)) < / 8(5,2° (5), u*(5))ds + g(x*(T)).

fo fo

From which it readily follows that u" is the optimal strategy.

Upon substituting the optimal strategy ¢*(#,x) into (2.2) yields the dynamics of
optimal state trajectory as:

x(s) = fls, x(s), d* (s, x(s))]ds, x(t0) = xo. (2.3)

Let x*(7) denote the solution to (2.3). The optimal trajectory {x* (t)}tT:to can be
expressed as:

x(t) =x0+ /ltf[s,x*(s), ¢* (s,x%(s))]ds. (2.4)

For notational convenience, we use the terms x*(¢) and x; interchangeably. The
value function V(z,x) where x = x7 can be expressed as

V(t,x) = / gls. " (5), ¢ ()]ds + (" (T)).

2.1.2 Optimal Control

The maximum principle of optimal control was developed by Pontryagin (details in
Pontryagin et al (1962)). Consider again the dynamic optimization problem (2.1)—
(2.2).

Theorem 2.1.2 (Pontryagin’s Maximum Principle) A set of controls u*(s) =
" (s,x0) provides an optimal solution to control problem (2.1)~(2.2), and
{x*(s), 00 <s<T} is the corresponding state trajectory, if there exist costate
functions A(s) : [to, T] — R™ such that the following relations are satisfied:

(s, x0) = u*(s) = arg max{g[s, x*(s), u(s)] + A(s)f[s,x"(s), u(s)]},
X (s) :f[s>X*(s)7u*(s)]v X*(ZO) = X0,

As) = = 5Ll x'(5) ()] + A2 5)w ()],
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Proof First define the function (Hamiltonian)
H(t,x,u) = g(t,s,u) + Vi (t,x)f (¢, x,u).
From Theorem 2.1.2, we obtain

—Vi(t,x) = max H(t,x,u).
u

This yields the first condition of Theorem 2.1.2. Using u” to denote the payoff
maximizing control, we obtain

H(t,x,u”) 4+ V,(z,x)=0.

Which is an identity in x. Differentiating this identity partially with respect to
x yields

Vtx(t7x) +gx(t7xa u*) + Vx(lax) x(tax7 u*) + Vxx(t,x)f(t,x, u*)
ou*

Ox =0

+ [gu(t, s, u) + Vi(8,x)f,, (1, x, u")]

If u* is an interior point, then [g, (7, x, u*) + Vi(t,x)f,, (¢, x,u*)] = 0 according to
the condition —V;(z,x) = max H(t,x, u). If u* is not an interior point, then it can be
u

shown that

[g”(t’x’ M*) + Vx(t7x) u<t7x7 M*)] 881'; =0

(because of optimality, [g, (2, x, u*) + Vi(t,x)f,(1,x,u*)] and %< are orthogonal; and
for specific problems we may have % =0). Moreover, the expression
Vi(t, %) + Vi (8, x)f (8, x,u*) = Viu(£,x) + Vi (7,x)x  can  be  written  as

[dVy(t,x)](dr)"". Hence, we obtain:

dv.,(t,x)
dt

+gx(t7xa u*) + Vx(tvx)ﬁt(tv X, u*) =0.

By introducing the costate vector, A(r) = V.- (¢,x"), where x* denotes the state
trajectory corresponding to u*, we arrive at

dv,(t,x*)

g = A® = =5 {els @), G+ Al [s, 27 () ' 9]}

Finally, the boundary condition for A(¢) is determined from the terminal con-
dition of optimal control in Theorem 2.1.2 as
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_OV(T,x*)  Oq(x)
- ox Ox

A(T)

Then,we obtain Theorem 2.1.2.

2.1.3 Stochastic Control

Consider the dynamic optimization problem in which the single decision maker

ma B, { [ sloa(s) s +ala(1) . 25)

fo

Subject to the vector-valued stochastic differential equation:
dx(s) = fls,x(s), u(s)]ds + o[s, x(s)]dw(s), x(t0) = xo, (2.6)

where E,, denotes the expectation operator performed at time fy, and o[s, x(s)] is a
n X © matrix and w(s) is a ® dimensional Brownian motion and the initial state xo
is given. Let Q[s, x(s)] = a[s, x(s)]a[s, x(s)]" denote the covariance matrix with its
element in row /& and column { denoted by Q" [s, x(s)].

The technique of stochastic control developed by Fleming (1969) can be applied
to solve the problem.

Theorem 2.1.5 A set of controls u*(t) = ¢*(¢,x) constitutes an optimal solution to
the problem (2.5)—(2.6), if there exist continuously differentiable functions V(t,s)
[to, T] x R" — R, satisfying the following partial differential equation:

n

V10) ~ 3 S 1) Vi (1,5) = max{ gl vad + Vi Trx, ).
h(=1

V(T,x) = q(x).

Proof Substitute the optimal control ¢*(z,x) into the (2.6) to obtain the optimal
state dynamics as

dx(s) = fls,x(s), d* (s, x(s5))]ds + als, x(s)]dw(s),

x(fo) = xo. (27)

The solution to (2.7), denoted by x*(¢), can be expressed as
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1) =xo+ /totf[sgc*(t)7 O* (s,x*(1))]ds s

T
+ / ols,x*(1)]dw(s).

fo

We use X to denote the set of realizable values of x; at time 7 generated by (2.8).
The term x; is used to denote an element in the set x;.

Define the maximized payoff at time t with current state x; as a value function in
the form

V() = mon B { [ st0.x6) )5 a7 D0~ 3
=k, [l (60,6750 0D+ (7).
Satisfying the boundary condition
VT, (1) = (" (T))
One can express V (1,x;) as
V() = max 8, { [ tosx(sats)is +ator )= 3

1+ At
:muaxE,o{/ g(s,x(s), u(s))ds + V (t 4+ At, x; + Ax}) |x(r)= x; }.

(2.9)
where
Ax; =flt,x), " (t,x7)| At + o [t, x| Az, + o(At),
Aw, = w(t+ Ar) — w(t).
With Ar — 0, applying Ito’s lemma Eq. (2.9) can be expressed as:
V(t,x)) = mL?xEto{g[t,xl A+ V(e,x) + V (2, X)) At
+ Vx,(z‘ xOf[6, x5, ¢ (1,x7) | At + Vi (£,x7 ) o [1, x| Aw (2.10)

+ = Z QM (1, x) Vo (1, X) At + 0(A) }.
hg
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Dividing (2.10) throughout by At, with At — 0, and taking expectation yields

—V(t,x) - % Z Q" (1, x) Ve (1, x) =

ni=1
= mslx{g[t,xf, u + Vi (6,5)f [t x5, " (6, x7) | At + V. (1,x7) }.

With boundary condition

2.2 Differential Games and Their Solution Concepts

Firstly we introduce the definition of differential game briefly:

Definition 2.2.1 If the time difference between each phase of the game narrowed to
the minimum limit, differential games can be considered as continuous-time
dynamic games. A continuous-time infinite dynamic games of the initial state xg
and continuous time T — £y, and can be expressed as I"(xo, T — o).

In particular, in the general n-person differential game, Player i seek to:

T
max/ g'[s, x(s),u(s), - -, un(s)|ds + ¢' (x(T)). (2.11)
u; f

Forie€ N ={1,2,---,n}, where g'(-) >0 and ¢'(-) > 0.

Subject to the deterministic dynamics

x(s) =f[s, x(s),u1(s), ..., u(s)],x(t9) = xo. (2.12)

The functions fls,x(s),u1(s), ..., u.(s)], g'[s,x(s),ui(s),us(s), -, u,(s)] and
q'(+), for i € N, s€[ty, T] are differentiable functions.

2.2.1 Open-Loop Nash Equilibria

If the players choose to commit their strategies from the outset, the players’
information structure can be seen as an open-loop pattern in which
n'(s) = {xo}, s€[to, T]. Their strategies become functions of the initial state xo and
time s, and can be expressed as {p;(s) = 9i(s,x¢)}, for i € N. An open-loop Nash
equilibrium for the game is characterized as follows.



24 2 Deterministic and Stochastic Differential Games

Theorem 2.2.1 For the differential game (2.11) and (2.12), a set of strategies
{u:(s) = (s,x0),i € N} provides an open-loop Nash equilibrium, an
{x*(s), to <s<T} is the corresponding state trajectory, if there exist n costate
functions A'(s) : [t0,T] — R", for i € N, such that the following relations are
satisfied:

(G (s,x0) = ui(s) = argfgflx{gi[s7X*(s)7uT(s)v ey (8),ui(s), ui (s) -, (s)]
N ()f s, X7 (9), (), - -y (), wi(s), w7,y (5) -+ u ()],
X*(S) :f-[s7X*(s)vuT(s)7 e 7”2(3)}7)(*(1‘0) = X0,
Al(s) =~ 0 (&5, X" (), 41 (), - - 1 ()] + AU ()f[s, %7 (), 47 (5), - - -, (5)] -

Oox*

According to the analysis above, we know that:

First, given the optimal strategies of players, they should maximize the sum of
the instantaneous payment and integration of state variation and covariate function
in current time at every time point. That is, not only the instantaneous payment but
also the whole payment influenced by state variation should be considered when
one player chooses the optimal strategy. Second, the variation of optimal state
depends on the optimal strategies of all the players, current time and state, and the
optimal state of the beginning consistent with the initial state of the game. Third,
given the optimal strategies of players i€N which only depend on current time and
initial state, the variation of covariate functions depend on current instantaneous
payment, variation of current state and current covariate functions. The value of
covariate function equal to the marginal impact of optimal state at the end of game.
Therefore, covariate functions of players reflect the impacts on future payment by
the variation of optimal state.

2.2.2 Closed-Loop Nash Equilibria

After discussing the necessary conditions of open-loop Nash Equilibria, then we
study the necessary conditions of closed-loop Nash Equilibria.

The players’ information structures follow the pattern
n'(s) = {xo0,x(s)},s € [to, T], for i € N. The players’ strategies become functions of
the initial state xo, current state x(s) and current time s, and can be expressed as
{ui(s) = ¥i(s,x(s),x0),i € N}. The following theorem provides a set of necessary
conditions for any closed-loop no-memory Nash equilibrium solution to satisfy.

Theorem 2.2.2 A set of strategies {ui(s) =9:(s,x,x0),i € N} provides a
closed-loop no memory Nash equilibrium solution to the game (2.11)—(2.12), and
{x*(s), 00 <s < T} is the corresponding state trajectory, if there exist n costate
functions A'(s) : [to, T] — R", for i € N, such that the following relations are
satisfied:
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Ui (5,x%,x0) = u; (s) = argrgﬁx{gi[s,x*(s), HORENONTORTCRENMO)
AN () [s, " (), 7 (9), -y (), i (5) 47y () -+ ()],

ic*.(s) =fls;x"(s), uy(s), -+ (5)], X" (10) = X0,

A(s) =

Ix* {gi[37X*(s)77-9>1k(saX*7x0>a o ',19?_1(5,X*,XO),

u; (s), 97, (8,%",x0), - - - 0 (5, %", x0)] +Ai(s)f[s,x*(s),ﬁf(s,x*,xo), e
O (5, %", x0), uf (), 97, (5,X",%0), - - - 9 (s, %", x0)] },

0

- Bx*q

A(T) {(x*(T)),i €N.

Then a set of strategies {u;(s) = Vi(s,x,x0),i € N} provides a closed-loop no
memory Nash equilibrium.

According to Theorem 2.2.2, similar to the open-loop situation, in closed-loop
Nash equilibrium solution, we know that:

First, given the optimal strategies of players, they should maximize the sum of
the instantaneous payment and integration of state variation and covariate function
in current time at every time point. That is, not only the instantaneous payment but
also the whole payment influenced by state variation should be considered when
one player chooses the optimal strategy. Second, the variation of optimal state
depends on the optimal strategies of all the players, current time and state, and the
optimal state of the beginning consistent with the initial state of the game. Third,
given the optimal strategies of players i€N which only depend on current time and
initial state, the variation of covariate functions depend on current instantaneous
payment, variation of current state and current covariate functions. The value of
covariate function equal to the marginal impact of optimal state at the end of game.
Therefore, covariate functions of players reflect the impacts on future payment by
the variation of optimal state. Note that the partial derivatives of covariate function
on optimal state depend on strategies of other players.

2.2.3 Feedback Nash Equilibria

The set of equations of closed-loop Nash Equilibria in general admits of an
uncountable number of solutions, which correspond to “informationally non-
unique” Nash equilibrium solutions of differential games under memoryless perfect
state information pattern. Derivation of nonunique closed-loop Nash equilibria can
be found in Mehlmann and Willing (1984). To eliminate information nonunique-
ness in the derivation of Nash equilibria, one can constrain the Nash solution further
by requiring it to satisfy the feedback Nash equilibrium property. In particular, the
players’ information structures follow either a closed-loop perfect state (CLPS)
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pattern in which #i(s) = {x(¢),t0<t<s} or amemoryless perfect state
(MPS) pattern in which #'(s) = {xo,x(s)}. Moreover, we require the following
feedback Nash equilibrium condition to be satisfied.

Definition 2.3 For the n-person differential game (2.11)—(2.12), with MPS or
CLPS information, an n-tuple of strategies {u}(s) = ¢; (s,x) € U',i € N} consti-
tutes a feedback Nash equilibrium solution if there exist functionals Vi(z,x),i € N
defined on [fy, T] x R" and satisfying the following relations:

Vi(tv x) = /t gi[svx* (S)’ ¢>1k(sv 173)’ T d):;(sv Ws)]ds +qi(x*(T)) 2

T
j gi[saxm(s)v (,ZST(S, ’73)7 Ty ¢;k71(sv ’73)) (rbi(sa ’75)7 ¢;F+1(sa ’7s)7 Tty (,ZSZ(S, ﬂs)}ds
+q (NT)), ¥, (-, )€ U, xe R,
VI(T,x) = ¢'(x)

where on the interval [t, T],
xi(r) = x,
X*(S) :f[s,x*(s), d)T(S, ”s)’ ) (]5:(‘97 '/Ix)]?x(s) =X

1(s) stands for either the data set {x(s),xo} or {x(7), 7 <s}, depending on whether
the information pattern is MPS or CLPS. Therefore the players’ strategies can be
expressed as {u}(s) = ¢ (s,x) € U',i € N}.

The following theorem provides a set of necessary conditions characterizing a
feedback Nash equilibrium solution for the game (2.11)—(2.12) is characterized as
follows:

Theorem 2.2.3 An n-tuple of strategies {u}(t) = ¢} (t,x) € U',i € N} provides a
feedback Nash equilibrium solution to the game (2.11)—(2.12) if there exist con-
tinuously differentiable functions Vi(t,x) : [to, T] x R" — R, i€N, satisfying the
following set of partial differential equations:

—V,i(t,x) = rr}lz?x{gi[t,x, D1(t,%), .., b (%), ui(1,x), d; 1 (2,X).. ., 0, (2,%)]

+ Vit f 1,2, 1 (8,2), o Ly (1,%),i(,5), 74 (1,0), - (1, 0)]}
= {g'lt.x, ¢1(1, %), - @ (6,2)] + Vit x)f [1,x, 6 (1,%), .., (1, %)},
Vi(T,x) = ¢'(x),iEN.

Theorem 2.2.4 A pair of strategies {¢;(t,x);i=1,2} provides a feedback
saddle-point solution to the zero-sum version of the game (2.11)—(2.12) if there
exists a function V : [ty, T] x R" — R satisfying the partial differential equation:
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—V,(t,x) = min max {g[t, x,u;(¢),us(t)] + Vif [t, x, u1 (t), un (£)] }

wi el uell?
- lfn;/{xz urneig{ll{g[tax>ul(t)7u2(t” + VXf[taxaul(t),MZ(t)]}
= {&lt,x, 1 (t,x), §3 (1, x)] + Vif [t x, 1 (1, %), 5 (1, x)]},
V(T,x) = q(x).

According to the necessary condition of feedback Nash equilibrium solution,
there are two points should to note,

First, the value of the value functions of each player will change as time when
they choose the optimal strategies under current time and state. Second, the pay-
ments of each player at the last time point are equal to that in the end of game.

2.3 Stochastic Differential Games and Their Solutions

We introduce the deterministic differential games and their solutions with stochastic
factors.

2.3.1 The Model of Stochastic Differential Game

One way to incorporate stochastic elements in differential games is to introduce
stochastic dynamics. A stochastic formulation for quantitative differential games of
prescribed duration involves a vector-valued stochastic differential equation

dx(s) = fls,x(s), u1 (s), u2(s), . . ., uy(8)]ds + a[s, x(s)]dw(s),

() 50 (2.13)

which describes the evolution of the state and N objective functionals

E,O{/ g'[s, x(s), w1 (s), un(s), . . .,un(s)}ds+qi(x(T))}7i EN (2.14)

to

with E,, {-} denoting the expectation operation taken at time 7y, o[s, x(s)] isan x ®
matrix and w(s) is a © dimensional Brownian motion and the initial state xq is
given. Let Q[s, x(s)] = a[s, x(s)]o[s, x(s)]" denote the covariance matrix with its

element in row & and column { denoted by Q"[s, x(s)]. Moreover, E[dw,] = 0,
Eldwodi] = 0, and E[(dww)z} —dr, for we [1,2,...,0]; Eldwydw,) =0, for
we[l,2,...,0], w€[l,2,...,0] and w # w. Given the stochastic nature, the

information structures must follow the MPS pattern or CLPS pattern or the feed-
back perfect state (FB) pattern in which 5'(s) = {x(s)}, s € [to, T}
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2.3.2 The Solutions of Stochastic Differential Game

The character of stochastic differential game is the state changes with the stochastic
dynamic system in every moment. Therefore, stochastic differential game is closer
to reality compared with the deterministic differential game. Based on this, the
following section only discuss the feedback solutions which are more realistic then
the open-loop solution. A Nash equilibrium of the stochastic game (2.13)—(2.14)
can be characterized as:

Theorem 2.3.1 An n-tuple of feedback strategies {d):’ (t,x) €U i €N } provides a
Nash equilibrium solution to the game (2.13)—(2.14) if there exist suitably smooth
functions V' : [ty, T| x R" — R, satisfying the semilinear parabolic partial differ-
ential equations

_Vti - %ZQM([,X)V;’X( = nﬁix{g" [tha (/)T(tvx)v ERRT) (/)‘i](l,x), ui([)v (/):Jr 1 (tvx)v EERT) (/):(tvx)}

hl
+ VLX) [t,x, 1 (1%), . b1 (6,%),15(8), bF 1 (8,%), . i (1,5)] }
= {&'[t,% 81 (1,%), ¢3(8,%), -, (6, %) + Vi1 X)f [1£,%, &1 (8,%), . 1 (1,%)] |,
Vi(T,x) = ¢'(x),i €N.

Proof This result follows readily from the definition of Nash equilibrium and from
Theorem 2.1.2, since by fixing all players’ strategies, except the ith one’s, at their
equilibrium choices (which are known to be feedback by hypothesis), we arrive at a
stochastic optimal control problem of the type covered by Theorem 2.3.1 and
whose optimal solution (if it exists) is a feedback strategy.

Consider the two-person zero-sum version of the game (2.13)—(2.14) in which
the payoff of Player 1 is the negative of that of Player 2. Under either MPS or CLPS
information pattern, a Nash equilibrium solution can be characterized as follows.

Theorem 2.3.2 A pair of strategies {(bl* (t,x) eUsi=1, 2} provides a feedback
saddle-point solution to the two-person zero-sum version of the game (2.13)—(2.14)

if there exists a function A(s): [to,T] — R" satisfying the partial differential
equation:

weld" ueld?

1< v
-V _EZQM(I»X)VXM; = min max{g[lvxvuth] +fo[tvxaulvu2]}
ht

= max min {g[t, x, u, ux] + Vif [t,x, 11, 2] }
uy U M]GI/{]

= {g[t.x, ¢1(1,%), §3(6, )] + Vif [1,x, 61 (1, %), ¢5(1, )]}
V(T,x) = q(x).

Proof This result follows as a special case of Theorem 2.3.1 by taking n = 2,
g'()=—-g*()=g("), and ¢'(:) = —¢*(:) = q(*), in which case V! = V> =V
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and existence of a saddle point is equivalent to interchangeability of the min max
operations.

According to the necessary condition of feedback Nash Equilibria, there are two
points we should to know,

First, the value functions in stochastic differential game (2.13)—(2.14) change
with time when all the players (include i) determine the optimal strategies depend
on current time and state. Second, the value function of player i € N in last point
equals to his final payment in the game.
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